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Do More 

McGraw-Hill Higher Education and Blackboard have teamed up. 

Blackboard, the Web-based course-management system, has partnered with McGraw- 
Hill to better allow students and faculty to use online materials and activities to complement 
face-to-face teaching. Blackboard features exciting social learning and teaching tools that 
foster more logical, visually impactful and active learning opportunities for students. You'll 
transform your closed-door classrooms into communities where students remain connected 
to their educational experience 24 hours a day. 

This partnership allows you and your students access to McGraw-Hill's Connect™ 
and Create™ right from within your Blackboard course — all with one single sign-on. 

Not only do you get single sign-on with Connect™ and Create™, you also get deep 
integration of McGraw-Hill content and content engines right in Blackboard. Whether 
you're choosing a book for your course or building Connect™ assignments, all the tools 
you need are right where you want them — inside of Blackboard. 

Gradebooks are now seamless. When a student completes an integrated Connect™ as- 
signment, the grade for that assignment automatically (and instantly) feeds your Blackboard 
grade center. 

McGraw-Hill and Blackboard can now offer you easy access to industry leading tech- 
nology and content, whether your campus hosts it, or we do. Be sure to ask your local 
McGraw-Hill representative for details. 



eg Seeing the Beauty and Power 
of Mathematics 



The calculus course is a critical course for science, technology, engineering, and math 
majors. This course sets the stage for many majors and is where students see the beauty of 
mathematics, encouraging them to take upper-level math courses. 

In a calculus market-research study conducted in 2008, calculus faculty pointed out 
three critical components to student success in the calculus. 

The most critical is mastery of the prerequisite algebra and trigonometry skills. Our 
market research study showed that 58 percent of faculty mentioned that students struggled 
with calculus because of poor algebra skills and 72 percent said because of poor trigonometry 
skills. This is the number one learning challenge preventing students from being successful 
in the first calculus course. 

The second critical component for student success is a text that presents calculus 
concepts, especially the most challenging concepts, in a clear and elegant manner. This 
helps students see and appreciate the beauty and power of mathematics. 

Lastly, calculus faculty told us that it is critical for a calculus text to include all the 
classic calculus problems. 

Other calculus textbooks may reflect one or two of these critical components. However, 
there is only ONE calculus textbook that includes all three: Smith/Minton, 4e. 

Read on to understand how Smith/Minton handles all three issues, helping your students 
to see the beauty and power of mathematics. 
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Preparation lor Calculus 



ALEKS Prep for Calculus 

is a Web-based program that 
focuses on prerequisite and 
introductory material for 
Calculus, and can be used 
during the first six weeks of 
the term to prepare students 
for success in the course. 
ALEKS uses artificial 
intelligence and adaptive 
questioning to assess 

precisely a student's preparedness and provide personalized instruction on the exact topics 
the student is most ready to learn. By providing comprehensive explanations, practice and 
feedback, ALEKS allows students to quickly fill in gaps in prerequisite knowledge on their 
own time, while also allowing instructors to focus on core course concepts. 

Use ALEKS Prep for Calculus during the first six weeks of the term to see improved 
student confidence and performance, as well as fewer drops. 
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ALEKS PREP FOR CALCULUS FEATURES: 

• Artificial Intelligence: Targets Gaps in Individual Student Knowledge 

• Adaptive, Open-Response Environment: Avoids Multiple-Choice Questions and 
Ensures Student Mastery 

• Automated Reports: Monitor Student and Class Progress 

For more information about ALEKS, please visit: www.aleks.com/highered/math 
ALEKS is a registered trademark of ALEKS Corporation. 



Elegant Presentation of Calculus Concepts 

Calculus reviewers and focus groups worked with the authors to provide a more concise, 
streamlined presentation that maintains the clarity of past editions. New examples and 
exercises illustrate the physical meaning of the derivative and give real counterexamples. 
The proofs of basic differentiation rules in sections 2.4-2.6 have been revised, making 
them more elegant and easy for students to follow, as were the theorems and proofs of basic 
integration and integration rules. Further, an extensive revision of multivariable calculus 
chapters includes a revision of the definition and proof of the derivative of a vector-valued 
function, the normal vector, the gradiant and both path and surface integration. 



DEFINITION 2.1 

For a vector-valued function nil — ( fU ). guy. hilt). Ihc limit of nil as r approaches 
n is given by 

Jim r(ll = Jim(/«l. sin. »(/!) = (lim fit I. lim nil I. lim hil )j . (2.1) 

provided nil of (he indicaied limits exist. If miy of the limits indicated on the 
nghl-lutiul side of (2.1 ) fail to exist, then Inn nil doc* not exist. 



More than any other text, I 
believe Smith/Minton approaches 
deep concepts from a thoughtful 
perspective in a very friendly 
style." — Louis Rossi, 
University of Delaware 



llrtl) x r"(/)ll 



PROOF 

From (5.6). we have 

Taking the cross product of boih sides of this equation with T(f ) gives us 
Kf) x */) * ^jT(0 x T</> + * (^) T <'> x N <'> 

-'(£) t, "* n '" 

since (he cross product of any vector u iih itself is the zero vector Taking the magnitude ol 
hoth sides and recognizing thai Tit) x N(i) = B(t). we get 

||T<0 x *(/>|l = * (^7) HT</)xN<0| 



" [Smith-Minton is] sufficiently 
rigorous without being 
considered to too 'mathy '. It is 
a very readable book with 
excellent graphics and 
outstanding applications 
sections." — Todd King, 
Michigan Technological 
University 



"Rigorous, more interesting to 
read than Stewart. Full of great 
application examples." — Fred 
Bourgoin, Laney College 

"The material is very well 
presented in a rigorous 
manner . . . very readable, 
numerous examples for students 
with a wide variety of 
interests." — John Heublein, 
Kansas State University-Salina 



THEOREM 2.1 

If / is differcntiahlc at v = a. then / is continuous a 



PROOF 

For f to he continuous at i =n.wc need nnls show that lim / 1 1 1 — / Ui I Wc consider 



lim I/O ) 



-/w-fcf*?:^-*)] 

, | 7u->-/<"» 1 , 

- lim ■ I lim).v — tit 



= / 1./ _ (I r.«hMMrii M 

where vvc have umxI the alternative definition of derivative i2.2) discussed earlier. By 
Theorem 3.1 in section 1.3. it now follows ihai 

0 = lim|/(.D - fiui] = I'm /<.i>- lim /(u> 
= lim /< <) - /(a), 
w hich gives us the result. ■ 
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Classic Calculus Problems 

Many new classic calculus exercises have been added. From basic derivative problems to 
related rates applications involving flow, and multivariable applications to electricity and 
magnetism, these exercises give students the opportunity to challenge themselves and allow 
instructors flexibility when choosing assignments. The authors have also reorganized the 
exercises to move consistently from the simplest to most difficult problems, making it easier 
for instructors to choose exercises of the appropriate level for their students. They moved 
the applications to a separate section within the exercise sets and were careful to include 
many examples from the common calculus majors such as engineering, physical sciences, 
computer science and biology. 

"Thought provoking, clearly organized, 
challenging, excellent problem sets, guarantee 
that students will actually read the book and 
ask questions about concepts and topics." — 
Donna Latham, Sierra College 



DV(P.T) 

19. Compute and interpret — — — for van der Waals' equation 
(see example 3.3). 

20. For van tier Waals' equation, -.how that 

mr.vt »/w> avisn 

— — — 1. 11 vou misunderstood the 

OP dV »T 
chain role, why might you expect this product to equal I? 

21. Kor the specific case of van der Waals' equation given 
by {p + (V - 0.004) = I27\ use the partial derivative 

awn 



3T 

ol nne degree 



to estimate the change in pressure due to an increase 



22. Kor the specific case of van der Waals' equation given by 
^P + pjl(V -0.004)= 127 . use the partial derivative 
37" 

— tP.V) to estimate the change in temperature due to an in- 
crease in volume of one unit. 



(15 APPLICATIONS 

57. In .i variety ol appln.-ai.nnv reseaahers model a phenomenon 
whose jiiaph siarts .n lln" origin, rises to a single maximum 
anil then drops off 10 a horizontal asymptote of v - 0 For ex- 
ample, the probability density I unit ion of events such as llie* 
time from conception to birth of an animal and the amount 
of lime surviving after contracting a fatal disease might have 
these properties Show that the family of functions \ e has. 
these properties lor all positive constants />. What effect doc 
h have on the location of ilk- maximum? In the case of ihe- 
limc since conception, what would h represent? In the case ol 
survival time, what would h represent? 

p?) 58. The "FM" in FM radio stands for frequency modulation, ■ 
method of transmuting information encoded in a radio wave 
hy modulating (or varying) the frequency. A basic exam- 
ple ol such a modulated wave is / 1 1 ) - cost llh + 2 cos . 1. 
Use computer-generated graphs of /( 1 1. /'( i ) and /"(v)lo 
try to locate all local cxtrenuof fix). 

JH 59. The angle lor a field goal licked from a hash mart, at a dts- 

_./29.25\ _./l0.75\ „ _ 
lance of i feci is A = ton I I - tan I I. Find 

I to maximize the angle A. A 5-yard penally increases , from 
60 lo 75. How docs this change 4f 

60. A knucklekill thrown with rotation rate m fin rad/s) has 
*— 1 2.5 2.5 

lateral position t(M = — r r sin4<t*r at time /. for 

Ol *ir 

0 J / < 0.68. Lxplote the effeci on the graph of changing 

m >o. 



' [Smith-Minton is] a traditional calculus book 
that is easy to read and has excellent 
applications." — Hong Liu, Embry-Riddle 
Aeronautical University — Daytona Beach 



"The rigorous treatment of calculus with an 
easy conversational style that has a wealth of 
examples and problems. The topics are nicely 
arranged so that theoretical topics are 
segregated from applications" — Jayakumar 
Ramanatan, Eastern Michigan University 



In exercises 21-24. compute £f(V x Fl-nrfS or f F-rfr, 
whichever i- easier. 

21. S is the portion of the cone r = »/.r : + y-' inside the cylinder 
x 2 + v : = 2. n downward. 

(a) F = (zx, x 1 + y*.z i -y t ) 

(h) F = {xf* - xx, 3jr*, sin : - x y) 

22. 5 is the portion of the cube 0<jr<2.0<y<2.0<:<2 
with y < 2. 

(a) FM(r.y'+r.Jv : o»:) 

(b) F » (zV _J . t '/S** ! m ziy - 2)} 

23. S is the boundary ol the solid bounded by the hypcrttoloid 

x 2 + y 1 - z ! ■ 4. : - 0 and : - 2 with z < 2. 

la) F = m - jrcos*. + I . r J 

(bj F = (z 2 y. x-z. v/* 1 + y 2 ) 

24. S is the boundary of the solid hounded by x + 2y + Z ■ 4. 
x : + y 1 = I and | ■ 0 beneath the plane v + 2y + z = 4. 

(a) F = (e*' -y,4?,&+& 

O) F={x 2 y.y 3 x.xy-x) 
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McGraw-Hill Connect Mathematics McGraw-Hill conducted in-depth research to create a new and 
improved learning experience that meets the needs of today's students and instructors. The result is a 
reinvented learning experience rich in information, visually engaging, and easily accessible to both 
instructors and students. McGraw-Hill's Connect is a Web-based assignment and assessment platform 
that helps students connect to their coursework and prepares them to succeed in and beyond the course. 

Connect Mathematics enables math instructors to create and share courses and assignments with 
colleagues and adjuncts with only a few clicks of the mouse. All exercises, learning objectives, videos, 
and activities are directly tied to text-specific material. 



You and your students want a fully integrated online homework and learning 
management system all in one place. 

McGraw-Hill and Blackboard Inc. Partnership 

► McGraw-Hill has partnered with 
Blackboard Inc. to offer the deepest 
integration of digital content and tools 
with Blackboard's teaching and learning 
platform. 

► Life simplified. Now, all McGraw-Hill 
content (text, tools, & homework) can 
be accessed directly from within your 
Blackboard course. All with one sign-on. 

► Deep integration. McGraw-Hill's content 
and content engines are seamlessly 
woven within your Blackboard course. 

► No more manual synching! Connect assignments 
within Blackboard automatically (and instantly) feed 
grades directly to your Blackboard grade center. 
No more keeping track of two gradebooks! 
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Blackboard 

Do More 
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Your students want an assignment page that is easy to use and includes 
lots of extra resources for help. 

Efficient Assignment Navigation 

► Students have access to immediate 
feedback and help while working 
through assignments. 

► Students can view detailed step-by-step 
solutions for each exercise. 
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Vbur students want an interactive eBook rich with integrated functionality. 
Integrated Media-Rich eBook 

connect"© 

|mathematics 



A Web-optimized eBook is seamlessly integrated within 
ConnectPlus Mathematics for ease of use. 
Students can access videos, images, and other media in 
context within each chapter or subject area to enhance 
their learning experience. 

Students can highlight, take notes, or even access shared 
instructor highlights/notes to learn the course material. 
The integrated eBook provides students with a cost-saving 
alternative to traditional textbooks. 



Chapter 9. Radicals 
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You want a more intuitive and efficient assignment creation process to 
accommodate your busy schedule. 



Assignment Creation Process 

► Instructors can select textbook-specific 
questions organized by chapter, section, 
and objective. 

► Drag-and-drop functionality makes 
creating an assignment quick and easy. 

► Instructors can preview their assignments 
for efficient editing. 
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You want a gradebook that is easy to use and provides you with flexible reports 
to see how your students are performing. 

Flexible Instructor Gradebook 

► Based on instructor feedback, Connect 
Mathematics' straightforward design 
creates an intuitive, visually pleasing grade 
management environment. 

► View scored work immediately and track 
individual or group performance with 
various assignment and grade reports. 
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the future of custom 
publishing is here. 

Introducing McGraw-Hill Create™-a new, self- 
service website that allows you to create custom 
course materials by drawing upon McGraw-Hill's 
comprehensive, cross-disciplinary content and other 
third party resources. Select, then arrange the content 
in a way that makes the most sense for your course. 
Even personalize your book with your course 
information and choose the best format for your 
students-color print, black-and-white print, or eBook. 

• Build custom print and eBooks easily 

• Combine material from different sources 
and even upload your own content 

• Receive a PDF review copy in minutes 



begin creating now: 
www. meg ra wh i 1 1 create.com 

Start by registering for a free Create account. 
If you already have a McGraw-Hill account with one 
of our other products, you will not need to register 
on Create. Simply Sign In and enter your username 
and password to begin using the site. 



Sign In 



New to Create? 



Please sign in to access your Create projects If 
you already have a McGraw-Hill Account, you can 
use your existing username and password 




what you've only imagined. 



edit, share and approve 
like never before. 

After you've completed your project, simply go to the 
My Projects tab at the top right corner of the page 
to access and manage all of your McGraw-Hill Create™ 
projects. Here you will be able to edit your projects 
and share them with colleagues. An ISBN will be 
assigned once your review copy has been ordered. 
Click Approve to make your eBook available for 
student purchase or print book available for your 
school or bookstore to order. At any time you can 
modify your projects and are free to create as many 
projects as needed. 



receive your pdf review copy 
in minutes! 

Request an eBook review copy and receive a free PDF 
sample in minutes! Print review copies are also available 
and arrive in just a few days. 

Final ly~a way to quickly and easily create the course 
materials you've always wanted. Imagine that. 

questions? 

Please visit www.mcgrawhillcreate.com/createhelp 

for more information. 
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SUPPLEMENTS 

ONLINE INSTRUCTOR'S SOLUTIONS MANUAL 

An invaluable, timesaving resource, the Instructor's Solutions Manual contains comprehen- 
sive, worked-out solutions to the odd- and even-numbered exercises in the text. 

STUDENT SOLUTIONS MANUAL (ISBN 978-0-07-7256968) 

The Student Solutions Manual is a helpful reference that contains comprehensive, worked- 
out solutions to the odd-numbered exercises in the text. 

ONLINE TESTBANK AND PREFORMATTED TESTS 

Brownstone Diploma® testing software offers instructors a quick and easy way to cre- 
ate customized exams and view student results. Instructors may use the software to sort 
questions by section, difficulty level, and type; add questions and edit existing questions; 
create multiple versions of questions using algorithmically-randomized variables; prepare 
multiple-choice quizzes; and construct a grade book. 

ONLINE CALCULUS CONCEPTS VIDEOS 

Students will see essential concepts explained and brought to life through dynamic ani- 
mations in this new video series available on DVD and on the Smith/Minton website. The 
twenty-five key concepts, chosen after consultation with calculus instructors across the 
country, are the most commonly taught topics that students need help with and that also 
lend themselves most readily to on-camera demonstration. 

CALCULUS AND TECHNOLOGY 

It is our conviction that graphing calculators and computer algebra systems must not 
be used indiscriminately. The focus must always remain on the calculus. We have en- 
sured that each of our exercise sets offers an extensive array of problems that should 
be worked by hand. We also believe, however, that calculus study supplemented with an 
intelligent use of technology gives students an extremely powerful arsenal of problem- 
solving skills. Many passages in the text provide guidance on how to judiciously use — 
and not abuse — graphing calculators and computers. We also provide ample opportunity 
for students to practice using these tools. Exercises that are most easily solved with the aid 
of a graphing calculator or a computer algebra system are easily identified with a (Kj icon. 

IMPROVEMENTS IN THE FOURTH EDITION 

Building upon the success of the Third Edition of Calculus, we have made the following 
revisions to produce an even better Fourth Edition: 

Presentation 

• A key goal of the Fourth Edition revision was to offer a clearer presentation of 
calculus. With this goal in mind, the authors were able to reduce the amount of 
material by nearly 150 pages. 

• The level of rigor has been carefully balanced to ensure that concepts are presented 
in a rigorously correct manner without allowing technical details to overwhelm 
beginning calculus students. For example, the sections on continuity, sum rule, chain 
rule, the definite integral and Riemann sums, introductory vectors, and advanced 
multivariable calculus (including the Green's Theorem section) have been revised to 
improve the theorems, definitions, and/or proofs. 

• The exercise sets were redesigned in an effort to aid instructors by allowing them to 
more easily identify and assign problems of a certain type. 

• The derivatives of hyperbolic functions are developed in Section 6.6, giving this 
important class of functions a full development. Separating these functions from the 
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exponential and trigonometric functions allows for early and comprehensive 
exploration of the relationship between these functions, exponential functions, 
trigonometric functions, and their derivatives and integrals. 

Exercises 

• More than 1,000 new classic calculus problems were added, covering topics 
from polynomials to multivariable calculus, including optimization, related rates, 
integration techniques and applications, parametric and polar equations, vectors, 
vector calculus, and differential equations. 

• A reorganization of the exercise sets makes the range of available exercises more 
transparent. Earlier exercises focus on fundamentals, as developed in examples in the 
text. Later exercises explore interesting extensions of the material presented in the 
text. 

• Multi-step exercises help students make connections among concepts and require 
students to become more critical readers. Closely related exercises are different 
parts of the same numbered exercise, with follow-up questions to solidify lessons 
learned. 

• Application exercises have been separated out in all appropriate sections. A new 
header identifies the location of applied exercises which are designed to show 
students the connection between what they learn in class, other areas of study, and 
outside life. This differentiates the applications from exploratory exercises that allow 
students to discover connections and extensions for themselves. 



A project of this magnitude requires the collaboration of an incredible number of talented 
and dedicated individuals. Our editorial staff worked tirelessly to provide us with countless 
surveys, focus group reports, and reviews, giving us the best possible read on the current 
state of calculus instruction. First and foremost, we want to express our appreciation to 
our sponsoring editor John Osgood and our developmental editor Eve Lipton for their 
encouragement and support to keep us on track throughout this project. They challenged 
us to make this a better book. We also wish to thank our editorial director Stewart Mattson, 
and director of development Kris Tibbets for their ongoing strong support. 

We are indebted to the McGraw-Hill production team, especially project manager 
Peggy Selle and design coordinator Laurie Janssen, for (among other things) producing a 
beautifully designed text. The team at MRCC has provided us with numerous suggestions for 
clarifying and improving the exercise sets and ensuring the text's accuracy. Our marketing 
manager Kevin Ernzen has been instrumental in helping to convey the story of this book to 
a wider audience, and media project manager Sandy Schnee created an innovative suite of 
media supplements. 

Our work on this project benefited tremendously from the insightful comments we 
received from many reviewers, survey respondents and symposium attendees. We wish to 
thank the following individuals whose contributions helped to shape this book: 
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In this chapter, we present a collection of familiar topics, primarily those 
that we consider essential for the study of calculus. While we do not 
intend this chapter to be a comprehensive review of precalculus math- 
ematics, we have tried to hit the highlights and provide you with some 
standard notation and language that we will use throughout the text. 

As it grows, a chambered nautilus creates a spiral shell. Behind this 
beautiful geometry is a surprising amount of mathematics. The nautilus 
grows in such a way that the overall proportions of its shell remain 
constant. That is, if you draw a rectangle to circumscribe the shell, the 
ratio of height to width of the rectangle remains nearly constant. 

There are several ways to represent this property mathematically. In 
polar coordinates (which we present in Chapter 10), we study logarith- 
mic spirals that have the property that the angle of growth is constant, 
corresponding to the constant proportions of a nautilus shell. Using basic 
geometry, you can divide the circumscribing rectangle into a sequence 
of squares as in the figure. The relative sizes of the squares form the 
famous Fibonacci sequence 1,1,2,3,5,8,..., where each number in the sequence 
is the sum of the preceding two numbers. 

The Fibonacci sequence has an amazing list of interesting properties. (Search 
on the Internet to see what we mean!) Numbers in the sequence have a surprising 
habit of showing up in nature, such as the number of petals on a lily (3), buttercup 
(5), marigold (13), black-eyed Susan (21) and pyrethrum (34). Although we have 
a very simple description of how to generate the Fibonacci sequence, think about 

how you might describe it as a function. A plot 
of the first several numbers in the sequence 
(shown in Figure 0.1) should give you the 
impression of a graph curving up, perhaps a 
parabola or an exponential curve. 

Two aspects of this problem are impor- 
tant themes throughout the calculus. One of 
these is the importance of looking for pat- 
terns to help us better describe the world. A 
second theme is the interplay between graphs 
and functions. By connecting the techniques 
of algebra with the visual images provided 
by graphs, you will significantly improve 
your ability to solve real-world problems 
mathematically. 
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The Fibonacci sequence 



I THE REAL NUMBERS AND THE CARTESIAN PLANE 



O The Real Number System and Inequalities 

Our journey into calculus begins with the real number system, focusing on those properties 

that are of particular interest for calculus. 

The set of integers consists of the whole numbers and their additive inverses: 0, 

p 

±1, ±2, ±3, .... A rational number is any number of the form — , where p and q are 

integers and q ^ 0. For example, | , — | and ^= are all rational numbers. Notice that every 

integer n is also a rational number, since we can write it as the quotient of two integers: 
n 

n — — . 
1 

The irrational numbers are all those real numbers that cannot be written in the form — , 

where p and q are integers. Recall that rational numbers have decimal expansions that either 
terminate or repeat. For instance, ~ = 0.5, | = 0.33333, | = 0.125 and g = 0.166666 are 
all rational numbers. By contrast, irrational numbers have decimal expansions that do 
not repeat or terminate. For instance, three familiar irrational numbers and their decimal 
expansions are 

V2 = 1.4142135623..., 
tt = 3.14159 26535... 
and e = 2.71828 18284.... 

We picture the real numbers arranged along the number line displayed in Figure 0.2 
(the real line). The set of real numbers is denoted by the symbol K. 

-V2 V3 TT 



FIGURE 0.2 

The real line 

For real numbers a and b, where a < b, we define the closed interval [a, b] to be the 
set of numbers between a and b, including a and b (the endpoints). That is, 

[a,b] = {x el | a <x < b}, 



FIGURE 0.3 

A closed interval 



as illustrated in Figure 0.3, where the solid circles indicate that a and b are included in 
[a,b]. 
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Similarly, the open interval (a, b) is the set of numbers between a and b, but not 
including the endpoints a and b, that is, 

a b 

{a, b) = {x e K | a < x < b], 

FIGURE 0.4 

An open interval as illustrated in Figure 0.4, where the open circles indicate that a and b are not included 

in (a, b). Similarly, we denote the set {x e K | x > a] by the interval notation (a, oo) and 
{x e K | x < a] by (— oo, a). In both of these cases, it is important to recognize that oo and 
— oo are not real numbers and we are using this notation as a convenience. 

You should already be very familiar with the following properties of real numbers. 



THEOREM I.I 

If a and b are real numbers and a < b, then 

(i) For any real number c, a + c < b + c. 

(ii) For real numbers c and d, if c < d, then a + c < b + d. 

(iii) For any real number c > 0, a ■ c < b ■ c. 

(iv) For any real number c < 0, a ■ c > b ■ c. 



REMARK I.I 



We need the properties given in Theorem 1.1 to solve inequalities. Notice that 
(i) says that you can add the same quantity to both sides of an inequality. Part (iii) 
says that you can multiply both sides of an inequality by a positive number. Finally, 
(iv) says that if you multiply both sides of an inequality by a negative number, the 
inequality is reversed. 



We illustrate the use of Theorem 1 . 1 by solving a simple inequality. 

EXAMPLE I.I Solving a Linear Inequality 

Solve the linear inequality 2x + 5 < 13. 

Solution We can use the properties in Theorem 1.1 to solve for x. Subtracting 5 from 
both sides, we obtain 

(2x+5)-5 < 13-5 
or 2x < 8. 

Dividing both sides by 2, we obtain 

x < 4. 

We often write the solution of an inequality in interval notation. In this case, we get the 
interval (— oo, 4). ■ 

You can deal with more complicated inequalities in the same way. 

EXAMPLE 1.2 Solving a Two-Sided Inequality 

Solve the two-sided inequality 6 < 1 — 3x < 10. 

Solution First, recognize that this problem requires that we find values of x such that 

6 < 1 - 3x and 1 - 3x < 10. 

It is most efficient to work with both inequalities simultaneously. First, subtract 1 from 
each term, to get 

6- 1 < (1 -3x)- 1 < 10- 1 
or 5 < -3x < 9. 
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FIGURE 0.6 

y = x 2 + x — 6 



- 0 + 


-3 






0 + 




1 ► 

2 


+ 0 - 


- 0 + 


1 

-3 


1 ► 

2 



(x + 3)(x - 2) 



Now, divide by —3, but be careful. Since —3 < 0, the inequalities are reversed. We have 

5 -3x 9 

— > > — 

-3 -3 _ -3 



or 



-- > x > 
3 



-3 < x < 



-3. 
5 

'3' 



We usually write this as 

or in interval notation as [—3, — |). 

You will often need to solve inequalities involving fractions. We present a typical 
example in the following. 



EXAMPLE 1.3 



Solve the inequality 



Solving an Inequality Involving a Fraction 

c - 1 

> 0. 



x + 2 

Solution In Figure 0.5, we show a graph of the function, which appears to indicate 
that the solution includes all x < —2 and x > 1 . Carefully read the inequality and 
observe that there are only three ways to satisfy this: either both numerator and 
denominator are positive, both are negative or the numerator is zero. To visualize this, 
we draw number lines for each of the individual terms, indicating where each is positive, 
negative or zero and use these to draw a third number line indicating the value of the 
quotient, as shown in the margin. In the third number line, we have placed an " 0 " 
above the —2 to indicate that the quotient is undefined at x = —2. From this last 
number line, you can see that the quotient is nonnegative whenever x < —2 or x > 1 . 
We write the solution in interval notation as (— oo, —2) U [1, oo). Note that this solution 
is consistent with what we see in Figure 0.5. ■ 



For inequalities involving a polynomial of degree 2 or higher, factoring the polynomial 
and determining where the individual factors are positive and negative, as in example 1.4, 
will lead to a solution. 



EXAMPLE 1.4 Solving a Quadratic Inequality 

Solve the quadratic inequality 

x 2 + x - 6 > 0. 



(1.1) 



Solution In Figure 0.6, we show a graph of the polynomial on the left side of the 
inequality. Since this polynomial factors, (1.1) is equivalent to 

(x + 3)(x - 2) > 0. (1.2) 

This can happen in only two ways: when both factors are positive or when both factors 
are negative. As in example 1.3, we draw number lines for both of the individual 
factors, indicating where each is positive, negative or zero and use these to draw a 
number line representing the product. We show these in the margin. Notice that the third 
number line indicates that the product is positive whenever x < —3 or x > 2. We write 
this in interval notation as (— oo, —3) U (2, oo). ■ 



No doubt, you will recall the following standard definition. 



DEFINITION I.I 

The absolute value of a real number x is [jcI = 



x, ifx > 0 
— x, ifx < 0 
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NOTES 

For any two real numbers a and b, 
\a — b\ gives the distance between 
a and b. (See Figure 0.7.) 



FIGURE 0.7 

The distance between a and b 



FIGURE 0.8 

|x-2|<5 



-11 -4 

FIGURE 0.9 

|* + 4|<7 



-4 + 7 



Make certain that you read Definition 1 . 1 correctly. If x is negative, then — x is positive. 
This says that \x\ > 0 for all real numbers x. For instance, using the definition, 

| -4 1 =-(-4) = 4. 

Notice that for any real numbers a and b, 

\a-b\ = \a\ ■ \b\, 

although \a + b\ ^ \a\ + \b\, 

in general. (To verify this, simply take a — 5 and b — —2 and compute both quantities.) 
However, it is always true that 

\a + b\ < \a\ + \b\. 

This is referred to as the triangle inequality. 

The interpretation of | a — b | as the distance between a and b (see the note in the margin) 
is particularly useful for solving inequalities involving absolute values. Wherever possible, 
we suggest that you use this interpretation to read what the inequality means, rather than 
merely following a procedure to produce a solution. 



EXAMPLE 1.5 Solving an Inequality Containing an Absolute Value 



Solve the inequality 



21 < 5. 



(1-3) 



Solution First, take a few moments to read what this inequality says. Since \x — 2| 
gives the distance from x to 2, (1.3) says that the distance from x to 2 must be less than 
5. So, find all numbers x whose distance from 2 is less than 5. We indicate the set of all 
numbers within a distance 5 of 2 in Figure 0.8. You can now read the solution directly 
from the figure: — 3 < x < 7 or in interval notation: (—3, 7). ■ 



Many inequalities involving absolute values can be solved simply by reading the in- 
equality correctly, as in example 1.6. 



EXAMPLE 1 .6 Solving an Inequality with a Sum Inside an Absolute Value 

Solve the inequality 

|x + 4|<7. (1.4) 
Solution To use our distance interpretation, we must first rewrite (1.4) as 

k - (-4)1 < 7. 

This now says that the distance from x to —4 is less than or equal to 7. We illustrate the 
solution in Figure 0.9, from which it follows that the solution is— ll<x<3or 
[-11,3]. ■ 



Recall that for any real number r > 0, |x| < r is equivalent to the following inequality 
not involving absolute values: 

— r < x < r. 

In example 1.7, we use this to revisit the inequality from example 1.5. 



EXAMPLE 1.7 An Alternative Method for Solving Inequalities 

Solve the inequality \x — 2\ < 5. 

Solution This is equivalent to the two-sided inequality 

— 5 < x — 2 < 5. 
Adding 2 to each term, we get the solution 

—3 < x < 7, 

or in interval notation (—3, 7), as before. ■ 
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y 

A 

2-- 

1 -- 



(1,2) 



-1- 
-2- 



FIGURE 0.10 

The Cartesian plane 



60- 



1 40 " 

B 



20- 



0.5 



1.0 1.5 
Time 



2.0 



FIGURE 0.1 1 

Scatter plot of data 



(*2> yi> 



H.V2 - yil 




FIGURE 0.12 

Distance 



O The Cartesian Plane 

For any two real numbers x and y we visualize the ordered pair (x, y) as a point in two 
dimensions. The Cartesian plane is a plane with two real number lines drawn at right 
angles. The horizontal line is called the jc-axis and the vertical line is called the y-axis. The 
point where the axes cross is called the origin, which represents the ordered pair (0, 0). To 
represent the ordered pair (1,2), start at the origin, move 1 unit to the right and 2 units up 
and mark the point (1, 2), as in Figure 0. 10. 

In example 1.8, we analyze a small set of experimental data by plotting some points in 
the Cartesian plane. This simple type of graph is sometimes called a scatter plot. 



EXAMPLE 1.8 Using a Graph Obtained from a Table of Data 

Suppose that you drop an object from the top of a building and record how far the object 
has fallen at different times, as shown in the following table. 



Time (sec) 


0 


0.5 


1.0 


1.5 


2.0 


Distance (ft) 


0 


4 


16 


36 


64 



Plot the points in the Cartesian plane and discuss any patterns you notice. In 
particular, use the graph to predict how far the object will have fallen in 2.5 seconds. 

Solution Taking the first coordinate (x) to represent time and the second coordinate 
(y) to represent distance, we plot the points (0, 0), (0.5, 4), (1, 16), (1.5, 36) and (2, 64), 
as seen in Figure 0.1 1. 

Notice that the points appear to be curving upward (like a parabola). To predict the 
y-value corresponding to x = 2.5 (i.e., the distance fallen at time 2.5 seconds), we 
assume that this pattern continues, so that the y-value would be much higher than 64. 
But, how much higher is reasonable? It helps now to refer back to the data. Notice that 
the change in height from x — 1 .5 to x — 2 is 64 — 36 = 28 feet. Since Figure 0.11 
suggests that the curve is bending upward, the change in height between successive 
points should be getting larger and larger. You might reasonably predict that the height 
will change by more than 28. If you look carefully at the data, you might notice a 
pattern. Observe that the distances given at 0.5-second intervals are 0 2 , 2 2 , 4 2 , 6 2 and 8 2 . 
A reasonable guess for the distance at time 2.5 seconds might then be 10 2 = 100. 
Further, notice that this corresponds to a change of 36 from the distance at x = 2.0 
seconds. At this stage, this is only an educated guess and other guesses (98 or 102, for 
example) might be equally reasonable. ■ 



We urge that you think carefully about example 1.8. You should be comfortable with 
the interplay between the graph and the numerical data. This interplay will be a recurring 
theme in our study of calculus. 

The distance between two points in the Cartesian plane is a simple consequence of the 
Pythagorean Theorem, as follows. 



THEOREM 1.2 

The distance between the points (x\ , yi) and (xi, yi) in the Cartesian plane is given by 

d{{x u yil (x 2 , yi)} = V(* 2 - *i) 2 + (yi - yi) 2 (1.5) 



PROOF 



We have oriented the points in Figure 0.12 so that {x%, yz) is above and to the right of 
{x\, yi). 

Referring to the right triangle shown in Figure 0.12, notice that regardless of the 
orientation of the two points, the length of the horizontal side of the triangle is \x% — x\ \ 
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and the length of the vertical side of the triangle is |)>2 — 3>i|. The distance between the two 
points is the length of the hypotenuse of the triangle, given by the Pythagorean Theorem as 

^(x 2 -x l ) 2 + (y 2 -yi) 2 . ■ 
We illustrate the use of the distance formula in example 1.9. 



EXAMPLE 1.9 Using the Distance Formula 

Find the distances between each pair of points (1, 2), (3, 4) and (2, 6). Use the distances 
to determine if the points form the vertices of a right triangle. 

Solution The distance between (1, 2) and (3, 4) is 

4-f 2), (3, 4)} - V(3 - l) 2 + (4 - 2) 2 = V4 + 4 = V8. 

The distance between (1,2) and (2, 6) is 

d{(l, 2), (2, 6)} - 7(2- l) 2 + (6 - 2) 2 = 71+16 = 7l7. 

-I 1 1 1 1 1 — ». x Finally, the distance between (3, 4) and (2, 6) is 

2 4 6 

„„ 1M „ , , d{(3, 4), (2, 6)} = V(2 - 3) 2 + (6 - 4) 2 = 71+4 = V5. 

FIGURE 0.13 

A right triangle? From a plot of the points (see Figure 0. 13), it is unclear whether a right angle is formed 

at (3, 4). However, the sides of a right triangle must satisfy the Pythagorean Theorem. 
This would require that 

2 



(V8) 2 + (V5) 2 = (VT7) 2 . This is incorrect! 
Since this statement is not true, the triangle is not a right triangle. ■ 

Again, we want to draw your attention to the interplay between graphical and algebraic 
techniques. If you master the relationship between graphs and equations, your study of 
calculus will be a more rewarding and enjoyable learning experience. 



EXERCISES 0.1 



0) 



5) WRITING EXERCISES 5. 4-3x<6 6. 5 - 2x < 9 

1. To understand Definition 1.1, you must believe that \x\ — —x 7. 4 < x + 1 < 7 8. — 1 < 2 — x < 3 
for negative x's. Using x — —3 as an example, explain in words 

why multiplying x by — 1 produces the same result as taking 9. —2 < 2 — 2x < 3 10. 0 < 3 — x < 1 

the absolute value of x. 

11. x 2 + 3x — 4 > 0 12. x 2 + 4x + 3 < 0 

2. A common shortcut used to write inequalities is —4 < x < 4 

in place of "—4 < x and x < 4." Unfortunately, many people 12 x 2 — x — 6 < 0 14 x 2 + 1 > 0 

mistakenly write 4 < x < —4 in place of "4 < x or x < —4." 

Explain why the string 4 < x < —4 could never be true. (Hint: 3x 2 + 4 > 0 16 x 2 + 3x + 10 > 0 

What does this inequality string imply about the numbers on the 

far left and far right? Here, you must write "4 < xorx < —4.") J7_ |x — 3| < 4 18. |2x + 1| < 1 



3. Explain the result of Theorem 1.1 (ii) in your own words, as- 
suming that all constants involved are positive. 



19. |3-x| < 1 20. |3 + x| > 1 



4. Suppose a friend has dug holes for the corner posts of a rect- 21. \2x + 1| > 2 22. 1 3x — 1 1 < 4 

angular deck. Explain how to use the Pythagorean Theorem to 

determine whether or not the holes truly form a rectangle (90° 23 X — - > 0 24 - — - < 1 

angles). x — 2 x + 1 

x 2 — x — 2 3 — 2x 

25. — > 0 26. r < 0 

In exercises 1-28, solve the inequality. ( x + 4)- (x + 1) 

— 8x x — 2 
< 0 28. ■ 

(X + l) 3 (X + 2) 3 



— 8x x — 2 
1. 3x + 2 < 11 2. 4x + 1 < -5 27. — < 0 28. — > 0 



3. 2x - 3 < -7 4. 3x - 1 < 9 
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In exercises 29-34, find the distance between the pair of points. 

29. (2, 1), (4,4) 30. (2, 1), (—1,4) 



31. (-1,-2), (3,-2) 
33. (0,2), (-2, 6) 



32. (1,2), (3,6) 
34. (4, 1), (2, 1) 



In exercises 35-38, determine if the set of points forms the ver- 
tices of a right triangle. 



35. (1, 1), (3, 4), (0,6) 
37. (-2, 3), (2,9), (-4, 13) 



36. (0, 2), (4, 8), (-2, 12) 
38. (-2, 3), (0,6), (-3,8) 



In exercises 39-42, the data represent populations at various 
times. Plot the points, discuss any patterns that are evident and 
predict the population at the next step. 

39. (0, 1250), (1, 1800), (2, 2450), (3, 3200) 

40. (0, 3160), (1, 3250), (2, 3360), (3, 3490) 

41. (0, 4000), (1, 3990), (2, 3960), (3, 3910) 

42. (0, 2100), (1, 2200), (2, 2100), (3, 1700) 



43. As discussed in the text, a number is rational if and only if its 
decimal representation terminates or repeats. Calculators and 
computers perform their calculations using a finite number of 
digits. Explain why such calculations can only produce rational 
numbers. 

44. In example 1.8, we discussed how the tendency of the data 
points to "curve up" corresponds to larger increases in consec- 
utive y-values. Explain why this is true. 



(J5> APPLICATIONS 

45. The ancient Greeks analyzed music mathematically. They 
found that if pipes of length L and k; are struck, they make 
tones that blend together nicely. We say that these tones are 
one octave apart. In general, nice harmonies are produced by 
pipes (or strings) with rational ratios of lengths. For example, 
pipes of length L and | L form a fifth (i.e., middle C and the G 
above middle C). On a piano keyboard, 12 fifths are equal to 
7 octaves. A glitch in piano tuning, known as the Pythagorean 
comma, results from the fact that 12 fifths with total length 
ratio (|)' 2 do not equal 7 octaves with length ratio (^) 7 . Show 
that the difference is about 1.3%. 

46. For the 12 keys of a piano octave to have exactly the same 
length ratios (see exercise 45), the ratio of consecutive lengths 
should be a number x such that x 12 = 2. Briefly explain why. 
This means that x — > i/l. There are two problems with this 
equal-tempered tuning. First, v2 is irrational. Explain why 
it would be difficult to get the pipe or string exactly the right 
length. In any case, musicians say that equal-tempered pianos 
sound "dull." 



47. The use of squares in the Pythagorean Theorem has found 
a surprising use in the analysis of baseball statistics. In Bill 
lames' Historical Abstract, a rule is stated that a team's 

R 2 

winning percentage P is approximately equal to ^ 2 q2 ' 
where R is the number of runs scored by the team and G 
is the number of runs scored against the team. For exam- 
ple, in 1996 the Texas Rangers scored 928 runs and gave 
up 799 runs. The formula predicts a winning percentage of 
928 2 

0.574. In fact, Texas won 90 games and lost 72 

928 2 + 799 2 9Q 

for a winning percentage of « 0.556. Fill out the follow- 

162 

ing table (data from the 1996 season). What are possible ex- 
planations for teams that win more (or fewer) games than the 
formula predicts? 



Team 


R 


G 


P 


wins 


losses 


win % 


Yankees 


871 


787 




92 


70 




Braves 


773 


648 




96 


66 




Phillies 


650 


790 




67 


95 




Dodgers 


703 


652 




90 


72 




Indians 


952 


769 




99 


62 





EXPLORATORY EXERCISES 

It can be very difficult to prove that a given number is irrational. 

According to legend, the following proof that V2 is irrational 

so upset the ancient Greek mathematicians that they drowned 

a mathematician who revealed the result to the general public. 

The proof is by contradiction; that is, we imagine that ~J2 

is rational and then show that this cannot be true. If \[2 were 
r P 

rational, we would have that V2 = — for some integers p and 

p Q 
q. Assume that — is in simplified form (i.e., any common fac- 

1 r p 

tors have been divided out). Square the equation V2 = — to 

P 2 q 
get 2 — —. Explain why this can only be true if p is an even 

1 4r 2 
integer. Write p — 2r and substitute to get 2 = — — . Then, 

rearrange this expression to get q 2 — 2r 2 . Explain why this 
can only be true if q is an even integer. Something has gone 
wrong: explain why p and q can't both be even integers. Since 
this can't be true, we conclude that \[2 is irrational. 

In the text, we stated that a number is rational if and only if its 
decimal representation repeats or terminates. In this exercise, 
we prove that the decimal representation of any rational num- 
ber repeats or terminates. To start with a concrete example, 
use long division to show that 1 = 0. 142857142857. Note that 
when you get a remainder of 1, it's all over: you started with 
a 1 to divide into, so the sequence of digits must repeat. For 
P 

a general rational number — , there are q possible remainders 

q 

(0, 1, 2, . . . , q — 1). Explain why when doing long division you 
must eventually get a remainder you have had before. Explain 
why the digits will then either terminate or start repeating. 
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0.2 LINES AND FUNCTIONS 



Year 


U.S. Population 


1960 


179,323,175 


1970 


203,302,031 


1980 


226,542,203 


1990 


248,709,873 



X 


y 


0 


179 


10 


203 


20 


227 


30 


249 



Transformed data 

y 

A 

250- 

200-- • 
150- 
100- 
50- 



10 



20 



— I ►.V 

30 



FIGURE 0.14 

Population data 



O Equations of Lines 



The federal government conducts a nationwide census every 10 years to determine the popu- 
lation. Population data for several recent decades are shown in the accompanying table. 

One difficulty with analyzing these data is that the numbers are so large. This problem 
is remedied by transforming the data. We can simplify the year data by defining x to be 
the number of years since 1960, so that 1960 corresponds to x = 0, 1970 corresponds to 
x — 10 and so on. The population data can be simplified by rounding the numbers to the 
nearest million. The transformed data are shown in the accompanying table and a scatter 
plot of these data points is shown in Figure 0.14. 

The points in Figure 0. 14 may appear to form a straight line. (Use a ruler and see if you 
agree.) To determine whether the points are, in fact, on the same line (such points are called 
colinear), we might consider the population growth in each of the indicated decades. From 
1960 to 1970, the growth was 24 million. (That is, to move from the first point to the second, 
you increase x by 10 and increase y by 24.) Likewise, from 1970 to 1980, the growth was 
24 million. However, from 1980 to 1990, the growth was only 22 million. Since the rate 
of growth is not constant, the data points do not fall on a line. This argument involves the 
familiar concept of slope. 



DEFINITION 2.1 

For x\ ^ X2, the slope of the straight line through the points {x\, y\) and (X2, yi) is 
the number 

yi - y\ 



(2.1) 



X2 — X\ 

When x\ — xn and y\ ^ yi, the line through (x,\ , y\) and (x2, y2) is vertical and the 
slope is undefined. 



We often describe slope as "the change in y divided by the change in x," written 
Rise 



Ay 
Ax' 



or more simply as . (See Figure 0.15a.) 

Run 

Referring to Figure 0.15b (where the line has positive slope), notice that for any 
four points A, B, D and E on the line, the two right triangles AABC and ADEF are 
similar. Recall that for similar triangles, the ratios of corresponding sides must be the same. 





FIGURE 0.15a 

Slope 



FIGURE 0.15b 

Similar triangles and slope 
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In this case, this says that 



Ay Ay' 



and so, the slope is the same no matter which two points on the line are selected. Notice 
that a line is horizontal if and only if its slope is zero. 



EXAMPLE 2. 1 Finding the Slope of a Line 

Find the slope of the line through the points (4, 3) and (2, 5). 
Solution From (2.1), we get 

_ yi - y\ _ 5 - 3 _ 2 
xi — x\ 2 — 4 —2 




FIGURE 0.16a 

Graph of straight line 




EXAMPLE 2.2 Using Slope to Determine If Points Are Colinear 

Use slope to determine whether the points (1, 2), (3, 10) and (4, 14) are colinear. 
Solution First, notice that the slope of the line joining (1, 2) and (3, 10) is 

V2 - yi 



10-2 _ 8 _ 
3 - 1 ~ 2~ ' 



x 2 - Xl 

Similarly, the slope through the line joining (3, 10) and (4, 14) is 

yi-yi 14-iQ . 

ni2 ' = = 4. 

xi — x\ 4 — 3 

Since the slopes are the same, the points must be colinear. ■ 



Recall that if you know the slope and a point through which the line must pass, you have 
enough information to graph the line. The easiest way to graph a line is to plot two points 
and then draw the line through them. In this case, you need only to find a second point. 



EXAMPLE 2.3 Graphing a Line 

If a line passes through the point (2, 1) with slope |, 
then graph the line. 



find a second point on the line and 



Solution Since slope is given by m 
to obtain 



yi - yi 

X2 - X X 



, we take m 



In 



1 and x\ 



2, 



yi - 1 



3 x 2 - 2 

You are free to choose the x -coordinate of the second point. For instance, to find the 
point at xo —5, substitute this in and solve. From 



yi 



l 



yi 



l 



2 

3 5-2 3 ' 

we get 2 = V2 — 1 or y 2 — 3. A second point is then (5, 3). The graph of the line is shown 
in Figure 0.16a. An alternative method for finding a second point is to use the slope 

2 Ay 
m — - — - — . 

3 Ax 

The slope of | says that if we move three units to the right, we must move two units up 
to stay on the line, as illustrated in Figure 0. 16b. ■ 



FIGURE 0.16b 

Using slope to find a second point 



In example 2.3, the choice of x — 5 was entirely arbitrary; you can choose any 
x-value you want to find a second point. Further, since x can be any real number, you 
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can leave x as a variable and write out an equation satisfied by any point (x, y) on the line. 
In the general case of the line through the point (xo , yo) with slope m, we have from (2 . 1 ) that 

m — . (2.2) 

x - x Q 

Multiplying both sides of (2.2) by (x — xq), we get 

v - v 0 = m(x - Xq) 

or 



POINT-SLOPE FORM OF A LINE 

v - m(x - x 0 ) + y 0 . (2.3) 



Equation (2.3) is called the point-slope form of the line. 



EXAMPLE 2.4 Finding the Equation of a Line Given Two Points 

Find an equation of the line through the points (3, 1) and (4, — 1) and graph the line. 

-1-1 -2 

Solution From (2.1), the slope is m — — — — = — j— = —2. Using (2.3) with slope 
m — —2, x -coordinate xo = 3 and y-coordinate yo = 1, we get the equation of the line: 

y = -2(x-3) + l. (2.4) 

To graph the line, plot the points (3, 1) and (4, —1), and you can easily draw the line 
seen in Figure 0.17. ■ 

Although the point-slope form of the equation is often the most convenient to work 
with, the slope-intercept form is sometimes more convenient. This has the form 

y — mx + b, 

where m is the slope and b is the y-intercept (i.e., the place where the graph crosses the 
y-axis). In example 2.4, you simply multiply out (2.4) to get y = — 2x + 6 + 1 or 

y = -2x + 7. 

As you can see from Figure 0.17, the graph crosses the y-axis at y = 7. 

Theorem 2. 1 presents a familiar result on parallel and perpendicular lines. 



THEOREM 2.1 

Two (nonvertical) lines are parallel if they have the same slope. Further, any two 
vertical lines are parallel. Two (nonvertical) lines of slope my and mi are 
perpendicular whenever the product of their slopes is —1 (i.e., m \ ■ w?2 = —1). Also, 
any vertical line and any horizontal line are perpendicular. 



Since we can read the slope from the equation of a line, it's a simple matter to de- 
termine when two lines are parallel or perpendicular. We illustrate this in examples 2.5 
and 2.6. 
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FIGURE 0.18 

Parallel lines 




\ — I — I — ►* 



FIGURE 0.19 

Perpendicular lines 




40 50 



FIGURE 0.20 

Population 




EXAMPLE 2.5 Finding the Equation of a Parallel Line 

Find an equation of the line parallel to y — 3x — 2 and through the point (—1, 3). 

Solution It's easy to read the slope of the line from the equation: m — 3. The 
equation of the parallel line is then 

y = 3[*-(-l)] + 3 
or simply y — 3x + 6. We show a graph of both lines in Figure 0.18. ■ 



EXAMPLE 2.6 Finding the Equation of a Perpendicular Line 

Find an equation of the line perpendicular to y = — 2x + 4 and intersecting the line at 
the point (1,2). 

Solution The slope of y — —2x + 4 is —2. The slope of the perpendicular line is 
then — 1/(— 2) = \. Since the line must pass through the point (1,2), the equation of 
the perpendicular line is 



1 

y — -( x 

y 2 



1) 



1 

2 or v = -x 

- 2 



We show a graph of the two lines in Figure 0. 19. 



We now return to this section's introductory example and use the equation of a line to 
estimate the population in the year 2000. 



EXAMPLE 2.7 Using a Line to Predict Population 

Given the population data for the census years 1960, 1970, 1980 and 1990, predict the 
population for the year 2000. 

Solution We began this section by showing that the points in the corresponding table 
are not colinear. Nonetheless, they are nearly colinear. So, why not use the straight line 
connecting the last two points (20, 227) and (30, 249) (corresponding to the populations 
in the years 1980 and 1990) to predict the population in 2000? (This is a simple 
example of a more general procedure called extrapolation.) The slope of the line 
joining the two data points is 



249-227 _ 22 _ 11 
30-20 ~ 10 ~ T 



The equation of the line is then 



11 

v = —(x - 30) + 249. 

See Figure 0.20 for a graph of the line. If we follow this line to the point corresponding 
to x — 40 (the year 2000), we have the predicted population 

11 

y(40-30) + 249 = 271. 

That is, the predicted population is 27 1 million people. The actual census figure for 
2000 was 281 million, which indicates that the U.S. population grew at a faster rate 
between 1990 and 2000 than in the previous decade. ■ 



O Functions 

For any two subsets A and B of the real line, we make the following familiar definition. 
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REMARK 2.1 



Functions can be defined by 
simple formulas, such as 
f(x) — 3x + 2, but in general, 
any correspondence meeting the 
requirement of matching 
exactly one y to each x defines 
a function. 



DEFINITION 2.2 

A function / is a rule that assigns exactly one element y in a set B to each element x 
in a set A. In this case, we write y — f(x). 

We call the set A the domain of /. The set of all values f{x) in B is called the 
range of /, written {y\y — f(x), for some x G A}. Unless explicitly stated 
otherwise, whenever a function / is given by a particular expression, the domain of / 
is the largest set of real numbers for which the expression is defined. We refer to x as 
the independent variable and to y as the dependent variable. 



By the graph of a function /, we mean the graph of the equation y = f(x). That 
is, the graph consists of all points (x, y), where x is in the domain of f and where 

y = fix). 

Notice that not every curve is the graph of a function, since for a function, only one 
y-value can correspond to a given value of x. You can graphically determine whether a 
curve is the graph of a function by using the vertical line test: if any vertical line intersects 
the graph in more than one point, the curve is not the graph of a function, since in this case, 
there are two y -values for a given value of x. 




FIGURE 0.22a 

Curve fails vertical line test 




1 — ►.v 



FIGURE 0.22b 

Curve passes vertical line test 



EXAMPLE 2.8 Using the Vertical Line Test 

Determine which of the curves in Figures 0.21a and 0.21b correspond to functions. 





J — k-x 



FIGURE 0.21a 



FIGURE 0.21b 



Solution Notice that the circle in Figure 0.21a is not the graph of a function, since a 
vertical line at x = 0.5 intersects the circle twice. (See Figure 0.22a.) The graph in 
Figure 0.21b is the graph of a function, even though it swings up and down repeatedly. 
Although horizontal lines intersect the graph repeatedly, vertical lines, such as the one 
at x = 1.2, intersect only once. (See Figure 0.22b.) ■ 



The functions with which you are probably most familiar are polynomials. These are 
the simplest functions to work with because they are defined entirely in terms of arithmetic. 



DEFINITION 2.3 

A polynomial is any function that can be written in the form 

f(x) — a n x n + a„_ijc"~ H h a x x + a 0 , 

where a§,a\,a-i, . . . , a„ are real numbers (the coefficients of the polynomial) with 
a n ^ 0 and n > 0 is an integer (the degree of the polynomial). 



14 CHAPTER 0 •• Preliminaries 



0-14 



Note that every polynomial function can be defined for all x's on the entire real line. 
Further, recognize that the graph of the linear (degree 1) polynomial fix) — ax + b is a 
straight line. 



EXAMPLE 2.9 Sample Polynomials 

The following are all examples of polynomials: 

fix) — 2 (polynomial of degree 0 or constant), 

f(x) — 3x + 2 (polynomial of degree 1 or linear polynomial), 

f(x) — 5x 2 — 2x + | (polynomial of degree 2 or quadratic polynomial), 

f(x) — x 3 — 2x + 1 (polynomial of degree 3 or cubic polynomial), 

f(x) — — 6x 4 + 12x 2 — 3x + 13 (polynomial of degree 4 or quartic polynomial) 

and 

f(x) — 2x 5 + 6x 4 — 8jc 2 + x — 3 (polynomial of degree 5 or quintic polynomial). 
We show graphs of these six functions in Figures 0.23a-0.23f. 
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DEFINITION 2.4 

Any function that can be written in the form 

ft ^ 

/(*) = — , 
q(x) 

where p and q are polynomials, is called a rational function. 



Notice that since p and q are polynomials, they can both be defined for all x and so, 

p(x) 

the rational function f(x) — can be defined for all x for which q(x) ^ 0. 

q(x) 



EXAMPLE 2. 1 0 A Sample Rational Function 

Find the domain of the function 

x 2 + Ix - 1 1 
x L — 4 

Solution Here, / is a rational function. We show a graph in Figure 0.24. Its domain 
consists of those values of x for which the denominator is nonzero. Notice that 

x 2 - 4 = (x - 2)(x + 2) 

and so, the denominator is zero if and only if x = ±2. This says that the domain of / is 

{x e M| x ^ ±2} - (-oo, -2) U (-2, 2) U (2, oo). ■ 



The square root function is defined in the usual way. When we write y = -Jx, we 
mean that y is that number for which y 2 — x and y > 0. In particular, V4 = 2. Be careful 
not to write erroneous statements such as V4 = ±2. In particular, be careful to write 



Since -Jx 2 is asking for the nonnegative number whose square is x 2 , we are looking for 
\x | and not x. We can say 



x 2 — x, only foxx > 0. 

Similarly, for any integer n > 2, y = ^/x whenever y" = x, where for n even, x > 0 and 
y > 0. 



EXAMPLE 2. 1 I Finding the Domain of a Function Involving 
a Square Root or a Cube Root 



Find the domains of f(x) — y/x 2 — 4 and g(x) — ^/x 2 — 4. 

Solution Since even roots are defined only for nonnegative values, fix) is defined 
only for x 2 — 4 > 0. Notice that this is equivalent to having x 2 > 4, which occurs when 
x > 2 or x < —2. The domain of / is then (— oo, —2] U [2, oo). On the other hand, odd 
roots are defined for both positive and negative values. Consequently, the domain of g is 
the entire real line, (— oo, oo). ■ 



We often find it useful to label intercepts and other significant points on a graph. Finding 
these points typically involves solving equations. A solution of the equation f(x) — 0 is 
called a zero of the function / or a root of the equation f(x) = 0. Notice that a zero of the 
function / corresponds to an j\r -intercept of the graph of y = f(x). 
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FIGURE 0.25 

y = x 1 - Ax + 3 



\ — ► * 



EXAMPLE 2. 1 2 Finding Zeros by Factoring 

Find all x- and y-intercepts of f(x) = x 2 — 4x + 3. 
Solution To find the y-intercept, set x = 0 to obtain 

3/ = 0-0 + 3 = 3. 

To find the x-intercepts, solve the equation f(x) = 0. In this case, we can factor to get 

/(x) = x 2 - 4x + 3 = (x - l)(x - 3) = 0. 
You can now read off the zeros: x = 1 and x = 3, as indicated in Figure 0.25. ■ 



Unfortunately, factoring is not always so easy. Of course, for the quadratic equation 

ax 2 + bx + c — 0 

(for a 7^ 0), the solution(s) are given by the familiar quadratic formula: 

—b ± -Jb 2 - 4ac 
2a 



EXAMPLE 2. 1 3 Finding Zeros Using the Quadratic Formula 



Find the zeros of f(x) 



5x - 12. 



Solution You probably won't have much luck trying to factor this. However, from 
the quadratic formula, we have 



-(-5) ± V(-5) 2 - 4 ■ 1 -(-12) 5 ± V25 + 48 5 ± V73 



2- 1 

So, the two solutions are given by x — f + t 
(No wonder you couldn't factor the polynomial!) 



6.772 and x — 



2 



■1.772. 



Finding zeros of polynomials of degree higher than 2 and other functions is usually 
trickier and is sometimes impossible. At the least, you can always find an approximation of 
any zero(s) by using a graph to zoom in closer to the point(s) where the graph crosses the 
x-axis, as we'll illustrate shortly. A more basic question, though, is to determine how many 
zeros a given function has. In general, there is no way to answer this question without the 
use of calculus. For the case of polynomials, however, Theorem 2.2 (a consequence of the 
Fundamental Theorem of Algebra) provides a clue. 



THEOREM 2.2 

A polynomial of degree n has at most n distinct zeros. 



REMARK 2.2 



Polynomials may also have 
complex zeros. For instance, 
fix) — x 2 + 1 has only the 
complex zeros x — ±i, where i 
is the imaginary number defined 
by = V— 1- We confine our 
attention in this text to real 



Notice that Theorem 2.2 does not say how many zeros a given polynomial has, but 
rather, that the maximum number of distinct (i.e., different) zeros is the same as the degree. 
A polynomial of degree n may have anywhere from 0 to n distinct real zeros. However, 
polynomials of odd degree must have at least one real zero. For instance, for the case of a 
cubic polynomial, we have one of the three possibilities illustrated in Figures 0.26a, 0.26b 
and 0.26c. These are the graphs of the functions 



and 



fix) 
g(x) 
h(x) 



'■3 = 0 + l)(x 2 - 3x + 3), 
x" - x + 1 = (x + l)(x - l) 2 



2x 2 



3x z 



■3 = (x+l)(x-l)(x-3), 
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respectively. Note that you can see from the factored form where the zeros are (and how 
many there are). 






FIGURE 0.26a 

One zero 



FIGURE 0.26b 

Two zeros 



FIGURE 0.26c 

Three zeros 




FIGURE 0.27a 



y — x — x 



2x + 2 




FIGURE 0.27b 

Zoomed in on zero near 
x = -1.4 



0.02 



-0.02 



-0.04 




*• .v 



FIGURE 0.27c 

Zoomed in on zero near 
x = 1.4 



Theorem 2.3 provides an important connection between factors and zeros of 
polynomials. 



THEOREM 2.3 (Factor Theorem) 

For any polynomial function /, f(a) — 0 if and only if (x — a) is a factor of f(x). 



EXAMPLE 2. 1 4 Finding the Zeros of a Cubic Polynomial 

Find the zeros of f(x) — x 3 — x 2 — 2x + 2. 

Solution By calculating /(l), you can see that one zero of this function is x = 1, but 
how many other zeros are there? A graph of the function (see Figure 0.27a) shows that 
there are two other zeros of /, one near x = —1.5 and one near x = 1.5. You can find 
these zeros more precisely by using your graphing calculator or computer algebra 
system to zoom in on the locations of these zeros (as shown in Figures 0.27b and 0.27c). 
From these zoomed graphs, it is clear that the two remaining zeros of / are near 
x — 1.41 and x — —1.41. You can make these estimates more precise by zooming in 
even more closely. Most graphing calculators and computer algebra systems can also 
find approximate zeros, using a built-in "solve" program. In Chapter 3, we present a 
versatile method (called Newton's method) for obtaining accurate approximations to 
zeros. The only way to find the exact solutions is to factor the expression (using either 
long division or synthetic division). Here, we have 

f(x) = x 3 - x 2 - 2x + 2 = (x - 1)(.t 2 - 2) = (x - l)(x - V2)(x 

from which you can see that the zeros are x — 1, x = y/2 and x — — \p2. 



V2), 



Recall that to find the points of intersection of two curves defined by y = f(x) and 
y = g(x), we set f{x) — g{x) to find the x-coordinates of any points of intersection. 



EXAMPLE 2. 1 5 Finding the Intersections of a Line and a Parabola 

Find the points of intersection of the parabola y — x 2 — x — 5 and the line y = x + 3. 

Solution A sketch of the two curves (see Figure 0.28 on the following page) 
shows that there are two intersections, one near x = —2 and the other near x — 4. 
To determine these precisely, we set the two functions equal and solve for x: 



x 2 — x 



5 =x 
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Subtracting (x + 3) from both sides leaves us with 

0 = x 2 - 2x - 8 = (x - 4)(x + 2). 

This says that the solutions are exactly x — —2 and x — A. We compute the 
corresponding y-values from the equation of the line y — x + 3 (or the equation of 
the parabola). The points of intersection are then (—2, 1) and (4, 7). Notice that these 
are consistent with the intersections seen in Figure 0.28. ■ 



Unfortunately, you won't always be able to solve equations exactly, as we did in 
examples 2.12-2.15. We explore some options for dealing with more difficult equations in 
section 0.3. 



FIGURE 0.28 

y = x + 3 and y — x 2 — x 

EXERCISES 0.2 



0) 



($) WRITING EXERCISES 



1. If the slope of the line passing through points A and B equals 
the slope of the line passing through points B and C, explain 
why the points A , B and C are colinear. 

2. If a graph fails the vertical line test, it is not the graph of a 
function. Explain this result in terms of the definition of a 
function. 

3. You should not automatically write the equation of a line 
in slope-intercept form. Compare the following forms of the 
same line: y = 2A(x - 1.8) + 0.4 and y = 2.4x - 3.92. Given 
x — 1.8, which equation would you rather use to compute y? 
How about if you are given x — 0? For x — 8, is there any ad- 
vantage to one equation over the other? Can you quickly read 
off the slope from either equation? Explain why neither form 
of the equation is "better." 

4. Explain in terms of graphs (see Figures 0.26a-0.26c) why a 
cubic polynomial must have at least one real zero. 



In exercises 1-4, determine if the points are colinear. 

1. (2, 1), (0, 2), (4, 0) 2. (3, 1), (4, 4), (5, 8) 

3. (4, 1), (3, 2), (1, 3) 4. (1,2), (2, 5), (4, 8) 

In exercises 5-10, find the slope of the line through the given 



points. 

5. (1,2), (3, 6) 

7. (3, -6), (1,-1) 

9. (0.3, -1.4), (-1.1, -0.4) 



6. (1,2), (3, 3) 
8. (1,-2), (-1,-3) 
10. (1.2, 2.1), (3.1,2.4) 



In exercises 11-16, find a second point on the line with slope m 
and point P, graph the line and find an equation of the line. 

11. m = 2,P = (1, 3) 

12. m = -2,P = (1,4) 

13. m = 0, P = (-1, 1) 



14. m = \, P = (2, 1) 

15. m = 1.2, P = (2.3, 1.1) 

16. m = -i P = (-2, 1) 



In exercises 17-22, determine if the lines are parallel, perpen- 
dicular, or neither. 

17. y = 3(x - 1) + 2 and y = 3(x + 4) - 1 

18. y = 2(jc - 3) + 1 and y = 4(x - 3) + 1 

19. y = -2(x + 1) - 1 and y = \{x - 2) + 3 

20. y = 2x — 1 and y = — 2x + 2 

21. y = 3x + 1 and y = - \x + 2 

22. x + 2y = 1 and 2x + 4y = 3 



In exercises 23-26, find an equation of a line through the given 
point and (a) parallel to and (b) perpendicular to the given line. 



23. y = 2(x + l)-2at(2, 1) 
25. y = 2x+lat(3, 1) 



24. y = 3(jc-2) + 1 at (0,3) 
26. y = lat(0, -1) 



In exercises 27 and 28, find an equation of the line through the 
given points and compute the y-coordinate of the point on the 
line corresponding to x = 4. 



27. 



4- 
3- 
2 
1 
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28. y 

6 

5- 
4- 
3- 
2- 
I -- 



32. 



H 1 1 1 1 1 — >X 

1 2 3 4 5 6 



In exercises 29-32, use the vertical line test to determine whether 
the curve is the graph of a function. 



29. 




) 1 — *-x 



30. 




\ — I — I — I — *-x 




0.5 1 1.5 2 



In exercises 33-38, identify the given function as polynomial, 
rational, both or neither. 



33. fix) = x 3 - 4x + 1 

,, x x 2 + 2x - 1 

35. f(x) = — 

x + 1 

37. f(x) = Jx T TT 



34. f(x) = 3 - 2x + x 4 

x 3 + 4x - 1 
36. f(x) = — 



1 



38. /(x) = 2x-x 2 



In exercises 39-46, find the domain of the function. 



39. /(x) = Vx + 2 

4L 



40. fix) : 

x — 5 

42. fix) = $3 + ^ 



43. fix) = yx^l 
45. /(x) = 



1 



44. fix). 
46. /(x) 



Vx 2 -4 
4x 

x 2 + 2x — 6 



In exercises 47-50, find the indicated function values. 

47. /(x) = x 2 -x-l; fiO), /(2), /(-3), /(1/2) 
x + 1 



48. fix): 



X - 1 



/(0), /(2), /(-2), /(1/2) 



49. fix) = Jx+l; /(0),/(3),/(-l),/(l/2) 
3 



50. /(X): 



/(l),/(10),/(100),/(l/3) 



31. 




) — ►x 



In exercises 51-54, a brief description is given of a physi- 
cal situation. For the indicated variable, state a reasonable 
domain. 

51. A parking deck is to be built; x = width of deck (in feet). 

52. A parking deck is to be built on a 200'-by-200' lot; x = width 
of deck (in feet). 

53. A new candy bar is to be sold; x = number of candy bars sold 
in the first month. 

54. A new candy bar is to be sold; x = cost of candy bar 
(in cents). 
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In exercises 55-58, discuss whether you think y would be a func- 
tion of x. 

55. y — grade you get on an exam, x — number of hours 
you study 

56. y — probability of getting lung cancer, x — number of 
cigarettes smoked per day 

57. y — a person's weight, x — number of minutes exercising per 
day 

58. y — speed at which an object falls, x — weight of object 



59. Figure A shows the speed of a bicyclist as a function of time. 
For the portions of this graph that are flat, what is happening 
to the bicyclist's speed? What is happening to the bicyclist's 
speed when the graph goes up? down? Identify the portions 
of the graph that correspond to the bicyclist going uphill; 
downhill. 



Speed 




> Time 



FIGURE A 

Bicycle speed 



60. Figure B shows the population of a small country as a function 
of time. During the time period shown, the country experienced 
two influxes of immigrants, a war and a plague. Identify these 
important events. 

Population 




> Time 



FIGURE B 

Population 



In exercises 61-66, find all intercepts of the graph of 

y = fix). 

61. y = x 2 - 2x - 8 62. y = x 2 + Ax + 4 

63. y = x 3 - 8 64. y = x 3 - 3x 2 + 3x - 1 

65. y — 66. y — — - 

x + 1 x 2 - 4 



In exercises 67-74, factor and/or use the quadratic formula to 
find all zeros of the given function. 



67. 


fix) 


9 

= X 


-5x 


+ 6 


68. 


/(*) = 


X 2 +x- 


12 


69. 


fix) 


= x 2 


-Ax 


+ 2 


70. 


fix) = 


2x 2 + 4x 


- 1 


71. 


fix) 


= x 3 


- 3x 


2 + 2x 


72. 


/<*) = 


x 3 - 2x 2 


- x + 2 


73. 


fix) 


= x 6 


+ x 3 


- 2 


74. 


fix) = 


x 3 +x 2 - 


- 4x - 4 



(|§1 APPLICATIONS 

75. The boiling point of water (in degrees Fahrenheit) at ele- 
vation h (in thousands of feet above sea level) is given by 
B(h) = -1.8/; + 212. Find h such that water boils at 98.6°. 
Why would this altitude be dangerous to humans? 

76. The spin rate of a golf ball hit with a 9 iron has been measured 
at 9100 rpm for a 120-compression ball and at 10,000 rpm 
for a 60-compression ball. Most golfers use 90-compression 
balls. If the spin rate is a linear function of compression, find 
the spin rate for a 90-compression ball. Professional golfers 
often use 100-compression balls. Estimate the spin rate of a 
100-compression ball. 

77. The chirping rate of a cricket depends on the temperature. A 
species of tree cricket chirps 160 times per minute at 79°F and 
100 times per minute at 64°F Find a linear function relating 
temperature to chirping rate. 

78. When describing how to measure temperature by counting 
cricket chirps, most guides suggest that you count the number 
of chirps in a 15-second time period. Use exercise 77 to explain 
why this is a convenient period of time. 

79. A person has played a computer game many times. The statis- 
tics show that she has won 415 times and lost 120 times, and 
the winning percentage is listed as 78%. How many times in a 
row must she win to raise the reported winning percentage to 
80%? 



^ EXPLORATORY EXERCISES 

1. Suppose you have a machine that will proportionally enlarge a 
photograph. For example, it could enlarge a 4 x 6 photograph 
to 8 x 12 by doubling the width and height. You could make 
an 8 x 10 picture by cropping 1 inch off each side. Explain 
how you would enlarge a 3^ x 5 picture to an 8 x 10. A friend 
returns from Scotland with a 3 \ x 5 picture showing the Loch 
Ness monster in the outer j' on the right. If you use your 
procedure to make an 8 x 10 enlargement, does Nessie make 
the cut? 

2. Solve the equation |x-2| + |x-3| = l. (Hint: It's 
an unusual solution, in that it's more than just 
a couple of numbers.) Then, solve the equation 
y/x + 3 - A*Jx - 1 + sTx + 8 - 6Vx - 1 = 1. (Hint: If you 
make the correct substitution, you can use your solution to the 
previous equation.) 
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GRAPHING CALCULATORS AND COMPUTER 
ALGEBRA SYSTEMS 




URE 0.29a 

3x 2 - 1 




RE 0 

3x 2 - 



29b 

1 



The relationships between functions and their graphs are central topics in calculus. Graphing 
calculators and user-friendly computer software allow you to explore these relationships for 
a much wider variety of functions than you could with pencil and paper alone. This section 
presents a general framework for using technology to explore the graphs of functions. 

One of the goals of this section is for you to become more familiar with the graphs of 
a number of functions. The best way to become familiar is through experience, by working 
example after example. 



EXAMPLE 3. 1 Generating a Calculator Graph 

Use your calculator or computer to sketch a graph of f(x) = 3x 2 — 1. 

Solution You should get an initial graph that looks something like that in 
Figure 0.29a. This is simply a parabola opening upward. A graph is often used to search 
for important points, such as x-intercepts, y-intercepts or peaks and troughs. In this 
case, we could see these points better if we zoom in, that is, display a smaller range of x- 
and y-values than the technology has initially chosen for us. The graph in Figure 0.29b 
shows x-values from x = —2 to x — 2 and y-values from y = —2 to y — 10. 

You can see more clearly in Figure 0.29b that the parabola bottoms out roughly at 
the point (0, —1) and crosses the x-axis at approximately x — —0.5 and x — 0.5. You 
can make this more precise by doing some algebra. Recall that an x-intercept is a point 
where y = 0 or f(x) = 0. Solving 3x 2 
x = ±,/± » ±0.57735. ■ 



1=0 gives 3x 2 — 1 or x 2 — I, so that 



Before investigating other graphs, we should say a few words about what a computer- 
or calculator-generated graph really is. Although we call them graphs, what the computer 
actually does is light up some tiny screen elements called pixels. If the pixels are small 
enough, the image appears to be a continuous curve or graph. 



REMARK 3.1 



By graphing window, we mean the rectangle defined by the range of x- and y-values 
displayed. The graphing window chosen can dramatically affect the look of a graph. 
Most calculators and computer drawing packages use one of the following two 
schemes for defining the graphing window for a given function. 

• Fixed graphing window: Most calculators follow this method. Graphs are plotted 
in a preselected range of x- and y-values, unless you specify otherwise. For 
example, the Texas Instruments graphing calculators' default graphing window 
plots points in the rectangle defined by — 10 < x < 10 and — 10 < y < 10. 

• Automatic graphing window: Most computer drawing packages and some 
calculators use this method. Graphs are plotted for a preselected range of x-values 
and the computer calculates the range of y-values so that all of the calculated points 
will fit in the window. 

Get to know how your calculator or computer software operates and use it 
routinely as you progress through this course. You should always be able to reproduce 
the computer-generated graphs used in this text by adjusting your graphing window 
appropriately. 



Graphs are drawn to provide visual displays of the significant features of a function. 
What qualifies as significant will vary from problem to problem, but often, the x- and 
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REMARK 3.2 



To be precise, f(M) is a local 
maximum of / if there exist 
numbers a and b with 
a < M < b such that 
f(M) > f(x) for all x 
such that a < x < b. 



y 




*x 



FIGURE 0.30a 

Line, cii < 0 



y 




> x 



FIGURE 0.30b 

Line, a\ > 0 



y 

A 

y = a^x 3 + a 2 x 2 + dyX + a 0 




> X 



FIGURE 0.33a 

Cubic: no max or min, a 3 > 0 



y-intercepts and points known as extrema are of interest. The function value f(M) is 
called a local maximum of the function / if f(M) > f(x) for all .t's "nearby" x — M. 

Similarly, the function value f(m)is a local minimum of the function / if f(m) < f(x) 
for all jc's "nearby" x — m. A local extremum is a function value that is either a local 
maximum or local minimum. Whenever possible, you should produce graphs that show all 
intercepts and extrema (the plural of extremum). 

In the exercises, you will be asked to graph a variety of functions and discuss the 
shapes of the graphs of polynomials of different degrees. Having some knowledge of the 
general shapes will help you decide whether you have found an acceptable graph. To get you 
started, we now summarize the different shapes of linear, quadratic and cubic polynomials. 
Of course, the graphs of linear functions [f{x) = a\x + an] are simply straight lines of 
slope a; . Two possibilities are shown in Figures 0.30a and 0.30b. 

The graphs of quadratic polynomials [f{x) = aox 2 + a\x + an; an ^ 0] are parabolas. 
The parabola opens upward if a2 > 0 and opens downward if 02 < 0. We show typical 
parabolas in Figures 0.31a and 0.31b. 




The graphs of cubic functions [f(x) = a^x^ + a^x 1 + a\x + an; 03 7^ 0] are somewhat 
S-shaped. Reading from left to right, the function begins negative and ends positive 
if «3 > 0, and begins positive and ends negative if 03 < 0, as indicated in Figures 0.32a 
and 0.32b, respectively. 



a-jc + 1 



+ a,x + a n 



a-jX + a 2 x + d\X + a 0 




FIGURE 0.32a FIGURE 0.32b 

Cubic: one max, min, a 3 > 0 Cubic: one max, min, a 3 < 0 

Some cubics have one local maximum and one local minimum, as do those in Fig- 
ures 0.32a and 0.32b. Many curves (including all cubics) have what's called an inflection 
point, where the curve changes its shape (from being bent upward, to being bent downward, 
or vice versa), as indicated in Figures 0.33a and 0.33b. 

You can already use your knowledge of the general shapes of certain functions to see 
how to adjust the graphing window, as in example 3.2. 



0-23 



SECTION 0.3 •• Graphing Calculators and Computer Algebra Systems 



23 




FIGURE 0.33b 

Cubic: no max or min, < 0 



EXAMPLE 3.2 Sketching the Graph of a Cubic Polynomial 

Sketch a graph of the cubic polynomial f(x) — x 3 — 20x 2 — x + 20. 

Solution Your initial graph probably looks like Figure 0.34a or 0.34b. 

However, you should recognize that neither of these graphs looks like a cubic; they 
look more like parabolas. To see the S-shape behavior in the graph, we need to consider 
a larger range of x-values. To determine how much larger, we need some of the concepts 
of calculus. For the moment, we use trial and error, until the graph resembles the shape 
of a cubic. You should recognize the characteristic shape of a cubic in Figure 0.34c. 
Although we now see more of the big picture (often referred to as the global behavior 
of the function), we have lost some of the details (such as the x -intercepts), which we 
could clearly see in Figures 0.34a and 0.34b (often referred to as the local behavior of 
the function). 




Rational functions have some properties not found in polynomials, as we see in 
examples 3.3, 3.4 and 3.5. 



EXAMPLE 3.3 Sketching the Graph of a Rational Function 

x - 1 

Sketch a graph of f(x) — and describe the behavior of the graph near x — 2. 

x — 2 

Solution Your initial graph should look something like Figure 0.35a or 0.35b. From 
either graph, it should be clear that something unusual is happening near x — 2. 
Zooming in closer to x — 2 should yield a graph like that in Figure 0.35c. 



le+08 
5e+07 



-5e+07 
-le+08 



H — *-x 



l 

10- 
5- 




I 




i 

20- 
10- 




— i 

-10 


1 

-5 

-5- 
-10- 




1 — 

5 


1 — ►* 

10 


-10- 
-20- 




Y 



FIGURE 0.35a 

X - 1 

y = — » 



FIGURE 0.35b 

X - 1 

y = — ^ 



FIGURE 0.35c 

X - 1 

y = — « 



In Figure 0.35c, it appears that as x increases up to 2, the function values get more 
and more negative, while as x decreases down to 2, the function values get more and 
more positive. (Note that the notation used for the y-axis labels is the exponential form 
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10 



H 1 1 1 — ►* 



-10 



FIGURE 0.36 

Vertical asymptote 



used by many graphing utilities, where 5e + 07 corresponds to 5 x 10 7 .) This is also 
observed in the following table of function values. 



X 


fix) 


1.8 


-4 


1.9 


-9 


1.99 


-99 


1.999 


-999 


1.9999 


-9999 



X 


fix) 


2.2 


6 


2.1 


11 


2.01 


101 


2.001 


1001 


2.0001 


10,001 



Note that at x — 2, f(x) is undefined. However, as x approaches 2 from the left, the 
graph veers down sharply. In this case, we say that f(x) tends to — oo. Likewise, as x 
approaches 2 from the right, the graph rises sharply. Here, we say that f(x) tends to 
oo and there is a vertical asymptote at x = 2, (We'll define this more carefully in 
Chapter 1.) It is common to draw a vertical dashed line at x — 2 to indicate this. (See 
Figure 0.36.) Since f(2) is undefined, there is no point plotted at x — 2. m 



Many rational functions have vertical asymptotes. You can locate possible vertical 
asymptotes by finding where the denominator is zero. It turns out that if the numerator is 
not zero at that point, there is a vertical asymptote at that point. 



EXAMPLE 3.4 A Graph with More Than One Vertical Asymptote 

x - 1 

Find all vertical asymptotes for f(x)— — . 

x 2 — 5x + 6 

Solution Note that the denominator factors as 

x 2 - 5jc + 6 = (x - 2)(x - 3), 

so that the only possible locations for vertical asymptotes are x — 2 and x — 3. Since 
neither x-value makes the numerator (x — 1) equal to zero, there are vertical asymptotes 
at both x — 2 and x — 3 . A computer-generated graph gives little indication of how the 
function behaves near the asymptotes. (See Figure 0.37a and note the scale on the 
y-axis.) 



2e+08 
le+08 



+ 



-le+08 
-2e+08 
-3e+08 



5- 



H — >x 



-5- 
-10- 




FIGURE 0.37a 

x - 1 

y = x 2 -5x + 6 



FIGURE 0.37b 

x - 1 

y = x 2 -5x + 6 



We can improve the graph by zooming-in in both the x- and y-directions. 
Figure 0.37b shows a graph of the same function using the graphing window defined by 
the rectangle — 1 < x < 5 and — 13 < y < 7. This graph clearly shows the vertical 
asymptotes at x — 2 and x — 3 . ■ 



As we see in example 3.5, not all rational functions have vertical asymptotes. 
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FIGURE 0.38 

x — 1 

y ~ x 2 + 4 



FIGURE 0.39a 

y — x 1 — s/x + 3 



EXAMPLE 3.5 A Rational Function with No Vertical Asymptotes 

x - 1 

Find all vertical asymptotes of f(x) = 



x 2 + 4 

H 1 — ►* Solution Notice that x 2 + 4 = 0 has no (real) solutions, since x 2 + 4 > 0 for all 

real numbers, x. So, there are no vertical asymptotes. The graph in Figure 0.38 is 
consistent with this observation. ■ 





FIGURE 0.39b 

y — x 2 and y — *Jx + 3 




FIGURE 0.40 

y — 2 cos x and y — 2 — x 



Graphs are useful for finding approximate solutions of difficult equations, as we see in 
examples 3.6 and 3.7. 



EXAMPLE 3.6 Finding Zeros Approximately 

Find approximate solutions of the equation x 2 — ~J x + 3 
You could rewrite this equation as x 2 — */x~~-\ 



3 = 0 and then look for zeros 



Solution 

in the graph of f{x) — x 2 — v 'x + 3, seen in Figure 0.39a. Note that two zeros are 
clearly indicated: one near —1, the other near 1.5. However, since you know very little 
of the nature of the function x 2 — V 'x + 3, you cannot say whether or not there are any 
zeros that don't show up in the window seen in Figure 0.39a. On the other hand, if you 
graph the two functions on either side of the equation on the same set of axes, as in 
Figure 0.39b, you can clearly see two points where the graphs intersect (corresponding 
to the two zeros seen in Figure 0.39a). Further, since you know the general shapes of 
both of the graphs, you can infer from Figure 0.39b that there are no other intersections 
(i.e., there are no other zeros of /). This is important information that you cannot obtain 
from Figure 0.39a. Now that you know how many solutions there are, you need to 
estimate their values. One method is to zoom in on the zeros graphically. We leave it as 
an exercise to verify that the zeros are approximately x — 1.4 and x — — 1.2. If your 
calculator or computer algebra system has a solve command, you can use it to quickly 
obtain an accurate approximation. In this case, we get x « 1.452626878 and 
x » -1.164035140. ■ 



When using the solve command on your calculator or computer algebra system, be sure 
to check that the solutions make sense. If the results don't match what you've seen in your 
preliminary sketches, beware! Even high-tech equation solvers make mistakes occasionally. 



EXAMPLE 3.7 Finding Intersections by Calculator: An Oversight 

Find all points of intersection of the graphs of y — 2 cos x and y — 2 — x . 

Solution Notice that the intersections correspond to solutions of the equation 
2cosx = 2 — x. Using the solve command on one graphing calculator, we found 
intersections at x 3.69815 and x — 0. So, what's the problem? A sketch of the graphs 
of y = 2 — x and y — 2cosx (we discuss this function in the next section) clearly 
shows three intersections. (See Figure 0.40.) 

The middle solution, x ^ 1.10914, was somehow passed over by the calculator's 
solve routine. The lesson here is to use graphical evidence to support your solutions, 
especially when using software and/or functions with which you are less than 
completely familiar. ■ 



You need to look skeptically at the answers provided by your calculator's solver pro- 
gram. While such solvers provide a quick means of approximating solutions of equations, 
these programs will sometimes overlook solutions, as we saw in example 3.7, or return 
incorrect answers, as we illustrate with example 3.8. So, how do you know if your solver is 
giving you an accurate answer or one that's incorrect? The only answer to this is that you 
must carefully test your calculator's solution, by separately calculating both sides of the 
equation (by hand) at the calculated solution. 
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EXAMPLE 3.8 Solving an Equation by Calculator: An Erroneous Answer 

1 1 

Use your calculator's solver program to solve the equation x H — = — . 

x x 

Solution Certainly, you don't need a calculator to solve this equation, but consider 
what happens when you use one. Most calculators report a solution that is very close to 
zero, while others report that the solution is x — 0. Not only are these answers 
incorrect, but the given equation has no solution, as follows. First, notice that the 

1 

equation makes sense only when i Subtracting — from both sides of the equation 

x 

leaves us with x — 0, which can't possibly be a solution, since it does not satisfy the 
original equation. Notice further that, if your calculator returns the approximate solution 
x — 1 x 10~ 7 and you use your calculator to compute the values on both sides of the 
equation, the calculator will compute 

1 



= 1 x 10" 



1 x 10 7 , 



7 1 

which it approximates as 1 x 10 — — , since calculators carry only a finite number of 

x 

digits. In other words, although 

1 x 10" 7 + 1 x 10V 1 x 10 7 , 

your calculator treats these numbers as the same and so incorrectly reports that the 
equation is satisfied. The moral of this story is to be an intelligent user of technology 
and don't blindly accept everything your calculator tells you. ■ 



We want to emphasize again that graphing should be the first step in the equation-solving 
process. A good graph will show you how many solutions to expect, as well as give their 
approximate locations. Whenever possible, you should factor or use the quadratic formula 
to get exact solutions. When this is impossible, approximate the solutions by zooming in 
on them graphically or by using your calculator's solve command. It is helpful to compare 
your results to a graph to see if there's anything you've missed. 



EXERCISES 0.3 



0) 



^WRITING EXERCISES 



1. Explain why there is a significant difference among Fig- 
ures 0.34a, 0.34b and 0.34c. 

2. In Figure 0.36, the graph approaches the lower portion of the 
vertical asymptote from the left, whereas the graph approaches 
the upper portion of the vertical asymptote from the right. Use 
the table of function values found in example 3.3 to explain how 
to determine whether a graph approaches a vertical asymptote 
by dropping down or rising up. 

3. In the text, we discussed the difference between graphing 
with a fixed window versus an automatic window. Discuss the 
advantages and disadvantages of each. (Hint: Consider the case 
of a first graph of a function you know nothing about and the 
case of hoping to see the important details of a graph for which 
you know the general shape.) 



4. Examine the graph of y = 



x 3 + 1 



with each of the following 



graphing windows: (a) -10 < x < 10, (b) -1000 < x < 1000. 
Explain why the graph in (b) doesn't show the details that the 
graph in (a) does. 



| In exercises 1-16, sketch a graph of the function showing all 
extrema, intercepts and asymptotes. 



1. (a) f(x) 

2. (a) f(x) 

3. (a) fix) 

4. (a) fix) 

5. (a) fix) 

6. (a) fix) 

7. (a) fix) 

8. (a) fix) 

9. (a) fix) : 

10. (a) fix) : 

11. (a) fix) : 

12. (a) fix) : 



- v2 



X 

3-x 2 
x 3 + 1 
10 - x 3 

X 4 - 1 

2-x 4 
x 5 + 2 



= 12 



x - 1 
4 

x + 2 
2 

v2 _ A 



(b) fix) 
(b) fix) 
(b) fix) 
(b) fix) 
(b) fix) 
(b) fix) 
(b) fix) 
(b) fix) 

(b) /(*) : 

(b) /(*) : 

(b) /(*) = 

(b) fix) = 



x 2 + 2x + 8 
-x 2 + 20x + 11 
x 3 - 20x - 14 
-x 3 + 30x - 1 
x 4 + 2x - 1 
x 4 - 6x 2 + 3 
x 5 - 8x 3 + 20x - 1 
x 5 + 5x 4 + 2x 3 + 1 



3x 
x - 1 

4x 
x + 2 
2x 

^4 
6x 



3x 2 



(c) fix) = 
(c) fix) = 
(c) fix) = 
(c) fix) 



X - 1 

4x 2 

x + 2 
2x 2 

x i - 4 
6x 2 
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13. (a) f(x) = 

14. (a) f(x) = 

15. (a) f(x) = 



x 2 + 4 


(b) fix) = 


x 2 + 9 


x + 2 


(b) fix) = 


x - 1 


x 2 + x - 6 


x 2 + 4x + 3 


3x 


(b) /(x) = 


3x 


V* 2 + 4 


Vx 2 -4 


2x 


(b) fix) = 


2x 


Vx 2 + 1 


Vx 2 - 1 



In exercises 17-22, find all vertical asymptotes 

3x 



17. fix) = - 



19. fix) = - 
21. /(x) 



x 2 -4 
4x 



x + 4 
18. /(x) = - 



x 2 + 3x - 10 
x 2 + 1 



x 3 + 3x 2 + 2x 



20. fix) = - 
22. fix) 



x 2 -9 
x + 2 



x 2 - 2x - 15 
3x 



7x^9 



In exercises 23-28, a standard graphing window will not reveal 
all of the important details of the graph. Adjust the graphing 
window to find the missing details. 



23. fix) = 


1,3 _ J_ x 
3 400 




24. fix) = 


x 4 - llx 3 + 5x - 


- 2 


25. fix) = 


xVl44-x 2 




26. fix) = 


jX 5 — gX 4 + jX~ 


+ |x 2 — 6x 


27. fix) = 


x 2 - 1 


28. /(jc) = 


Vx 4 +x 



2x 



Vx^+3 



In exercises 29-36, determine the number of (real) solutions. 
Solve for the intersection points exactly if possible and estimate 
the points if necessary. 



29. Vx^T = x 1 - 1 

31. x 3 - 3x 2 = 1 - 3x 

33. (x 2 - 1) 2/3 = 2x + 1 

35. cosx = x 2 — 1 



30. Vx 2 + 4 = x 2 + 2 

32. x 3 + 1 = -3x 2 - 3x 

34. (x + 1) 2/3 =2-x 

36. sinx = x 2 + 1 



In exercises 37-42, use a graphing calculator or computer 
graphing utility to estimate all zeros. 



37. fix) = x 3 - 3x + 1 

38. fix) = x 3 - 4x 2 + 2 



39. fix) 



3x 3 



X + 1 



40. fix) =x 4 -2x + l 

41. fix) = x 4 - 7x 3 - 15x 2 - lOx - 1410 

42. fix) = x 6 - 4x 4 + 2x 3 - 8x - 2 



43. Graph y — x 2 in the graphing window — 10 < x < 10, 
— 10 < y < 10, without drawing the x- and y-axes. Adjust 
the graphing window for y — 2(x — l) 2 + 3 so that (with- 
out the axes showing) the graph looks identical to that of 



44. Graph y — x 2 in the graphing window — 10 < jc < 10, 
— 10 < y < 10. Separately graph y — x 4 with the same graph- 
ing window. Compare and contrast the graphs. Then graph the 
two functions on the same axes and carefully examine the dif- 
ferences in the intervals — 1 < x < 1 and x > 1 . 

45. In this exercise, you will find an equation describing all points 
equidistant from the x-axis and the point (0, 2). First, see if 
you can sketch a picture of what this curve ought to look 
like. For a point (x, y) that is on the curve, explain why 
yfy 2 = y/x 2 + iy — 2) 2 . Square both sides of this equation and 
solve for y. Identify the curve. 

46. Find an equation describing all points equidistant from the 
x-axis and (1, 4). (See exercise 45.) 



EXPLORATORY EXERCISES 



1. Graph y 



hy 



+ X 



i,y 



+ 2x - 1, 



y — x 2 — x — 1, y — x 2 — 2x — 1 and other functions of the 
form y — x 2 + cx — 1 . Describe the effect(s) a change in c has 
on the graph. 

| 2. Figures 0.32 and 0.33 provide a catalog of the possible shapes 
of graphs of cubic polynomials. In this exercise, you will 
compile a catalog of graphs of fourth-order polynomials 
(i.e., y — ax 4 + bx 3 + cx 2 + dx + e; a ^ 0). Start by us- 
ing your calculator or computer to sketch graphs with different 
values of a, b, c, d and e. Try y — x 4 , y — 2x 4 , y — — 2x 4 , 
y = x 4 + x 3 , y = x 4 + 2x 3 , y = x 4 — 2x 3 , y = x 4 + x 2 , 



y — x 



y = x" 



<i 2 4 i 4 

Ix , y — x + x, y — x 



and so 



on. Try to determine what effect each constant has. 



0) 



0.4 TRIGONOMETRIC FUNCTIONS 



Many phenomena encountered in your daily life involve waves. For instance, music is trans- 
mitted from radio stations in the form of electromagnetic waves. Your radio receiver decodes 
these electromagnetic waves and causes a thin membrane inside the speakers to vibrate, 
which, in turn, creates pressure waves in the air. When these waves reach your ears, you 
hear the music from your radio. (See Figure 0.41 .) Each of these waves is periodic, meaning 
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that the basic shape of the wave is repeated over and over again. The mathematical descrip- 
tion of such phenomena involves periodic functions, the most familiar of which are the 
trigonometric functions. First, we remind you of a basic definition. 




FIGURE 0.41 

Radio and sound waves 



DEFINITION 4.1 

A function / is periodic of period T if 

f(x + T)= f(x) 

for all x such that x and x + T are in the domain of /. The smallest such number 
T > 0 is called the fundamental period. 



There are several equivalent ways of defining the sine and cosine functions. We want 
to emphasize a simple definition from which you can easily reproduce many of the basic 
properties of these functions. Referring to Figure 0.42, begin by drawing the unit circle 
x 2 + y 2 — 1. Let 9 be the angle measured (counterclockwise) from the positive x-axis to 
the line segment connecting the origin to the point (x, y) on the circle. Here, we measure 9 
in radians, given by the length of the arc indicated in the figure. Again referring to Figure 
0.42, we define sin 9 to be the y-coordinate of the point on the circle and cos 9 to be the 
x-coordinate of the point. From this definition, it follows that sin 9 and cos 9 are defined for 
all values of 9, so that each has domain — oo < 9 < oo, while the range for each of these 
functions is the interval [—1, 1]. 

REMARK 4.1 



Unless otherwise noted, we always measure angles in radians. 
FIGURE 0.42 

Definition of sin 9 and cos 9: Note that since the circumference of a circle (C = 2nr) of radius 1 is 2ji, we have that 

cos 9 — x and sin 9 — y 360° corresponds to 2jt radians. Similarly, 180° corresponds to n radians, 90° corresponds 

to tt/2 radians and so on. In the accompanying table, we list some common angles as 
measured in degrees, together with the corresponding radian measures. 



Angle in degrees 


0° 


30° 


45° 


60° 


90° 


135° 


180° 


270° 


360° 








it 


Tt 


Tt 






3n 




Angle in radians 


0 










it 




2tt 






6 


4 


3 


2 


4 




~2 





THEOREM 4.1 

The functions f(9) = sin6< and g(9) — cos 9 are periodic, of period 2tt . 



NOTES 

When we discuss the period of a 
function, we most often focus on 
the fundamental period. 
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PROOF 

Referring to Figure 0.42, since a complete circle is 2tc radians, adding 2jt to any angle takes 
you all the way around the circle and back to the same point (x, y). This says that 

sin(0 + 2jt) = sin 6* 

and cos(0 + 2jt) = cos 6, 



for all values of 0. Furthermore, 2tc is the smallest positive angle for which this is true. ■ 

You are likely already familiar with the graphs of fix) — sin x and g(x) = cos x shown 
in Figures 0.43a and 0.43b, respectively. 




FIGURE 0.43a FIGURE 0.43b 

y = sin x y = cosx 
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REMARK 4.2 



Instead of writing (sin 9) 2 or 
(cos 9) 2 , we usually use the 
notation sin 2 0 and cos 2 9, 
respectively. Further, we often 
suppress parentheses and write, 
for example, sin2x, instead of 
sin(2.i:). 



Notice that you could slide the graph of y — sin x slightly to the left or right and get an 
exact copy of the graph of y = cosx. Specifically, we have the relationship 









sin yx - 


-1) 


= COS X. 



The accompanying table lists some common values of sine and cosine. Notice that 
many of these can be read directly from Figure 0.42. 



EXAMPLE 4. 1 Solving Equations Involving Sines and Cosines 

Find all solutions of the equations (a) 2 sin x — 1 =0 and (b) cos 2 x — 3 cos x + 2 — 0. 
Solution For (a), notice that 2 sin x — 1 = 0 if 2 sin x — 1 or sin x — j. From the unit 



circle, we find that sin x — | if x = | or x = Since sin x has period 2jt, additional 



, 4tt and so on. A convenient way of indicating that 



solutions are | + 2jt, ^ + 2jt 
any integer multiple of 2n can be added to either solution is to write x = ? + 2mt or 
x — ^ + 2njr, for any integer n. Part (b) may look rather difficult at first. However, 
notice that it looks like a quadratic equation using cos x instead of x . With this clue, you 
can factor the left-hand side to get 



0 = cos" 



3 cos x + 2 — (cos x — l)(cos x — 2), 



from which it follows that either cos x — 1 or cos x — 2. Since — 1 < cos x < 1 for all 
x, the equation cos x — 2 has no solution. However, we get cos x — 1 if x — 0, 2jt or 
any integer multiple of 2tt. We can summarize all the solutions by writing x = 2mt, for 
any integer n . ■ 



We now give definitions of the remaining four trigonometric functions. 
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REMARK 4.3 



Most calculators have keys for 
the functions sin x , cos x and 
tan x, but not for the other three 
trigonometric functions. This 
reflects the central role that 
sin x, cos x and tan x play in 
applications. To calculate 
function values for the other 
three trigonometric functions, 
you can simply use the identities 



cotx = 



and 



1 

tanx 



1 



DEFINITION 4.2 

The tangent function is defined by tan x = 

The cotangent function is defined by cot x 
The secant function is defined by sec x = 



sinx 

cosx 
cos x 



The cosecant function is defined by esc x = 



cos x 

1 



sinx 



We show graphs of these functions in Figures 0.44a-0.44d. Notice in each graph the loca- 
tions of the vertical asymptotes. For the "co" functions cot x and esc x, the division by sin x 
causes vertical asymptotes at 0, ±tt, ±2jt and so on (where sinx = 0). For tan x and secx, 
the division by cos* produces vertical asymptotes at ±jt/2, ±37t/2, ±5tt/2 and so on 
(where cos x = 0). Once you have determined the vertical asymptotes, the graphs are rela- 
tively easy to draw. 

Notice that tan x and cot x are periodic, of period n, while sec x and esc x are periodic, 
of period 2tt . 





FIGURE 0.44a 

y = tan x 



FIGURE 0.44b 

y — cotx 





FIGURE 0.44c 

y — sec x 



FIGURE 0.44d 

V = cscx 



It is important to learn the effect of slight modifications of these functions. We present 
a few ideas here and in the exercises. 



EXAMPLE 4.2 Altering Amplitude and Period 

Graph y — 2 sinx and y — sin2x, and describe how each differs from the graph of 
y = sinx. (See Figure 0.45a.) 

Solution The graph of y — 2 sin x is given in Figure 0.45b. Notice that this graph is 
similar to the graph of y = sinx, except that the y-values oscillate between —2 and 2, 
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y y 



► .V 




FIGURE 0.45b FIGURE 0.45c 

y — 2 sin* y — s'm(2x) 



instead of — 1 and 1 . Next, the graph of y — sin 2x is given in Figure 0.45c. In this case, 
the graph is similar to the graph of y — sinx, except that the period is n instead of 2jt 
(so that the oscillations occur twice as fast). ■ 

The results in example 4.2 can be generalized. For A > 0, the graph of y — A sin x 
oscillates between y — — A and y — A. In this case, we call A the amplitude of the sine 
curve. Notice that for any positive constant c, the period of y = sin cx is 2jt/c. Similarly, 
for the function A cos cx, the amplitude is A and the period is 2jz /c. 

The sine and cosine functions can be used to model sound waves. A pure tone (think of 
a tuning fork note) is a pressure wave described by the sinusoidal function A sin ct. (Here, 
we are using the variable f , since the air pressure is a function of time.) The amplitude A 
determines how loud the tone is perceived to be and the period determines the pitch of the 
note. In this setting, it is convenient to talk about the frequency / = c/2tt . The higher 
the frequency is, the higher the pitch of the note will be. (Frequency is measured in hertz, 
where 1 hertz equals 1 cycle per second.) Note that the frequency is simply the reciprocal 
of the period. 



EXAMPLE 4.3 Finding Amplitude, Period and Frequency 

Find the amplitude, period and frequency of (a) f(x) = 4 cos 3x and 
(b)g(x) = 2sm(x/3). 

Solution (a) For fix), the amplitude is 4, the period is 2ir/3 and the frequency 
is 3/(2it). (See Figure 0.46a.) (b) For g(x), the amplitude is 2, the period is 
2n/(l/3) = 6n and the frequency is 1/(6^). (See Figure 0.46b.) 
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There are numerous formulas or identities that are helpful in manipulating the trigono- 
metric functions. You should observe that, from the definition of sin 9 and cos 9 (see 
Figure 0.42), the Pythagorean Theorem gives us the familiar identity 

sin 2 9 + cos 2 9 = 1, 

since the hypotenuse of the indicated triangle is 1. This is true for any angle 6. In addition, 

sin(— 9) ' — sin9 and cos(— 9) = cos0. 
We list several important identities in Theorem 4.2. 



THEOREM 4.2 




For any real numbers a and /J, the following identities hold: 




sin (a + P) = sin a cos /3 + sin ft cos a 


(4.1) 


cos (a + /3) = cos a cos /3 — sin a sin /3 


(4.2) 


sin 2 a = ^(1 — cos 2a) 


(4.3) 


cos 2 a = ^(1 + cos 2a). 


(4.4) 



From the basic identities summarized in Theorem 4.2, numerous other useful identities 
can be derived. We derive two of these in example 4.4. 



EXAMPLE 4.4 Deriving New Trigonometric Identities 

Derive the identities sin 29 = 2 sin 9 cos 9 and cos 29 = cos 2 9 — sin 2 9. 

Solution These can be obtained from formulas (4.1) and (4.2), respectively, by 
substituting a = 9 and ft = 9. Alternatively, the identity for cos 29 can be obtained by 
subtracting equation (4.3) from equation (4.4). ■ 

Two kinds of combinations of sine and cosine functions are especially important in 
applications. In the first type, a sine and cosine with the same period but different amplitudes 
are added. 



EXAMPLE 4.5 Combinations of Sines and Cosines 

Graph f(x) = 3 cos x + 4 sin x and describe the resulting graph. 

Solution You should get something like the graph in Figure 0.47. Notice that the 
graph looks very much like a sine curve with period 2n and amplitude 5, but it has been 
shifted about 0.75 unit to the left. Alternatively, you could say that it looks like a cosine 
curve, shifted about 1 unit to the right. Using the appropriate identity, you can verify 
these guesses. 




FIGURE 0.47 

y = 3 cos x + 4 sin x 
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EXAMPLE 4.6 Writing Combinations of Sines and Cosines as a Single 
Sine Term 

Prove that 4 sin x + 3 cos x — 5 sin(x + fi) for some constant fi and estimate the value 
of p. 

Solution Using equation (4.1), we have 

4 sin x + 3 cos x = 5 sin(x + j3) 

= 5 sin x cos f3 + 5 sin ft cos x , 

if 5cos/3=4 and 5sin/3 = 3. 

This will occur if we can choose a value of P so that cos /3 = I a«c/ sin /3 = I. By 
the Pythagorean Theorem, this is possible only if sin 2 fi + cos 2 fl — 1 . In this case, we 
have 



sin 2 yS + cos 2 yS 



as desired. For the moment, the only way to estimate ft is by trial and error. Using your 
calculator or computer, you should find that one solution is ft ~ 0.6435 radians (about 
36.9 degrees). ■ 
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FIGURE 0.48a 

y = cos 3x + sin 4x 




FIGURE 0.48b 

y = cos 7tx + sin 4x 



We next explore adding functions of different periods (one of the principles behind 
music synthesizers). 



EXAMPLE 4.7 Combinations of Sines and Cosines of Different Periods 

Graph (a) f(x) = cos 3x + sin 4.x and (b) g(x) = cos jtx + sin 4.x and describe each 
graph. Determine the period if the function is periodic. 

Solution (a) We give a graph of y = f(x) in Figure 0.48a. This is certainly more 
complicated than the usual sine or cosine graph, but you should be able to identify a 
repetition with a period of about 6 (which is close to 2tt). To determine the actual 
period, note that the period of cos 3x is ^ and the period of sin 4x is ^ . This says that 



cos 3x repeats at 



2jt_ 

3 



3 



and so on. Similarly, sin 4x repeats at 



2n An 6n 



and so 



on. Note that both ^ and ^ equal 2tt. Since both terms repeat every 2jt units, the 
function / has a period of 2jt . 

(b) The graph of g is even more complicated, as you can see in Figure 0.48b. In the 
graphing window shown (—10 < x < 10 and —2 < y < 2), this does not appear to be a 
periodic function, although it's not completely different from the graph of /. To try to 
find a period, you should note that cos ttx has a period of ^ — 2 and so repeats at 
intervals of width 2, 4, 6 and so on. On the other hand, sin 4x repeats at intervals of 



2n 



width °f , 4 f and so on. The function is periodic if and only if there are numbers 
common to both lists. Since 2, 4, 6, . . . are all rational numbers and the numbers 
^r, ... are all irrational, there can't be any numbers in both lists. We conclude that g is 
not periodic. ■ 



In many applications, we need to calculate the length of one side of a right triangle 
using the length of another side and an acute angle (i.e., an angle between 0 and | radians). 
We can do this rather easily, as in example 4.8. 



EXAMPLE 4.8 Finding the Height of a Tower 

A person 100 feet from the base of a radio tower measures an angle of 60° from the 
ground to the top of the tower. (See Figure 0.49.) Find the height of the tower. 
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Solution First, we convert 60° to radians: 

60° = 60— = - radians. 
180 3 

We are given that the base of the triangle in Figure 0.49 is 100 feet. We must now 
compute the height of the tower h. Using the similar triangles indicated in Figure 0.49, 
we have that 



sin 6 



cos ( 



h 

Too' 



FIGURE 0.49 

Height of a tower 



so that the height of the tower is 
sin 6 



sin v it r- 

h = 100 100 tan 6 = 100 tan - = 100V3 » 173 feet. 



COS t 



EXERCISES 0.4 



0) 



55 WRITING EXERCISES 

1. Many students are comfortable using degrees to measure angles 
and don't understand why they must learn radian measures. As 
discussed in the text, radians directly measure distance along 
the unit circle. Distance is an important aspect of many applica- 
tions. In addition, we will see later that many calculus formulas 
are simpler in radians form than in degrees. Aside from famil- 
iarity, discuss any and all advantages of degrees over radians. 
On balance, which is better? 

2. A student graphs fix) — cosx on a graphing calculator and 
gets what appears to be a straight line at height y — 1 in- 
stead of the usual cosine curve. Upon investigation, you dis- 
cover that the calculator has graphing window -10 £ i S 10, 
— 10 < y S 10 and is in degrees mode. Explain what went 
wrong and how to correct it. 

3. In example 4.3, /(x) = 4cos3x has period 27r/3 and 
g(x) — 2sin(x/3) has period 6it. Explain why the sum 
h(x) — 4cos3x + 2sin(x/3) has period 6it. 

4. The trigonometric functions can be defined in terms of the 
unit circle (as done in the text) or in terms of right triangles 
for angles between 0 and ~ radians. In calculus and most 
scientific applications, the trigonometric functions are used to 
model periodic phenomena (quantities that repeat). Given that 
we want to emphasize the periodic nature of the functions, 
explain why we would prefer the circular definitions to the 
triangular definitions. 

In exercises 1 and 2, convert the given radians measure to 
degrees. 

(d) f 
(c)2 (d)3 



1. (a) | (b) | (c) \ 



2. (a) 



3 

(b) f 



In exercises 3 and 4, convert the given degrees measure to 
radians. 

3. (a) 180° (b) 270° (c) 120° (d) 30° 

4. (a) 40° (b)80° (c) 450° (d) 390° 



In exercises 5-14, find all solutions of the given equation. 

5. 2 cos x — 1 = 0 6. 2 sin x + 1 = 0 

7. V2cosx - 1 = 0 8. 2sinx--s/3 = 0 



9. sin 2 x - 4 sin x + 3 = 0 
11. sin 2 x + cos x — 1 = 0 
13. cos 2 x + cos x — 0 



10. sin 2 x — 2 sin x — 3 
12. sin 2x — cos x — 0 
14. sin 2 x — sin x = 0 



| In exercises 15-24, sketch a graph of the function. 



15. f(x) — sin3x 

17. f(x) = tan2x 

19. f(x) = 3 cos (x - n/2) 

21. /(x) = sin2x — 2cos2x 

23. /(x) = sinx sin 12x 



16. fix) — cos 3x 

18. fix) — sec 3x 

20. fix) = 4cos(x + it) 

22. fix) — cos 3x — sin 3x 

24. fix) — sinx cos 12x 



In exercises 25-32, identify the amplitude, period and frequency. 

25. /(x) = 3sin2x 26. /(x) = 2cos3x 

27. fix) = 5 cos 3x 28. fix) = 3 sin 5x 

29. fix) = 3 cos (2x - jr/2) 30. fix) = 4sin(3x + it) 
31. fix) = — 4sinjc 32. fix)—— 2cos3x 

In exercises 33-36, prove that the given trigonometric identity 
is true. 

33. sin ia — fi) — sin a cos fi — sin ji cos a 

34. cos (a — P) — cos a cos fi + sin a sin fi 



35. (a) cos (20) = 2 cos 2 6 ■ 

36. (a) sec 2 9 = tan 2 0 + 1 



1 



(b) cos (26») = 1 -2 sin 2 



(b) esc 2 



cot- 



+ 1 



37. Prove that, for some constant fi, 

4 cosx — 3 sinx = 5cos(x + fi). 
Then, estimate the value of fi. 

38. Prove that, for some constant fi, 

2 sin x + cos x = V5 sin (x + fi). 
Then, estimate the value of fi. 
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In exercises 39-42, determine whether the function is periodic. 
If it is periodic, find the smallest (fundamental) period. 

39. /(x) — cos 2x + 3 sin nx 

40. f(x) — sinx — cosV2x 

41. /(x) — sin 2x — cos 5x 

42. f{x) — cos 3x — sin7x 



In exercises 43-46, use the range for 6 to determine the indicated 
function value. 

43. sine = ±,0< 6 < §; findcos<9. 

44. cos0 = |,0 < 9 < f ; findsin<9. 

45. sine = |, | < 6 < ti; findcos6». 

46. sine = |, | < 6 < ti; findtane. 



In exercises 47-50, use a graphing calculator or computer to 
determine the number of solutions of each equation, and nu- 
merically estimate the solutions (x is in radians). 

47. 3 sinx = x — 1 48. 3 sinx — x 

49. cosx = x 2 — 2 50. sinx — x 2 



(J5 1 APPLICATIONS 

51. A person sitting 2 miles from a rocket launch site measures 
20° up to the current location of the rocket. How high up is the 
rocket? 

52. A person who is 6 feet tall stands 4 feet from the base of a light 
pole and casts a 2-foot-long shadow. How tall is the light pole? 

53. A surveyor stands 80 feet from the base of a building and 
measures an angle of 50° to the top of the steeple on top of 
the building. The surveyor figures that the center of the steeple 
lies 20 feet inside the front of the structure. Find the distance 
from the ground to the top of the steeple. 

54. Suppose that the surveyor of exercise 53 estimates that the 
center of the steeple lies between 20' and 21' inside the front 
of the structure. Determine how much the extra foot would 
change the calculation of the height of the building. 

55. In an AC circuit, the voltage is given by v(t) — v p s'm(2jtft), 
where v p is the peak voltage and / is the frequency in Hz. A 
voltmeter actually measures an average (called the root-mean- 
square) voltage, equal to v p /-j2. If the voltage has amplitude 
170 and period 7r/30, find the frequency and meter voltage. 

56. An old-style LP record player rotates records at 33 1 rpm (rev- 
olutions per minute). What is the period (in minutes) of the 
rotation? What is the period for a 45-rpm record? 

57. Suppose that the ticket sales of an airline (in thousands of 
dollars) is given by s(t) — 110 + 2t + 15 sin (gjrf), where t 
is measured in months. What real-world phenomenon might 
cause the fluctuation in ticket sales modeled by the sine term? 
Based on your answer, what month corresponds to t = 0? 
Disregarding seasonal fluctuations, by what amount is the 
airline's sales increasing annually? 

58. Piano tuners sometimes start by striking a tuning fork and then 
the corresponding piano key. If the tuning fork and piano 



note each have frequency 8, then the resulting sound is 
sin 8? + sin 8?. Graph this. If the piano is slightly out-of- 
tune at frequency 8.1, the resulting sound is sin8f + sin8.1f. 
Graph this and explain how the piano tuner can hear the small 
difference in frequency. 

59. Many graphing calculators and computers will "graph" in- 
equalities by shading in all points (x, y) for which the in- 
equality is true. If you have access to this capability, graph the 
inequality sinx < cosy. 

60. Calculator and computer graphics can be inaccurate. Using 
an initial graphing window of — 1 < x < 1 and —1 < y < 1, 

tan x — x 

graph f(x) = r . Describe the behavior of the graph 

x 1 

near x = 0. Zoom in closer and closer to x = 0, using a win- 
dow with -0.001 < x < 0.001, then -0.0001 < x < 0.0001, 
then -0.00001 < x < 0.00001 and so on, until the behavior 
near x = 0 appears to be different. We don't want to leave you 
hanging: the initial graph gives you good information and the 
tightly zoomed graphs are inaccurate due to the computer's 
inability to compute tan x exactly. 



^ EXPLORATORY EXERCISES 

1. In his book and video series The Ring of Truth, physicist Philip 
Morrison performed an experiment to estimate the circumfer- 
ence of the Earth. In Nebraska, he measured the angle to a 
bright star in the sky, then drove 370 miles due south into 
Kansas and measured the new angle to the star. Some geome- 
try shows that the difference in angles, about 5.02°, equals the 
angle from the center of the Earth to the two locations in Ne- 
braska and Kansas. If the Earth is perfectly spherical (it's not) 
and the circumference of the portion of the circle measured out 
by 5.02° is 370 miles, estimate the circumference of the Earth. 
This experiment was based on a similar experiment by the an- 
cient Greek scientist Eratosthenes. The ancient Greeks and the 
Spaniards of Columbus' day knew that the Earth was round; 
they just disagreed about the circumference. Columbus argued 
for a figure about half of the actual value, since a ship couldn't 
survive on the water long enough to navigate the true distance. 

2. Computer graphics can be misleading. This exercise works 
best using a "disconnected" graph (individual dots, not con- 
nected). Graph y = sinx 2 using a graphing window for which 
each pixel represents a step of 0.1 in the x- or y-direction. 
You should get the impression of a sine wave that oscillates 
more and more rapidly as you move to the left and right. Next, 
change the graphing window so that the middle of the original 
screen (probably x = 0) is at the far left of the new screen. 
You will likely see what appears to be a random jumble of 
dots. Continue to change the graphing window by increasing 
the x-values. Describe the patterns or lack of patterns that you 
see. You should find one pattern that looks like two rows of 
dots across the top and bottom of the screen; another pattern 
looks like the original sine wave. For each pattern that you 
find, pick adjacent points with x -coordinates a and b. Then 
change the graphing window so that a < x < b and find the 
portion of the graph that is missing. Remember that, whether 
the points are connected or not, computer graphs always leave 
out part of the graph; it is part of your job to know whether or 
not the missing part is important. 
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0.5 TRANSFORMATIONS OF FUNCTIONS 



You are now familiar with a number of functions, including polynomials, rational functions 
and trigonometric functions. One important goal of this course is to more fully understand 
the properties of these functions. To a large extent, you will build your understanding by 
examining a few key properties of functions. 

We expand on our list of functions by combining them. We begin in a straightforward 
fashion with Definition 5.1. 



DEFINITION 5.1 

Suppose that / and g are functions with domains D\ and Do, respectively. The 
functions / + g, f — g and / • g are defined by 

(/ + *)(*) = fix) + gix), 
if - g)ix) = f{x) - gix) 
and (/ ■ *)(*) = f(x) ■ gix), 

f 

for all x in D\ n D% (i.e., x e D\, and x e D2). The function — is defined by 

8 




fix) 
gix)' 



for all x in D x D D 2 such that gix) jt 0. 



In example 5.1, we examine various combinations of several simple functions. 



EXAMPLE 5.1 Combinations of Functions 

f 

If fix) — x — 3 and gix) — Vx — 1, determine the functions / + g,3f — g and — , 

g 

stating the domains of each. 

Solution First, note that the domain of / is the entire real line and the domain of g is 
the set of all x > 1 . Now, 

(/ + *)(*) = x - 3 + yfx~^\ 
and (3/ - g)ix) = 3(x - 3) - Vx - 1 = 3x - 9 - Vx - 1. 

Notice that the domain of both (/ + g) and (3/ — g) is {x e K | x > 1}. For 

(f\ (x)= fM = x ~ 3 

\g) gix) Vx^T 

the domain is {x e M | x > 1}, where we have added the restriction x ^ 1 to avoid 
dividing by 0. ■ 

Definition 5.1 and example 5.1 show us how to do arithmetic with functions. An 
operation on functions that does not directly correspond to arithmetic is the composition of 
two functions. 



DEFINITION 5.2 

The composition of functions / and g, written / o g, is defined by 

(/«*)(*) = /(*(*)), 
for all x such that x is in the domain of g and gix) is in the domain of /. 
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►/(£«) 



T 

1 




(/ o g)(x) = f(g(x)) 




FIGURE 0.50a 

y = x- 




FIGURE 0.50b 

y = x 2 + 3 



The composition of two functions is a two-step process, as indicated in the margin 
schematic. Be careful to notice what this definition is saying. In particular, for f(g(x)) to 
be defined, you first need g(x) to be defined, so x must be in the domain of g. Next, / must 
be defined at the point g(x), so that the number g(x) will need to be in the domain of /. 



EXAMPLE 5.2 Finding the Composition of Two Functions 

For f(x) — x 2 + 1 and g(x) = y/x — 2, find the compositions fog and go f and 
identify the domain of each. 

Solution First, we have 



(fog)(x) = f(g(x)) = f(Vx~=2) 
= (Vx~^2) 2 + 1 = x - 2 ■ 



1 



1. 



It's tempting to write that the domain of / o g is the entire real line, but look more 
carefully. Note that for x to be in the domain of g, we must have x > 2. The domain of 
/ is the whole real line, so this places no further restrictions on the domain of / o g. 
Even though the final expression x — 1 is defined for all x, the domain of (/ o g) is 
[x e R | x > 2}. 

For the second composition, 

(go/)(x) = g(/(x)) = g(x 2 + l) 
= V(x 2 + 1) - 2 = Jx 



1. 



The resulting square root requires x 2 — 1 > 0 or \x\ > 1. Since the "inside" function / 
is defined for all x, the domain of g o / is {x € M| \x\ > 1}, which we write in interval 
notation as (—00, — 1] U [1, oo). ■ 



As you progress through the calculus, you will often need to recognize that a given 
function is a composition of simpler functions. 



EXAMPLE 5.3 Identifying Compositions of Functions 

Identify functions / and g such that the given function can be written as ( / o g)(x) for 
each of (a) Vx 2 + 1, (b) i-Jx + l) 2 , (c) sinx 2 and (d) cos 2 x. Note that more than one 
answer is possible for each function. 

Solution (a) Notice that x 2 + 1 is inside the square root. So, one choice is to have 
g(x) — x 2 + 1 and fix) — *Jx. 

(b) Here, *Jx + 1 is inside the square. So, one choice is g(x) = *J~x + 1 and f(x) — x 2 . 

(c) The function can be rewritten as sin (x 2 ), with x 2 clearly inside the sine 
function. Then, g(x) = x 2 and fix) — sinx is one choice. 

(d) The function as written is shorthand for (cosx) 2 . So, one choice is gix) — cos x 
and fix) — x 2 . m 



In general, it is quite difficult to take the graphs of / and g and produce the graph 
of fog. If one of the functions / and g is linear, however, there is a simple graphical 
procedure for graphing the composition. Such linear transformations are explored in the 
remainder of this section. 

The first case is to take the graph of fix) and produce the graph of fix) + c for some 
constant c. You should be able to deduce the general result from example 5.4. 



EXAMPLE 5.4 Vertical Translation of a Graph 

Graph y — x 2 and y = x 2 + 3; compare and contrast the graphs. 

Solution You can probably sketch these by hand. You should get graphs like those in 
Figures 0.50a and 0.50b. Both figures show parabolas opening upward. The main obvious 
difference is that y — x 2 has a y-intercept of 0 and y — x 2 + 3 has a y-intercept of 3. In 
fact, for any given value of x, the point on the graph of y = x 2 + 3 will be plotted 
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exactly 3 units higher than the corresponding point on the graph of y — x 2 . This is 
shown in Figure 0.51a. 

y y 





FIGURE 0.51a 

Translate graph up 



FIGURE 0.51b 

^ 2 + 3 



y — x 2 and y — x 



In Figure 0.51b, the two graphs are shown on the same set of axes. To many people, 
it does not look like the top graph is the same as the bottom graph moved up 3 units. This 
is an unfortunate optical illusion. Humans usually mentally judge distance between 
curves as the shortest distance between the curves. For these parabolas, the shortest 
distance is vertical at x — 0 but becomes increasingly horizontal as you move away 
from the y-axis. The distance of 3 between the parabolas is measured vertically. ■ 



In general, the graph of y = f(x) + c is the same as the graph of y — f(x) shifted up 
(if c > 0) or down (if c < 0) by \c\ units. We usually refer to f(x) + c as a vertical 
translation (up or down, by |c| units). 



In example 5.5, we explore what happens if a constant is added to x. 



EXAMPLE 5.5 A Horizontal Translation 

Compare and contrast the graphs of y = x 2 and y = (x — l) 2 . 

Solution The graphs are shown in Figures 0.52a and 0.52b, respectively. 





f — ►* 



FIGURE 0.52a 



y =x 



FIGURE 0.52b 

y = (x - l) 2 

Notice that the graph of y = (x — l) 2 appears to be the same as the graph of y = x 2 , 
except that it is shifted 1 unit to the right. This should make sense for the following 
reason. Pick a value of x, say, x = 13. The value of (x — l) 2 at x = 13 is 12 2 , the same 
as the value of x 2 atx = 12, 1 unit to the left. Observe that this same pattern holds for any 
x you choose. A simultaneous plot of the two functions shows this. (See Figure 0.53.) ■ 
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Move graph to 
the right one unit 




FIGURE 0.53 

Translation to the right 



FIGURE 0.54a 

y = m 



In general, for c > 0, the graph of y — fix — c) is the same as the graph of y = fix) 
shifted c units to the right. Likewise (again, for c > 0), you get the graph of 
y = f{x + c) by moving the graph of y — fix) to the left c units. We usually refer to 
fix — c) and fix + c) as horizontal translations (to the right and left, respectively, 
by c units). 



FIGURE 0.55a 



To avoid confusion on which way to translate the graph of y = fix), focus on what 
makes the argument (the quantity inside the parentheses) zero. For fix), this is x — 0, but 
for fix — c) you must have x — c to get /(0) [i.e., the same y- value as fix) when x — 0]. 
This says that the point on the graph of y = fix) at x — 0 corresponds to the point on the 
graph of y = fix — c) at x — c. 



EXAMPLE 5.6 

Given the graph of y 
and y = fix- 2). 



Comparing Vertical and Horizontal Translations 

= fix) shown in Figure 0.54a, sketch the graphs of y = fix) — 2 



Solution To graph y = fix) — 2, simply translate the original graph down 2 units, 
as shown in Figure 0.54b. To graph y = fix — 2), simply translate the original graph to 
the right 2 units (so that the x-intercept at x — 0 in the original graph corresponds to 
an x-intercept at x — 2 in the translated graph), as seen in Figure 0.54c. 






FIGURE 0.54b 

y = fix) - 2 



FIGURE 0.54c 

y = f(x - 2) 



Example 5.7 explores the effect of multiplying or dividing x or y by a constant. 



EXAMPLE 5.7 Comparing Some Related Graphs 

Compare and contrast the graphs of y = x 2 — 1, y = 4(x 2 — 1) and y = (4x) 2 — 1. 
Solution The first two graphs are shown in Figures 0.55a and 0.55b, respectively. 




I — ►* 




1 — 




y 



l 



FIGURE 0.55b 

y = 4(x 2 - 1) 



FIGURE 0.55c 

: x 2 - landy = 4(x 2 - 1) 



naries 
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These graphs look identical until you compare the scales on the y-axes. The scale in 
Figure 0.55b is four times as large, reflecting the multiplication of the original function 
by 4. The effect looks different when the functions are plotted on the same scale, as in 
Figure 0.55c. Here, the parabola y = 4(x 2 — 1) looks thinner and has a different 
v-intercept. Note that the x -intercepts remain the same. (Why would that be?) 

The graphs of y — x 2 — 1 and y = {Ax) 2 — 1 are shown in Figures 0.56a and 
0.56b, respectively. 



y y 




FIGURE 0.56b FIGURE 0.56c 

y = (4x) 2 - 1 y = x 2 - 1 and}- = (4x) 2 - 1 



Can you spot the difference here? In this case, the x-scale has now changed, by the same 
factor of 4 as in the function. To see this, note that substituting x = 1/4 into {Ax) 2 — 1 
produces (l) 2 — 1, exactly the same as substituting x — 1 into the original function. 
When plotted on the same set of axes (as in Figure 0.56c), the parabola y = {Ax) 2 — 1 
looks thinner. Here, the x -intercepts are different, but the v-intercepts are the 
same. ■ 

We can generalize the observations made in example 5.7. Before reading our explana- 
tion, try to state a general rule for yourself. How are the graphs of y = cf{x) and y = f{cx) 
related to the graph of y = f{x)l 

Based on example 5.7, notice that to obtain a graph of y = cf{x) for some constant 
c > 0, you can take the graph of y = f{x) and multiply the scale on the y-axis by c. To 
obtain a graph of y = /(cx), for some constant c > 0, you can take the graph of y = f{x) 
and multiply the scale on the x-axis by 1 /c. 

These basic rules can be combined to understand more complicated graphs. 

EXAMPLE 5.8 A Translation and a Stretching 

Describe how to get the graph of y = 2x 2 — 3 from the graph of y = x 2 . 

Solution You can get from x 2 to 2x 2 — 3 by multiplying by 2 and then subtracting 3. 
In terms of the graph, this has the effect of multiplying the y-scale by 2 and then 
shifting the graph down by 3 units. (See the graphs in Figures 0.57a and 0.57b.) ■ 



EXAMPLE 5.9 A Translation in Both x- and y-Directions 

Describe how to get the graph of y = x 2 + Ax + 3 from the graph of y = x 2 . 

Solution We can again relate this (and the graph of every quadratic function) to the 
graph of y = x 2 . We must first complete the square. Recall that in this process, you 
take the coefficient of x (4), divide by 2 (4/2 — 2) and square the result (2 2 = 4). Add 
and subtract this number and then, rewrite the x-terms as a perfect square. We have 



y = x 2 + Ax + 3 = (x 2 + 4x + 4) - 4 + 3 = (x + 2) 2 - 1 . 
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To graph this function, take the parabola y — x 2 (see Figure 0.58a) and translate the 
graph 2 units to the left and 1 unit down. (See Figure 0.58b.) 




FIGURE 0.58a FIGURE 0.58b 

y = x 2 y = (x 4- 2) 2 - 1 



The following table summarizes our discoveries in this section. 



Transformations of f{x) 



Transformation 


Form 


Effect on Graph 


Vertical translation 


m+c 


\c\ units up (c > 0) or down (c < 0) 


Horizontal translation 


fix + c) 


|c| units left (c > 0) or right (c < 0) 


Vertical scale 


cf(x)(c>0) 


multiply vertical scale by c 


Horizontal scale 


f(cx)(c > 0) 


divide horizontal scale by c 



You will explore additional transformations in the exercises. 

EXERCISES 0.5 Qj 

WRITING EXERCISES 

1. The restricted domain of example 5.2 may be puzzling. Con- 
sider the following analogy. Suppose you have an airplane 
flight from New York to Los Angeles with a stop for refu- 
eling in Minneapolis. If bad weather has closed the airport in 
Minneapolis, explain why your flight will be canceled (or at 
least rerouted) even if the weather is great in New York and 
Los Angeles. 

2. Explain why the graphs of y = 4(x 2 — 1) and y = (4x) 2 — 1 
in Figures 0.55c and 0.56c appear "thinner" than the graph of 
y = x 2 - 1. 

3. As illustrated in example 5.9, completing the square can 
be used to rewrite any quadratic function in the form 
a(x — d) 2 + e. Using the transformation rules in this section, 
explain why this means that all parabolas (with a > 0) will 
look essentially the same. 

4. Explain why the graph of y — f(x + 4) is obtained by moving 
the graph of y = f(x) four units to the left, instead of to the 
right. 



In exercises 1-6, find the compositions fog and g o f, and 
identify their respective domains. 



1. 


m 


2. 


m 


3. 


m 


4. 


m 


5. 


m 


6. 


fix) 



= x-2, 
l 



*(*) = 


V*-3 


*(*) = 


V* + 1 


«(*) = 


x 3 4-4 


g(x) = 


tanx 


g(x) = 


sinx 


g(x) = 


x 2 -2 



In exercises 7-14, identify functions f(x) and g(x) such that the 
given function equals (/ o g)(x). 

7. V* 1 ! 7 ! 8. vTT3 



x 2 4- 1 

10. — + 1 11. (4x + l) 2 + 3 12. 4 (x + l) 2 + 3 

x 1 

13. sin 3 x 14. sinx 3 
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In exercises 15-20, identify functions f(x),g(x) and h(x) such 
that the given function equals [/ o (g o h)] (x). 



15 



16. VFTT 



17. cos 3 (4x-2) 



V sin x + 2 

18. tan-s/x 2 + 1 19. 4 cos (x 2 ) - 5 20. [tan(3x+l)] 2 



In exercises 21-28, use the graph of y = f(x) given in the figure 
to graph the indicated function. 



21. /(*)- 3 
24. /to + 2 
27. -3/(x) + 2 



22. f{x + 2) 
25. /(2x) 
28. 3/(i + 2) 



23. /(x-3) 
26. 3/(x) 



| In exercises 43-46, graph the given function and compare to the 
graph of y = x 1 - 1. 

43. f(x) = -2(x 2 - 1) 44. f(x) = -3(x 2 - 1) 

45. fix) = Six 2 - 1) + 2 46. fix) = -2(x 2 - 1) - 1 

| In exercises 47-50, graph the given function and compare to the 
graph of y = (x - l) 2 - 1 = x 1 - 2x. 

47. fix) = i-x) 2 - 2(-x) 

48. /(x) = -(-x) 2 + 2(-x) 

49. fix) = (-x + l) 2 + 2(-x + 1) 

50. fix) = (-3x) 2 - 2(-3x) - 3 




I 1 1 — ►.v 



In exercises 29-36, use the graph of y 
to graph the indicated function. 



29. fix -4) 
32. /(2x-4) 
35. 2/(x)-4 



30. fix + 3) 
33. /(3x + 3) 
36. 3/(x) + 3 



fix) given in the figure 

31. /(2x) 
34. 3/to 



10 



10 



— I — >x 



In exercises 37-42, complete the square and explain how to 
transform the graph of y = x 2 into the graph of the given 
function. 

37. fix) = x 2 + 2x + l 



39. /(x) = x 2 + 2x+4 
41. fix) = 2x 2 + 4x + 4 



38. fix) = x 1 - 4x + 4 
40. /(x) = x 2 -4x + 2 
42. fix) = 3x 2 - 6x +2 



51. Based on exercises 43^-6, state a rule for transforming the 
graph of y — fix) into the graph of y — c/(x) for c < 0. 

52. Based on exercises 47-50, state a rule for transforming the 
graph of y — fix) into the graph of y — /(cx) for c < 0. 

53. Sketch the graph of y — |x| 3 . Explain why the graph of 
y = |x| 3 is identical to that of y = x 3 to the right of the 
y-axis. For y = |x| 3 , describe how the graph to the left of 
the y-axis compares to the graph to the right of the y-axis. In 
general, describe how to draw the graph of y — /(|x|) given 
the graph of y = fix). 

54. For y = x 3 , describe how the graph to the left of the y-axis 
compares to the graph to the right of the y-axis. Show that 
for fix) — x 3 , we have /(— x) = —fix). In general, if you 
have the graph of y = fix) to the right of the y-axis and 
/(— x) = — fix) for all x, describe how to graph y = fix) 
to the left of the y-axis. 

| 55. Iterations of functions are important in a variety of applica- 
tions. To iterate fix), start with an initial value x 0 and compute 
x\ — /(x 0 ), x 2 = fixi), x 3 = /(x 2 ) and so on. For example, 
with fix) — cosx and xo = 1, the iterates are x\ — cos 1 ^ 
0.54, x 2 = cos xi « cos 0.54^0.86, x 3 « cos 0.86 « 0.65 
and so on. Keep computing iterates and show that they get 
closer and closer to 0.739085. Then pick your own Xq (any 
number you like) and show that the iterates with this new x 0 
also get closer and closer to 0.739085. 

56. Referring to exercise 55, show that the iterates of a function can 
be written as xi = /(x 0 ), x 2 = /(/(x 0 )), x 3 = /(/(/(x,,))) 
and so on. Graph y = cos (cosx), y = cos (cos (cosx)) and 
y = cos (cos (cos (cos x))). The graphs should look more and 
more like a horizontal line. Use the result of exercise 55 to 
identify the limiting line. 

Compute several iterates of fix) — sin x (see exercise 55) with 
a variety of starting values. What happens to the iterates in the 
long run? 

Repeat exercise 57 for fix) — x 2 . 

In cases where the iterates of a function (see exercise 55) re- 
peat a single number, that number is called a fixed point. Ex- 
plain why any fixed point must be a solution of the equation 
fix) — x. Find all fixed points of fix) — cos x by solving the 
equation cosx = x.Compareyourresultstothatofexercise55. 

| 60. Find all fixed points of fix) = sinx (see exercise 59). Com- 
pare your results to those of exercise 57. 



157. 

58. 
59. 
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1. You have explored how completing the square can transform 
any quadratic function into the form y — a(x — d) 2 + e. We 
concluded that all parabolas with a > 0 look alike. To see that 
the same statement is not true of cubic polynomials, graph 
y — x 3 and y — x 3 — 3x. In this exercise, you will use com- 
pleting the cube to determine how many different cubic graphs 
there are. To see what "completing the cube" would look like, 
first show that (x + a) = x 3 + 3ax 2 + 3a 2 x + a 3 . Use this 
result to transform the graph of y — x 3 into the graphs of 
(a) y = x 3 - 3x 2 + 3x - 1 and (b) y = x 3 - 3x 2 + 3x + 2. 
Show that you can't get a simple transformation to y — x 3 — 
3x 2 + 4x — 2. However, show that y — x 3 — 3x 2 + 4x — 2 
can be obtained from y — x 3 + x by basic transforma- 
tions. Show that the following statement is true: any cubic 
function (y = ax 3 + bx 2 + cx + d) can be obtained with ba- 
sic transformations from y — ax 3 + kx for some constant k. 

2, In many applications, it is important to take a section of a 
graph (e.g., some data) and extend it for predictions or other 
analysis. For example, suppose you have an electronic signal 



equal to f(x) = 2x for 0 < x < 2. To predict the value of the 
signal at x = — 1 , you would want to know whether the signal 
was periodic. If the signal is periodic, explain why /(— 1) = 2 
would be a good prediction. In some applications, you would 
assume that the function is even. That is, /(x) = /(— x) for all 
x. In this case, you want /(x) = 2(— x) = — 2x for — 2 < x < 0. 

f-2x if-2<x<0 

Graph the even extension J(x) — 

Find the even extension for (a) /(x) = 
and (b) /(x) = sinx, 0 < x < 2. 



2x if 0 < x < 2 ' 
x 2 + 2x + 1,0 < x < 2 



Similar to the even extension discussed in exploratory ex- 
ercise 2, applications sometimes require a function to be 
odd; that is, /(-x) = -/(x). For /(x) = x 2 
the odd extension requires that for 



- 2 0 < x < 2, 
-2 < x < 0, 



/(*) = 

m = 



-f(-x) = -(-x) 2 = 



-x 2 , so that 
Graph y = 



fix) and dis- 



-x 1 if -2 < x < 0 
x 2 if 0 < x < 2 ' 
cuss how to graphically rotate the right half of the graph 
to get the left half of the graph. Find the odd extension for 
(a) f{x) = x 2 + 2x, 0 < x < 2 and (b) /(x) = 1 
0 < x < 2. 
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^WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Slope of a line 
Domain 

Quadratic formula 
Graphing window 
Cosine function 



Parallel lines 
Rational function 
Intercepts 
Vertical Asymptote 
Periodic function 



Perpendicular lines 
Zero of a function 
Factor Theorem 
Sine function 
Composition 



In exercises 1 and 2, find the slope of the line through the given 
points. 

1. (2, 3), (0,7) 2. (1,4), (3, 1) 



In exercises 3 and 4, determine whether the lines are parallel, 
perpendicular or neither. 

3. y = 3x + 1 and y = 3(x - 2) + 4 

4. y = -2(x + 1) - 1 and y = \x + 2 



@ TRUE OR FALSE 



State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. For a graph, you can compute the slope using any two points 
and get the same value. 

2. All graphs must pass the vertical line test. 

3. A cubic function has a graph with one local maximum and one 
local minimum. 

4. If / is a trigonometric function, then there is exactly one solu- 
tion of the equation /(x) = 1. 

5. The period of the function f(x) — s'm(kx) is 2 f-. 

6. All quadratic functions have graphs that look like the parabola 

2 

y — x . 



5. Determine whether the points (1, 2), (2, 4) and (0, 6) form the 
vertices of a right triangle. 

6. The data represent populations at various times. Plot the points, 
discuss any patterns and predict the population at the next time: 
(0, 2100), (1, 3050), (2, 4100) and (3, 5050). 

7. Find an equation of the line through the points indicated in the 
graph that follows and compute the y-coordinate correspond- 
ing to x = 4. 
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8. For /(x) = x 2 - 3x - 4, compute /(0), f(2) and /(4). 

In exercises 9 and 10, find an equation of the line with given 
slope and point. 

9. m = -f, (-1,-1) 10. m=i, (0,2) 



In exercises 11 and 12, use the vertical line test to determine 
whether the curve is the graph of a function. 




In exercises 13 and 14, find the domain of the given function. 

x - 2 



13. fix) = V^x 2 



14. /(*) = 



In exercises 15-26, sketch a graph of the function showing ex- 
trema, intercepts and vertical asymptotes. 



15. 


/(*) = 


x 2 + 2x - 8 


16. 


/CO = 


x 3 - 6x + 1 


17. 


/(*) = 


x 4 - 2x 2 + 1 


18. 


/(*) = 


x 5 - 4x 3 + x - 


19. 


m = 


4x 


20. 


/CO = 


x - 2 


x + 2 


x 2 — x — 2 


21. 


/(*) = 


sin3x 


22. 


/co = 


tan4x 


23. 


m = 


sin x + 2 cos x 


24. 


/« = 


sinx + cos 2x 


25. 


/w = 


sec 2x 


26. 


/oo = 


3 tan 2x 



27. Determine all intercepts of y — x 2 + 2x — 8. (Seeexercise 15.) 

28. Determine all intercepts of y — x 4 — 2x 2 + 1 . (See exercise 17.) 



29. Find all vertical asymptotes of y 

30. Find all vertical asymptotes of y 



4x 
x + 2' 

x - 2 
x 2 — x — 2 



In exercises 31-34, find or estimate all zeros of the given 
function. 



31. f(x) = x 2 - 3x - 10 
33. fix) = x 3 - 3x 2 + 2 



32. fix) = x 3 + 4x 2 + 3x 
34. /(x) = x 4 -3x-2 



In exercises 35 and 36, determine the number of solutions. 



35. sin x 



36. Vx^+T = x 2 - 1 



37. A surveyor stands 50 feet from a telephone pole and measures 
an angle of 34° to the top. How tall is the pole? 

38. Find sin 9, given that 0 < 9 < | and cos 9 — |. 

39. Convert to fractional or root form: (a) 5~ 1/2 (b) 3~ 2 . 

2 3 

40. Convert to exponential form: (a) — — (b) — . 

s[x x 2 



In exercises 41 and 42, find fog and go f, and identify their 
respective domains. 



41. /(x) = x 2 , ^(x^Vx^T 

42. /(x) = x 2 , gix) : 



X 2 - 1 



In exercises 43 and 44, identify functions fix) and gix) such 
that (/ o g)ix) equals the given function. 



43. cos(3x 2 + 2) 



44. Vsinx + 2 



In exercises 45 and 46, complete the square and explain how 
to transform the graph of y = x 1 into the graph of the given 
function. 



45. /(x) = x 2 -4x + l 



46. fix) = x 2 + 4x + i 



In exercises 47 and 48, find all solutions of the equation. 

47. sin2x = 1 48. cos3x = \ 
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^ EXPLORATORY EXERCISES 

1. In this exercise you will explore polynomials of degree four. 
Start by graphing y — x 4 , y — x 4 + 1, y — x 4 — 1 and other 
graphs of the form y — x 4 + Co- What effect does the co- 
efficient Co have on the graph? Continue with graphs of 
y — x 4 + x 2 , y — x 4 — x 2 and other graphs of the form 
y — x 4 + C2X 2 . What effect does the coefficient C2 have 
on the graph? Try other graphs to determine the ef- 
fects of the coefficients C\ and C3 on the graph of 
y — x 4 + C 3 x 3 + C 2 x 2 + C\X + C 0 . 

2. Baseball players often say that an unusually fast pitch rises 
or even hops up as it reaches the plate. One explanation of 



this illusion involves the players' inability to track the ball 
all the way to the plate. The player must compensate by 
predicting where the ball will be when it reaches the plate. 
Suppose the height of a pitch when it reaches home plate is 
h — — (240/w) 2 + 6 feet, for a pitch with velocity v ft/s. (This 
equation takes into consideration gravity but not air resis- 
tance.) Halfway to the plate, the height would be h — 
— (120/i;) 2 + 6 feet. Compare the halfway heights for pitches 
withu = 132andu = 139(about90and95mph,respectively). 
Would a batter be able to tell much difference between them? 
Now compare the heights at the plate. Why might the batter 
think that the faster pitch hopped up right at the plate? How 
many inches did the faster pitch hop? 



This page intentionally left blank 




Limits and Continuity 



CHAPTER 






Intensity of light 



FIGURE I.I 

Size of pupils 



When you enter a darkened room, your eyes adjust to the reduced level 
of light by increasing the size of your pupils, allowing more light to enter 
the eyes and making objects around you easier to see. By contrast, when 
you enter a brightly lit room, your pupils contract, reducing the amount 
of light entering the eyes, as too much light would overload your visual 
system. 

Researchers study such mech- 
anisms by performing experiments 
and trying to find a mathematical de- 
scription of the results. In this case, 
you might want to represent the size of the 
pupils as a function of the amount of light 
present. Two basic characteristics of such a 
mathematical model would be 




Small pupils 



1. As the amount of light (x) increases, the 
pupil size (y) decreases down to some 
minimum value p; and 

2. As the amount of light (x) decreases, the 
pupil size (y) increases up to some maxi- 
mum value P. 

There are many functions with these 
two properties, but one possible graph of 
such a function is shown in Figure 1.1. (See 
example 5.9 for more.) In this chapter, we 
develop the concept of limit, which can be 
used to describe properties such as those 
listed above. The limit is the fundamental 
notion of calculus and serves as the thread 
that binds together virtually all of the calculus you are about to study. An investment 
in carefully studying limits now will have very significant payoffs throughout the 
remainder of your calculus experience and beyond. 




Large pupils 



A BRIEF PREVIEW OF CALCULUS: TANGENT LINES 
AND THE LENGTH OF A CURVE 



In this section, we approach the boundary between precalculus mathematics and the 
calculus by investigating several important problems requiring the use of calculus. 
Recall that the slope of a straight line is the change in y divided by the change 
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in x. This fraction is the same regardless of which two points you use to compute the slope. 
For example, the points (0, 1), (1, 4) and (3, 10) all lie on the line y = 3x + 1. The slope of 
3 can be obtained from any two of the points. For instance, 

4-1 10-1 

m — = 3 or m — = 3. 

1-0 3-0 

In the calculus, we generalize this problem to find the slope of a curve at a point. For 
instance, suppose we wanted to find the slope of the curve y — x 2 + 1 at the point (1, 2). 
You might think of picking a second point on the parabola, say (2, 5). The slope of the line 
through these two points (called a secant line; see Figure 1.2a) is easy enough to compute. 
We have 



^ 2 - 1 

However, using the points (0, 1) and (1,2), we get a different slope (see Figure 1.2b): 

2- 1 




2.10 



2.05 



2.00 



1.95 



1.90 



+ 



+ 



0.96 0.98 1.00 1.02 1.04 

FIGURE 1.3 

y = * 2 + 1 



In general, the slopes of secant lines joining different points on a curve are not the same, as 
seen in Figures 1.2a and 1.2b. 

So, what do we mean by the slope of a curve at a point? The answer can be visualized 
by graphically zooming in on the specified point. In the present case, zooming in tight on 
the point (1, 2), you should get a graph something like the one in Figure 1.3, which looks 
very much like a straight line. In fact, the more you zoom in, the straighter the curve appears 
to be. So, here's the strategy: pick several points on the parabola, each closer to the point 
(1, 2) than the previous one. Compute the slopes of the lines through (1, 2) and each of the 
points. The closer the second point gets to (1, 2), the closer the computed slope is to the 
answer you seek. 

For example, the point (1.5, 3.25) is on the parabola fairly close to (1, 2). The slope of 
the line joining these points is 



3.25 - 2 
1.5 - 1 



= 2.5. 



The point (1.1, 2.21) is even closer to (1, 2). The slope of the secant line joining these two 
points is 



2.21 -2 
1.1 - 1 



= 2.1. 
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Continuing in this way, we obtain successively better estimates of the slope, as illustrated 
in example 1.1. 



EXAMPLE I.I Estimating the Slope of a Curve 

Estimate the slope of y = x 2 + 1 at x — 1. 

Solution We focus on the point whose coordinates are x — 1 and y = l 2 +l=2. To 
estimate the slope, choose a sequence of points near (1,2) and compute the slopes of 
the secant lines joining those points with (1, 2). (We showed sample secant lines in 
Figures 1.2a and 1.2b.) Choosing points with x > 1 (x -values of 2, 1.1 and 1.01) and 
points with x < 1 (x -values of 0, 0.9 and 0.99), we compute the corresponding y-values 
using y — x 2 + 1 and get the slopes shown in the following table. 



Second Point 



(2, 5) 



(1.1,2.21) 



(1.01,2.0201) 



5-2 



= 3 



2.21 



1.1 - 1 



= 2.1 



2.0201 - 2 
1.01 - 1 



2.01 



Second Point 



(0, 1) 



0- 1 



= 1 



(0.9, 1.81) 



1.81 



0.9- 1 



= 1.9 



(0.99, 1.9801) 



1.9801 - 2 
0.99 - 1 



1.99 



Observe that in both columns, as the second point gets closer to (1, 2), the slope of 
the secant line gets closer to 2. A reasonable estimate of the slope of the curve at the 
point (1, 2) is then 2. ■ 



In Chapter 2, we develop a powerful yet simple technique for computing such slopes 
exactly. We'll see that (under certain circumstances) the secant lines approach a line (the 
tangent line) with the same slope as the curve at that point. Note what distinguishes the 
calculus problem from the corresponding algebra problem. The calculus problem involves 
something we call a limit. While we presently can only estimate the slope of a curve using 
a sequence of approximations, the limit allows us to compute the slope exactly. 



EXAMPLE 1.2 Estimating the Slope of a Curve 

Estimate the slope of y — sin x at x — 0. 

Solution This turns out to be a very important problem, one that we will return to 
later. For now, choose a sequence of points on the graph of y — sin x near (0, 0) and 
compute the slopes of the secant lines joining those points with (0, 0). The following 
tables show one set of choices. 



Second Point m mc 

(-1, sin(-l)) 0.84147 

(-0.1, sin (-0.1)) 0.99833 

(-0.01, sin (-0.01)) 0.99998 



Note that as the second point gets closer and closer to (0, 0), the slope of the secant line 
(m sec ) appears to get closer and closer to 1. A good estimate of the slope of the curve at 
the point (0, 0) would then appear to be 1. Although we presently have no way of 
FIGURE 1 .4 computing the slope exactly, this is consistent with the graph of y — sin x in Figure 1.4. 
y — s'mx Note that near (0, 0), the graph resembles that of y — x, a straight line of slope 1. ■ 



y 



Second Point 


f sec 


(l,sinl) 


0.84147 


(0.1, sin 0.1) 


0.99833 


(0.01, sin 0.01) 


0.99998 
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A second problem requiring the power of calculus is that of computing distance along 
a curved path. While this problem is of less significance than our first example (both 
historically and in the development of the calculus), it provides a good indication of the need 
for mathematics beyond simple algebra. You should pay special attention to the similarities 
between the development of this problem and our earlier work with slope. 

Recall that the (straight-line) distance between two points (xi, yi) and (x 2 , yi) is 

d{{x\,y\), (x 2 , yi)} = Vfe - *i) 2 + (j2 - yi) 2 - 
For instance, the distance between the points (0, 1) and (3, 4) is 

d{(0, 1), (3, 4)} - 7(3 - 0) 2 + (4 - l) 2 - 3V2 « 4.24264. 

However, this is not the only way we might want to compute the distance between these 
two points. For example, suppose that you needed to drive a car from (0, 1) to (3, 4) along 
a road that follows the curve y — (x — l) 2 . (See Figure 1.5a.) In this case, you don't care 
about the straight-line distance connecting the two points, but only about how far you must 
drive along the curve (the length of the curve or arc length). 




FIGURE 1.5a FIGURE 1.5b FIGURE 1.5c 

y — (x — l) 2 Two line segments Three line segments 

Notice that the distance along the curve must be greater than 3V2 (the straight-line 
distance). Taking a cue from the slope problem, we can formulate a strategy for obtaining 
a sequence of increasingly accurate approximations. Instead of using just one line segment 
to get the approximation of 3V2, we could use two line segments, as in Figure 1.5b. Notice 
that the sum of the lengths of the two line segments appears to be a much better ap- 
proximation to the actual length of the curve than the straight-line distance of 3V2. This 
distance is 

d 2 = d{(0, 1), (1.5, 0.25)} + d{(l.5, 0.25), (3, 4)} 

= 7(1.5 - 0) 2 + (0.25 - l) 2 + V(3 - 1.5) 2 + (4 - 0.25) 2 ~ 5.71592. 

You're probably way ahead of us by now. If approximating the length of the curve 
with two line segments gives an improved approximation, why not use three or four or 
more? Using the three line segments indicated in Figure 1 .5c, we get the further improved 
approximation 



No. of Segments 


Distance 


1 


4.24264 


2 


5.71592 


3 


5.99070 


4 


6.03562 


5 


6.06906 


6 


6.08713 


7 


6.09711 



d 3 = d{(0, 1), (1,0)} + d{(l, 0), (2, 1)} + d{(2, 1), (3, 4)} 

= V(l - 0) 2 + (0 - l) 2 + V(2 - l) 2 + (1 - 0) 2 + V(3 - 2) 2 + (4 - l) 2 

= 272 + 710^ 5.99070. 

Note that the more line segments we use, the better the approximation appears to be. 
This process will become much less tedious with the development of the definite integral in 
Chapter 4. For now we list a number of these successively better approximations (produced 
using points on the curve with evenly spaced x-coordinates) in the table found in the 
margin. The table suggests that the length of the curve is approximately 6.1 (quite far from 
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y = sin x 




FIGURE 1.6a 

Approximating the curve with two 
line segments 



y = sin x 




FIGURE 1.6b 

Approximating the curve with 
four line segments 



Number of 
Line Segments 


Sum of 
Lengths 


8 


3.8125 


16 


3.8183 


32 


3.8197 


64 


3.8201 



the straight-line distance of 4.2). If we continued this process using more and more line seg- 
ments, the sum of their lengths would approach the actual length of the curve (about 6. 126). 
As in the problem of computing the slope of a curve, the exact arc length is obtained as 
a limit. 



EXAMPLE 1.3 Estimating the Arc Length of a Curve 

Estimate the arc length of the curve y = sinx for 0 < x < Tt. (See Figure 1.6a.) 

Solution The endpoints of the curve on this interval are (0, 0) and (jt, 0). The distance 
between these points is d\ — it. The point on the graph of y — sin.T corresponding to 
the midpoint of the interval [0, tt] is (jt/2, 1). The distance from (0, 0) to (tt/2, 1) plus 
the distance from (7r/2, 1) to (tt, 0) (illustrated in Figure 1.6a) is 



(I)' 



1 



1 « 3.7242. 



Using the five points (0, 0), (tt/4, 1/V2), (tt/2, 1), (3n/4, l/VZ) and (tt, 0) (i.e., four line 
segments, as indicated in Figure 1.6b), the sum of the lengths of these line segments is 



3.7901. 



d 4 = 2 V(l 




Using nine points (i.e., eight line segments), you need a good calculator and some 
patience to compute the distance of approximately 3.8125. A table showing further 
approximations is given in the margin. At this stage, it would be reasonable to estimate 
the length of the sine curve on the interval [0, jt] as slightly more than 3.8. ■ 



BEYOND FORMULAS 

In the process of estimating both the slope of a curve and the length of a curve, we 
make some reasonably obvious (straight-line) approximations and then systematically 
improve on those approximations. In each case, the shorter the line segments are, the 
closer the approximations are to the desired value. The essence of this is the concept of 
limit, which separates precalculus mathematics from the calculus. At first glance, this 
limit idea might seem of little practical importance, since in our examples we never 
compute the exact solution. In the chapters to come, we will find remarkably simple 
shortcuts to exact answers. Can you think of ways to find the exact slope in example 1.1? 



EXERCISES LI Q) 

WRITING EXERCISES 

1. To estimate the slope of f(x) — x 2 + 1 at x = 1, you 
would compute the slopes of various secant lines. Note that 
y — x 2 + 1 curves up. Explain why the secant line connecting 
(1, 2) and (1.1, 2.21) will have slope greater than the slope of 
the curve at (1, 2). Discuss how the slope of the secant line 
between (1, 2) and (0.9, 1.81) compares to the slope of the 
curve at (1, 2). 

2. Explain why each approximation of arc length in example 1.3 
is less than the actual arc length. 



In exercises 1-6, estimate the slope (as in example 1.1) of 
y = fix) at x = a. 



1. 


/(*) = 


x 2 + 1, 


(a) a 


= 1.5 


(b)a 


= 2 


2. 


/(*) = 


x 3 + 2, 


(a) a 


= 1 


(b) fl 


= 2 


3. 


/(*) = 


COS JC, 


(a) a 


= 0 


(b)a 


= tt/2 


4. 


m = 




(a) a 


= 0 


(b)A 


= 3 


5. 


fix) = 


tanx. 


(a) a 


= 0 


(b)a 


= 1 


6. 


fix) = 


cos JC, 


(a) a 


JT 

— 4 


(b)a 


2 
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In exercises 7-12, estimate the length of the curve y = f{x) on 
the given interval using (a) n = 4 and (b) n = 8 line segments, 
(c) If you can program a calculator or computer, use larger n's 
and conjecture the actual length of the curve. 



7. 


f(x) — 


COSX, 0 < x < 7r/2 


8. 


/(*) = 


sinx, 0 S x < it/2 


9. 


/(*) = 


Vx + 1,0 <x < 3 


10. 


/(*) = 


1 £ x < 2 


11. 


/(*) = 


x 2 + 1, -2 < x < 2 


12. 


/(*) = 


x 3 + 2, -1 <x < 1 



13. Estimate the length of the curve y — Vl — x 2 for 0 < x < 1 
with (a) w = 4 and (b) n — 8 line segments. Explain why the 
exact length is tt/2. How accurate are your estimates? 

14. Estimate the length of the curve y = V9-x 2 for 0 < x < 3 
with (a) n — 4 and (b) n — 8 line segments. Explain why the 
exact length is 3n/2. How would an estimate of it obtained 
from part (b) of this exercise compare to an estimate of jt 
obtained from part (b) of exercise 13? 



Exercises 15-18 discuss the problem of finding the area of a 
region. 

15. Sketch the parabola y — 1 — x 2 and shade in the region above 
the x-axis between x = — 1 and x = 1. (a) Sketch in the fol- 
lowing rectangles: (1) height /(— I) and width | extending 
from x = — 1 to x = — |. (2) height /(— i) and width | ex- 
tending from x = — i to x = 0, (3) height /(|) and width | 
extending from x = 0 to x = | and (4) height /(|) and width 
j extending from x = | to x = 1. Compute the sum of the 



areas of the rectangles, (b) Divide the interval [—1, 1] into 8 
pieces and construct a rectangle of the appropriate height on 
each subinterval. Compute the sum of the areas of the rectan- 
gles. Compared to the approximation in part (a), explain why 
you would expect this to be a better approximation of the actual 
area under the parabola. 

16. Use a computer or calculator to compute an approximation of 
the area in exercise 15 using (a) 16 rectangles, (b) 32 rectangles 
and (c) 64 rectangles. Use these calculations to conjecture the 
exact value of the area under the parabola. 

17. Use the technique of exercise 15 to estimate the area below 
y — sinx and above the x-axis between x = 0 and x = it. 

18. Use the technique of exercise 15 to estimate the area below 
y — x 3 and above the x-axis between x = 0 and x = 1. 



^ EXPLORATORY EXERCISE 

1. In this exercise, you will learn how to directly compute the 
slope of a curve at a point. Suppose you want the slope of 
y — x 2 at x = 1. You could start by computing slopes of se- 
cant lines connecting the point (1,1) with nearby points on the 
graph. Suppose the nearby point has x-coordinate 1 + h, where 
h is a small (positive or negative) number. Explain why the 
corresponding y-coordinate is (1 + h) 2 . Show that the slope 
(1 + hf - 1 

of the secant line is = 2 + h. As h gets closer 

1 + h - 1 

and closer to 0, this slope better approximates the slope of the 
tangent line. Letting h approach 0, show that the slope of the 
tangent line equals 2. In a similar way, show that the slope of 
y — x 2 at x = 2 is 4 and find the slope of y — x 2 at x = 3. 
Based on your answers, conjecture a formula for the slope of 
y — x 2 at x = a, for any unspecified value of a. 



0) 



1.2 THE CONCEPT OF LIMIT 



In this section, we develop the notion of limit using some common language and illustrate 
the idea with some simple examples. The notion turns out to be easy to think of intuitively, 
but a bit harder to pin down in precise terms. We present the precise definition of limit 
in section 1.6. There, we carefully define limits in considerable detail. The more informal 
notion of limit that we introduce and work with here and in sections 1.3, 1.4 and 1.5 is 
adequate for most purposes. 

Suppose that a function / is defined for all x in an open interval containing a, except 
possibly at x — a. If we can make f(x) arbitrarily close to some number L (i.e., as close 
as we'd like to make it) by making x sufficiently close to a (but not equal to a), then we 
say that L is the limit of f(x), as x approaches a, written lim f(x) = L. For instance, we 

x— >a 

have lim x z = 4, since as x gets closer and closer to 2, f(x) = x 2 gets closer and closer 
to 4. Consider the functions 

x 2 — 4 x 2 — 5 

fix) - and g(x) = 



x — 2 x — 2 
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Notice that both functions are undefined at x — 2. So, what does this mean, beyond 
saying that you cannot substitute 2 for xl We often find important clues about the behavior 
of a function from a graph. (See Figures 1.7a and 1.7b.) 

Notice that the graphs of these two functions look quite different in the vicinity of 
x —2. Although we can't say anything about the value of these functions at x — 2 (since 
this is outside the domain of both functions), we can examine their behavior in the vicinity 
of this point. This is what limits will do for us. 



EXAMPLE 2.1 Evaluating a Limit 

x 2 -4 

Evaluate lim . 



■r-s-2 X 



Solution First, for f(x) — 

x —2 

close to 2, as in the following tables 



, we compute some values of the function for x 



X 


x 2 - 4 
x — 2 


1.9 


3.9 


1.99 


3.99 


1.999 


3.999 


1.9999 


3.9999 



X 


x 2 - 4 

fix) = 

x — 2 


2.1 


4.1 


2.01 


4.01 


2.001 


4.001 


2.0001 


4.0001 



Notice that as you move down the first column of the first table, the x-values get 
closer to 2, but are all less than 2. We use the notation x — > 2~ to indicate that x 
approaches 2 from the left side. Notice that the table and the graph both suggest that as 
x gets closer and closer to 2 (with x < 2), f(x) is getting closer and closer to 4. In view 
of this, we say that the limit of fix) as x approaches 2 from the left is 4, written 

lim f(x) — 4. 

Similarly, we use the notation x — > 2 + to indicate that x approaches 2 from the 
right side. We compute some of these values in the second table. 

Again, the table and graph both suggest that as x gets closer and closer to 2 (with 
x > 2), f(x) is getting closer and closer to 4. In view of this, we say that the limit of 
fix) as x approaches 2 from the right is 4, written 

lim f(x) — 4. 

x— >-2 + 

We call lim f{x) and lim f(x) one-sided limits. Since the two one-sided limits 

x-*2- ' j:->2+ 

of f(x) are the same, we summarize our results by saying that 

lim f (x) — 4. 

x^-2 

The notion of limit as we have described it here is intended to communicate the 
behavior of a function near some point of interest, but not actually at that point. We 
finally observe that we can also determine this limit algebraically, as follows. Notice 

x 2 -4 



that since the expression in the numerator of f(x) 



x — 2 



factors, we can write 



lim f(x) = lim — 

x->-2 .v^2 x 



lim 

x^2 



(X 



2 

- 2)(x 



2) 



— lim(.T 

x-*2 



x — 2 
■2) = 4 



Cancel the factors of (x — 2). 



where we can cancel the factors of (x 
but x 7^ 2, so that i - 2 / 0. ■ 



As .v approaches 2, (x + 2) approaches 4. 

2) since in the limit as x — >• 2, x is close to 2, 
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X 


e (x) - Xl ~ 5 
gM x-2 


1.9 


13.9 


1.99 


103.99 


1.999 


1003.999 


1.9999 


10,003.9999 



X 


x 2 - 5 

g(x) = =" 

x — 2 


2.1 


-5.9 


2.01 


-95.99 


2.001 


-995.999 


2.0001 


-9995.9999 



EXAMPLE 2.2 A Limit That Does Not Exist 

x 2 -5 

Evaluate lim 



*->2 X 



Solution As in example 2.1, we consider one-sided limits for g(x) = , as 

x — 2 

x — »• 2. Based on the graph in Figure 1.7b and the table of approximate function values 
shown in the margin, observe that as x gets closer and closer to 2 (with x < 2), g(x) 
increases without bound. Since there is no number that g(x) is approaching, we say that 
the limit of g(x) as x approaches 2 from the left does not exist, written 

lim g(x) does not exist. 

Similarly, the graph and the table of function values for x > 2 (shown in the 
margin) suggest that g(x) decreases without bound as x approaches 2 from the right. 
Since there is no number that g(x) is approaching, we say that 

lim g(x) does not exist. 

x^2+ 

Finally, since there is no common value for the one-sided limits of g(x) (in fact, 
neither limit exists), we say that 

lim g(x) does not exist. 



Before moving on, we should summarize what we have said about limits. 



A limit exists if and only if both corresponding one-sided limits exist and are equal. 
That is, 

lim f(x) — L, for some number L, if and only if lim f(x) = lim fix) — L. 



In other words, we say that lim f(x) — L if we can make fix) as close as we might like to 

x— >a 

L, by making x sufficiently close to a (on either side of a), but not equal to a. 

Note that we can think about limits from a purely graphical viewpoint, as in 
example 2.3. 




FIGURE I. 

y = m 



EXAMPLE 2.3 Determining Limits Graphically 

Use the graph in Figure 1.8 to determine lim fix), lim fix), lim fix) and lim fix). 

X— >\~ X— >1+ X— ¥\ X—*—l 

Solution For lim fix), we consider the v-values as x gets closer to 1, with x < 1. 

x—> l~ 

That is, we follow the graph toward x = 1 from the left (x < 1). Observe that the graph 
dead-ends into the open circle at the point (1, 2). Therefore, we say that lim fix) = 2. 

x^> 1~ 

For lim fix), we follow the graph toward x — 1 from the right (x > 1). In this case, 

x—> 1 + 

the graph dead-ends into the solid circle located at the point (1, —1). For this reason, we 
say that lim fix) — —I. Because lim fix)^ lim fix), we say that lim fix) does 

not exist. Finally, we have that lim fix) = 1, since the graph approaches a y-value of 

x — ^ — 1 

1 as x approaches — 1 both from the left and from the right. ■ 
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EXAMPLE 2.4 A Limit Where Two Factors Cancel 

3x + 9 

Evaluate lim 



3 x 2 - 9 ' 



Solution We examine a graph (see Figure 1.9) and compute some function values for 
x near —3. Based on this numerical and graphical evidence, it's reasonable to conjecture 
that 

3x + 9 3x+9 1 
lim — = lim —z = — . 

x-c-3- x 2 - 9 x 2 - 9 2 

Further, note that 

3x + 9 ,. 3(x + 3) 

lim — = lim Cancel factors of (x + 3). 

x 2 - 9 (x + 3)(x - 3) 

= lim = — , 

x-c-3- x - 3 2 

since (x — 3) — > —6 as x — > — 3. Again, the cancellation of the factors of (x + 3) is 
valid since in the limit as x —y —3, x is close to —3, but x ^ —3, so that x + 3 ^ 0. 
Likewise, 



,. 3x + 9 1 
lim — = — . 

x^-3+ x 2 - 9 2 

Finally, since the function approaches the same value as x -¥ — 3 both from the 
right and from the left (i.e., the one-sided limits are equal), we write 

3x + 9 1 

lim 



-3 x 2 - 9 2 



In example 2.4, the limit exists because both one-sided limits exist and are equal. In 
example 2.5, neither one-sided limit exists. 



EXAMPLE 2.5 A Limit That Does Not Exist 

3x + 9 

Determine whether lim exists. 

x->3 x 2 -9 

Solution We first draw a graph (see Figure 1.10) and compute some function values 
for x close to 3. 

, 3jc + 9 

Based on this numerical and graphical evidence, it appears that, as x 3 , — — — 
is increasing without bound. Thus, 

3x +9 
lim — does not exist. 

x^3+ X 2 -9 

Similarly, from the graph and the table of values for x < 3, we can say that 

3x +9 
lim —z does not exist. 

x-*3- x 2 — 9 

Since neither one-sided limit exists, we say 

,■ 3X+9 A 

lim does not exist. 

x^3 x 2 - 9 

Here, we considered both one-sided limits for the sake of completeness. Of course, you 
should keep in mind that if either one-sided limit fails to exist, then the limit does not 
exist. ■ 



Many limits cannot be resolved using algebraic methods. In these cases, we can 
approximate the limit using graphical and numerical evidence, as we see in example 2.6. 
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FIGURE I.I I 

sinx 
lim = 1 

jr->0 X 



EXAMPLE 2.6 

sinx 

Evaluate lim 



Approximating the Value of a Limit 



Solution Unlike some of the limits considered previously, there is no algebra that will 
simplify this expression. However, we can still draw a graph (see Figure 1.11) and 
compute some function values. 



X 


sinx 




X 


0.1 


0.998334 


0.01 


0.999983 


0.001 


0.99999983 


0.0001 


0.9999999983 


0.00001 


0.999999999983 



X 


sinx 




X 


-0.1 


0.998334 


-0.01 


0.999983 


-0.001 


0.99999983 


-0.0001 


0.9999999983 


-0.00001 


0.999999999983 



The graph and the tables of values lead us to the conjectures: 

and 



sinx 
lim = 1 

x->o+ x 



sin x 
lim = 1, 

x-*0~ X 



from which we conjecture that 



sinx 
lim - 1. 

*->o x 



In Chapter 2, we examine these limits with greater care (and prove that these 
conjectures are correct). ■ 



FIGURE 1. 12a 

X 



v — 



y 

A 

1 " 



I -V | 



/(*) 
I 



i 

m 



FIGURE 1. 1 2b 

x 

lim — does not exist. 

.V-0 |.V| 



REMARK 2.1 



Computer or calculator computation of limits is unreliable. We use graphs and tables 
of values only as (strong) evidence pointing to what a plausible answer might be. To 
be certain, we need to obtain careful verification of our conjectures. We explore this 
in sections 1.3-1.7. 



EXAMPLE 2.7 

x 

Evaluate lim — . 

x->0 Ixl 



A Case Where One-Sided Limits Disagree 



Solution The computer-generated graph shown in Figure 1.12a is incomplete. Since 

x 

— is undefined at x = 0, there is no point at x = 0. The graph in Figure 1. 12b 

1*1 

correctly shows open circles at the intersections of the two halves of the graph with the 
v-axis. We also have 



and 



lim — 

x->0+ Ixl 



lim — 

x-s-0- Ixl 



lim — 

x->-0 + X 

lim 1 

X-S-0+ 



Since \x\ = .v, when x > 0. 



= 1 



Since \x\ ■ 



It now follows that 



lim — 

x->o- —x 

lim -1 

-1. 

x 

lim — does not exist, 

x^0 \x\ 



, when x < 0. 



since the one-sided limits are not the same. You should also keep in mind that this 
observation is entirely consistent with what we see in the graph. ■ 



SECTION 1.2 •• The Concept of Limit 



57 




EXAMPLE 2.8 A Limit Describing the Movement of a Baseball Pitch 

The knuckleball is one of the most exotic pitches in baseball. Batters describe the ball as 
unpredictably moving left, right, up and down. For a typical knuckleball speed of 
60 mph, the left/right position of the ball (in feet) as it crosses the plate is given by 



f(o>) 



1.7 



sin(2.72&>) 



(derived from experimental data in Watts and Bahill's book Keeping Your Eye on the 
Ball), where a> is the rotational speed of the ball in radians per second and where 
f(a>) = 0 corresponds to the middle of home plate. Folk wisdom among baseball 
pitchers has it that the less spin on the ball, the better the pitch. To investigate this 
theory, we consider the limit of /(&>) as a> — >• 0 + . As always, we look at a graph (see 
Figure 1.13) and generate a table of function values. The graphical and numerical 
evidence suggests that lim f(a>) = 0. 

a)— >0 + 




The limit indicates that a knuckleball with absolutely no spin doesn't move at 
all (and therefore would be easy to hit). According to Watts and Bahill, a very slow 
rotation rate of about 1 to 3 radians per second produces the best pitch (i.e., the most 
movement). Take another look at Figure 1.13 to convince yourself that this makes 
sense. ■ 



EXERCISES 1.2 



0) 



WRITING EXERCISES 



Suppose your professor says, "The limit is a prediction of what 
/(a) will be." Critique this statement. What does it mean? Does 
it provide important insight? Is there anything misleading about 
it? Replace the phrase in italics with your own best description 
of what the limit is. 

sinx 

In example 2.6, we conjecture that lim = 1. Discuss the 

strength of the evidence for this conjecture. If it were true that 
sinx 

= 0.998 for x = 0.00001, how much would our case 

x 

be weakened? Can numerical and graphical evidence ever be 
completely conclusive? 

We have observed that lim /(x) does not depend on the actual 

x— *a 

value of f(a), or even on whether f(a) exists. In principle, 



functions such as f(x) — 



are as "normal" as 



x" if x 7^ 2 
13 ifx = 2 

functions such as g{x) = x 2 . With this in mind, explain why 
it is important that the limit concept is independent of how (or 
whether) f(a) is defined. 

The most common limit encountered in everyday life is the 
speed limit. Describe how this type of limit is very different 
from the limits discussed in this section. 



j In exercises 1-6, use numerical and graphical evidence to con- 
jecture values for each limit. If possible, use factoring to verify 
your conjecture. 



1. lim 



1 



► i x 



1 



2. lim 



x + x 



-1 x z 
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3. lim 

x^2 

5. lim 



2x 2 -4 

3x-9 



x^3 X 2 — 5x + 6 



4. lim 

*->-i 

6. lim 



(* - i) 2 

I x 2 + 2x - 3 
2 + x 



2 x 2 + 2x 



In exercises 7 and 8, identify each limit or state that it does not 
exist. 




(a) 


lim f{x) 

*->()- 


(b) 


lim fix) 

x^0+ 


(d) 


lim fix) 

x-t—2- 


(c) 


lim fix) 

x->~2+ 


(g) 


lim fix) 

x — > — I 


(h) 


lim /(x) 


(a) 


lim fix) 

x-*l- 


(b) 


lim /(x) 
t->i+ 


(d) 


lim fix) 

*->2- ' 


(e) 


lim fix) 


(g) 


lim /(x) 

jr->3~ 


(h) 


lim /(x) 

v— 3 



(c) lim/(x) 
if) lim /(x) 

x->-2 



(c) lim/(x) 

X— > 1 

(f) lim/(x) 

x->2 



. 2x if x < 2 
9. Sketch the graph of fix) = | 2 , f ^ 0 and identify 



if x > 2 



each limit, 
(a) lim fix) 

x->2- 

(d) lim/(x) 

X— »-l 



(b) lim /(x) 

x->2+ 

(e) lim/(x) 

x-»3 



10. Sketch the graph of fix) ■ 
and identify each limit. 



(c) lim fix) 



if x < 0 
if x = 0 



Vx+T - 2 if x > 0 



(a) lim fix) 
(d) lim /(x) 

X — >• — 1 



(b) lim /(x) 

a->0+ 

(e) lim /(x) 

A-.1" 



(c) lim/(x) 



11. Evaluate /(1.5), /(l.l), /(1.01) and /"(1.001), and conjec- 

x - 1 

ture a value for lim fix) for f(jc) = — — . Evaluate 

wl+ ,/X _ 1 

/(0.5), /(0.9), /(0.99) and /(0.999), and conjecture a value 
x - 1 

for lim fix) for fix) = — = . Does lim fix) exist? 

x-»i- ' , v /x — 1 a-*1 

12. Evaluate 5), /(-l.l), /(— 1.01) and f(— 1.001), and 

x + 1 

conjecture a value for lim /(x)for/(x) = — -. Evaluate 

/(-0.5), fi-0.9), fi-0.99) and /"(-0.999), and conjecture 

x + 1 

a value for lim fix) for /(x) = — . Does lim fix) 



x 2 -Y 



| In exercises 13-22, use numerical and graphical evidence to 
conjecture whether lim fix) exists. If not, describe what is 

x — > a 

happening at x = a graphically. 



13. lim 

x^O 

15. lim 
17. lim 



x" + x 
x->o sinx 
sin x 



14. lim 



1 



x->i x 2 - 2x + 1 



»-wr x — 7T 



16. lim x esc 2x 

x-»o 



yio-x 

19. lim sin | — 

x^O \ X 
r -?. 

21. lim 



18. lim 



x 2 + 4x 



20. lim x sin | — 

a-^o V x 



*2 |x - 2| 



22. lim 



-1 X 2 - 1 



In exercises 23-26, sketch a graph of a function with the given 
properties. 



23. /(-I) = 2, /(0) : 



-1, /(l) = 3 and lim f(x) does not exist. 

x— > 1 

24. /(x) = 1 for -2 < x < 1, lim fix) = 3 and lim fix) = 1. 

A^l+ A--C- 2 

25. /(0) =1, lim fix) = 2 and lim fix) = 3. 

x^0- A^0+ 

26. lim fix) = -2, /(0) = 1, /(2) = 3 and lim /(x) does not 

A->0 A— >2 

exist. 



x 2 + 1 x + 1 

27. Compute lim , lim — and similar limits to investi- 

a~*1 X - 1 a-2 x 2 - 4 

gate the following. Suppose that fix) and g(x) are polynomials 
with gia) — 0 and /(a) ^ 0. What can you conjecture about 

f(x) 
lim — -? 

g(-«) 

x + 1 sin x 

28. Compute lim — , lim and similar limits to inves- 

*-»•- 1 x 2 + 1 x 

tigate the following. Suppose that fix) and g(x) are functions 
with fid) — 0 and g(a) ^ 0. What can you conjecture about 

lim ^? 
x ^ a g(x) 

it 

29. Consider the following arguments concerning lim sin — . 

A-»0+ x 

First, as x > 0 approaches 0, — increases without bound; 

x 

since sinf oscillates for increasing t, the limit does not ex- 
ist. Second: taking x = 1, 0.1, 0.01 and so on, we compute 
sinw = sin \Qjt — sin 100^ = • • • = 0; therefore the limit 
equals 0. Which argument sounds better to you? Explain. 
Explore the limit and determine which answer is correct. 

x-°-' + 2 

30. Consider the following arguments concerning lim 



+0+ X" 



1 



exist? 



First, as x approaches 0, x~ 0A approaches 0 and the function 
values approach —2. Second, as x approaches 0, x~ ai increases 
and becomes much larger than 2 or —1. The function values 

x- al 

approach — — — 1. Explore the limit and determine which 

x~ tu 

argument is correct. 
31. Give an example of a function / such that lim fix) exists but 

/(0) does not exist. Give an example of a function g such that 
g(0) exists but lim g(x) does not exist. 

A-»0 
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32. Give an example of a function / such that lim f(x) exists and 
/(0) exists, but lim f(x) ^ /(0). 

A'-»0 



APPLICATIONS 



33. In Figure 1.13, the final position of the knuckleball at time 
t — 0.68 is shown as a function of the rotation rate co. The 
batter must decide at time t — 0.4 whether to swing at the 
pitch. At t — 0.4, the left/right position of the ball is given 
1 5 



by h(co) = 



sin (1.6a)). Graph h(co) and compare to 



Figure 1.13. Conjecture the limit of h(co) as co —> 0. For co = 0, 
is there any difference in ball position between what the batter 
sees at t — 0.4 and what he tries to hit at t — 0.68? 

34. A knuckleball thrown with a different grip than that of ex- 
ample 2.8 has left/right position as it crosses the plate given 

0.625 r / jz\i 

by /(ft>) = — — 1^1 — sin \ 2.72co + —j J. Use graphical and 

numerical evidence to conjecture lim / (a>). 

35. A parking lot charges $2 for each hour or portion of an hour, 
with a maximum charge of $12 for all day. If /(/) equals the 
total parking bill for t hours, sketch a graph of y — /(f) for 
0 < / < 24. Determine the limits lim f(t) and lim f(t), if 

r->3.5 r^4 

they exist. 

36. For the parking lot in exercise 35, determine all values of 
a with 0 < a < 24 such that lim f(t) does not exist. Briefly 

discuss the effect this has on your parking strategy (e.g., are 
there times where you would be in a hurry to move your car or 
times where it doesn't matter whether you move your car?). 

37. As we see in Chapter 2, the slope of the tangent line to the 

- -JYTh- 1 

curve y — ^/x at x = 1 is given by m 



lim 

h-*0 



h 



38. 



Estimate the slope in. Graph y — *Jx and the line with slope 
m through the point (1, 1). 

As we see in Chapter 2, the velocity of an object that has 

traveled ^fx miles in x hours at the x — 1 hour mark is given 

Jx - 1 
by v = lim - 



► i x 



1 



. Estimate this limit. 



EXPLORATORY EXERCISES 



| 1. In a situation similar to that of example 2.8, the left/right 
position of a knuckleball pitch in baseball can be modeled by 
5 

P — — -(1 — cos4ft>/), where / is time measured in seconds 
8ft> 2 

(0 < t < 0.68) and co is the rotation rate of the ball measured 
in radians per second. In example 2.8, we chose a specific 
f-value and evaluated the limit as a> — > 0. While this gives us 
some information about which rotation rates produce hard- 
to-hit pitches, a clearer picture emerges if we look at P over 
its entire domain. Set co — 10 and graph the resulting func- 
tion — cos 400 for 0 < t < 0.68. Imagine looking at a 

pitcher from above and try to visualize a baseball starting at 
the pitcher's hand at / = 0 and finally reaching the batter, at 
t — 0.68. Repeat this with m — 5, co — 1, co = 0.1 and what- 
ever values of co you think would be interesting. Which values 
of ft) produce hard-to-hit pitches? 

| 2. In this exercise, the results you get will depend on the ac- 
curacy of your computer or calculator. We will investigate 
cosx — 1 

lim . Start with the calculations presented in the 

x^0 X 2 



table (your results may vary): 



X 


fix) 


0.1 


-0.499583. . . 


0.01 


-0.49999583. . . 


0.001 


-0.4999999583. . . 



Describe as precisely as possible the pattern shown here. What 
would you predict for /(0.0001)? /(0.00001)? Does your 
computer or calculator give you this answer? If you continue 
trying powers of 0.1 (0.000001, 0.0000001 etc.) you should 
eventually be given a displayed result of —0.5. Do you think 
this is exactly correct or has the answer just been rounded off? 
Why is rounding off inescapable? It turns out that —0.5 is the 
exact value for the limit. However, if you keep evaluating the 
function at smaller and smaller values of x, you will eventu- 
ally see a reported function value of 0. We discuss this error in 
section 1.7. For now, evaluate cosx at the current value of x 
and try to explain where the 0 came from. 



0) 



1.3 COMPUTATION OF LIMITS 



Now that you have an idea of what a limit is, we need to develop some basic rules for 
calculating limits of simple functions. We begin with two simple limits. 



For any constant c and any real number a, 

lim c — c. 



(3.1) 
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FIGURE 1.14 

lim c = c 

x->a 




FIGURE 1.15 

lim x — a 

X — ^CL 



In other words, the limit of a constant is that constant. This certainly comes as no 
surprise, since the function fix) = c does not depend on x and so, stays the same as 
x — > a. (See Figure 1.14.) Another simple limit is the following. 



For any real number a, 








lim x — a. 


(3.2) 




x — ^ a 





Again, this is not a surprise, since as x — > a, x will approach a. (See Figure 1.15.) Be 
sure that you are comfortable enough with the limit notation to recognize how obvious the 
limits in (3.1) and (3.2) are. As simple as they are, we use them repeatedly in finding more 
complex limits. We also need the basic rules contained in Theorem 3.1. 



THEOREM 3.1 

Suppose that lim fix) and lim g(x) both exist and let c be any constant. The 

x— >a x — >q 

following then apply: 

(i) lim[c • f(x)] = c ■ lim f(x), 

x—±a a— J- a 

(ii) lim[/(*) ± g(x)] - lim f(x) ± lim g(x), 

x— >a x^-a x^-a 

(iii) lim[/(x) • g(x)] = lim f(x) lim g(x) and 

A' — >ci La— >a J La— J 



(iv) lim 



/to 



lim f(x) 



a g{x) lim g(x) 



(if lims(x)^o). 



The proof of Theorem 3.1 is found in Appendix A and requires the formal definition of 
limit discussed in section 1 .6. You should think of these rules as sensible results, given your 
intuitive understanding of what a limit is. Read them in plain English. For instance, part (ii) 
says that the limit of a sum (or a difference) equals the sum (or difference) of the limits, 
provided the limits exist. Think of this as follows. If as x approaches a, f(x) approaches L 
and g(x) approaches M, then f(x) + g(x) should approach L + M. 

Observe that by applying part (iii) of Theorem 3.1 with g(x) = f(x), we get that, 
whenever lim f(x) exists, 

x— >a 

lim[/(x)] 2 = lim [/(*)■/(*)] 

a — > a x — >a 

= [lim f{x)} Tlim f{x)} = Tlim fix)} 2 . 

Likewise, for any positive integer n, we can apply part (iii) of Theorem 3.1 repeatedly, 
to yield 



lim[/(x)f = [lim fix)}", 

a— >a L x—>a J 



(3.3) 



(See exercises 55 and 56.) 

Notice that taking fix) — x in (3.3) gives us that for any integer n > 0 and any real 
number a, 



limx" = a". 

X — >£l 



(3.4) 



That is, to compute the limit of any positive power of x, you simply substitute in the value 
of x being approached. 
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EXAMPLE 3. 1 Finding the Limit of a Polynomial 

Apply the rules of limits to evaluate lim(3x 2 — 5x + 4). 

Solution We have 

lim(3x 2 — 5x + 4) = lim(3x 2 ) — Hm(5x) + lim 4 By Theorem 3.1 (ii). 
x->2 x-i-2 x^2 a->2 

= 3 lim X 1 — 5 lim X + 4 By Theorem 3.1 (i). 

x->2 x->2 

= 3-(2) 2 -5-2+4 = 6. By (3.4). ■ 



EXAMPLE 3.2 Finding the Limit of a Rational Function 

x 3 - 5x +4 

Apply the rules of limits to evaluate lim z . 

x-J-3 x 1 — 2 

Solution We get 

x 3_ 5x+4 lim(x 3 -5x+4) 

Hm r = — — By Theorem 3. 1 (iv). 

x->-3 x l — 2 lim^ — 2) 

*-s-3 



lim x — 5 lim x + lim 4 

A'— >3 A— >3 A — ^ 3 

lim x 2 — lim 2 

x->-3 x-t-3 

3 3 -5-3 + 4 _ 16 
3 2 - 2 _ Y' 



By Theorem 3.1 (i) and (ii). 



By (3.4). 



You may have noticed that in examples 3.1 and 3.2, we simply ended up substituting 
the value for x, after taking many intermediate steps. In example 3.3, it's not quite so 
simple. 



EXAMPLE 3.3 Finding a Limit by Factoring 

x 2 - 1 

Evaluate lim 



.1 1 -x 

Solution Notice right away that 

2 , lim(x 2 - 1) 

X 1 v_>. I 

lim ± — , 

a^i 1 — x lim(l — x) 

x-+\ 

since the limit in the denominator is zero. (Recall that the limit of a quotient is the 
quotient of the limits only when both limits exist and the limit in the denominator is not 
zero.) We can resolve this problem by observing that 

j| m X ~ \ _ jj m ~ l)( x j" 1) Factoring the numerator and 

x _^l J \ v— >1 (x 1) factoring — 1 from the denominator. 

(x + 1 t 

v 1 '_ 2 Simplifying and 

x _^l ^ ' substituting x — 1. 

where the cancellation of the factors of (x — 1) is valid because in the limit asi 1, 
x is close to 1, but 1 / 1, so that x — 1 ^ 0. ■ 



In Theorem 3.2, we show that the limit of a polynomial at a point is simply the value of 
the polynomial at that point; that is, to find the limit of a polynomial, we simply substitute 
in the value that x is approaching. 
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THEOREM 3.2 

For any polynomial p(x) and any real number a, 

lim p(x) — p(a). 



PROOF 

Suppose that p(x) is a polynomial of degree n > 0, 

p(x) — c n x n + c n _\X n ~ x + h c x x + Co. 

Then, from Theorem 3.1 and (3.4), 

lim p(x) — lim(c„x" + c„_i.r" _1 H + c\x + cq) 

x — >ci x—>a 

— c„ lim x" + c„_i lim x + ■ • • + c\ lim x + lim cn 



.v— >a x—>a 



.v->rt x— >a 



— c n a" + c n ^ia" H h c\a + c 0 — p(a). m 

Evaluating the limit of a polynomial is now easy. Many other limits are evaluated just 
as easily. 



THEOREM 3.3 

Suppose that lim f(x) = L and n is any positive integer. Then, 



lim jff(x) - ./lim f{x) = yfL 

x^a y x~^a 

where for n even, we must assume that L > 0. 



The proof of Theorem 3.3 is given in Appendix A. Notice that this result says that we 
may (under the conditions outlined in the hypotheses) bring limits "inside" nth roots. We 
can then use our existing rules for computing the limit inside. 



REMARK 3.1 



In general, in any case where 
the limits of both the numerator 
and the denominator are 0, you 
should try to algebraically 
simplify the expression, to get a 
cancellation, as we do in 
examples 3.3 and 3.5. 



EXAMPLE 3.4 Evaluating the Limit of an nth Root of a Polynomial 



Evaluate lim ^/3x 2 — 2x. 

x^>2 

Solution By Theorems 3.2 and 3.3, we have 



lim \/ 3x 2 — 2.\ 

x^2 



lim(3x 2 - 2x) = Zf%. 



EXAMPLE 3.5 Finding a Limit by Rationalizing 

V-r + 2 - V2 



Evaluate lim 



Solution First, notice that both the numerator and the denominator approach 0 as x 
approaches 0. Unlike example 3.3, we can't factor the numerator. However, we can 
rationalize the numerator, as follows: 



VxT2 - V2 (VJT2 - V2)(V^T2 + VI) 



2-2 



x(V* + 2 + VI) 
x 1 



X{y/X + 2 + VI) 



x(V* + 2 + VI) s/x + 2 + VI' 
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where the last equality holds if x ^ 0 (which is the case in the limit as x — >• 0). So, we 
have 



lim 

x^O 



-Jx + 2 - V2 



lim 



1 



1 



1 



°V^T2 + V2 V2 + V2 2V2' 



So that we are not restricted to discussing only the algebraic functions (i.e., those that 
can be constructed by using addition, subtraction, multiplication, division, exponentiation 
and by taking nth roots), we state the following result now, without proof. 



THEOREM 3.4 

For any real number a, we have 

(i) lim sinx = sin a, 

x— >a 

(ii) lim cos x = cos a and 



(iii) if p is a polynomial and lim f(x) — L, 

x^p(a) 

then lim f(p(x)) = L. 



Notice that Theorem 3.4 says that limits of the sine and cosine functions are found 
simply by substitution. A more thorough discussion of functions with this property (called 
continuity) is found in section 1 .4. 



EXAMPLE 3.6 Evaluating a Limit of a Trigonometric Function 



Evaluate lim sin i 

x^o V 2 



Solution By Theorem 3.4 part (i) and part (iii), we have 



(X 3 + Jt \ /Tt\ 
= sin — = 1 . 
2 J \2/ 



So much for limits that we can compute using elementary rules. Many limits can 
be found only by using more careful analysis, often requiring an indirect approach. For 
instance, consider the problem in example 3.7. 




FIGURE 1.16 

y — cotx 



EXAMPLE 3.7 A Limit of a Product That Is Not the Product of the Limits 

Evaluate lim(x cotx). 

x->-0 

Solution Your first reaction might be to say that this is a limit of a product and so, 
must be the product of the limits: 



lim(x cotx) 

x-^0 



lim x 



lim cot x 



This is incorrect! 



= o-? = o, 



(3.5) 



where we've written a "?" since you probably don't know what to do with lim cotx. 

x— >-0 

Since the first limit is 0, do we really need to worry about the second limit? The problem 
here is that we are attempting to apply the result of Theorem 3.1 in a case where the 
hypotheses are not satisfied. Specifically, Theorem 3.1 says that the limit of a product is 
the product of the respective limits when all of the limits exist. The graph in Figure 1.16 
suggests that lim cot x does not exist. You should compute some function values, as 

x->0 

well, to convince yourself that this is in fact the case. Since equation (3.5) does not hold 
and since none of our rules seem to apply here, we draw a graph (see Figure 1. 17 on the 
following page) and compute some function values. Based on these, we conjecture that 

lim(x cotx) = 1, 

x->0 
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FIGURE 1.17 

y — x cot x 



I — 



which is definitely not 0, as you might have initially suspected. You can also think about 
this limit as follows: 

/ cos x \ / x \ 

lim(x cotx) = lim [x I = lim I cosx I 

x-*o i->o\ sinx/ .v^oVsinx / 



lim 

v->o sinx 



lim cos x 

x^O 



lim cos x , 
sinx 1 



lim 

since lim cos x = 1 and where we have used the conjecture we made in example 2.6 
sinx 

that lim = 1. (We verify this last conjecture in section 2.6, using the Squeeze 

x-i-0 x 

Theorem, which follows.) ■ 



X 


xcotx 


±0.1 


0.9967 


±0.01 


0.999967 


±0.001 


0.99999967 


±0.0001 


0.9999999967 


±0.00001 


0.999999999967 



At this point, we introduce a tool that will help us determine a number of important limits. 




FIGURE 1.18 

The Squeeze Theorem 



THEOREM 3.5 (Squeeze Theorem) 

Suppose that 

fix) < g(x) < h(x) 
for all x in some interval (c, d), except possibly at the point a e (c, d) and that 

lim /(x) = lim h(x) — L, 

x—>a x — > ci 

for some number L. Then, it follows that 

lim g{x) — L, also. 



The proof of Theorem 3.5 is given in Appendix A, since it depends on the precise 
definition of limit found in section 1.6. However, if you refer to Figure 1.18, you should 
clearly see that if g(x) lies between /(x) and h(x), except possibly at a itself and both /(x) 
and h(x) have the same limit as x — >• a, then g(x) gets squeezed between /(x) and h(x) 
and therefore should also have a limit of L. The challenge in using the Squeeze Theorem 
is in finding appropriate functions / and h that bound a given function g from below and 
above, respectively, and that have the same limit as x — > a. 



REMARK 3.2 



The Squeeze Theorem also 
applies to one-sided limits. 



EXAMPLE 3.8 Using the Squeeze Theorem to Verify the Value of a Limit 



Determine the value of lim 

x->0 



X COS 



Solution Your first reaction might be to observe that this is a limit of a product and 
so, might be the product of the limits: 



lim 

x^0 



x 2 cos 



— I lim x' 



. 1 

lim cos 

x-*o \ x 



This is incorrect! 



(3.6) 



However, the graph of y = cos (i) found in Figure 1.19 suggests that cos (i) 
oscillates back and forth between — 1 and 1 . Further, the closer x gets to 0, the more 
rapid the oscillations become. You should compute some function values, as well, to 
convince yourself that lim cos ( j) does not exist. Equation (3.6) then does not hold and 

since none of our rules seem to apply here, we draw a graph and compute some function 
values. The graph of y — x 2 cos (-) appears in Figure 1.20 and a table of function 
values is shown in the margin. 
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X 


x 1 cos(1/jc) 


±0.1 


-0.008 


±0.01 


8.6 x 10~ 5 


±0.001 


5.6 x 10~ 7 


±0.0001 


-9.5 x 10-' 


±0.00001 


-9.99 x 10"" 




FIGURE 1.21 

y = x 2 cos (-), 3> — x 1 and 




TODAY IN 
MATHEMATICS 



Michael Freedman ( 1 95 1 - ) 

An American mathematician who 
first solved one of the most 
famous problems in mathematics, 
the four-dimensional Poincare 
conjecture. A winner of the Fields 
Medal, the mathematical 
equivalent of the Nobel Prize, 
Freedman says, "Much of the 
power of mathematics comes 
from combining insights from 
seemingly different branches of 
the discipline. Mathematics is not 
so much a collection of different 
subjects as a way of thinking. As 
such, it may be applied to any 
branch of knowledge." Freedman 
finds mathematics to be an open 
field for research, saying that, "It 
isn't necessary to be an old hand in 
an area to make a contribution." 




\ — *-x 




FIGURE 1.19 



FIGURE 1.20 



y = cos 



y = x cos 



The graph and the table of function values suggest the conjecture 



lim 

x^0 



x 2 COS 



= 0, 



which we prove using the Squeeze Theorem. First, we need to find functions / and h such that 



7 /1\ 

f(x) < x~ cos I — J < h(x), 



for all x ^ 0 and where lim f(x) — lim h(x) — 0. Recall that 

x—*0 x->0 



-l < cos y- J < l, 

for all x ^ 0. If we multiply (3.7) through by x 2 (notice that since x 2 > 0, this 
multiplication preserves the inequalities), we get 

-x 2 < x 2 cos I - ) < x 2 



(3.7) 



for all x ^ 0. We illustrate this inequality in Figure 1.21. Further, 

lim(-x 2 ) = 0 = limx 2 . 

*->.0 x^0 

So, from the Squeeze Theorem, it now follows that 

1 



lim x cos | — )=0, 

>o V x. 



also, as we had conjectured. 



BEYOND FORMULAS 

To resolve the limit in example 3.8, we could not apply the rules for limits contained 
in Theorem 3.1. So, we used an indirect method to find the limit. This tour de force 
of graphics plus calculation followed by analysis is sometimes referred to as the Rule 
of Three. (This general strategy for attacking new problems suggests that one look at 
problems graphically, numerically and analytically.) In the case of example 3.8, the first 
two elements of this "rule" (the graphics in Figure 1.20 and the accompanying table 
of function values) suggest a plausible conjecture, while the third element provides 
us with a careful mathematical verification of the conjecture. In what ways does this 
sound like the scientific method? 

Functions are often defined by different expressions on different intervals. Such 
piecewise-defined functions are important and we illustrate such a function in example 3.9. 



66 



CHAPTER I •• Limits and Continuity 



1-20 



EXAMPLE 3.9 A Limit for a Piecewise-Defined Function 

Evaluate lim fix), where / is defined by 

A-->0 ' 



EXERCISES 1.3 



/(*) 



x" + 2 cos x + 1 , for x < 0 
sec x — 4, for x > 0 



Solution Since / is defined by different expressions for x < 0 and for x > 0, we must 
consider one-sided limits. We have 

lim f(x) — lim (x 2 + 2cosx + 1) = 2cos0 +1 = 3, 

*->-o- *->o- 

by Theorem 3.4. Also, we have 

lim f(x) — lim (secx — 4) = secO — 4=1— 4 = — 3. 

x->o+ a-^o+ 

Since the one-sided limits are different, we have that lim fix) does not exist. ■ 

A->0 ' 

We end this section with an example of the use of limits in computing velocity. In 
section 2.1, we see that for an object moving in a straight line, whose position at time t is 
given by the function fit), the instantaneous velocity of that object at time t — 1 (i.e., the 
velocity at the instant t — 1 , as opposed to the average velocity over some period of time) 
is given by the limit 

,. fjl+h)-f{\) 
lim . 

h^o h 



EXAMPLE 3.10 Evaluating a Limit Describing Velocity 

Suppose that the position function for an object at time t (seconds) is given by 

f{t) = t 2 + 2 (feet). 
Find the instantaneous velocity of the object at time t — 1 . 

Solution Given what we have just learned about limits, this is now an easy problem to 
solve. We have 

f{\+h)-f{\) [(1 +hf + 2] -3 
lim = lim . 

h^O h h 

While we can't simply substitute h — 0 (why not?), we can write 
[(l+/z) 2 + 2]-3 (\+2h + h 2 )-\ 

Ml — lim Expanding the squared term. 

h^O h h 

,. 2h + h 2 h(2 + h) 

— lim = lim 

h-*0 h h~>0 h 

2 + h 

— lim — 2. Canceling factors of h. 

/i->0 1 

So, the instantaneous velocity of this object at time t — 1 is 2 feet per second. ■ 



0) 



WRITING EXERCISES 3. Piecewise functions must be carefully interpreted. 

In example 3.9, explain why lim f(x) — e — 4 and 

1. Given your knowledge of the graphs of polynomials, explain x ^, 1 ...... 

, , n n \ , r„, „ ,-, , ■ lim fix) — 5 + 2cos(2), but we need one-srded limrts to 

why equations (3.1) and (3.2) and Theorem 3.2 are obvious. 2 

evaluate lim f(x). 

2. In one or two sentences, explain the Squeeze Theorem. Use 

a real-world analogy (e.g., having the functions represent the 4. In example 3.8, explain why it is not enough to say that since 

locations of three people as they walk) to indicate why it J 1 ^* 2 = °, lim^ 2 cos(l/x) = 0. 

is true. 
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In exercises 1-28, evaluate the indicated limit, if it exists. Assume 
sin x 

that hm = 1. 

x->f> X 



1. lim(jr - 3* + 1) 

x->0 



3. lim tan(x ) 

x->0 

5 . i im * 2 -*- 6 

*->3 X — 3 



_ x 2 -x-2 
7. lim 

*-2 x 2 - 4 

sinx 
9. lim 

x-*o tanx 

„ ,. x cos(-2x + 1) 
11. lim 

*->0 X 2 + X 



13. lim 

a->0 



V-t + 4 - 2 



15. lim 



17. lim 



x 

x - 1 

i V*"- i 
i 



A-^l \* - 1 ^ 2 

1 — COS 2 X 



19. lim 



>o 1 — COS X 



21. lim /(x), where /(x) 

A-»2 



2. lim ^2x + 1 



4. lim 



6. lim 



2 X 2 + 4 

x 2 + x-2 



x 3 -l 



8. lim 



.v^i x 2 + 2x - 3 

tanx 
10. lim 

a--»0 x 

12. lim x 2 csc 2 x 

*->0 



14. lim 



2x 



16. lim 



o 3 - -Jx + 9 
3 -64 



a^4 X - 4 

'2 2 



18. lim I 

a^O \x 

sin \x\ 
20. lim — 

a^O x 

2x if x < 2 
x 2 if x > 2 



l-v| 



22. lim /(x), where fix) — 



23. lim /(x), where /(x) = 

A-> — 1 



x 2 + 1 if x < — 1 

3x + l ifx>-l 

2x+l ifx < -1 

3 if — 1 < x < 1 

2x + 1 if x > 1 



32. Suppose that /(x) is bounded: that is, there exists a constant 
M such that |/(x)| < M for all x. Use the Squeeze Theorem 
to prove that lim x 2 /(x) = 0. 

A->0 



In exercises 33-36, use the given position function /(f) to find 
the velocity at time t = a. 



33. fit) = t 2 + 2,a = 2 
35. f(t) = t\a = 0 



34. fit) = t 2 + 2, a = 0 
36. fit) = t 3 ,a=l 



37. Given that lim 



1 — cos x 1 



*0+ X L 



quickly evaluate 



Vl — cos x 
lim . 

A^0+ 



X 

sin x 1 — cos 2 x 

38. Given that lim = 1, quickly evaluate hm . 

*->o x a^O x 2 

39. Suppose fix) — | jj/* ^ Q for polynomials gix) and 
/i(x). Explain why lim fix) — gia) and determine lim fix). 

x—>a~ x—>a + 

40. Explain how to determine lim fix) if g and /i are polynomials 
and fix) 



gix) if x < a 
c if x = a . 
/j(x) ifx > a 



41. Evaluate each limit and justify each step by citing the appro- 
priate theorem or equation. 

(a) lim(x 2 - 3x + 1) (b) lim *~ 

x^2 x^O X 2 + 1 

42. Evaluate each limit and justify each step by citing the appro- 
priate theorem or equation. 



(a) lim [(x + 1) sinx] 

A-» — 1 



(b) lim 



tanx 



In exercises 43-46, use lim fix) = 2, lim gix) = — 3 and 

x — *a X — ta 

lim hix) = 0 to determine the limit, if possible. 



24. lim fix), where fix) — 



25. lim (2 + / ' )2 - 4 
h^o h 



27. lim 



sin(x 2 - 4) 



*->2 x 2 - 4 



2x + l if x < -1 
3 if - 1 < x < 1 

2x + 1 ifx > 1 



26. lim 

Ji-i-O 



28. lim 



H + h) 3 -l 



tan3x 



>o 5x 



43. lim[2/(x)-3g(x)] 



45. lim 



lf(x)Y 



44. lim[3/(x)g(x)] 

A'— >(7 

2/(x)/i(x) 



g(x) 



46. lim 



*-* fix) + hix) 



In exercises 47 and 48, compute the limit for pix) = x 2 — 1. 
47. lim pipipipix)))) 48. lim p(3 + 2p(x - p(x))) 

x-»0 jc-*-0 



29. Use numerical and graphical evidence to conjecture the 
value of lim x 2 sin (1/x). Use the Squeeze Theorem to 

A->0 

prove that you are correct: identify the functions / and h, 
show graphically that fix) < x 2 sin (1/x) < /;(x) and justify 
lim fix) — lim hix). 

x->0 ' a— >0 

30. Why can't you use the Squeeze Theorem as in exercise 29 to 



49. Find all the errors in the following incorrect string of equalities: 

1 x 1 

hm — = hm — = lim x lim — = 0 • ? = 0. 

v^0 x a-»0 x- a-»0 a^0 x 2 

50. Find all the errors in the following incorrect string of equalities: 

sin 2x 0 
lim = - = 1. 

a^o x 0 



prove that lim x 2 sec (1/x) = 0? Explore this limit graphically. 51. Give an example of functions / and g such that 



31. Use the Squeeze Theorem to prove that lim[^/x cos 2 (l/x)] = 0. 

A-»0+ 

Identify the functions / and h, show graphically that 
fix) S \px cos 2 (l/ x) < hix) for all x > 0 and justify 
lim fix) — 0 and lim hix) — 0. 

*-»o+ ' A^0+ 



lim[/(x) + g(x)] exists, but lim fix) and lim gix) do not exist. 

a— >0 ' x-*0 ' x-*0 

52. Give an example of functions / and g such that 

lim[/(x) ■ gix)] exists, but at least one of lim fix) and 
x— *o A — >o 

lim gix) does not exist. 

x—>0 
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53. If lim fix) exists and lim g{x) does not exist, is it always true 

x— >a x—*a 

that lim[/(x) + g(x)] does not exist? Explain. 

x— >a 

54. Is the following true or false? If lim fix) does not exist, then 

1 

lim does not exist. Explain. 

x-+o f{x) 

55. Assume that lim fix) — L. Use Theorem 3.1 to prove that 

x->a 

lim[/(x)] 3 = L 3 . Also, show that lim[/(x)] 4 = L 4 . 

x— >a x— *a 

56. Use mathematical induction to prove that lim[/(x)]" = L", 

x— >a 

for any positive integer n. 

57. The greatest integer function is denoted by fix) — [x] and 

equals the greatest integer that is less than or equal to x. Thus, 
[2.3] = 2, [-1.2] = -2 and [3] = 3. In spite of this last fact, 
show that lim [x] does not exist. 

x->3 

58. Investigate the existence of (a) lim [x], (b) lim [x], 
(c) lim [2x] and (d) lim (x - [x]). 

i->1.5 x^l 



(|5 APPLI 



CATIONS 



59. Suppose a state's income tax code states the tax liability on x 
dollars of taxable income is given by 



TQC): 



0.14* 



if 0 < x < 10,000 



1500 + 0.21* if 10,000 < x 



Compute lim T(x)\ why is this good? Compute lim T(x); 

x-*0+ x^ 10,000 

why is this bad? 

60. Suppose a state's income tax code states that tax liability is 
12% on the first $20,000 of taxable earnings and 16% on 



the remainder. Find constants a and b for the tax function 
a + 0.12* if* < 20,000 



T(x) = 



b + 0.l6(x - 20,000) if * > 20,000 



such that lim T(x) = 0 and lim T(x) exists. Why is it 

*->0+ *->20,000 

important for these limits to exist? 



EXPLORATORY EXERCISES 



1. The value x — 0 is called a zero of multiplicity n(n> 1) 

fix) 

for the function f if lim exists and is nonzero but 

*->o x" 

f(x) 

hm = 0. Show that x = 0 is a zero of multiplicity 2 

*->o 

for x 2 , x = 0 is a zero of multiplicity 3 for x 3 and x = 0 is 
a zero of multiplicity 4 for x 4 . For polynomials, what does 
multiplicity describe? The reason the definition is not as 
straightforward as we might like is so that it can apply to non- 
polynomial functions, as well. Find the multiplicity of x = 0 
for fix) — sinx; fix) — x sinx; fix) — sinx 2 . If you know 
that x = 0 is a zero of multiplicity m for fix) and multiplicity 
n for g(x), what can you say about the multiplicity of x = 0 
for fix) + gix)? fix) • g(*)?/(g(x))? 

sinx 

2. We have conjectured that lim = 1. Using graphical and 

*->o x 

sin2x 

numerical evidence, conjecture the value of lim and 

*^o x 

sin cx sin cx 
lim for various values of c. Given that lim = 1, 

x-*0 X x-*0 CX 

for any constant c ^ 0, prove that your conjecture is correct. 

sin cx tan cx 
Then evaluate lim — — ; — and lim ; — for numbers c and 

k^0. 



*o sinfct 



v^o tan kx 



1.4 CONTINUITY AND ITS CONSEQUENCES 



When told that a machine has been in continuous operation for the past 60 hours, most of us 
would interpret this to mean that the machine has been in operation all of that time, without 
any interruption at all, even for a moment. Likewise, we say that a function is continuous 
on an interval if its graph on that interval can be drawn without interruption, that is, without 
lifting the pencil from the paper. 

First, look at each of the graphs shown in Figures 1 .22a-l .22d to determine what keeps 
the function from being continuous at the point x — a. 

This suggests the following definition of continuity at a point. 



DEFINITION 4.1 

For a function / defined on an open interval containing x — a, we say that / is 
continuous at a when 

lim f(x) - f(a). 
Otherwise, / is said to be discontinuous at x = a. 
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REMARK 4.1 



For / to be continuous at 
x — a, the definition says that 

(i) f(a) must be defined, 

(ii) the limit lim f(x) must exist 

x— >a 

and 

(iii) the limit and the value of / 
at the point must be the same. 
Further, this says that a function 
is continuous at a point exactly 
when you can compute its limit 
at that point by simply 
substituting in. 




FIGURE 1.23 

x 1 + 2x - 3 



y ■ 



l 



REMARK 4.2 



You should be careful not to 
confuse the continuity of a 
function at a point with its 
simply being defined there. A 
function can be defined at a 
point without being continuous 
there. (Look back at 
Figures 1.22b, 1.22c and 
1.22d.) 





FIGURE 1.22a 

/(a) is not defined (the graph 
has a hole at x — a). 



FIGURE 1.22b 

/(a) is defined, but lim f(x) does 

x->a 

not exist (the graph has a jump at 
x — a). 

y 





FIGURE 1.22c 

lim f(x) exists and /(a) is defined, 

X— >a 

but lim f(x) 7^ f(a) (the graph has 

x->a 

a hole at x — a). 



FIGURE l.22d 

lim f(x) does not exist (the 

X — XI 

function "blows up" as x 
approaches a). 



For most purposes, it is best for you to think of the intuitive notion of continuity 
that we've outlined above. Definition 4.1 should then simply follow from your intuitive 
understanding of the concept. 



EXAMPLE 4. 1 Finding Where a Rational Function Is Continuous 



Determine where f(x) 
Solution Note that 

x 

fix) = - 



2x-3 



x - 1 



is continuous. 



2x - 3 (jc - \){x + 3) 



x — 1 x — 1 

x + 3, for x ^ 1. 



Factoring the numerator. 
Canceling common factors. 



This says that the graph of / is a straight line, but with a hole in it at x = 1, as indicated 
in Figure 1.23. So, / is continuous for x ^ 1. ■ 



EXAMPLE 4.2 Removing a Hole in the Graph 

Extend the function from example 4. 1 to make it continuous everywhere by redefining it 
at a single point. 

Solution In example 4.1, we saw that the function is continuous for x ^ 1 and it is 
undefined at x = 1. So, suppose we just go ahead and define it, as follows. Let 

r 2 + 2x - 3 

if* + 1 



g(x) = 



1 



ifx = 1, 



for some real number a. 
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FIGURE 1.24 

y = g(x) 




FIGURE 1.25a 

1 




1 ►.V 



FIGURE 1.25b 

y — cos(l/x) 



Notice that g(x) is defined for all x and equals f(x) for all x ^ 1. Here, we have 

x 2 + 2x-3 



lim g(x) 

X — ^ 1 



lim 

A-S-l 



1 



lim (x + 3) 

x-> 1 



Observe that if we choose a — 4, we now have that 

limg(.x) = 4 = g(l) 

A-» 1 

and so, g is continuous at x = 1 . 

Note that the graph of g is the same as the graph of / seen in Figure 1 .23, except that 
we now include the point (1,4). (See Figure 1.24.) Also, note that there's a very simple 
way to write g(x). (Think about this.) ■ 



Note that in example 4.2, for any choice of a other than a — 4, g is discontinuous at 
x — 1 . When we can remove a discontinuity by redefining the function at that point, we 
call the discontinuity removable. Not all discontinuities are removable, however. Carefully 
examine Figures 1.22b and 1.22c and convince yourself that the discontinuity in Figure 
1.22c is removable, while the one in Figures 1.22b and 1.22d are nonremovable. Briefly, a 
function / has a nonremovable discontinuity at x — a if lim f(x) does not exist. 



EXAMPLE 4.3 



Functions That Cannot Be Extended Continuously 

1 (Y 



Show that (a) f(x) — — r and (b) g(x) — cos I — ) cannot be extended to a function that 

x z \x ) 

is continuous everywhere. 

Solution (a) Observe from Figure 1.25a (also, construct a table of function values) that 

1 

lim — does not exist. 

x—*0 X 

Hence, no matter how we might define /(0), / will not be continuous at x = 0. 

(b) Similarly, observe that lim cos(l/x) does not exist, due to the endless oscillation 

x — ^0 

of cos(l/x) as x approaches 0. (See Figure 1.25b.) Again, notice that since the limit 
does not exist, there is no way to redefine the function at x — 0 to make it continuous 
there. ■ 



From your experience with the graphs of some common functions, the following result 
should come as no surprise. 



THEOREM 4.1 

All polynomials are continuous everywhere. Additionally, sinx and cosx are 
continuous everywhere, 1 ifx is continuous for all x, when n is odd and for x > 0, 
when n is even. 



PROOF 



We have already established (in Theorem 3.2) that for any polynomial p(x) and any real 
number a, 

lim p(x) ~ p(a), 

x— >a 

from which it follows that p is continuous at x — a. The rest of the theorem follows from 
Theorems 3.3 and 3.4 in a similar way. ■ 
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From these very basic continuous functions, we can build a large collection of contin- 
uous functions, using Theorem 4.2. 



THEOREM 4.2 

Suppose that / and g are continuous at x — a. Then all of the following are true: 

(i) (/ ± g) is continuous at x — a, 

(ii) (/ • g) is continuous at x — a and 

(iii) (f/g) is continuous at x — a if g(a) ^ 0. 



Simply put, Theorem 4.2 says that a sum, difference or product of continuous functions 
is continuous, while the quotient of two continuous functions is continuous at any point at 
which the denominator is nonzero. 



PROOF 

(i) If / and g are continuous at x — a, then 

lim[/(x) ± g(x)] = lim f(x) ± lim g{x) From Theorem 3.1. 
x— >a x^ra x^ra 

— f((JL) i g{cC) Since / and g are continuous at a. 

= (/ ± gXa), 

by the usual rules of limits. Thus, (/ ± g) is also continuous at x — a. 

Parts (ii) and (iii) are proved in a similar way and are left as exercises. ■ 




\ — 



FIGURE 1.26 

x 4 - 3x 2 + 2 
x 2 - 3x - 4 



y 



EXAMPLE 4.4 



Continuity for a Rational Function 

- 4 - 3x 2 + 2 



Determine where / is continuous, for f(x) 



3x-4 



Solution Here, / is a quotient of two polynomial (hence continuous) functions. The 
computer-generated graph of the function indicated in Figure 1 .26 suggests a vertical 
asymptote at around x = 4, but appears to be continuous everywhere else. From 
Theorem 4.2, / will be continuous at all x where the denominator is not zero, that is, 
where 

x 2 - 3x - 4 = (x + \){x - 4) ^ 0. 

Thus, / is continuous for x ^ —1,4. (Think about why you didn't see anything 
peculiar about the graph at x = — 1 .) ■ 



With the addition of the result in Theorem 4.3, we will have all the basic tools needed 
to establish the continuity of most elementary functions. 



THEOREM 4.3 

Suppose that lim g(x) — L and / is continuous at L. Then, 



lim /(*(*)) = /(lim *(*)) = /(L). 



A proof of Theorem 4.3 is given in Appendix A. 
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Notice that this says that if / is continuous, then we can bring the limit "inside." 
This should make sense, since as x — ► a, g(x) — »• L and so, f(g{x)) — > f(L), since / is 
continuous at L. 



COROLLARY 4.1 

Suppose that g is continuous at a and / is continuous at g(a). Then, the composition 
/ o g is continuous at a. 



PROOF 

From Theorem 4.3, we have 

lim(/ o g)(x) - lim f(g(x)) = /( lim g(x)) 

— f(8( a )) = if ° #)(^0- Since g is continuous at a. 




FIGURE 1.27 

/ continuous on [a, £>] 



EXAMPLE 4.5 Continuity for a Composite Function 

Determine where h(x) = cos(x 2 — 5x +2) is continuous. 
Solution Note that 

h(x) = f(g(x)), 

where g(x) — x 1 — 5x + 2 and f(x) — cos x. Since both / and g are continuous for all 
x, h is continuous for all x, by Corollary 4.1. ■ 



DEFINITION 4.2 

If / is continuous at every point on an open interval {a, b), we say that / is 
continuous on (a, b). Following Figure 1 .27, we say that / is continuous on the 
closed interval [a, b], if / is continuous on the open interval (a, b) and 



lim f{x) — f(a) and 



lim f{x) = f{b). 



Finally, if / is continuous on all of (— oo, oo), we simply say that / is continuous. 
(That is, when we don't specify an interval, we mean continuous everywhere.) 



For many functions, it's a simple matter to determine the intervals on which the function 
is continuous. We illustrate this in example 4.6. 




FIGURE 1.28 

y = 



EXAMPLE 4.6 Continuity on a Closed Interval 

Determine the interval(s) where / is continuous, for fix) - 



V4 



Solution First, observe that / is defined only for —2 < x < 2. Next, note that / is the 
composition of two continuous functions and hence, is continuous for all x for which 
4 — x 2 > 0. We show a graph of the function in Figure 1.28. Since 

4-x 2 > 0 

for —2 < x < 2, we have that / is continuous for all x in the interval (—2, 2), 
by Theorem 4. 1 and Corollary 4. 1 . Finally, we test the endpoints to see that 
lim V4 — x 2 — 0 = /(2) and lim V4 — x 2 — 0 = /(— 2), so that / is continuous 

x->2- x-*—2+ 

on the closed interval [—2, 2], m 
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The Internal Revenue Service presides over some of the most despised functions in 
existence. Look up the current Tax Rate Schedules. In 2002, the first few lines (for single 
taxpayers) looked like: 



For taxable amount over 


but not over 


your tax liability is 


minus 


$0 


S6000 


10% 


$0 


S6000 


$27,950 


15% 


$300 


S27,950 


$67,700 


27% 


$3654 



Where do the numbers $300 and $3654 come from? If we write the tax liability T(x) as a 
function of the taxable amount x (assuming that x can be any real number and not just a 
whole dollar amount), we have 



T(x) = 



0.1 Ox 

0.1 5x -300 
0.27x - 3654 



if 0 < x < 6000 

if 6000 < x < 27,950 

if 27,950 < x < 67,700. 



Be sure you understand our translation so far. Note that it is important that this be a contin- 
uous function: think of the fairness issues that would arise if it were not! 



EXAMPLE 4.7 Continuity of Federal Tax Tables 

Verify that the federal tax rate function T is continuous at the "joint" x — 27,950. Then, 
find a to complete the table. (You will find b and c as exercises.) 



For taxable amount over 


but not over 


your tax liability is 


minus 


$67,700 


$141,250 


30% 


a 


$141,250 


$307,050 


35% 


b 


$307,050 




38.6% 


c 



Solution For T to be continuous at x — 27,950, we must have 

lim T(x) = lim T(x). 

*^27,950- a-->27,950+ 

Since both functions 0.15x — 300 and 0.27x — 3654 are continuous, we can compute 
the one-sided limits by substituting x — 27,950. Thus, 

lim T(x) = 0.15(27,950) - 300 = 3892.50 

j:^27,950- 

and lim T{x) = 0.27(27,950) - 3654 = 3892.50. 

-v -> 27, 950+ 

Since the one-sided limits agree and equal the value of the function at that point, T 
is continuous at x — 27,950. We leave it as an exercise to establish that T is also 
continuous at x — 6000. (Note that the function could be written with equal signs on all 
of the inequalities; this would be incorrect if the function were discontinuous.) To 
complete the table, we choose a to get the one-sided limits at x — 67,700 to match. We 
have 

lim T(x) = 0.27(67,700) - 3654 = 14,625, 

.v-> 67, 700" 

while lim T(x) = 0.30(67, 700) - a = 20,310 -a. 

.1^67,700+ 

So, we set the one-sided limits equal, to obtain 

14,625 - 20,310 -a 



or 



a = 20,310- 14,625 = 5685. * 
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HISTORICAL 
NOTES 

Karl Weierstrass ( 1 8 1 5- 1 897) 

A German mathematician who 
proved the Intermediate Value 
Theorem and several other 
fundamental results of the 
calculus, Weierstrass was known 
as an excellent teacher whose 
students circulated his lecture 
notes throughout Europe, 
because of their clarity and 
originality. Also known as a 
superb fencer, Weierstrass was 
one of the founders of modern 
mathematical analysis. 




FIGURE 1.30 

Intermediate Value Theorem where 
c is a zero of / 



Theorem 4.4 should seem an obvious consequence of our intuitive definition of 
continuity. 



THEOREM 4.4 (Intermediate Value Theorem) 

Suppose that / is continuous on the closed interval [a, b] and W is any number 
between f(a) and f(b). Then, there is a number c e [a, b] for which /(c) = W. 



Theorem 4.4 says that if / is continuous on [a,b], then / must take on every value between 
f(a) and f{b) at least once. That is, a continuous function cannot skip over any numbers 
between its values at the two endpoints. To do so, the graph would need to leap across the 
horizontal line y = W, something that continuous functions cannot do. (See Figure 1.29a.) 
Of course, a function may take on a given value W more than once. (See Figure 1.29b.) 
Although these graphs make this result seem reasonable, the proof is more complicated 
than you might imagine and we must refer you to an advanced calculus text. 





FIGURE 1.29a 

An illustration of the Intermediate 
Value Theorem 



FIGURE 1.29b 

More than one value of c 



In Corollary 4.2, we see an important application of the Intermediate Value Theorem. 



COROLLARY 4.2 

Suppose that / is continuous on [a, b] and f(a) and f(b) have opposite signs [i.e., 
f{a) ■ f{b) < 0]. Then, there is at least one number c e {a, b) for which f(c) = 0. 
(Recall that c is then a zero of /.) 



Notice that Corollary 4.2 is simply the special case of the Intermediate Value Theorem 
where W — 0. (See Figure 1.30.) The Intermediate Value Theorem and Corollary 4.2 are 
examples of existence theorems; they tell you that there exists a number c satisfying some 
condition, but they do not tell you what c is. 



O The Method of Bisections 

In example 4.8, we see how Corollary 4.2 can help us locate the zeros of a function. 



EXAMPLE 4.8 Finding Zeros by the Method of Bisections 

Find the zeros of f(x) — x 5 + Ax 2 — 9x + 3. 
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FIGURE 1.31 

y = x 5 + Ax 1 - 9x + 3 



Solution Since / is a polynomial of degree 5, we don't have any formulas for finding 
its zeros. The only alternative then, is to approximate the zeros. A good starting place 
would be to draw a graph of y — f(x) like the one in Figure 1.31. There are three zeros 
visible on the graph. Since / is a polynomial, it is continuous everywhere and so, 
Corollary 4.2 says that there must be a zero on any interval on which the function 
changes sign. From the graph, you can see that there must be zeros between —3 and —2, 
between 0 and 1 and between 1 and 2. We could also conclude this by noting the 
function's change of sign between these x-values. For instance, /(0) = 3 and 
/(!) = -!■ 

While a rootfinding program can provide an accurate approximation of the zeros, 
the issue here is not so much to get an answer as it is to understand how to find one. 
Corollary 4.2 suggests a simple yet effective method, called the method of bisections. 

Taking the midpoint of the interval [0, 1], since /(0.5) —0.469 < 0 and 
f(0) — 3 > 0, there must be a zero between 0 and 0.5. Next, the midpoint of [0, 0.5] is 
0.25 and /(0.25) » 1.001 > 0, so that the zero is in the interval (0.25, 0.5). We 
continue in this way to narrow down the interval in which there's a zero, as shown in the 
following table. 



a 


b 


M 


f(b) 


Midpoint 


/(midpoint) 


0 


1 


3 


-1 


0.5 


-0.469 


0 


0.5 


3 


-0.469 


0.25 


1.001 


0.25 


0.5 


1.001 


-0.469 


0.375 


0.195 


0.375 


0.5 


0.195 


-0.469 


0.4375 


-0.156 


0.375 


0.4375 


0.195 


-0.156 


0.40625 


0.015 


0.40625 


0.4375 


0.015 


-0.156 


0.421875 


-0.072 


0.40625 


0.421875 


0.015 


-0.072 


0.4140625 


-0.029 


0.40625 


0.4140625 


0.015 


-0.029 


0.41015625 


-0.007 


0.40625 


0.41015625 


0.015 


-0.007 


0.408203125 


0.004 



Continuing this process through 20 more steps leads to the approximate zero 

x — 0.40892288, which is accurate to at least eight decimal places. The other zeros can 

be found in a similar fashion. ■ 

Although the method of bisections is a tedious process, it's a reliable, yet simple method 
for finding approximate zeros. 



EXERCISES 1.4 

^WRITING EXERCISES 

1. Think about the following "real-life" functions, each of which 
is a function of the independent variable time: the height of 
a falling object, the amount of money in a bank account, the 
cholesterol level of a person, the amount of a certain chemical 
present in a test tube and a machine's most recent measure- 
ment of the cholesterol level of a person. Which of these are 
continuous functions? Explain your answers. 

2. Whether a process is continuous or not is not always clear-cut. 
When you watch television or a movie, the action seems to 
be continuous. This is an optical illusion, since both movies 
and television consist of individual "snapshots" that are played 
back at many frames per second. Where does the illusion of 



continuous motion come from? Given that the average person 
blinks several times per minute, is our perception of the world 
actually continuous? 

3. When you sketch the graph of the parabola y — x 2 with pen- 
cil or pen, is your sketch (at the molecular level) actually the 
graph of a continuous function? Is your calculator or com- 
puter's graph actually the graph of a continuous function? Do 
we ever have problems correctly interpreting a graph due to 
these limitations? 

4. For each of the graphs in Figures 1.22a-1.22d, describe (with 
an example) what the formula for f(x) might look like to pro- 
duce the given graph. 
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In exercises 1-14, determine where / is continuous. If possible, 
extend / as in example 4.2 to a new function that is continuous 
on a larger domain. 



1. /(*) = 
3. /(*) = 
5. fix) 



x + 2 
x - 1 



x 2 - 1 
Ax 



x 2 + 4 
7. f(x) = x 2 tanx 
3x 2 

9. fix): 



2. /(*) = 
4. /(*) = 
6. fix) 



x - 3 
Ax 



x 2 + x - 2 
3.v 



Vx 1 " 



n i l 2x if x < 1 
11. fix) — { -, . j. 

X 2 if A' > 1 



a 2 - 2x - 4 
8. /(x) = x cot JC 

10. /(x) = - 3 

Vl+4/x 2 

f sinx 



12. /(x) = 



if x ^ 0 
if x = 0 



|3x-l ifx<-l 
x 2 + 5x if -1 <x < 1 
3x 3 if x > 1 

|2x ifx<0 
sinx if 0 < x < it 
x — it if x > n 



In exercises 15-20, explain why each function fails to be con- 
tinuous at the given x-value by indicating which of the three 
conditions in Definition 4.1 are not met. 



15. /(*) = 



at x = 1 



19. fix). 

20. fix): 



X - 1 






1 

sin — at x 

X 


= 0 




' X 2 


ifx 


< 2 


3 


ifx 


= 2 


3x - 2 


ifx 


> 2 


\ Xl 


ifx 


< 2 


I 3x - 2 


if x 


> 2 



16. fix) = 
18. fix) = 



1 



x - 1 
2x 



at x = 1 
atx = 0 



■2 



at x = 2 



In exercises 21-26, determine the intervals on which / is 
continuous. 



21. fix) = Vx~+3 

23 ' /(x) = -7=Tf 
V^c + 1 

25. fix) = sin(x 2 + 2) 



22. fix) = Vx 2 - 4 
24. /(x) = (x - l) 3 / 2 



26. /(x) = cos 



27. Suppose that a state's income tax code states that the tax lia- 
bility on x dollars of taxable income is given by 



Tix) 



0 ifx<0 

0.14x if 0 < x < 10,000 

c + 0.21* if 10,000 < x. 



Determine the constant c that makes this function continu- 
ous for all x. Give a rationale why such a function should be 
continuous. 



28. Suppose a state's income tax code states that tax liability is 
12% on the first $20,000 of taxable earnings and 16% on the 
remainder. Find constants a and b for the tax function 

0 ifx < 0 

T(x)= a + 0.12x if0<x< 20,000 

> + 0.16(x- 20,000) ifx > 20,000 

such that Tix) is continuous for all x. 

29. In example 4.7, find b and c to complete the table. 

30. In example 4.7, show that Tix) is continuous for x = 6000. 

In exercises 31-34, use the Intermediate Value Theorem to ver- 
ify that fix) has a zero in the given interval. Then use the method 
of bisections to find an interval of length 1/32 that contains the 
zero. 

31. /(x) = x 2 -7, (a) [2,3] (b) [-3,-2] 

32. fix) = x 3 - 4x - 2, (a) [2,3] (b) [-1,0] 

33. fix) — cosx — x, [0, 1] 

34. fix) = cosx + x, [-1,0] 



In exercises 35 and 36, use the given graph to identify all inter- 
vals on which the function is continuous. 



35. 



36. 




In exercises 37-39, determine values of a and b that make the 
given function continuous. 



37. fix): 



2 sin x 



ifx < 0 



a ifx=0 
b cos x if x > 0 
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38. /(*) = 



39. /(x) = 



a cos x + 1 if a" < 0 
sin(^Jc) if0<x<2 
x 2 — x + Z> if x > 2 



aV9 — -v if x < 0 
sin&x + 1 if 0 < x < 3 
Vx — 2 if x > 3 



40. Prove Corollary 4.1. 



A function is continuous from the right at x = a if 
lim f(x) = /(a). In exercises 41 and 42, determine whether 

x— *a + 

f(x) is continuous from the right at x = 2. 



41. f(x) . 



42. /(*) = 



2 
X" 




if x 


< 2 


3x 


-3 


ifx 


> 2 


9 
X" 




if jc 


< 2 


3 




ifx 


= 2 


3x 


- 3 


ifx 


> 2 



43. Define what it means for a function to be continuous from 
the left at x = a and determine which of the functions in ex- 
ercises 41 and 42 are continuous from the left at x = 2. 



44. Suppose that f(x) ■ 



h(x) 



and h(a) — 0. Determine whether 



each of the following statements is always true, always false or 
maybe true/maybe false. Explain, (a) lim /(x) does not exist. 

X— >a 

(b) / is not continuous atx — a. 

45. Suppose that / is continuous at x = 0. Prove that 
limxf(x) = 0. 

46. The converse of exercise 45 is not true. That is, the fact 
limx/(x) = 0 does not guarantee that / is continuous at 

x->0 

x — 0. Find a counterexample; that is, find a function / such 
that lim xf (x) = 0 and f is not continuous at x — 0. 

x^0 J J 

47. If / is continuous at x = a, prove that g(x) = |/(x)| is con- 
tinuous at x — a. 

48. Determine whether the converse of exercise 47 is true. That is, 
if | f\ is continuous at x = a, is it necessarily true that / must 
be continuous at x = a? 

49. Let / be a continuous function for x > a and define 

h(x) — max /(f). Prove that h is continuous forx > a. Would 

a<t<x 

this still be true without the assumption that / is continuous? 
2 , ifx ^0 



50. If/(X): 



and g(x) — 2x, show that 



4, ifx=0 
lim/te(x))#/(lime(x)). 



51. Suppose that / is a continuous function with consecutive 
zeros at x — a and x = b; that is, f(a) — f(b) — 0 and 
/(x) 7^ 0 for a < x < b. Further, suppose that /(e) > 0 for 
some number c between a and b. Use the Intermediate Value 
Theorem to argue that f(x) > 0 for all a < x < b. 

400 

52. For /(x) = 2x , we have /(-l) > 0 and /(2) < 0. 

x 

Does the Intermediate Value Theorem guarantee a zero of / 



between x = — 1 and x = 2? What happens if you try the 
method of bisections? 

53. Prove that if / is continuous on an interval [a, b], f(a) > a 
and f(b) < b, then / has a fixed point (a solution of /(x) = x) 
in the interval (a, b). 

54. Prove the final two parts of Theorem 4.2. 



sin |x 3 — 3x 2 + 2x| 
3x 2 + 2x 



and determine where there 



55. Graph /(x) = 
are jumps on the graph. 

56. Use the method of bisections to estimate the other two zeros 
in example 4.8. 



APPLICATIONS 



57. If you push on a large box resting on the ground, at first noth- 
ing will happen because of the static friction force that opposes 
motion. If you push hard enough, the box will start sliding, al- 
though there is again a friction force that opposes the motion. 
Suppose you are given the following description of the friction 
force. Up to 100 pounds, friction matches the force you apply 
to the box. Over 100 pounds, the box will move and the friction 
force will equal 80 pounds. Sketch a graph of friction as a func- 
tion of your applied force based on this description. Where is 
this graph discontinuous? What is significant physically about 
this point? Do you think the friction force actually ought to be 
continuous? Modify the graph to make it continuous while still 
retaining most of the characteristics described. 

58. Suppose a worker's salary starts at $40,000 with $2000 raises 
every 3 months. Graph the salary function s(t); why is it discon- 

2000 

tinuous? How does the function /(f) = 40,000 H — t (f in 

months) compare? Why might it be easier to do calculations 
with /(f) than s(f )? 

59. On Monday morning, a saleswoman leaves on a business trip 
at 7: 13 A.M. and arrives at her destination at 2:03 P.M. The fol- 
lowing morning, she leaves for home at 7:17 A.M. and arrives 
at 1:59 P.M. The woman notices that at a particular stoplight 
along the way, a nearby bank clock changes from 10:32 A.M. 
to 10:33 A.M. on both days. Therefore, she must have been 
at the same location at the same time on both days. Her boss 
doesn't believe that such an unlikely coincidence could occur. 
Use the Intermediate Value Theorem to argue that it must be 
true that at some point on the trip, the saleswoman was at ex- 
actly the same place at the same time on both Monday and 
Tuesday. 

60. Suppose you ease your car up to a stop sign at the top of a hill. 
Your car rolls back a couple of feet and then you drive through 
the intersection. A police officer pulls you over for not com- 
ing to a complete stop. Use the Intermediate Value Theorem 
to argue that there was an instant in time when your car was 
stopped. (In fact, there were at least two.) What is the differ- 
ence between this stopping and the stopping that the police 
officer wanted to see? 

61. The sex of newborn Mississippi alligators is determined by the 
temperature of the eggs in the nest. The eggs fail to develop 
unless the temperature is between 26°C and 36°C. All eggs be- 
tween 26°C and 30°C develop into females, and eggs between 
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34°C and 36°C develop into males. The percentage of females 
decreases from 100% at 30°C to 0% at 34°C. If f(T) is the 
percentage of females developing from an egg at T°C, then 



f(T) = 



100 if26<T<30 
g(T) if30<T<34 
0 if 34 < T < 36, 



for some function g(T). Explain why it is reasonable that 
f(T) be continuous. Determine a function g(T) such that 
0 S g(T) < 100 for 30 < T < 34 and the resulting function 
f(T) is continuous. [Hint: It may help to draw a graph first 
and make g(T) linear.] 



0 



EXPLORATORY EXERCISES 



1. In the text, we discussed the use of the method of bisec- 
tions to find an approximate solution of equations such as 
f(x) — x 3 + 5x — 1 = 0. We can start by noticing that 
/(0) = — 1 and /(l) = 5. Since f(x) is continuous, the Inter- 
mediate Value Theorem tells us that there is a solution between 



x = 0 and x = 1. For the method of bisections, we guess the 
midpoint, x — 0.5. Is there any reason to suspect that the so- 
lution is actually closer to x — 0 than to i = 1? Using the 
function values /(0) = — 1 and /(l) = 5, devise your own 
method of guessing the location of the solution. Generalize 
your method to using f(a) and f(b), where one function value 
is positive and one is negative. Compare your method to the 
method of bisections on the problem x 3 + 5x — 1 = 0; for 
both methods, stop when you are within 0.001 of the solu- 
tion, x « 0.198437. Which method performed better? Before 
you get overconfident in your method, compare the two meth- 
ods again on x 3 + 5x 2 — 1 = 0. Does your method get close 
on the first try? See if you can determine graphically why your 
method works better on the first problem. 

Determine all x's for which each function is continuous. 
10 if x is irrational 



/(*) 



*(*) = 



h(x) = 



if x is rational 



+ 3 



Ax 



if x is irrational 
if x is rational 



and 



cos 4x if x is irrational 
sin 4x if x is rational 



0) 
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FIGURE 1.32 

1 1 

lim — — oo and lim — 

_t->0+ x *->o- x 





1 


X 






X 


0.1 


10 


0.01 


100 


0.001 


1000 


0.0001 


10,000 


0.00001 


100,000 



In this section, we revisit some old limit problems to give more informative answers and 
examine some related questions. 



EXAMPLE 5. 1 A Simple Limit Revisited 



* x Examine lim — . 

3 x^0 x 

Solution Of course, we can draw a graph (see Figure 1.32) and compute a table of 
function values easily, by hand. (See the tables in the margin.) 

1 1 

While we say that the limits lim — and lim — do not exist, they do so for 



>o+ x 



different reasons. Specifically, as x 
1 



1 



►o- x 



0 + , — increases without bound, while as 

x 



0 , — decreases without bound. To indicate this, we write 



lim — 

x->-0+ X 



and 



lim — 

- x 



1 



-oo. 



(5.1) 



(5.2) 



Graphically, this says that the graph of y = — approaches the vertical line x — 0, as 

x 

x — >■ 0, as seen in Figure 1.32. When this occurs, we say that the line x — 0 is a 
vertical asymptote. It is important to note that while the limits (5.1) and (5.2) do not 
exist, we say that they "equal" oo and — oo, respectively, only to be specific as to why 
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1 


X 






X 


-0.1 


-10 


-0.01 


-100 


-0.001 


-1000 


-0.0001 


-10,000 


-0.00001 


-100,000 



REMARK 5.1 



It may at first seem 



1 



contradictory to say that lim 

x->0+ x 

does not exist and then to write 
1 

lim — = oo. However, since 

x->0+ x 

oo is not a real number, there is 
no contradiction here. We say 
1 

that lim — = oo to indicate 

*->o+ x 

that as x — > 0^, the function 
values are increasing without 
bound. 



they do not exist. Finally, in view of the one-sided limits (5.1) and (5.2), we say (as 
before) that 

1 

lim — does not exist. 

x^0 X ■ 



EXAMPLE 5.2 A Function Whose One-Sided Limits Are Both Infinite 

1 

Evaluate lim — . 

x^0 x 2 

Solution The graph in Figure 1.33 seems to indicate a vertical asymptote at x — 0. 
From this and the accompanying tables, we can see that 



1 

lim — = oo 

x^0+ X 2 



and 



1 

lim — = oo. 

jc->0" x l 



X 


1 

X* 


0.1 


100 


0.01 


10,000 


0.001 


1 x 10 6 


0.0001 


1 x 10 8 


0.00001 


1 x 10 10 



X 


1 

X 1 


-0.1 


100 


-0.01 


10,000 


-0.001 


1 x 10 6 


-0.0001 


1 x 10 s 


-0.00001 


1 x 10 10 




FIGURE 1.33 

1 

lim — = oo 

*-*■<) X 2 



Since both one-sided limits agree (i.e., both tend to oo), we say that 

1 

72 



lim 

x^Q X 1 



OO. 



This one concise statement says that the limit does not exist, but also that there is a 
vertical asymptote at x — 0, where f(x) — >■ oo as x — >■ 0 from either side. ■ 



REMARK 5.2 



Mathematicians try to convey as much information as possible with as few symbols as 

1 1 
possible. For instance, we prefer to say lim — = oo rather than lim — r does not 

x—*0 x x-*0 X 

exist, since the first statement not only says that the limit does not exist, but also says 
1 

that — increases without bound as x approaches 0, with x > 0 or x < 0. 

x l 



EXAMPLE 5.3 A Case Where Infinite One-Sided Limits Disagree 



Evaluate lim 



1 



>5 (x - 5) 3 ' 

Solution From the graph of the function in Figure 1.34 (on the following page), you 
should get a pretty clear idea that there's a vertical asymptote at x = 5. We can verify 
this behavior algebraically, by noticing that as x — > 5, the denominator approaches 0, 
while the numerator approaches 1. This says that the fraction grows large in absolute 
value, without bound as x —> 5. Specifically, 



(x - 5) 3 -» 0 and (x - 5) 3 > 0. 
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FIGURE 1.34 



1 



lim 

x^5+ (X - 5) 3 

1 

lim 



= oo and 



»s- (x - 5) 3 





i 








10- 








t/W 








5- 




I 


X— ► 










—X 


■ LJ 


1 1 — ► 

4 


/Mi 


-5- 






-10- 







FIGURE 1.35 

X + 1 



lim 

x^-i (x - 3)(x + 2) 



does not exist. 




FIGURE 1.36 

y — tanx 



We indicate the sign of each factor by printing a small "+" or "— " sign above or below 
each one. This enables you to see the signs of the various terms at a glance. In this case, 
we have 



+ 
1 



lim 

*->5+ ( x - 5) 
+ 

Likewise, as x — > 5 

In this case, we have 

+ 
1 

lim ; 

x^s- (x - 5) 3 

Finally, we say that lim 



= OO. Since (x - 5) 3 > 0, for x > 5. 



(x - 5) 3 0 and (x - 5) 3 < 0. 



-OO. Since U - 5) 3 < 0, for x < 5. 



1 



(x - 5) 3 

since the one-sided limits are different. ■_ 



does not exist, 



Based on examples 5.1, 5.2 and 5.3, recognize that if the denominator tends to 0 and 
the numerator does not, then the limit in question does not exist. In this event, we determine 
whether the limit tends to oo or — oo by carefully examining the signs of the various factors. 



EXAMPLE 5.4 Another Case Where Infinite One-Sided Limits Disagree 

x+ 1 

Evaluate lim 



-2 (x - 3)(x + 2) 

Solution First, notice from the graph of the function shown in Figure 1.35 that there 
appears to be a vertical asymptote at x = —2. Further, the function appears to tend 
to oo as x —y — 2 + , and to — oo as x — > —2~. You can verify this behavior, by 
observing that 



and 



x + 1 

{x - 3){x + 2) 

+ 

lim 



2- (x - 3)(x + 2) 



-oo. 



Since (x + 1) < 0, (x - 3) < 0 and 
(x + 2) > 0, for -2 < x < — 1. 



Since (x + 1) < 0, fct - 3) < 0 
and (x + 2) < 0, for.t < -2. 



So, there is indeed a vertical asymptote at x — —2 and 

x + 1 



lim 



-2 (x - 3){x + 2) 



does not exist. 



EXAMPLE 5.5 A Limit Involving a Trigonometric Function 

Evaluate lim tanx. 

Solution The graph of the function shown in Figure 1.36 suggests that there is a vertical 
asymptote at x — — . We verify this behavior by observing that 



sinx 

lim tanx = lim = oo 

e-> s " *-> % ~ cos x 



Since sin x > 0 and cos x > 0 



for 0 < x < — . 

2 



and 



+ 

Sin X Since sin^ > 0 and cosjc < 0 

lim tanx = lim = — oo. it 

,_►!+ + COS X for 2 <x <n - 

71 



So, the line x = — is indeed a vertical asymptote and 

lim tan x does not exist. 
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O Limits at Infinity 



We are also interested in examining the limiting behavior of functions as x increases 

without bound (written x — > oo) or as x decreases without bound (written x — > — oo). 

1 1 
Returning to f(x) — — , we can see that as x — »• oo, > 0. In view of this, we write 

x x 

1 

lim - = 0. 



Similarly, 



lim - = 0. 



FIGURE 1.37 

1 1 

lim — = 0 and lim — = 0 





*-»•-«> x 




■ 

L 

-8 




-6 


M J 

_i y 


-4 

x— ► 


*—X 


- x m\ 
-f-\ — i — i — ► 


— 1 — 1 — 1 — 

-2 

-2- 


/ 2 



FIGURE 1.38 

lim ( 2 J = 2 and 

x->-oo \ X / 



lim 2 - - 

oo \ x 



Notice that in Figure 1.37, the graph appears to approach the horizontal line y = 0, as 
x — >• oo and as x — >• — oo. In this case, we call y = 0 a horizontal asymptote. 



EXAMPLE 5.6 Finding Horizontal Asymptotes 

1 

Find any horizontal asymptotes to the graph of f(x) — 2 . 

x 

Solution We show a graph of y = fix) in Figure 1.38. Since as x — > ±oo, 
we get that 



0, 



and 



lim 12 1=2 

x->oo V x 



lim 12 |=2. 

.v^-oo \ x , 



Thus, the line y — 2 is a horizontal asymptote. 



1 



As you can see in Theorem 5.1, the behavior of — , for any positive rational power t, 

x' 

1 

as x — >• ±oo, is largely the same as we observed for f(x) — — . 

x 



THEOREM 5.1 




For any rational number t > 0, 


1 

lim — = 0, 

X->±00 x' 




where for the case where x — ► 


-oo, we assume that t — — , where q is odd. 

q 



REMARK 5.3 



All of the usual rules for limits 
stated in Theorem 3.1 also hold 
for limits as, x — > ±oo. 



A proof of Theorem 5. 1 is given in Appendix A. Be sure that the following argument 

1 

makes sense to you: for t > 0, as x — >■ oo, we also have x oo, so that — 0. 

In Theorem 5.2, we see that the behavior of a polynomial at infinity is easy to determine. 



THEOREM 5.2 

For a polynomial of degree n > 0, p„(x) — a„x 
lim p„(x) 



a n -\x 

oo, if a n > 0 
— oo, if a„ < 0 



n-l 



■ ao, we have 
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PROOF 

We have 



lim p n (x) — lim (a n x n + fl„-ix 



n-1 



+ ao) 



lim 



if a„ > 0, since 



lim ( a„ 

X— too 



a„-i 



and lim x" — oo. The result is proved similarly for a„ < 0. 

X->-00 



Observe that you can make similar statements regarding the value of lim p„(x), but 

x— 00 

be careful: the answer will change depending on whether n is even or odd. (We leave this 
as an exercise.) 

In example 5.7, we again see the need for caution when applying our basic rules for 
limits (Theorem 3.1), which also apply to limits as x — >• oo or as x — >• — oo. 



EXAMPLE 5.7 A Limit of a Quotient That Is Not the Quotient 
of the Limits 

5x-l 

Evaluate lim 



«c 4x + 3 

Solution You might be tempted to write 
e„ 7 lim (5* -7) 



This is an incorrect use of Theorem 3.1, 

. • — ■ A — f UU 

lim — since the limits in the numerator and the 

a-^oo 4x + 3 lim {AX + 3) denominator do not exist. 



OO ^ 
OO 



This is incorrect! 



(5.3) 




FIGURE 1.39 

5x - 7 _ 5 
> Ax + 3 ~ 4 



lim 



X 


Sx- 1 
4x + 3 


10 


1 


100 


1.223325 


1000 


1.247315 


10,000 


1.249731 


100,000 


1.249973 



The graph in Figure 1.39 and the accompanying table suggest that the conjectured value 
of 1 is incorrect. Recall that the limit of a quotient is the quotient of the limits only 
when both limits exist (and the limit in the denominator is nonzero). Since both the limit 
in the denominator and that in the numerator are infinite, these limits do not exist. 

It turns out that, when a limit has the form — , the actual value of the limit can be 
anything at all. For this reason, we call — an indeterminate form, meaning that the 
value of the limit cannot be determined solely by noticing that both numerator and 
denominator tend to oo. 

Rule of Thumb: When faced with the indeterminate form — in calculating the 
limit of a rational function, divide numerator and denominator by the highest power of x 
appearing in the denominator. 



Here, we have 



lim 



5x-7 



4jc 



= lim 



= lim 



5x-7 (l/x) 
Ax + 3 ' 0jx)_ 
5 -l/x 



4 + 3/* 
lim (5 -l/x) 

A--H-CO 

lim (4 + 3/jc) 



Multiply numerator and 
1 

denominator by — . 

x 

Multiply through by — . 



By Theorem 3.1 (iv). 



1.25, 



which is consistent with what we observed both graphically and numerically. 
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EXAMPLE 5.8 Finding Slant Asymptotes 

4x 3 + 5 

Evaluate lim and find any slant asymptotes. 

x->-oo — 6x 2 — Ix 

Solution As usual, we first examine a graph. (See Figure 1.40a.) Note that here, the 
graph appears to tend to — oo as x —> oo. Further, observe that outside of the interval 
[—2, 2], the graph looks very much like a straight line. If we look at the graph in a 
somewhat larger window, this linearity is even more apparent. (See Figure 1.40b.) 




Using our rule of thumb, we have 

4x 3 +5 T 4x 3 + 5 (l/x 2 ) 

lim = lim 

X->-00 — 6X 2 — IX JT->00 



Multiply numerator and 
1 



6x 2 — Ix (l/x 2 ) denominator by -j. 

4x + 5/x 2 , 

— lim Multiply through by — . 

.v^oo -6 - l/x 

— — oo, 

since as x — »• oo, the numerator tends to oo and the denominator tends to —6. 

To further explain the behavior seen in Figure 1 .40b, we perform a long division: 

4;r 3 + 5 2 7 5 + 49/9x 

-x 1 



-6x 2 -7x 3 9 -6x 2 -7x' 

Since the third term in this expansion tends to 0 as x — >• oo, the function values 
approach those of the linear function 

2 7 
— x + -, 

3 9 

as x — > oo. For this reason, we say that the graph has a slant (or oblique) asymptote. 
That is, instead of approaching a vertical or horizontal line, as happens with vertical or 

2 7 

horizontal asymptotes, the graph is approaching the slanted straight line y — — -x + — . 
(This is the behavior we're seeing in Figure 1 .40b.) ■ 



In example 5.9, we consider a model of the size of an animal's pupils. Recall that in 
bright light, pupils shrink to reduce the amount of light entering the eye, while in dim light, 
pupils dilate to allow in more light. (See the chapter introduction.) 
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EXAMPLE 5.9 Finding the Size of an Animal's Pupils 



Suppose that the diameter of an animal's pupils is given by fix) mm, where x is the 

16(k-° 4 + 90 

intensity of light on the pupils. If f(x) — ^ _ Q4 j^ - > find the diameter of the pupils 

with (a) minimum light and (b) maximum light. 

Solution Since /(0) is undefined, we consider the limit of fix) as x — > 0 + (since x 
cannot be negative). A computer-generated graph of y — f(x) with 0 < x < 10 is 
shown in Figure 1.41a. It appears that the y-values approach 20 as x approaches 0. We 
multiply numerator and denominator by x 0 ' 4 to eliminate the negative exponents, so that 



lim 



160* 



-0.4 



90 



>o+ Ax 



-04 . 



15 



lim 



160jc 



-0.4 



90 



0.4 



= lim 



o+ 4.t-°- 4 +15 
160 + 90jc 0 - 4 



x 

^04 

160 



— 40 mm. 



- >o+ 4 + 15jc 0 - 4 

This limit does not seem to match our graph. However, in Figure 1.41b, we have 
zoomed in so that 0 < x < 0.1, making a limit of 40 look more reasonable. 




1 — ►.v 



FIGURE l.4la 

y = f(x) 



y 
▲ 

40- 
30 
20 
10 



+ 



+ 



+ 



4- 



H — *-X 



0.02 0.04 0.06 0.08 0.1 
FIGURE 1 .4 1 b 

y = f(x) 



For part (b), we consider the limit as x tends to oo. From Figure 1.41a, it 
appears that the graph has a horizontal asymptote at a value somewhat below y — 10. 
We compute the limit 

160.r-°- 4 + 90 90 



lim 



= — =6 mm. 
15 



Too 4x~ 0 - 4 + 15 

So, the pupils have a limiting size of 6 mm, as the intensity of light tends to oo. 



EXERCISES 1.5 

^) WRITING EXERCISES 

1. It may seem odd that we use oo in describing limits but do not 
count oo as a real number. Discuss the existence of oo: is it a 
number or a concept? 

2. In example 5.7, we dealt with the "indeterminate form" — . 
Thinking of a limit of oo as meaning "getting very large" and 
a limit of 0 as meaning "getting very close to 0," explain why 
the following are indeterminate forms: — , §, oo — oo, and 
oo • 0. Determine what the following nonindeterminate forms 
represent: oo 4- oo, — oo — oo, oo 4- 0 and O/oo. 



3. On your computer or calculator, graph y — 1 /(jc — 2) and look 
for the horizontal asymptote y — 0 and the vertical asymptote 
x — 2. Many computers will draw a vertical line at x — 2 and 
will show the graph completely flattening out at y — 0 for large 
x 's. Is this accurate? misleading? Most computers will compute 
the locations of points for adjacent x's and try to connect the 
points with a line segment. Why might this result in a vertical 
line at the location of a vertical asymptote? 

4. Many students leam that asymptotes are lines that the graph 
gets closer and closer to without ever reaching. This is true for 
many asymptotes, but not all. Explain why vertical asymptotes 
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are never crossed. Explain why horizontal or slant asymp- 
totes may, in fact, be crossed any number of times; draw one 
example. 



In exercises 1-4, determine (a) lim f(x), (b) lim fix) and 

x — >a~ x — w + 

(c) lim fix) (answer as appropriate, with a number, oo,—oo or 

x — *a 

does not exist). 

1 - 2x 1 - 2x 

1. /(*)=-=-— ,a = l 2. /(x)= -5—, a = -l 

X 1 — 1 X 2 — 1 

3. /(*)= , *~ 4 J t a = 2 4. /(x)= a = -l 



x 2 -4x + 4 



(x + l) 2 



In exercises 5-20, determine each limit (answer as appropriate, 
with a number, oo, — oo or does not exist). 



. . x 2 + 2x - 1 
5. lim — 

x^-2 X 2 —4 

7. lim cot x 

x->0 

x 3 -2 
9. hm — 

x^oo 3x 2 + 4x — 1 



11. lim 

X — ^ — 

13. lim 

.V— S-CX 

15. lim 
17. lim 

.V— S-OC 

19. lim 



6. lim (jc — 2x — 3) 

i->-i- 

8. lim x sec 2 x 

x-wr/2 

10. lim ~* 

x^oo ^4 _|_ x 2 



-o° -J4 + X 2 
2x 2 - x + 1 
x->oo 4x 2 — 3x — 1 

3 - 2/jc 
o*+ 2 + l/x 
3x + sin x 



oo 4x — cos 2x 
tan x — x 



>x/2+ tan 2 x + 3 



12. lim 

X— >OC 

14. lim 
16. lim 

JC — >oc 

18. lim 

JC— >OC 

20. lim 



2x 2 - 1 
oo 4x 3 - 5x - 1 
2x - 1 
x 2 + 4x + 1 
3-2/x 

r^oo 2 + 1/x 

2x 2 sinx 

x-»oo 



x 2 + 4 
sin x — x 
sin 2 x + 3x 



In exercises 21-28, determine all horizontal and vertical 
asymptotes. For each vertical asymptote, determine whether 
fix) — ► oo or fix) -oo on either side of the asymptote. 



21. (a) /(*) = 



22. (a) /(*) = 



4-x 2 
x 

V4 + x 



23. /(x) = 



3x 2 + 1 
x 2 - 2x - 3 



(b) /(*) = 
(b) /(x) = 



24. /(*) = 



25. f{x) = cot(l - cosx) 26. /(x) ; 

4 sin x 



27. /(x) 



28. /(x) = sin 



4-x 2 
x 

1 -X 

x 2 + x — 2 

tanx 
1 — sin2x 
x 2 + 4 



x 2 - 4 



In exercises 29-32, determine all vertical and slant asymptotes. 

29. y = ^ 30.,: * 2 + 1 



4-x 2 



31. y 



x 2 + x - 4 



32. y: 



x — 2 

x 4 
x 3 + 2 



33. Suppose that the size of the pupil of a certain animal is given 
by /(x) (mm), where x is the intensity of the light on the pupil. 



80X" 0 - 3 + 60 

If fix) = 2 -o 3 _[_ 5 ' s ' ze me P u P'l w ' m no ^8 n t 

and the size of the pupil with an infinite amount of light. 

80x-°' 3 + 60 

34. Repeat exercise 33 with fix) = — . 

J 8x- 03 + 15 

35. Modify the functions in exercise 33 to find a function / such 
that lim f(x) = 8 and lim f(x) = 2. 

20x-°' 4 + 16 

36. Find a function of the form f(x) — — such that 



lim f{x) - 5 and lim f(x) = 4. 

i-»0+ ' x->oo 



Six) 



| In exercises 37-40, use graphical and numerical evidence to con- 
jecture a value for the indicated limit. 

xcos(l/x) xsin(l/x) 

37. hm 



39. lim 



oo X — 2 

x — cos (jrx) 



-1 X + 1 



38. lim 

A-^OO X + 3 

40. lim 



*o+ cosx — 1 



In exercises 41 and 42, use graphical and numerical evidence to 
conjecture the value of the limit. Then, verify your conjecture 
by finding the limit exactly. 

41. lim i^4x 2 - 2x + 1 - 2x) (Hint: Multiply and divide by the 

jc->oo 

conjugate expression: V4x 2 — 2x + 1 + 2x and simplify.) 

42. lim (V5x 2 + 4x + 7 - yj5x 2 +x + 3) (See the hint for 

JC-VOO 

exercise 41.) 



p(x) 

43. Suppose that fix) is a rational function fix) — with 

qix) 

the degree of p(x) greater than the degree of qix). Determine 
whether y — fix) has a horizontal asymptote. 

Pix) 

44. Suppose that fix) is a rational function fix) = with the 

qix) 

degree (largest exponent) of pix) less than the degree of g(x). 
Determine the horizontal asymptote of y — fix). 

pix) 

45. Suppose that fix) is a rational function fix) — . If 

qix) 

y = fix) has a slant asymptote y = x + 2, how does the 
degree of pix) compare to the degree of qix)? 

46. Suppose that fix) is a rational function fix) — — - . If 

qix) 

y = fix) has a horizontal asymptote y = 2, how does the 
degree of pix) compare to the degree of g(x)? 

x 2 -4 

47. Find a quadratic function qix) such that fix) = has 

qix) 

one horizontal asymptote y — — i and exactly one vertical 
asymptote x = 3. 

x 2 -4 

48. Find a quadratic function qix) such that fix) — has 

qix) 

one horizontal asymptote y = 2 and two vertical asymptotes 
x = ±3. 



49. Find a function g(x) such that fix) ■■ 



x 3 -3 



asymptotes and a slant asymptote y — x. 



g(x) 



has no vertical 



x - 4 

50. Find a function g(x) such that fix) — has two horizon- 

g(x) 

tal asymptotes y — ± 1 and no vertical asymptotes. 
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In exercises 51-56, label the statement as true or false (not 
always true) for real numbers a and b. 

51. If lim fix) — a and lim gix) — b, then 

x— too x— too 

lim [f(x) + g(x)] = a + b. 



52. If lim f(x) — a and lim gix) = b, then lim 

X— tOO X— tOO X^tOO 

53. If lim fix) — oo and lim gix) — oo, then 

x— too x— too 

lim [f(x) - g(x)] = 0. 

.V— >oo 

54. If lim f(x) = oo and lim g(x) = oo, then 
lim [fix) + gix)] = oo. 

x— >oo 

55. If lim f(x) = a and lim g(x) = oo, then lim 

x— >oo jc— >oo x— >oo 

56. If lim f(x) = oo and lim g(x) = oo, then lim 



fix) 
Six) 



fix) 
I Six) 

fix) 
Six) 



= 1. 



57. It is very difficult to find simple statements in calculus that are 
always true; this is one reason that a careful development of 
the theory is so important. You may have heard the simple rule: 

gi x ) 

to find the vertical asymptotes of fix) — , simply set the 

hix) 

denominator equal to 0 [i.e., solve hix) = 0]. Give an example 
where hia) — 0 but there is not a vertical asymptote at x — a. 

58. (a) State and prove a result analogous to Theorem 5.2 for 

lim p„ix), for n odd. 

x-t — oo 

(b) State and prove a result analogous to Theorem 5.2 for 
lim p n ix), for /; even. 

je->— oo 



In exercises 59 and 60, determine all vertical and horizontal 
asymptotes. 

Ax 



59. fix) 



60. /(*) = 



x-A 

x 2 
x - 2 
cosx 
x + 1 

i + 3 
x 2 - Ax 
cosx + 1 



if x < 0 
if 0 < x < A 
if x > 4 



1 



Ix + 10 



if x < 0 
if 0 < x < 2 

if x > 2 



APPLICATIONS 



61. Suppose an object with initial velocity v 0 — 0 ft/s and (con- 
stant) mass m slugs is accelerated by a constant force F 
pounds for / seconds. According to Newton's laws of mo- 
tion, the object's speed will be v N — Ft/m. According to 
Einstein's theory of relativity, the object's speed will be 
v E = Fctj\lm 2 c 2 + F 2 t 2 , where c is the speed of light. Com- 
pute lim v N and lim v E - 

r->oo r— too 

62. After an injection, the concentration of a drug in a muscle 
varies according to a function of time fit). Suppose that t is 



both as t — > 0 and t —> oo, and interpret both limits in terms 
of the concentration of the drug. 
63. Ignoring air resistance, the maximum height reached by a 



rocket launched with initial velocity i> 0 is h 



19.6/? 



m/s, 



where R is the radius of the earth. In this exercise, we interpret 
this as a function of v 0 . Explain why the domain of this function 
must be restricted to ii 0 > 0. There is an additional restriction. 
Find the (positive) value v e such that h is undefined. Sketch a 
possible graph of h with 0 5 Do < i) t and discuss the signif- 
icance of the vertical asymptote at v e . (Explain what would 
happen to the rocket if it is launched with initial velocity v e .) 
Explain why v e is called the escape velocity. 
64. According to Einstein's theory of relativity, the mass of an 
object traveling at speed v is given by m = mo/yl — v 2 /c 2 , 
where c is the speed of light (about 9.8 x 10 8 ft/s). Compute 
lim in and explain why m Q is called the "rest mass." Compute 

lim m and discuss the implications. (What would happen if 

if— >c~ 

you were traveling in a spaceship approaching the speed of 
light?) How much does the mass of a 192-pound man im 0 = 6) 
increase at the speed of 9000 ft/s (about 4 times the speed of 
sound)? 



EXPLORATORY EXERCISES 



1. Suppose you are shooting a basketball from a (horizontal) dis- 
tance of L feet, releasing the ball from a location h feet below 
the basket. To get a perfect swish, it is necessary that the ini- 
tial velocity v 0 and initial release angle 6 0 satisfy the equation 




measured in hours and fit) = 



Find the limit of /(/), 



v 0 = Vg-^/\/2cos 2 0o(tan#o — h/L). For a free throw, take 
L = 15 ft, h = 2 ft and g — 32 ft/s 2 and graph v 0 as a function 
of 6 0 . What is the significance of the two vertical asymptotes? 
Explain in physical terms what type of shot corresponds to each 
vertical asymptote. Estimate the minimum value of v 0 (call it 
v min ). Explain why it is easier to shoot a ball with a small 
initial velocity. There is another advantage to this initial veloc- 
ity. Assume that the basket is 2 ft in diameter and the ball is 
1 ft in diameter. For a free throw, L — 15 ft is perfect. What is 
the maximum horizontal distance the ball could travel and still 
go in the basket (without bouncing off the backboard)? What 
is the minimum horizontal distance? Call these numbers L max 
and L mm . Find the angle 9\ corresponding to t> ra j n and L mm and 
the angle 6 2 corresponding to u min and L max . The difference 
\6 2 — 6i | is the angular margin of error. Peter Brancazio has 
shown that the angular margin of error for Vmi n is larger than 
for any other initial velocity. 

2. A different type of limit at infinity that will be very im- 
portant to us is the limit of a sequence. Investigating the 
area under a parabola in Chapter 4, we will compute the 
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r . . 2(3) 3(5) 4(7) area. In Chapter 9, we will need to find limits of the following 

following approximations: = 1, = 0.625, « „.',,.„ 

6(1) 6(4) 6(9) sequences. Estimate the limit of 

5(9) , 
0.519, «a 0.469 and so on. Do you see a pattern? If 2(w + l) 2 - 3(« + 1) + 4 

6(16) (a) °" = „2 + 3 „ +4 • 

we name our approximations a,, a?, <h and en, verify that „ „ ,, , , , , 

(n + l)(2n + l) (b) «„ = (! + l/nf and 

a„ = r . The area under the parabola is the limit n 3 + 2 

on 1 (c) a n = . 

of these approximations as n gets larger and larger. Find the n ! 



1.6 FORMAL DEFINITION OF THE LIMIT 



HISTORICAL 
NOTES 

Augustin Louis Cauchy 
(1789-1857) A French 
mathematician who brought rigor 
to mathematics, including a 
modern definition of the limit. 
(The s-& formulation shown in 
this section is due to Weierstrass.) 
Cauchy was one of the most 
prolific mathematicians in history, 
making important contributions 
to number theory, linear algebra, 
differential equations, astronomy, 
optics and complex variables. A 
difficult man to get along with, a 
colleague wrote, "Cauchy is mad 
and there is nothing that can be 
done about him, although right 
now, he is the only one who 
knows how mathematics should 
be done." 



Recall that we write 




FIGURE 1.42 

1 1 

— < x < 2-\ — guarantees 

3 3 
that |(3* + 4) - 10| < 1. 



lim f(x) = L, 



if f(x) gets closer and closer to L as x gets closer and closer to a. Although intuitive, this 
description is imprecise, since we do not have a precise definition for what it means to be 
"close." In this section, however, we will make this more precise and you will begin to see 
how mathematical analysis (that branch of mathematics of which the calculus is the most 
elementary study) works. 

Studying more advanced mathematics without an understanding of the precise defi- 
nition of limit is somewhat akin to studying brain surgery without bothering with all that 
background work in chemistry and biology. In medicine, it has only been through a careful 
examination of the microscopic world that a deeper understanding of our own macroscopic 
world has developed. Likewise, in mathematical analysis, it is through an understanding of 
the microscopic behavior of functions (such as the precise definition of limit) that a deeper 
understanding of the mathematics will come about. 

We begin with the careful examination of an elementary example. You should certainly 
believe that 

iim(3x +4) = 10. 

x-*2 

If asked to explain the meaning of this particular limit to a fellow student, you would 
probably repeat the intuitive explanation we have used so far: that as x gets closer and 
closer to 2, (3x + 4) gets arbitrarily close to 10. That is, we should be able to make (3x + 4) 
as close as we like to 10, just by making x sufficiently close to 2. But can we actually do 
this? For instance, can we force (3x + 4) to be within distance 1 of 10? To see what values 
of x will guarantee this, we write an inequality that says that (3x + 4) is within 1 unit of 10: 

|(3x + 4) — 10| < 1. 

Eliminating the absolute values, we see that this is equivalent to 

-1 < (3* + 4)- 10 < 1 

or — 1 < 3x — 6 < 1 . 

Since we need to determine how close x must be to 2, we want to isolate x — 2, instead of 
x. So, dividing by 3, we get 



1 

< x 

3 



2 < 



1 



or 



(6.1) 



Reversing the steps that lead to inequality (6. 1 ), we see that if x is within distance | of 2, then 
(3.T + 4) will be within the specified distance (1) of 10. (See Figure 1.42 for a graphical inter- 
pretation of this.) So, does this convince you that you can make (3x + 4) as close as you want 
to 10? Probably not, but if you used a smaller distance, perhaps you'd be more convinced. 
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FIGURE 1.43 

The range of x -values that keep 
1(3x4-4)- 10| < s 



EXAMPLE 6.1 Exploring a Simple Limit 

1 

Find the values of * for which (3* + 4) is within distance of 10. 

100 

Solution We want 



|(3* + 4)- 10| < 



100 



Eliminating the absolute values, we get 

1 



100 



< (3* +4)- 10 < 



100 



or 



100 



< 3x — 6 < 



100 



Dividing by 3 yields 



which is equivalent to 



1 1 

< x — 2 < , 

300 300 



21 < 



1 

3~00' 



While we showed in example 6. 1 that we can make (3x + 4) reasonably close to 10, how 
close do we need to be able to make it? The answer is arbitrarily close, as close as anyone 
would ever demand. We can accomplish this by repeating the arguments in example 6.1, 
this time for an unspecified distance, call it s (epsilon, where s > 0). 



EXAMPLE 6.2 Verifying a Limit 

Show that we can make (3x + 4) within any specified distance s > 0 of 10 (no matter 
how small e is), just by making x sufficiently close to 2. 

Solution The objective is to determine the range of x-values that will guarantee that 
(3x + 4) stays within s of 10. (See Figure 1.43 for a sketch of this range.) We have 



which is equivalent to 



or 



1(3*4-4)- 10| < e, 
-s < (3* + 4) - 10 < e 

— £< 3x — 6 < E. 



Dividing by 3, we get 



2 < 



or 



21 < 



Notice that each of the preceding steps is reversible, so that \x — 2\ < - also implies 

s 

that [(3* 4- 4) — 1 0 1 < s. This says that as long as x is within distance - of 2, (3.r 4- 4) 
will be within the required distance e of 10. That is, 

e 

|(3* 4- 4) — 10| < e whenever |* — 2| < -. 



Take a moment or two to recognize what we've done in example 6.2. By using an 
unspecified distance, e, we have verified that we can indeed make (3.r + 4) as close to 10 
as might be demanded (i.e., arbitrarily close; just name whatever e > 0 you would like), 
simply by making x sufficiently close to 2. Further, we have explicitly spelled out what 
"sufficiently close to 2" means in the context of the present problem. Thus, no matter how 
close we are asked to make (3* 4- 4) to 10, we can accomplish this simply by taking x to 
be in the specified interval. 
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Next, we examine this more precise notion of limit in the case of a function that is not 
defined at the point in question. 




FIGURE 1.44 

e 

0 < \x — 1| < - guarantees that 



6 — e < 



2x 2 + 2x - 4 



< 6 + e. 




FIGURE 1.45 

a — 8 < x < a + & guarantees that 
L — e < f(x) < L + e. 



EXAMPLE 6.3 Proving That a Limit Is Correct 



Prove that lim 

x->-l 



2x 2 + 2x - 4 
x - 1 



Solution It is easy to use the usual rules of limits to establish this result. It is yet 
another matter to verify that this is correct using our new and more precise notion of 
limit. In this case, we want to know how close x must be to 1 to ensure that 



/(*) 



2x 2 + 2x - 4 
x - 1 



is within an unspecified distance e > 0 of 6. 

First, notice that / is undefined at x — 1 . So, we seek a distance 8 (delta, 8 > 0), 
such that if x is within distance S of 1, but x ^ 1 (i.e., 0 < \x — 1 1 < 8), then this 
guarantees that \f(x) — 6| < s. 

Notice that we have specified that 0 < \x — 1| to ensure that x ^ 1. Further, 
\f(x) — 6| < e is equivalent to 



2x 2 + 2x - 4 
x - 1 



6 < £. 



Finding a common denominator and subtracting in the middle term, we get 



2x 2 



-e < 



2x -4 - 6(x - 1) 



1 



< e or 



2x 2 -4x + 2 
-s < < e. 



Since the numerator factors, this is equivalent to 

2(x - l) 2 

— e < < e. 

x - 1 

Since i / 1, we can cancel two of the factors of (x — 1) to yield 



-e < 2(x — 1) < £ 



or 



< x 

2 



1 < — , Dividing by 2. 

2 



which is equivalent to \x — 1| < e/2. So, taking 8 — s/2 and working backward, we see 
that requiring x to satisfy 

s 
2 

2x 2 + 2x-4 



0 < Ijc - II < 8 



will guarantee that 



x - 1 

We illustrate this graphically in Figure 1 .44. 



< s. 



What we have seen so far motivates us to make the following general definition, illus- 
trated in Figure 1.45. 



DEFINITION 6. 1 (Precise Definition of Limit) 

For a function / defined in some open interval containing a (but not necessarily at a 
itself), we say 

lim f(x) = L, 

if given any number s > 0, there is another number 8 > 0, such that 0 < \x — a \ < 8 
guarantees that \f(x) — L\ < s. 
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TODAY IN 
MATHEMATICS 



Paul Halmos (191 6-2006) A 

Hungarian-born mathematician 
who earned a reputation as one 
of the best mathematical writers 
ever. For Halmos, calculus did not 
come easily, with understanding 
coming in a flash of inspiration 
only after a long period of hard 
work. "I remember standing at 
the blackboard in Room 2 1 3 of 
the mathematics building with 
Warren Ambrose and suddenly I 
understood epsilons. I understood 
what limits were, and all of that 
stuff that people had been drilling 
into me became clear. ... I could 
prove the theorems. That 
afternoon I became a 
mathematician." 




HH 



2 - S 



J 2 L 



2 + 5 



FIGURE 1.46 

0 < \x — 2\ < S guarantees that 
\x 2 -4| < e. 



PROOF 

Let £ > 0 be arbitrary. Define 
S = min{l, §}. If 0 < \x-2\ < 8, 
then \x — 2| < 1, — 1 < x < 3 and 
\x + 2\ < 5. Also, \x-2\ < §. 
Then, 

|(.r 2 + 1) - 5| = \x 2 - 4| 

= \x - 2||x + 2| < - ■ 5 = e. M 



Notice that example 6.2 amounts to an illustration of Definition 6.1 for lim(3x + 4). 
There, we found that S — e/3 satisfies the definition. 



REMARK 6.1 



We want to emphasize that this formal definition of limit is not a new idea. Rather, it 
is a more precise mathematical statement of the intuitive notion of limit that we 
introduced in section 1.2. Also, we should in all honesty point out that it is rather 
difficult to explicitly find S as a function of e, for all but a few simple examples. 
Despite this, learning how to work through the definition, even for a small number of 
problems, will shed considerable light on a deep concept. 



Example 6.4, although only slightly more complex than the last several problems, 
provides an unexpected challenge. 



EXAMPLE 6.4 Using the Precise Definition of Limit 

Use Definition 6.1 to prove that lim x 2 — 4. 

Solution If this limit is correct, then given any e > 0, there must be a <5 > 0 for which 
0 < [jc — 2 1 < S guarantees that 



Notice that 



■41 < e. 



\x — 4 1 = \x + 2||jE — 2|. Factoring the difference 

of two squares 



(6.2) 



Since we're interested only in what happens near x — 2, we assume that x lies in the 
interval [1, 3]. In this case, we have 



and so, from (6.2), 



| JC + 2| < 5, Since* <E [1,3]. 

\ x 2 - 4| = \x+2\\x-2\ 
< 51* -21. 



Finally, if we require that 

5|x-2| < e, 
then we will also have from (6.3) that 



(6.3) 
(6.4) 



\x- 41 < 51* -21 < e. 



Of course, (6.4) is equivalent to 



\x-1\< 



In view of this, we now have two restrictions: that \x — 2| < 1 and that \x — 2| < -. To 

ensure that both restrictions are met, we choose 8 — min 1 1, — \ (i.e., the minimum 

ex I 5 J V 

of 1 and - J . Working backward (see the margin), we get that for this choice of S, 

0 < \x -2| < S 

will guarantee that 

\x 2 - 4| < £, 

as desired. We illustrate this in Figure 1 .46. ■ 



The work presented in the text above shows how to determine a value for S. The formal 
proof for the limit should follow the steps shown in the margin. 
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O Exploring the Definition of Limit Graphically 

As you can see from example 6.4, finding a S for a given e is not always easily accomplished. 
However, we can explore the definition graphically for any function. First, we reexamine 
example 6.4 graphically. 




FIGURE 1.47 

2 

y — x 



EXAMPLE 6.5 Exploring the Precise Definition of Limit Graphically 

Explore the precise definition of limit graphically, for lim x 2 = 4. 

x->-2 

I £ 

Solution In example 6.4, we discovered that for S — min ! 1 , 
0 < [jc — 2| < S implies that \x 2 — 4| < e. 

This says that (for e < 5) if we draw a graph of v = x 1 and restrict the .r-values to lie in 

/ s s\ 

the interval 12 , 2 H — I, then the y-values will lie in the interval (4 — e, 4 + e). 

1 

Take s — -, for instance. If we draw the graph in the window defined by 
1 1 

2 < x < 2-\ and 3.5 < y < 4.5, then the graph will not run off the top or 

10 _ _ 10 -y - - F 
bottom of the screen. (See Figure 1.47.) Of course, we can draw virtually the same 
picture for any given value of e, since we have an explicit formula for finding S given e. 
For most limit problems, we are not so fortunate. ■ 





FIGURE 



y — sin 



1.48b 

JtX 



EXAMPLE 6.6 



Exploring the Definition of Limit 
for a Trigonometric Function 

1 



Graphically find a 8 > 0 corresponding to (a) e = - and (b) e — 0.1 for 



JTX 

lim sin — = 0. 

x-+2 2 



2jt 



Solution This limit seems plausible enough. After all, sin — = 0 and f(x) — sin x 

is a continuous function. However, the point is to verify this carefully. Given any e > 0, 
we want to find a 8 > 0, for which 



0 < \x — 2| < 8 guarantees that 



sin 



0 



< e. 



Note that since we have no algebra for simplifying sin — , we cannot accomplish this 

symbolically. Instead, we'll try to graphically find S's corresponding to the specific e's 
1 

given, (a) For e = -, we would like to find a 8 > 0 for which if 0 < \x — 2\ < 8, then 



1 itx 
- - < sin — 

2 2 



0 < 



1 



with 1 < x < 3 and 



1 1 

■ - < y < - , we get 

2 - " 2 g 



Drawing the graph of y — sir 
Figure 1.48a. 

If you trace along a calculator or computer graph, you will notice that the graph 
stays on the screen (i.e., the y-values stay in the interval [—0.5, 0.5]) for 

1 

x G [1.666667, 2.333333]. Thus, we have determined experimentally that for e — -, 

8 = 2.333333 -2 = 2 - 1.666667 = 0.333333 

will work. (Of course, any value of 8 smaller than 0.333333 will also work.) To 
illustrate this, we redraw the last graph, but restrict x to lie in the interval [1.67, 2.33]. 
(See Figure 1.48b.) In this case, the graph stays in the window over the entire range of 
displayed jr-values. (b) Taking e = 0.1, we look for an interval of .r-values that will 
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guarantee that sin — stays between —0.1 and 0.1. We redraw the graph from 

Figure 1.48a, with the y-range restricted to the interval [—0.1, 0.1]. (See Figure 1.49a.) 
Again, tracing along the graph tells us that the y-values will stay in the desired range for 
x e [1.936508, 2.063492]. Thus, we have experimentally determined that 

8 = 2.063492 -2 = 2- 1.936508 = 0.063492 

will work here. We redraw the graph using the new range of x -values (see Figure 1.49b), 
noting that the graph remains in the window for all values of x in the indicated interval. 




FIGURE 1.49a FIGURE 1.49b 

TtX JtX 

y = sin — y — sin — 

' 2 y 2 

It is important to recognize that we are not proving that the above limit is correct. 
To prove this requires us to symbolically find a 8 for every s > 0. The idea here is to use 
these graphical illustrations to become more familiar with the definition and with what S 
and e represent. ■ 



X 


x 2 + Ix 


Vx 3 + 4x 2 


0.1 


1.03711608 


0.01 


1.0037461 


0.001 


1.00037496 


0.0001 


1.0000375 



EXAMPLE 6.7 



Exploring the Definition of Limit 
Where the Limit Does Not Exist 



Determine whether or not lim 



2x 



= 1. 



Solution We first construct a table of function values. From the table alone, we might 
be tempted to conjecture that the limit is 1. However, we would be making a huge error, 
as we have not considered negative values of x or drawn a graph. Figure 1 .50a shows 
the default graph drawn by our computer algebra system. In this graph, the function 
values do not quite look like they are approaching 1 as x — > 0 (at least as x — ► 0~). 
We now investigate the limit graphically for e = ^ . Here, we need to find a S > 0 for 
which 0 < |x| < S guarantees that 



1 



or 



1 

2 

1 

2 



2x 



Vx T +4x I 



< 1 



x 1 + 2x 3 
IP < 2" 



V* 1 



We try 8 — 0.1 to see if this is sufficiently small. So, we set the x -range to the interval 

[—0.1, 0.1] and the y-range to the interval [0.5, 1.5] and redraw the graph in this 

window. (See Figure 1 .50b.) Notice that no points are plotted in the window for any 

x < 0. According to the definition, the y-values must lie in the interval (0.5, 1.5) for all 

x in the interval (—8, 8), except possibly for x = 0. Further, you can see that 8 — 0.1 

clearly does not work since x = —0.05 lies in the interval (— <5, 8), but 

/(— 0.05) ^ —0.981 is not in the interval (0.5, 1.5). You should convince yourself that 

no matter how small you make 8, there is an x in the interval (—8, 8) such that 

f(x) i (0.5, 1.5). (In fact, notice that for all x's in the interval (-1, 0), f(x) < 0.) That 

is, there is no choice of 8 that makes the defining inequality true for e = j. Thus, the 

conjectured limit of 1 is incorrect. 
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I ► * 



FIGURE 1.50a 

x 2 + 2x 

y ■■ 



V* 3 + 4x 2 



-0.1 



1.5 



0.5 



-+- 



0.1 



FIGURE 1.50b 

x 2 + 2x 

y ■■ 



V* 3 + 4x 



You should note here that, while we've only shown that the limit is not 1, it's 
somewhat more complicated to show that the limit does not exist. ■ 



O Limits Involving Infinity 



Recall that we write 




a — S 



J a t 



a + S 



FIGURE 1.51 

lim f(x) = oo 




FIGURE 1.52 

lim f(x) — —oo 



lim f(x) " oo, 



whenever the function increases without bound as x a. That is, we can make f(x) as 
large as we like, simply by making x sufficiently close to a. So, given any large positive 
number, M, we must be able to make fix) > M, for x sufficiently close to a. This leads us 
to the following definition. 



DEFINITION 6.2 

For a function / defined in some open interval containing a (but not necessarily at a 
itself), we say 

lim fix) — oo, 

x— >a 

if given any number M > 0, there is another number S > 0, such that 0 < \x — a\ < S 
guarantees that fix) > M. (See Figure 1.51 for a graphical interpretation of this.) 



Similarly, we had said that if f(x) decreases without bound as x — > a, then 
lim fix) — — oo. Think of how you would make this more precise and then consider the 

x—^a 

following definition. 



DEFINITION 6.3 

For a function / defined in some open interval containing a (but not necessarily at a 
itself), we say 

lim fix) — — oo, 

x— *a 

if given any number N < 0, there is another number S > 0, such that 0 < \x — a\ < S 
guarantees that fix) < N . (See Figure 1.52 for a graphical interpretation of this.) 



It's easy to keep these definitions straight if you think of their meaning. Don't simply 
memorize them. 
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EXAMPLE 6.8 Using the Definition of Limit Where the Limit Is Infinite 

1 

Prove that lim — = oo. 

*->o x z 

Solution Given any (large) number M > 0, we need to find a distance S > 0 such that 
if x is within <5 of 0 (but not equal to 0) then 



1 



> M. 



(6.5) 



Since both M and x 2 are positive, (6.5) is equivalent to 



x 2 < 



1 

M' 



Taking the square root of both sides and recalling that Vi 2 = \x\, we get 

T 



X < 



M 



1 



So,foranyM > 0,ifwetake<5 = ./ — and work backward, we have that 0 < \x — 01 < S 
guarantees that 



> M, 



1 

as desired. Note that this says, for instance, that for M — 100, —z > 100, whenever 



1 1 

0 < \x\ < J — = — . (Verify that this works, as an exercise.) 




FIGURE 1.53 

lim f(x) — L 



There are two remaining limits that we have yet to place on a careful footing. Before 
reading on, try to figure out for yourself what appropriate definitions would look like. 
If we write lim f(x) = L, we mean that as x increases without bound, f(x) gets 

x— >oo 

closer and closer to L. That is, we can make f(x) as close to L as we like, by choosing x 
sufficiently large. More precisely, we have the following definition. 



DEFINITION 6.4 

For a function / defined on an interval (a, oo), for some a > 0, we say 

lim f(x) = L, 

X — ^ OG 

if given any e > 0, there is a number M > 0 such that x > M guarantees that 

\f(x)-L\ <e. 
(See Figure 1.53 for a graphical interpretation of this.) 



Similarly, we have said that lim f(x) — L means that as x decreases without bound, 

f(x) gets closer and closer to L. So, we should be able to make f(x) as close to L as desired, 
just by making x sufficiently large in absolute value and negative. We have the following 
definition. 



1-49 



SECTION 1.6 •• Formal Definition of the Limit 95 




FIGURE 1.54 

lim f(x) = L 



DEFINITION 6.5 

For a function / defined on an interval (— oo, a), for some a < 0, we say 

lim f(x) — L, 

X— > — oo 

if given any e > 0, there is a number N < 0 such that x < N guarantees that 

\f{x)-L\ <£. 
(See Figure 1.54 for a graphical interpretation of this.) 



We use Definitions 6.4 and 6.5 essentially the same as we do Definitions 6.1-6.3, as 
we see in example 6.9. 



REMARK 6.2 



You should take care to note 
the commonality among the 
definitions of the five limits we 
have given. All five deal with a 
precise description of what it 
means to be "close." It is of 
considerable benefit to work 
through these definitions until 
you can provide your own 
words for each. Don't just 
memorize the formal definitions 
as stated here. Rather, work 
toward understanding what they 
mean and come to appreciate 
the exacting language that 
mathematicians use. 



EXAMPLE 6.9 Using the Definition of Limit 
Where x Tends to — oo 

1 

Prove that lim — = 0. 

x — ^ — oo x 



1 



Solution Here, we must show that given any e > 0, we can make — within e of 0, 

x 

simply by making x sufficiently large in absolute value and negative. So, we need to 
determine those .r's for which 



1 



< e 



or 



< e. 



(6.6) 



Since x < 0, \x\ — —x and so (6.6) becomes 

1 



< e. 



Dividing both sides by £ and multiplying by x (remember that x < 0 and s > 0, so 
that this will change the direction of the inequality), we get 



1 



> x. 

£ 



So, if we take N 



1 



and work backward, we have satisfied the definition and thereby 



proved that the limit is correct. 



We don't use the limit definitions to prove each and every limit that comes along. 
Actually, we use them to prove only a few basic limits and to prove the limit theorems that 
we've been using for some time without proof. Further use of these theorems then provides 
solid justification of new limits. As an illustration, we now prove the rule for a limit of 
a sum. 



THEOREM 6.1 




Suppose that for a real number a, 


lim f{x) = L\ and lim g(x) = Li- Then, 

A" — >o x— >a 


\im[f(x) + g(x)] 


— lim f(x) + lim g(x) = L\ + L 2 . 


x—>a 


x—>a x—>a 
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PROOF 

Since lim f(x) = L\, we know that given any number e\ > 0, there is a number Si > 0 for 

x—^a 

which 

0 < \x — a\ < &\ guarantees that | / (x) — L\\ < By. (6.7) 
Likewise, since lim g(x) = L2, we know that given any number £2 > 0, there is a number 

x— >a 

&2 > 0 for which 

0 < \x — a\ < &2 guarantees that \g(x) — L2I < £2- (6.8) 
Now, in order to get 

]im[f(x) + g(x)] = (L l +L 2 ), 

x— >a 

we must show that, given any number e > 0, there is a number S > 0 such that 
0 < \x — a\ < 8 guarantees that |[/(x) + g(x)] — {L\ + L 2 )| < e. 

Notice that 

\[f(x) + g(x)] - (Li + L 2 )\ = \[f(x) - L{\ + [g(x) - L 2 ]| 

< \f(x)-L 1 \ + \g(x)-L 2 \, (6.9) 

by the triangle inequality. Of course, both terms on the right-hand side of (6.9) can be made 

e 

arbitrarily small, from (6.7) and (6.8). In particular, if we take S\ — £2 = -, then as long as 

0 < \x — a\ < Si and 0 < \x — a\ < 82, 
we get from (6.7), (6.8) and (6.9) that 

\[f(x) + g(x)]-(L l + L2)\ < \f(x)-L l \ + \g(x)-L 2 \ 

S £ 
<- + - = £, 

2 2 

as desired. Of course, this will happen if we take 

0< \x — a\ < 8 — min{<5i, 52}. ■ 
The other rules for limits are proven similarly. We show these in Appendix A. 



Why do mathematicians consider the s—S definition simple 
and elegant? 



EXERCISES 1.6 

^WRITING EXERCISES 

1. In his 1687 masterpiece Mathematical Principles of Natu- 
ral Philosophy, which introduces many of the fundamentals 
of calculus, Sir Isaac Newton described the important limit 

fia + h) - Ha) 
lim (which we study at length in Chapter 2) 

7i-»0 /; 

as "the limit to which the ratios of quantities decreasing with- 
out limit do always converge, and to which they approach 
nearer than by any given difference, but never go beyond, 
nor ever reach until the quantities vanish." If you ever get 
weary of all the notation that we use in calculus, think of 
what it would look like in words! Critique Newton's defini- 
tion of limit, addressing the following questions in the process. 
What restrictions do the phrases "never go beyond" and "never 
reach" put on the limit process? Give an example of a simple 

f(a + h)- f(a) 
limit, not necessarily of the form lim , that 

a^o h 

violates these restrictions. Give your own (English language) 
description of the limit, avoiding restrictions such as Newton's. 



2. You have computed numerous limits before seeing the def- 
inition of limit. Explain how this definition changes and/or 
improves your understanding of the limit process. 

3. Each word in the e—S definition is carefully chosen and pre- 
cisely placed. Describe what is wrong with each of the follow- 
ing slightly incorrect "definitions" (use examples!): 

(a) There exists e > 0 such that there exists a S > 0 such that 
if 0 < \x - a\ < S, then \f(x) - L\ < s. 

(b) For all e > 0 and for all S > 0, if 0 < \x — a\ < S, then 
\f(x)-L\<s. 

(c) For all S > 0 there exists e > 0 such that 0 < \x — a\ < 8 
and |/(x) — L\ < e. 

4. In order for the limit to exist, given every e > 0, we must 
be able to find a S > 0 such that the if/then inequalities are 
true. To prove that the limit does not exist, we must find a 
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particular e > 0 such that the if/then inequalities are not true 
for any choice of S > 0. To understand the logic behind the 
swapping of the "for every" and "there exists" roles, draw an 
analogy with the following situation. Suppose the statement, 
"Everybody loves somebody" is true. If you wanted to verify 
the statement, why would you have to talk to every person on 
earth? But, suppose that the statement is not true. What would 
you have to do to disprove it? 



In exercises 23-26, find an M or N corresponding to e = 0.1 for 
each limit at infinity. 



x 2 -2 
23. lim = 1 

x-*oa x z + X + 1 



24. lim — 

*->oc x 1 + 2x + 1 



= 1 



x 2 + 3 3x 2 - 2 
25. lim — = 0.25 26. lim — = 3 

*->-oo 4x 2 — 4 *-V-00 x + 1 



In exercises 1-12, symbolically find 6 in terms of e. 



1. lim 3x = 0 



3. lim (3x + 2) = 8 



5. lim(3 -4x) = -1 

Jt-S-l 

x 2 + x - 2 

7. lim = 3 

x — 1 

9. lim(x 2 - 1) = 0 

X— > 1 



11. lim(x 2 - 1) = 3 



2. lim 3x = 3 



4. lim(3x + 2) = 5 

.V— > 1 



6. lim (3 - 4x) = 7 



X 2 - 1 

8. lim = -2 

*->~i x + 1 

10. lim(x 2 - x + 1) = 1 

x—> 1 



12. lim(x J + 1) = 1 

*->o 



13. Determine a formula for S in terms of e for lim(mx + b). (Hint: 

x— *a 

Use exercises 1-6.) Does the formula depend on the value of 
al Try to explain this answer graphically. 

14. Based on exercises 9 and 1 1 , does the value of 8 depend on the 
value of a for lim(x 2 + b)7 Try to explain this graphically. 



In exercises 15-18, numerically and graphically determine a 6 
corresponding to (a) e = 0.1and(b)e = 0.05. Graph the func- 
tion in the e — 6 window [x-range is (a — 6, a + 6) and j-range 
is (L — e, L + e)] to verify that your choice works. 



15. lim(x 2 + 1) = 1 



17. lim Vx + 3 = 2 



16. lim cos x = 1 

x^O 

x + 2 
18. lim — — = 3 

x 2 



19. Modify the e — 8 definition to define the one-sided limits 
lim /(x) and lim f(x). 

20. Symbolically find the largest 8 corresponding to e = 0.1 in 

the definition of lim 1/x = 1. Symbolically find the largest 

*->i- 

8 corresponding to e — 0.1 in the definition of lim 1/x = 1. 

x^l + 

Which 8 could be used in the definition of lim 1/x = 1 ? Briefly 

x-*l 

explain. Then prove that lim 1/jc = 1. 

x-> 1 



In exercises 21 and 22, find a 6 corresponding to M = 100 or 
N = — 100 (as appropriate) for each limit. 

2 2 



21. (a) lim 



i+ x - 1 



22. (a) lim cotx = oo 



(b) lim 



► l- x - 1 
(b) lim cotx = — oo 



In exercises 27-32, prove that the limit is correct using the ap- 
propriate definition (assume that k is an integer). 

27. lim ( -— - - 3 J = -3 28. lim - 1 — = 0 

x->oo\X z + 2 J x->oo (x — l) 1 

-2 3 
29. lim = —oo 30. lim = oo 



(x + 3) 4 
1 



>7 (x - 7) 2 

1 



31. lim — = 0, for* > 0 32. lim — = 0, fork > 0 

x— >oo x x-*—oo x 



In exercises 33-36, identify a specific e > 0 for which no 6 > 0 
exists to satisfy the definition of limit. 



33. /(x) = 

34. /(x) = 

35. f(x) = 

36. /(x) = 



2x 


if x < 1 


x 2 + 3 


if x > l' 


x 2 - 1 


ifx < 0 


-x - 2 


ifx > 0 


2.v 


if x < 1 


5-x 2 


if x > 1 


x - 1 


if x < 2 


X 2 


if x > 2 



lim f(x) ? 2 

X—*-l 



lim f(x) 5* -2 



lim fix) # 2 

X->1 



lim fix) ? 1 



37. Prove Theorem 3.1 (i). 

38. Prove Theorem 3.1 (ii). 

39. Prove the Squeeze Theorem, as stated in Theorem 3.5. 

40. Given that lim fix) — L and lim fix) — L, prove that 

x— *a~ x-*a + 

lim fix) — L. 

X — >d 

41. A metal washer of (outer) radius r inches weighs 2r 2 ounces. 
A company manufactures 2-inch washers for different cus- 
tomers who have different error tolerances. If the customer 
demands a washer of weight 8 ± e ounces, what is the error 
tolerance for the radius? That is, find 8 such that a radius of 
r within the interval (2 — 8, 2 + 8) guarantees a weight within 
(8-e, 8 + e). 

42. A fiberglass company ships its glass as spherical marbles. If 
the volume of each marble must be within e of jt/6, how close 
does the radius need to be to 1 /2? 



EXPLORATORY EXERCISES 



1. In this section, we have not yet solved any problems we 
could not already solve in previous sections. We do so 
now, while investigating an unusual function. Recall that 
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rational numbers can be written as fractions p/q, where 
p and q are integers. We will assume that p/q has been 
simplified by dividing out common factors (e.g., 1/2 and 
.0 if x is irrational 

not 2/4). Define /(*) = 



l/q 



if x = - is rational 

i 



We 



will try to show that lim f(x) exists. Without graphics, 

jt-»2/3 ' 

we need a good definition to answer this question. We know 
that /(2/3) = 1/3, but recall that the limit is independent of 
the actual function value. We need to think about x's close 
to 2/3. If such an x is irrational, /(x) = 0. A simple hy- 
pothesis would then be lim /(x) = 0. We'll try this out for 

e = 1/6. We would like to guarantee that | /(x)| < 1/6 when- 
ever 0 < |x — 2/3 1 < S. Well, how many x's have a function 



value greater than 1 /6? The only possible function values are 
1/5, 1/4, 1/3, 1/2 and 1. The x's with function value 1/5 are 
1/5, 2/5, 3/5, 4/5 and so on. The closest of these x's to 2/3 
is 3/5. Find the closest x (not counting x = 2/3) to 2/3 with 
function value 1/4. Repeat for /(x) = 1/3, /(x) =1/2 and 
/(x) = 1. Out of all these closest x's, how close is the ab- 
solute closest? Choose <5 to be this number, and argue that if 
0 < \x — 2/3 1 < <5, we are guaranteed that |/(x)| < 1/6. Ar- 
gue that a similar process can find a & for any e. 

2. State a definition for "f(x) is continuous at x = a" using Def- 
inition 6.1. Use it to prove that the function in exploratory 
exercise 1 is continuous at every irrational number and discon- 
tinuous at every rational number. 



LIMITS AND LOSS-OF-SIGNIFICANCE ERRORS 



"Pay no attention to that man behind the curtain. . . ." (from The Wizard of Oz) 

Things are not always what they appear to be. Even so, people tend to accept a computer's 
answer as a fact not subject to debate. However, when we use a computer (or calculator), we 
must always keep in mind that these devices perform most computations only approximately. 
Most of the time, this will cause us no difficulty whatsoever. Occasionally, however, the 
results of round-off errors in a string of calculations are disastrous. In this section, we briefly 
investigate these errors and learn how to recognize and avoid some of them. 
We first consider a relatively tame-looking example. 



7-- 



+ 



-+- 



+ 



-+- 



+ 



20,000 60,000 100,000 



FIGURE 1.55a 



v = 



(x 3 + 4) 2 - x 6 



EXAMPLE 7.1 



A Limit with Unusual Graphical 
and Numerical Behavior 



Evaluate lim 



( x 3 + 4)2 _ x t 



Solution At first glance, the numerator looks like oo — oo, which is indeterminate, 
while the denominator tends to oo. Algebraically, the only reasonable step is to multiply 
out the first term in the numerator. First, we draw a graph and compute some function 
values. (Not all computers and software packages will produce these identical results, but 
for large values of x, you should see results similar to those shown here.) In Figure 1 .55a, 
the function appears nearly constant, until it begins oscillating around x — 40,000. 
Notice that the accompanying table of function values is inconsistent with Figure 1.55a. 

The last two values in the table may have surprised you. Up until that point, the 
function values seemed to be settling down to 8.0 very nicely. So, what happened here 
and what is the correct value of the limit? To answer this, we look carefully at function 
values in the interval between x = 1 x 10 4 and x — 1 x 10 5 . A more detailed table is 
shown below to the right. 

Incorrect calculated values 



X 


(x 3 + 4) 2 - x 6 

X* 


10 


8.016 


100 


8.000016 


1 x 10 3 


8.0 


1 x 10 4 


8.0 


1 x 10 5 


0.0 


1 x 10 6 


0.0 



X 


(X 3 + 4) 2 - X 6 

X 3 


2 x 10 4 


8.0 


3 x 10 4 


8.14815 


4 x 10 4 


7.8125 


5 x 10 4 


0 
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20,000 60,000 100,000 



FIGURE 1.55b 



(x 3 +4r 



In Figure 1 .55b, we have blown up the graph to enhance the oscillation observed 
between x — 1 x 10 4 and x — 1 x 10 5 . The deeper we look into this limit, the more 
erratically the function appears to behave. We use the word appears because all of the 
oscillatory behavior we are seeing is an illusion, created by the finite precision of the 
computer used to perform the calculations and draw the graph. ■ 



O Computer Representation of Real Numbers 

The reason for the unusual behavior seen in example 7. 1 boils down to the way in which com- 
puters represent real numbers. Without getting into all of the intricacies of computer arith- 
metic, it suffices to think of computers and calculators as storing real numbers internally in 
scientific notation. For example, the number 1,234,567 would be stored as 1.234567 x 10 6 . 
The number preceding the power of 10 is called the mantissa and the power is called the 
exponent. Thus, the mantissa here is 1.234567 and the exponent is 6. 

All computing devices have finite memory and consequently have limitations on the 
size mantissa and exponent that they can store. (This is called finite precision.) Many 
calculators carry a 14-digit mantissa and a 3-digit exponent. On a 14-digit computer, this 
would suggest that the computer retains only the first 14 digits in the decimal expansion of 
any given number. 



EXAMPLE 7.2 Computer Representation of a Rational Number 

1 2 
Determine how - is stored internally on a 1 0-digit computer and how - is stored internally 

on a 14-digit computer. 

Solution On a 10-digit computer, - is stored internally as 3.333333333 x 10 _1 . On a 

3 v ■ ' 

10 digits 

2 , 

14-digit computer, - is stored internally as 6.6666666666667 x 10 . 

3 1 « ' 

1 4 digits ■ 

For most purposes, such finite precision presents no problem. However, this occasion- 
ally leads to a disastrous error. In example 7.3, we subtract two relatively close numbers 
and examine the resulting catastrophic error. 



EXAMPLE 7.3 A Computer Subtraction of Two "Close" Numbers 

Compare the exact value of 

1. 000000 0 000000 4 x 10 18 - 1. 000000 0 000000 1 x 10 18 

V ' ^ v J 

13 zeros 13 zeros 

with the result obtained from a calculator or computer with a 14-digit mantissa. 
Solution Notice that 

1 . 0 00000 0 000000 4 x 10 18 - 1 . 000000 0 000000 1 x 10 18 = 0. 000000 0 000000 3 xlO 18 

v i ' v v 

13 zeros 13 zeros 13 zeros 

= 30,000. (7.1) 

However, if this calculation is carried out on a computer or calculator with a 14-digit 
(or smaller) mantissa, both numbers on the left-hand side of (7.1) are stored by the 
computer as 1 x 10 18 and hence, the difference is calculated as 0. Try this calculation 
for yourself now. ■ 
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EXAMPLE 7.4 Another Subtraction of Two "Close" Numbers 

Compare the exact value of 

1.00000000000006 x 10 20 - 1.00000000000004 x 10 2() 

* v ' ' v 

13 zeros 13 zeros 

with the result obtained from a calculator or computer with a 14-digit mantissa. 
Solution Notice that 



1.00000000000006x10 



1 3 zeros 



20 



1.00000000000004 x 10 20 = 0.00000000000002 x 10 20 



1 3 zeros 



1 3 zeros 

2,000,000. 



However, if this calculation is carried out on a calculator with a 14-digit mantissa, the 
first number is represented as 1.0000000000001 x 10 20 , while the second number is 
represented by 1.0 x 10 20 , due to the finite precision and rounding. The difference 
between the two values is then computed as 0.0000000000001 x 10 2() or 10,000,000, 
which is, again, a very serious error. ■ 



In examples 7.3 and 7.4, we witnessed a gross error caused by the subtraction of two 
numbers whose significant digits are very close to one another. This type of error is called 
a loss-of-significant-digits error or simply a loss-of-significance error. These are subtle, 
often disastrous computational errors. Returning now to example 7.1, we will see that it 
was this type of error that caused the unusual behavior noted. 



REMARK 7.1 



If at all possible, avoid 
subtractions of nearly equal 
values. Sometimes, this can be 
accomplished by some algebraic 
manipulation of the function. 



EXAMPLE 7.5 A Loss-of-Significance Error 

( x 3 + 4)2 _ x 6 

In example 7.1, we considered the function f(x) — - . 

x- 3 

Follow the calculation of /(5 x 10 4 ) one step at a time, as a 14-digit computer would do it. 
Solution We have 

[(5 x 10 4 ) 3 +4] 2 -(5 x 10 4 ) 6 



/(5 x 10 4 ) = 



(5 x 10 4 ) 3 
(1.25 x 10 14 +4) 2 - 1.5625 x 10 28 
1.25 x 10 14 

(125,000,000,000,000 + 4) 2 - 1.5625 x 10 28 

1.25 x 10 14 
(1.25 x 10 14 ) 2 - 1.5625 x 10 28 



1.25 x 10 1 



0, 



since 125,000,000,000,004 is rounded off to 125,000,000,000,000. 

Note that the real culprit here was not the rounding of 125,000,000,000,004, but the 
fact that this was followed by a subtraction of a nearly equal value. Further, note that 
this is not a problem unique to the numerical computation of limits. ■ 



In the case of the function from example 7.5, we can avoid the subtraction and hence, 
the loss-of-significance error by rewriting the function as follows: 



fix) 



(x 3 + 4y - x 6 

(x 6 + 8x 3 + 16) - x ( 



8x 3 + 16 
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where we have eliminated the subtraction. Using this new (and equivalent) expression for 
the function, we can compute a table of function values reliably. Notice, too, that if we 
redraw the graph in Figure 1.55a using the new expression (see Figure 1.56), we no longer 
see the oscillation present in Figures 1.55a and 1.55b. 
From the rewritten expression, we easily obtain 

( x 3 + 4) 2 - x 6 
lim '- = 8, 

x — > oo x 

which is consistent with Figure 1.56 and the corrected table of function values. 

In example 7.6, we examine a loss-of-significance error that occurs for x close to 0. 



EXAMPLE 7.6 



Loss-of-Significance Involving 
a Trigonometric Function 



Evaluate lim 
Solution 



1 



cosx 



■o x" 

As usual, we look at a graph (see Figure 1.57) and some function values. 



X 


1 — COS X 1 

X 4 


0.1 


0.499996 


0.01 


0.5 


0.001 


0.5 


0.0001 


0.0 


0.00001 


0.0 



X 


1 — COS X 2 

X* 


-0.1 


0.499996 


-0.01 


0.5 


-0.001 


0.5 


-0.0001 


0.0 


-0.00001 


0.0 



As in example 7.1, note that the function values seem to be approaching 0.5, but then 
suddenly take a jump down to 0.0. Once again, we are seeing a loss-of-significance 
error. In this particular case, this occurs because we are subtracting nearly equal values 
(cosx 2 and 1). We can again avoid the error by eliminating the subtraction. Note that 



1 



1 



cosx 



1 



X 4 1 

1 — cos 2 (x 2 ) 



COS X 



Multiply numerator and 
2 denominator by (1 + cosx 2 ). 



l 0 



1 — cos 2 (x 2 ) = sin 2 (A" 2 ). 



COS X A 



x 4 (l + cosx 2 ) ' 



Since this last (equivalent) expression has no subtraction indicated, we should be able to 
use it to reliably generate values without the worry of loss-of-significance error. Using 
this to compute function values, we get the accompanying table. 
Using the graph and the new table, we conjecture that 



lim 

x^0 



1 



cos x 



We offer one final example where a loss-of-significance error occurs, even though no 
subtraction is explicitly indicated. 



EXAMPLE 7.7 A Loss-of-Significance Error Involving a Sum 



Evaluate lim x[(x +4) 



1/2 



X]. 
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■1 X 10 8 -6 X 10 7 -2 X 10 7 
1 1 1 



FIGURE 1.58 

y = x [(x 2 +4) 1/2 + x] 



Solution Initially, you might think that since there is no subtraction (explicitly) 
indicated, there will be no loss-of-significance error. We first draw a graph (see 
->x Figure 1.58) and compute a table of values. 



X 


x[(x 2 + A) 1 ' 2 + x] 


-100 


-1.9998 


-1 x 10 3 


-1.999998 


-1 x 10 4 


-2.0 


-1 x 10 s 


-2.0 


-1 x 10 6 


-2.0 


-1 x 10 7 


0.0 


-1 x 10 8 


0.0 



You should notice the sudden jump in values in the table and the wild oscillation 
visible in the graph. Although a subtraction is not explicitly indicated, there is indeed a 
subtraction here, since we have x < 0 and (x 2 + 4) 1/2 > 0. We can again remedy this 
with some algebraic manipulation, as follows. 



x[(x 2 +4) 1/2 + x] = x[(x 2 + 4) 1/2 + x] 
[(x 2 + 4) - x 2 ] 



\(x 2 + 4) 1/2 — x~\ 

L v ' J Multiply numerator and 

^{x 2 -t-4)^/ 2 xj denominator by the conjugate. 



[(x 2 + 4)V2 - x] 
Ax 

(X 2 + 4) [ /2 - x ' 



Simplify the numerator. 



We use this last expression to generate a graph in the same window as that used for 
Figure 1.58 and to generate the accompanying table of values. In Figure 1.59, we can 
see none of the wild oscillation observed in Figure 1.58 and the graph appears to be a 
horizontal line. 



-1 X 10 8 -6 X 10' -2 x 10' 
1 1 1 



— 1 



—3 



FIGURE 1.59 

Ax 

~ (x 2 + A) 1 ' 2 - x 



X 


Ax 

(x 2 + 4)V* - x 


-100 


-1.9998 


-1 x 10 3 


-1.999998 


-1 x 10 4 


-1.99999998 


-1 x 10 5 


-1.9999999998 


-1 x 10 6 


-2.0 


-1 x 10 7 


-2.0 


-1 x 10 8 


-2.0 



Further, the values displayed in the table no longer show the sudden jump indicative of a 
loss-of-significance error. We can now confidently conjecture that 



lim x[(x 2 +4) 1/2 + x] = -2. 

x— >•— oo ■. 
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BEYOND FORMULAS 

In examples 7.5-7.7, we demonstrated calculations that suffered from catastrophic loss- 
of-significance errors. In each case, we showed how we could rewrite the expression 
to avoid this error. We have by no means exhibited a general procedure for recognizing 
and repairing such errors. Rather, we hope that by seeing a few of these subtle errors, 
and by seeing how to fix even a limited number of them, you will become a more 
skeptical and intelligent user of technology. 



EXERCISES 1.7 



55 WRITING EXERCISES 



1. Caution is important in using technology. Equally important is 
redundancy. This property is sometimes thought to be a nega- 
tive (wasteful, unnecessary), but its positive role is one of the 
lessons of this section. By redundancy, we mean investigating 
a problem using graphical, numerical and symbolic tools. Why 
is it important to use multiple methods? 

2. When computing limits, should you always look at a graph? 
compute function values? do symbolic work? an e—S proof? 
Prioritize the techniques in this chapter. 



fjfl + h)- /(a) 
h 



is important in Chapter 2. For 



3. The limit lim 

a specific function and specific a, we could compute a table of 
values of the fraction for smaller values of h. Why should we 
be wary of loss-of-significance errors? 

4. We rationalized the numerator in example 7.7. The old rule 
of rationalizing the denominator is intended to minimize com- 
putational errors. To see why you might want the square root 
in the numerator, suppose that you can get only one decimal 
place of accuracy, so that \/3 ^ 1.7. Compare to and 

then compare 2(1.7) to . Which of the approximations could 
you do in your head? 



11. lim x 



(7^+T-v^T) 

12. lim x 2/3 ( + 4 - ZTx - 3) 



In exercises 13 and 14, compare the limits to show that small 
errors can have disastrous effects. 

,. x 2 + x-2 x 2 + x-2.0l 

13. lim : — and lim 



*->i x — 1 
x - 2 

14. lim — - and lim 



►l x — 1 
x - 2 



»H 2 -4 



2 x 1 - 4.01 



15. Compare fix) — sin7rx and g(x) — sin3.14x for x — 1 
(radian), x = 10, x = 100 and x = 1000. 

16. For exercise 1, follow the calculation of the function for 
x — 10 s as it would proceed for a machine computing with 
a 10-digit mantissa. Identify where the round-off error occurs. 

In exercises 17 and 18, compare the exact answer to one obtained 
by a computer with a six-digit mantissa. 

17. (1.000003 - 1.000001) x 10 7 

18. (1.000006- 1.000001) x 10 7 



In exercises 1-12, (a) use graphics and numerics to conjecture 
a value of the limit, (b) Find a computer or calculator graph 
showing a loss-of-significance error, (c) Rewrite the function to 
avoid the loss-of-significance error. 



1. lim xUAx 2 + 1 - 2x) 2. lim xUAx 2 + l + 2x) 

X—*-00 1 X—> — CO ' 

3. lim JxUx + 4 - s/x + 2) 4. lim x 2 Ux A + 8 - x 2 ) 

5. lim x(V-* 2 + 4- Vx 2 + 2) 6. lim x(V^ 3 + 8 - x 3/2 ) 



7. lim 



1 — cos 2x 
6 12^2 

1 — cos* 3 



8. lim 



1 — COS X 



9. lim 

a--»0 x° 



x^0 X 1 

1 — cosx 4 



10. lim 

x^0 



19. If you have access to a CAS, test it on the limits of exam- 
ples 7. 1, 7.6 and 7.7. Based on these results, do you think that 
your CAS does precise calculations or numerical estimates? 



EXPLORATORY EXERCISES 

Just as we are subject to round-off error in using calculations from 
a computer, so are we subject to errors in a computer-generated 
graph. After all, the computer has to compute function values be- 
fore it can decide where to plot points. On your computer or calcu- 
lator, graph y = sin.ir (a disconnected graph — or point plot — is 
preferable). You should see the oscillations you expect from the 
sine function, but with the oscillations getting faster as x gets 
larger. Shift your graphing window to the right several times. At 
some point, the plot will become very messy and almost unread- 
able. Depending on your technology, you may see patterns in the 
plot. Are these patterns real or an illusion? To explain what is 
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going on, recall that a computer graph is a finite set of pixels, with 
each pixel representing one x and one y. Suppose the computer is 
plotting points at x = 0, x = 0.1, x = 0.2 and so on. The y-values 
would then be sin 0 2 , sin 0. 1 2 , sin 0.2 2 and so on. Investigate what 
will happen between x = 15 and x = 16. Compute all the points 



(15, sin 15 ), (15.1, sin 15.1") and so on. If you were to graph these 
points, what pattern would emerge? To explain this pattern, argue 
that there is approximately half a period of the sine curve miss- 
ing between each point plotted. Also, investigate what happens 
between x = 31 and x = 32. 



Review Exercises 



IS) WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Secant line 
One-sided limit 
Removable 
discontinuity 



Limit 

Continuous 
Horizontal 
asymptote 



Infinite limit 
Loss-of-significance 

error 
Slant asymptote 



Vertical asymptote Squeeze Theorem Intermediate Value 
Method of bisections Length of line Theorem 
Slope of curve segment 



In exercises 1 and 2, numerically estimate the slope of y = fix) 
at x = a. 

1. f(x) — x 2 — 2x, a — 2 

2. fix) — sin2x, a — 0 



In exercises 3 and 4, numerically estimate the length of the curve 
using (a) n = 4 and (b) n = 8 line segments and evenly spaced 
x-coordinates. 

3. f(x) = sinx.O < x < f 

4. f(x) = x 2 - x, 0 < x < 2 



|| TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to make a new statement that is true. 

1. In calculus, problems are often solved by first approximating 
the solution and then improving the approximation. 

2. If/(1.1) = 2.1, /(1.01) = 2.01andsoon,thenlim/(x) = 2. 

X^-l 

3. lim[/(x) • g(x)] = [lim /(x)][lim g(x)] 

x — >o x — >o x-^>a 

. ,. /(*) 1™J M 

4. lim = 

x^a g(x) lim g(x) 

5. If /(2) = 1 and /(4) = 2, then there exists an x between 2 and 
4 such that /(x) = 0. 

6. For any polynomial p(x), lim p(x) — oo. 

x->oo 

7. If f(x) — — ^ for polynomials p and q with q(a) — 0, then 

q(x) 

f has a vertical asymptote at x — a. 

8. Small round-off errors typically have only small effects on a 
calculation. 

9. lim /(x) = L if and only if lim ^ f(x) — Vl. 



In exercises 5-10, use numerical and graphical evidence to con- 
jecture the value of the limit. 



tan (x 3 ) 
x 2 

x 4- 2 



5. lim 
7. lim 



6. lim 



x 2 - 1 

»1 COS 7TX 4" 1 
1 



2 l*4-2| 
V* T T4 



9. lim 

x^-oo 3x 4- 1 



8. lim tan - 

i-»o x 

4x 2 4- x - 1 
10. lim , 

\/x 4 + 6 



In exercises 11 and 12, identify the limits from the graph of /. 



11. (a) lim f{x) 

x-»-l- 

(c) lim f{x) 

X— > — 1 

12. (a) lim fix) 
(c) lim fix) 

X— >\ 



(b) lim fix) 

x->-l + 

id) lim fix) 
(b) lim fix) 

x^l + 

(d)lim/(x) 



T: 



1 



\ 1 1 — ►.v 
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13. Identify the discontinuities in the function graphed above. 

14. Sketch a graph of a function / with /(— 1) = 0, 

/(0) = 0, lim fix) = 1 and lim fix) = -1. 
jc->i- j->i+ 



In exercises 41-44, find all intervals of continuity. 



41. f(x) = - 



x + 2 



42. f(, X ): 



2x 



x 2 -x-6 " J V3x -4 

43. f(x) = sin(l + cosx) 44. /(*) = Vx 2 - 4 



In exercises 15-34, evaluate the limit. Answer with a number, 
oo , — oo or does not exist. 



15. lim 



x 2 — x — 2 



♦2 x 2 - 4 



17. lim 



x + x 
o V* 4 + 2x 2 



19. lim(2 + x)sin(l/x) 

x->0 



21. lim fix), where fix) ■■ 



22, lim fix), where fix) ■■ 



16. lim 

x-»-l 

18. lim 

x->0 

20. lim 

*->o x z 

3x — 1 if x < 2 
x 2 +l ifx>2 

2x + 1 ifx < 1 
x 2 + 1 if x > 1 



ix 2 + x-2 
x 3 + 2x 2 



o Vx 8 + 4x 4 
sinx 2 



3/1 + 2x- 1 
23. lim — 

x- *o x 



25. lim cot (x 2 ) 

x-t-0 

x 2 -4 
27. lim — = — 

a-»oo 3x 2 + X + 1 



24. lim 



x - 1 



VlO-x -3 

A 



29. lim -tan 2 x 



x-nr/2 



2x 



31. lim — 

x^-oo x 2 + 3x — 5 

sin r 

33. lim 



26. lim tan 

*->-i 

28. lim 
30. lim 

x-»-3 

32. lim 



x->-i \x 2 -2x + l 
2x 

x ~*°° six 2 + 4 
x 2 — 2x — 3 
3 x 2 + 6x + 9 
2x 



>o I sinx I 



34. lim 



x 2 + 3x + 2 
2x - \x\ 



x^o \3x\ - 2x 



35. Use the Squeeze Theorem to prove that lim 



2x 3 



0. 



+o x 2 + 1 

36. Use the Intermediate Value Theorem to verify that 
fix) — x 3 — x — 1 has a zero in the interval [1,2]. Use the 
method of bisections to find an interval of length 1/32 that 
contains a zero. 



In exercises 37-40, find all x's at which / is continuous. 



37. /(x) = 



1 



x 2 + 2x 



38. /(*) = 



x + 1 



39. fix) 

40. fix) = x cotx 



ifx < 0 
x' if0<x<2 
4x - 3 ifx > 2 



sinx 

2 



In exercises 45-52, determine all vertical, horizontal and slant 
asymptotes. 



45. /(*) = 



x + 1 



47. fix) = - 
49. fix) 
51. fix) 



x 2 - 3x + 2 

x 2 



x 2 - 1 

x 3 

X 2 + x + 1 
3 



cosx — 1 



46. fix) = 

48. f(x) = 

50. fix) = 

52. fix) = 



x + 2 



x 2 - 2x - 8 

x 3 

x 2 - x - 2 
2x 2 



x 2 + 4 
cosx — 1 
x + 3 



In exercises 53 and 54, (a) use graphical and numerical evi- 
dence to conjecture a value for the indicated limit, (b) Find 
a computer or calculator graph showing a loss-of-signiflcance 
error, (c) Rewrite the function to avoid the loss-of-significance 
error. 



53. lim 



1 — cosx 



o 2x 2 



54. lim x (Vx 2 + 1 - x ) 



EXPLORATORY EXERCISES 



2x 2 - 2x - 4 

1. For fix) — — ; , do the following, (a) Find all val- 

x 2 — 5x + 6 

ues of x at which / is not continuous, (b) Determine which 
value in (a) is a removable discontinuity. For this value, find 
the limit of / as x approaches this value. Sketch a portion of 
the graph of / near this x-value showing the behavior of the 
function, (c) For the value in part (a) that is not removable, 
find the two one-sided infinite limits and sketch the graph of 
/ near this x-value. (d) Find lim fix) and lim fix) and 

X— >00 A* — ► — OO 

sketch the portion of the graph of / corresponding to these 
values, (e) Connect the pieces of your graph as simply as pos- 
sible. If available, compare your graph to a computer-generated 
graph. 

2. Let fit) represent the price of an autograph of a famous per- 
son at time / (years after 2000). Interpret each of the following 
(independently) in financial terms: (a) horizontal asymptote 
y - 1000, (b) vertical asymptote at t - 10, (c) lim /(f) = 500 

and lim fit) = 800 and (d) lim fit) = 950. ~* 

l->4+ r->8 
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The marathon is one of the most famous running events, covering 
26 miles and 385 yards. The 2004 Olympic marathon was won by 
Stefano Baldini of Italy in a time of 2:10:55. Using the familiar for- 
mula "rate equals distance divided by time," we can compute Baldini's 
average speed of 

385 



26 



1760 



10 
60 



55 

3600 



12.0 mph. 



This says that Baldini averaged less than 5 minutes per mile for over 26 miles! 
However, the 100-meter sprint was won by Justin Gatlin of the United States in 
9.85 seconds, while the 200-meter sprint was won by Shawn Crawford of the 
United States in 19.79 seconds. Average speeds for these runners were 



100 
1610 
9.85 



22.7 mph and 



200 
1610 
19.79 



22.6 mph. 



3600 3600 

Since these speeds are much faster than that of the marathon runner, the winners 
of these events are often called the "World's Fastest Human." 

An interesting connection can be made with a thought experiment. If the same 
person ran 200 meters in 19.79 seconds with the first 100 meters covered in 9.85 
seconds, compare the average speeds for the first and second 100 meters. In the 
second 100 meters, the distance run is 200 — 100 = 100 meters and the time is 
19.79 — 9.85 = 9.94 seconds. The average speed is then 



200 - 100 
19.79-9.85 



100 
9^94 



10.06 m/s « 22.5 mph. 



Notice that the speed calculation in m/s is the same calculation we would use for 
the slope between the points (9.85, 100) and (19.79, 200). The connection between 
slope and speed (and other quantities of interest) is explored in this chapter. 



.1 TANGENT LINES AND VELOCITY 



A traditional slingshot is essentially a rock on the end of a string, which you rotate 
around in a circular motion and then release. When you release the string, in which 
direction will the rock travel? An overhead view of this is illustrated in Figure 2.1 
(on the following page). Many people mistakenly believe that the rock will follow a 
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FIGURE 2.1 

Path of rock 




FIGURE 2.2 

y = x- + 1 



2.2 
2.1 
2.0 
1.9 
1.8 



-\— I- 



+ 



-+- 



+ 



H — 



0.92 0.96 1.00 1.04 1.08 

FIGURE 2.3 

y = x 2 + 1 



CAUTION 



Be aware that the "axes" 
indicated in Figure 2.3 do not 
intersect at the origin. We 
provide them only as a guide as 
to the scale used to produce the 
figure. 



curved path, but Newton's first law of motion tells us that the path as viewed from above 
is straight. In fact, the rock follows a path along the tangent line to the circle at the point 
of release. Our aim in this section is to extend the notion of tangent line to more general 
curves. 

To make our discussion more concrete, suppose that we want to find the tangent line to 
the curve y — x 2 + 1 at the point (1, 2). (See Figure 2.2.) The tangent line hugs the curve 
near the point of tangency. In other words, like the tangent line to a circle, this tangent 
line has the same direction as the curve at the point of tangency. Observe that if we zoom 
in sufficiently far, the graph appears to approximate that of a straight line. In Figure 2.3, 
we show the graph of y = x 2 + 1 zoomed in on the small rectangular box indicated in 
Figure 2.2. We now choose two points from the curve — for example, (1, 2) and (3, 10) — 
and compute the slope of the line joining these two points. Such a line is called a secant 
line and we denote its slope by m sec : 



10-2 



1 



= 4. 



An equation of the secant line is then determined by 

y-2 



= 4, 



so that 



1 



y = 4(x - 1) + 2. 




FIGURE 2.4a 

Secant line joining (1,2) and 
(3, 10) 



As can be seen in Figure 2.4a, the secant line doesn't look very much like a tangent 
line. 

Refining this procedure, we take the second point a little closer to the point of tangency, 
say (2, 5). This gives the slope of the secant line as 

rn sec = r— j- = 3 

and an equation of this secant line as y — 3{x — 1) + 2. As seen in Figure 2.4b, this looks 
much more like a tangent line, but it's still not quite there. Choosing our second point 
much closer to the point of tangency, say (1.05, 2.1025), should give us an even better 
approximation. In this case, we have 

2.1025 -2 

m, ec = = 2.05 

1.05-1 

and an equation of this secant line is y — 2.05(x — 1) + 2. As can be seen in Figure 2.4c, 
the secant line looks very much like a tangent line, even when zoomed in quite far, as in 
Figure 2.4d. We continue this process by computing the slope of the secant line joining 
(1, 2) and the unspecified point ( 1 + h, /(l + h)), for some value of h close to 0 (but h ^ 0). 
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FIGURE 2.4b 

Secant line joining (1,2) and (2, 5) 




FIGURE 2.4c 

Secant line joining (1,2) and 
(1.05,2.1025) 



2-- 




1-- 



VH 1 1 ► 

0.6 1.0 1.4 

FIGURE 2.4d 

Close-up of secant line 



The slope of this secant line is 

_ /(l + h) - 2 _ [(l+/Q 2 +l]-2 
msec ~ (i+fc)-! h 

(l+2/z + /z 2 )- 1 2h + h 2 



h 

h(2 + h) 
h 



Multiply out and cancel. 



— 2. -\- h. Factor out common h and cancel. 



Notice that as h approaches 0, the slope of the secant line approaches 2, which we define 
to be the slope of the tangent line. 



REMARK I.I 




FIGURE 2.5 

Tangent line intersecting a curve 
at more than one point 



We should make one more observation before moving on to the general case of 
tangent lines. Unlike the case for a circle, tangent lines may intersect a curve at more 
than one point, as seen in Figure 2.5. 



O The General Case 

To find the slope of the tangent line to y — f(x) at x — a, first pick two points on the 
curve. One point is the point of tangency, (a, f(a)). Call the x -coordinate of the second 
point x = a + h, for some small number h (h ^ 0), the corresponding y-coordinate is then 
y — f(a + h). It is natural to think of h as being positive, as shown in Figure 2.6a, although 
h can also be negative, as shown in Figure 2.6b. 




CHAPTER 2 •• Differentiation 



2-4 




FIGURE 2.7 

Secant lines approaching the 
tangent line at the point P 



The slope of the secant line through the points (a, f(a)) and (a + h, f(a + h)) is 
given by 



/(a + h)- f(a) _ f(a + h) - f(a) 
(a + h) — a h 



(1.1) 



Notice that the expression in ( 1 . 1) (called a difference quotient) gives the slope of the secant 
line for any second point we might choose (i.e., for any h ^ 0). Recall that in order to obtain 
an improved approximation to the tangent line, we take the second point closer to the point 
of tangency, which in turn makes h closer to 0. We illustrate this process in Figure 2.7, 
where we have plotted a number of secant lines for h > 0. Notice that as the point Q 
approaches the point P (i.e., as h — > 0), the secant lines approach the tangent line at P. 

We define the slope of the tangent line to be the limit of the slopes of the secant lines 
in (1.1) as h tends to 0, whenever this limit exists. 



DEFINITION I.I 






The slope m tan of the tanj 


;ent line to y — f(x) at x — a is given by 






f(a + h) _ f(a) 

m tan = hm 

fc-»o h 


(1.2) 


provided the limit exists. 







The tangent line is then the line passing through the point (a, f(a)) with slope m tan , 

•a f ■ u I ~ f{a) 
with equation given by = m tan or 



Equation of tangent line 



y = m tiln (x -a)+ f(a). 




\ 1 1 1 — >x 



FIGURE 2.8 

y — x 2 + 1 and the tangent line 
at x — 1 



EXAMPLE I.I Finding the Equation of a Tangent Line 

Find an equation of the tangent line to y = x 2 + 1 at x = 1. 

Solution We compute the slope using (1.2): 

f(l +h)-f{\) 

m tan = hm 

/i->o h 

\2 , n _ /i2 



lim 

h^0 



lim 

h^0 



lim 

h^0 



[d + hY + i] -d z + i) 
h 

1 + 2h + h 2 + 1 - 2 
h 



Multiply out and cancel. 



2h + h 2 h(2 + h) 

- lim Factor out common h and cancel. 

h h^o h 



= lim (2 + h) = 2. 

Notice that the point corresponding to x — 1 is (1, 2) and the line with slope 2 through 
the point (1,2) has equation 

y = 2(x — 1) + 2 or y —2x. 

Note how closely this corresponds to the secant lines computed earlier. We show a 
graph of the function and this tangent line in Figure 2.8. ■ 



EXAMPLE 1.2 Tangent Line to the Graph of a Rational Function 

2 

Find an equation of the tangent line to y — — at x — 2. 
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Solution From (1.2), we have 

f(2 + h) - f(2) 

m tan - lim 

h^o h 

"2- (2 + h) 



lim 



2 + h 



— lim 



lim 



(2 + h) 



Since f(2 + h) -- 



2 + h 





'2-2-h' 


- = lim - 


I (2 + h) \ 



-h 



lim 



-1 



/i^o (2 + h)h h^o 2 + h 



Add fractions and multiply out. 



Cancel Irs 



The point corresponding to x = 2 is (2, 1), since f(2) = 1. An equation of the tangent 
line is then 

y = -!(*- 2) + 1. 

We show a graph of the function and this tangent line in Figure 2.9. ■ 



In cases where we cannot (or cannot easily) evaluate the limit for the slope of the 
tangent line, we can approximate the limit numerically. We illustrate this in example 1.3. 



EXAMPLE 1.3 Graphical and Numerical Approximation 
of Tangent Lines 

x - 1 

Graphically and numerically approximate the slope of the tangent line to y — at 



Solution A graph of y — 



1 



1 



is shown in Figure 2.10a. We sketch the tangent line 



at the point (0, —1) in Figure 2.10b, where we have zoomed in to provide better detail. 
To approximate the slope, we estimate the coordinates of one point on the tangent line 
other than (0, —1). In Figure 2.10b, it appears that the tangent line passes through the 

1 - (-1) 

point (1, 1). An estimate of the slope is then m tan « — — — 2. To approximate the 

slope numerically, we choose several points near (0, —1) and compute the slopes of the 
secant lines. For example, rounding the v-values to four decimal places, we have 



Second Point 


/Msec 


Second Point 


/W sec 


(1,0) 


0 - (-1) _ 
1 -0 


(-0.5, -3) 


-3-(-l) 
-0.5-0 




4 




(0.1, -0.8182) 


-0.8182 - (- 


1) 

— = 1.818 


(-0.1, -1.2222) 


-1.2222- 


(- 


1) 


= 2.222 


0.1 -0 




-0.1 - 


0 




(0.01, -0.9802) 


-0.9802 - (- 


".-108 


(-0.01,-1.0202) 


-1.0202- 


(- 


1) 


= 2.02 


0.01-0 




-0.01 - 


0 





In both columns, as the second point gets closer to (0, —1), the slope of the secant 
line gets closer to 2. A reasonable estimate of the slope of the tangent line at the point 
(0, -1) is then 2. ■ 



O Velocity 



We often describe velocity as a quantity determining the speed and direction of an object. 
Observe that if your car did not have a speedometer, you could determine your speed using 
the familiar formula 

distance = rate x time. (1.3) 

Using (1.3), you can find the rate (speed) by simply dividing the distance by the time. While 
the rate in ( 1 .3) refers to average speed over a period of time, we are interested in the speed 
at a specific instant. The following story should indicate the difference. 
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During traffic stops, police officers frequently ask drivers if they know how fast they 
were going. Consider the following response from an overzealous student, who might 
answer that during the past, say, 3 years, 2 months, 7 days, 5 hours and 45 minutes, they've 
driven exactly 45,259.7 miles, so that their speed was 

distance 45,259.7 miles 

rate = = « 1.62118 mph. 

time 27,917.75 hours 

Of course, most police officers would not be impressed with this analysis, but, why is 
it wrong? While there's nothing wrong with formula (1.3) or the arithmetic, it's reasonable 
to argue that unless the student was in his or her car during this entire 3-year period, the 
results are invalid. 

Suppose that the driver substitutes the following argument instead: "I left home at 
6:17 P.M. and by the time you pulled me over at 6:43 P.M., I had driven exactly 17 miles. 
Therefore, my speed was 

17 miles 60 minutes 

rate = • 39.2 mph, 

26 minutes 1 hour 

well under the posted 45-mph speed limit." 

While this is a much better estimate of the velocity than the 1 .6 mph computed previ- 
ously, it's still an average velocity using too long of a time period. 

More generally, suppose that the function s(t ) gives the position at time t of an object 
moving along a straight line. That is, s(t ) gives the displacement (signed distance) from a 
fixed reference point, so that s(t) < 0 means that the object is located \s(t)\ away from the 
reference point, but in the negative direction. Then, for two times a and b (where a < b), 
s(b) — s{a) gives the signed distance between positions s(a) and s(b). The average velocity 
u avg is then given by 



signed distance s(b) — s(a) 

«avg = : = — ; • 

time b — a 



(1.4) 



EXAMPLE 1.4 Finding Average Velocity 

The position of a car after t minutes driving in a straight line is given by 

1 , 1 , 

s(t) = -t 2 1 3 , 0<t<4, 

w 2 12 - - > 

where s is measured in miles and t is measured in minutes. Approximate the velocity at 
time t — 2. 

Solution Averaging over the 2 minutes from t — 2 to t — 4, we get from (1.4) that 

_s(4)-s(2) 2.6667- 1.3333 
Vms ~ 4-2 ~ 2 
~ 0.6667 mile/minute 
Rs 40 mph. 

Of course, a 2-minute-long interval is rather long, given that cars can speed up and slow 
down a great deal in 2 minutes. We get an improved approximation by averaging over 
just one minute: 

_ s(3) -5(2) 2.25 - 1.3333 

Vavg - 3 _ 2 * J 

0.91667 mile/minute 
55 mph. 

While this latest estimate is certainly better than the first one, we can do better. As we 
make the time interval shorter and shorter, the average velocity should be getting closer 
and closer to the velocity at the instant t — 2. It stands to reason that, if we compute the 
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h 


s(2 + h) — i(2) 
h 


1.0 


0.916666666/ 


C\ 1 

0.1 


n nno 1 £aaaat 

u.yyy iTODoo/ 


0.01 


0.9999916667 


0.001 


0.999999917 


0.0001 


1.0 


0.00001 


1.0 



average velocity over the time interval [2, 2 + h] (where h > 0) and then let /z — ► 0, the 
resulting average velocities should be getting closer and closer to the velocity at the 
instant t — 2. 



We have 



s(2 + h) - s{2) s(2 + h)- s(2) 



(2 + h)-2 h 

A sequence of these average velocities is displayed in the accompanying table, for 
h > 0, with similar results if we allow h to be negative. It appears that the average 
velocity is approaching 1 mile/minute (60 mph), as h — > 0. ■ 



This leads us to make the following definition. 



NOTES 

(i) Notice that if (for example) t is 
measured in seconds and s(t) is 
measured in feet, then velocity 
(average or instantaneous) is 
measured in feet per second (ft/s). 

(ii) When used without 
qualification, the term velocity 
refers to instantaneous velocity. 



DEFINITION 1.2 

If s(t ) represents the position of an object relative to some fixed location at time t 
as the object moves along a straight line, then the instantaneous velocity at time 
t — a is given by 



v(a) 



lim 

h^0 



s(a + h) — s(a) 



lim 

(a + h) - a h->o h 
provided the limit exists. The speed is the absolute value of the velocity. 



s(a + h) — s(a) 



(1-5) 



EXAMPLE 1.5 Finding Average and Instantaneous Velocity 

Suppose that the height of a falling object t seconds after being dropped from a height 
of 64 feet is given by s{t) — 64 — 16f 2 feet. Find the average velocity between times 
t — 1 and t — 2; the average velocity between times t — 1 .5 and t — 2; the average 
velocity between times t = 1.9 and t —2 and the instantaneous velocity at time t — 2. 



Solution The average velocity between times t — 1 and t — 2 is 

s(2) -s(V) 64- 16(2) 2 - [64- 16(1) 2 ] 



^avg 



2-1 1 
The average velocity between times t — 1 .5 and t — 2 is 

_ s(2) - 5(1.5) _ 64 - 16(2) 2 - [64 - 16(1. 5) 2 ] 
Vw& ~ 2-1.5 ~ " ~^5~ 
The average velocity between times t — 1 .9 and t — 2 is 

s(2) - 5(1.9) 64 - 16(2) 2 - [64 - 16(1.9) 2 ] 



= -48 (ft/s). 



-56 (ft/s). 



1.9 



0.1 



= -62.4 (ft/s). 



The instantaneous velocity is the limit of such average velocities. From (1.5), we 



have 



s(2+h)-s(2) 

v(2) — lim 

h^o (2 



lim 

h^0 



— lim 



h) — 2 
[64 - 16(2 + h) 2 ] 



[64 - 16(2) 2 ] 



[64 - 16(4 + Ah + h 2 )] - [64 - 16(2) 2 ] 



= lim 

h^0 



-6Ah - I6h 2 
h 



h 



— lim 

fc->-0 



-16h(h+A) 



Multiply out and cancel. 



Factor out common h and cancel. 



- lim[-16(/z + 4)] = 



-64 ft/s. 



Recall that velocity indicates both speed and direction. In this problem, s(t) measures 
the height above the ground. So, the negative velocity indicates that the object is 
moving in the negative (or downward) direction. The speed of the object (that is, the 
absolute value of the velocity) at the 2-second mark is then 64 ft/s. ■ 
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FIGURE 2.1 la 

Secant line between t — I 
and t — 2 



Observe that the formulas for instantaneous velocity (1.5) and for the slope of a tangent 
line (1.2) are identical. To make this connection stronger, we graph the position function 
s(t) — 64 — 16/ 2 for 0 < t < 3, from example 1 .5. The average velocity between t = 1 and 
t — 2 corresponds to the slope of the secant line between the points at t — 1 and t — 2. (See 
Figure 2.11a.) Similarly, the average velocity between t = 1.5 and t — 2 gives the slope 
of the corresponding secant line. (See Figure 2.11b.) Finally, the instantaneous velocity at 
time t — 2 corresponds to the slope of the tangent line ait = 2. (See Figure 2.11c.) 






FIGURE 2.1 lb 

Secant line between t = 1.5 
and t — 2 



FIGURE 2.1 Ic 

Tangent line at t — 2 



Velocity is a rate (more precisely, the instantaneous rate of change of position with 
respect to time). In general, the average rate of change of a function / between x — a and 
x — b{a ^ b) is given by 

f(b) - f(a) 



The instantaneous rate of change of / at x = a is given by 

f(a + h) - f(a) 



lim 



h 



provided the limit exists. The units of the instantaneous rate of change are the units of / 
divided by (or "per") the units of x. You should recognize this limit as the slope of the 
tangent line to y = f(x) at x = a. 



EXAMPLE 1 .6 Interpreting Rates of Change 

If the function / gives the population of a city in millions of people t years after 
January 1, 2000, interpret each of the following quantities, assuming that they 



equal the given numbers, (a) 

f(2 + h) - f{2) 



/(2) - /(0) 



= 0.34, (b) /(2) - f{\) = 0.31 and 



(c) lim 



Solution Since 



fib) 



= 0.3 

f(a) 



is the average rate of change of the function f between 

b — a 

a and b, expression (a) tells us that the average rate of change of / between a — 0 and 
b — 2 is 0.34. That is, the city's population grew at an average rate of 0.34 million 
people per year between 2000 and 2002. Similarly, expression (b) is the average rate of 
change between a — 1 and b — 2, so that the city's population grew at an average rate 
of 0.31 million people per year in 2001. Finally, expression (c) gives the instantaneous 
rate of change of the population at time t — 2. As of January 1, 2002, the city's 
population was growing at a rate of 0.3 million people per year. ■ 



You hopefully noticed that we tacked the phrase "provided the limit exists" onto the 
end of the definitions of the slope of a tangent line, the instantaneous velocity and the 
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FIGURE 2.12 

y = \x\ 



instantaneous rate of change. This was important, since these defining limits do not always 
exist, as we see in example 1.7. 



EXAMPLE 1.7 A Graph with No Tangent Line at a Point 

Determine whether there is a tangent line to the graph of y = \x\ at x - 



0. 



Solution From the graph in Figure 2. 12, notice that no matter how far we zoom in on 
(0, 0), the graph continues to look like Figure 2. 12. (This is one reason why we left 
off the scale on Figure 2.12.) This indicates that the tangent line does not exist. Further, 
if h is any positive number, the slope of the secant line through (0, 0) and (h, \h\)is 1. 
However, the secant line through (0, 0) and (h, \h\) for any negative number h has slope 
— 1 . Defining f{x) — \x | and considering one-sided limits, \fh > 0, then \h\ = h, so that 



,. /(0 + /Q-/(0) 

lim = lim 

/i^o+ h /!->o+ 



/; 



0 h 
— = lim - = 1. 

h^0+ h 



On the other hand, \fh < 0, then \h\ — —h (remember that if h < 0, — h > 0), so that 



lim 

*-*•<>- 



/(0 + A)-/(0) 



= lim 

h h->o- h 

Since the one-sided limits are different, we conclude that 



\h\ 



0 -h 
- — lim — 

h->0- h 



lim 



f(Q + h)-f(0) 



does not exist 



and hence, the tangent line does not exist. 



EXERCISES 2.1 



55 WRITING EXERCISES 



1. What does the phrase "off on a tangent" mean? Relate the com- 
mon meaning of the phrase to the image of a tangent to a circle. 
In what way does Figure 2.4d promote a different view of the 
relationship between a curve and its tangent? 

2. In general, the instantaneous velocity of an object cannot be 
computed directly; the limit process is the only way to compute 
velocity at an instant from the position function. Given this, 
how does a car's speedometer compute speed? (Hint: Look this 
up in a reference book or on the Internet.) 

3. Look in the news media and find references to at least five dif- 
ferent rates. We have defined a rate of change as the limit of the 
difference quotient of a function. For your five examples, state 
as precisely as possible what the original function is. Is the rate 
given as a percentage or a number? In calculus, we usually com- 
pute rates as numbers; is this in line with the standard usage? 

4. Sketch the graph of a function that is discontinuous at x — 1. 
Then sketch the graph of a function that is continuous at x — 1 
but has no tangent line at x — 1. In both cases, explain why 
there is no tangent line at x — 1 . 



In exercises 1-8, find the equation of the tangent line to y = f (x) 
at x = a. Graph y = f(x) and the tangent line to verify that 
you have the correct equation. 



1. f(x) = x 2 
3. fix) = x 2 



2,a = l 2. fix) = x 2 -2,a = 0 

3x, a — —2 4. fix) — x 3 + x, a — 1 



5. fix): 



,fl = 1 



6. fix)'- 



,a = 0 



x + 1 x - 1 

7. fix) = V*T3, a = -2 8. fix) = VxT3, a = 1 



| In exercises 9-12, compute the slope of the secant line be- 
tween the points at (a) x = 1 and x = 2, (b) x = 2 and x = 3, 
(c) x = 1.5 and jc = 2, (d) x = 2 and x = 2.5, (e) x = 1.9 and 
x = 2, (f) x = 2 and x = 2.1, and (g) use parts (a)-(f) and other 
calculations as needed to estimate the slope of the tangent line 
at x = 2. 



9. fix) = x 3 - x 



11. fix) 



1 



x + 1 



10. fix) = Vx Y +l 
12. fix) = - 



In exercises 13 and 14, list the points A, B, C and D in order of 
increasing slope of the tangent line. 
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14. 




In exercises 15-18, use the position function s(t) meters to find 
the velocity at time t = a seconds. 

15. s(t) = -A.9t 2 + 5, (a) a = 1; (b) a = 2 

16. sit) = At - A.9t 2 , (a) a = 0; (b) a = 1 

17. 5(f) = V? + 16, (a) a = 0; (b) a = 2 

18. s(l) = 4//, (a) a = 2; (b) a = 4 



) In exercises 19-22, the function represents the position in feet of 
an object at time t seconds. Find the average velocity between 
(a) t = 0 and t = 2, (b) t = 1 and t = 2, (c) * = 1.9 and / = 2, 
(d) t = 1.99 and t = 2, and (e) estimate the instantaneous 
velocity at t = 2. 

20. s(t) = 3t 3 + t 
22. s(t) = 3 sin(f - 2) 



19. s(0 = 16f 2 + 10 
21. i(f) = Vf 2 + 8f 



| In exercises 23-26, use graphical and numerical evidence to 
explain why a tangent line to the graph of y = fix) at x = a 
does not exist. 

23. fix) = \x - 1| ata = 1 

4a- 



24. f(x) 

25. f{x) 

26. /(*) 



at a — 1 



x - 1 

x 2 -l ifx<0 
x + \ ifx>0 



at a = 0 



-2.v 



if x < 0 
4x if x > 0 



ata = 0 



28. v = /(x)atx = 0 

y 



29. v = atx = 0 




30. y — x at x = 1 




In exercises 31 and 32, interpret (a)-(c) as in example 1.6. 

31. Suppose that fit) represents the balance in dollars 
of a bank account t years after January 1, 2000. 

fiA) - /(2) 

(a) 2 = 21,034, (b) 2[/(4) - /(3.5)] = 25,036 

f(4 + h)- fiA) 
and (c) lim — — - = 30,000. 

h-*o h 

32. Suppose that /(m) represents the value of a car that has 

/(40) - /(38) 

been driven m thousand miles, (a) 



(b) /(40) - /(39) 
= -2000. 



-2040 and (c) lim 

h-*0 



-2103, 

2 

/(40 + h)- /(40) 
h 



In exercises 27-30, sketch in a plausible tangent line at the given 
point or state that there is no tangent line. 

27. y — sinx atx = n 



y 




*■ x 



33. Sometimes an incorrect method accidentally produces a cor- 
rect answer. For quadratic functions (but definitely not most 
other functions), the average velocity between t — r and t — s 
equals the average of the velocities at t — r and t — s. To 
show this, assume that fit) — at 2 + bt + c is the distance 
function. Show that the average velocity between t — r and 
t — s equals ais + r) + b. Show that the velocity at t — r is 
2ar + b and the velocity at / = s is las + b. Finally, show that 

ilar + b) + i2as + b) 
ais + r) + b — . 

34. Find a cubic function [try fit) — t 3 + • ■ ■] and numbers r 
and s such that the average velocity between t — r and / = s is 
different from the average of the velocities at / = r and t — s. 
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35. (a) Find all points at which the slope of the tangent line to 

y — x 3 + 3x + 1 equals 5. 
(b) Show that the slope of the tangent line to y — x 3 + 3x + 1 
is not equal to 1 at any point. 

36. (a) Show that the graphs of y — x 2 + 1 and y — x do not 

intersect. 

(b) Find the value of x such that the tangent lines to y — x 2 + 1 
and y — x are parallel. 

37. (a) Find an equation of the tangent line to y — x 3 + 3x + 1 at 

x = 1. 

(b) Show that the tangent line in part (a) intersects 
y — x 3 + 3x + I at more than one point. 

(c) Show that for any number c, the tangent line to y — x 2 + 1 
at x — c only intersects y — x 2 + 1 at one point. 

f(a + h) - f(a) f(x) - f(a) 

38. Show that hm : = lim ; ■ . (Hint: 

h~*o h x — a 

Let h — x — a.) 



+ 



► Time 



24 hours 



43. Suppose a hot cup of coffee is left in a room for 2 hours. Sketch 
a reasonable graph of what the temperature would look like 
as a function of time. Then sketch a graph of what the rate of 
change of the temperature would look like. 

44. Sketch a graph representing the height of a bungee-jumper. 
Sketch the graph of the person's velocity (use + for upward 
velocity and — for downward velocity). 



0 



APPLICATIONS 



39. The table shows the freezing temperature of water in degrees 
Celsius at various pressures. Estimate the slope of the tangent 
line at p — 1 and interpret the result. Estimate the slope of the 
tangent line at p — 3 and interpret the result. 



p (atm) 


0 


1 


2 


3 


4 


°C 


0 


-7 


-20 


-16 


-11 



40. The table shows the range of a soccer kick launched at 30° 
above the horizontal at various initial speeds. Estimate the 
slope of the tangent line at v — 50 and interpret the result. 



Distance (yd) 


19 


28 


37 


47 


58 


Speed (mph) 


30 


40 


50 


60 


70 



41. The graph shows the elevation of a person on a climb up a 
cliff as a function of time. When did the climber reach the top? 
When was the climber going the fastest on the way up? When 
was the climber going the fastest on the way down? What do 
you think occurred at places where the graph is level? 




4 hours 



+ Time 



42. The graph shows the amount of water in a city water tank as a 
function of time. When was the tank the fullest? the emptiest? 
When was the tank filling up at the fastest rate? When was the 
tank emptying at the fastest rate? What time of day do you 
think the level portion represents? 



EXPLORATORY EXERCISES 



1. A car moves on a road that takes the shape of y — x 2 . The car 
moves from left to right, and its headlights illuminate a deer 
standing at the point (1, |). Find the location of the car. If the 
car moves from right to left, how does the answer change? 
Is there a location (x, y) such that the car's headlights would 
never illuminate (x, y)? 

2. What is the peak speed for a human being? It has been esti- 
mated that Carl Lewis reached a peak speed of 28 mph while 
winning a gold medal in the 1992 Olympics. Suppose that we 
have the following data for a sprinter. 



Meters 


Seconds 


50 


5.16666 


56 


5.76666 


58 


5.93333 


60 


6.1 



Meters 


Seconds 


62 


6.26666 


64 


6.46666 


70 


7.06666 



We want to estimate peak speed. Argue that we want to com- 
pute average speeds using adjacent measurements (e.g., 50 and 
56 meters). Do this for all 6 adjacent pairs and find the largest 
speed (if you want to convert to mph, divide by 0.447). 

Notice that all times are essentially multiples of 1/30, indi- 
cating a video capture rate of 30 frames per second. Given this, 
why is it suspicious that all the distances are whole numbers? 
To get an idea of how much this might affect your calculations, 
change some of the distances. For instance, if you change 
60 (meters) to 59.8, how much do your average velocity calcu- 
lations change? One possible way to identify where mistakes 
have been made is to look at the pattern of average veloc- 
ities: does it seem reasonable? In places where the pattern 
seems suspicious, try adjusting the distances and see if you 
can produce a more realistic pattern. Try to quantify your 
error analysis: what is the highest (lowest) the peak speed 
could be? 
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2.2 THE DERIVATIVE 



In section 2.1, we investigated two seemingly unrelated concepts: slopes of tangent lines 
and velocity, both of which are expressed in terms of the same limit. This is an indication 
of the power of mathematics, that otherwise unrelated notions are described by the same 
mathematical expression. This particular limit turns out to be so useful that we give it a 
special name. 



DEFINITION 2.1 

The derivative of the function / at the point x — a is defined as 

f(a + h)- f(a) 



/'(«) 



lim 



h 



(2.1) 



provided the limit exists. If the limit exists, we say that / is differentiable at x — a. 



An alternative form of (2. 1) is 



f'(a) = lim 

b—>a 



fib) - f{a) 



(2.2) 



(See exercise 38 in section 2.1.) 



EXAMPLE 2. 1 Finding the Derivative at a Point 

Compute the derivative of fix) — 3x 3 + 2x — 1 at x = 1, 
Solution From (2.1), we have 
f{\+h)-fi\) 



/'(I) = Jim 



lim 



lim 



= lim 

ft— »-0 



[3(1 + h) 3 + 2(1 + h) - 1] - (3 + 2 - 1) 
h 

3(1 + 3h + 3h 2 + h 3 ) + (2 + 2h) - 1 - 4 



h 



Uh+9h 2 + 3h 3 



lim (11 +9h + 3h l ) = 11. 

f!->0 



Multiply out and cancel. 



Factor out common /; and cancel. 



Suppose that in example 2.1 we had also needed to find /'(2) and /'(3). Rather than 
repeat the same long limit calculation to find each of /'(2) and f'(3), in example 2.2 we 
compute the derivative without specifying a value for x, leaving us with a function from 
which we can calculate f'ia) for any a, simply by substituting a for x. 



EXAMPLE 2.2 Finding the Derivative at an Unspecified Point 

Find the derivative of fix) — 3x 3 + 2x — 1 at an unspecified value of x. Then, evaluate 
the derivative at x — 1, x — 2 and x — 3. 

Solution Replacing a with x in the definition of the derivative (2.1), we have 
fix + h)- fix) 



fix) = lim 



= lim 

h-+0 



[3(x + h) 3 + 2(x + h) - 1] - (3x 3 + 2x - 1) 
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lim 



= lim 

h->0 



3(x 3 + 3x 2 h + 3xh 2 + h 3 ) + (2x + 2h)-l- 3x 3 -2x + l 



9x 2 h + 9xh 2 + 3h 3 



2h 



- lim (9x z + 9xh + 3h z + 2) 



9x 2 + 0 + 0 + 2 = 9x 2 



Multiply out 
and cancel. 



Factor out 
common h 
and cancel. 



Notice that in this case, we have derived a new function, f'(x) — 9x 2 + 2. Simply 
substituting in for x, we get f'{l) — 9 + 2 — 11 (the same as we got in example 2.1!), 
f'(2) = 9(4) + 2 = 38 and /'(3) = 9(9) + 2 = 83. ■ 



Example 2.2 leads us to the following definition. 



DEFINITION 2.2 

The derivative of the function / is the function /' given by 

f{x + h)~ f(x) 



fix) 



lim 

h->0 



(2.3) 



The domain of /' is the set of all x's for which this limit exists. The process of 
computing a derivative is called differentiation. Further, / is differentiable on an 
open interval / if it is differentiable at every point in /. 



In examples 2.3 and 2.4, observe that finding a derivative involves writing down the 
defining limit and then finding some way of evaluating that limit (which initially has the 
indeterminate form jj). 



EXAMPLE 2.3 Finding the Derivative of a Simple Rational Function 



If fix) = -(x^0),find fix). 

x 

Solution We have 



fix) = lim 



lim 



lim 



fix + h)- fjx) 
h 

1 1 



x + h x 
h 

x — ix + h) 
xix + h) 



h 



— lim 



-h 



h^Q hxix + h) 
1 



= lim 



fc->o xix + h) 



so that fix) = —x 



-2 



Since f(x + h) - 



x + h 



Add fractions and cancel. 



Cancel ft's. 



EXAMPLE 2.4 The Derivative of the Square Root Function 

If fix) = Jx~ (for x > 0), find /'(*). 
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Solution We have 




FIGURE 2.13a 

m hm < 0 



f'(x) = lim 



lim 



lim 



fix +h)- f(x) 
h 

s/x + h — ^fx 
h 

•Jx + h — *Jx I V ' x + h + ^/x 



Multiply numerator and denominator by 



h y yjx + h + *J~X J the conjugate: -J x + h + Jx. 

(x + k) — X 



— lim 

h^O h [y/x+h + Vx] 

h 

— li m — 

h^o h \y/x + h + yfx\ 



Multiply out and cancel. 



Cancel common h\. 



— lim 



1 



h^o Vx + h + Jx 

1 -K -1/2 



2^/x 2 

Notice that f'(x) is defined only for x > 0, even though f(x) is defined for x > 0. 



The benefits of having a derivative/wncf/on go well beyond simplifying the computation 
of a derivative at multiple points. As we'll see, the derivative function tells us a great deal 
about the original function. 

Keep in mind that the value of the derivative function at a point is the slope of the 
tangent line at that point. In Figures 2.13a-2.13c, we have graphed a function along with 
its tangent lines at three different points. The slope of the tangent line in Figure 2.13a is 
negative; the slope of the tangent line in Figure 2. 1 3c is positive and the slope of the tangent 
line in Figure 2. 13b is zero. These three tangent lines give us three points on the graph of the 
derivative function (see Figure 2.13d), by estimating the value of f'(x) at the three points. 




EXAMPLE 2.5 Sketching the Graph of f Given the Graph of f 

Given the graph of / in Figure 2.14, sketch a plausible graph of /'. 

Solution Rather than worrying about exact values of f'(x), we only wish to find the 
general shape of its graph. As in Figures 2.13a-2.13d, pick a few important points to 
analyze carefully. You should focus on any discontinuities and any places where the 
graph of / turns around. 
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FIGURE 2.14 

y = fix) 




FIGURE 2.15 

y = fix) and y = f'(x) 



The graph of y — fix) levels out at approximately x = —2 and x = 2. At these 
points, the derivative is 0. As we move from left to right, the graph rises for x < —2, 
drops for —2 < x < 2 and rises again for x > 2. This means that f'(x) > 0 for x < —2, 
fix) < 0 for —2 < x < 2 and finally, fix) > 0 for x > 2. We can say even more. As 
x approaches —2 from the left, observe that the tangent lines get less steep. Therefore, 
fix) becomes less positive as x approaches —2 from the left. Moving to the right from 
x — — 2, the graph gets steeper until about x — 0, then gets less steep until it levels out 
at x = 2. Thus, fix) gets more negative until x = 0, then less negative until x = 2. 
Finally, the graph gets steeper as we move to the right from x — 2. Putting this all 
together, we have the possible graph of /' shown in red in Figure 2.15, superimposed 
on the graph of /. ■ 



It is even more interesting to ask what the graph of y = fix) looks like given the graph 
of y — fix). We explore this in example 2.6. 



EXAMPLE 2.6 Sketching the Graph of f Given the Graph of f 

Given the graph of /' in Figure 2.16, sketch a plausible graph of /. 

Solution Again, do not worry about getting exact values of the function, but rather 
only the general shape of the graph. Notice from the graph of y = fix) that fix) < 0 
for x < —2, so that on this interval, the slopes of the tangent lines to y = fix) are 
negative and the graph is falling. On the interval (—2, 1), fix) > 0, indicating that the 
tangent lines to the graph of y = fix) have positive slope and the graph is rising. 
Further, this says that the graph turns around (i.e., goes from falling to rising) at 
x = -2. 





FIGURE 2.16 

y = fix) 



FIGURE 2.17 

y — fix) and a plausible graph 
ofy = /(x) 



Further, fix) < 0 on the interval (1, 3), so that the graph falls here. Finally, for x > 3, 
we have that fix) > 0, so that the graph is rising here. We show a graph exhibiting all 
of these behaviors superimposed on the graph of y — fix) in Figure 2.17. We have 
drawn the graph of / so that the small "valley" on the right side of the y-axis is not as 
deep as the one on the left side of the y-axis for a reason. Look carefully at the graph of 
fix) and notice that |/'(x)| gets much larger on (—2, 1) than on (1, 3). This says that 
the tangent lines and hence, the graph will be much steeper on the interval (—2, 1) than 
on CI. 3). m 



O Alternative Derivative Notations 

We have denoted the derivative function by /'. There are other commonly used notations 
for /', each with advantages and disadvantages. One of the coinventors of the calculus, 
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HISTORICAL 
NOTES 

Gottfried Wilhelm Leibniz 
(1646-1716) A German 
mathematician and philosopher 
who introduced much of the 
notation and terminology in 
calculus and who is credited 
(together with Sir Isaac Newton) 
with inventing the calculus. 
Leibniz was a prodigy who had 
already received his law degree 
and published papers on logic and 
jurisprudence by age 20. A true 
Renaissance man, Leibniz made 
important contributions to 
politics, philosophy, theology, 
engineering, linguistics, geology, 
architecture and physics, while 
earning a reputation as the 
greatest librarian of his time. 
Mathematically, he derived many 
fundamental rules for computing 
derivatives and helped promote 
the development of calculus 
through his extensive 
communications. The simple and 
logical notation he invented made 
calculus accessible to a wide 
audience and has only been 
marginally improved upon in the 
intervening 300 years. He wrote, 
"In symbols one observes an 
advantage in discovery which is 
greatest when they express the 
exact nature of a thing briefly . . . 
then indeed the labor of thought 
is wonderfully diminished." 



Gottfried Leibniz, used the notation — (Leibniz notation) for the derivative. If we write 

dx 

y — f(x), the following are all alternatives for denoting the derivative: 

M = y' = d i = d f = T^- 

ax ax ax 

d 

The expression — is called a differential operator and tells you to take the derivative of 

dx 

whatever expression follows. 

In section 2.1, we observed that f(x) = \x\ does not have a tangent line at x — 0 
(i.e., it is not differentiable at x = 0), although it is continuous everywhere. Thus, there are 
continuous functions that are not differentiable. You might have already wondered whether 
the reverse is true. That is, are there differentiable functions that are not continuous? The 
answer is "no," as provided by Theorem 2.1. 



THEOREM 2.1 

If / is differentiable at x = a, then / is continuous at x — a. 



PROOF 

For / to be continuous at x = a, we need only show that lim f(x) = f(a). We consider 

x— >a 

~f(x)-f(a), 



lim [f{x) - f(a)] = lim 



— lim 



x — a 
fix) -f (a)' 



-(x — a) 



Multiply and divide by (x — a). 



X — a 

= f (a)(0) = 0, 



lim(.T - a) 

v- trom section 1. J. 



Since / is differentiable at x = a. 



where we have used the alternative definition of derivative (2.2) discussed earlier. By 
Theorem 3.1 in section 1.3, it now follows that 

0 - lim [f(x) - f(a)] = lim f(x) - lim f(a) 

x — > o x—>a x—>a 

= lim f(x) - f(a), 

x^a 

which gives us the result. ■ 

Note that Theorem 2. 1 says that if a function is not continuous at a point, then it cannot 
have a derivative at that point. It also turns out that functions are not differentiable at any 
point where their graph has a "sharp" corner, as is the case for f(x) = | jc | at x — 0. (See 
example 1.7.) 




FIGURE 2.18 

A sharp corner 



EXAMPLE 2.7 Showing That a Function Is Not Differentiable at a Point 

4 if x < 2 



Show that f(x) 



2x if x > 2 



is not differentiable at x 



Solution The graph (see Figure 2. 18) indicates a sharp corner at x — 2, so you 
might expect that the derivative does not exist. To verify this, we investigate the 
derivative by evaluating one-sided limits. For h > 0, note that (2 + h) > 2 and so, 
f(2 + h) — 2(2 + h). This gives us 

f(2 + h)-f(2) 2(2 + A) -4 
lim = lim 

/i->o+ h h^o+ h 



— lim 



4 + 2h - 4 



h 



2h 

— lim — —2. 

h^0+ h 



Multiply out and cancel. 



Cancel common /?'s. 
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Likewise, if h < 0, (2 + h) < 2 and so, f(2 + h) — 4. Thus, we have 
lim /(2 + .)-/(2) =lim 4-4 =Q 

/!->0- h h^Q- h 

Since the one-sided limits do not agree (0 ^ 2), f'(2) does not exist (i.e., / is not 
differentiable at x — 2). ■ 



Figures 2. 19a-2. 19d show a variety of functions for which f'(a) does not exist. In each 
case, convince yourself that the derivative does not exist. 

y 

y 






FIGURE 2.19a 

A jump discontinuity 



FIGURE 2.19b 

A vertical asymptote 





FIGURE 2.19c 

A cusp 



FIGURE 2.l9d 

A vertical tangent line 



O Numerical Differentiation 

There are many times in applications when it is not possible or practical to compute deriva- 
tives symbolically. This is frequently the case where we have only some data (i.e., a table 
of values) representing an otherwise unknown function. 



EXAMPLE 2.8 Approximating a Derivative Numerically 



Numerically estimate the derivative of f(x) — x 2 \fx}~ 



2 at x — 1 . 



Solution Although working through the limit definition of derivative for this function 
is a challenge, the definition tells us that the derivative at x — 1 is the limit of slopes of 
secant lines. We compute some of these below: 



h 


/(l + h) - f(l) 

h 


0.1 


4.7632 


0.01 


4.3715 


0.001 


4.3342 



h 


/(l + h) - /(l) 

h 


-0.1 


3.9396 


-0.01 


4.2892 


-0.001 


4.3260 



Notice that the slopes seem to be converging to approximately 4.33 as /; approaches 0. 
Thus, we make the approximation f'(l) & 4.33. ■ 
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Time 
Interval 


Average 
Velocity 


(5.9, 6.0) 


35.0 ft/s 


(6.0, 6.1) 


35.2 ft/s 




Time 
Interval 


Average 
Velocity 


(5.5, 6.0) 


34.78 ft/s 


(5.8, 6.0) 


34.95 ft/s 


(5.9, 6.0) 


35.00 ft/s 


(6.0, 6.1) 


35.20 ft/s 


(6.0, 6.2) 


35.10 ft/s 


(6.0, 6.5) 


34.90 ft/s 



EXAMPLE 2.9 Estimating Velocity Numerically 

Suppose that a sprinter reaches the following distances in the given times. Estimate the 
velocity of the sprinter at the 6-second mark. 



f(s) 


5.0 


5.5 


5.8 


5.9 


6.0 


6.1 


6.2 


6.5 


7.0 


fit) (ft) 


123.7 


141.01 


151.41 


154.90 


158.40 


161.92 


165.42 


175.85 


193.1 



Solution The instantaneous velocity is the limit of the average velocity as the time 
interval shrinks. We first compute the average velocities over the shortest intervals 
given, from 5.9 to 6.0 and from 6.0 to 6. 1 . 

Since these are the best individual estimates available from the data, we could just 
split the difference and estimate a velocity of 35.1 ft/s. However, there is useful 
information in the rest of the data. Based on the accompanying table, we can conjecture 
that the sprinter was reaching a peak speed at about the 6-second mark. Thus, we might 
accept the higher estimate of 35.2 ft/s. We should emphasize that there is not a single 
correct answer to this question, since the data are incomplete (i.e., we know the distance 
only at fixed times, rather than over a continuum of times). ■ 



BEYOND FORMULAS 

In sections 2.3-2.7, we derive numerous formulas for computing derivatives. As you 
learn these formulas, keep in mind the reasons that we are interested in the derivative. 
Careful studies of the slope of the tangent line to a curve and the velocity of a moving 
object led us to the same limit, which we named the derivative. In general, the derivative 
represents the instantaneous rate of change of one quantity with respect to another 
quantity. The study of change in a quantifiable way has led directly to countless advances 
in modern science and engineering. 



EXERCISES 2.2 



0) 



WRITING EXERCISES 



1. The derivative is important because of its many different 
uses and interpretations. Describe four aspects of the deriva- 
tive: graphical (think of tangent lines), symbolic (the deriva- 
tive function), numerical (approximations) and applications 
(velocity and others). 

2. Mathematicians often use the word "smooth" to describe func- 
tions with certain properties. Graphically, how are differen- 
tiable functions smoother than functions that are continuous 
but not differentiable, or functions that are not continuous? 

3. Briefly describe what the derivative tells you about the original 
function. In particular, if the derivative is positive at a point, 
what do you know about the trend of the function at that point? 
What is different if the derivative is negative at the point? 

4. Show that the derivative of f(x) = 3x — 5 is f'(x) — 3. 
Explain in terms of slope why this is true. 



In exercises 1-4, compute f'(a) using the limits (2.1) 
and (2.2). 



1. /(x) = 3x+ l,a = l 
3. fix) = V3x + 1, a = 1 



2. f(x) = 3x 2 + l,a = 1 



4. /(*) = 



x + 1 



,a = 2 



In exercises 5-12, compute the derivative function /' using (2.1) 
or (2.2). 



5. /(x) = 3x 2 + l 
7. f(x) = x 3 + 2x - 1 

9. fix)-- 



x + 1 

11. /(f) = V3T+T 



6. fix) = x 2 - 2x + 1 
8. fix) = x 4 - 2x 2 + 1 

10. fix): 



2x - 1 
12. /(0 = n/27+4 
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In exercises 13-16, use the graph of / to sketch a graph of /'. 

13. (a) y (b) y 



14. (a) 



15. (a) 



16. (a) 





(b) 



>4 




<b) 




In exercises 17 and 18, use the given graph of /' to sketch a 
plausible graph of a continuous function /. 



17. (a) 




(b) 




18. (a) 




(b) 




In exercises 19-22, compute the right-hand derivative 
D+ /(0) = lim ^ — ^— ^ and the left-hand derivative 

A-.0+ h 

D_f(0)= lim — - ^ (0) . Does /'(0) exist? 
h^o- h 



19. /(X): 



20. /(X): 



21. /(X): 



2x+l ifx<0 
3x+l ifx>0 

0 ifx<0 
2x ifx>0 

x 2 ifx<0 
x 3 ifx>0 



22. /(x)_ 



2x ifx<0 
x 2 + 2x if x > 0 



In exercises 23 and 24, use the distances /(/) to estimate the 
velocity at t = 2. 



23. 



24. 



t 


1.7 


1.8 


1.9 


2.0 


2.1 


2.2 


2.3 


fit) 


3.1 


3.9 


4.8 


5.8 


6.8 


7.7 


8.5 




t 


1.7 


1.8 


1.9 


2.0 


2.1 


2.2 


2.3 


fit) 


4.6 


5.3 


6.1 


7.0 


7.8 


8.6 


9.3 



25. Graph and identify all x-values at which / is not differentiable. 
(a) f{x) = \x\ + \x - 2|; (b) /(x) = |x 2 - 4x| 

26. Graph and identify all x-values at which / is not differentiable. 
(a) fix) = V-T^I; (b) fix) = ^x 4 - 4x 2 + 4 

27. For fix) — x'\ find all real numbers p such that f'(0) exists. 

1x 2 + 2x, ifx < 0 
find all numbers a and b 
ax + b, ifx > 0 

such that /'(0) exists. 

29. Give an example showing that the following is not true for all 
functions /: if fix) < x, then fix) < 1. 

30. Determine whether the following is true for all functions /: if 
/(0) = 0, fix) exists for all x and fix) < x, then fix) < 1 
for all x. 

31. If / is differentiable at x = a / 0, evaluate 

.. Ifix)] 2 - [/(a)] 2 
lim . 

x-xi x 1 — a 1 

32. Prove that if / is differentiable at x — a, then 

fia + ch) - fa) 
lim = cf ia). 

h^o h 
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33. Use the graph to list the following in increasing order: /(l), 

/■(1.5)-/(1) , 
/(2) - /(l), - ' , /'(l). 




\ — >x 



Exercises 33 and 34 

34. Use the graph to list the following in increasing order: /(0), 
/(0) _ /( _o.5) 



/(0)-/(-l), 



0.5 



/'(0). 



35. Sketch the graph of a function with the following prop- 
erties: /(0) = 1, /(l) = 0, /(3) = 6, /'(0) = 0, /'(l) = -1 
and /'(3) = 4. 

36. Sketch the graph of a function with the following properties: 
/(-2) = 4, /(0) = -2, f(2) = 1, /'(-2) = -2, /'(0) = 2 
and/'(2)=l. 

37. Compute the derivative function for x 2 , x 3 and x . Based on 
your results, identify the pattern and conjecture a general for- 
mula for the derivative of x" . 

38. Test your conjecture from exercise 37 on the functions 
*fx — x l f 2 and 1/x = x~ l . 



39. Assume that f(x) ■ 



.If f is continuous at 



\g(x) ifx<0 
[k(x) if*>0' 
x — 0 and g and k are differentiable at x = 0, prove that 
» + /(0) = fe'(0) and £L/(0) = g'(0). Which statement is not 
true if / has a jump discontinuity at x — 0? 

40. Explain why the derivative /'(0) exists if and only if the one- 
sided derivatives exist and are equal. 

41. If f'(x) > 0 for all x, use the tangent line interpretation to ar- 
gue that / is an increasing function; that is, if a < b, then 

f(a) < f(b). 

42. If f'(x) < 0 for all x, use the tangent line interpretation to 
argue that / is a decreasing function; that is, if a < b, then 

/(«) > fib). 



APPLICATIONS 



43. The table shows the margin of error in degrees for tennis serves 
hit from a height of x meters. (Data from Jake Bennett, Roanoke 
College.) Estimate the value of the derivative of the margin of 
error at x — 2.5 and interpret the derivative in terms of the 
benefit of hitting a serve from greater heights. 



x meters 


2.39 


2.5 


2.7 


2.85 


3 


Margin of error 


1.11 


1.29 


1.62 


1.87 


2.12 



45. The Environmental Protection Agency uses the measurement 
of ton-MPG to evaluate the power-train efficiency of vehicles. 
The ton-MPG rating of a vehicle is given by the weight of the 
vehicle (in tons) multiplied by a rating of the vehicle's fuel ef- 
ficiency in miles per gallon. Several years of data for new cars 
are given in the table. Estimate the rate of change of ton-MPG 
in (a) 1994 and (b) 2000. Do your estimates imply that cars are 
becoming more or less efficient? Is the rate of change constant 
or changing? 



Year 


1992 


1994 


1996 


1998 


2000 


Ton-MPG 


44.9 


45.7 


46.5 


47.3 


47.7 



46. 



The fuel efficiencies in miles per gallon of cars from 1992 to 
2000 are shown in the following table. Estimate the rate of 
change in MPG in (a) 1994 and (b) 2000. Do your estimates 
imply that cars are becoming more or less fuel efficient? Com- 
paring your answers to exercise 45, what must be happening to 
the average weight of cars? If weight had remained constant, 
what do you expect would have happened to MPG? 



Year 


1992 


1994 


1996 


1998 


2000 


MPG 


28.0 


28.1 


28.3 


28.5 


28.1 



44. Use the table in exercise 43 to estimate the derivative at 
x — 2.85. Compare to the estimate in exercise 43. 



In exercises 47 and 48, give the units for the derivative function. 

47. (a) /(f) represents position, measured in meters, at time 

f seconds. 

(b) f(x) represents the demand, in number of items, of a 
product when the price is x dollars. 

48. (a) c(f ) represents the amount of a chemical present, in grams, 

at time f minutes, 
(b) p(x) represents the mass, in kg, of the first x meters of a 
pipe. 



49. Let /(f) represent the trading value of a stock at time f days. 
If /'(/) < 0, what does that mean about the stock? If you held 
some shares of this stock, should you sell what you have or 
buy more? 

50. Suppose that there are two stocks with trading values /(f) and 
g(t), where /(f) > g(f) and 0 < /'(f) < g'(t). Based on this 
information, which stock should you buy? Briefly explain. 

51. One model for the spread of a disease assumes that at first 
the disease spreads very slowly, gradually the infection rate 
increases to a maximum and then the infection rate decreases 
back to zero, marking the end of the epidemic. If /(f) repre- 
sents the number of people infected at time f, sketch a graph of 
both /(f) and I'(t), assuming that those who get infected do not 
recover. 

52. One model for urban population growth assumes that at first, 
the population is growing very rapidly, then the growth rate 
decreases until the population starts decreasing. If P(t) is the 
population at time f, sketch a graph of both P(t) and /"(f). 

53. A phone company charges 1 dollar for the first 20 minutes of a 
call, then 10 cents per minute for the next 60 minutes and 
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8 cents per minute for each additional minute (or partial 
minute). Let fit) be the price in cents of a f-minute phone 
call, t > 0. Determine f'{t) as completely as possible. 

54. A state charges 10% income tax on the first $20,000 of income 
and 16% on income over $20,000. Let f(t) be the state tax on 
$f of income. Determine /'(f) as completely as possible. 



EXPLORATORY EXERCISES 



1. Suppose there is a continuous function Fix) such that F(l) = 1 
and F(0) = /o, where 0 < fo < 1. If F'(l) > 1, show graph- 
ically that the equation F(x) — x has a solution q where 
0 < q < 1. (Hint: Graph y — x and a plausible F(x) and look 
for intersections.) Sketch a graph where F'(\) < 1 and there 
are no solutions to the equation F(x) — x with 0 < x < 1. 
Solutions have a connection with the probability of the ex- 
tinction of animals or family names. Suppose you and your 
descendants have children according to the following prob- 
abilities: fo — 0.2 is the probability of having no children, 
/i = 0.3 is the probability of having exactly one child, and 
/2 = 0.5 is the probability of having two children. Define 
F(x) = 0.2 + 0.3* + 0.5x 2 and show that F'(l) > 1. Find the 
solution of F(x) — x between x — 0 and x — 1 ; this number is 
the probability that your "line" will go extinct some time into 
the future. Find nonzero values of / 0 , f and f 2 such that the 



corresponding F(x) satisfies F'(l) < 1 and hence the proba- 
bility of your line going extinct is 1 . 

2. The symmetric difference quotient of a function / centered at 



: a has the form 



fja + h) - fja - h) 
2h 



If fix) 



+ 1 



and a — I, illustrate the symmetric difference quotient as a 
slope of a secant line for h — land/i = 0.5. Based on yourpic- 
ture, conjecture the limit of the symmetric difference quotient 
as /; approaches 0. Then compute the limit and compare to the 
derivative /'(l) found in example 1.1. For h = 1, h = 0.5 and 
h — 0. 1, compare the actual values of the symmetric difference 

f(a + h)- f(a) 

quotient and the usual difference quotient . 

h 

In general, which difference quotient provides a better esti- 
mate of the derivative? Next, compare the values of the dif- 
ference quotients with h — 0.5 and h — —0.5 to the derivative 
/'(l). Explain graphically why one is smaller and one is larger. 
Compare the average of these two difference quotients to the 
symmetric difference quotient with h — 0.5. Use this result 
to explain why the symmetric difference quotient might pro- 
vide a better estimate of the derivative. Next, compute sev- 
eral symmetric difference quotients of f(x) = j ^ 'f ^- > 2 

centered at a — 2. Recall that in example 2.7 we showed that 
the derivative /'(2) does not exist. Given this, discuss one 
major problem with using the symmetric difference quotient 
to approximate derivatives. Finally, show that if f'(a) exists, 

f(a + h) - f(a - h) 
then hm = / (a). 



0) 



2.3 COMPUTATION OF DERIVATIVES: THE POWER RULE 



You have now computed numerous derivatives using the limit definition. In fact, you may 
have computed enough that you have started taking some shortcuts. We continue that process 
in this section, by developing some basic rules. 

O The Power Rule 

We first revisit the limit definition of derivative to compute two very simple derivatives. 




FIGURE 2.20 

A horizontal line 



For any constant c, 



dx 



(3.1) 



Notice that (3.1) says that for any constant c, the horizontal line y — c has a tangent 
line with zero slope. That is, the tangent line to a horizontal line is the same horizontal line. 
(See Figure 2.20.) 

To prove equation (3.1), let f(x) = c, for all x. From the limit definition, we have 



dx 



fix) 



lim 



lim 

h^0 



f(x + h) - f{x) 



lim 0 = 0. 
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Similarly, we have 




FIGURE 2.21 

Tangent line to y — x 



Notice that (3.2) says that the tangent line to the line v = x is a line of slope one (i.e. 
y = x; see Figure 2.21), which is not surprising. 

To verify equation (3.2), we let fix) = x. From the limit definition, we have 

dx J h^o h 



— lim 

h->0 



(x + h) — x 
h 



— lim — = lim 1 = 1. 

h-*0 h h-*0 



fix) 


fix) 


1=X° 


0 


X — x 1 


1* 0 = 1 


2 

X 


2x 


X 3 


3x 2 


x 4 


4x 3 



The table shown in the margin presents a short list of derivatives calculated previously 
either as examples or in the exercises using the limit definition. Note that the power of x in 
the derivative is always one less than the power of x in the original function. Further, the 
coefficient of x in the derivative is the same as the power of x in the original function. This 
suggests the following result. 



THEOREM 3.1 (Power Rule) 

d 

For any integer n > 0, — x" — nx" 

dx 



PROOF 

From the limit definition of derivative given in equation (2.3), if f(x) — x", then 

d „ , f{x + h) - fix) (x + Kf - x" 

—x n = f\x) = 'Gm— — — - = lim- . (3.3) 

dx J h^o h h^o h 

To evaluate the limit, we will need to simplify the expression in the numerator. Recall that 
(x + h) 2 — x 2 + 2xh + h 2 and (x + h) 3 — x 3 + 3x 2 h + 3xh 2 + h 3 . More generally, you 
may recall from the binomial theorem that for any positive integer n, 

(x + h)" = x" + nx"~ l h + — — l K "~ 2 h 2 + ■■■ + nxh"- 1 + h" . (3.4) 

Substituting (3.4) into (3.3), we get 

x" + nx"- l h + n(n - l) x"- 2 h 2 + ■■■ + nxh"~ l + h" — x" 



fix) = lim 



lim 



Cancel 
a" terms. 



nin-l) xtl _ 2i2 



nxh"- 1 +h" 
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lim 
lim 



, n(n — 1) „ r, , 

nx n-l , J; } - X n - 2 h l 



nxh n - 2 + h"- 1 



Factor out 
common /; 
and cancel. 



, n(n - 1) 



1-2 I LB-l 



MX 



since every term but the first has a factor of h. m 

The power rule is very easy to apply, as we see in example 3.1. 



EXAMPLE 3. 1 Using the Power Rule 

Find the derivative of (a) /(x) — x 8 and (b) g(t) — t mi 
Solution (a) We have 



dx 
d 



8x 



8-1 



8x 7 . 



(b) Similarly, 



g '(t) = -t ml = 107? 107 ' 1 = 107? 106 . 
dt 



Recall that in section 2.2, we showed that 

d n 

dx \x 

Notice that we can rewrite (3.5) as 



(3.5) 



REMARK 3.1 



As we will see, the power rule 
holds for any power of x. We 
will not be able to prove this 
fact for some time now, as the 
proof of Theorem 3. 1 does not 
generalize, since the expansion 
in equation (3.4) holds only for 
positive integer exponents. Even 
so, we will use the rule freely 
for any power of x. We state this 
in Theorem 3.2. 



dx 



x" 1 = (-l)x -2 . 



That is, the derivative of x _1 follows the same pattern as the power rule that we just stated 
and proved for positive integer exponents. 

Likewise, in section 2.2, we used the limit definition to show that 



d 1 

lx — 



We can also rewrite (3.6) as 



dx 2^/x 



jL x vi - - x - l/1 



(3.6) 



dx 



so that the derivative of this rational power of x also follows the same pattern as the power 
rule that we proved for positive integer exponents. 



THEOREM 3.2 


(General Power Rule) 




For any real number 


r^O, —x r = rx r - 1 . 
dx 


(3.7) 



The power rule is simple to use, as we see in example 3.2. 



EXAMPLE 3.2 Using the General Power Rule 



Find the derivative of (a) /(x) 



, (b) g(x) — \Zx~2 and (c) h(x) — x w . 
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CAUTION Solution (a) From (3.7), we have 



Be careful here to avoid a 
common error: 

dx ^ 
The power rule says to 
subtract 1 from the exponent 
(even if the exponent is 
negative). 

h'(x) - —x n - nx n -\ 

dx ■ 

Notice that there is the additional conceptual problem in example 3.2 (which we resolve in 
Chapter 6) of deciding what x 11 means. Since the exponent isn't rational, what exactly do 
we mean when we raise a number to the irrational power jt? 

O General Derivative Rules 

The power rule gives us a large class of functions whose derivatives we can quickly compute 
without using the limit definition. The following rules for combining derivatives further 
expand the number of derivatives we can compute without resorting to the definition. Keep 
in mind that a derivative is a limit; the differentiation rules in Theorem 3.3 then follow 
immediately from the corresponding rules for limits (found in Theorem 3.1 in Chapter 1). 



THEOREM 3.3 




If / and g are differentiable at x 


and c is any constant, then 


(i) -^-[/OO + *(*)] = /'(*H 
dx 


- g'(x), 


(ii) ^-[f(x) - gix)] = f{x) - 
dx 


g'(x) and 


(iii) ^-[cfix)] = cfix). 
dx 





(b) If we rewrite wx 2 as a fractional power of x, we can use (3.7) to compute the 
derivative, as follows. 



= = * 2/3 = ^2/3-1 = l^l/^ 

dx dx 3 3 



(c) Finally, we have 



PROOF 

We prove only part (i). The proofs of parts (ii) and (iii) are left as exercises. Let 
k(x) ~ f(x) + g(x). Then, from the limit definition of the derivative (2.3), we get 

d , k(x + h)- k(x) 

—[fix) + g(x)] = k'(x) = lim J: 1 ^ 

dx h^o h 

[f(x + h) + gix + h)] - [fix) + g(x)] 

— lim By definition of k(x). 

h^O h 

[fix + h) - fix)] + [gix + h) - gix)] Groupmg the / terms 

= lim tosether and the % terms 

*-> 0 " together. 

fix + h)- fix) gix + h) - gix) By Theorem 3.1 

= lim h lim 

h->0 h h^O h in Chapter 1. 

Recognizing the 

= f'(x) + g'(x). derivatives of / and 

of g. m 

We illustrate Theorem 3.3 by working through the calculation of a derivative step by 
step, showing all of the details. 
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EXAMPLE 3.3 Finding the Derivative of a Sum 

Find the derivative of fix) = 2x 6 + 3^/x. 
Solution We have 

d fi d , /— , 

/ (x) = (2x ) H (3V^ ) By Theorem 3.3 (i). 

d f, d , n 

— 2 (X ) + 3 (X ' ) By Theorem 3.3 (iii). 

dx dx 

= 2(6x 5 ) + 3 (^X ~ 1/2 ^ By the power rule. 
5 3 

Simplifying. 

2-y/X ■ 



EXAMPLE 3.4 Rewriting a Function Before Computing the Derivative 

4t 2 - 3x + 2^c 
Find the derivative of f(x) — . 

x 

Solution Since we don't yet have any rule for computing the derivative of a quotient, 
we first rewrite f(x) by dividing out the x in the denominator. We have 

4 x 3 x 2 -\ / x i / 1 

f(x) = + — = Ax - 3 + 2x- l/2 . 

XXX 

From Theorem 3.3 and the power rule (3.7), we get 

/'(x) = 4^-ix) - 3-H1) + 2^-ix' x l 1 ) = 4-0 + 2 i-]-x~^\ = 4 - x~ 3 / 2 . 
cf a ci x ax \ i 



EXAMPLE 3.5 Finding an Equation of the Tangent Line 

2 

Find an equation of the tangent line to the graph of fix) = 4 — 4x H — atx = l. 

x 

Solution First, notice that fix) = 4 — 4x + 2x . From Theorem 3.3 and the power 
rule, we have 



fix) = 0 - 4 - 2x~ 2 = -4 - 2x 



-2 



At x = 1, the slope of the tangent line is then /'(l) — —4 — 2 — —6. The line with 
slope —6 through the point (1,2) has equation 

ne y - 2 = -6(x - 1). 

We show a graph of y = fix) and the tangent line at x — 1 in Figure 2.22. ■ 



O Higher Order Derivatives 



One consequence of having the derivative function is that we can compute the derivative of 
a derivative. It turns out that such higher order derivatives have important applications. 

Suppose we start with a function / and compute its derivative /'. We can then compute 
the derivative of /', called the second derivative of / and written /". We can then compute 
the derivative of /", called the third derivative of /, written /"'. We can continue to take 
derivatives indefinitely. Next, we show common notations for the first five derivatives of / 
[where we assume that y = fix)]. Note that we use primes only for the first three derivatives . 
For fourth and higher derivatives, we indicate the order of the derivative in parentheses. Be 
careful to distinguish these from exponents. 
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Order 


Prime Notation 


Leibniz Notation 


1 


/ = fix) 


*L 

dx 


2 


y" = fix) 


J 9 


3 


y'" = f"{ X ) 


ax 


4 


yW = /(4) (x) 


dx* 


5 


yffl = /(5) (X ) 


d 5 f 
dx 5 



Computing higher order derivatives is done by simply computing several first derivatives, 
as we see in example 3.6. 



EXAMPLE 3.6 Computing Higher Order Derivatives 

If fix) — 3x 4 — 2x 2 + 1, compute as many derivatives as possible. 
Solution We have 

f'(x) = — = — (3x 4 - 2x 2 + 1) = 12.T 3 - 4jc. 
dx 

d 2 f d , o 
/"« = -4 = — (12x 3 - 4x) - 36.T 2 - 4, 

d 3 f d n 
f"(x) = —4 = — (36x 2 - 4) = 72x, 



Then, 



/ (4) (x) 



rfx 3 c/x 

d^l^d_ 

dx 4 dx 
d 5 f 



(72x) - 72, 



/ (5) (x) = Vt = -^(72) = 0 



<ix 5 dx 



and so on. It follows that 



f'Kx) 



d n f 
dx" 



0, forn > 5. 



O Acceleration 

What information does the second derivative of a function give us? Graphically, we get a 
property called concavity, which we develop in Chapter 3. One important application of the 
second derivative is acceleration, which we briefly discuss now. 

You are probably familiar with the term acceleration, which is the instantaneous rate 
of change of velocity. Consequently, if the velocity of an object at time t is given by v(t ), 
then the acceleration is 

dv 

ait) - v it) = — . 



EXAMPLE 3.7 Computing the Acceleration of a Skydiver 

Suppose that the height of a skydiver t seconds after jumping from an airplane is given 
by fit) = 640 — 20r — 16f 2 feet. Find the person's acceleration at time t. 

Solution Since acceleration is the derivative of velocity, we first compute velocity: 
v(t) = f'(t) = 0 - 20 - 32t = -20 - 32f ft/s. 
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Computing the derivative of this function gives us 

a(t) - v'(t) - -32ft/s 2 . 

Since the distance here is measured in feet and time is measured in seconds, the units of 
the velocity are feet per second, so that the units of acceleration are feet per second per 
second, written ft/s/s, or more commonly ft/s 2 (feet per second squared). This indicates 
that the velocity changes by —32 ft/s every second and the speed in the downward 
(negative) direction increases by 32 ft/s every second due to gravity. ■ 



BEYOND FORMULAS 

The power rule gives us a much-needed shortcut for computing many derivatives. 
Mathematicians always seek the shortest, most efficient computations. By skipping 
unnecessary lengthy steps and saving brain power, mathematicians free themselves 
to tackle complex problems with creativity. It's important to remember, however, that 
shortcuts such as the power rule require careful proof. 



EXERCISES 2.3 Qj 

55 WRITING EXERCISES 



1. Explain to a non-calculus-speaking friend how to (mechan- 
ically) use the power rule. Decide whether it is better to 
give separate explanations for positive and negative exponents; 
integer and noninteger exponents; other special cases. 

2. In the 1700s, mathematical "proofs" were, by modern stan- 
dards, a bit fuzzy and lacked rigor. In 1 734, the Irish metaphysi- 
cian Bishop Berkeley wrote The Analyst to an "infidel math- 
ematician" (thought to be Edmund Halley of Halley's comet 
fame). The accepted proof at the time of the power rule may 
be described as follows. 

If x is incremented to x+h, then x" is incre- 

(x + hf - x n 

mented to (x + h)". It follows that = 

(x+h)- x 

_, n 2 — n 

nx H hx + ■ ■ ■ . Now, let the increment h vanish, 



and the derivative is nx"~ [ . 

Bishop Berkeley objected to this argument. 

"But it should seem that the reasoning is not fair or conclusive. 

For when it is said, 'let the increments vanish,' the former 

supposition that the increments were something, or that there 

were increments, is destroyed, and yet a consequence of that 

supposition is retained. Which ... is a false way of reasoning. 

Certainly, when we suppose the increments to vanish, we must 

suppose . . . everything derived from the supposition of their 

existence to vanish with them." 

Do you think Berkeley's objection is fair? Is it logically accept- 
able to assume that something exists to draw one conclusion, 
and then assume that the same thing does not exist to avoid hav- 
ing to accept other consequences? Mathematically speaking, 
how does the limit avoid Berkeley's objection of the increment 
h both existing and not existing? 

3. The historical episode in exercise 2 is just one part of an on- 
going conflict between people who blindly use mathematical 
techniques without proof and those who insist on a full proof 
before permitting anyone to use the technique. To which side 



are you sympathetic? Defend your position in an essay. Try to 
anticipate and rebut the other side's arguments. 

4. Now that you know the "easy" way to compute the derivative 
of f(x) — x 4 , you might wonder why we wanted you to learn 
the "hard" way. To provide one answer, discuss how you would 
find the derivative of a function for which you had not learned 
a shortcut. 



In exercises 1-14, differentiate each function. 

1. f(x) = x 3 - 2x + 1 2. f(x) = x 9 - 3x 5 + Ax 1 - Ax 



2 , 

llx -x 2 - -— 
1/x 2 



3. 


fm = 


3t 3 - 


2<Ji 


4. 


m 


5. 


/(«>) = 


3 
w 


8u; + 1 


6. 


fiy) 


7. 


h(x) = 


10 

^ " 


- 2x + 71 


8. 


h(x) 


9. 


/(*) = 


2s 3 ' 2 


- 3s~ [ ' 3 


10. 


fit) 


11. 


fix) = 


3x 2 


-3x+\ 
2x 


12. 


fix) 


13. 


fix) = 


x(3x 


2 ~^) 


14. 


fix) 



3t" - 2t L3 

Ax 2 -x + 3 
yfx 



In exercises 15-20, compute the indicated derivative. 

15. f"(t) for f(t) = t 4 + 3t 2 -2 

16. /'"(0 for /(0 = 4f 2 - 12+ 1 

d 2 f , 3 

17. ^ for /(*) = 2x 4 - — 
ax L y/x 

d 2 f 

18. — - for f(x) = x 6 - 4x 
ax 2 

19. f (4) (x) for f(x) = x 4 + 3x 2 - 2/Vx 

20. / (5) (x) for /(*) = x 10 - 3x 4 + 2x - 1 
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In exercises 21-24, use the given position function to find the 
velocity and acceleration functions. 

21. .s(f) = -16f 2 + 40f + 10 

22. s(t) = -4.9/ 2 + 12/ - 3 

23. s(t) = ^t + 2t 2 

10 

24. s(t) = 10 



In exercises 25 and 26, the given function represents the height of 
an object. Compute the velocity and acceleration at time t = t 0 . 
Is the object going up or down? Is the speed of the object in- 
creasing or decreasing? 

25. hit) = -16/ 2 + 40/ + 5, (a) t 0 = 1, (b) t Q = 2 

26. h(t) = 10/ 2 - 24/, (a) t 0 = 2, (b) f„ = 1 



In exercises 27-30, find an equation of the tangent line to 
y = fix) at x = a. 

27. f(x) = x 2 - 2, a = 2 28. fix) = x 2 - 2x + 1, a = 2 

29. f(x) = 4^x~ - 2x, a = 4 30. fix) = 3^ + 4, a = 2 



In exercises 31 and 32, use the graph of / to sketch a graph of 
/". (Hint: Sketch /' first.) 



31. (a) 




(b) 



i 1 1 — 

-3 -2 -If 



32. (a) 



(b) 




In exercises 33 and 34, (a) determine the value(s) of x for which 
the tangent line to y = fix) is horizontal. @ (b) Graph the 
function and determine the graphical significance of each such 
point, (c) Determine the value(s) of x for which the tangent line 
to y = fix) intersects the jc-axis at a 45° angle. 



33. fix) = x 3 - 3x + 1 



34. f{x): 



Ax +2 



In exercises 35 and 36, (i) determine the value(s) of x for which 
the slope of the tangent line to y = fix) does not exist, (ii) Graph 
the function and determine the graphical significance of each 
such point. 

35. (a) f(x) = x 2 ' 3 

(c) fix) = \x 2 - 3x - 4| 



(b) /(x)=|x-5| 



36. (a) fix) : 



rV3 



(b) fix) = \x + 2| 



(c) fix) = \x 2 + 5x + A\ 



37. Find all values of x for which the tangent line to 



y = x 



3x + 1 is (a) at an angle of 45° with the x-axis; 



(b) at an angle of 30° with the x-axis (assuming that the angles 
are measured counterclockwise). 

38. Find all values of x for which tangent lines to y = x 3 + 2x + 1 
and y = x 4 + x 3 + 3 are (a) parallel, @ (b) perpendicular. 

39. Find a second-degree polynomial (of the form 

fix) = ax 2 + bx + c) such that (a) /(0) = -2, /'(0) = 2 and 
/"(0) = 3. (b) /(0) = 0, /'(0) = 5 and /"(0) = 1. 

40. Find a general formula for the nth derivative / <n) (x). 

2 



(a) fix) = yfx 



(b) fix) 



41. Find the area of the triangle bounded by x = 0, y = 0 and 
the tangent line to y = ■= at x = 1. Repeat with the triangle 
bounded by x = 0, y = 0 and the tangent line to y = - at 
x = 2. Show that you get the same area using the tangent line 
to y = - at any x = a > 0. 

42. Show that the result of exercise 41 does not hold for y = \. 
That is, the area of the triangle bounded by x = 0, y = 0 and 
the tangent line to v = at x = a > 0 does depend on the 
value of a. 

43. Assume that a is a real number, / is differentiable for all 
x > a and g(x) = max /(/) for x > a. Find g'(x) in the cases 

a<t<x 

(a) fix) > 0 and (b) /'(*) < 0. 

44. Assume that a is a real number, / is differentiable for all 
x > a and g(x) = min /(/) for x > a. Find g'ix) in the cases 

a<t<x 

(a) fix) > 0 and (b) fix) < 0. 



In exercises 45-48, find a function with the given derivative. 

45. /'(x) = 4x 3 46. /'(x) = 5x 4 



47. /'(x) = VI 



48. fix). 



1 



APPLICATIONS 



49. For most land animals, the relationship between leg width w 
and body length b follows an equation of the form w = cb 3/2 for 
some constant c > 0. Show that if b is large enough, w'ib) > 1. 
Conclude that for larger animals, leg width (necessary for sup- 
port) increases faster than body length. Why does this put a 
limitation on the size of land animals? 

50. Suppose the function vid) represents the average speed in 
m/s of the world record running time for d meters. For 
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example, if the fastest 200-meter time ever is 19.32 s, 
then u(200) = 200/19.32 « 10.35. Explain what v'(d) would 
represent. 

51. Let /(f) equal the gross domestic product (GDP) in billions of 
dollars for the United States in year f . Several values are given 
in the table. Estimate and interpret /'(2000) and /"(2000). 
[Hint: To estimate the second derivative, estimate /'(1998) 
and /'(1999) and look for a trend.] 



t 


1996 


1997 


1998 


1999 


2000 


2001 


fit) 


7664.8 


8004.5 


8347.3 


8690.7 


9016.8 


9039.5 



52. Let /(f) equal the average weight of a domestic SUV in year f . 
Several values are given in the table below. Estimate and inter- 
pret /'(2000) and /"(2000). 



t 


1985 


1990 


1995 


2000 


fit) 


4055 


4189 


4353 


4619 



53. If the position x of an object at time f is given by f(t), then /'(f) 
represents velocity and /"(f) gives acceleration. By Newton's 
second law, acceleration is proportional to the net force on the 
object (causing it to accelerate). Interpret the third derivative 
/'"(f) in terms of force. The term jerk is sometimes applied to 
/'"(f). Explain why this is an appropriate term. 

54. A public official solemnly proclaims, "We have achieved a re- 
duction in the rate at which the national debt is increasing." If 
d(t) represents the national debt at time f years, which deriva- 
tive of d(t ) is being reduced? What can you conclude about the 
size of d(t ) itself? 



^ EXPLORATORY EXERCISES 

1. A plane is cruising at an altitude of 2 miles at a distance 
of 10 miles from an airport. The airport is at the point 



(0, 0), and the plane starts its descent at the point (10, 2) to 
land at the airport. Sketch a graph of a reasonable flight path 
y — fix), where y represents altitude and x gives the ground 
distance from the airport. (Think about it as you draw!) Ex- 
plain what the derivative f'(x) represents. (Hint: It's not ve- 
locity.) Explain why it is important and/or necessary to have 
/(0) = 0, /(10) = 2, /'(0) = 0 and /'(10) = 0. The simplest 
polynomial that can meet these requirements is a cubic poly- 
nomial f(x) — ax 3 + bx 2 + cx + d. Find values of the con- 
stants a,b,c and d to fit the flight path. [Hint: Start by setting 
/(0) = 0 and then set /'(0) = 0. You may want to use your 
CAS to solve the equations.] Graph the resulting function; does 
it look right? Suppose that airline regulations prohibit a deriva- 
tive of or larger. Why might such a regulation exist? Show 
that the flight path you found is illegal. Argue that in fact all 
flight paths meeting the four requirements are illegal. There- 
fore, the descent needs to start farther away than 10 miles. Find 
a flight path with descent starting at 20 miles away that meets all 
requirements. 

2. In the enjoyable book Surely You're Joking Mr. Feynman, 
physicist Richard Feynman tells the story of a contest he 
had pitting his brain against the technology of the day (an 
abacus). The contest was to compute the cube root of 1729.03. 
Feynman came up with 12.002 before the abacus expert gave 
up. Feynman admits to some luck in the choice of the num- 
ber 1729.03: he knew that a cubic foot contains 1728 cubic 
inches. Explain why this told Feynman that the answer is 
slightly greater than 12. How did he get three digits of ac- 
curacy? "I had learned in calculus that for small fractions, the 
cube root's excess is one-third of the number's excess. The ex- 
cess, 1.03, is only one part in nearly 2000. So all I had to do is 
find the fraction 1/1728, divide by 3 and multiply by 12." To see 
what he did, find an equation of the tangent line to y — x i/3 
at x — 1728 and find the v-coordinate of the tangent line at 
x = 1729.03. 



4 THE PRODUCT AND QUOTIENT RULES 



We have now developed rules for computing the derivatives of a variety of functions, 
including general formulas for the derivative of a sum or difference of two functions. Given 
this, you might wonder whether the derivative of a product of two functions is the same as 
the product of the derivatives. We test this conjecture with a simple example. 

O Product Rule 

Consider — [(x 2 )(x 5 )]. Combining the two factors, we have: 
ax 

^-[(x 2 )(x 5 )] = Ax 7 = 7x 6 . 
ax ax 



However, 



I0x 5 ^7x 6 =^-[(x 2 )(x 5 )]. (4.1) 
ax 



Differentiation 
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You can now plainly see from (4.1) that the derivative of a product is not generally the 
product of the corresponding derivatives. The correct rule is given in Theorem 4.1. 



THEOREM 4. 1 (Product Rule) 

Suppose that / and g are differentiable. Then 
d 



dx 



[f(x)g(x)] = f'(x)g(x) + f(x)g'(x). 



(4.2) 



PROOF 



Since we are proving a general rule, we have only the limit definition of derivative to use. 
For p{x) — f(x)g(x), we have 



d , p(x + h) — p(x) 

— U(x)g(x)] = p'(x) = lim M - / / 
dx h^o h 



lim 

A->0 



f(x + h)gjx + h)- f(x)g(x) 
h 



(4.3) 



Notice that the elements of the derivatives of / and g are present, but we need to get them 
into the right form. Adding and subtracting f(x)g(x + h) in the numerator, we have 



p'{x) — lim 

h—>0 



fix + h)g(x + h) - f(x)g(x + h) + f(x)g(x + h) - f(x)g(x) 



f( x + h)g(x + h)~ f(x)g(x + h) f(x)g(x + h)-f(x)g(x) 
— lim h lim 

h h^O h 



Break into two pieces. 



lim 



fix + h)- fjx) 
h 



gix + h) 



lim 

fc-»-0 



fix) 



gjx + h)- gjx) 
h 



lim 

/!->0 



fix + h)- fjx) 

h 



lim gix + h) 

/i->0 



fix) lim 



gjx + h)- gjx) 
h 



— f ix)gix) -)- fix)gix). Recognize the derivative of / and the derivative of g. 

There is a subtle technical detail in the last step: since g is differentiable at x, recall that it 
must also be continuous at x, so that gix + h) —> gix) as h — >• 0. ■ 



In example 4.1, notice that the product rule saves us from multiplying out a messy product. 



EXAMPLE 4. 1 Using the Product Rule 

Find /'(*) if fix) = (2jc 4 - 3x + 5) ( x 2 - V* 4 



Solution Although we could first multiply out the expression, the product rule 
will simplify our work: 



— (2x 4 - 3x + 5) ( x 2 - - | +(2x 4 - 3x + 5)— ( x 2 -Jx- 

dx \\ x ) dx \ 

= (8.t 3 - 3) (x 2 - V* + H + i2x 4 - 3x + 5) (lx - ^= - . ^ 
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EXAMPLE 4.2 Finding the Equation of the Tangent Line 

Find an equation of the tangent line to 

y = (x 4 - 3x 2 + 2x)(x 3 - 2x + 3) 

at x - 0. 

Solution From the product rule, we have 

y' - (4.x 3 - 6x + 2)(x 3 - 2x + 3) + (x 4 - 3x 2 + 2x)(3x 2 - 2). 

Evaluating at x = 0, we have v'(0) = (2)(3) + (0)(— 2) = 6. The line with slope 6 and 
passing through the point (0, 0) [why (0, 0)?] has equation v = 6x. ■ 



O Quotient Rule 

Given our experience with the product rule, you probably have no expectation that the 
derivative of a quotient will turn out to be the quotient of the derivatives. Just to be sure, 
let's try a simple experiment. Note that 

d /x 5 \ d ^ 3 _ 3 2 
dx \x 2 / dx 



d 



while "^77 = 2^ = 2* ^ 

dx 

Since these are obviously not the same, we know that the derivative of a quotient is 
generally not the quotient of the corresponding derivatives. The correct rule is given in 
Theorem 4.2. 



THEOREM 4.2 


(Quotient Rule) 




Suppose that / and ^ 


r are differentiable. Then 






d 


\f(x)~ 


f'(x)g(x) - f(x)g'(x) 


(4.4) 




dx 


. 8( x ) . 


[g(x)] 2 


provided g(x) ^ 0. 











PROOF 

For Q(x) = 



fix) 
g(x)' 



we have from the limit definition of derivative that 



d 
dx 



fix) ' 
.g(x)j 



Q'(x) = lim 



Q(x + h)- Q(x) 
h 



lim 

/i^0 



fix + h) f(x) 
g(x + A) g(x) 



lim — 

/i^0 



f(x + /i)g(x) - /(x)g(x + h) 
g(x + /?)g(x) 



lim 

A->0 



fix + /?)g(x) - /(x)g(x + A) 
/jg(x + h)gix) 



Add the fractions. 



Simplify. 
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As in the proof of the product rule, we look for the right term to add and subtract in 
the numerator, so that we can isolate the limit definitions of f'(x) and g'(x). Adding and 
subtracting f(x)g(x), we get 

f(x + h)g(x) - f(x)g(x) + f(x)g(x) - f(x)g(x + h) 



Q'(x) - lim 



lim 

A->0 



lim 



hg(x + h)g(x) 

f(x + h)—f(x) g(x+h) — g(x) Group first two and last 

g(x) — j(x) 

\l fi two terms together 



g(x + h)g(x) 



and factor out common 
terms. 



f(x + h)- f(x) 

h 



g(x) ~ fM lim 



g(x + h)-g(x) 



lim g(x 4- h)g(x) 



f'(x)g(x) - f(x)g'(x) 



Recognize the derivatives of / and g. 



[gW] 2 

where we have again used the fact that g is differentiable to imply that g is continuous, so 
that g(x + h) -¥ g(x), as h 0. ■ 

Notice that the numerator in the quotient rule looks very much like the product rule, 
but with a minus sign between the two terms. For this reason, you need to be very careful 
with the order. 



EXAMPLE 4.3 Using the Quotient Rule 



Compute the derivative of f(x) = 



x J + 1 

Solution Using the quotient rule, we have 

" d 



fix) 



dx 



(x' - 2) 



(x 3 + 1) - (x 2 - 2) — (x 3 + 1) 
dx 



(x 3 + l) 2 

2x(x 3 + 1) - (x 2 - 2)(3x 2 ) 

(X 3 + l) 2 

-x 4 + 6x 2 + 2x 



(x 3 + l) 2 " 

In this case, we rewrote the numerator because it simplified significantly. This often 
occurs with the quotient rule. ■ 



Now that we have the quotient rule, we can justify the use of the power rule for negative 
integer exponents. (Recall that we have been using this rule without proof since section 2.3.) 



THEOREM 4.3 (Power Rule) 



For any integer exponent n, 



dx 



nx 



n-\ 



PROOF 

We have already proved this for positive integer exponents. So, suppose that n < 0 and let 
M — —n > 0. Then, using the quotient rule, we get 

^L x n = fL x ~M = ^_(_L 
dx dx dx \x M 
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dx 



(1) 



x M -{\)^{x M ) 



dx 



(x M ) 2 
(0)x M - {\)Mx M ~ l 



r 2M 



By the quotient rule. 



By the power rule, since M > 0. 



-Mx M ~ l 

ZlM 



MM-X-2M „ , , , 

X By the usual rules ot exponents. 



= (-M)x- M - x =nx"- 1 . 



Since n = — M. 



As we see in example 4.4, it is sometimes preferable to rewrite a function, instead of 
automatically using the product or quotient rule. 



EXAMPLE 4.4 A Case Where the Product and Quotient Rules 
Are Not Needed 

r- 2 

Compute the derivative of f(x) — Xy/x H — -. 

x 1 

Solution Although it may be tempting to use the product rule for the first term and 
the quotient rule for the second term, notice that it's simpler to first rewrite the function. 
We can combine the two powers of x in the first term. Since the second term is a 
fraction with a constant numerator, we can more simply write it using a negative 
exponent. We have 

f(x) - x^/x~ + 4 = x 3/1 + 2x~ 2 . 
Using the power rule, we have simply 

J 2 * 



O Applications 

You will see important uses of the product and quotient rules throughout your mathematical 
and scientific studies. We start you off with a couple of simple applications now. 



EXAMPLE 4.5 Investigating the Rate of Change of Revenue 

Suppose that a product currently sells for $25, with the price increasing at the rate of 
$2 per year. At the current price, consumers will buy 150 thousand items, but the 
number sold is decreasing at the rate of 8 thousand per year. At what rate is the total 
revenue changing? Is the total revenue increasing or decreasing? 

Solution To answer these questions, we need the basic relationship 

revenue = quantity x price 

(e.g., if you sell 10 items at $4 each, you earn $40). Since these quantities are changing 
in time, we write R(t) — Q(t)P(t), where R(t) is revenue, Q{t) is quantity sold and 
P(t) is the price, all at time t. We don't have formulas for any of these functions, but 
from the product rule, we have 

R'(t) = Q'(t)P(t) + Q(t)P'(t). 

We have information about each of these terms: the initial price, P(0), is 25 (dollars); 
the rate of change of the price is P'(0) = 2 (dollars per year); the initial quantity, (2(0), 
is 150 (thousand items) and the rate of change of quantity is Q'(0) = —8 (thousand 
items per year). Note that the negative sign of Q'(Q) denotes a decrease in Q. Thus, 

R'(0) = (-8)(25) + (150)(2) = 100 thousand dollars per year. 



Since the rate of change is positive, the revenue is increasing. » 
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EXAMPLE 4.6 Using the Derivative to Analyze a Golf Shot 




FIGURE 2.23 

83m 

u(m) = 

m 4- 0.05 



A golf ball of mass 0.05 kg struck by a golf club of mass m kg with speed 50 m/s will 

83m 

have an initial speed of u(m) — m/s. Show that u (m) > 0 and interpret this 

m + 0.05 

result in golf terms. Compare w'(0.15) and m'(0.20). 



Solution From the quotient rule, we have 



u'(m) 



83(m + 0.05) - 83m 
(m + 0.05) 2 



4.15 



(m + 0.05) 2 



Both the numerator and denominator are positive, so u'(m) > 0. A positive slope for 
all tangent lines indicates that the graph of u(m) should rise from left to right. (See 
Figure 2.23.) Said a different way, u{m) increases as m increases. In golf terms, this 
says that (all other things being equal) the greater the mass of the club, the greater the 
velocity of the ball will be. Finally, we compute w'(0.15) = 103.75 and w'(0.20) = 66.4. 
This says that the rate of increase in ball speed is much less for the heavier club than 
for the lighter one. Since heavier clubs can be harder to control, the relatively small 
increase in ball speed obtained by making the heavy club even heavier may not 
compensate for the decrease in control. ■ 



EXERCISES 2.4 



0) 



{V) WRITING EXERCISES 



1. The product and quotient rules give you the ability to symboli- 
cally calculate the derivative of a wide range of functions. How- 
ever, many calculators and almost every computer algebra sys- 
tem (CAS) can do this work for you. Discuss why you should 
learn these basic rules anyway. (Keep example 4.5 in mind.) 

2. Gottfried Wilhelm Leibniz is recognized (along with Sir Isaac 
Newton) as a coinventor of calculus. Many of the funda- 
mental methods and notation of calculus are due to Leibniz. 
The product rule was worked out by Leibniz in 1675, in the 
form d(xy) — (dx)y + x{dy). His "proof," as given in a letter 
written in 1699, follows. "If we are to differentiate xy we write: 



(x + dx)(y + dy) ■ 



x dy + y dx 4- dx dy . 



But here dx dy is to be rejected as incomparably less than 
x dy 4- y dx. Thus, in any particular case the error is less than 
any finite quantity." Answer Leibniz' letter with one describing 
your own "discovery" of the product rule for d(xyz)- 

3. You may have noticed that in example 4.1, we did not mul- 
tiply out the terms of the derivative. If you want to compute 
f'(a) for some number a, discuss whether it would be easier 
to substitute x — a first and then simplify or multiply out all 
terms and then substitute x — a. 

4. Many students prefer the product rule to the quotient rule. 

Many computer algebra systems actually use the product rule 

to compute the derivative of /(jc)[g(x)] _1 instead of using 
f(x) 

the quotient rule on . (See exercise 34.) Given the sim- 

g(x) 

plifications in problems like example 4.3, explain why the 
quotient rule can be preferable. 



In exercises 1-16, find the derivative of each function. 

1. f{x) = (x 2 + 3)(x 3 - 3x + 1) 

2. f{x) = ix 3 - 2x 2 + 5)(x 4 - 3x 2 + 2) 



3. /(x) = (V^4-3*)(5* 2 - ^ 

4. f(x) = ix 3 ' 2 - Ax) (x 4 - 1 4- 2^ 



5. git) = 
7. fix)- 



3r-2 
57+ 1 
3x — 6*/x 
'' 5x 2 -2 



t 2 + 2t + 5 
6x — 2/x 



8. fix) 



x 2 + Jx 



(u + l)(w - 2) 2x 

9 - /(«) = 2 c , r 10 - /« = — + 3 ) 



11. f(x) 



u - 5u + 1 

x 2 + 3x-2 



13. h(t) = t(^i + 3) 



x 2 + 1 

it 2 — 2u 
12. f(u) = ^— 

U + JU 

t 2 5 
14. hit) =^ + ~i 



15. fix) = ix 2 - l) * 3 . + . 3 f 16 - fM = + 2 )"* 2 



r 2 4-2 



x 1 + x 



In exercises 17-20, find an equation of the tangent line to the 
graph of y = fix) at x = a. 

17. fix) = ix 2 4- 2x)ix 4 + x 3 + 1), a = 0 

18. fix) = ix 3 + x + \)i3x 2 + 2x - 1), a = 1 

x + 1 

19. /(*) = — — ,a = 0 

x + 2 

x + 3 

20. fix) =—-,a = 1 

x l 4- 1 
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In exercises 21-24, assume that / and g are differentiable 
with /(0) = -1, /(l) = -2, /'(0) = -1, /'(l) = 3, g(0) = 3, 
g(l) = 1, g'(0) = -1 and g'(l) = -2. Find an equation of the 
tangent line to the graph of y = h(x) at x = a. 



21. 


*(*) = 


/(x)g(x)at (a) 


a = 0, (b) a = 1 


22. 


*(*) = 


at (a) a = 

g(x) 


: 1, (b) a = 0. 


23. 


/?(x) = 


x 2 fix) at (a) a 


= 1, (b) a = 0. 


24. 


/i(x) = 


X 2 

at (a) a = 


1, (b) a = 0. 



25. Suppose that for some toy, the quantity sold Q(t) at time t 
years decreases at a rate of 4%; explain why this translates to 
Q'(t) — —0.042(f). Suppose also that the price increases at 
a rate of 3%; write out a similar equation for P'it) in terms 
of P(t). The revenue for the toy is R(t) = Q{t)P(t). Sub- 
stituting the expressions for Q'it) and P'it) into the product 
rule R'(t) = Q'(t)P(t)+ Q(t)P'(t), show that the revenue 
decreases at a rate of 1%. Explain why this is "obvious." 

26. As in exercise 25, suppose that the quantity sold decreases at 
a rate of 4%. By what rate must the price be increased to keep 
the revenue constant? 

27. Suppose the price of an object is $20 and 20,000 units are 
sold. If the price increases at a rate of SI. 25 per year and the 
quantity sold increases at a rate of 2000 per year, at what rate 
will revenue increase? 

28. Suppose the price of an object is $ 14 and 12,000 units are sold. 
The company wants to increase the quantity sold by 1200 units 
per year, while increasing the revenue by $20,000 per year. At 
what rate would the price have to be increased to reach these 
goals? 

29. A baseball with mass 0.15 kg and speed 45 m/s is struck by a 
baseball bat of mass m kg and speed 40 m/s (in the opposite 
direction of the ball's motion). After the collision, the ball has 

82.5m - 6.75 

initial speed u(m) — m/s. Show that u (m) > 0 

m + 0.15 

and interpret this in baseball terms. Compare m'(1) and u'(1.2). 

30. In exercise 29, if the baseball has mass M kg at speed 45 m/s 
and the bat has mass 1 .05 kg and speed 40 m/s, the ball's initial 

86.625 - 45M 

speed is u(M) = m/s. Compute u (M) and 

F M+1.05 

interpret its sign (positive or negative) in baseball terms. 

31. In example 4.6, it is reasonable to assume that the speed of 
the golf club at impact decreases as the mass of the club 
increases. If, for example, the speed of a club of mass m is 
v — 8.5/m m/s at impact, then the initial speed of the golf ball 

14.11 

is u(m) = m/s. Show that u (m) < 0 and interpret 

m + 0.05 
this in golf terms. 

32. In example 4.6, if the golf club has mass 0.17 kg and strikes 
the ball with speed v m/s, the ball has initial speed 

0.2822 v 

u(v) — m/s. Compute and interpret the derivative 

u'(v). 



33. Write out the product rule for the function f(x)g(x)h(x). 
(Hint: Group the first two terms together.) Describe the gen- 
eral product rule: for n functions, what is the derivative of 



the product fi(x) fiix) fi{x) ■ ■ ■ /„(x)? How many terms are 
there? What does each term look like? 

34. Use the quotient rule to show that the derivative of [g(x)] _1 
is — g'(x)[g(x)]~ 2 . Then use the product rule to compute the 
derivative of /(x)[g(x)] _1 . 



In exercises 35 and 36, find the derivative of each function using 
the general product rule developed in exercise 33. 

35. f{x) = x 2 l\x 2 - 2)(x 3 - x + 1) 

36. fix) = (x + 4)(x 3 - 2x 2 + 1)(3 - 2/x) 



37. Assume that g is continuous at x — 0 and define 
fix) — xg(x). Show that / is differentiable at x — 0. Illustrate 
the result with g(x) — \x\. 

38. In exercise 37, if x — 0 is replaced with x — a 0, how 
must you modify the definition of fix) to guarantee that / is 
differentiable? 

x 

39. For fix) — — , show that the slope m of the tangent line 

x 2 + 1 j 

to the graph of y — f(x) satisfies — < m < 1. Graph the 

8 

function and identify points of maximum and minimum slope. 



40. For f(x) = 



= , show that the slope m of the tangent 



line to the graph of y = f(x) satisfies 0 < in < 1. Graph the 
function and identify the point of maximum slope. 

41. Repeat example 4.4 with your CAS. If its answer is not in the 
same form as ours in the text, explain how the CAS computed 
its answer. 

42. Use your CAS to sketch the derivative of sinx. What function 
does this look like? Repeat with sin 2x and sin 3x. Generalize 
to conjecture the derivative of sinA:x for any constant k. 



V3x 3 + x 2 

43. Find the derivative of f(x) = on your CAS. Com- 



pare its answer to 



for x > 0 and 



for 



2V3x + 1 2V3x + 1 

x < 0. Explain how to get this answer and your CAS's answer, 
if it differs. 

x 2 — x — 2 / 2x 2 

44. Find the derivative of fix) — I 2x 

x — 2 \ x + 1 / 

your CAS. Compare its answer to 2. Explain how to get this 
answer and your CAS's answer, if it differs. 

45. Suppose that Fix) — /(x)g(x) for infinitely differentiable 
functions / and g (that is, fix), fix), etc. exist for all x). 
Show that F"ix) = /"(x)g(x) + 2/'(x)g'(x) + /(x)g"(x). 
Compute F"'(x). Compare F"(x) to the binomial formula for 
(a + b) 2 and compare F"'(x) to the formula for (a + bf . 

46. With Fix) defined as in exercise 45, compute F i4 \x) using 
the fact that (a + bf = a 4 + 4a 3 b + 6a 2 b 2 + 4ab 3 + b 4 . 

47. Use the product rule to show that if g(x) = [fix)] 2 and fix) 
is differentiable, then g'(x) = 2 fix) fix). This can also be 
obtained using the chain rule, to be discussed in section 2.5. 

48. Use the result from exercise 47 and the product rule to 
show that if g(x) = [fix)] 3 and fix) is differentiable, then 
g'ix) — 3[/(x)] 2 /'(x). Hypothesize the derivative of [fix)]" . 
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(pi APPLICATIONS 

49. The amount of an allosteric enzyme is affected by the pres- 
ence of an activator. If x is the amount of activator and / is 
the amount of enzyme, then one model of an allosteric ac- 

x 2 - 7 

tivation is f(x) = — . Find and interpret lim f(x) and 

1 + x- 1 x^O 

lim fix). Compute and interpret f'(x). 

x-*oo 

50. Enzyme production can also be inhibited. In this situation, the 
amount of enzyme as a function of the amount of inhibitor 

1 

— . Find and interpret lim f(x), 



is modeled by f(x) = 
lim f(x) and /'(*). 



1+x 



51. Most cars are rated for fuel efficiency by estimating miles per 
gallon in city driving (c) and miles per gallon in highway driv- 
ing (h). The Environmental Protection Agency uses the formula 

r — as its overall rating of gas usage. 

0.55/c + 0.45//i 

(a) Think of c as the variable and h as a constant, and show 

dr 

that — > 0. Interpret this result in terms of gas mileage. 

dc 

(b) Think of h as the variable and c as a constant, and show 

dr 

that — > 0. 
dh 

(c) Show that if c = h, then r — c, 

(d) Show that if c < h, then c < r < h. To do this, assume 
that c is a constant and c < h. Explain why the results 
of parts (b) and (c) imply that r > c. Next, show that 
dr 

— < 0.45. Explain why this result along with the result 
dh 

of part (c) implies that r < h. 
Explain why the results of parts (a)-(d) must be true if the EPA's 
combined formula is a reasonable way to average the ratings c 
and ft. To get some sense of how the formula works, takec = 20 



and graph r as a function of h . Comment on why the EPA might 
want to use a function whose graph flattens out as this one does. 



EXPLORATORY EXERCISES 



1. In many sports, the collision between a ball and a striking 
implement is central to the game. Suppose the ball has weight 
w and velocity v before the collision and the striker (bat, tennis 
racket, golf club, etc.) has weight W and velocity — V before 
the collision (the negative indicates the striker is moving in the 
opposite direction from the ball). The velocity of the ball after 



the collision will be u — 



WV(1 + c) + v(cW - w) 



, where 



W + w 

the parameter c, called the coefficient of restitution, repre- 
sents the "bounciness" of the ball in the collision. Treating 
W as the independent variable (like x) and the other pa- 
rameters as constants, compute the derivative and verify that 
du V(l + c)w + cvw + vw 

= > 0, since all parameters 

dW (W + w) 2 ~ F 

are nonnegative. Explain why this implies that if the athlete 
uses a bigger striker (bigger W) with all other things equal, 
the speed of the ball increases. Does this match your intuition? 
What is doubtful about the assumption of all other things being 

du du du du 
equal? Similarly compute and interpret — , — , and — . 

aw dv dV dc 
(Hint: c is between 0 and 1 with 0 representing a dead ball and 

1 the liveliest ball possible.) 

2. Suppose that a soccer player strikes the ball with enough en- 
ergy that a stationary ball would have initial speed 80 mph. 
Show that the same energy kick on a ball moving directly to 
the player at 40 mph will launch the ball at approximately 
100 mph. (Use the general collision formula in exploratory 
exercise 1 with c — 0.5 and assume that the ball's weight is 
much less than the soccer player's weight.) In general, what 
proportion of the ball's incoming speed is converted by the 
kick into extra speed in the opposite direction? 



0) 



2.5 THE CHAIN RULE 



We currently have no way to compute the derivative of a function such as P(f) — V100 + 8?, 
except by the limit definition. However, observe that P(t) is the composition of the two 
functions /(?) = *Jt and g(t) — 100 + St, so that P(t) — f(g(tj), where both /'(f) and 
g'(t ) are easily computed. We now develop a general rule for the derivative of a composition 
of two functions. 

The following simple examples will help us to identify the form of the chain rule. 
Notice that from the product rule 

^-[(x 2 + D 2 ] = ^-[(x 2 + l)(x 2 + 1)] 
ax ax 

= 2x(x 2 + 1) + (x 2 + 1)2* 
= 2(x 2 + l)2x. 

Of course, we can write this as 4x(x 2 + 1), but the unsimplified form helps us to understand 
the form of the chain rule. Using this result and the product rule, notice that 

^-[(x 2 + l) 3 ] = ^-[(x 2 + l)(x 2 + l) 2 ] 
ax ax 
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- 2x{x 2 + l) 2 + (x 2 + l)2(x 2 + 1)2* 
= 3(x 2 + V) 2 2x. 
We leave it as a straightforward exercise to extend this result to 

— [(x 2 + l) 4 ] = A(x 2 + l) 3 2x. 
dx 

You should observe that, in each case, we have brought the exponent down, lowered 
the power by one and then multiplied by 2x, the derivative of x 2 + 1. Notice that we can 
write (x 2 + l) 4 as the composite function f(g(x)) = (x 2 + l) 4 , where g(x) — x 2 + 1 and 
fix) = x 4 . Finally, observe that the derivative of the composite function is 

^-Uigix))] = ^-[ix 2 + l) 4 ] = Mx 2 + l) 3 2x = f'igix))g'ix). 
dx dx 

This is an example of the chain rule, which has the following general form. 



THEOREM 5. 1 (Chain Rule) 

If g is differentiable at x and / is differentiable at gix), then 

^rUigix))] = figix))g'ix). 

dx 



PROOF 

At this point, we can prove only the special case where g'(x) ^ 0. Let Fix) = figix)). 
Then, 

d , Fix + h)- Fix) 

■^l figix))] = F'ix) = Jim — 

dx h^o h 

r f(8(x + h)) - figix)) 

— hm Since F(x) = f(g(x)). 

h^o h 

f (g jx + h))- fjgjx)) gjx + h)- gjx) Multiply numerator 

— lim and denominator by 

h->-o h gix + h) — gix) 

6V ' 6 ' g(x + h)-g(x). 

figix + h))- figix)) g( X + h )-gix) 

— lim lim Regroup terms. 

h->0 gix + h) — gix) h->0 h 

figix + h))- figix)) gix +h)- gix) 

— lim lim 

g(x+h)-> g (x) gix + h) - gix) h^-o h 

= f'igix))g'ix), 

where the next to the last line is valid since as h 0, gix + h) — > gix), by the continuity 
of g. (Recall that since g is differentiable, it is also continuous.) You will be asked in exercise 
40 to fill in some of the gaps in this argument. In particular, you should identify why we 
need g'ix) ^ 0 in this proof. ■ 

It is often helpful to think of the chain rule in Leibniz notation. If y — /(«) and 
u = gix), then y = figix)) and the chain rule says that 

dy dy du 

— = ——, (5.1) 
dx du dx 



where it looks like we are cancelling the dus, even though these are not fractions. 
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REMARK 5.1 



The chain rule should make 
sense intuitively as follows. 

dy 

We think of — as the 

dx 

(instantaneous) rate of change 

dy 

of y with respect to x, — as the 
du 

(instantaneous) rate of change 
du 

of v with respect to u and — as 

dx 

the (instantaneous) rate of 
change of u with respect to x. 

So, if — = 2 (i.e., v is 
du 

changing at twice the rate of u) 
du 

and — = 5 (i.e., u is changing 

dx 

at five times the rate of x), it 
should make sense that y is 
changing at 2 x 5 = 10 times 

dy 

the rate of x. That is, — = 10, 

dx 

which is precisely what 
equation (5.1) says. 



TODAY IN 
MATHEMATICS 



Fan Chung (1949- ) 

A Taiwanese mathematician with 
a highly successful career in 
American industry and academia. 
She says, "As an undergraduate in 
Taiwan, I was surrounded by 
good friends and many women 

mathematicians A large part of 

education is learning from your 
peers, not just the professors." 
Collaboration has been a hallmark 
of her career. "Finding the right 
problem is often the main part of 
the work in establishing the 
connection. Frequently a good 
problem from someone else will 
give you a push in the right 
direction and the next thing you 
know, you have another good 
problem." 



EXAMPLE 5. 1 Using the Chain Rule 

Differentiate y — (x 3 + x — l) 5 . 

Solution For u = x 3 + x — 1, note that y = u 5 . From (5.1), we have 
dy dy du d 5 du 

" " \ U ) Since y = m 5 . 

dx du dx du dx 

, d , 
= 5u 4 — (x 3 +x- 1) 
dx 



5(x j + x - lT(3x z + 1) 



For the composition f(g(x)), f is often referred to as the outside function and g 
is referred to as the inside function. The chain rule derivative f'{g(x))g'(x) can then be 
viewed as the derivative of the outside function times the derivative of the inside function. 
In example 5.1, the inside function is x 3 + x — 1 (the expression inside the parentheses) 
and the outside function is u 5 . 



EXAMPLE 5.2 Using the Chain Rule with a Square Root Function 

d 



Find — (Vl00 + 8f). 
dt 

Solution Let u = 100 + 8f and note that Vl00 + 8r = m 1/2 . Then, from (5.1), 

-(V100 + 80 = -(V /2 ) = -u- 1 ' 2 — 
dt dt 2 dt 



1 



2Vl00 + 8f dt 



(100 + 8f) 



V100 + 8?' 



Notice that the derivative of the inside here is the derivative of the expression under the 
square root sign. ■ 



You are now in a position to calculate the derivative of a very large number of functions, 
by using the chain rule in combination with other differentiation rules. 



EXAMPLE 5.3 Derivatives Involving the Chain Rule and Other Rules 



Compute the derivative of f(x) — x 3 -JAx + 1, g(x) — 



Bx 



(X 3 + l) 2 



and/z(x) = 



(x 3 + iy- ' 



Solution Notice the differences in these three functions. The first function f(x) is 
a product of two functions, g(x) is a quotient of two functions and h(x) is a constant 
divided by a function. This tells us to use the product rule for f(x), the quotient rule 
for g(x) and simply the chain rule for h(x). For the first function, we have 

f'(x) — — fjr 3 V4.y + l) = 3x 2 a/4x + 1 + X 3 — V4x + 1 By the product rule. 

dx V / dx 



3jcV4x + 1+x 3 -(4x+ ir 1/2 — (4x+ 1) 
2 dx 

derivative of the inside 



= 3x 2 a/4* + 1 + 2x\4x + 1)" 1/2 . 
Next, we have 



By the chain rule. 



Simplifying. 



dx 



8.v 



(* 3 + l) 2 



8(x 3 + l) 2 -8x — [(x 3 + l) 2 ] 
dx 



(x 3 + l) 4 



By the quotient rule. 
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8(x 3 + l) 2 - 8x 



d 
dx 



2(x 3 + lWx 3 + 1) 



derivative of the inside 



(x 3 + l) 4 

8(x 3 + l) 2 - 16x(x 3 + l)3x 2 
(x 3 + l) 4 

8(x 3 +l)-48x 3 8 -40x 3 



By the chain rule. 



Simplifying. 



(x 3 + l) 3 (x 3 + l) 3 ■ 

For h(x), notice that instead of using the quotient rule, it is simpler to rewrite the 
function as h(x) — 8(x 3 + 1)~ 2 . Then 

h'(x) = — [8(x 3 + 1)~ 2 ] - -16(x 3 + I)" 3 — (x 3 + 1) = -16(x 3 + ir 3 (3x 2 ) 
dx dx 



derivative of the inside 



= -48x 2 (x 3 + ir 3 . 



In example 5.4, we apply the chain rule to a composition of a function with a compo- 
sition of functions. 



EXAMPLE 5.4 A Derivative Involving Multiple Chain Rules 

Find the derivative of f(x) = (Vx 2 + 4 - 3x 2 ) 3/2 . 
Solution We have 

f'(x) = 3 - (7x^4 - 3x 2 ) V2 j- (V^+A - 3x 2 ) 



By the chain rule. 



- - (Vx 2 + 4 - 3x : 



1/2 



1/2 



) 

(Vx 2 + 4 - 3x 2 ) 



(Vx 2 + 4 - 3x 2 ) V2 [x(x 2 + 4)" 1/2 - 6x] 



i(x 2 + 4r 1 / 2 -^-(x 2 +4)-6x 
2 dx 



-(x 2 + 4)- 1/2 (2x)-6x 



By the chain rule. 



Simplifying. 



EXERCISES 2.5 



0) 



55 WRITING EXERCISES 



1. If gear 1 rotates at 10 rpm and gear 2 rotates twice as fast as 
gear 1, how fast does gear 2 rotate? The answer is obvious for 
most people. Formulate this simple problem as a chain rule 
calculation and conclude that the chain rule (in this context) is 
obvious. 



2. The biggest challenge in computing the derivatives 
of 7(x 2 + 4)(x 3 -x + l), (x 2 + 4)v / x T ~ 



x + l 



and 



4. Another simple implication of the chain rule is: if 
h(x) — f(2x), then h'(x) — 2f'(2x). Explain this derivative 
graphically: how does h(x) compare to fix) graphically and 
why do the slopes of the tangent lines relate as the formula 
indicates? 



In exercises 1-4, find the derivative with and without using the 
chain rule. 



x 2 + 4-\/x 3 —x + l is knowing which rule (product, chain 
etc.) to use when. Discuss how you know which rule to use 
when. (Hint: Think of the order in which you would perform 
operations to compute the value of each function for a specific 
choice of x.) 

3. One simple implication of the chain rule is: if g(x) — f(x — a), 
then g'(x) — f'{x — a). Explain this derivative graphically: 
how does g(x) compare to f(x) graphically and why do the 
slopes of the tangent lines relate as the formula indicates? 



1. /(*) = (x 3 - l) 2 
3. f{x) = (x 2 + \? 



2. f(x) = (x 2 + 2x + l) 2 
4. /(*) = (2x + l) 4 



In exercises 5-16, differentiate each function. 

5. (a) f(x) = (x 3 - x) 3 (b) /(*) = v / * T +4 

6. (a) f{x) = (x 3 + x-l) 3 (b) fix) = V4x - Yfx 

7. (a) f(t) = t 5 V^T2 (b) fit) = it 3 + 2)V? 
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8. (a) /(f) = (f 4 4- 2)V?TT (b) fit) = ^(t 4p + 3) 
u 2 + 1 



9. (a) /(») = 
10. (a) /(«) = 



11. (a) g(x) = 



u + 4 

v 2 -l 

V 2 + 1 



12. (a) g(x) = x 2 Vx~TT 



13. (a) h(x) = 

14. (a) fc(0 = 



(b) /(«,) = 



(b) f(x) = 



(b) = 



(w 2 + 4) 2 
x 2 4-4 

(* 3 ) 2 



x 2 4- 1 



Vx^ 

(f 3 4- 4) 5 



(b) »(*) = v / (-r 2 + + I) 3 

Vx 2 4-4 

(b) *(*) = ^— 

o 

(b) h(t) = 



0 3 4- 4) 5 

15. (a) /(x) = (Vx 3 4- 2 4- 2x)~ 2 (b) fix) = Vx 3 4-2 4-2x" 2 

16. (a) /(x) = y4x 2 4- (8 - x 2 ) 2 (b) /(x) = (V4x 2 4- 8 - x 2 ) 2 



In exercises 17-20, name the method (chain rule, product rule, 
quotient rule) that you would use first to find the derivative of 
the function. Then list any other rule(s) that you would use, in 
order. Do not compute the derivative. 



17. f(x): 

18. f{x): 



x /x 4 4- 2x 



x 4- 2 



3x 2 4- 2^x 3 + 4/x' 
(x 3 - 4)Vx 2 4- 2 



19. f il) = J?TT47?(^±lJ 



20. fit) = 3f + 



4V7 2 TT 

t-5 



In exercises 21 and 22, find an equation of the tangent line to 
the graph of y = fix) at x = a. 



21. fix) = Vx 2 4- 16, a = 3 
6 



22. /(*) = 



x 2 4-4 



,a = -2 



In exercises 23 and 24, use the position function to find the 
velocity at time t = 2. (Assume units of meters and seconds.) 

60r 



23. sit) = Vf 2 4-i 



24. sit) - 



In exercises 25 and 26, compute fix), /'"(x) and f [4,) ix), and 
identify a pattern for the nth derivative / ( "'(x). 



25. fix) = V2x 4- 1 



26. /(jc) = 



x4- 1 



In exercises 27 and 28, use the relevant information to compute 
the derivative for n(x) = figix)). 

27. h'iV), where /(l) = 3, g(l) = 2, /'(l) = 4, /'(2) = 3, 
g'(l) = -2andg'(3) = 5 



28. h'i2), where /(2) = 1, g(2) = 3, /'(2) = -1, /'(3) = -3, 
g'(l) = 2and g'(2) = 4 



29. A function / is an even function if /(— x) = fix) for all x 
and is an odd function if /(— x) = — fix) for all x. Prove that 
the derivative of an even function is odd and the derivative of 
an odd function is even. 

30. If the graph of a differentiable function / is symmetric about 
the line x — a, what can you say about the symmetry of the 
graph of /'? 

In exercises 31-34, find the derivative, where / is an unspecified 
differentiable function. 



31. (a) fix 2 ) 

32. (a) /(Vx) 

33. (a) /(1/x) 

34. (a) 1 4- fix 2 ) 



(b) [/(x)] 2 
(b) Jfjx) 
(b) l//(x) 
(b) [1 4- fix)] 2 



In exercises 35 and 36, use the graphs to find the derivative of 
the composite function at the point, if it exists. 




y =/(*) 

35. figix)) at (a) x = 0, (b) x 

36. gi fix)) at (a) x = 0, (b) x 



4- 




3- 




2- 




1 - 

— i — -j£ — 


H-\— 1 — /h 1 — ► 


-2/\ 
' -1 


1 \ 2 / 3 4 


-2- 


y = gM 



1 and (c) x = 3 
1 and (c) x = 3 



In exercises 37 and 38, find the second derivative of each 
function. 



37. (a) fix) = *Jx^l 

38. (a) hit) = it 3 + 3) 2 



(b) fit)-- 
(b) gis) ■- 



sR 2 ^ 
3 

is 2 + l) 2 



39. (a) Determine all values of x such that 

fix) — \/x 3 — 3x 2 4- 2x is not differentiable. Describe 
the graphical property that prevents the derivative from 
existing. 

(b) Repeat part (a) for fix) = Vx 4 - 3x 3 4- 3x 2 - x. 

40. Which steps in our outline of the proof of the chain rule are 
not well documented? Where do we use the assumption that 

g'ix) 0? 

In exercises 41-44, find a function g such that g'ix) = fix). 

41. fix) = (x 2 4- 3) 2 (2x) 42. fix) = x 2 (x 3 4- 4) 2/3 



43. /(*) = 



Vx^TT 



44. /(*) = 



(x 2 4- l) 2 
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EXPLORATORY EXERCISES 



1. Newton's second law of motion is F = ma, where m is the 
mass of the object that undergoes an acceleration a due to an 
applied force F. This law is accurate at low speeds. At high 
speeds, we use the corresponding formula from Einstein's 
d I v(t) 



theory of relativity, F = m- 



where v(t) 



dt \y/T- v 2 (t)/c 2 / 
is the velocity function and c is the speed of light. Compute 

d ( v(t) 

dt \ Jl-vHtyc 1 



What has to be "ignored" to simplify 



this expression to the acceleration a — v'(t) in Newton's 
second law? 



2. Suppose that / is a function such that /(l) = Oand/'(x) : 



1 



for all x > 0. 

(a) If gi(x) — f(x") and g2(x) — nf(x) for x > 0 show that 
g[(x) = g' 2 (x). Since gi(l) = g2(i) = 0, can you conclude 
that gi(x) = g 2 (x) for all x > 0? 

(b) For positive, differentiable functions h x and h 2 , define 
£3 = /(M 2 )andg 4 = /(AO 4- f(h 2 ). Show that g' 3 = g' 4 . 
Can you conclude that gi — g$7 



0) 



2.6 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 



Displacement 
= u(t) 



Equilibrium 
position 



FIGURE 2.24 

Spring-mass system 



Imagine a weight hanging from a spring suspended from the ceiling. (See Figure 2.24.) 
Once set in motion (e.g., by tapping down on it), the weight will bounce up and down in 
ever-shortening strokes until it eventually is again at rest (equilibrium). 

If we pull the weight down, its vertical displacement from its equilibrium position is 
negative. The weight then swings up to where the displacement is positive, swings down to 
a negative displacement and so on. Two functions that exhibit this kind of behavior are the 
sine and cosine functions. We calculate the derivatives of these and the other trigonometric 
functions in this section. 

We can learn a lot about the derivatives of sinx and cosx from their graphs. 
From the graph of y = sinx in Figure 2.25, notice the horizontal tangents at 
x — —3jt/2, —it (2, tt/2 and 3jt/2. At these x-values, the derivative must equal 0. The tan- 
gent lines have positive slope for —2n < x < —3k/2, negative slope for —3tt/2 < x < —tt/2 
and so on. For each interval on which the derivative is positive (or negative), the graph ap- 
pears to be steepest in the middle of the interval: for example, from x — —tt/2, the graph 
gets steeper until about x — 0 and then gets less steep until leveling out at x — tt/2. A 
sketch of the derivative graph should then look like the graph in Figure 2.26, which looks 
like the graph of y = cos x. We show here that this conjecture is, in fact, correct. 







i 




— f — 1 — \ 


1- 






3w 
2 


1 

TT J 

i 2 / 


1 

TT 

~2 

- -1 


1 1 \ ► 

\ 3tt 

\ 2 




FIGURE 2.25 

y — sinx 



FIGURE 2.26 

The derivative of /(x) = sinx 



Before we move to the calculation of the derivatives of the six trigonometric functions, 
we first consider a few limits involving trigonometric functions. (We refer to these results as 
lemmas — minor theorems that lead up to some more significant result.) You will see shortly 
why we must consider these first. 
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LEMMA 6.1 






lim sin 6 — 0. 




9^0 



This result certainly seems reasonable, especially when we consider the graph of 
y — sinx. In fact, we have been using this for some time now, having stated this (with- 
out proof) as part of Theorem 3.4 in section 1.3. We now prove the result. 




FIGURE 2.27 

Definition of sin 6 



PROOF 



7T 



For 0 < 9 < — , from Figure 2.27, observe that 
2 & 



Since 



0 < sin0 < 9. 



lim 0 = 0 = lim 9, 

0-»O+ 0^0+ 



(6.1) 
(6.2) 



it follows from the Squeeze Theorem (see section 1.3), and from (6.1) and (6.2) that 



lim sin 0 — 0. 

0^0+ 

We leave it as an exercise to show that 

lim sin 9 = 0. 

0 ->•()- 

Since both one-sided limits are the same, it follows that 

lim sin 9 = 0. ■ 

We leave it as an exercise to show that the following result follows from Lemma 6.1 and 
the Pythagorean Theorem. 



LEMMA 6.2 






lim cos 9 = 1. 




0->-O 



The following result was conjectured to be true (based on a graph and some computa- 
tions) when we first examined limits in section 1.2. We can now prove the result. 



LEMMA 6.3 






sin 9 




lim = 1. 




e^o 9 



Q(l, tan 
P(cos 6, sin ff) 




R(1,0) 

FIGURE 2.28 



PROOF 

Assume 0 < 9 < —. 

2 

Referring to Figure 2.28, observe that the area of the circular sector OPR is larger than 
the area of the triangle OPR, but smaller than the area of the triangle OQR. That is, 



0 < Area AOPR < Area sector OPR < Area AOQR. 
You can see from Figure 2.29 that 

Area sector OPR = it (radius) 2 (fraction of circle included) 

9 6 



(6.3) 



ltd 2 ) 



In 



(6.4) 
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FIGURE 2.29 

A circular sector 




FIGURE 2.30 

1 — COS X 

y = 



X 


1 — COS X 
X 


0.1 


0.04996 


0.01 


0.00499996 


0.001 


0.0005 


0.0001 


0.00005 



X 


1 — COS X 

X 


-0.1 


-0.04996 


-0.01 


-0.00499996 


-0.001 


-0.0005 


-0.0001 


-0.00005 



Also, 



and 



1 1 
Area AOPR = -(base)(height) = -(l)sin0 

Area AOQR = -(l)tan0. 



Thus, from (6.3), (6.4), (6.5) and (6.6), we have 



1 9 1 
O<-sin0<-< - tan 6*. 

2 2 2 



(6.5) 
(6.6) 

(6.7) 



If we divide (6.7) by | sin 9 (note that this is positive, so that the inequalities are not 
affected), we get 

9 tan 9 1 

1 < 



(6.8) 



sin 9 sin 9 cos 9 
Taking reciprocals (again, everything here is positive), we find 

sin 9 

1 > > cos 9. 

9 

We leave it as an exercise to show that inequality (6.8) also holds if — § < 9 < 0. Finally, 
note that 

lim cos 9 — \ — lim 1 . 

0^0 e-»o 

Thus, it follows from (6.8) and the Squeeze Theorem that 

sin0 
lim = 1 

0^0 9 

also. ■ 

We need one additional limit result before we tackle the derivatives of the trigonometric 
functions. 



LEMMA 6.4 






1 — cos 9 




lim = 0. 




e^o 9 



1 — COS X 

Referring to the graph of y = in Figure 2.30 and the tables of function values 

x 

that follow, the result should seem reasonable. 



PROOF 

1 - 



lim 

0-»O 



cos ( 



. 1 — cos ( 
= lim , 

0^0 V 9 



1 + cos ( 

1 + COS ( 



= lim 



1 — cos 



0^0 9(1 + cos0) 

sin 2 0 

lim 

0^0 9(1 + cos0) 

/ sin ( 

lim 

0-»O 



Multiply numerator and denominator by 1 + cos0. 



Multiply out numerator and denominator. 



Since sin" 0 + cos 2 0=1. 



sin( 



= I lim 

i 0->O 



= (D 



1 



lim 



cos fc 
sin( 



1 + 1 



0^0 1 + COS( 

- 0, 



Split up terms, since both limits exist. 



as conjectured. 
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We are finally in a position to compute the derivatives of the sine and cosine functions. 



THEOREM 6.1 

d 



— sinx = cosx. 
dx 



PROOF 

From the limit definition of derivative, for f(x) = sinx, we have 

d . N ,. sin(x +h) - sin(x) 

— sinx = / (x) — hm 

dx J h^o h 

Sin X COS h + Sin h COS X — Sin X Trig identity: sin (a + B) = 

= hm 

h— »0 /z sino: cos ^ + sin /i cosg. 

sin X COS h sin X sin /z COS X Grouping terms with sin x and terms 

= hm h hm 

h— »0 ft— *0 /z with sin /; separately. 

cos h — 1 sin /; Factoring sin .v from the first term 

= (sinx) hm h (cosx) hm 

/;^0 h h— >0 /z and cos .v from the second term. 

= (sinx)(0) + (cosx)(l) = cosx, 
from Lemmas 6.3 and 6.4. ■ 

The proof of the following result is left as an exercise. 



THEOREM 6.2 

d 



— cos x = — sin x . 
dx 



The derivatives of the remaining four trigonometric functions follow from the quotient 

rule. 



THEOREM 6.3 






d 2 
— tan x = sec x . 




dx 



PROOF 

By the quotient rule, 



dx 



tan x = 



dx \ cos x 
d 



dx 



(sinx) 



(cosx) — (sinx) — (cosx) 
dx 



(cos x) 2 
cosx(cosx) — sin x(— sinx) 



(cosx) 2 



cos 2 x + sin 2 x 



(cosx) 2 



1 

(cosx) 2 



= sec x. 
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The derivatives of the remaining trigonometric functions are left as exercises. The 
derivatives of all six trigonometric functions are summarized below. 



d 






d 






dx 


sinx 


= cosx 


dx 


cosx = 


— sinx 


d 
dx 


tanx 


= sec 2 x 


d 
dx 


cotx = 


— csc 2 x 


d 






d 






dx 


secx 


= sec x tan x 


dx 


cscx = 


—cscx cotx 



Example 6.1 shows where the product rule is necessary. 



EXAMPLE 6. 1 A Derivative That Requires the Product Rule 

Find the derivative of f(x) — x 5 cosx. 
Solution From the product rule, we have 



dx 



(x cosx) = 



dx 



(x 5 ) 



cos x + x — (cos x) 
dx 



— 5x 4 cos x — x 5 sin x . 



EXAMPLE 6.2 Computing Some Routine Derivatives 

Compute the derivatives of (a) /(x) = sin 2 x and (b) g(x) — 4 tan x — 5 esc x . 

Solution For (a), we first rewrite the function as /(x) = (sinx) 2 and use the chain 
rule. We have 

d 

f (x) = (2 sin x) — (sin x) = 2 sin x cos x . 
dx / 

derivative of the inside 

For (b), we have 

g'(x) = 4sec 2 x + 5 cscx cotx. ■ 

You must be very careful to distinguish between similar notations with very different 
meanings, as we illustrate in example 6.3. 



EXAMPLE 6.3 The Derivatives of Some Similar 
Trigonometric Functions 

Compute the derivative of (a) /(x) = cos x 3 , (b) g(x) = cos 3 x and (c) h(x) = cos 3x. 

Solution Note the differences in these three functions. Using the implied parentheses 
we normally do not bother to include, we have /(x) = cos (x 3 ), g(x) = (cos x) 3 and 
h(x) = cos (3x). For (a), we have 

f'(x) — — cos (x 3 ) - — sin(x 3 ) — (x 3 ) = — sin (x 3 )(3x 2 ) = — 3x 2 sinx 3 . 
dx dx 

derivative of the inside 
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Next, for (b) we have 



?'(*) 



d r, j d 

— (cosx) = 3(cosx) — (cosx) 
dx dx 



derivative of the inside 



3(cosx) 2 (— sinx) = — 3 sin x cos 2 x. 



Finally, for (c) we have 



h'(x) = — (cos3x) = — sin(3x) — (3x) = — sin(3x)(3) = — 3sin3x. 
dx dx 



derivative of the inside 



By combining our trigonometric rules with the product, quotient and chain rules, we 
can now differentiate many complicated functions. 



EXAMPLE 6.4 A Derivative Involving the Chain Rule 
and the Quotient Rule 



Find the derivative of f(x) = sin 
Solution We have 

f'(x) - cos 



2x 

X + I, 

2x \ d / 2x 



x + 1 7 dx \x + 1 



derivative of the inside 

2x \ 2(x + 1) - 2x(l) 



cos 



x + lj (x + l) 2 
2x \ 2 



By the chain rule. 



By the quotient rule. 



x + lj (x + l) 2 ' 




EXAMPLE 6.5 Finding an Equation of a Tangent Line 

Find an equation of the tangent line to 

y = 3 tan x — 2 esc x 

7T 

at x = — . 

3 

Solution The derivative is 

y' = 3 sec 2 x — 2(— esc x cotx) = 3 sec 2 x + 2 cscx cotx. 

7T 

At x = — , we have 
3 



FIGURE 2.31 

y — 3 tan x — 2 esc x and the 

it 

tangent line at x — — 

5 3 



2 \/ 1 



4 _ 40 



40 

The tangent line with slope — and point of tangency 



(|,3V3- 



4 \ 

—= 1 has equation 



40/ jt\ r 4 
We show a graph of the function and the tangent line in Figure 2.31. 



O Applications 



The trigonometric functions arise quite naturally in the solution of numerous physical 
problems of interest. For instance, it can be shown that the vertical displacement of a mass 
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Displacement 
= "(0 



Equilibrium 
position 



FIGURE 2.32 

Spring-mass system 



suspended from a spring, in the absence of damping (i.e., when resistance to the motion, 
such as air resistance, is negligible), is given by 

u(t) = a cos {cot) + b sin (ait), 

where a> is the frequency, t is time and a and b are constants. (See Figure 2.32 for a depiction 
of such a spring-mass system.) 



EXAMPLE 6.6 Analysis of a Spring-Mass System 

Suppose that u(t) measures the displacement (measured in inches) of a mass suspended 
from a spring t seconds after it is released and that 

u(t) — 4 cos 2t. 

Find the velocity at any time t and determine the maximum velocity. 

Since u(t) represents position (displacement), the velocity is given by u'(t). 



Solution 

We have 



u'(t) = 4(-sin 2f) ■ 2 = -8 sin 2t, 



where u'(t) is measured in inches per second. Of course, sin 2t oscillates between — 1 and 
1 and hence, the largest that u'(t) can be is — 8(— 1) = 8 inches per second. This occurs 
when sin2r = —1, that is, at t = 3jt/4, t — ln/A and so on. Notice that at these times 
u(t) — 0, so that the mass is moving fastest when it is passing through its equilibrium 
position. ■ 



EXERCISES 2.6 

55 WRITING EXERCISES 

1. Most people draw sine curves that are very steep and rounded. 
Given the results of this section, discuss the actual shape of the 
sine curve. Starting at (0, 0), how steep should the graph be 
drawn? What is the steepest the graph should be drawn any- 
where? In which regions is the graph almost straight and where 
does it curve a lot? 

2. In many common physics and engineering applications, the 
term sin x makes calculations difficult. A common simplifica- 
tion is to replace sin x withx, accompanied by the justification 
"sinx approximately equals x for small angles." Discuss this 
approximation in terms of the tangent line to y — sinx at x = 0. 
How small is the "small angle" for which the approximation is 
good? The tangent line to y — cos x at x — 0 is simply y — 1 , 
but the simplification "cos x approximately equals 1 for small 
angles" is almost never used. Why would this approximation be 
less useful than sinx « x? 

3. Use a graphical analysis as in the text to argue that the deriva- 
tive of cosx is —sinx. 

4. If a differentiable function / has a period of p, explain why 
/' also has a period of p. 



In exercises 1-18, find the derivative of each function. 

1. /(x) = 4sin3x-x 2. f(x) = 4x 2 - 3 tan2x 

3. fit) = tan 3 2t - esc 4 3/ 4. /(f) = t 2 + 2 cos 2 At 
5. /(x) = x cos 5x 2 6. /(x) = x 2 sec 4x 



7. 


/(*) 


X 2 


8. 


fix) 


esc 4 2x 


9. 


fit) 


= sin 3t sec 3f 


10. 


fit) 


= Vcos 5t sec 5f 


11. 


/(-*) 


1 

sin 4x 


12. 


fix) 


= x 2 sec 2 3x 


13. 


fix) 


= 2 sin 2x cos 2x 


14. 


fix) 


= 4 sin 2 3x + 4 cos 2 3x 


15. 


fix) 


= tanV* 2 + 1 


16. 


fix) 


= 4x 2 sinx sec 3x 


17. 


fix) 


= sin 3 ^cos\/x 3 


+ 2x 2 ^ 






18. 


fix) 


= tan 4 [sin 2 (x 3 + 2x)] 







In exercises 19-22, differentiate each function. 



19. 


(a) fix) = 


sin x 2 


20. (a) f(x) = 


cos *Jx 




(b) fix) = 


sin 2 x 


(b) fix) = 


v'cos X 




(c) /(*) = 


sin 2x 


(c) fix) = 


cos |x 


21. 


(a) /(*) = 


sinx 2 tanx 


22. (a) f(x) = 


secx 2 tanx 




(b) fix) = 


sin 2 (tan x) 


(b) fix) = 


sec 2 (tanx) 




(c) fix) = 


sin(tan 2 x) 


(c) fix) = 


sec(tan 2 x) 



In exercises 23-26, find an equation of the tangent line to 
y = f(x) at x = a. 

it 

23. fix) = sin4x, a — — 

8 

24. f(x) = tan3x,a = 0 
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25. /(x) = x 2 cosx, a 



26. f(x) — x sinx, a 



In exercises 27-30, use the position function to find the velocity 
at time t = t 0 . Assume units of feet and seconds. 



27. s(t) = t~- sin2f,/o = 0 

28. s(t) = 4 + 3 sin t, t Q = n 

cos t 

29. s(t) = — — , t 0 - n 

30. s(t) = fcos(f 2 +71), t 0 = 0 



31. A spring hanging from the ceiling vibrates up and down. Its 
vertical position at time t is given by f(t) — 4 sin 3?. (a) Find 
the velocity of the spring at time t. (b) What is the spring's 
maximum speed? (c) What is its location when it reaches its 
maximum speed? 

32. In exercise 31, (a) for what time values is the velocity 0? 

(b) What is the location of the spring when its velocity is 0? 

(c) When does the spring change directions? 

sinx cosx — 1 

33. Use the basic limits lim = 1 and lim = 0 to 

x->0 x *->o x 

find the following limits: 



(a) lim 



sin 3x 



cosx — 1 



(c) lim 



5x 



sin t 

(b) lim 

t-+o At 



(d) lim 



.t->0 x l 



smx cosx — 1 

34. Use the basic limits lim = 1 and lim = 0 to 

*->o x *->o x 

find the following limits: 



It 

(a) lim 

f->o sin t 



(b) lim 



(c) lim 



sin6x 



(d) lim 



tan2x 



x-»o sin5x % ' x^o x 

35. For f(x) = sin2x, find / (75) (x) and / <150) (x). 

36. For f{x) = cos 3x, find / (77) (x) and f m (x). 

37. For Lemma 6. 1 , show that lim sin 6 — 0. 

38. Use Lemma 6.1 and the identity cos 2 0 + sin 2 9 — 1 to prove 
Lemma 6.2. 

39. Use the identity cos (x + h) — cosx cos h — sinx sin h to 
prove Theorem 6.2. 

40. Use the quotient rule to derive formulas for the derivatives of 
cot x , sec x and esc x . 

41. Repeat exercise 13 with your CAS. If its answer is not in the 
same form as ours in the back of the book, explain how the 
CAS computed its answer. 

42. Repeat exercise 14 with your CAS. If its answer is not 0, 
explain how the CAS computed its answer. 



43. Find the derivative of f(x) = 2 sin x + cos 2x on your CAS. 
Compare its answer to 0. Explain how to get this answer and 
your CAS's answer, if it differs. 

tanx 

44. Find the derivative of f(x) = on your CAS. Compare its 

sinx 

answer to secx tanx. Explain how to get this answer and your 
CAS's answer, if it differs. 



45. For/(x): 



sinx 
x 



ifx ^ 0 



(a) show numerically that / is 

1 ifx = 0 
continuous and differentiable for all x. (Hint: Focus on x — 0.) 
(b) Show numerically that the derivative f'(x) is continuous. 



46. In the proof of —(sinx) : 
ax 



cosx, where do we use the 



assumption that x is in radians? If you have access to a CAS, 
find out what the derivative of sinx° is; explain where the 
7r/180 came from. 

47. Sketch a graph of y — sin x and its tangent line at x = 0. Try 
to determine how many times they intersect by zooming in on 
the graph (but don't spend too much time on this). Show that 
for /(x) = sinx, f'(x) < 1 for 0 < x < 1. Explain why this 
implies that sin x < x for 0 < x < 1 . Use a similar argument 
to show that sin x > x for — 1 < x < 0. Explain why y — sin x 
intersects y — x at only one point. 

48. For different positive values of k, determine how many times 
y = sinfct intersects y — x. In particular, what is the largest 
value of k for which there is only one intersection? Try to 
determine the largest value of k for which there are three 
intersections. 



EXPLORATORY EXERCISES 



x 2 sin(i) ifx 7^0 



1. The function f(x) = { _ Vr/ „ has several un- 

[0 if x = 0 

usual properties. Show that / is continuous and differentiable 
atx = 0. However, /'(x) is discontinuous atx = 0. To see this, 

show that fix) — — 1 for x = — , x = — and so on. Then 
' 2tt 4?r 

1 1 

show that / (x) = 1 for x = — , x = — and so on. Explain 

71 37T 

why this proves that fix) cannot be continuous at x = 0. 

2. When a ball bounces, we often think of the bounce occurring 
instantaneously. This does not take into account that the ball 
actually compresses and maintains contact with the ground for 
a brief period of time. As shown in lohn Wesson's The Science 
of Soccer, the amount s that the ball is compressed satisfies the 
equation s"(t) — ——s(t), where c is the circumference of the 
ball, p is the pressure of air in the ball and m is the mass of 
the ball. Assume that the ball hits the ground at time 0 with 
vertical speed v m/s. Then s(0) — 0 and s'(0) — v. Show that 
s(t) — j sin kt satisfies the three conditions s"(t) — — ^s(t), 



s(0) — 0 and s'(0) — v with k — y ^. Use the properties of 
the sine function to show that the duration of the bounce is 
| seconds and find the maximum compression. For a soc- 



cer ball with c = 0.7 m, p = 0.86 x 10 5 N/m 2 



15 m/s, 



radius /f = 0.112 m and m — 0.43 kg, compute the duration 
of the bounce and the maximum compression. 
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Putting together the physics for before, during and after 
the bounce, we obtain the height of the center of mass of 
a ball of radius R : 



h(t) = 



-4.9t 2 -vt + R 
R — r sinfcf 



-4.9(f 



jf + v(t 



ift < 0 
ifO< t < f 



f)+R iff>f- 



Determine whether h(t) is continuous for all f and sketch a 
reasonable graph of this function. 



A ball being compressed 



0) 



2.7 IMPLICIT DIFFERENTIATION 




FIGURE 2.33 

The tangent line at the point 

0.-V3) 



Compare the following two equations describing familiar curves: 



3 (parabola) 



y = x 



x 2 + y 2 — 4 (circle). 



and 

The first equation defines y as a function of x explicitly, since for each x, the equation 
gives an explicit formula for finding the corresponding value of y. On the other hand, the 
second equation does not define a function, since the circle in Figure 2.33 doesn't pass 
the vertical line test. However, you can solve for y and find at least two functions that are 
defined implicitly by the equation x 2 + y 2 — 4. 

Suppose that we want to find the slope of the tangent line to the circle x 2 + y 2 — 4 at the 
point (1, -V3). (See Figure 2.33.) We can think of the circle as the graph of two semicircles, 
defined by y — V4 — x 2 and y — — V4 — x 2 . Since we are interested in the point ( 1 , — V3), 
we use the equation describing the bottom semicircle, y = — V4 — x 2 to compute the 
derivative 

/(*) = - . 7= J - 2x )' 



2V4~ 



V4" 



So, the slope of the tangent line at the point (l, — V3) is then y'(l) 



1 



V3' 



This calculation was not especially challenging, although we will soon see an easier 
way to do it. Moreover, it's not always possible to explicitly solve for a function defined 
implicitly by a given equation. 

Alternatively, assuming the equation x 2 + y 2 — 4 defines one or more differentiable 
functions of x: y = y(x), the equation is 

„2 



[y«r = 4. 

Differentiating both sides of equation (7.1) with respect to x, we obtain 



(7.1) 



dx 



lyWY 



dx 



(4). 



U 9 

From the chain rule, — [y(*)]" = 2y(x)y (x) and so, we have 

dx 

2x + 2y(x)y'(x) = 0. 
Solving this equation for y'(x), we have 

y'{x) 



—2x 



2y(x) 



—x 
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Notice that here, the derivative y'(x) is expressed in terms of both x and y. To get the slope 
at the point (1, —VI), we substitute x = 1 and y = — VI, so that 

-1 1 

,=i ~ ^Vl ~ 7!' 

Notice that this is the same slope as we had found earlier by first solving for y explicitly and 
then differentiating. This process of differentiating both sides of an equation with respect 
to x and then solving for y'(x) is called implicit differentiation. 

Throughout this section, we assume that each equation implicitly defines one or more 
differentiable functions y — y(x). When faced with such an equation, differentiate both 
sides with respect to x, being careful to recognize that differentiating any function of y will 
require the chain rule: 



-rs(y) = g'(y)y'(x). 



Then, gather any terms with a factor of y'(x) on one side of the equation, with the remaining 
terms on the other side of the equation and solve for y'(x). We illustrate this process in the 
examples that follow. 



EXAMPLE 7.1 Finding a Tangent Line Implicitly 

Find y'(x) for x 2 + y 3 — 2y — 3. Then, find the equation of the tangent line at the 
point (2, 1). 

Solution Since we can't (easily) solve for y explicitly in terms of x, we compute the 
derivative implicitly. Differentiating both sides with respect to x, we get 

d 0 2 d 
—(x z + y 3 - 2y) = —(3) 
ax dx 

and so, 2x + 3y 2 y'(x) - 2y'(x) = 0. 

Subtracting 2x from both sides of the equation and factoring y'(x) from the remaining 
terms, we have 

(3y 2 - 2)y'(x) = -2x. 

-2x 
~ 3y 2 -2' 

it the slope of the tangent line at the point 
-4 

= -4. 

3-2 



-4(x - 2). 

FIGURE 2.34 We have plotted a graph of the equation and the tangent line in Figure 2.34 using the 
Tangent line at (2, 1) implicit plot mode of our computer algebra system. ■ 



y'd) 



y(x) 
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EXAMPLE 7.2 Finding a Tangent Line by Implicit Differentiation 

Find y'(x) for x 2 y 2 — 2x = A — Ay. Then, find an equation of the tangent line at the 
point (2, —2). 

Solution Differentiating both sides with respect to x, we get 

d n ~ d 
— (*y-2x) = — {A -Ay), 
dx dx 

Since the first term is the product of x 2 and y 2 , we must use the product rule. We get 

2xy 2 + x 2 (2y)y'(x) -2 = 0- 4y'(x). 

Grouping the terms with y'(x) on one side, we get 

{2x 2 y + A)y'(x) = 2- 2xy 2 , 
2 - 2xy 2 

so that y 'r x \ = — . 

y 2x 2 y+A 

Substituting x —2 and y — —2, we get the slope of the tangent line, 

2-16 7 

/(2) 



■16 + 4 6 

Finally, an equation of the tangent line is given by 

y + 2= 7 -(x-2). 
6 

We have plotted the curve and the tangent line at (2, —2) in Figure 2.35 using the implicit 
plot mode of our computer algebra system. ■ 



You can use implicit differentiation to find a needed derivative from virtually any 
equation you can write down. We illustrate this next for an application. 



EXAMPLE 7.3 Rate of Change of Volume with Respect to Pressure 

Under certain conditions, van der Waals' equation relating the pressure P and volume 
V of a gas is 

P + (V - 0.03) = 9.7. (7.2) 

Assuming that equation (7.2) implicitly defines the volume V as a function of the 

dV 

pressure P, use implicit differentiation to find the derivative — at the point (5, 1). 
Solution Differentiating both sides of (7.2) with respect to P, we have 



— [(P + 5V- 2 )(V - 0.03)] = —(9.7). 
dP dP 



From the product rule and the chain rule, we get 



,dV\ , dV 



1 - 10V- J — (V - 0.03) + (P + 5V" Z )— = o. 
dP I dP 
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t— *-P 



FIGURE 2.36 

Graph of van der Waals' equation 
and the tangent line at the 
point (5, 1) 



dV 

Grouping the terms containing — , we get 

dP 



[-WV-'iV - 0.03) + P + 5V -] 



2 dV 



dP 



0.03 - V, 



so that 

We now have 



dV 
dP 



V'(5) = 



0.03 - V 



-10V- 3 ( V - 0.03) + P + 5V- 2 ' 
0.03 - 1 -0.97 



-10(1)(0.97) + 5 + 5(1) 0.3 



97 
30' 



(The units are in terms of volume per unit pressure.) We show a graph of van der Waals' 
equation, along with the tangent line to the graph at the point (5, 1) in Figure 2.36. ■ 



Of course, since we can find one derivative implicitly, we can also find second and 
higher order derivatives implicitly, as we illustrate in example 7.4. 



EXAMPLE 7.4 Finding a Second Derivative Implicitly 

Find y"(x) implicitly for y 2 + sin y + x 2 = 4. Then find the value of y" at the point 
(-2,0). 

Solution We begin by differentiating both sides of the equation with respect 
to x. We have 

d i -,d 
— (y 2 + sin y + x 2 ) = —(4). 
dx dx 

By the chain rule, we have 

2y[y'(x)] + cosy[y'(*)] + 2x = 0. 

Notice that we don't need to solve this for y'(x). By differentiating again we get 

[2y'(x)][y'(x)] + [2y][y"(x)] + [-sin y][/(*)][/(*)] 

+ [cos >][/(*)] + 2 = 0. 

Grouping all the terms involving y"(x) on one side of the equation gives us 

2y[y"{x)] + cos >[/(*)] = -2[y\x)f + sin>>[/(*)] 2 - 2. 

Factoring out the y"(x) on the left, we get 

(2y + cosjO/Cx) = -2[y'(x)f + smy[y'(x)] 2 - 2, 

-2[/(;t)] 2 + siny[y'(x)] 2 -2 



(7.3) 



so that 



fix) = 



(7.4) 



2y + cos y 

Notice that (7.4) gives us a (rather messy) formula for y"(x) in terms of x, y and y'(x) 
If we need to have y"(x) in terms of x and y only, we can solve (7.3) for y'(x) and 
substitute into (7.4). However, we don't need to do this to find y"(— 2). Instead, first 
substitute x = —2 and y — 0 into (7.3) to get 

2(0)[/(-2)] + cos0[/(-2)] + 2(-2) = 0, 

from which we conclude that 

4 

y'(-2) 



2(0) + cos 0 

Then substitute x — -2, y — 0 and y'(-2) = 4 into (7.4) to get 

-2(4) 2 + sin0(4) 2 -2 

y'X-2) = — — = -34. 

y 2(0) + cos0 
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TODAY IN 
MATHEMATICS 



Dusa McDuff (1945- ) 

A British mathematician who has 
won prestigious awards for her 
research in multidimensional 
geometry. McDuff was inspired 
by Russian mathematician Israel 
Gelfand. "Gelfand amazed me by 
talking of mathematics as if it 

were poetry I had always 

thought of mathematics as being 
much more straightforward: a 
formula is a formula, and an 
algebra is an algebra, but Gelfand 
found hedgehogs lurking in the 
rows of his spectral sequences!" 
McDuff has made important 
contributions to undergraduate 
teaching and Women in Science 
and Engineering, lectured around 
the world and has coauthored 
several research monographs. 
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See Figure 2.37 for a graph of y 2 + sin y + x 2 — 4 near the point (—2, 0). 




FIGURE 2.37 

y 2 + sin y + x 2 — 4 



Recall that, up to this point, we have proved the power rule 

d .. 



dx 



rx 



/— 1 



only for integer exponents (see Theorems 3.1 and 4.3), although we have been freely using 
this result for any real exponent, r. Now that we have developed implicit differentiation, 
however, we have the tools we need to prove the power rule for the case of any rational 
exponent. 



THEOREM 7.1 

For any rational exponent, r, — x 1 ' — rx r ~ x . 

dx 



PROOF 



Suppose that r is any rational number. Then r — — , for some integers p and q. Let 

q 

y = x r =X plq . 

Then, raising both sides of equation (7.5) to the gth power, we get 

y q =x p . 



(7.5) 



(7.6) 
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Differentiating both sides of equation (7.6) with respect to x, we get 

d d 

-riy q ) = — (*')■ 

dx dx 

From the chain rule, we have iy q ~ l — px p ~ x . 



dx 



Solving for — , we have 
dx 



dy px p 1 px p 1 

= — = : Since y = x p l q . 

dx qyi~ l q(xP/i)'i- ] 

— — — — ^ P+P/Q Usine the usual rules of exponents. 

qxP-P/i q 

= P x P/«-l =rx r-l 



as desired. 



BEYOND FORMULAS 

Implicit differentiation allows us to find the derivative of a function even when we 
don't have a formula for the function. This remarkable result means that if we have 
nearly any equation for the relationship between two quantities, we can find the rate 
of change of one with respect to the other. Here is a case where mathematics requires 
creative thinking beyond formula memorization. In what other situations have you seen 
the need for creativity in mathematics? 



EXERCISES 2.7 



0) 



^) WRITING EXERCISES 



1. For implicit differentiation, we assume that y is a function of 
x: we write y(x) to remind ourselves of this. However, for the 
circle x 2 + y 2 — 1 , it is not true that y is a function of x . Since 
y — ±Vl — x 2 , there are actually (at least) two functions of x 
defined implicitly. Explain why this is not really a contradic- 
tion; that is, explain exactly what we are assuming when we 
do implicit differentiation. 

2. To perform implicit differentiation on an equation such as 
x 2 y 2 + 3 = x, we start by differentiating all terms. We get 
2xy 2 + x 2 (2y)y' — 1. Many students learn the rules this way: 
take "regular" derivatives of all terms, and tack on a y' every 
time you take a y-derivative. Explain why this works, and 
rephrase the rule in a more accurate and understandable form. 



3. In implicit differentiation, the derivative is typically a function 
of both x and y; for example, on the circle x 2 + y 2 — r 2 , we 
have y' — —x/y. If we take the derivative —x/y and substitute 
any values for x and y, will it always be the slope of a tangent 
line? That is, are there any requirements on which jc's and y's 
we can substitute? 

4. In each example in this section, after we differentiated the 
given equation, we were able to rewrite the resulting equation 



in the form f(x, y)y'{x) = g(x, y) for some functions f(x, y) 
and g{x, y). Explain why this can always be done; that is, 
why doesn't the chain rule ever produce a term like [y'(x)] 2 
1 

or ? 

y'(x) 



In exercises 1-4, compute the slope of the tangent line at the 
given point both explicitly (first solve for y as a function of x) 
and implicitly. 

1. x 2 + Ay 2 = 8 at (2, 1) 2. x 3 y - Ajx = x 2 y at (2, V2) 

3. y - 3x 2 y = cos x at (0, 1) 4. y 2 + 2xy + 4 = 0 at (-2, 2) 

In exercises 5-16, find the derivative y'(x) implicitly. 

5. x 2 y 2 + 3y = 4x 6. 3xy 3 - 4x = 10y 2 

7. ^/xy — 4y 2 — 12 8. sinxy = x 2 — 3 

4v 



9. = 4x + y 2 



10. 3x + y j 



= 10x 2 



y x + 2 

11. cos(x 2 y) — siny = x 12. x secy — 3y sinx = 1 
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13. y 2 s/x + y - Ax 2 — y 14. x cos(x + y) - y 2 = 8 

3 

15. tan(y 2 + 3) — xy 2 — 2x 16. y cosx 2 r^=^= — x 2 + 1 

y/y 2 + 2 

In exercises 17-22, find an equation of the tangent line at the 
given point. If you have a CAS that will graph implicit curves, 
sketch the curve and the tangent line. 

17. x 2 - 4y 3 = 0 at (2, 1) 18. x 2 y 2 = Ax at (1, 2) 

19. x 2 y 2 = 3y + 1 at (2, 1) 20. x 3 y 2 = -2xy - 3 at (-1, -3) 

21. x 4 = A(x 2 - y 2 ) at (1, ^) 22. x 4 = 8(x 2 - y 2 ) at (2, — s/5) 

In exercises 23-28, find the second derivative y"(x). 

23. a- 2 y 2 + 3x - 4y = 5 24. x 2 / 3 + y 2 / 3 = 4 

25. v 2 = x 3 — 6x + 4 cos y 26. 3xy + 2y — 3x — sin y 

27. (y - l) 2 = 3xy + cos(4y) 28. (x + yf - sin(y + 1) = 3x 

In exercises 29 and 30, find the locations of all horizontal and 
vertical tangents. 

29. x 2 + y 3 - 3y = 4 30. xy 2 - 2y = 2 

31. Name the method by identifying whether you would find the 
derivative y' directly or implicitly. 

(a) x 2 y 2 + 3y = Ax (b) x 2 + 3y = Ax 

(c) 3xy + 6x 2 cosx = y sinx (d) 3xy + 6x 2 cos y = y sin x 

32. Suppose that / is a differentiable function such that /(sin x) = x 
for all x. Show that, for — 1 < x < 1, /'(x) = -jk=. 

33. Use implicit differentiation to find y'(x) for x 2 y — 2y = 4. 
Based on this equation, why would you expect to find vertical 
tangents at x = ±V2 and a horizontal tangent at y = 0? Show 
that there are no points for these values. To see what's going 
on, solve the original equation for y and sketch the graph. 
Describe what's happening at x = ±\/2 and y = 0. 

34. Show that any curve of the form xy = c for some constant c 
intersects any curve of the form x 2 — y 2 — k for some constant 
k at right angles (that is, the tangent lines to the curves at the 
intersection points are perpendicular). In this case, we say that 
the families of curves are orthogonal. 



In exercises 35-38, show that the families of curves are orthog- 
onal. (See exercise 34.) 

c 

35. y = — and y 2 = x 2 + k 

x 

36. x 2 + y 2 — cx and x 2 + y 2 — ky 

37. y = cx 3 and x 2 + 3y 2 = k 

38. y — cx 4 and x 2 + 4y 2 = k 



39. Based on exercises 37 and 38, make a conjecture for a family 
of functions that is orthogonal to y = cx" . Show that your 
conjecture is correct. Are there any values of n that must be 
excluded? 



40. Suppose that a circle of radius r and center (0, c) is inscribed 
in the parabola y — x 2 . At the point of tangency, the slopes 
must be the same. Find the slope of the circle implicitly and 
show that at the point of tangency, y = c — j. Then use the 
equations of the circle and parabola to show that c = r 2 + J . 



v 




> x 



41. For elliptic curves, there are nice ways of finding points with 
rational coordinates. (See Ezra Brown's article "Three Fermat 
Trails to Elliptic Curves" in the May 2000 College Mathemat- 
ics Journal.) 

(a) Show that the points (—3, 0) and (0, 3) are on the elliptic 
curve defined by y 2 = x 3 — 6x + 9. Find the line through 
these two points and show that the line intersects the 
curve in another point with rational (in this case, integer) 
coordinates. 

(b) For the elliptic curve y 2 = x 3 — 6x + 4, show that the point 
(—1,3) is on the curve. Find the tangent line to the curve 
at this point and show that it intersects the curve at another 
point with rational coordinates. 

42. Suppose a slingshot (see section 2.1) rotates counterclock- 
wise along the circle x 2 + y 2 = 9 and the rock is released 
at the point (2.9, 0.77). If the rock travels 300 feet, where 
does it land? [Hint: Find the tangent line at (2.9, 0.77), and 
find the point (x, y) on that line such that the distance is 
y/{x - 2.9) 2 + (y - 0.77) 2 = 300.] 



^ EXPLORATORY EXERCISES 

1. A landowner's property line runs along the path y — 6 — x. 
The landowner wants to run an irrigation ditch from a reser- 
voir bounded by the ellipse 4x 2 + 9y 2 = 36. The landowner 
wants to build the shortest ditch possible from the reservoir 
to the closest point on the property line. We explore how to 
find the best path. Sketch the line and ellipse, and draw in a 
tangent line to the ellipse that is parallel to the property line. 
Argue that the ditch should start at the point of tangency and 
run perpendicular to the two lines. We start by identifying the 
point on the right side of the ellipse with tangent line parallel 
to y = 6 — x. Find the slope of the tangent line to the ellipse at 
(x , y ) and set it equal to — 1 . Solve for x and substitute into the 
equation of the ellipse. Solve for y and you have the point on 
the ellipse at which to start the ditch. Find an equation of the 
(normal) line through this point perpendicular to y = 6 — x 
and find the intersection of the normal line and y = 6 — x. 
This point is where the ditch ends. 

^ 2. Use a CAS to plot the set of points for which 
(cosx) 2 + (siny) 2 = 1. Determine whether the segments 
plotted are straight or not. 
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2.8 THE MEAN VALUE THEOREM 



HISTORICAL 
NOTES 

Michel Rolle (1652-1719) 

A French mathematician who 
proved Rolle's Theorem for 
polynomials. Rolle came from a 
poor background, being largely 
self-taught and struggling through 
a variety of jobs including assistant 
attorney, scribe and elementary 
school teacher. He was a vigorous 
member of the French Academy 
of Sciences, arguing against such 
luminaries as Descartes that if 
a < fa then —fa < —a (so, for 
instance, -2 < - I). Oddly, Rolle 
was known as an opponent of the 
newly developed calculus, calling 
it a "collection of ingenious 
fallacies." 




FIGURE 2.39a 

Graph rises and turns around to fall 
back to where it started. 



In this section, we present the Mean Value Theorem, which is so significant that we will be 
deriving new ideas from it for many chapters to come. Before considering the main result, 
we look at a special case, called Rolle's Theorem. 

The idea behind Rolle's Theorem is really quite simple. For any function / that is 
continuous on the closed interval [a, b] and differentiable on the open interval (a, b) and 
where fid) = fib), there must be at least one point between x — a and x — b where the 
tangent line to y — f(x) is horizontal. In Figures 2.38a-2.38c, we draw a number of graphs 
satisfying the above criteria. Notice that each one has at least one point where there is 
a horizontal tangent line. Draw your own graphs, to convince yourself that, under these 
circumstances, it's not possible to connect the two points (a, f(a)) and (b, fib)) without 
having at least one horizontal tangent line. 

Note that since f'(x) — 0 at a horizontal tangent, this says that there is at least one 
point c in (a, b), for which /'(c) = 0. (See Figures 2.38a-2.38c.) 



THEOREM 8.1 (Rolle's Theorem) 

Suppose that / is continuous on the interval [a, b], differentiable on the interval 
(a, b) and f{a) — f(b). Then there is a number c e (a, b) such that f'(c) = 0. 






FIGURE 2.38a 

Graph initially rising 



FIGURE 2.38b 

Graph initially falling 



FIGURE 2.38c 

Graph with two horizontal 
tangents 



A proof of Rolle's Theorem depends on the Extreme Value Theorem, which we present in 
section 3.2. For now, we present the main ideas of the proof from a graphical perspective. A 
proof is given in Appendix A. First, note that if fix) is constant on [a, b], then fix) — 0 
for all x's between a and b. On the other hand, if fix) is not constant on [a, b], then, as 
you look from left to right, the graph must at some point start to either rise or fall. (See 
Figures 2.39a and 2.39b.) For the case where the graph starts to rise, notice that in order 
to return to the level at which it started, it will need to turn around at some point and start 
to fall. (Think about it this way: if you start to climb up a mountain — so that your altitude 
rises — if you are to get back down to where you started, you will need to turn around at 
some point — where your altitude starts to fall.) 

So, there is at least one point where the graph turns around, changing from rising 
to falling. (See Figure 2.39a.) Likewise, in the case where the graph first starts to fall, the 
graph must turn around from falling to rising. (See Figure 2.39b.) We name this point x — c. 
Since we know that /'(c) exists, we have that either /'(c) > 0, /'(c) < 0 or /'(c) = 0. We 
want to argue that /'(c) = 0, as Figures 2.39a and 2.39b suggest. To establish this, it is 
easier to show that it is not true that /'(c) > 0 or /'(c) < 0. If it were true that /'(c) > 0, 
then from the alternative definition of the derivative given in equation (2.2) in section 2.2, 
we have 



/'(c) = lim 



fix) - fic) 



> 0. 
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This says that for every x sufficiently close to c, 

fix) - f(c) 

— — — >0. (8.1) 

x — c 

In particular, for the case where the graph first rises, if x — c > 0 (i.e., x > c), this says that 
fix) — /(c) > 0 or f(x) > f(c), which can't happen for every x > c (with x sufficiently 
close to c) if the graph has turned around at c and started to fall. From this, we conclude 
that it can't be true that /'(c) > 0. Similarly, we can show that it is not true that /'(c) < 0. 
Therefore, /'(c) = 0, as desired. The case where the graph first falls is nearly identical. 
We now give an illustration of the conclusion of Rolle's Theorem. 



EXAMPLE 8. 1 An Illustration of Rolle's Theorem 

Find a value of c satisfying the conclusion of Rolle's Theorem for 

f{x) = x 3 - 3x 2 +2x+2 

on the interval [0, 1]. 

Solution First, we verify that the hypotheses of the theorem are satisfied: / is 
differentiable and continuous for all x [since fix) is a polynomial and all polynomials 
are continuous and differentiable everywhere]. Also, /(0) = /(l) = 2. We have 

fix) = 3x 2 - 6x + 2. 

We now look for values of c such that 

/'(c) = 3c 2 - 6c + 2 = 0. 

By the quadratic formula, we get c = 1 + |V3 1.5774 [not in the interval (0, 1)] and 
c = 1 - |V3 « 0.42265 e (0, 1). ■ 

REMARK 8.1 



We want to emphasize that example 8.1 is merely an illustration of Rolle's Theorem. 
Finding the number(s) c satisfying the conclusion of Rolle's Theorem is not the point 
of our discussion. Rather, Rolle's Theorem is of interest to us primarily because we 
use it to prove one of the fundamental results of elementary calculus, the Mean Value 
Theorem. 



Although Rolle's Theorem is a simple result, we can use it to derive numerous properties 
of functions. For example, we are often interested in finding the zeros of a function / (that 
is, solutions of the equation fix) = 0). In practice, it is often difficult to determine how 
many zeros a given function has. Rolle's Theorem can be of help here. 



THEOREM 8.2 

If / is continuous on the interval [a, b], differentiable on the interval (a, b) and 
fix) — 0 has two solutions in [a, b], then fix) = 0 has at least one solution in (a, b). 



PROOF 

This is just a special case of Rolle's Theorem. Identify the two zeros of fix) as x — s and 
x — t, where s < t . Since /(s) = fit), Rolle's Theorem guarantees that there is a number 
c such that s < c < t (and hence a < c < b) where /'(c) = 0. ■ 



(a, /(a)) ibJib)) 




FIGURE 2.39b 

Graph falls and then turns around to 
rise back to where it started. 
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We can easily generalize the result of Theorem 8.2, as in the following theorem. 
THEOREM 8.3 

For any integer n > 0, if / is continuous on the interval [a, b] and differentiable on 
the interval (a, b) and f(x) = 0 has n solutions in [a, b], then fix) — 0 has at least 
(n — 1) solutions in (a, b). 



PROOF 

From Theorem 8.2, between every pair of solutions of f(x) — 0 is at least one solution of 
fix) — 0. In this case, there are (n — 1) consecutive pairs of solutions of fix) = 0 and so, 
the result follows. ■ 

We can use Theorems 8.2 and 8.3 to investigate the number of zeros a given function 
has. (Here, we consider only real zeros of a function and not complex zeros.) 




FIGURE 2 

y = X 3 + Ax 



40 

+ 1 



EXAMPLE 8.2 Determining the Number of Zeros of a Function 

Prove that x 3 + Ax + 1 = 0 has exactly one solution. 

Solution Figure 2.40 makes the result seem reasonable, but how can we be sure there 
are no other zeros outside of the displayed window? Notice that if f(x) — x 3 + Ax + 1, 
then the Intermediate Value Theorem guarantees one solution, since /(— 1) = —4 < 0 
and /(0) = 1 > 0. Further, 

/'(*) = 3.t 2 + 4 >0 

for all x. By Theorem 8.2, if f(x) = 0 had two solutions, then fix) = 0 would have at 
least one solution. However, since fix) ^ 0 for all x, it can't be true that f(x) = 0 has 
two (or more) solutions. Therefore, f(x) = 0 has exactly one solution. ■ 



We now generalize Rolle's Theorem to one of the most significant results of elementary 
calculus. 



THEOREM 8.4 (Mean Value Theorem) 

Suppose that / is continuous on the interval [a, b] and differentiable on the interval 
(a, b). Then there exists a number c e (a, b) such that 

fib) - fia) 



/'(c) = 



b — a 



(8.2) 



PROOF 



NOTE 

Note that in the special case 
where f(a) = f(b), (8.2) 
simplifies to the conclusion of 
Rolle's Theorem, that /'(c) = 0. 



Note that the hypotheses are identical to those of Rolle's Theorem, except that there is no 

f{b) - fia) 

assumption about the values of f at the endpoints. The expression is the slope 

b — a 

of the secant line connecting the endpoints, (a, fia)) and ib, fib)). 

The theorem states that there is a line tangent to the curve at some point x — c in 
(a, b) that has the same slope as (and hence, is parallel to) the secant line. (See Figures 2.41 
and 2.42 on the following page.) If you tilt your head so that the line segment looks 
horizontal, Figure 2.42 will look like a figure for Rolle's Theorem (Figures 2.39a and 
2.39b). The idea of the proof is to "tilt" the function and then apply Rolle's Theorem. 

The equation of the secant line through the endpoints is 

y - f(a) - mix - a), 
fib) - fia) 

where m — . 
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y=f(x) 




I ► x 



FIGURE 2.41 

Secant line 




J 1 — ►* 



FIGURE 2.42 

Mean Value Theorem 



Define the "tilted" function g to be the difference between / and the function whose graph 
is the secant line: 

g(x) = f(x) - [m{x -a) + fia)]. (8.3) 
Note that g is continuous on [a, b] and differentiable on (a, b), since / is. Further, 

*(a) = /(fl)-[0 + /(a)] = 0 
and 8(b) = fib) - [m(i - a) + fia)] 



= fib) - [fib) - fia) + fia)] = 0. Si, 



f(b) - /(a) 
b-a 



Since gia) — gib), we have by Rolle's Theorem that there exists a number c in the interval 
ia, b) such that g'ic) — 0. Differentiating (8.3), we get 



0 = g'(c) = fie) - m. 
Finally, solving (8.4) for f'ic) gives us 

fib) - fia) 



(8.4) 



f'ic) = m 



b — a 



as desired. 



Before we demonstrate some of the power of the Mean Value Theorem, we first briefly 
illustrate its conclusion. 




FIGURE 2.43 

Mean Value Theorem 



EXAMPLE 8.3 An Illustration of the Mean Value Theorem 

Find a value of c satisfying the conclusion of the Mean Value Theorem for 



/(*) 



x 3 - x 2 



1 



on the interval [0, 2]. 

Solution Notice that / is continuous on [0, 2] and differentiable on (0, 2). The Mean 
Value Theorem then says that there is a number c in (0, 2) for which 

/(2) - /(0) 3 - 1 



f'ic) 

To find this number c, we set 



2-0 



2-0 



1. 



or 



f'ic) = 3c 2 - 2c - 1 = 1 
3c 2 - 2c - 2 = 0. 



1 ± V7 

From the quadratic formula, we get c = . In this case, only one of these, 



1 + V7 



is in the interval (0, 2). In Figure 2.43, we show the graphs of y — fix), 



the secant line joining the endpoints of the portion of the curve on the interval [0, 2] and 
1 + Jl 

the tangent line at x — . 
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The illustration in example 8.3, where we found the number c whose existence is 
guaranteed by the Mean Value Theorem, is not the point of the theorem. In fact, these c's 
usually remain unknown. The significance of the Mean Value Theorem is that it relates a 
difference of function values to the difference of the corresponding x -values, as in equation 
(8.5) below. 

Note that if we take the conclusion of the Mean Value Theorem (8.2) and multiply both 
sides by the quantity (b — a), we get 

f(b) - f(a) = f'(c)(b - a). (8.5) 

As it turns out, many of the most important results in the calculus (including one known 
as the Fundamental Theorem of Calculus) follow from the Mean Value Theorem. For now, 
we derive a result essential to our work in Chapter 4. The question concerns how many 
functions share the same derivative. 

Recall that for any constant c, 



A question that you probably haven't thought to ask is: Are there any other functions whose 
derivative is zero? The answer is no, as we see in Theorem 8.5. 



THEOREM 8.5 

Suppose that f'(x) = 0 for all x in some open interval /. Then, f(x) is constant on /. 



PROOF 

Pick any two numbers, say a and b, in /, with a < b. Since / is differentiable in / and 
(a,b) C /, / is continuous on [a,b] and differentiable on (a,b). By the Mean Value 
Theorem, we know that for some number c e (a, b) C /, 

f(b) - f(a) 

J ! = /'(c). 

b — a 

Since, f'(x) — 0 for all x e /, /'(c) = 0 and it follows from (8.6) that 

f{b) - f(a) = 0 or f(b) = f(a). 
Since a and b were arbitrary points in /, this says that / is constant on /, as desired. ■ 
A question closely related to Theorem 8.5 is the following. We know, for example, that 

— (.r 2 + 2) = 2x, 
dx 

but are there any other functions with the same derivative? You should quickly come up 
with several. For instance, x 2 + 3 and x 2 — 4 also have the derivative 2x. In fact, 

d t 

— (x 2 + c) = 2x, 
dx 

for any constant c. Are there any other functions, though, with the derivative 2x? Corollary 
8.1 says that there are no such functions. 

COROLLARY 8.1 

Suppose that g'{x) = fix) for all x in some open interval /. Then, for some 
constant c, 

g(x) = f(x) + c, for all x e I. 




FIGURE 2.44 

Parallel graphs 



Note that Corollary 8.1 says that if two graphs have the same slope at every point on 
an interval, then the graphs differ only by a vertical shift. (See Figure 2.44.) 
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PROOF 

Define h(x) = g(x) — f(x). Then 

h'(x) = g'(x) - f{x) = 0 

for all x in /. From Theorem 8.5, h(x) = c, for some constant c. The result then follows 
immediately from the definition of h{x). ■ 

We see in Chapter 4 that Corollary 8.1 has significant implications when we try to 
reverse the process of differentiation (called antidifferentiatiori). We take a look ahead to 
this in example 8.4. 



EXAMPLE 8.4 Finding Every Function with a Given Derivative 

Find all functions that have a derivative equal to 3x 2 + 1. 

Solution We first write down (from our experience with derivatives) one function 
with the correct derivative: x 3 + x. Then, Corollary 8.1 tells us that any other function 
with the same derivative differs by at most a constant. So, every function whose 
derivative equals 3x 2 + 1 has the form x 3 + x + c, for some constant c. m 



As our final example, we demonstrate how the Mean Value Theorem can be used to 
establish a useful inequality. 



EXAMPLE 8.5 Proving an Inequality for sin x 

Prove that | sin a | < \a \ for all a. 

Solution First, note that f(x) = sinx is continuous and differentiable on any interval 
and that for any a, 

| sin a\ — | sin a — sin 0| , 
since sin 0 = 0. From the Mean Value Theorem, we have that (for a ^ 0) 

sin a — sinO 

= /'(c) = cos c, (8.6) 



a - 0 

for some number c between a and 0. Notice that if we multiply both sides of (8.6) by a 
and take absolute values, we get 

|sin a\ = | sin a — sin0| = |cos c\ \a — 0| = |cos c\ \a\. (8.7) 

But, | cos c\ < 1, for all real numbers c and so, from (8.7), we have 

|sin a\ — |cos c\ \a\ < (1) \a\ = \a\, 

as desired. ■ 



BEYOND FORMULAS 

The Mean Value Theorem is subtle, but its implications are far-reaching. Although 
the illustration in Figure 2.42 makes the result seem obvious, the consequences of the 
Mean Value Theorem, such as example 8.4, are powerful and not at all obvious. For 
example, most of the rest of the calculus developed in this book depends on the Mean 
Value Theorem either directly or indirectly. A thorough understanding of the theory 
of calculus can lead you to important conclusions, particularly when the problems are 
beyond what your intuition alone can handle. What other theorems have you learned 
that continue to provide insight beyond their original context? 
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55 WRITING EXERCISES 



1. For both Rolle's Theorem and the Mean Value Theorem, we 
assume that / is continuous on the closed interval [a, b] and 
differentiable on the open interval (a, b). If we assume that / is 
differentiable on [a,b], we do not have to mention continuity. 
Explain why not. However, explain why this new assumption 



would rule out fix) 



on[0, 1], for which the Mean Value 



Theorem does apply. 

2. One of the results in this section is that if /'(x) = g'(x) on an 
open interval /, then g(x) — fix) + c on / for some constant 
c. Explain this result graphically. 

3. Explain the result of Corollary 8.1 in terms of position and 
velocity functions. That is, if two objects have the same veloc- 
ity functions, what can you say about the relative positions of 
the two objects? 

4. Rolle's Theorem can be derived from the Mean Value 
Theorem simply by setting fia) — fib). Given this, it may 
seem odd that Rolle's Theorem rates its own name and portion 
of the book. To explain why we do this, discuss ways in which 
Rolle's Theorem is easier to understand than the Mean Value 
Theorem. 

In exercises 1-6, check the hypotheses of Rolle's Theorem and 
the Mean Value Theorem and find a value of c that makes the 
appropriate conclusion true. Illustrate the conclusion with a 
graph. 



1. /(x) = x 2 +l,[-2,2] 
3. f(x) = x 3 +x 2 ,[0, 1] 
5. f(x) = sinx, [0,:7r/2] 



2. /(x) = x 2 + 1,[0,2] 
4. /(x) = x 3 + x 2 , [-1,1] 
6. /(x) = sinx, [—it, 0] 



7. Prove that x 3 + 5x + 1 = 0 has exactly one solution. 

8. Prove that x 3 + 4x — 3 = 0 has exactly one solution. 

9. Prove that x 4 + 3x 2 — 2 = 0 has exactly two solutions. 

10. Prove that x 4 + 6x 2 — 1 = 0 has exactly two solutions. 

11. Prove that x 3 + ax + b — 0 has exactly one solution for a > 0. 

12. Prove that x 4 + ax 2 — b — 0 (a > 0, b > 0) has exactly two 
solutions. 

13. Prove thatx 5 + ax 3 + bx + c — 0 has exactly one solution for 

a > 0, b > 0. 

14. Prove that a third-degree (cubic) polynomial has at most three 
zeros. (You may use the quadratic formula.) 



In exercises 15-22, find all functions g such that g'ix) = f(x). 
15. f(x) = x 2 16. /(x) = 9x 4 

17. f{x) = 1/x 2 18. fix) = *Jx~ 

19. fix) — sinx 20. /(x) = cosx 



21. fix) = 



22. fix) = 2x(x 2 + 4) 2 



23. Assume that / is a differentiable function such that 
/(0) = f'iO) = 0 and /"(0) > 0. Argue that there exists a 
positive constant a > 0 such that fix) > 0 for all x in the 
interval (0, a). Can anything be concluded about fix) for 
negative x's? 

24. Show that for any real numbers u and v, 
|cos u — cos v\ < \u — v\. 

25. Prove that | sin a \ < \a \ for all a ^ 0 and use the result to show 
that the only solution to the equation sinx = x is x = 0. What 
happens if you try to find all intersections with a graphing 
calculator? 

it 

26. Prove that |x| < |tan x| for |x| < — . 

27. If fix) > Oforallx, prove that /(x) is an increasing function: 
that is, if a < b, then fid) < fib). 

28. If fix) < 0 for all x, prove that fix) is a decreasing function: 
that is, if a < b, then fid) > fib). 



In exercises 29-36, determine whether the function is increasing, 
decreasing or neither. 

29. fix) = x 3 + 5x + 1 30. fix) = x 5 + 3x 3 - 1 

31. fix) = -x 3 - 3x + 1 32. fix) = x 4 + 2x 2 + 1 

33. fix) = 1/x 34. fix) = 

35. fix) = V^TT 36. fix) 



x + 1 

x 



Vx^TT 



37. Suppose that sit) gives the position of an object at time t. If s 
is differentiable on the interval [a, b], prove that at some time 
t — c, the instantaneous velocity at t = c equals the average 
velocity between times t — a and t — b. 

38. Two runners start a race at time 0. At some time t — a, one 
runner has pulled ahead, but the other runner has taken the lead 
by time t — b. Prove that at some time t = c > 0, the runners 
were going exactly the same speed. 

39. If / and g are differentiable functions on the interval [a, b] 
with fia) — gia) and fib) — gib), prove that at some point 
in the interval [a,b], f and g have parallel tangent lines. 

40. Prove that the result of exercise 39 still holds if the assump- 
tions fia) — gia) and fib) — gib) are relaxed to requiring 
fib) - fia) = gib) - gia). 



41. For/(x) 



show that / is continuous on 



2x ifx<0 
2x-4 ifx>0 
the interval (0, 2), differentiable on the interval (0, 2) and has 
/(0) = /(2). Show that there does not exist a value of c such 
that /'(c) = 0. Which hypothesis of Rolle's Theorem is not 
satisfied? 

42. Assume that / is a differentiable function such that 
/(0) = /'(0) = 0. Show by example that it is not necessar- 
ily true that fix) — 0 for all x. Find the flaw in the following 
bogus "proof." Using the Mean Value Theorem with a — x 
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fix) - /(O) 

and b — 0, we have / (c) = . Since /(O) = 0 and 



/'(c) = 0, we have 0 : 



/(*) 



x - 0 
so that fix) = 0. 



EXPLORATORY EXERCISES 



1. If you have an average velocity of 60 mph over 1 hour and 
the speed limit is 65 mph, you are unable to prove that you 
never exceeded the speed limit. What is the longest time inter- 
val over which you can average 60 mph and still guarantee no 
speeding? We can use the Mean Value Theorem to answer the 
question after clearing up a couple of preliminary questions. 
First, argue that we need to know the maximum acceleration of 
a car and the maximum positive acceleration may differ from 
the maximum negative acceleration. Based on your experience, 
what is the fastest your car could accelerate (speed up)? What 
is the fastest your car could decelerate (slow down)? Back up 
your estimates with some real data (e.g., my car goes from 0 
to 60 in 15 seconds). Call the larger number A (use units of 
mph per second). Next, argue that if acceleration (the deriva- 
tive of velocity) is constant, then the velocity function is linear. 
Therefore, if the velocity varies from 55 mph to 65 mph at con- 
stant acceleration, the average velocity will be 60 mph. Now, 
apply the Mean Value Theorem to the velocity function v(t ) on 
a time interval [0, T], where the velocity changes from 55 mph 



to 65 mph at constant acceleration A : then v'(c) — 



v(T) - »(0) 
T -0 



65 - 55 

and A = — — — . For how long is the guarantee good? 

2. Suppose that a pollutant is dumped into a lake at the rate 
of p'(t ) — t 2 — t + 4 tons per month. The amount of pol- 
lutant dumped into the lake in the first two months is 
A — p(2) — p(0). Using c = 1 (the midpoint of the interval), 
estimate A by applying the Mean Value Theorem to pit) on 
the interval [0, 2]. To get a better estimate, apply the Mean 
Value Theorem to the intervals [0, 1/2], [1/2, 1], [1, 3/2] and 
[3/2, 2]. If you have access to a CAS, get better estimates by 
dividing the interval [0, 2] into more and more pieces and try 
to conjecture the limit of the estimates. 

3. A result known as the Cauchy Mean Value Theorem states 
that if / and g are differentiable on the interval (a , b) and 
continuous on [a,b], then there exists a number c with 
a < c < btmd[f(b) - f(aWic) = [gib) - g{a)]f'(c). Find 
all flaws in the following invalid attempt to prove the result, 
and then find a correct proof. Invalid attempt: The hypo- 
theses of the Mean Value Theorem are satisfied by both 
functions, so there exists a number c with a < c < b 

and f'ic) — and g(c) — — ; . Then 



/(*) - f(a) gib) - g(a) 



f'ic) g'ic) 
[fib) - /(a)V(c) = [gib) - g(a)]/'(c). 



b — a 
and 



thus 



Review Exercises 



WRITING EXERCISES 



The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 

Tangent line Velocity Average velocity 

Derivative Power rule Acceleration 

Product rule Quotient rule Chain rule 

Implicit differentiation Mean Value Theorem Rolle's Theorem 

State the derivative of each function: 
sinx, cosx, tanx, cotx, secx, cscx 



fp TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to make a new statement that is true. 

1. If a function is continuous at x = a, then it has a tangent line 
at x = a , 



2. The average velocity between t — a and t — b is the average 
of the velocities at t — a and t — b. 

3. The derivative of a function gives its slope. 

4. Given the graph of fix), you can construct the graph of fix). 

5. The power rule gives the rule for computing the derivative of 
any polynomial. 

6. If a function is written as a quotient, use the quotient rule to 
find its derivative. 

7. The chain rule gives the derivative of the composition of two 
functions. The order does not matter. 

8. The slope of fix) — sin4x is never larger than 1. 

9. In implicit differentiation, you do not have to solve for y as a 
function of x to find y'ix). 

10. The Mean Value Theorem and Rolle's Theorem are special 
cases of each other. 

11. The Mean Value Theorem can be used to show that for a fifth- 
degree polynomial, fix) — 0 for at most four values of x. 
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1. Estimate the value of /'(l) from the given data. 



In exercises 23-46, find the derivative of the given function. 



X 


0 


0.5 


1 


1.5 


2 


fix) 


2.0 


2.6 


3.0 


3.4 


4.0 



2. List the points A, B, C and D in order of increasing slope of 
the tangent line. 




In exercises 3-8, use the limit definition to find the indicated 
derivative. 



3. 


/'(2) for fix) = 


x 2 — 2x 


4. 


f'(l) for f{x) = 


1 

1 + - 

X 


5. 


/'(l) for f{x) = 


•Jx 


7. 


fix) for fix) = 


X 3 +x 



6. /'(0) for fix) = x 3 - 2x 
8. fix) for fix) = - 



In exercises 9-14, find an equation of the tangent line. 

9. y — x 4 — 2x + 1 at x — 1 10. y — sin 2x at x — 0 



11. y = 3 sin 2* at x = 0 12. y = V* 2 + 1 at x = 0 

13. y - xV = x - 1 at (1, 1) 14. y 2 + x cos y = 4 - x at (2, 0) 

In exercises 15-18, use the given position function to find velocity 
and acceleration. 

15. sit) = -16/ 2 + 40/ + 10 16. sit) = -9.8/ 2 - 22/ + 6 
17. sit) = 10 sin 4/ 18. sit) = *jAt + 16 - 4 



19. In exercise 15, sit) gives the height of a ball at time /. Find the 
ball's velocity at / = 1 ; is the ball going up or down? Find the 
ball's velocity at / = 2; is the ball going up or down? 

20. In exercise 17, sit) gives the position of a mass attached to a 
spring at time /. Compare the velocities at / = 0 and / = it . Is 
the mass moving in the same direction or opposite directions? 
At which time is the mass moving faster? 

In exercises 21 and 22, compute the slopes of the secant lines be- 
tween (a) x = land.v = 2, ib) x = land* = 1.5, (c)x = land 
x = 1.1 and (d) estimate the slope of the tangent line at x = 1. 



23. fix): 
25. fix)- 



x 4 - 3x 3 + 2x - 1 24. fix) = x 2 ' 3 - 4x 2 + 5 



3 5 

Jx x 2 



26. /(*) = 



2 - 3x + x 2 



27. 


fit) = 


t 2 it + 2) 3 


28. 


fit) = 


it 2 + 1)(/ 


29. 


gix) = 


X 


3x 2 - 1 


31. 


fix) = 


x 2 sinx 


33. 


m = 


tan^/x 


35. 


fit) = 


/ CSC / 


37. 


uix) = 


2 


Vx 2 + 2 


39. 


fix) = 


3 cos -J A 


41. 


fix) = 


V sin 4x 


43. 


/(*) = 





30. gix) : 



3x 2 - 1 



32. fix) — sinx 2 
34. fix) = Vtanx 
36. /(/) = sin 3/ cos 4/ 



38. uix) : 



45. uix) = 4 sin 2 (4 - ^/x) 



40. fix) = sec 2 x + 1 
42. fix) = cos 2 3x 
6x 

44. fix): 
46. fix) 



(x - l) 2 
x sin 2x 
Vx T Tl 



In exercises 47 and 48, use the graph of y = fix) to sketch the 
graph of y = fix). 

47. y 




48. 



21. fix) = Jx~+\ 



22. fix) = cos(x/6) 
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In exercises 49-56, find the indicated derivative. 

49. f"(x) for f(x) = x 4 - 3x 3 + 2x 2 - x - 1 

50. /"'«for/(*) = VITT 

51. /'"(x)for/(x) = xcos(2x) 

52. f "(x) for f(x) : 



x + 1 

53. /"(x)for/(x) = tanx 

54. / (4) (x) for f(x) = x 6 - 3x 4 + 2x 3 - 7x + 1 

55. / (26) (x)for/(x) = sin3x 

56. / (3I) (x) for fix) = - 



57. The position at time t of a spring moving vertically is given 
by fit) — 4 cos 2?. Find the position of the spring when it 
has (a) zero velocity, (b) maximum velocity and (c) minimum 
velocity. 

58. The position at time t of a spring moving vertically is given 
by fit) — cos 7f sin 3t. Find the velocity of the spring at any 
time t . 



In exercises 59-62, find the derivative y'ix). 

59. x 2 y - 3y 3 = x 2 + 1 

60. sin (xy) + x 2 = x — y 



61. 



y 



3y = tanx 



x + 1 

62. x — 2y 2 = 3cos(x/y) 

63. If you have access to a CAS, sketch the graph in exercise 59. 
Find the y-value corresponding to x = 0. Find the slope of the 
tangent line to the curve at this point. Also, find y"(0). 

64. If you have access to a CAS, sketch the graph in exercise 61. 
Find the y-value corresponding to x = 0. Find the slope of the 
tangent line to the curve at this point. Also, find y"(0). 



In exercises 65-68, find all points at which the tangent line to 
the curve is (a) horizontal and (b) vertical. 

65. y = x 3 - 6x 2 + 1 

66. y = x 2 / 3 

67. x 2 y - 4y = x 2 

68. y = x 4 - 2x 2 + 3 



69. Prove that the equation x 3 + 7x — 1 = 0 has exactly one 
solution. 

70. Prove that the equation x 5 + 3x 3 — 2 = 0 has exactly one 
solution. 



71. Prove that |cosx — 1| < |x| for all x. 

72. Prove that x + x 3 /3 + 2x 5 /T5 < tanx < x + x 3 /3 + 2x 5 /5 
for 0 < x < 1 . 

73. If fix) is differentiable at x — a , show that g(x) is continuous 

fix) - fia) 

it x j± a 



at x — a where g(x) : 



x — a 
/'(«) 



if x = a 



74. If / is differentiable at x = a and Tix) = fia) + /'(a)(x - a) 
is the tangent line to fix) at x = a, prove that 
fix) — Tix) — e(x)(x — a) for some error function e(x) with 
lim e(x) = 0. 



In exercises 75 and 76, find a value of c as guaranteed by the 
Mean Value Theorem. 



75. fix) — x 2 — 2x on the interval [0, 2] 

76. fix) = x 3 - x on the interval [0, 2] 



In exercises 77 and 78, find all functions g such that 

g'ix) = fix). 

77. fix) = 3x 2 - cosx 78. fix) = x 3 - sin2x 



79. A polynomial fix) has a double root at x = a if (x — a) 2 is 
a factor of fix) but (x — a) 3 is not. The line through the point 
(1, 2) with slope m has equation y = mix — 1) + 2. Find m 
such that fix) — x 3 + 1 — [mix — 1) + 2] has a double root 
at x = 1. Show that y = m(x — 1) + 2 is the tangent line to 
y = x 3 + 1 at the point (1,2). 

80. Repeat exercise 79 for fix) — x 3 + 2x and the point (2, 12). 

81. A guitar string of length L, density p and tension T will vibrate 

i fr df 

at the frequency f — — / — . Compute the derivative — , 
2Ly p dT 

where we think of T as the independent variable and treat p 
and L as constants. Interpret this derivative in terms of a gui- 
tarist tightening or loosening the string to "tune" it. Compute 
df 

the derivative — and interpret it in terms of a guitarist playing 
dL 

notes by pressing the string against a fret. 



EXPLORATORY EXERCISES 



1. Knowing where to aim a ball is an important skill in many 
sports. If the ball doesn't follow a straight path (because of 
gravity or other factors), aiming can be a difficult task. When 
throwing a baseball, for example, the player must take gravity 
into account and aim higher than the target. Ignoring air resis- 
tance and any lateral movement, the motion of a thrown ball 

16 , 

may be approximated by y = — x + (tan0)x. Here, 

v 2 cos 2 6 
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the ball is thrown from the position (0, 0) with initial speed 
v ft/s at angle 6 from the horizontal. 




Given such a curve, we can compute the slope of the tangent 
line at x — 0, but how can we compute the proper angle 91 
Show that if m is the slope of the tangent line at x — 0, then 
tan (9 = m. (Hint: Draw a triangle using the tangent line and 
x-axis and recall that slope is rise over run.) Tangent is a good 
name, isn't it? Now, for some baseball problems. We will look 



at how high players need to aim to make throws that are easy 
to catch. Throwing height is also a good catching height. If L 
(ft) is the length of the throw and we want the ball to arrive at 
the same height as it is released (as shown in the figure), the 
parabola can be determined from the following relationship be- 
tween angle and velocity: sin 2$ = 32L/v 2 . A third baseman 
throwing at 130 ft/s (about 90 mph) must throw 120 ft to reach 
first base. Find the angle of release (substitute L and v and, by 
trial and error, find a value of 6 that works), the slope of the 
tangent line and the height at which the third baseman must 
aim (that is, the height at which the ball would arrive if there 
were no gravity). How much does this change for a soft throw 
at 100 ft/s? How about for an outfielder's throw of 300 feet at 
130 ft/s? Most baseball players would deny that they are aim- 
ing this high; what in their experience would make it difficult 
for them to believe the calculations? 



Applications of Differentiation ch 




The Solar and Heliospheric Observatory (SOHO) is an international 
project for the observation and exploration of the Sun. The National Aero- 
nautics and Space Administration (NASA) is responsible for operations of 
the SOHO spacecraft, including periodic adjustments to the spacecraft's 
location to maintain its position directly between the Earth and the Sun. 
With an uninterrupted view of the Sun, SOHO can collect data to study 
the internal structure of the Sun, its outer atmosphere and the solar wind. 
SOHO has produced numerous unique images of the Sun, including the 
discovery of acoustic solar waves moving through the interior. 

SOHO is in orbit around the Sun, located at a relative position called 
the L\ Lagrange point for the Sun-Earth system. This is one of five points 
at which the gravitational pulls of the Sun and the Earth combine to 
maintain a satellite's relative position to the Sun and Earth. In the case of 
the L\ point, that position is on a line between the Sun and the Earth, giving 
the SOHO spacecraft (see above) a direct view of the Sun and a direct line of 
communication back to the Earth. Because gravity causes the L \ point to rotate in 
step with the Sun and Earth, little fuel is needed to keep the SOHO spacecraft in 
the proper location. 

Lagrange points are solutions of "three-body" problems, in which there are 
three objects with vastly different masses. The Sun, the Earth and a spacecraft 
comprise one example, but other systems also have significance for space explo- 
ration. The Earth, the Moon and a space lab is another system of interest; the Sun, 
Jupiter and an asteroid is a third system. There are clusters of asteroids (called 
Trojan asteroids) located at the L\ and L5 Lagrange points of the Sun- Jupiter 
system. 

For a given system, the locations of the five Lagrange points can be determined 
by solving equations. As you will see in the section 3.1 exercises, the equation for 
the location of SOHO is a difficult fifth-order polynomial equation. For a fifth- 
order equation, we usually are forced to gather graphical and numerical evidence 




Wave inside the Sun 



Li orbit 
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to approximate solutions. The graphing and analysis of complicated functions and the 
solution of equations involving these functions are the emphases of this chapter. 



3.1 LINEAR APPROXIMATIONS AND NEWTON'S METHOD 



There are two distinctly different tasks for which you use a scientific calculator. First, while 
we all know how to multiply 1024 by 1673, a calculator will give us an answer more 
quickly. Alternatively, we don't know how to calculate sin(l .2345678) without a calculator, 
since there is no formula for sinx involving only the arithmetic operations. Your calcu- 
lator computes sin( 1.2345678) & 0.9440056953 using a built-in program that generates 
approximate values of the sine and other transcendental functions. 

In this section, we develop a simple approximation method. Although somewhat crude, 
it points the way toward more sophisticated approximation techniques to follow later in the 
text. 



O Linear Approximations 

Suppose we wanted to find an approximation for f(x\), where f(x\) is unknown, but where 
f(xo) is known for some xq "close" to x\. For instance, the value of cos(l) is unknown, but 
we do know that cos(tt/3) = \ (exactly) and jt/3 » 1.047 is "close" to 1. While we could 
use i as an approximation to cos(l), we can do better. 

Referring to Figure 3.1, notice that if x\ is "close" to xo and we follow the tan- 
gent line at x — xo to the point corresponding to x = x\, then the y -coordinate of that 
point (ji) should be "close" to the v-coordinate of the point on the curve y — f(x) 
[i.e., f{x,)]. 



y 




FIGURE 3.1 

Linear approximation of f(x{) 



Since the slope of the tangent line to y — f(x) at x = x$ is f'(xo), the equation of the 
tangent line to y = f(x) at x — xq is found from 

s y - /(*o) 

Wtan = / (XO) = 

X — Xq 

or 

y = /(*o) + f'(x 0 )(x - x 0 ). (1.1) 



Notice that (1.1) is the equation of the tangent line to the graph of y — f(x) at x — xq. We 
give the linear function defined by this equation a name, as follows. 
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DEFINITION I.I 

The linear (or tangent line) approximation of f(x) at x — xq is the function 

L(x) = f(x 0 ) + f'(x 0 )(x - x Q ). 



Observe that the ^-coordinate y\ of the point on the tangent line corresponding to 
x — x\ is simply found by substituting x — x\ in equation (1.1), so that 



y\ = f(xo) + f'ixoXxi - x 0 ). 
We define the increments Ax and Ay by 

Ax — x\ — xq 

and A / = /(*i) ~ /(*<>)■ 

Using this notation, equation (1.2) gives us the approximation 



(1.2) 



= /(x 0 ) + /'(x 0 )Ax. 



(1.3) 



We illustrate this in Figure 3.2. We sometimes rewrite (1.3) by subtracting /(xn) from both 
sides, to yield 



Ay - f(xi) - f(x 0 ) w /'(x 0 )Ax = dy, 



(1.4) 



where dy — /'(xo)Ax is called the differential of y. When using this notation, we also 
define dx, the differential of x, by dx = Ax, so that by (1.4), 

dy = f'(x 0 ) dx. 




FIGURE 3.2 

Increments and differentials 



We can use linear approximations to produce approximate values of transcendental 
functions, as in example 1.1. 



EXAMPLE I.I Finding a Linear Approximation 

Find the linear approximation to f(x) — cos x at xq = jt/3 and use it to approximate 
cos(l). 

Solution From Definition 1.1, the linear approximation is defined as 

L(x) = f(xo) + f'(xo)(x — xn). Here, xn = Jt/3, f(x) — cosx and f'(x) — — sinx. 

So, we have 

L(x) = cos (|) - sin (|) (x - |) = \ - J- (x - |) . 
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FIGURE 3.3a 

y — cos x and its linear 
approximation at x 0 — jt/3 



In Figure 3.3a, we show a graph of y — cosx and the linear approximation to cos x for 
xq = jr/3. Notice that the linear approximation (i.e., the tangent line at xq — jt/3) stays 
close to the graph of y — cosx only for x close to n/3. In fact, for x < 0 or x > n, the 
linear approximation is obviously quite poor. It is typical of linear approximations 
(tangent lines) to stay close to the curve only nearby the point of tangency. 

Observe that we chose xn 
the value of the cosine exactly. An estimate of cos(l) is then 



? since ? is the value closest to 1 at which we know 



L(l) 



V3 
2 



(' 



I) 



0.5409. 



We illustrate this in Figure 3.3b, where we have simply zoomed-in on the graph from 
Figure 3.3a. Your calculator gives you cos(l) « 0.5403 and so, we have found a fairly 
good approximation to the desired value. ■ 




FIGURE 3.3b 

L(l) « cos(l) 




\ 1 — ►JC 



FIGURE 3.4 

y — sin x and y — x 



In example 1.2, we derive a useful approximation to sinx, valid for x close to 0. This 
approximation is often used in applications in physics and engineering to simplify equations 
involving sinx. 



EXAMPLE 1.2 Linear Approximation of sin x 

Find the linear approximation of f(x) = sinx, for x close to 0. 
Solution Here, f'(x) = cosx, so that from Definition 1.1, we have 

sinx » L(x) = f{0) + /'(0)(x - 0) = sinO + cos0(x) = x. 

This says that for x close to 0, sinx « x. We illustrate this in Figure 3.4. I 



Observe from Figure 3.4 that the graph of y — x stays close to the graph of y = sinx 
only in the vicinity of x = 0. Thus, the approximation sinx x is valid only for x close 
to 0. Also note that the farther x gets from 0, the worse the approximation becomes. This 
behavior becomes even more apparent in example 1.3, where we also illustrate the use of 
the increments Ax and Ay . 



EXAMPLE 1 .3 Linear Approximation to Some Cube Roots 

Use a linear approximation to approximate \/8.02, -^8.07, \/8.15 and \/25.2. 

Solution Here we are approximating values of the function f(x) = tfx — x 1 / 3 . So, 
f'{x) — jx -2 / 3 . The closest number to any of 8.02, 8.07 or 8.15 whose cube root we 
know exactly is 8. So, we write 



/(8.02) = /(8) + [/(8.02) - /(8)] Add and subtract /(8). 

= /(8) + Ay. 



(1.5) 



From (1.4), we have 

Ay « dy = /' (8)Ax 



~ 2/3 (8.02 
Using (1.5) and (1.6), we get 

/(8.02) « /(8) + dy = 



8) = 



600' 



Since Ax = 8.02 - 8. 



(1.6) 



1 

600 



2.0016667, 
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X 


Error 


8.02 


1.4 x 10~ 6 


8.07 


1.7 x 10~ 5 


8.15 


7.7 x 10~ 5 



Error in linear approximation. 




FIGURE 3.5 

y — <JH and the linear 
approximation at xq — 8 



while your calculator accurately returns \/8.02 ^ 2.0016653. Similarly, we get 



/(8.07)«/(8) + -8-/3(8.07 -8) ~ 2.0058333 



and 



/(8.15) « /(8) + -8- 2/3 (8.15 - 8) « 2.0125 



while your calculator returns ^07 « 2.005816 and ^8l5 « 2.012423. In the margin, 
we show a table with the error in using the linear approximation to approximate ^fx. 
Note how the error grows larger as x gets farther from 8. 

To approximate \/25.2, observe that 8 is not the closest number to 25.2 whose cube 
root we know exactly. Since 25.2 is much closer to 27 than to 8, we write 



/(25.2) = /(27) + Ay » /(27) + dy = 3 + dy. 



In this case, 



dy - f'(21)Ax - l27 _2/3 (25.2 - 27) = ~ 



(-1-8) = 



1 

15 



and we have 



/(25.2)«3 + <ty = 3 



1 

15 



2.9333333, 



compared to the value of 2.931794, produced by your calculator. In Figure 3.5, you can 
clearly see that the farther the value of x gets from the point of tangency, the worse the 
approximation tends to be. ■ 



Our first three examples were intended to familiarize you with the technique and to 
give you a feel for how good (or bad) linear approximations tend to be. In example 1 .4, there 
is no exact answer to compare with the approximation. Our use of the linear approximation 
here is referred to as linear interpolation. 



X 


6 


10 


14 


fix) 


84 


60 


32 




0 5 7 10 15 
Price of cameras 

FIGURE 3.6 

Linear interpolation 



EXAMPLE 1 .4 Using a Linear Approximation to Perform 
Linear Interpolation 

Suppose that based on market research, a company estimates that f(x) thousand small 
cameras can be sold at the price of $x, as given in the accompanying table. Estimate the 
number of cameras that can be sold at $7. 

Solution The closest x-value to x — 7 in the table is x — 6. [In other words, this is 
the closest value of x at which we know the value of fix).] The linear approximation of 
f{x) at x — 6 would look like 

Lix) = /(6) + /'(6)(* - 6). 

From the table, we know that /(6) = 84, but we do not know f\6). Further, we can't 
compute fix), since we don't have a formula for fix). The best we can do with the 
given data is to approximate the derivative by 



/'(6) 



/(10)-/(6) 60-84 



10-6 



= -6. 



The linear approximation is then 



Lix) » 84 - 6(x - 6). 

An estimate of the number of cameras sold at x — 7 would then be L(7) s» 84 — 6 = 78 
thousand. We show a graphical interpretation of this in Figure 3.6, where the straight 
line is the linear approximation (in this case, the secant line joining the first two data 
points). ■ 
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HISTORICAL 
NOTES 

Sir Isaac Newton (1642-1727) 

An English mathematician and 
scientist known as the co-inventor 
of calculus. In a 2-year period 
from 1 665 to 1 667, Newton 
made major discoveries in several 
areas of calculus, as well as optics 
and the law of gravitation. 
Newton's mathematical results 
were not published in a timely 
fashion. Instead, techniques such 
as Newton's method were quietly 
introduced as useful tools in his 
scientific papers. Newton's 
Mathematical Principles of Natural 
Philosophy is widely regarded as 
one of the greatest achievements 
of the human mind. 



O Newton's Method 

We now return to the question of finding zeros of a function. In section 1 .4, we introduced 
the method of bisections as one procedure for finding zeros of a continuous function. Here, 
we explore a method that is usually much more efficient than bisections. Again, values of 
x such that f(x) — 0 are called roots of the equation f(x) — 0 or zeros of the function / 
While it's easy to find the zeros of 

f(x) — ax 2 + bx + c, 

how would you find zeros of 

f(x) ' tanx — xl 

Since this function is not algebraic, there are no formulas available for finding the zeros. 
Even so, we can clearly see zeros in Figure 3.7. (In fact, there are infinitely many of them.) 
The question is, how are we to find them? 



I — I — Y 



H — I — h 



\ — *-x 




x 0 x 1 x 2 



FIGURE 3.7 

y — tan x — x 



FIGURE 3.8 

Newton's method 



In general, to find approximate solutions to f{x) — 0, we first make an initial guess, 
denoted xq, of the location of a solution. Following the tangent line to y = f(x) at x — xq to 
where it intersects the x-axis (see Figure 3.8) appears to provide an improved approximation 
to the zero. The equation of the tangent line to y = /(x) at x = Xq is given by the linear 
approximation at xq [see equation (1.2)], 



y = fixes) + /'(x 0 )(x - x 0 ). 



(1.7) 



We denote the x-intercept of the tangent line by X\ [found by setting y = 0 in (1.7)]. We 
then have 



0 = f(x 0 ) + /'(x 0 )(xi - x 0 ) 



and, solving this for x\, we get 



X\ — Xq — 



f(x 0 ) 



f'(x 0 ) 

Repeating this process, using x\ as our new guess, should produce a further improved 
approximation, 



x 2 — Xi 



f'ixi) 



and so on. (See Figure 3.8.) In this way, we generate a sequence of successive approxima- 
tions defined by 



Vi+l 



f{Xn) 
/'(*»)' 



for n = 0,1,2,3, 



(1.8) 
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I *-x 



This procedure is called the Newton-Raphson method, or simply Newton's method. If 

Figure 3.8 is any indication, x„ should get closer and closer to a zero as n increases. 

Newton's method is generally a very fast, accurate method for approximating the zeros 
of a function, as we illustrate with example 1.5. 



EXAMPLE 1 .5 Using Newton's Method to Approximate a Zero 

Find an approximate zero of f(x) — x 5 — x + 1. 

Solution Figure 3.9 suggests that the only zero of / is located between x = —2 and 
x = — 1. Further, since /(— 1) = 1 > 0, /(— 2) = —29 < 0 and since / is continuous, 
the Intermediate Value Theorem (Theorem 4.4 in section 1 .4) says that / must have a 
zero on the interval (—2, —1). Because the zero appears to be closer to x — —1, we 
choose Xq — — 1 as our initial guess. Finally, fix) — 5x 4 — 1 and so, Newton's method 
gives us 

_ /On) 
X " +l ~ X " /'(*») 

= x n - X " + 1 , n .=0,1,2,.... 
5** - 1 

Using the initial guess x 0 — —1, we get 

(-l) 5 -(-l)+l 1 5 

Xi — — 1 -. — — 1 = . 

5(— l) 4 — 1 4 4 

5 

Likewise, from x\ — — — , we get the improved approximation 

5\ 5 / 5 



5 V 47 V 4 / ' 1 
X2 — ~ -1.178459394 

4 5 qv- 



and so on. We find that x 3 « -1.167537389, 

x 4 » -1.167304083 

and x 5 » -1.167303978 « x 6 . 



Since x 5 jr 6 , we will make no further progress by calculating additional steps. As a 
final check on the accuracy of our approximation, we compute 

/W«l x 10 13 . 

Since this is very close to zero, we say that X(, « —1.167303978 is an approximate 
zero of /. ■ 



You can bring Newton's method to bear on a variety of approximation problems. As 
we illustrate in example 1.6, you may first need to rephrase the problem as a rootfinding 
problem. 
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FIGURE 3.10 

y = x 3 - 7 



NOTES 

Examples 1.3 and 1.6 highlight 
two approaches to the same 
problem. Take a few moments to 
compare these approaches. 



EXAMPLE 1.6 Using Newton's Method to Approximate a Cube Root 

Use Newton's method to approximate -v/7. 

Solution Since Newton's method is used to solve equations of the form fix) = 0, we 
first rewrite the problem, as follows. Suppose x — -J/l. Then, x 3 — 7, which can be 
rewritten as 

f{x) = x 3 - 7 = 0. 

Here, fix) — 3x 2 and we obtain an initial guess from a graph of y — fix). (See 
Figure 3.10.) Notice that there is a zero near x — 2 and so we take xq — 2. Newton's 
method then yields 

2 3 - 7 23 

xi =2 — = — » 1.916666667. 

3(2 2 ) 12 

Continuing this process, we have 

x 2 ~ 1.912938458 
and x 3 « 1.912931183 »* 4 . 

Further, f(x 4 ) « 1 x 10" 13 

and so, x\ is an approximate zero of /. This also says that 

y/l » 1.912931183, 

which compares very favorably with the value of \fl produced by your calculator. ■ 



REMARK I.I 



Although it is very efficient in examples 1.5 and 1.6, Newton's method does not 
always work. Make sure that the values of x„ are getting progressively closer and 
closer together (zeroing in, we hope, on the desired solution). Continue until you've 
reached the limits of accuracy of your computing device. Also, be sure to compute the 
value of the function at the suspected approximate zero; if this is not close to zero, do 
not accept the value as an approximate zero. 



As we illustrate in example 1.7, Newton's method needs a good initial guess to find an 
accurate approximation. 




FIGURE 3.1 1 

y — x 3 — 3x 2 + x — 1 



EXAMPLE 1 .7 The Effect of a Bad Guess on Newton's Method 

Use Newton's method to find an approximate zero of fix) = x 3 — 3x 2 + x — 1. 

Solution From the graph in Figure 3.11, there is a zero on the interval (2, 3). Using 
the (not particularly good) initial guess xq — 1, we get xi = 0, x 2 = 1, X3 = 0 and so 
on. Try this for yourself. Newton's method is sensitive to the initial guess and xq — 1 
is just a bad initial guess. If we instead start with the improved initial guess xq = 2, 
Newton's method quickly converges to the approximate zero 2.769292354. (Again, try 
this for yourself.) ■ 



As we saw in example 1.7, making a good initial guess is essential with Newton's 
method. However, this alone will not guarantee rapid convergence (meaning that it takes 
only a few iterations to obtain an accurate approximation). 
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n 


x„ 


1 


-9.5 


2 


-65.9 


3 


-2302 


4 


-2,654,301 


5 


-3.5 x 10 12 


6 


-6.2 x 10 24 



EXAMPLE 1.8 



Newton's method iterations 
for xq = —2. 




FIGURE 3.12 

(x - l) 2 



x 2 + 1 



and the tangent line 



at x 



i 








V,. 


1 1 1 1 

-1 





FIGURE 3.13 

(X - l) 2 



x 2 + l 



and the tangent line 
atx = -1 



Unusually Slow Convergence for Newton's Method 

2, (b) xq — — 1 and (c) xq — 0 to try to locate the 



Use Newton's method with (a) xq = 

(* - l) 2 
zero of fix) = . 

x z + 1 

Solution Of course, there's no mystery here: / has only one zero, located at x — 1. 
However, watch what happens when we use Newton's method with the specified 
guesses. 

(a) Taking xq — —2, Newton's method gives us the values in the table found in the 
margin. Obviously, the successive iterations are blowing up with this initial guess. To 
see why, look at Figure 3.12, which shows the graphs of both y — fix) and the tangent 
line at x — —2. Following the tangent line to where it intersects the x-axis takes us 
away from the zero (far away). Since all of the tangent lines for x < —2 have positive 
slope [compute fix) to see why this is true], each subsequent step takes you farther 
from the zero. 

(b) Using the improved initial guess xn = — 1, we cannot even compute X\. In this 
case, f'ixo) = 0 and so, Newton's method fails. Graphically, this means that the tangent 
line to y = fix) at x — — 1 is horizontal (see Figure 3.13), so that the tangent line never 
intersects the x-axis. 

(c) With the even better initial guess xo = 0, we obtain the successive 
approximations in the following table. 



n 


Xn 


1 


0.5 


2 


0.70833 


3 


0.83653 


4 


0.912179 


5 


0.95425 


6 


0.976614 



n 


x„ 


7 


0.9881719 


8 


0.9940512 


9 


0.9970168 


10 


0.9985062 


11 


0.9992525 


12 


0.9996261 



Newton's method iterations for Xq = 0. 

Finally, we happened upon an initial guess for which Newton's method converges 
to the root x = 1. However, the successive approximations are converging to 1 much 
more slowly than in previous examples. By comparison, note that in example 1.5, the 
iterations stop changing at X5. Here, xg is not particularly close to the desired zero of 
fix). In fact, in this example, X12 is not as close to the zero as X5 was in example 1.5. 
We look further into this type of behavior in the exercises. ■ 



Despite the minor problems experienced in examples 1.7 and 1.8, you should view 
Newton's method as a generally reliable and efficient method of locating zeros approxi- 
mately. Just use a bit of caution and common sense. If the successive approximations are 
converging to some value that does not appear consistent with the graph, then you need to 
scrutinize your results more carefully and perhaps try some other initial guesses. 



BEYOND FORMULAS 

Approximations are at the heart of calculus. To find the slope of a tangent line, for 
example, we start by approximating the tangent line with secant lines. Having numerous 
simple derivative formulas to help us compute exact slopes is an unexpected bonus. 
In this section, the tangent line provides an approximation of a curve and is used to 
approximate solutions of equations for which algebra fails. Although we won't have 
an exact answer, we can make the approximation as accurate as we like and so, for 
most practical purposes, we can "solve" the equation. Think about a situation where 
you need the time of day. How often do you need the exact time? 
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EXERCISES 3.1 

^WRITING EXERCISES 

1. Briefly explain in terms of tangent lines why the approximation 
in example 1.3 gets worse as x gets farther from 8. 

2. We constructed a variety of linear approximations in this sec- 
tion. Some approximations are more useful than others. By 
looking at graphs, explain why the approximation sinx ss x 
might be more useful than the approximation cos x ss 1 . 

3. In example 1.6, we mentioned that you might think of using a 
linear approximation instead of Newton's method. Discuss the 
relationship between a linear approximation to ifl at x = 8 
and a Newton's method approximation to y7 with x 0 — 2. 

4. Explain why Newton's method fails computationally if 
f'(xo) — 0. In terms of tangent lines intersecting the x-axis, 
explain why having f'(x 0 ) — 0 is a problem. 



In exercises 1-6, find the linear approximation to f(x)atx = x 0 . 
Use the linear approximation to estimate the given number. 



1. 


/(*) = 


sfx, x 0 = 


1, VT2 


2. 


/(*) = 


(x + l)'/ 3 


, Xo = 0, VL2 


3. 


/(*) = 


V2x + 9, 


x 0 = o, Vn 








2 


4. 


/(*) = 


2/x, x 0 = 


' (X99 


5. 


/(*) = 


sin 3x , xo 


= 0, sin (0.3) 


6. 


/(*) = 


sin x , Xq = 


= 7r, sin (3.0) 



11. An animation director enters the position f(t) of a character's 
head after t frames of the movie as given in the table. 



t 


200 


220 


240 


m 


128 


142 


136 



If the computer software uses interpolation to determine the 
intermediate positions, determine the position of the head at 
frame numbers (a) 208 and (b) 232. 

12. A sensor measures the position f(t) of a particle t micro- 
seconds after a collision as given in the table. 



t 


5 


10 


15 


fit) 


8 


14 


18 



Estimate the position of the particle at times (a) t — 8 and 
(b) t = 12. 



In exercises 13-16, use Newton's method with the given x 0 to 
(a) compute x l and x 2 by hand and (b) use a computer or calcu- 
lator to find the root to at least five decimal places of accuracy. 

13. x 3 + 3x 2 - 1 = 0, xo = 1 

14. x 3 + 4x 2 - x - 1 = 0, xo = -1 

15. x 4 - 3x 2 + 1 = 0, x 0 = 1 

16. x 4 - 3x 2 + 1 = 0, x 0 = -l 



In exercises 7 and 8, use linear approximations to estimate the 
quantity. 



7. (a) y\6M (b) V\6M (c) yi6A6 

8. (a) sin (0.1) (b) sin(l.O) (c) sin(f) 



In exercises 9-12, use linear interpolation to estimate the desired 
quantity. 

9. A company estimates that f(x) thousand software games can 
be sold at the price of $x as given in the table. 



X 


20 


30 


40 


fix) 


18 


14 


12 



Estimate the number of games that can be sold at (a) $24 and 
(b) $36. 

10. A vending company estimates that fix) cans of soft drink can 
be sold in a day if the temperature is x°F as given in the table. 



X 


60 


80 


100 


fix) 


84 


120 


168 



Estimate the number of cans that can be sold at (a) 72° and 

(b) 94°. 



In exercises 17-22, use Newton's method to find an approximate 
root (accurate to six decimal places). Sketch the graph and ex- 
plain how you determined your initial guess. 



17. x 3 + 4x 2 - 3x + 1 = 0 
19. x 5 + 3x 3 + x - 1 = 0 
21. sin x = x 2 — 1 



18. x 4 -4x 3 +x 2 
20. cos x — x — 0 
22. cosx 2 = x 



1 = 0 



In exercises 23-28, use Newton's method [state the function / (x) 
you use] to estimate the given number. 



23. VI 1 
27. 4 V24 



24. 
28. 



23 
24 



25. VTT 



26. V23 



In exercises 29-34, Newton's method fails for the given initial 
guess. Explain why the method fails and, if possible, find a root 
by correcting the problem. 

29. 4x 3 - 7x 2 + 1 = 0, x 0 = 0 

30. 4x 3 - 7x 2 + 1 = 0, x 0 = 1 

31. x 2 + 1 = 0, x 0 = 0 

32. x 2 + 1 = 0, x 0 = 1 
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33. 



4x 2 - 8x + 1 



4x 2 - 3x - 7 



: 0, X„ : 



34. 



x + l 



1/3 



= 0, x 0 = 0.5 



35. Use Newton's method with (a) x 0 — 1.2 and (b) x 0 — 2.2 to 
find a zero of fix) — x 3 — 5x 2 + 8x — 4. Discuss the differ- 
ence in the rates of convergence in each case. 

36. Use Newton's method with (a) xq — 0.2 and (b) Xo — 3.0 to 
find a zero of fix) — x sinx. Discuss the difference in the 
rates of convergence in each case. 

37. Use Newton's method with (a) xo = —1.1 and (b) xo = 2.1 to 
find a zero of /(x) = x 3 — 3x — 2. Discuss the difference in 
the rates of convergence in each case. 

38. Factor the polynomials in exercises 35 and 37. Find a relation- 
ship between the factored polynomial and the rate at which 
Newton's method converges to a zero. Explain how the func- 
tion in exercise 36, which does not factor, fits into this rela- 
tionship. (Note: The relationship will be explored further in 
exploratory exercise 2.) 



47. Given the graph of y — /(x), draw in the tangent lines used 
in Newton's method to determine x t and x 2 after starting at 
x 0 = 2. Which of the zeros will Newton's method con- 
verge to? Repeat with x 0 = —2 and x 0 = 0.4. 




48. What would happen to Newton's method in exercise 47 if you 
had a starting value of x 0 = 0? Consider the use of Newton's 
method with x 0 = 0.2 and x 0 — 10. Obviously, x 0 = 0.2 is 
much closer to a zero of the function, but which initial guess 
would work better in Newton's method? Explain. 



% In exercises 39-42, find the linear approximation at x = 0 to 
show that the following commonly used approximations are 
valid for "small" x. Compare the approximate and exact val- 
ues for x = 0.01, x = 0.1 and x = 1. 



39. tan x & x 



41. V4 + x « 2 + 



40. Vl + x « 1 + 



42. 



1 -x 



1 +x 



43. (a) Find the linear approximation at x = 0 to each of /(x) = 
(x + l) 2 , g(x) = 1 + sin(2x) and h(x) = 2Jx + 1/4. 
Compare your results, 
(b) Graph each function in part (a) together with its linear ap- 
proximation derived in part (a). Which function has the 
closest fit with its linear approximation? 



44. (a) Find the linear approximation at x 



sinx, g(x) : 
results. 



+ x and h(x) ■■ 



0 to each of /(x) = 
+ X. Compare your 



(b) Graph each function in part (a) together with its linear ap- 
proximation derived in part (a). Which function has the 
closest fit with its linear approximation? 

45. For exercise 7, compute the errors (the absolute value of the 
difference between the exact values and the linear approxi- 
mations). Thinking of exercises 7a-7c as numbers of the 
form -y/16 + Ax, denote the errors as e(Ax) (where 
Ax = 0.04, Ax = 0.08 and Ax = 0.16). Based on these 
three computations, conjecture a constant c such that 
e(Ax) » c ■ (Ax) 2 . 

46. Use a computer algebra system (CAS) to determine the range 
of x's in exercise 39 for which the approximation is accurate 
to within 0.01. That is, find x such that |tan x — x\ < 0.01. 



49. Show that Newton's method applied to x 2 — c — 0 (where 
c > 0 is some constant) produces the iterative scheme 
x„ +1 = \{x n + c/x„) for approximating «Jc. This scheme has 
been known for over 2000 years. To understand why it works, 
suppose that your initial guess (x 0 ) for sfc is a little too 
small. How would c/x 0 compare to ^/c? Explain why the 
average of xo and c/xq would give a better approximation 
to </c. 

50. Show that Newton's method applied to x" — c — 0 (where n 
and c are positive constants) produces the iterative scheme 



Xn+l 



-[(n — l)x„ + cx\ "] for approximating f/c. 



51. Applying Newton's method to x 2 — x — 1 = 0, show that 

3 13 5 34 

(a) if xq = -, then x\ — — ; (b) if xo = -, then x\ = 



21 



89 



(c) if xq = —, then xi = — ', (d) the Fibonacci sequence is 

defined by Fj — 1, F 2 — 1, F 3 — 2, F 4 = 3 and F„ — F n _i + 

F„_2forn > 3. Write each number in parts (a)— (c) as aratioof 

Fibonacci numbers. Fill in the subscripts m and k in the follow- 

F n +i F m 
ing:ifxo = ,thenxi = — . (e) Assuming that Newton's 

method converges from xq = -, determine lim — - — . 

2 H-»0O F„ 

52. Determine the behavior of Newton's method applied to 
(a) Mx) = 1(8* - 3); (b) f 2 (x) = i(16x - 3); 

(c) Mx) = -(32x-3); (d) /(x), where /(x) = /i(x) if 

- < x < 1, f(x) = / 2 (x) if 1< X <-, fix) = f 3 (x) if 
1 1 3 

- < x < - and so on, with xn = —■ Does Newton's method 
8 " 4 4 

converge to a zero of /? (See Peter Horton's article in the 
December 2007 Mathematics Magazine.) 
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(|5 APPLICATIONS 

53. Suppose that a species reproduces as follows: with probabil- 
ity po. an organism has no offspring; with probability p l5 an 
organism has one offspring; with probability p 2 , an organ- 
ism has two offspring and so on. The probability that the 
species goes extinct is given by the smallest nonnega- 

tive solution of the equation p 0 + p\x + p 2 x 2 H = x. 

(See Sigmund's Games of Life.) Find the positive solu- 
tions of the equations 0.1 + 0.2x + 0.3x 2 + 0.4x 3 = x and 
0.4 + 0.3x + 0.2x 2 + O.lx 3 = x. Explain in terms of species 
going extinct why the first equation has a smaller solution than 
the second. 

54. For the extinction problem in exercise 53, show algebraically 
that if po = 0, the probability of extinction is 0. Explain this 
result in terms of species reproduction. Show that a species 
with po — 0.35, pi = 0.4 and p 2 = 0.25 (all other p„'s are 0) 
goes extinct with certainty (probability 1). 



56. Repeat exercise 55 with r — 0.5 and k — 7.5. For a small 
change in the environmental constant k (from 7 to 7.5), how 
did the solution change from exercise 55 to exercise 56? The 
largest solution corresponds to an "infestation" of the spruce 
budworm. 

57. Newton's theory of gravitation states that the weight of a person 
at elevation x feet above sea level is W (x) — PR 2 /(R + x) , 
where P is the person's weight at sea level and R is the radius 
of the earth (approximately 20,900,000 feet). Find the linear 
approximation of W (x) at x — 0. Use the linear approxima- 
tion to estimate the elevation required to reduce the weight of 
a 120-pound person by 1%. 

58. One important aspect of Einstein's theory of relativity is that 
mass is not constant. For a person with mass m 0 at rest, the 
mass will equal m = m 0 /y/l — v 2 /c 2 at velocity v (where c 
is the speed of light). Thinking of m as a function of v, find 
the linear approximation of m{v) at v — 0. Use the linear ap- 
proximation to show that mass is essentially constant for small 
velocities. 



^ EXPLORATORY EXERCISES 

1. An important question involving Newton's method is how 
fast it converges to a given zero. Intuitively, we can distin- 
guish between the rate of convergence for f{x) — x 2 — 1 (with 
x 0 — 1.1) and that for g{x) — x 2 — 2x + 1 (with x 0 — 1.1). 
But how can we measure this? One method is to take suc- 
cessive approximations x n -\ and x„ and compute the differ- 
ence A„ = x„ — jc„_i . To discover the importance of this quan- 
tity, run Newton's method with x 0 — 1.5 and then compute the 



ratios A3/A2, A4/A3, A5/A4 and so on, for each of the follow- 
ing functions: 

Fi(x) = (x- l)(x + 2) 3 = x 4 + 5x 3 + 6x 2 - 4x - 8, 
F 2 {x) = (x - l) 2 (x + 2) 2 = x 4 + 2x 3 - 3x 2 - 4x + 4, 
F 3 {x) = (x - l) 3 (x + 2) = x 4 - x 3 - 3x 2 + 5x - 2 and 
F 4 (x) = (x - l) 4 = x 4 - 4x 3 + 6x 2 - 4x + 1. 

In each case, conjecture a value for the limit r — lim " +1 . 

l!-»00 A„ 

If the limit exists and is nonzero, we say that Newton's 
method converges linearly. How does r relate to your intuitive 
sense of how fast the method converges? For /(x) = (x — l) 4 , 
we say that the zero x = 1 has multiplicity 4. For 
f(x) — (x — l) 3 (x + 2), x = 1 has multiplicity 3 and so on. 
How does r relate to the multiplicity of the zero? Based on 
this analysis, why did Newton's method converge faster for 
f{x) — x 2 — 1 than for g(x) = x 2 — 2x + 1? Finally, use 
Newton's method to compute the rate r and hypothesize 
the multiplicity of the zero x = 0 for fix) — x sinx and 
gix) — x sinx 2 . 

2. This exercise looks at a special case of the three-body prob- 
lem, in which there is a large object A of mass m A , a much 
smaller object B of mass m B m A and an object C of negli- 
gible mass. (Here, m B <m a means that m B is much smaller 
than m A .) Assume that object B orbits in a circular path around 
the common center of mass. There are five circular orbits for 
object C that maintain constant relative positions of the three 
objects. These are called Lagrange points L\, L%, L3, L4 and 
L5, as shown in the figure. 




To derive equations for the Lagrange points, set up a coordinate 
system with object A at the origin and object B at the point 
(1,0). Then L \ is at the point (x\, 0), where xi is the solution of 

(1 + k)x 5 - (3k + 2)x 4 + i3k + l)x 3 - x 2 + 2x - 1 = 0; 

L 2 is at the point (x 2 , 0), where x 2 is the solution of 

(1 + k)x 5 - i3k + 2)x 4 + (3fc + l)x 3 - {2k + l)x 2 + 2x - 1 = 0 

and L 3 is at the point (— x 3 , 0), where x 3 is the solution of 

(1 + k)x 5 + (3it + 2)x 4 + {3k + l)x 3 - x 2 - 2x - 1 = 0, 
m B 

where k = — . Use Newton's method to find approximate 

m A 

solutions of the following. 



55. The spruce budworm is an enemy of the balsam fir tree. 
In one model of the interaction between these organisms, 
possible long-term populations of the budworm are solu- 
tions of the equation r(l — x/k) — x/(l + x 2 ), for positive 
constants r and k. (See Murray's Mathematical Biology.) 
Find all positive solutions of the equation with r — 0.5 and 
k = 7. 
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(a) FindLi for the Earth-Sun system with k = 0.000002. This 
point has an uninterrupted view of the sun and is the loca- 
tion of the solar observatory SOHO. 

(b) Find L 2 for the Earth-Sun system with k = 0.000002. This 
is the location of NASA's Microwave Anisotropy Probe. 

(c) Find L 3 for the Earth-Sun system with k = 0.000002. This 
point is invisible from the Earth and is the location of 
Planet X in many science fiction stories. 



(d) Find L, for the Moon-Earth system with k = 0.01229. 
This point has been suggested as a good location for a 
space station to help colonize the moon. 

(e) The points L 4 and L 5 form equilateral triangles with ob- 
jects A and B. Explain why this means that polar coor- 
dinates for L4 are (r, 6) = (1, f J. Find (x, y)-coordinates 
for L 4 and L 5 . In the Jupiter-Sun system, these are loca- 
tions of numerous Trojan asteroids. 



0) 



3.2 MAXIMUM AND MINIMUM VALUES 



To remain competitive, businesses must regularly evaluate how to minimize waste and 
maximize the return on their investment. In this section, we consider the problem of finding 
maximum and minimum values of functions. In section 3.6, we examine how to apply these 
notions to problems of an applied nature. 

We begin by giving careful mathematical definitions of some familiar terms. 



DEFINITION 2.1 

For a function / defined on a set S of real numbers and a number c e S, 

(i) f(c) is the absolute maximum of / on S if /(c) > f(x) for all x e S and 

(ii) f(c) is the absolute minimum of / on S if /(c) < f(x) for all x e S. 

An absolute maximum or an absolute minimum is referred to as an absolute 
extremum. (The plural form of extremum is extrema.) 



The first question you might ask is whether every function has an absolute maximum 
and an absolute minimum. The answer is no, as we can see from Figures 3.14a and 3.14b. 



y 




*■ x 



FIGURE 3.14a FIGURE 3.14b 



EXAMPLE 2. 1 Absolute Maximum and Minimum Values 

(a) Locate any absolute extrema of f(x) — x 2 — 9 on the interval (—00, 00). (b) Locate 
any absolute extrema of f(x) — x 2 — 9 on the interval (—3, 3). (c) Locate any absolute 
extrema of f(x) — x 2 — 9 on the interval [—3, 3]. 
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No absolute 
maximum 




/(0) = "9 
(Absolute minimum) 



FIGURE 3.15 

x 2 — 9 on (—oo, oo) 



Solution (a) In Figure 3.15, notice that / has an absolute minimum value of 
f(Q) = —9, but has no absolute maximum value. 

(b) In Figure 3.16a, we see that / has an absolute minimum value of /(0) = —9. 
Your initial reaction might be to say that / has an absolute maximum of 0, but f(x) ^ 0 
for any x e (—3,3), since this is an open interval. Hence, / has no absolute maximum 
on the interval (—3,3). 

(c) In this case, the endpoints 3 and —3 are in the interval [—3, 3]. Here, / assumes 
its absolute maximum at two points: /(3) = /(— 3) = 0. (See Figure 3.16b.) 



No absolute 
maximum 
3 




y 

Absolute maximum 4 
/(-3) =/(3) = 0 
-3 

i * i — ^ 



7(0) = -9 

(Absolute minimum) 



FIGURE 3.16a 

= ;<: 2 -9on (-3,3) 




/(0) = -9 
(Absolute minimum) 



FIGURE 3.16b 

= x 2 - 9 on [-3, 3] 



We have seen that a function may or may not have absolute extrema. In example 2.1, 
the function failed to have an absolute maximum, except on the closed, bounded interval 
[—3, 3]. Example 2.2 provides another piece of the puzzle. 




1 1 1 — 



FIGURE 3.17 

y = l/x 



EXAMPLE 2.2 A Function with No Absolute Maximum or Minimum 

Locate any absolute extrema of f(x) = 1/x, on [—3, 0) U (0, 3]. 

Solution From the graph in Figure 3.17, / clearly fails to have either an absolute 
maximum or an absolute minimum on [—3, 0) U (0, 3]. The following table of values 
for f(x) for x close to 0 suggests the same conclusion. 



X 


1/x 


1 


1 


0.1 


10 


0.01 


100 


0.001 


1000 


0.0001 


10,000 


0.00001 


100,000 


0.000001 


1,000,000 



X 


1/x 


-1 


-1 


-0.1 


-10 


-0.01 


-100 


-0.001 


-1000 


-0.0001 


-10,000 


-0.00001 


-100,000 


-0.000001 


-1,000,000 



The most obvious difference between the functions in examples 2.1 and 2.2 is that 
f(x) = 1/x is not continuous throughout the interval [—3, 3]. We offer the following the- 
orem without proof. 

THEOREM 2.1 (Extreme Value Theorem) 

A continuous function / defined on a closed, bounded interval [a, b] attains both an 
absolute maximum and an absolute minimum on that interval. 



While you do not need to have a continuous function or a closed interval to have an 
absolute extremum, Theorem 2. 1 says that continuous functions are guaranteed to have an 
absolute maximum and an absolute minimum on a closed, bounded interval. 
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y 



1 -- 




1 3 

FIGURE 3.18 

y = l/x on [1, 3] 



REMARK 2.1 



Local maxima and minima (the 
plural forms of maximum and 
minimum, respectively) are 
sometimes referred to as 
relative maxima and minima, 
respectively. 



y 




FIGURE 3.20 

y — 9 — x 2 and the tangent line 
at x = 0 
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In example 2.3, we revisit the function from example 2.2, but look on a different interval. 



EXAMPLE 2.3 Finding Absolute Extrema of a Continuous Function 

Find the absolute extrema of f(x) — 1/x on the interval [1, 3], 

Solution Notice that on the interval [1, 3], / is continuous. Consequently, the Extreme 
Value Theorem guarantees that / has both an absolute maximum and an absolute 
minimum on [1, 3], Judging from the graph in Figure 3.18, it appears that f(x) reaches 
its maximum value of 1 at x — 1 and its minimum value of 1/3 at x — 3. ■ 

Our objective is to determine how to locate the absolute extrema of a given function. 
Before we do this, we need to consider an additional type of extremum. 



DEFINITION 2.2 

(i) f(c) is a local maximum of / if /(c) > f(x) for all x in some open interval 
containing c. 

(ii) f(c) is a local minimum of / if /(c) < f(x) for all x in some open interval 
containing c. 

In either case, we call /(c) a local extremum of /. 



Notice from Figure 3.19 that each local extremum seems to occur either at a point 
where the tangent line is horizontal [i.e., where f'(x) = 0], at a point where the tangent 
line is vertical [where fix) is undefined] or at a corner [again, where f'(x) is undefined]. 
We can see this behavior quite clearly in examples 2.4 and 2.5. 

y 





Local maximur 
U'(b) = C 

a 1 

L 1 / 


i 

n 
] 


L Local m 
[f(d) is u 

\ c 1 


aximum 
ndefined] 


\ 

Local m 

[/'(«) 


/ 1 

/ h 

inimum 
= 0] 


1 

Loc 


/ d 

al minimum 



[f'(c) is undefined] 

FIGURE 3.19 

Local extrema 



EXAMPLE 2.4 A Function with a Zero Derivative 
at a Local Maximum 

Locate any local extrema for f(x) — 9 — x 2 and describe the behavior of the derivative 
at the local extremum. 

Solution We can see from Figure 3.20 that there is a local maximum at x — 0. 
Further, note that f'(x) = —2x and so, /'(0) = 0. This says that the tangent line to 
y = f(x) at x — 0 is horizontal, as indicated in Figure 3.20. ■ 
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i — I — I — I — >x 



FIGURE 3.21 

y = 1*1 



EXAMPLE 2.5 A Function with an Undefined Derivative 
at a Local Minimum 

Locate any local extrema for f(x) — \x\ and describe the behavior of the derivative at 
the local extremum. 

Solution We can see from Figure 3.21 that there is a local minimum at x — 0. As we 
have noted in section 2.1, the graph has a corner at x — 0 and hence, f'(0) is undefined. 
[See example 1.7 in section 2.1.] ■ 



The graphs shown in Figures 3.19-3.21 are not unusual. In fact, spend a little time now 
drawing graphs of functions with local extrema. It should not take long to convince yourself 
that local extrema occur only at points where the derivative is either zero or undefined. 
Because of this, we give these points a special name. 



DEFINITION 2.3 

A number c in the domain of a function / is called a critical number of / if 

f'{c) — 0 or f'(c) is undefined. 



It turns out that our earlier observation regarding the location of extrema is correct. 
That is, local extrema occur only at points where the derivative is zero or undefined. We 
state this formally in Theorem 2.2. 



HISTORICAL 
NOTES 

Pierre de Fermat ( 1 60 1 - 1 665) 

A French mathematician who 
discovered many important results, 
including the theorem named for 
him. Fermat was a lawyer and 
member of the Toulouse supreme 
court, with mathematics as a 
hobby. The "Prince of Amateurs" 
left an unusual legacy by writing in 
the margin of a book that he had 
discovered a wonderful proof of a 
clever result, but that the margin 
of the book was too small to hold 
the proof. Fermat's Last Theorem 
confounded many of the world's 
best mathematicians for more 
than 300 years before being 
proved by Andrew Wiles in 1995. 



THEOREM 2.2 (Fermat's Theorem) 

Suppose that f(c) is a local extremum (local maximum or local minimum). Then c 
must be a critical number of /. 



PROOF 



Suppose that / is differentiable at x = c. (If not, c is a critical number of / and we are 
done.) Suppose further that /'(c) ^ 0. Then, either f'(c) > 0 or f'(c) < 0. 
If /'(c) > 0, we have by the definition of derivative that 

fl( , y /(C + h) ~ /(C) 

f (c) — hm > 0. 

J h^o h 



So, for all h sufficiently small, 



For h > 0, (2.1) says that 



f(c + h)-f(c) 
h 



> 0. 



(2.1) 



f(c + h)- /(c) > 0 



and so, 



f(c + h) > /(c). 



Thus, /(c) is not a local maximum. 
Similarly, for h < 0, (2.1) says that 



and so, 



f(c + h) - /(c) < 0 
f(c + h)< /(c). 



Thus, /(c) is not a local minimum, either. 

Since we had assumed that /(c) was a local extremum, this is a contradiction. This 
rules out the possibility that /'(c) > 0. 
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We leave it as an exercise to show that if /'(c) < 0, we obtain the same contradiction. 
The only remaining possibility is to have f'(c) = 0 and this proves the theorem. ■ 

We can use Fermat's Theorem and calculator- or computer-generated graphs to find 
local extrema, as in examples 2.6 and 2.7. 



TODAY IN 
MATHEMATICS 



Andrew Wiles (1953- ) 

A British mathematician who 
in 1 995 published a proof of 
Fermat's Last Theorem, the most 
famous unsolved problem of the 
20th century. Fermat's Last 
Theorem states that there is no 
integer solution x, y and z of the 
equation x" + y" = z" for 
integers n > 2. Wiles had wanted 
to prove the theorem since 
reading about it as a 1 0-year-old. 
After more than ten years 
as a successful research 
mathematician, Wiles isolated 
himself from colleagues for seven 
years as he developed the 
mathematics needed for his 
proof. "I realised that talking to 
people casually about Fermat was 
impossible because it generated 
too much interest. You cannot 
focus yourself for years unless you 
have this kind of undivided 
concentration which too many 
spectators would destroy." The 
last step of his proof came, after 
a year of intense work on this 
one step, as "this incredible 
revelation" that was "so 
indescribably beautiful, it was 
so simple and elegant." 



EXAMPLE 2.6 Finding Local Extrema of a Polynomial 

Find the critical numbers and local extrema of f(x) = 2x 3 — 3x 2 — YLx + 5. 
Solution Here, f'(x) = 6x 2 - 6x - 12 = 6(x 2 -x-2) 

= 6(jc - 2)(x + 1). 

Thus, / has two critical numbers, x — — 1 and x — 2. Notice from the graph in 
Figure 3.22 that these correspond to the locations of a local maximum and a local 
minimum, respectively. 




FIGURE 3.22 

2x 3 - 3x 2 - Ylx + 5 



EXAMPLE 2.7 



An Extremum at a Point Where the 
Derivative Is Undefined 



Find the critical numbers and local extrema of f(x) 
Solution Here, we have 

1/3/ 



(3x + 1) 2/3 . 



fix) = -(3x + l)" 1/j (3) 



(3x + I) 1 / 3 ' 



Be sure to note that 



Of course, f'(x) ^ 0 for all x, but f'(x) is undefined at x — 
— | is in the domain of /. Thus, x — — I is the only critical number of /. From the 
graph in Figure 3.23, we see that this corresponds to the location of a local minimum 
(also the absolute minimum). If you use your graphing utility to try to produce a graph 
of y = f(x), you may get only half of the graph displayed in Figure 3.23. The reason is 



REMARK 2.2 



Fermat's Theorem says that 
local extrema can occur only at 
critical numbers. This does not 
say that there is a local 
extremum at every critical 
number. In fact, this is false, as 
we illustrate in examples 2.8 
and 2.9. 




FIGURE 3.23 

y = Ox + 1) 2/3 



190 



CHAPTER 3 •• Applications of Differentiation 



3-18 




FIGURE 3.24 

y — x 3 



H 1 h 



H 1 1 ►.Y 



FIGURE 3.25 

y = x 1 ' 3 



that the algorithms used by most calculators and many computers will return a complex 
number (or an error) when asked to compute certain fractional powers of negative 
numbers. While this annoying shortcoming presents only occasional difficulties, we 
mention this here only so that you are aware that technology has limitations. ■ 



EXAMPLE 2.8 A Horizontal Tangent at a Point That Is Not 
a Local Extremum 

Find the critical numbers and local extrema of f(x) = x 3 . 

Solution It should be clear from Figure 3.24 that / has no local extrema. However, 
f'(x) = 3x 2 — 0 for x — 0 (the only critical number of /). In this case, / has a 
horizontal tangent line at x = 0, but does not have a local extremum there. ■ 



EXAMPLE 2.9 A Vertical Tangent at a Point That Is Not 
a Local Extremum 



Find the critical numbers and local extrema of f(x) — x 



1/3 



Solution As in example 2.8, / has no local extrema. (See Figure 3.25.) Here, 
f'(x) — |x _2//3 and so, / has a critical number at x — 0. (In this case, the derivative is 
undefined at x = 0.) However, / does not have a local extremum at x = 0. ■ 



You should always check that a given value is in the domain of the function before 
declaring it a critical number, as in example 2.10. 



EXAMPLE 2. 1 0 Finding Critical Numbers of a Rational Function 



Find all the critical numbers of f(x) 



2x 2 
x + 2' 



Solution You should note that the domain of / consists of all real numbers other than 
x — —2. Here, we have 

4*(x + 2)-2.r 2 (l) 

J \X) — r From the quotient rule. 

(x + 2y 

2x(x + 4) 
= (x + 2) 2 ' 

Notice that f'(x) — 0 for x = 0, —4 and f'(x) is undefined for x = —2. However, —2 is 

not in the domain of / and consequently, the only critical numbers are x — 0 

and x = —4. ■ 



REMARK 2.3 



When we use the terms 
maximum, minimum or 
extremum without specifying 
absolute or local, we will 
always be referring to absolute 
extrema. 



We have observed that local extrema occur only at critical numbers and that continuous 
functions must have an absolute maximum and an absolute minimum on a closed, bounded 
interval. Theorem 2.3 gives us a way to find absolute extrema. 



THEOREM 2.3 

Suppose that / is continuous on the closed interval [a, b]. Then, each absolute 
extremum of / must occur at an endpoint (a or b) or at a critical number. 
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PROOF 

By the Extreme Value Theorem, / will attain its maximum and minimum values on [a, b], 
since / is continuous. Let f(c) be an absolute extremum. If c is not an endpoint (i.e., c y£ a 
and c 7^ b), then c must be in the open interval (a, b). In this case, /(c) is also a local 
extremum. By Fermat's Theorem, then, c must be a critical number, since local extrema 
occur only at critical numbers. ■ 



REMARK 2.4 



Theorem 2.3 gives us a simple procedure for finding the absolute extrema of a 
continuous function on a closed, bounded interval: 

1 . Find all critical numbers in the interval and compute function values at these points. 

2. Compute function values at the endpoints. 

3. The largest function value is the absolute maximum and the smallest function 
value is the absolute minimum. 



We illustrate Theorem 2.3 for the case of a polynomial function in example 2.1 1. 




FIGURE 3.26 

y — 2x 3 — 3x 2 - I2x + 5 



EXAMPLE 2. 1 I Finding Absolute Extrema on a Closed Interval 

Find the absolute extrema of f(x) = 2x 3 — 3x 2 — I2x + 5 on the interval [—2, 4]. 

Solution From the graph in Figure 3.26, the maximum appears to be at the 
endpoint x = 4, while the minimum appears to be at a local minimum near x — 2. In 
example 2.6, we found that the critical numbers of / are x — — 1 and x — 2. Further, 
both of these are in the interval [—2, 4]. So, we compare the values at the endpoints: 

/(-2)=1 and /(4) = 37, 

and the values at the critical numbers: 

,/X-l)=12 and /(2) = -15. 

Since / is continuous on [—2, 4], Theorem 2.3 says that the absolute extrema must be 
among these four values. Thus, f(4) = 37 is the absolute maximum and f(2) = —15 is 
the absolute minimum, which is consistent with what we see in the graph in Figure 3.26. 

Of course, most real problems of interest are unlikely to result in derivatives with 
integer zeros. Consider the following somewhat less user-friendly example. 



EXAMPLE 2.12 




FIGURE 

y = 4x 5/A - 



3.27 

■ Sx 1 ' 4 



Finding Extrema for a Function 
with Fractional Exponents 



Find the absolute extrema of f(x) = 4x 5 / 4 — 8.T 1 / 4 on the interval [0, 4]. 

Solution From the graph in Figure 3.27, it appears that the maximum occurs at the 
endpoint x — 



4 and the minimum near x 

f'( X ) = 5x 1 ? 4 - 



- Next, observe that 

2x-^ 4 = 5 



r-3/4 



Thus, the critical numbers are x — 1 [since /'(§) = 0] and x — 0 (since /'(0) is 
undefined and 0 is in the domain of /). We now need only compare 

/(0) = 0, /(4) w 11.3137 and /(§) » -5.0897. 

So, the absolute maximum is /(4) 1 1.3137 and the absolute minimum is 
/(I) ^ —5.0897, which is consistent with what we expected from Figure 3.27. I 
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FIGURE 3.28 

/(x) — x 3 — 5x + 3 sinx 2 




f — ►x 



In practice, the critical numbers are not always as easy to find as they were in examples 
2.1 1 and 2.12. In example 2.13, it is not even known how many critical numbers there are. 
We can, however, estimate the number and locations of these from a careful analysis of 
computer-generated graphs. 



EXAMPLE 2.13 Finding Absolute Extrema Approximately 

Find the absolute extrema of f(x) — x 3 — 5x + 3 sin x 2 on the interval [—2, 2.5]. 

Solution From the graph in Figure 3.28, it appears that the maximum occurs near 
x = — 1 , while the minimum seems to occur near x — 2. Next, we compute 

/'(x) = 3x 2 -5 + 6xcosjr 2 . 

Unlike examples 2.11 and 2.12, there is no algebra we can use to find the zeros of /'. 
Our only alternative is to find the zeros approximately. You can do this by using 
Newton's method to solve fix) — 0. (You can also use any other rootfinding method 
built into your calculator or computer.) First, we'll need adequate initial guesses. From 
the graph of y — f'(x) found in Figure 3.29, it appears that there are four zeros of f'(x) 
on the interval in question, located near x = —1.3, 0.7, 1.2 and 2.0. Further, referring 
back to Figure 3.28, these four zeros correspond with the four local extrema seen in the 
graph of y = f(x). We now apply Newton's method to solve f'(x) — 0, using the 
preceding four values as our initial guesses. This leads us to four approximate critical 
numbers of / on the interval [—2, 2.5]. We have 

a « -1.26410884789, b « 0.674471354085, 
c « 1 .2266828947 and d » 2.01830371473. 



We now need only compare the values of / at the endpoints and the approximate 
FIGURE 3.29 critical numbers: 

y — f'(x) — 3x 2 — 5 + 6x cosx 2 

/(a) -7.3, f{b)^-\.l, /(c) « -1.3 

/(<*)« -4.3, /(-2)«-0.3 and /(2.5) « 3.0. 

Thus, the absolute maximum is approximately /(— 1.26410884789) & 7.3 and the 
absolute minimum is approximately f(2. 01830371473) « —4.3. 

It is important (especially in light of how much of our work here was approximate 
and graphical) to verify that the approximate extrema correspond with what we expect 
from the graph of y — f(x). Since these correspond closely, we have great confidence 
in their accuracy. ■ 



We have now seen how to locate the absolute extrema of a continuous function on a 
closed interval. In section 3.3, we see how to find local extrema. 



BEYOND FORMULAS 

The Extreme Value Theorem is an important but subtle result. Think of it this way. If 
the hypotheses of the theorem are met, you will never waste your time looking for the 
maximum of a function that does not have a maximum. That is, the problem is always 
solvable. The technique described in Remark 2.4 always works, as long as there are 
only finitely many critical numbers. 
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EXERCISES 3.2 Qj 

^WRITING EXERCISES 



1. Using one or more graphs, explain why the Extreme Value 
Theorem is true. Is the conclusion true if we drop the hypoth- 
esis that / is a continuous function? Is the conclusion true if 
we drop the hypothesis that the interval is closed? 

2. Using one or more graphs, argue that Fermat's Theorem is true. 
Discuss how Fermat's Theorem is used. Restate the theorem 
in your own words to make its use clearer. 

3. Suppose that /(f) represents your elevation after / hours on 
a mountain hike. If you stop to rest, explain why fit) = 0. 
Discuss the circumstances under which you would be at a lo- 
cal maximum, local minimum or neither. 

4. Mathematically, an if/then statement is usually strictly one- 
directional. When we say "If A, then B" it is generally not the 
case that "If B, then A" is also true. When both are true, we 
say "A if and only if B," which is abbreviated to "A iff B." 
Consider the statement, "If you stood in the rain, then you got 
wet." Is this true? How does this differ from its converse, "If 
you got wet, then you stood in the rain."? Apply this logic to 
both the Extreme Value Theorem and Fermat's Theorem: state 
the converse and decide whether its conclusion is sometimes 
true or always true. 

In exercises 1 and 2, use the graph to locate the absolute extrema 
(if they exist) of the function on the given interval. 

on (a) (0, 1) U(l, oo), (b) (-1, 1), (c) (0, 1), 



i. m - 

x / - 

1 1 

~2' 2 



(d) 



1 



10 



-4 -2 



10 



5 



2. /(*) = 



(X - 1)2 

(c) (0,1), (d)[-2,-l] 



-4 -2 



on (a) (-00,1)11(1,00), (b) (-1, 1), 



In exercises 3-6, find all critical numbers by hand. Use your 
knowledge of the type of graph (i.e., parabola or cubic) to deter- 
mine whether the critical number represents a local maximum, 
local minimum or neither. 



3. (a) f(x) 


= x 2 


+ 5x - 1 


(b) 


/<*) = 


-x 2 + 4x + 2 


4. (a) f(x) 


= x 3 


- 3x + 1 


(b) 


fix) = 


-x 3 + 6x 2 + 2 


5. (a) fix) 


= x 3 


- 3x 2 + 6x 


(b) 


/(*) = 


-x 3 + 3x 2 - 3x 


6. (a) fix) 


= x 4 


- 2x 2 + 1 


(b) 


m = 


x 4 - 3x 3 + 2 



In exercises 7-22, find all critical numbers by hand. If avail- 
able, use graphing technology to determine whether the critical 
number represents a local maximum, local minimum or neither. 



7. fix) = x 4 - 3x 3 + 2 
9. /(x) = x 3 / 4 -4x»/ 4 

11. fix) — sinx cosx, [0, 2n] 
x 2 -2 

13. /(x) = 



8. fix) = x 4 + 6x 2 - 2 
10. /(x) = (x 2 / 5 -3x'/ 5 ) 2 

12. fix) — -v/3 sinx + cosx 
- 2 - x + 4 



x + 2 



14. fix) = 



x - 1 



15. /(x) = x 4/3 + 4x 1/3 + 4x- 2/3 16. /(x) = x 7/3 -28x 1/3 
17. /(x) = 2xV*TT 
19. /(x) = |x 2 - 1| 



18. /(x) = x/Vx T TT 
20. fix) = J/x 3 - 3x 2 



21. fix) 



22. fix) = 



x 2 + 2x-l ifx<0 
x 2 -4x + 3 ifx>0 

sin x if — 7r < x < 71 
— tanx if |x| > it 



In exercises 23-30, find the absolute extrema of the given func- 
tion on each indicated interval. 

23. fix) = x 3 - 3x + 1 on (a) [0, 2] and (b) [-3, 2] 

24. fix) = x 4 - 8x 2 + 2 on (a) [-3, 1] and (b) [-1, 3] 

25. fix) = x 2 ' 3 on (a) [-4, -2] and (b) [-1,3] 

26. fix) — sinx + cosx on (a) [0, 27r] and (b) [ji/2, ji] 
3x 2 



27. fix): 



on (a) [-2, 2] and (b) [2, 8] 



x - 3 

28. fix) = \2x\ - \x - 2| on (a) [0, 1] and (b) [-3, 4] 

x 



29. fix). 

30. /(X): 



x 2 + 1 



3.Y 



x 2 + 16 



on (a) [0, 2] and (b) [-3, 3] 



on (a) [0, 2] and (b) [0, 6] 
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In exercises 31-34, numerically estimate the absolute extrema 
of the given function on the indicated intervals. 

31. fix) = x 4 - 3x 2 + 2x + 1 on (a) [-1, 1] and (b) [-3, 2] 

32. f(x) = x 6 - 3x 4 - 2x + 1 on (a) [-1, 1] and (b) [-2, 2] 

33. fix) = x 2 -3x cos x on (a) [-2, 1] and (b) [-5, 0] 

34. fix) = x sinx 4- 3 on (a) f ] and (b) [0, 2n] 



35. Sketch a graph of a function / such that the absolute maxi- 
mum of fix) on the interval [—2, 2] equals 3 and the absolute 
minimum does not exist. 

36. Sketch a graph of a continuous function / such that the abso- 
lute maximum of fix) on the interval (—2, 2) does not exist 
and the absolute minimum equals 2. 

37. Sketch a graph of a continuous function / such that the abso- 
lute maximum of fix) on the interval (—2, 2) equals 4 and the 
absolute minimum equals 2. 

38. Sketch a graph of a function / such that the absolute maximum 
of fix) on the interval [—2, 2] does not exist and the absolute 
minimum does not exist. 

39. In this exercise, we will explore the family of functions 
fix) — x 3 + cx 4- 1, where c is constant. How many and 
what types of local extrema are there? (Your answer will 
depend on the value of c.) Assuming that this family is 
indicative of all cubic functions, list all types of cubic 
functions. 

40. Prove that any fourth-order polynomial must have at least 
one local extremum and can have a maximum of three local 
extrema. Based on this information, sketch several possible 
graphs of fourth-order polynomials. 

41. Show that fix) — x 3 + bx 2 + cx + d has both a local maxi- 
mum and a local minimum if c < 0. 

42. In exercise 41, show that the sum of the critical numbers 
is -f . 

43. For the family of functions fix) — x 4 + cx 2 + 1, find all local 
extrema. (Your answer will depend on the value of the con- 
stant c.) 

44. For the family of functions fix) — x 4 + cx 3 + 1, find all local 
extrema. (Your answer will depend on the value of the con- 
stant c.) 

45. If / is differentiable on the interval [a, b] and 
f'ia) < 0 < fib), prove that there is a c with a < c < b 
for which fie) — 0. (Hint: Use the Extreme Value Theorem 
and Fermat's Theorem.) 

46. Sketch a graph showing that y — fix) — x 2 + 1 and 
y — gix) — sin* do not intersect. Estimate x to minimize 



fix) — gix). At this value of x, show that the tangent 
lines to y — fix) and y — gix) are parallel. Explain graph- 
ically why it makes sense that the tangent lines are 
parallel. 

x 2 

47. Sketch a graph of fix) — — for x > 0 and determine 

x- + 1 

where the graph is steepest. (That is, find where the slope is a 
maximum.) 

48. Give an example showing that the following statement is false 
(not always true): between any two local minima of fix) there 
is a local maximum. Is the statement true if fix) is continuous? 



(|5 APPLICATIONS 

49. If you have won three out of four matches against someone, 
does that mean that the probability that you will win the next 
one is | ? In general, if you have a probability p of winning 
each match, the probability of winning m out of n matches 

n\ 

is fip) — p (1 — p)" . Find p to maximize /. 

in — m)\m\ 

This value of p is called the maximum likelihood estima- 
tor of the probability. Briefly explain why your answer makes 
sense. 

50. A section of roller coaster is in the shape of 
v = x 5 — Ax 3 — x + 10, where x is between —2 and 2. Find all 
local extrema and explain what portions of the roller coaster 
they represent. Find the location of the steepest part of the 
roller coaster. 

51. The rate R of an enzymatic reaction as a function of the sub- 

[S]R m 

strate concentration [S] is given by R = , where R„, 

K m + [S] 

and K m are constants. K„, is called the Michaelis constant and 
R m is referred to as the maximum reaction rate. Show that R,„ 
is not a proper maximum in that the reaction rate can never be 
equal to R„, . 



^ EXPLORATORY EXERCISES 

XXX x 

1. Explore the graphs of — , — . — and — . 

F S F x 2 + 1 x 2 4-4 x 2 + 9 x 2 + 16 

Find all local extrema and determine the behavior as x — >• oo. 

x 

You can think of the graph of — as showing the results 

x 2 + c 2 

of a tug-of-war: both x and x 2 + c 2 tend to oo as x — > oo, but 
at different rates. Explain why the local extrema spread out as 
c increases. 

2. lohannes Kepler (1571-1630) is best known as an astronomer, 
especially for his three laws of planetary motion. However, 
he was also brilliant mathematically. While serving in Aus- 
trian Emperor Matthew I's court, Kepler observed the ability 
of Austrian vintners to quickly and mysteriously com- 
pute the capacities of a variety of wine casks. Each cask 
(barrel) had a hole in the middle of its side. (See Figure a.) 
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The vintner would insert a rod in the hole until it hit the 
far comer and then announce the volume. Kepler first an- 
alyzed the problem for a cylindrical barrel. (See Figure b.) 
The volume of a cylinder is V — itr 2 h. In Figure b, r — y 
and h — 2x, so V = 2ny 2 x. Call the rod measurement z. 
By the Pythagorean Theorem, x 2 + (2y) 2 — z 2 ■ Kepler's mys- 
tery was how to compute V given only z. The key obser- 
vation made by Kepler was that Austrian wine casks were 
made with the same height-to-diameter ratio (for us, x/y). Let 
t — x/y and show that z 2 /y 2 — t 2 +4. Use this to replace 
y 2 in the volume formula. Then replace x with ^Jz 2 + 4v 2 . 
iTtzh 



Show that V = 



In this formula, / is a constant, so 



(4 + t 2 ?/ 2 

the vintner could measure z and quickly estimate the volume. 
We haven't told you yet what t equals. Kepler assumed that 
the vintners would have made a smart choice for this ratio. 
Find the value of t that maximizes the volume for a given z- 
This is, in fact, the ratio used in the construction of Austrian 
wine casks ! 





FIGURE a 



a 




FIGURE b 



0) 



3.3 INCREASING AND DECREASING FUNCTIONS 



Salary 



► Time 



FIGURE 3.30 

Increasing salary 



Debt 




In section 3.2, we determined that local extrema occur only at critical numbers. However, 
not all critical numbers correspond to local extrema. In this section, we see how to determine 
which critical numbers correspond to local extrema. At the same time, we'll learn more 
about the connection between the derivative and graphing. 

We are all familiar with the terms increasing and decreasing. If your employer informs 
you that your salary will be increasing steadily over the term of your employment, you have 
in mind that as time goes on, your salary will rise something like Figure 3.30. If you take 
out a loan to purchase a car, once you start paying back the loan, your indebtedness will 
decrease over time. If you plotted your debt against time, the graph might look something 
like Figure 3.31. 

We now carefully define these notions. Notice that Definition 3.1 is merely a formal 
statement of something you already understand. 



DEFINITION 3.1 

A function / is increasing on an interval / if for every x\ , x 2 e / with x\ < X2, 

f{x\) < f(x 2 ) [i.e., f(x) gets larger as x gets larger]. 

A function / is decreasing on the interval / if for every x\ , xo € / with 

x\ < X2, f{x\) > f(x2) [i.e., fix) gets smaller as x gets larger]. 



\ While anyone can look at a graph of a function and immediately see where that function 

* Tlme is increasing and decreasing, the challenge is to determine where a function is increasing 
and decreasing, given only a mathematical formula for the function. For example, can you 
FIGURE 3 3 1 determine where f(x) = x 2 sinx is increasing and decreasing, without looking at a graph? 

Decreasing debt Look carefully at Figure 3.32 (on the following page) to see if you can notice what happens 

at every point at which the function is increasing or decreasing. 

Observe that on intervals where the tangent lines have positive slope, / is increasing, 
while on intervals where the tangent lines have negative slope, / is decreasing. Of course, 
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/ increasing 
(tangent lines have 
positive slope) . 




— / decreasing 
(tangent lines have 
negative slope) 



FIGURE 3.32 

Increasing and decreasing 



the slope of the tangent line at a point is given by the value of the derivative at that point. 
So, whether a function is increasing or decreasing on an interval seems to be determined by 
the sign of its derivative on that interval. We now state a theorem that makes this connection 
precise. 



THEOREM 3.1 

Suppose that / is differentiable on an interval /. 

(i) If f'(x) > 0 for all x e I, then / is increasing on /. 

(ii) If f'(x) < 0 for all x e I, then / is decreasing on /. 



PROOF 

(i) Pick any two points x\, x 2 G /, with x\ < x 2 . Applying the Mean Value Theorem 
(Theorem 8.4 in section 2.8) to / on the interval {x\, xq), we get 

f(x 2 ) - f(xi) , 

= f(c), (3.1) 

xi - x\ 

for some number ce(ij, x 2 ). (Why can we apply the Mean Value Theorem here?) By 
hypothesis, f'(c) > 0 and since x\ < x 2 (so that x 2 — x\ > 0), we have from (3.1) that 

0 < f(x 2 ) - /(xi) 

or f{x x ) < f(x 2 ). (3.2) 

Since (3.2) holds for all x\ < x 2 , f is increasing on /. 

The proof of (ii) is nearly identical and is left as an exercise. ■ 



O What You See May Not Be What You Get 

One aim here and in sections 3.4 and 3.5 is to learn how to draw representative graphs 
of functions (i.e., graphs that display all of the significant features of a function: where it 
is increasing or decreasing, any extrema, asymptotes and two features we'll introduce in 
section 3.4: concavity and inflection points). We draw each graph in a particular viewing 
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window (i.e., a particular range of x- and y-values). In the case of computer- or calculator- 
generated graphs, the window is often chosen by the machine. To uncover when significant 
features are hidden outside of a given window or to determine the precise locations of 
features that we can see in a given window, we need some calculus. 













10- 






— 1 

-10 


-10- 




1 — ► 

10 



FIGURE 3.33 

y = 2x 3 + 9x 2 - 24x 



10 



6(x - 1) 



(* + 4) 



. /'(*) = 6(x - 1)(jt + 4) 



EXAMPLE 3.1 Drawing a Graph 

Draw a graph of f(x) — 2x 3 + 9x 2 — 24x 



10 showing all local extrema. 



Solution Many graphing calculators use the default window defined by 
— 10 < x < 10 and — 10 < y < 10. Using this window, the graph of y = f(x) looks 
like that displayed in Figure 3.33, although the three segments shown are not 
particularly revealing. Instead of blindly manipulating the window in the hope that a 
reasonable graph will magically appear, we stop briefly to determine where the function 
is increasing and decreasing. We have 



6x 2 
6(x 



18* ■ 
l)(x 



24 
■4). 



6(x 2 + 3x - 4) 



Note that the critical numbers (1 and —4) are the only possible locations for local 
extrema. We can see where the two factors and consequently the derivative are positive 
and negative from the number lines displayed in the margin. From this, note that 



and 



f'(x) > 0 On ( — CO, —4) and (1 , CO) / increasing. 
f'(x) < 0 On (—4, 1). /decreasing. 



For convenience, we have placed arrows indicating where the function is increasing and 
decreasing beneath the last number line. In Figure 3.34a, we redraw the graph in the 
window defined by — 8 < x < 4 and —50 < y < 125. Here, we have selected the 
v-range so that the critical points (—4, 102) and (1, —23) are displayed. Since / is 
increasing on all of (-co, —4), we know that the function is still increasing to the left of 
the portion displayed in Figure 3.34a. Likewise, since / is increasing on all of (1, oo), 
we know that the function continues to increase to the right of the displayed portion. In 
Figure 3.34b, we have plotted both y = f{x) (shown in blue) and y = fix) (shown in 




red). Notice the connection between the two graphs. When f'(x) > 0, / is increasing; 
when fix) < 0, / is decreasing. Also notice what happens to fix) at the local 
extrema of /. (We'll say more about this shortly.) ■ 



You may be tempted to think that you can draw graphs by machine and with a little 
fiddling with the graphing window, get a reasonable looking graph. Unfortunately, this 
frequently isn't enough. For instance, while it's clear that the graph in Figure 3.33 is in- 
complete, the initial graph in example 3.2 has a familiar shape and may look reasonable, 
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but it is incorrect. The calculus tells you what features you should expect to see in a graph. 
Without it, you're simply taking a shot in the dark. 



EXAMPLE 3.2 Uncovering Hidden Behavior in a Graph 

Graph f(x) = 3x 4 + 4(k 3 — 0.06x 2 — l.2x showing all local extrema. 

Solution The default graph drawn by our computer algebra system is shown in 
Figure 3.35a, while a common default graphing calculator graph is shown in 
Figure 3.35b. You can certainly make Figure 3.35b look more like Figure 3.35a by 
adjusting the window some. But with some calculus, you can discover features that are 
hidden in both graphs. 



y 




FIGURE 3.35a FIGURE 3.35b 

Default CAS graph of Default calculator graph of 

y = 3x 4 + 40x 3 - 0.06x 2 - 1.2x y = 3x 4 + 40x 3 - 0.06x 2 - 1 .2x 



First, notice that 



f'{x) = 12x 3 + 120x 2 - 0.12* - 1.2 
= 12(x 2 -0.01)(x + 10) 
= 12(x-0.1)(x+ 0.1)(x +10). 







0.1 




0 

h- 


+ 




-0.1 




- 0 
1 — 




+ 


10 






- 0 


-1- o 
h- 


- 0 + 


w 


/-0.1 


V 1 / 



12(* - 0.1) 



(* + 0.1) 



fct + 10) 



We show number lines for the three factors in the margin. Observe that 



./"(AM 



/'(*) 



> 0 On (—10, —0.1) and (0.1, OO) / increasing. 

< 0 On ( — OO, —10) and (—0.1, 0.1). / decreasing. 



Since both of the graphs in Figures 3.35a and 3.35b suggest that / is increasing for all x, 
neither of these graphs is adequate. As it turns out, no single graph captures all of the 
behavior of this function. However, by increasing the range of x-values to the interval 
[ — 15, 5], we get the graph seen in Figure 3.36a. This shows what we refer to as the 
global behavior of the function. Here, you can see the local minimum at x — —10, 
which was missing in our earlier graphs, but the behavior for values of x close to zero is 
not clear. To see this, we need a separate graph, restricted to a smaller range of x -values, 
as seen in Figure 3.36b. Here, we can clearly see the behavior of the function for x close 
to zero. In particular, the local maximum at x — —0.1 and the local minimum at 
x =0.1 are clearly visible. We often say that a graph such as Figure 3.36b shows the 
local behavior of the function. In Figures 3.37a and 3.37b, we show graphs indicating 
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/'(*) > 0 
/ increasing 



fix) < 0 
/ decreasing 




FIGURE 3.38a 

Local maximum 




fix) < 0 
/ decreasing 



/ increasing 



Local 
minimum 



FIGURE 3.38b 

Local minimum 




\ 1 — 



\ — ►x 



10,000- 



FIGURE 3.37a 

y = fix) and y = f'(x) 
(global behavior) 




FIGURE 3.37b 

y = fix) and y = fix) 
(local behavior) 



the global and local behavior of f(x) (in blue) and fix) (in red) on the same set of axes. 
Pay particular attention to the behavior of fix) in the vicinity of local extrema of fix). 



You may have already noticed a connection between local extrema and the intervals on 
which a function is increasing and decreasing. We state this in Theorem 3.2. 



THEOREM 3.2 (First Derivative Test) 

Suppose that / is continuous on the interval [a, b] and c e (a, b) is a critical number. 

(i) If fix) > 0 for all x e (a, c) and fix) < 0 for all x e (c, b) (i.e., / changes 
from increasing to decreasing at c), then fic) is a local maximum. 

(ii) If fix) < 0 for all x e (a, c) and fix) > 0 for all x e (c, b) (i.e., / changes 
from decreasing to increasing at c), then /(c) is a local minimum. 

(iii) If f(x) has the same sign on (a, c) and (c, b), then /(c) is not a local extremum. 



It's easiest to think of this result graphically. If / is increasing to the left of a critical 
number and decreasing to the right, then there must be a local maximum at the critical 
number. (See Figure 3.38a.) Likewise, if / is decreasing to the left of a critical number 
and increasing to the right, then there must be a local minimum at the critical number. (See 
Figure 3.38b.) This suggests a proof of the theorem; the job of writing out all of the details 
is left as an exercise. 
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EXAMPLE 3.3 Finding Local Extrema Using the First 
Derivative Test 

Find the local extrema of the function from example 3.1, f(x) — 2x 3 + 9x 2 — 24x — 10. 
Solution We had found in example 3.1 that 



/'(*) 



> 0, On (— OO, —4) and (1, 00) /increasing. 
<0, On(— 4,1). / decreasing. 



It now follows from the First Derivative Test that / has a local maximum located at 
x — —4 and a local minimum located at x — 1. ■ 



Theorem 3.2 works equally well for a function with critical points where the derivative 
is undefined. 



o 



-10 



o 

m - 



0 



(Sx - 6) 



•/'W 




FIGURE 3.39 

y = x 5 / 3 - 3x 2 ' 3 



-10 



—\ — ► * 

10 



/(*) = 



EXAMPLE 3.4 



Find the local extrema of f(x) 
Solution We have /'(*) 



Finding Local Extrema of a Function 
with Fractional Exponents 

x 5 / 3 - 3x 2 / 3 . 



,2/3 



3 

5x 



-1/3 



so that the critical numbers are S [/'(f) 



3x [ / 3 

- 0] and 0 [/'(0) is undefined]. Again drawing 
number lines for the factors, we determine where / is increasing and decreasing. Here, 
we have placed an S above the 0 on the number line for f'(x) to indicate that f'(x) is 
not defined at x — 0. From this, we can see at a glance where /' is positive and negative: 



fix) 



0, On (-00, 0) and (f , Oo) /increasing. 

/ decreasing. 



< 0, on (0, §) 
il maximum at 

local extrema are both clearly visible in the graph in Figure 3.39 



Consequently, / has a local maximum at x — 0 and a local minimum at x — I. These 



EXAMPLE 3.5 Finding Local Extrema Approximately 

Find the local extrema of fix) — x 4 + 4x 3 — 5x 2 — 31x + 29 and draw a graph. 

Solution A graph of y = fix) using the most common graphing calculator default 
window appears in Figure 3.40. Without further analysis, we do not know whether 
this graph shows all of the significant behavior of the function. [Note that some 
fourth-degree polynomials (e.g., fix) — x 4 ) have graphs that look very much like the 
one in Figure 3.40.] First, we compute 

/'(*) = 4x 3 + 12x 2 - lOx - 31. 

However, this derivative does not easily factor. A graph of y — fix) (see Figure 3.41) 
reveals three zeros, one near each of x — —3, —1.5 and 1.5. Since a cubic polynomial 
has at most three zeros, there are no others. Using Newton's method or some other 
rootfinding method [applied to fix)], we can find approximations to the three zeros of 
/'.We get a » -2.96008, b » -1.63816 and c » 1.59824. From Figure 3.41, we can 
see that 



FIGURE 3.40 

: x 4 + 4x 3 - 5x 2 - 3 lx + 29 and 



f'ix) > 0 On (fl, b) and (C, OO) / increasing. 
fix) < 0 On (— OO, a) and (b, C). f decreasing. 
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From the First Derivative Test, there is a local minimum at a —2.96008, a local 
maximum at b ~ —1.63816 and a local minimum at c ~ 1.59824. Since only the local 
minimum at x — c is visible in the graph in Figure 3.40, this graph is inadequate. By 
narrowing the range of displayed x-values and widening the range of displayed 
y-values, we obtain the far more useful graph seen in Figure 3.42. Note that the local 
minimum at x — c « 1.59824 is also the absolute minimum. ■ 



EXERCISES 3.3 



0 WRITING EXERCISES 



1. Suppose that /(0) = 2 and / is an increasing function. To 
sketch the graph of y — f(x), you could start by plotting the 
point (0, 2). Filling in the graph to the left, would you move 
your pencil up or down? How does this fit with the definition 
of increasing? 

2. Suppose you travel east on an east-west interstate highway. 
You reach your destination, stay a while and then return home. 
Explain the First Derivative Test in terms of your velocities 
(positive and negative) on this trip. 

3. Suppose that you have a differentiable function / with two dis- 
tinct critical numbers. Your computer has shown you a graph 
that looks like the one in the figure. 



4. Suppose that the function in exercise 3 has three distinct critical 
numbers. Explain why the graph is not a representative graph. 
Discuss how you would change the graphing window to show 
the rest of the graph. 



In exercises 1-8, find (by hand) the intervals where the function 
is increasing and decreasing. Use this information to determine 
all local extrema and sketch a graph. 



1. 


y 


= x 3 - 3x + 2 


2. 


y 


= x 3 + 2x 2 + 1 


3. 


y 


= x 4 - 8x 2 + 1 


4. 


y 


= x 3 - 3x 2 - 9x + 1 


5. 


y 


= (x + l) 2 ' 3 


6. 


V 


= (x - D 1/3 


7. 


y 


= sinx + cosx 


8. 


y 


= sin 2 x 




Discuss the possibility that this is a representative graph: that 
is, is it possible that there are any important points not shown 
in this window? 



In exercises 9-16, find (by hand) all critical numbers and use 
the First Derivative Test to classify each as the location of a local 
maximum, local minimum or neither. 



9. y = x 4 + 4x 3 - 2 
11. y = x 2 - 2x 2 ' 3 + 2 

15. y = V* 3 + 3x 2 



10. y = x 5 - 5x 2 + 1 
12. y = x 2 - 2^/x + 2 

14. y = — 

' 1 + x 4 

16. v = x 4 / 3 + 4x»/ 3 



In exercises 17-22, find (by hand) all asymptotes and extrema, 
and sketch a graph. 



17. y 



1 



18. y 



x 2 - 1 
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19. y 
21. y 



x 2 - 4x + 3 

x 



20. y 
22. y 



x 2 + 2 
(x + l) 2 



In exercises 23-26, find the x-coordinates of all extrema 
and sketch graphs showing global and local behavior of the 
function. 

23. y = x 4 - 15x 3 - 2x 2 + 40x - 2 

24. y = x 4 - 16x 3 - O.lx 2 + 0.5x - 1 

25. y = x 5 - 200x 3 + 605x - 2 

26. y = x 4 - 0.5x 3 - 0.02x 2 + 0.02x + 1 

In exercises 27-32, sketch a graph of a function with the given 
properties. 

27. /(0)=1, /(2) = 5, /'(x)<0 for x<0 and x > 2, 
f'{x) > 0 for 0 < x < 2. 

28. /(-I) = 1, /(2) = 5, /'(x) < 0 for x < -1 and x > 2, 
/'(x) > 0 for -1 < x < 2, /'(-I) = 0, f'(2) does not exist. 

29. /(3) = 0, /'(x) < 0 for x < 0 and x > 3, f'(x) > 0 for 
0 < x < 3, /'(3) = 0, /(0) and /'(0) do not exist. 

30. /(I) = 0, lim f(x) = 2, f'(x) < 0 for x < 1, /'(x) > 0 for 

x— *oo 

x > 1, /'(1) = 0. 

31. /(-I) = /(2) = 0, /'(x) < 0 for x < -1 and 0 < x < 2 
and x > 2, /'(x) > 0 for — 1 < x < 0, /'(— 1) does not 
exist, /'(2) = 0. 

32. /(0) = 0, /(3) = -1, f'(x) < 0 for x > 3, f'(x) > 0 for 
x < OandO < x < 1 and 1 < x < 3, /'(0) = 0, /'(l) does not 
exist and /'(3) = 0. 



In exercises 33-36, estimate critical numbers and sketch graphs 
showing both global and local behavior. 



33. y 
35. y = 



x-30 
x + 60 

x 2 + 1 



34. y 



36. y = 



x 4 - 1 
x - 60 



37. Give a graphical example showing that the following statement 
is false. If /(0) = 4 and / is a decreasing function, then the 
equation /(x) = 0 has exactly one solution. 

38. Give a graphical example showing that the conclusion of exer- 
cise 37 is still false if the assumption /(8) = —2 is added. Is 
the conclusion valid if / is assumed to be continuous? 

39. If / and g are both increasing functions, is it true that /(g(x)) 
is also increasing? Either prove that it is true or give an example 
that proves it false. 

40. If / and g are both increasing functions with /(5) = 0, find the 
maximum and minimum of the following values: g(l), g(4), 

g(/(4)). 



41. For/(x) = 



x + 2x 2 sin(l/x) if x ^0 

0 ifx = 0, show that /'(0) > 0, 

but that / is not increasing in any interval around 0. Explain 
why this does not contradict Theorem 3.1. 

42. For /(x) = x 3 , show that / is increasing in any interval 
around 0, but /'(0) = 0. Explain why this does not contradict 
Theorem 3.1. 

43. Prove Theorem 3.2 (the First Derivative Test). 

44. Give a graphical argument that if f(a) — g(a) and 
f'(x) > g'(x) for all x > a, then /(x) > g(x) for all x > a. 
Use the Mean Value Theorem to prove it. 



In exercises 45-48, use the result of exercise 44 to verify the 
inequality. 

45. 2Vx > 3 for x > 1 

x 

46. x > sin x for x > 0 

47. tanx > x for 0 < x < 7r/2 

48. Vl + x 2 < 1 + x 2 /2 for x > 0 



49. Show that /(x) = x 3 + £>x 2 + cx + d is an increasing func- 
tion if b 2 < 3c. Find a condition on the coefficients b and c 
that guarantees that /(x) = x 5 + bx 3 + cx + d is an increas- 
ing function. 

50. Suppose that / and g are differentiable functions and x = c is 
a critical number of both functions. Either prove (if it is true) 
or disprove (with a counterexample) that the composition fo g 
also has a critical number at x = c. 



6 



APPLICATIONS 



51. Suppose that the total sales of a product after t months is 
given by s(t) = ^/t + 4 thousand dollars. Compute and inter- 
pret s'(t). 

52. In exercise 51, show that s'(t) > 0 for all t > 0. Explain in 
business terms why it is impossible to have s'(t) < 0. 

53. The table shows the coefficient of friction fj. of ice as a function 
of temperature. The lower fi is, the more "slippery" the ice is. 
Estimate //(C) at (a) C — — 10 and (b) C — —6. If skating 
warms the ice, does it get easier or harder to skate? Briefly 
explain. 



°c 


-12 


-10 


-8 


-6 


-4 


-2 


n 


0.0048 


0.0045 


0.0043 


0.0045 


0.0048 


0.0055 



54. 



In this exercise, you will play the role of professor and con- 
struct a tricky graphing exercise. The first goal is to find a 
function with local extrema so close together that they're dif- 
ficult to see. For instance, suppose you want local extrema 
at x = —0.1 and x = 0.1. Explain why you could start with 
f'(x) = (x - 0.1)(x + 0.1) = x 2 - 0.01. Look for a function 
whose derivative is as given. Graph your function to see if the 
extrema are "hidden." Next, construct a polynomial of degree 
4 with two extrema very near x = 1 and another near x = 0. 
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^ EXPLORATORY EXERCISES 

1. In this exercise, we look at the ability of fireflies to syn- 
chronize their flashes. (To see a remarkable demonstration 
of this ability, see David Attenborough's video series Trials 
of Life.) Let the function / represent an individual firefly's 
rhythm, so that the firefly flashes whenever fit) equals an 
integer. Let e(t) represent the rhythm of a neighboring firefly, 
where again e(t ) — n, for some integer n, whenever the neigh- 
bor flashes. One model of the interaction between fireflies is 
f'(t) — a> + A sin [e(t) — f(t)] for constants a> and A. If the 
fireflies are synchronized [e(t) — f(t)], then f'(t) — co, so the 
fireflies flash every l/co time units. Assume that the difference 
between e(t) and f(t) is less than jz. Show that if f(t) < e(t), 
then /'(f) > a>- Explain why this means that the individual 
firefly is speeding up its flash to match its neighbor. Similarly, 
discuss what happens if /(/) > e(t). 

2. In a sport like soccer or hockey where ties are possible, the 
probability that the stronger team wins depends in an in- 
teresting way on the number of goals scored. Suppose that 



at any point, the probability that team A scores the next 
goal is p, where 0 < p < 1. If 2 goals are scored, a 1-1 tie 
could result from team A scoring first (probability p) and then 
team B tieing the score (probability 1 — p), or vice versa. 
The probability of a tie in a 2-goal game is then 2p(l — p). 
Similarly, the probability of a 2-2 tie in a 4-goal game is 
p 2 (l — p) 2 , the probability of a 3-3 tie in a 6-goal game 
is P 3 (l — p) 3 an d so on - As the number of goals in- 
creases, does the probability of a tie increase or decrease? 

To find out, first show that < 2 *+ 2 ><- t *+ 1 > < 4forx > 0 and 

(-t+i)- 

x(l — x) < | for 0 < x < 1. Use these inequalities to show 
that the probability of a tie decreases as the (even) number of 
goals increases. In a 1-goal game, the probability that team A 
wins is p. In a 2-goal game, the probability that team A wins 
is p 1 . In a 3-goal game, the probability that team A wins is 
p 3 + 3 p 2 (l — p). In a 4-goal game, the probability that team A 
wins is p 4 + 4p 3 (l — p). In a 5-goal game, the probability that 
teamA wins is p 5 + 5p 4 (l — p) + y\ P 3 (l — P) 2 - Explore the 
extent to which the probability that team A wins increases as 
the number of goals increases. 



0) 



3.4 CONCAVITY AND THE SECOND DERIVATIVE TEST 



In section 3.3, we saw how to determine where a function is increasing and decreasing and 
how this relates to drawing a graph of the function. Unfortunately, simply knowing 
where a function increases and decreases is not sufficient to draw a good graph. In Fig- 
ures 3.43a and 3.43b, we show two very different shapes of increasing functions joining the 
same two points. 




H 1 >x 

a b 

FIGURE 3.43a 

Increasing function 




a b 

FIGURE 3.43b 

Increasing function 



Note that the rate of growth in Figure 3.43a is increasing, while the rate of growth 
depicted in Figure 3.43b is decreasing. As a further illustration of this, Figures 3.44a and 
3.44b (on the following page) are the same as Figures 3.43a and 3.43b, respectively, but 
with a few tangent lines drawn in. 

Although all of the tangent lines have positive slope [since f'(x) > 0], the slopes of 
the tangent lines in Figure 3.44a are increasing, while those in Figure 3.44b are decreasing. 
We call the graph in Figure 3.44a concave up and the graph in Figure 3.44b concave down. 
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FIGURE 3.44a 

Concave up, increasing 



FIGURE 3.44b 

Concave down, increasing 



The situation is similar for decreasing functions. In Figures 3.45a and 3.45b, we show two 
different shapes of decreasing functions. The one shown in Figure 3.45a is concave up 
(slopes of tangent lines increasing) and the one shown in Figure 3.45b is concave down 
(slopes of tangent lines decreasing). We summarize this in Definition 4.1. 




FIGURE 3.45a 

Concave up, decreasing 




FIGURE 3.45b 

Concave down, decreasing 



DEFINITION 4.1 

For a function / that is differentiable on an interval /, the graph of / is 

(i) concave up on / if /' is increasing on / or 

(ii) concave down on / if /' is decreasing on /. 



Note that you can tell when /' is increasing or decreasing from the derivative of /' 
(i.e., /"). Theorem 4.1 connects concavity with what we already know about increasing 
and decreasing functions. The proof is a straightforward application of Theorem 3.1 to 
Definition 4.1. 



THEOREM 4.1 

Suppose that /" exists on an interval /. 

(i) If f"(x) > 0 on /, then the graph of / is concave up on /. 

(ii) If f"(x) < 0 on /, then the graph of / is concave down on /. 
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FIGURE 

y = 2x 3 + 9x 2 ■ 



3.46 

- 24x ■ 



10 



EXAMPLE 4.1 Determining Concavity 

Determine where the graph of f{x) = 2.t 3 + 9x 2 — 2Ax — 10 is concave up and 
concave down, and draw a graph showing all significant features of the function. 

6x 2 



Solution Here, we have f'(x) 
and from our work in example 3.3, we have 



18* - 24 



/'(*) 



> 0 on (—00, —4) and (1, oo) 
< 0on(-4, 1). 



Further, we have /"(*) = 12* + 18 



> 0, forx > — 
< 0, forx < — 



/ increasing. 
/ decreasing. 

Concave up. 
Concave down. 



Using all of this information, we are able to draw the graph shown in Figure 3.46. 
Notice that at the point (— |, /(— |)), the graph changes from concave down to concave 
up. Such points are called inflection points, which we define more precisely in 
Definition 4.2. ■ 



NOTES 

If (c, /(c)) is an inflection point, 
then either /"(c) = 0 or /"(c) is 
undefined. So, finding all points 
where f"(x) is zero or is 
undefined gives you all possible 
candidates for inflection points. 
But beware: not all points where 
f"(x) is zero or undefined 
correspond to inflection points. 



0 + 
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0 + 
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-V3 
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-V3 / 0 \V3 / 
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(a- + V3 ) 
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DEFINITION 4.2 

Suppose that / is continuous on the interval (a, b) and that the graph changes 
concavity at a point c e {a, b) (i.e., the graph is concave down on one side of c and 
concave up on the other). Then, the point (c, /(c)) is called an inflection point of /. 



EXAMPLE 4.2 Determining Concavity and Locating Inflection Points 

Determine where the graph of f{x) — x 4 — 6x 2 + 1 is concave up and concave down, 
find any inflection points and draw a graph showing all significant features. 

Solution Here, we have 

f'(x) = 4jc 3 - 12jc = Ax(x 2 - 3) 
= Ax(x - V3)(x + V3). 

We have drawn number lines for the factors of f'(x) in the margin. From this, we can 
see that 



/'(*) 



> 0, on (-V3, 0) and (V3, oo) / increasing. 
< 0, on (-oo, -V3) and (0, a/3). / decreasing. 



Next, we have f"(x) = I2x 2 -12= I2(x - \){x + 1). 

nu - i) We have drawn number lines for the two factors in the margin. From this, we can see that 



■ o + 1) 



f"(x) 



> 0, On (— OO, — 1) and (1, OO) Concaveup. 
< 0, On (—1, 1). Concave down. 



For convenience, we have indicated the concavity below the bottom number line, with 
small concave up and concave down segments. Finally, observe that since the graph 
changes concavity at x = —1 and x = 1, there are inflection points located at (—1, —4) 
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and (1, —4). Using all of this information, we are able to draw the graph shown in 
Figure 3.47. For your convenience, we have reproduced the number lines for f'(x) and 
f"(x) in the margin beside the figure. ■ 




As we see in example 4.3, having f"(x) — 0 does not imply the existence of an inflection 



FIGURE 3.48 

4 

y — x 



point. 



EXAMPLE 4.3 A Graph with No Inflection Points 

Determine the concavity of f(x) = x A and locate any inflection points. 

Solution There's nothing tricky about this function. We have fix) — 4x 3 and 
f"(x) = I2x 2 . Since f'(x) > 0 for x > 0 and f'(x) < 0 for x < 0, we know that / is 
increasing for x > 0 and decreasing for x < 0. Further, f"(x) > 0 for all x ^ 0, while 
f"(Q) = 0. So, the graph is concave up for x ^ 0. Further, even though f"(Q) = 0, there 
is no inflection point at x — 0. We show a graph of the function in Figure 3.48. ■ 



We now explore a connection between second derivatives and extrema. Suppose that 
f'(c) = 0 and that the graph of / is concave down in some open interval containing c. Then, 
near x — c, the graph looks like that in Figure 3.49a and hence, f{c) is a local maximum. 
Likewise, if f'{c) = 0 and the graph of / is concave up in some open interval containing 
c, then near x = c, the graph looks like that in Figure 3.49b and hence, f(c) is a local 
minimum. 




FIGURE 3.49a 

Local maximum 



FIGURE 3.49b 

Local minimum 
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THEOREM 4.2 (Second Derivative Test) 

Suppose that /" is continuous on the interval (a, b) and f'(c) = 0, for some number 
c e (a, b). 

(i) If f"{c) < 0, then f(c) is a local maximum. 

(ii) If f"(c) > 0, then f(c) is a local minimum. 



We leave a formal proof of this theorem as an exercise. When applying the theorem, 
simply think about Figures 3.49a and 3.49b. 




FIGURE 3.50 

y = x 4 - 8X 2 + 10 



EXAMPLE 4.4 Using the Second Derivative Test to Find Extrema 

Use the Second Derivative Test to find the local extrema of /(x) — x 4 — 8x 2 + 10. 
Solution Here, 

f'(x) = 4x 3 - 16* = 4x(x 2 - 4) 
= 4x(x - 2)(* + 2). 

Thus, the critical numbers are x — 0, 2 and —2. We also have 

/"(*) = 12x 2 - 16 

and so, /"(0) = -16 < 0, 

f"(-2) = 32 > 0 

and f"(2) = 32 > 0. 

So, by the Second Derivative Test, /(0) is a local maximum and /(— 2) and f(2) are 
local minima. We show a graph of y = /(x) in Figure 3.50. ■ 



REMARK 4.1 




FIGURE 3.51a 

y = x 3 



If f"(c) — 0 or f"(c) is undefined, the Second Derivative Test yields no conclusion. 
That is, /(c) may be a local maximum, a local minimum or neither. In this event, we 
must rely on other methods (such as the First Derivative Test) to determine whether 
/(c) is a local extremum. We illustrate this with example 4.5. 



EXAMPLE 4.5 



Functions for Which the Second Derivative 
Test Is Inconclusive 



Use the Second Derivative Test to try to classify any local extrema for (a) f(x) — x 3 , 
(b) g(x) = (x + l) 4 and (c) h(x) = -x 4 . 

Solution (a) Note that fix) — 3x 2 and f"(x) = 6x. So, the only critical number is 
x = 0 and /"(0) = 0, also. We leave it as an exercise to show that the point (0, 0) is not 
a local extremum. (See Figure 3.51a.) 
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(b) We have g'(x) = 4(x + l) 3 and g"(x) = 12(x + l) 2 . Here, the only critical 
number is x — — 1 and g"(— 1) = 0. In this case, though, g'(x) < 0 for x < — 1 and 
g'(x) > 0 for x > — 1. So, by the First Derivative Test, (0, 0) is a local minimum. 
(See Figure 3.51b.) 

(c) Finally, we have h'(x) = — 4.t 3 and h"(x) = — I2x 2 . Once again, the only 
critical number is x = 0, h"{0) = 0 and we leave it as an exercise to show that (0, 0) is a 
local maximum for h. (See Figure 3.51c.) ■ 



We can use first and second derivative information to help produce a meaningful graph 
of a function, as in example 4.6. 



EXAMPLE 4.6 Drawing a Graph of a Rational Function 

25 

Draw a graph of f(x) — x H , showing all significant features. 

x 

Solution The domain of / consists of all real numbers other than x — 0. Further, 



25 x 2 - 25 

f (x) — I — r Add the fractions. 

X Z X 1 







5 




- 0 
1- 


+ 






-5 
+ 


0 

1 


+ 






0 






+ 0 
1- 


m 


(1 

— 1— 


+ 


/ " 5 


\ 0 \ 


5 





(*-5) 



(x + 5) 



(x - 5)(x + 5) 



So, the only two critical numbers are x — —5 and x — 5. (Why is x — 0 not a critical 
number?) 

Looking at the three factors in f'(x), we get the number lines shown in the margin. 
Thus, 



fix) 



> 0, On (— OO, —5) and (5, OO) /increasing. 
< 0, On (—5, 0) and (0, 5). / decreasing. 



Further, f"(x) 



> 0, On (0, OO) Concave up. 

< 0, On ( — OO, 0). Concave down. 



Be careful here. There is no inflection point on the graph, even though the graph is 
concave up on one side of x — 0 and concave down on the other. (Why not?) We can 
now use either the First Derivative Test or the Second Derivative Test to determine the 



3-37 



SECTION 3.4 •• Concavity and the Second Derivative Test 



209 



local extrema. Since 



f"(5) = — > 0 
J 125 



20 
10 



H h 



-4- 

-15 -10 -5 





— I 1 1 — 

5 10 15 

-10 

-20 



FIGURE 3.52 

25 

y = x 4 



and 



/"(-5) = 



50 
125 



< 0, 



there is a local minimum at x — 5 and a local maximum at x — —5, by the Second 
Derivative Test. Finally, before we can draw a reasonable graph, we need to know what 
happens to the graph near x — 0, since 0 is not in the domain of /. We have 



25 \ 



and 



lim f(x) = lim I x 4 I = oo 

X-+0+ x-»0+ \ xl 



25 



lim f(x) — lim I x 



so that there is a vertical asymptote at x — 0. Putting together all of this information, we 
get the graph shown in Figure 3.52. ■ 



In example 4.6, we computed lim f(x) and lim f(x) to uncover the behavior of the 

function near x — 0, since x — 0 was not in the domain of /. In example 4.7, we'll see 
that since x = —2 is not in the domain of /' (although it is in the domain of /), we must 

compute lim f'(x) and lim f'(x) to uncover the behavior of the tangent lines near 

*->•— 2+ *-»•— 2- ' 

x — —2. 



EXAMPLE 4.7 A Function with a Vertical Tangent Line 
at an Inflection Point 

Draw a graph of f(x) = (x + 2) 1 / 5 4- 4, showing all significant features. 

Solution First, notice that the domain of / is the entire real line. We also have 



f'(x) - i(jc + 2)~ 4/5 > 0, for x ± -2. 



So, / is increasing everywhere, except at x — —2 [the only critical number, where 
/'(— 2) is undefined]. This also says that / has no local extrema. Further, 




/"W = --(x+2)- 9 / 5 



> 0, On ( — OO, —2) Concave up. 
< 0, On (—2, OO). Concave down. 



So, there is an inflection point at x — —2. In this case, f'(x) is undefined at x 
Since —2 is in the domain of /, but not in the domain of /', we consider 



1 



-2. 



and 



lim /'(*)= lim - (x + 2)~ 4/5 = oo 

-2- 5 



lim f{x) = lim -{x + 2)~ 4/5 = oo. 

x^-2+ x^-2+ 5 



-4 -3 -2 -1 



FIGURE 3.53 

>> = (x4-2) | / 5 4-4 



This says that the graph has a vertical tangent line at x — —2. Putting all of this 
information together, we get the graph shown in Figure 3.53. ■ 
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EXERCISES 3.4 



0) 



^WRITING EXERCISES 



It is often said that a graph is concave up if it "holds water." 
This is certainly true for parabolas like y — x 2 , but is it true for 
graphs like y — 1/x 2 ? It can be helpful to put a concept into 
everyday language, but the danger is in oversimplification. Do 
you think that "holds water" is helpful? Give your own de- 
scription of concave up, using everyday language. (Hint: One 
popular image involves smiles and frowns.) 

Lookup the census population of the United States since 1800. 
From 1800 to 1900, the numerical increase by decade in- 
creased. Argue that this means that the population curve is con- 
cave up. From 1960 to 1990, the numerical increase by decade 
has been approximately constant. Argue that this means that 
the population curve is near a point where the curve is neither 
concave up nor concave down. Why does this not necessarily 
mean that we are at an inflection point? 

The goal of investing in the stock market is to buy low and sell 
high. But, how can you tell whether a price has peaked? Once 
a stock price goes down, you can see that it was at a peak, but 
then it's too late! Concavity can help. Suppose a stock price is 
increasing and the price curve is concave up. Why would you 
suspect that it will continue to rise? Is this a good time to buy? 
Now, suppose the price is increasing but the curve is concave 
down. Why should you be preparing to sell? Finally, suppose 
the price is decreasing. If the curve is concave up, should you 
buy or sell? What if the curve is concave down? 

Suppose that /(f) is the amount of money in your bank account 
at time t. Explain in terms of spending and saving what would 
cause fit) to be decreasing and concave down; increasing and 
concave up; decreasing and concave up. 



In exercises 1-8, determine the intervals where the graph of the 
given function is concave up and concave down, and identify 
inflection points. 



1. f( x ) = x 3 - 3x 2 + 4x 

3. fix) = x + 1/x 

5. fix) — sinx — cosx 

7. f{x) = x 4/3 + 4x 1/3 



1 



2. /(x) = x 4 - 6x 2 + 2x + 3 

4. f(x) = x + 3(1 - x) 1/3 

6. f(x) = x 2 - 16/x 

x 2 - 1 
8. fix) = 



17. f(x) = x 3 < 4 -4x l < 4 
19. f(x) = x\x\ 

21. fix) = x»/ 5 (x + 1) 



18. /(x) = x 2 / 3 -4x'/ 3 
20. /(x) = x 2 |x| 
-Jx 



22. fix) 



1 + VI 



| In exercises 23-30, determine all significant features (approxi- 
mately if necessary) and sketch a graph. 



23. 


m 


24. 


fix) 


25. 


m 


26. 




27. 


fix) 


28. 


fix) 


29. 


fix) 



30. /(*) = 



2x 



Vx 2 !^ 



In exercises 31-34, sketch a graph with the given properties. 

31. /(0) = 0, fix) > 0 for x < -1 and -1 < x < 1, fix) < 0 
for x > 1, fix) > 0 for x < — 1, 0<x<l and x > 1, 
fix) < 0for-l < x < 0 

32. /(0) = 2, fix) > Oforallx, /'(0) = 1, fix) > Oforx < 0, 
fix) < Oforx > 0 

33. /(0) = 0, fi-1) = -1, /(l) = 1, fix) > Oforx < -1 and 
0 < x < 1, fix) < 0 for -1 < x < 0 and x > 1, fix) < 0 
for x < 0 and x > 0 

34. /(I) = 0, fix) < 0 for x < 1, fix) > 0 for x > 1, 
fix) < Oforx < 1 andx > 1 



In exercises 9-12, find all critical numbers and use the Second 
Derivative Test to determine all local extrema. 

9. fix) = x 4 + Ax 3 - 1 10. fix) = x 4 + 4x 2 + 1 



11. fix) = 



x 2 - 5x + 4 



12. /(x) = 



In exercises 13-22, determine all significant features by hand 
and sketch a graph. 



13. fix) = (x 2 + l) 2 / 3 
15. /(x) = 



x 2 - 9 



14. fix) = sinx + cosx 
16. /(x) = 



x + 2 



35. Show that any cubic fix) — ax 3 + bx 2 + cx + d has one in- 
flection point. Find conditions on the coefficients a— e that 
guarantee that the quartic fix) — ax 4 + bx 3 + cx 2 + dx + e 
has two inflection points. 

36. If f and g are functions with two derivatives for all x, 
/(0) = g(0) = /'(0) = g'iO) = 0, /"(0) > 0 and g"(0) < 0, 
state as completely as possible what can be said about whether 

fix) > g(x) or fix) < gix). 

37. Give an example of a function showing that the following state- 
ment is false. If the graph of y — fix) is concave down for all 
x, the equation fix) — 0 has at least one solution. 
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38. Determine whether the following statement is true or false. If 
f(0) — 1, f"(x) exists for all x and the graph of y — /(x) is 
concave down for all x, the equation /(x) = 0 has at least one 
solution. 

In exercises 39 and 40, estimate the intervals of increase and 
decrease, the locations of local extrema, intervals of concavity 
and locations of inflection points. 

39. y 




40. y 




41. Repeat exercises 39 and 40 if the given graph is of (a) /' or 
(b) /" instead of/. 

42. Prove Theorem 4.2 (the Second Derivative Test). (Hint: Think 
about what the definition of f"(c) says when f"(c) > 0 or 
/"(c) < 0.) 

43. Show that the function in example 4.4 can be written as 
/(x) — (x 2 — 4) 2 — 6. Conclude that the absolute minimum 
of / is —6, occurring at x = ±2. Do a similar analysis with 
g(x) = x 4 -6x 2 + l. 

44. For /(x) = x 4 + bx 3 + cx 2 + dx + 2, show that there are two 
inflection points if and only if c < \b 2 . Show that the sum of 
the x-coordinates of the inflection points is — |. 



(|5 APPLICATIONS 

45. Suppose that w(t) is the depth of water in a city's water reser- 
voir at time t. Which would be better news at time t — 0, 
w"(0) — 0.05 or id"(0) = —0.05, or would you need to know 
the value of u/(0) to determine which is better? 

46. Suppose that T(t) is a sick person's temperature at time 
t. Which would be better news at time t, T"(0) — 2 or 
T"(0) — —2, or would you need to know the value of T'(0) 
and T(0) to determine which is better? 



47. Suppose that a company that spends $x thousand 
on advertising sells $s(x) of merchandise, where 
s(x) = -3x 3 + 270x 2 - 3600* + 18,000. Find the value of 
x that maximizes the rate of change of sales. (Hint: Read the 
question carefully!) Find the inflection point and explain why 
in advertising terms this is the "point of diminishing returns." 

48. The number of units Q that a worker has produced in a day 
is related to the number of hours t since the work day began. 
Suppose that Q(t) = —t 3 + 6r 2 + 12f. Explain why Q'(t) is 
a measure of the efficiency of the worker at time t. Find the 
time at which the worker's efficiency is a maximum. Explain 
why it is reasonable to call the inflection point the "point of 
diminishing returns." 

49. Suppose that it costs a company C(x) = O.Olx 2 + 40x + 3600 
dollars to manufacture x units of a product. For this cost func- 

C(x) 

tion, the average cost function is C(x) = . Find the 

x 

value of x that minimizes the average cost. The cost func- 
tion can be related to the efficiency of the production process. 
Explain why a cost function that is concave down indicates 
better efficiency than a cost function that is concave up. 

50. A basic principle of physics is that light follows the path of 
minimum time. Assuming that the speed of light in the earth's 
atmosphere decreases as altitude decreases, argue that the path 
that light follows is concave down. Explain why this means 
that the setting sun appears higher in the sky than it really is. 




^ EXPLORATORY EXERCISES 

1. The linear approximation that we defined in section 3.1 is the 
line having the same location and the same slope as the func- 
tion being approximated. Since two points determine a line, 
two requirements (point, slope) are all that a linear function can 
satisfy. However, a quadratic function can satisfy three require- 
ments, since three points determine a parabola (and there are 
three constants in a general quadratic function ax 1 + bx + c). 
Suppose we want to define a quadratic approximation to 
/(x) at x = a. Building on the linear approximation, the gen- 
eral form is g(x) — f(a) + f'(a)(x — a) + c(x — a) 2 for some 
constant c to be determined. In this way, show that g(a) — f{d) 
andg'(a) = f'(a). That is, g(x) has the right position and slope 
at x = a. The third requirement is that g(x) have the right 
concavity at x = a, so that g"{a) — f"(a). Find the con- 
stant c that makes this true. Then, find such a quadratic 
approximation for each of the functions sin x, cos x and 



212 



CHAPTER 3 •• Applications of Differentiation 



3-40 



Vl + x at x — 0. In each case, graph the original function, 
linear approximation and quadratic approximation, and de- 
scribe how close the approximations are to the original 
functions. 



negative solution of the equation F(x) — x for 0 < x < 1 rep- 
resents the probability that the species becomes extinct. Show 
graphically that if p 0 > Oandf(l) > 1 , then there is a solution 
of F(x) — x with 0 < x < 1. Thus, there is a positive proba- 
bility of survival. However, if p 0 > 0 and F'(l) < 1, show that 
there are no solutions of F(x ) = x with 0 < x < 1. (Hint: First 
show that F is increasing and concave up.) 



2. In this exercise, we explore a basic problem in genetics. 
Suppose that a species reproduces according to the follow- 
ing probabilities: po is the probability of having no chil- 
dren, pi is the probability of having one offspring, p 2 is the 
probability of having two offspring, . . . , p„ is the probabil- 
ity of having n offspring and n is the largest number of off- 
spring possible. Explain why for each i, we have 0 < p, < 1 
and po + pi + p 2 + • • • + p„ = 1. We define the function 
F(x) — po + P\x + p 2 x 2 + • • • + p„x". The smallest non- 



3. Give as complete a description of the graph of f(x) — 



as possible. In particular, find the values of c for which there 
are two critical points (or one critical point or no critical points) 
and identify any extrema. Similarly, determine how the exis- 
tence or not of inflection points depends on the value of c. 




5 OVERVIEW OF CURVE SKETCHING 



Graphing calculators and computer algebra systems are powerful aids in visualizing the 
graph of a function. However, they do not actually draw graphs. Instead, they plot points 
(albeit lots of them) and then connect the points as smoothly as possible. We have already 
seen that we must determine an appropriate window in which to draw a given graph, in 
order to see all of the significant features. We can accomplish this with some calculus. 

We begin this section by summarizing the various tests that you should perform on a 
function when trying to draw a graph of y — f(x). 

• Domain: Always determine the domain of f first. 

• Vertical Asymptotes: For any isolated point not in the domain off, check the limit of 
f(x) as x approaches that point, to see if there is a vertical asymptote or a jump or 
removable discontinuity at that point. 

• First Derivative Information: Determine where/is increasing and decreasing, and 
find any local extrema. 

• Vertical Tangent Lines: At any isolated point not in the domain of /', but in the 
domain of f, check the limit of f'(x), to determine whether there is a vertical tangent 
line at that point. 

• Second Derivative Information: Determine where the graph is concave up and 
concave down, and locate any inflection points. 

• Horizontal Asymptotes: Check the limit of f(x) as x — > 00 and as x — »• —00. 

• Intercepts: Locate x- and y-intercepts, if any. If this can't be done exactly, then do so 
approximately (e.g., using Newton's method). 

We start with a very straightforward example. 
EXAMPLE 5. 1 Drawing a Graph of a Polynomial 

Draw a graph of f(x) — x A + 6.x 3 + 12x 2 + 8x + 1, showing all significant features. 

Solution One method commonly used by computer algebra systems and graphing 
calculators to determine the display window for a graph is to compute a set number of 
function values over a given standard range of x-values. The y-range is then chosen so 
that all of the calculated points can be displayed. This might result in a graph that looks 
like the one in Figure 3.54a. Another common method is to draw a graph in a fixed, 
default window. For instance, most graphing calculators use the default window 
defined by 



-10<x<10 and -10 < y < 10. 
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FIGURE 3.54a 

y = x 4 + 6x 3 + \2x 2 + 8jc + 1 
(one view) 



FIGURE 3.54b 

y = x 4 + 6x 3 + I2x 2 + 8x + 1 
(standard calculator view) 



Using this window, we get the graph shown in Figure 3.54b. Of course, these two 
graphs are very different and it's difficult to tell which, if either, of these is truly 
representative of the behavior of /. First, note that the domain of / is the entire real 
line. Further, since / is a polynomial, its graph doesn't have any vertical or horizontal 
asymptotes. Next, note that 

f'(x) = 4x 3 + 18x 2 + 24x + 8 = 2(2x + l)(x + if. 

Drawing number lines for the individual factors of f'(x), we have that 



> 0, On (— i, 00 ) /'increasing. 
< 0, On ( — OO, —2) and (—2, — . /decreasing. 



This also tells us that there is a local minimum at x — — g and that there are no local 
maxima. Next, we have 

f"(x) - 12x 2 + 36x +24= I2(x + 2)(x + 1). 

Drawing number lines for the factors of f"(x), we have 



fix) 



> 0, On ( — OO, —2) and (—1, OO) Concave up. 
< 0, On ( — 2, —1). Concave down. 



From this, we see that there are inflection points at x = —2 and at x = —1. Finally, to 
find the x-intercepts, we need to solve f(x) = 0 approximately. Doing this (for instance 
by using Newton's method or your calculator's solver), we find that there are two 
x-intercepts: x = — 1 (exactly) and x —0.160713. Notice that the significant x-values 
that we have identified are x = —2, x = — 1 and x = — |. Computing the corresponding 
y-values from y = f(x), we get the points (—2, 1), (—1,0) and (—5, — jz). We 
summarize the first and second derivative information in the number lines in the margin. 
In Figure 3.55, we include all of these important points by setting the x-range to be 
—4 < x < 1 and the y-range to be —2 < y < 8. ■ 

In example 5.2, we examine a function that has local extrema, inflection points and 
both vertical and horizontal asymptotes. 



EXAMPLE 5.2 Drawing a Graph of a Rational Function 

x 2 - 3 

Draw a graph of f(x) = — , showing all significant features. 

x i 
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3e+24 
le+24 



-le+24 
-3e+24 



FIGURE 3.56a 

x 2 -3 

y = — 7- 



Solution The default graph drawn by our computer algebra system appears in 
Figure 3.56a, while the graph drawn using the most common graphing calculator 
default window is seen in Figure 3.56b. This is arguably an improvement over 
Figure 3.56a, but this graph also leaves something to be desired, as we'll see. 

First, observe that the domain of / includes all real numbers x ^ 0. Since x — 0 is 
an isolated point not in the domain of /, we consider 



lim f(x) = lim 



x^0+ 



— — oo 



x-t-0+ 



and 



lim f(x) = lim 



x 2 -3 



x^O 



(5.1) 



(5.2) 



-10 



10 



H ► X 

10 



-10 



FIGURE 3.56b 

x 2 -3 

y = — 7T- 



From (5.1) and (5.2), we see that the graph has a vertical asymptote at x = 0. 

Next, we look for whatever information the first derivative will yield. We have 



fix) 



2x(x 3 ) - (x 2 - 3)(3x 2 ) 
x 2 [2x 2 - 3(x 2 - 3)] 



(3-x)(3 + Jt) 



Quotient rule. 



Combine tern 



Factor difference of two squares. 







3 


0 

h- 




+ 


-3 






+ 




0 + 
— 1 ► 






0 


0 


+ 


H + o - 






0 / 3 \ 



(3-x) 



(3+Jt) 



Looking at the individual factors in f'(x), we have the number lines shown in the 
margin. Thus, 



/'(*) 



> 0, On ( — 3, 0) and (0, 3) / increasing. 

< 0, On ( — OO, — 3) and (3, OO). /decreasing. 



So, / has a local minimum at x — — 3 and a local maximum at x — 3. 
Next, we look at 



(5.3) 



/"(*) 



-2x(x 4 ) - (9 - x 2 )(4x 3 ) 
(x 4 ) 2 

-2x 3 [x 2 + (9-x 2 )(2)] 
-2(18 - x 2 ) 



Quotient rule. 



Factor out — 2x 3 . 



Combine terms. 



2(x - V18)(jc + V18) 



Factor difference of two squares. 







Vl8 


- 0 

1 






-Vl8 








0 

— 1 


+ 




0 




- 0 + 


0 - 

— 1 


- 0 + 
1 ► 


— ^— 


0 ^ 


N Vl8 w 



2 (a- -V18) 



Looking at the individual factors in f"(x), we obtain the number lines shown in the 
margin. Thus, we have 

fix) 



> 0, On (— V 18, 0) and (V 18, OO) Concave up. 

< 0, On (— OO, — VT8) and (0, Vl8), Concave down. 



(5.4) 



so that there are inflection points at x — ± Vl8. (Why is there no inflection point at 
x =0?) 
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To determine the limiting behavior as x — >■ ±00, we consider 

x 2 -3 

lim f(x) = lim r — 

X—>00 x— >oo x 




(5.5) 



Likewise, we have lim f(x) — 0. (5.6) 

x->— 00 ' 

So, the line y = 0 is a horizontal asymptote both as x — >• 00 and as x — >• —00. Finally, 
the x-intercepts are where 

x 2 -3 

0 =/(*) = —=-, 

that is, at x = ±V3- Notice that there are no y-intercepts, since x = 0 is not in the 
domain of the function. We now have all of the information that we need to draw a 
representative graph. With some experimentation, you can set the x- and y-ranges so 
that most of the significant features of the graph (i.e., vertical and horizontal 
asymptotes, local extrema, inflection points, etc.) are displayed, as in Figure 3.57, 
which is consistent with all of the information that we accumulated about the function 
in (5. 1)— (5.6). Although the existence of the inflection points is clearly indicated by the 
change in concavity, their precise location is as yet a bit fuzzy in this graph. However, 
both vertical and horizontal asymptotes and the local extrema are clearly indicated, 
something that cannot be said about either Figure 3.56a or 3.56b. ■ 



In example 5.3, there are multiple vertical asymptotes, only one extremum and no 
inflection points. 



EXAMPLE 5.3 A Graph with Two Vertical Asymptotes 

x 2 

Draw a graph of /(x) = — showing all significant features. 



Solution The default graph produced by our computer algebra system is seen in 
Figure 3.58a, while the default graph drawn by most graphing calculators looks like the 
graph seen in Figure 3.58b. Notice that the domain of / includes all x except x = ±2 
(since the denominator is zero at x = ±2). Figure 3.58b suggests that there are vertical 
asymptotes at x — ±2, but let's establish this carefully. We have 

■> + 
x 2 

lim — - lim — — =rr- = 00. (5.7) 

x^2+ x 2 - 4 .v^2+ (x - 2)(x + 2) 
+ + 

Similarly, we get 

2 2 
x x 

lim —z = —00, lim —z = —00 (5.8) 

x-t-2- X 2 — 4 x->— 2+ X 2 — 4 

x 2 

and lim — = 00. (5.9) 

X-+-2- X 2 - 4 

Thus, there are vertical asymptotes at x = ±2. Next, we have 

2x(x 2 - 4) - x 2 (2x) -8x 



fix) 



(x 2 - 4) 2 (x 2 - 4) 2 ' 

Since the denominator is positive for x ^ ±2, it is a simple matter to see that 

> 0, On ( — OO, —2) and ( — 2, 0) / increasing. 
< 0, On (0, 2) and (2, OO). / decreasing. 



/'(*) 



(5.10) 
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1 r 


— 0 


■ 


1 

-2 




+ 0 - 

1 


- s + 



0 



(x - 2) J 



(jc + 2) J 



o - 0 - 



" 2 / 0 \ 2 \ 

0 0 + 



■ /"(*) 



In particular, notice that the only critical number is x — 0 (since x — —2, 2 are not in 
the domain of /). Thus, the only local extremum is the local maximum located at 
x — 0. Next, we have 



-8(x 2 - 4) 2 + (8x)2(x 2 - 4) 1 (2jc) 

(x 2 - 4) 4 
8( x 2 - 4)[-(x 2 - 4) + 4x 2 ] 

(x 2 - 4) 4 
8(3x 2 + 4) 
(x 2 - 4) 3 

8(3x 2 + 4) 
(jc - 2) 3 (x + 2) 3 ' 



Quotient rule. 



Factor out 8U 2 - 4). 



Combine terms. 



Factor difference of two squares. 



Since the numerator is positive for all x, we need only consider the factors in the 
denominator, as seen in the margin. We then have 



H h 



FIGURE 3.59 

2 

X 



H r— ►* 



y 



rw 



> 0, On (— OO, —2) and (2, 00) Concave up. 
< 0, on (—2, 2). Concave down. 



(5.11) 



However, since x = 2, —2 are not in the domain of /, there are no inflection points. It is 
an easy exercise to verify that 



and 



lim 



lim 



= 1. 



(5.12) 



(5.13) 



From (5.12) and (5.13), we have that y — 1 is a horizontal asymptote, both as x — >• oo 
and as x — > — oo. Finally, we observe that the only x-intercept is at x = 0. We 
summarize the information in (5.7)— (5.13) in the graph seen in Figure 3.59. ■ 



In example 5.4, we need to use computer-generated graphs, as well as a rootfinding 
method to determine the behavior of the function. 



-10 



10 



H 1 



10 



—\ — ►* 

10 



FIGURE 3.60 

1 

" x 3 + 3x 2 + 3x + 3 



EXAMPLE 5.4 Graphing Where the Domain and Extrema 
Must Be Approximated 



Draw a graph of /(x) = 



1 



showing all significant features. 



x J + 3x 2 + 3x + 3 

Solution The default graph drawn by most graphing calculators and computer algebra 
systems looks something like the one shown in Figure 3.60. We use some calculus to 
refine this. 

Since / is a rational function, it is defined for all x, except for where the 
denominator is zero, that is, where 

g(x) = x 3 + 3x 2 + 3x + 3 = 0. 

From the graph of y = g(x) in Figure 3.61, we see that g has only one zero, around 
x = —2. We can verify that this is the only zero, since 



d 

dx 



(x 3 + 3x 2 + 3x + 3) = 3x 2 + 6x + 3 = 3(x + l) 2 > 0. 
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FIGURE 3.61 

= x 3 + 3x 2 + 3x + 3 



Since g'(x) > 0 for all x, observe that g has only one zero. You can get the approximate 
zero x — a s=a —2.25992 using Newton's method or your calculator's solver. We can use 
the graph in Figure 3.61 to help us compute the limits 



lim f(x) = lim 



x -> a + x * + 3x z + 3x + 3 



= oo 



and 



lim f(x) = lim 



x-+a- x 3 + 3x 2 + 3x + 3 



(5.14) 



(5.15) 



From (5.14) and (5.15), / has a vertical asymptote at x — a. Turning to the derivative 
information, we have 



/'(*) 



= -3 



-3 



(x 3 + 3x 2 + 3x + 3y 2 (3x 2 + 6x + 3) 
(x + l) 2 



(jc 3 + 3x 2 + 3x + 3) 2 



1 



v i 3 + 3x 2 + 3x + 3 
< 0, for x 7^ a or — 1 



(5.16) 



and /'(— 1) = 0. Thus, / is decreasing for x < a and x > a. Also, notice that the only 
critical number is x — —1, but since / is decreasing everywhere except at x — a, there 
are no local extrema. Turning to the second derivative, we get 



fix) = -6 



1 



■ 3x 2 + 3x 



l(x 3 + 3x 2 + 3x + 3) - (x + l)(3x 2 + 6x + 3) 



(x 3 + 3.t 2 + 3x + 3) 2 



-6(x + 1) 



(x 3 + 3x 2 + 3x + 3) 3 
12x(x + l)(x 2 + 3x + 3) 
(x 3 + 3x 2 + 3x + 3) 3 



(— 2x — 6x~ — 6x) 



Since (x 2 + 3x + 3) > 0 for all x (why is that?), we need not consider this factor. 
Considering the remaining factors, we have the number lines shown here. 







1 w 

0 




0 


+ 


-1 

- 0 + 


a = -2.2599... 






- H + 


0 


- 0 + 


1 


— 1 

-1 X 


1 ► 

~"n 0 v y 



Ci + l) 



(.v 3 + 3x- + 3x + 3) 3 



Thus, we have that 



> 0, on (a, — 1) and (0, oo) Concaveup. 

< 0, On ( — OO, fl)and(— 1, 0). Concave down. 



(5.17) 



It now follows that there are inflection points at x — 0 and at x — — 1 . Notice that in 
Figure 3.60, the concavity information is not very clear and the inflection points are 
difficult to discern. 
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i — h 



FIGURE 3.62 



T I 
1 2 



1 



x 3 + 3x 2 + 3x + 3 







2e+08- 




1.5e+08- 




le+08- 




5e+07- 





-2 0| 2 

FIGURE 3.63 



1 



y 



l 



+ 4 




We note the obvious fact that the function is never zero and hence, there are no 
x -intercepts. Finally, we consider the limits 

1 



and 



lim — 

x—>oo x 



lim 



3x 2 + 3x 
1 



3x 2 + 3x + 3 



- 0 



0. 



(5.18) 
(5.19) 



Using all of the information in (5. 14)— (5. 19), we draw the graph seen in Figure 3.62. 
Here, we can clearly see the vertical and horizontal asymptotes, the inflection points and 
the fact that the function is decreasing across its entire domain. ■ 



In example 5.5, we see a function that has a vertical asymptote on only one side of 
x - 0. 



EXAMPLE 5.5 Graphing Where Some Features Are Difficult to See 

Draw a graph of f(x) 



1 



4 showing all significant features. 



1 

x V x z 

Solution The default graph produced by our computer algebra system is not 
particularly helpful. (See Figure 3.63.) The default graph produced by most graphing 
calculators (see Figure 3.64) appears to be better, but we can't be certain of its adequacy 
without further analysis. 

First, notice that the domain of / is (— oo, 0) U (0, oo). For this reason, we consider 
the behavior of / as x approaches 0, by examining the limits: 



lim 

x^0+ 



1 



4 = oo, 



(5.20) 



since 1 /jc — ^ oo, as x — ► 0 + . For the limit as x —> 0 , we must be more careful. First, 
observe that 



lim 



1 

X 



1 



has the indeterminate form oo — oo. We can resolve this by multiplying and dividing by 
the conjugate of the expression: 



lim 

x^Q- 



1 



lim 

x^Q- 



lim 



1 



(£+4) 



x->0- l 



lim — 



4 

-4 



0, (5.21) 



since the denominator tends to — oo, as x —>■ 0~. From (5.20) and (5.21), there is a 
vertical asymptote at x — 0, but an unusual one, since f(x) — > oo from one side of 
x = 0, but tends to 0 from the other side. Observe that this is consistent with the 
behavior seen in Figure 3.64. Next, we have 



fix) 



1 



1 



-1/2 



dx 



1 / 1 



-1/2 



#+4) 



1/2 
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While it's fairly easy to see that f'(x) < 0, for x > 0, the situation for x < 0 is less 
clear. (Why is that?) To shed some light on this, we first rewrite fix) as follows: 



/'(*) = 



1 



1 



1/2 



1 x(^+4)' /z + l 
' Xl ^+4)' /2 



1 x (±+4) 1/2 + l x(^+4) 1/2 -l 



1/2 



1 x 2 (^+4)-l 
"- 2 ^ + 4) 1/2 [x(^ + 4)^-1] 

-4 

T- < 0, 



c( . +4 )^[,(4 + 4)^-l] 



for x < 0. We can conclude that / is decreasing on its entire domain. We leave it to the 
reader to show that for x > 0. 



f"(x) 



2(x 2 + 2) 
x 2 (x 2 + 4) 3 /2 



> 0, 



(5.22) 



so that the graph is concave up for x > 0. Similarly, for x < 0, we can show that 



f"(x) 



2 2(x 2 + 2) 

X 1 ~ X 2 (X 2 + 4) 3 / 2 



< 0, 



(5.23) 



so that the graph is concave down for x < 0. [In order to get the expressions for f"(x) 
in (5.22) and (5.23), you will need to use the fact that \Fx 2 — |jc[.] Notice that since 
x — 0 is not in the domain of the function, there is no inflection point. Next, note that 



lim ( - 

X-S-00 \ x 



1 



■4 =2, 



(5.24) 



since l/x —>■ 0, as x oo. Likewise, we have 




FIGURE 3.65 



1 

y= - + 



1 



+ 4 



lim - 



■4 =2. 



(5.25) 



From (5.24) and (5.25), observe that y — 2 is a horizontal asymptote, both as x — >• oo 
and as x — >■ — oo. Finally, observe that f(x) > 0, for x > 0, while for x < 0, 



/to 



1 - Vl + 4x 2 



> 0, 



since for x < 0, Vx 2 = |x| and since the numerator of the last expression is always 
negative. Consequently, there are no x-intercepts. Putting together all of this 
information, we see that the graph in Figure 3.64 is reasonably representative of the 
behavior of the function. We refine this slightly in Figure 3.65. ■ 



In our final example, we consider the graph of a function that is the sum of a trigono- 
metric function and a polynomial. 
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EXAMPLE 5.6 Graphing the Sum of a Polynomial 
and a Trigonometric Function 

Draw a graph of f(x) — cos x — x, showing all significant features. 




Solution The default graph provided by our computer algebra system can be seen in 
Figure 3.66a. The graph produced by most graphing calculators looks like that in 
Figure 3.66b. First, since the domain of / is the entire real line, there are no vertical 
asymptotes. Next, we have 



fix) 



-sinx — 1 < 0, for all jr. 



(5.26) 



Further, fix) — 0 if and only if sin x = —I. So, there are critical numbers (here, these 
are all locations of horizontal tangent lines), but since fix) does not change sign, there 
are no local extrema. Even so, it is still of interest to find the locations of the horizontal 
tangent lines. Recall that 



sinjr = — 1 forx 



3,71 



and more generally, for 

for any integer n . Next, we see that 



3jr „ 
x — — + 2nn, 



f"(x) = — cosx 



and on the interval [0, 2k], we have 

> 0, on 



COS X 



< 0, on 



["•?) 

2' ~2 



I — , 2it 



So, 



f"(x) = —cosx 



> 0, on 



7T 3?T 

2' ~2 



< 0, on |0, -j and I — , 2jt 



Concave down. 



Concave up. 



(5.27) 



Outside of [0, 2tc], f"(x) simply repeats this pattern. In particular, this says that the 
graph has infinitely many inflection points, located at odd multiples of jt/2. 
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FIGURE 3.67 

y = cos x — x 



To determine the behavior as x — »■ ±oo, we examine the limits 

lim (cosx — x) — — oo (5.28) 

X— »00 

and lim (cosx — x) = oo, (5.29) 

X— » — 00 

since — 1 < cos x < 1, for all x, while lim x = oo. 

x— >oo 

Finally, to determine the x -intercepts ), we need to solve 

fix) = cos x — x — 0. 

This can't be solved exactly, however. Since f'(x) < 0 for all x and Figures 3.66a and 
3.66b show a zero around x = 1, there is only one zero and we must approximate this. 
(Use Newton's method or your calculator's solver.) We get x ?s 0.739085 as an 
approximation to the only x-intercept. Assembling all of the information in 
(5.26)-(5.29), we can draw the graph seen in Figure 3.67. Notice that Figure 3.66b 
shows the behavior just as clearly as Figure 3.67, but for a smaller range of x- and 
v-values. Which of these is more "representative" is open to discussion. ■ 



BEYOND FORMULAS 

The main characteristic of the examples in sections 3.3-3.5 is the interplay between 
graphing and equation solving. To analyze the graph of a function, you will go back 
and forth several times between solving equations (for critical numbers and inflection 
points and so on) and identifying graphical features of interest. Even if you have access 
to graphing technology, the equation solving may lead you to uncover hidden features 
of the graph. What types of graphical features can sometimes be hidden? 



EXERCISES 3.5 



0) 



f$) WRITING EXERCISES 



1. We have talked about sketching representative graphs, but it is 
often impossible to draw a graph correctly to scale that shows 
all of the properties we might be interested in. For example, 
try to generate a computer or calculator graph that shows all 
three local extrema of x 4 — 25x 3 — 2x 2 + 80x — 3. When two 
extrema have y-coordinates of approximately —60 and 50, it 
takes a very large graph to also show a point withy = —40.000! 
If an accurate graph cannot show all the points of inter- 
est, perhaps a freehand sketch like the one shown below is 
needed. 




There is no scale shown on the graph because we have distorted 
different portions of the graph in an attempt to show all of the 
interesting points. Discuss the relative merits of an "honest" 



graph with a consistent scale but not showing all the points 
of interest versus a caricature graph that distorts the scale but 
does show all the points of interest. 

2. While studying for a test, a friend of yours says that a graph is 
not allowed to intersect an asymptote. While it is often the case 
that graphs don't intersect asymptotes, there is definitely not 
any rule against it. Explain why graphs can intersect a horizon- 
tal asymptote any number of times (Hint: Look at the graph of 
- sinx), but can't pass through a vertical asymptote. 

3. Explain why polynomials never have vertical or horizontal 
asymptotes. 

4. Explain how the graph of /(x) = cosx — x in example 5.6 
relates to the graphs of y — cosx and y — —x. Based on this 
discussion, explain how to sketch the graph of y — x + sin x . 



In exercises 1-20, graph the function and completely discuss the 
graph as in example 5.2. 



1. fix) = x 3 - 3x 2 + 3x 
3. f(x) = x s - 2x 3 + 1 

5. fix) = x + - 

X 

x 2 +4 

7. fix) = 



2. fix) = x 4 - 3x 2 + 2x 

4. fix) = x 4 + 4x 3 - 1 
v2 _ i 

6. /(*) = 
8. /(*) = 



x 

x - 4 
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9. 


J \X) — 


2x 


10. 


J \x) — 


3x 2 


X 2 - 1 


x 2 + 1 


11. 


m = 


x + sinx 


12. 


/(*) = 


sin x — cosx 


13. 


/<*) = 


V* 2 + i 


14. 


/oo = 


V2x - 1 


15. 


/go = 


\/x 3 - 3x 2 + 2x 


16. 


f(x) = 


Va- 3 - 3x 2 + : 


17. 


/« = 


x 5 / 3 - 5x 2 / 3 


18. 


/« = 


3 3 

x X 

400 


19. 


/co = 


-+J-2+ 9 

X V X 1 


20. 


m = 


x V x 1 



| In exercises 21-32, determine all significant features (approxi- 
mately if necessary) and sketch a graph. 



21. fix) 

22. f(x) 



1 



3x 2 - 9x + 1 
1 



x 3 + 3x 2 + 4x + 1 

23. f(x) = (x 3 - 3x 2 + 2x) 2/3 

24. f(x) = x 6 - 10x 5 - 7x 4 + 80x 3 + 12x 2 - 192x 
x 2 + 1 



25. fix)- 

5X l — 1 
27. /(x) = xVx 2 - 9 



26. /(X): 



5x 



x 3 - x + 1 



29. /(X): 



25 - 50Vx 2 + 0.25 



x 



28. fix) = v / 2x 2 - 1 



30. /(x) = sinx — - sin2x 



31. fix) = x 4 - 16x j + 42x 2 - 39.6x + 14 

32. /(x) = x 4 + 32x 3 - 0.02x 2 - 0.8x 



In exercises 33-38, the "family of functions" contains a param- 
eter c. The value of c affects the properties of the functions. 
Determine what differences, if any, there are for c being zero, 
positive or negative. Then determine what the graph would look 
like for very large positive c's and for very large negative c's. 



33. fix) = x 4 + cx 2 
x 2 



35. fix): 



x 2 + c 2 
37. fix) — sin(cx) 



34. fix) = x 4 + cx 2 + x 

36. fix) = -j== 
Vx 2 + c 2 

38. fix) = x Vc 2 - x 2 



A function / has a slant asymptote y = mx + b im ^ 0) if 
lim [fix) - imx + b)] = 0 and/or lim [fix) - imx + b)] = 0. 

X— *00 X— *— oo 

In exercises 39-44, find the slant asymptote. (Use long division to 
rewrite the function.) Then, graph the function and its asymp- 
tote on the same axes. 



39. fix). 

41. fix): 

43. fix). 



3x 2 - 1 



x 3 - 2x 2 + 1 



X 3 + 1 



40. fix) 
42. fix) 
44. fix) 



3x 2 - 1 



X 


- 1 


X 3 


- 1 


X 2 


- 1 


X 4 


- 1 


X 3 


+ x 



In exercises 45-48, find a function whose graph has the given 
asymptotes. 

45. x = 1, x = 2 and y — 3 

46. x = — 1 , x = 1 and y — 0 

47. x = -1, x = 1, y = -2 and y = 2 

48. x = 1 , y = 2 and x = 3 



49. It can be useful to identify asymptotes other than vertical and 
horizontal. For example, the parabola y — x 2 is an asymptote 
of fix) if lim [fix) - x 2 ] = 0 and/or lim [fix) - x 2 ] = 0. 

x— »oo X— »— oo 

^4 



Show that X - is an asymptote of fix) = 



x 1 + 1 



Graph 



x 2 - 1 

v = /(x) and zoom out until the graph looks like a parabola. 
(Note: The effect of zooming out is to emphasize large 
values of x.) 

50. For each function, find a polynomial pix) such that 
lim [fix) - pix)] = 0. 



(a) 



x + 1 



(b) 



1 



x + 1 



(O 



X + 1 



51. 



Show by zooming out that fix) and pix) look similar for 
large x. 



APPLICATIONS 

In a variety of applications, researchers model a phenomenon 
whose graph starts at the origin, rises to a single maximum 
and then drops off to a horizontal asymptote of y — 0. For ex- 
ample, the probability density function of events such as the 
time from conception to birth of an animal and the amount 
of time surviving after contracting a fatal disease might have 

has 



these properties. Show that the family of functions — — 

x 2 + b 

these properties for all positive constants b. What effect does 
b have on the location of the maximum? In the case of the 
time since conception, what would b represent? In the case of 
survival time, what would b represent? 

| 52. The "FM" in FM radio stands for frequency modulation, a 

method of transmitting information encoded in a radio wave 
by modulating (or varying) the frequency. A basic example 
of such a modulated wave is fix) — cos(10x + 2cosx). Use 
computer-generated graphs of fix), fix) and fix) to try to 
locate all local extrema of fix). 



EXPLORATORY EXERCISES 

One of the natural enemies of the balsam fir tree is the spruce 
budworm, which attacks the leaves of the fir tree in devastat- 
ing outbreaks. Define Nit) to be the number of worms on a 
particular tree at time t. A mathematical model of the popula- 
tion dynamics of the worm must include a term to indicate the 
worm's death rate due to its predators (e.g., birds). The form 

B[Nit)] 2 



of this term is often taken to be 



A 2 + [Nit)Y- 



for positive 
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x~ 2x 

constants A and B. Graph the functions -, -, 

F 4 + x 2 l+x 2 



9 + x 2 



and 



3a- 



1 +x 



- for x > 0. Based on these graphs, discuss 



B[N(t)] 2 

why — is a plausible model for the death rate by 

3 A 2 + [N(t)} 2 F y 

predation. What role do the constants A and B play? The pos- 
sible stable population levels for the spruce budworms are de- 
termined by intersections of the graphs of y = r(l — x/k) and 
x 

y = -. Here, x = N/A,ris proportional to the birthrate 

l+x 1 

of the budworms and k is determined by the amount of food 
available to the budworms. Note that y = r(l — x/k) is a line 
with y-intercept r and x-intercept k. How many solutions are 



there to the equation r(l — x/k) — 



l+x 2 



' (Hint: The answer 



depends on the values of r and k.) One current theory is that 
outbreaks are caused in situations where there are three so- 
lutions and the population of budworms jumps from a small 
population to a large population. 

2. Suppose that / is a function with two derivatives and 
that f(a) — f'(a) — 0 but f"(a) ^ 0 for some number a. 
Show that f(x) has a local extremum at x = a. Next, sup- 
pose that / is a function with three derivatives and that 
f(a) = /'(a) = f"(a) = 0 but f"'(a) ^ 0 for some number 
a. Show that f(x) does not have a local extremum at x — a. 
Generalize your work to the case where f fk) (a) — 0 for 
k = 0, 1, , . . , n — 1, but f M (a) ^ 0, keeping in mind that 
there are different conclusions depending on whether n is odd 
or even. Use this result to determine whether f(x) — x sinx 2 
or g(x) — x 2 sin(x 2 ) has a local extremum at x — 0. 



3.6 OPTIMIZATION 



Everywhere in business and industry today, we see people struggling to minimize waste 
and maximize productivity. In this section, we bring the power of the calculus to bear on 
a number of applied problems involving finding a maximum or a minimum. We start by 
giving a few general guidelines. 

• If there's a picture to draw, draw it! Don't try to visualize how things look in your 
head. Put a picture down on paper and label it. 

• Determine what the variables are and how they are related. 

• Decide what quantity needs to be maximized or minimized. 

• Write an expression for the quantity to be maximized or minimized in terms of only 
one variable. To do this, you may need to solve for any other variables in terms of this 
one variable. 

• Determine the minimum and maximum allowable values (if any) of the variable 
you're using. 

• Solve the problem and be sure to answer the question that is asked. 

We begin with a simple example where the goal is to accomplish what businesses face 
every day: getting the most from limited resources. 




OR 




FIGURE 3.68 

Possible plots 



EXAMPLE 6.1 



Constructing a Rectangular Garden 
of Maximum Area 



You have 40 (linear) feet of fencing with which to enclose a rectangular space for a 
garden. Find the largest area that can be enclosed with this much fencing and the 
dimensions of the corresponding garden. 

Solution First, note that there are lots of possibilities. We could enclose a plot that 
is very long but narrow, or one that is very wide but not very long. (See Figure 3.68.) 
We first draw a picture and label the length and width x and y, respectively. (See 
Figure 3.69 on the following page.) 
We want to maximize the area, 

A — xy. 
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However, this function has two variables and so, cannot be dealt with via the means 

we have available. Notice that if we want the maximum area, then all of the fencing 
must be used. This says that the perimeter of the resulting fence must be 40' and 
hence, 

1 40 = perimeter — 2x + 2y. (6.1) 

x J 

Notice that we can use (6.1) to solve for one variable (either one) in terms of the other. 
FIGURE 3.69 We have 

Rectangular plot 

2v = 40-2x or y = 20-x. 
Substituting for y, we get that 

A = xy — x{20 — x). 
So, our job is to find the maximum value of the function 

A(x) = x(20 - x). 

Before we maximize A(x), we need to determine if there is an interval in which x 
must lie. Since x is a distance, we must have 0 < x. Further, since the perimeter is 40', 
we must have x < 20. (Why don't we have x < 40?) So, we want to find the maximum 
value of A(x) on the closed interval [0, 20]. As a check on what a reasonable answer 
should be, we draw a graph of y = A(x) on the interval [0, 20]. (See Figure 3.70.) The 
maximum value appears to occur around x = 10. Now, let's analyze the problem 
carefully. We have 

A'(x) = 1(20 -*) + *(- 1) 
= 20 - 2x 
- 2(10-*). 

So, the only critical number is x — 10 and this is in the interval under consideration. 
Recall that the maximum and minimum values of a continuous function on a closed and 
bounded interval must occur at either the endpoints or a critical number. So, we need 
only compare 

A(0) = 0, A(20) = 0 and A(10) = 100. 

Thus, the maximum area that can be enclosed with 40' of fencing is 100 ft 2 . The 
dimensions of the plot are given by x — 10 and 

y = 20 - X = 10. 

That is, the rectangle of perimeter 40' with maximum area is a square 10' on a side. ■_ 



y 




*■ X 



5 10 15 20 

FIGURE 3.70 

y = x(20-x) 



18 



18 - 2x 



FIGURE 3.71a 

A sheet of cardboard 




More generally, you can show that (given a fixed perimeter) the rectangle of max- 
imum area is a square. This is virtually identical to example 6.1 and is left as an 
exercise. 

Manufacturing companies routinely must determine how to most economically package 
products for shipping. Example 6.2 provides a simple illustration of this. 



EXAMPLE 6.2 Constructing a Box of Maximum Volume 

A square sheet of cardboard 18" on a side is made into an open box (i.e., there's no top), 
by cutting squares of equal size out of each comer (see Figure 3.71a) and folding up the 
sides along the dotted lines. (See Figure 3.71b.) Find the dimensions of the box with the 
maximum volume. 

Solution Recall that the volume of a rectangular parallelepiped (a box) is given by 

V — I x w x h. 
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18 



18 - 2x 



FIGURE 3.71b 

Rectangular box 




FIGURE 3.72 

y = 4x(9 - xf 



From Figure 3.71b, we can see that the height is h — x, while the length and width are 
I — w — \% — 2x. Thus, we can write the volume in terms of the one variable x as 

V = V(x) = (18 - 2xf(x) = 4x(9 - xf. 

Notice that since x is a distance, we have x > 0. Further, we have x < 9, since cutting 
squares of side 9 out of each corner will cut up the entire sheet of cardboard. Thus, we 
are faced with finding the absolute maximum of the continuous function 

V(x) = 4x(9 - xf 

on the closed interval 0 < x < 9. 

The graph of y — V(x) on the interval [0, 9] is seen in Figure 3.72. From the graph, 
the maximum volume seems to be somewhat over 400 and seems to occur around 
x — 3. Now, we solve the problem precisely. We have 

V'(x) — 4(9 — xf + 4x(2)(9 — X){— 1) Product rule and chain rale. 
= 4(9 — x)[(9 — X) — 2x] Factor out 4(9 - x). 

- 4(9 - x)(9 - 3x). 

So, V has two critical numbers, 3 and 9, and these are both in the interval under 
consideration. We now need only compare the value of the function at the endpoints and 
the critical numbers. We have 

V(0) = 0, V(9) = 0 and 7(3) = 432. 

Obviously, the maximum possible volume is 432 cubic inches, which we achieve if we 
cut squares of side 3" out of each corner. You should note that this corresponds with 
what we expected from the graph of y — V(x) in Figure 3.72. Finally, observe that the 
dimensions of this optimal box are 12" long by 12" wide by 3" deep. ■ 



When a new building is built, it must be connected to existing telephone, power, water 
and sewer lines. If these lines bend, then it may not be obvious how to make the shortest (i.e., 
least expensive) connection possible. In examples 6.3 and 6.4, we consider the common 
problem of finding the shortest distance from a point to a curve. 



i 


i 




9_ 




» (3, 9) 






y = 9-x 2 / 
— 1 — 1 / 1 — 1 — 


— 1 — 1— ' 


-(x,y) 


-4 / 




— 1 — I — ► 
\ 4 



FIGURE 3.73 

y = 9 - x 2 



EXAMPLE 6.3 Finding the Closest Point on a Parabola 

Find the point on the parabola y = 9 — x 2 closest to the point (3, 9). (See Figure 3.73.) 

Solution From the usual distance formula, the distance between the point (3, 9) and 
any point (x, y) is 



d = J(x - 3) 2 + (y - 9) 2 . 

If the point (x, y) is on the parabola, then its coordinates satisfy the equation y = 9 — x 2 
and so, we can write the distance in terms of the single variable x as follows 

d(x) = V(jc - 3) 2 + [(9 - x 2 ) - 9] 2 
= V(x - 3) 2 + x 4 . 



Although we can certainly solve the problem in its present form, we can simplify our 
work by observing that d(x) is minimized if and only if the quantity under the square 
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FIGURE 3.74 

y = (x - 3) 2 4- X 4 




I — I — ►.v 



FIGURE 3.75 

y = 9 - x 2 



600 



400 



200 




root is minimized. (We leave it as an exercise to show why this is true.) So, instead of 
minimizing d(x) directly, we minimize the square of d(x): 

f(x)= [d(x)] 2 = (x-3) 2 + x 4 

instead. Notice from Figure 3.73 that any point on the parabola to the left of the y-axis 
is farther away from (3, 9) than is the point (0, 9). Likewise, any point on the parabola 
below the x-axis is farther from (3, 9) than is the point (3, 0). So, it suffices to look for 
the closest point with 0 < x < 3. See Figure 3.74 for a graph of y = f{x) over this 
interval. Observe that the minimum value of / (the square of the distance) seems to be 
around 5 and seems to occur near x — \ . We have 

f'(x) - 2(x - 3) 1 + 4x 3 - 4x 3 + 2x - 6. 

Notice that fix) factors. [One way to see this is to recognize that x = 1 is a zero of 
f'(x), which makes (x — 1) a factor.] We have 

/'(*) = 2(x - l)(2x 2 + 2x + 3). 

So, x — 1 is a critical number. In fact, it's the only critical number, since (2x 2 + 2x + 3) 
has no zeros. (Why not?) We now need only compare the value of / at the endpoints 
and the critical number. We have 

/(0) = 9, /(3) = 81 and /(l) = 5. 

Thus, the minimum value of f(x) is 5. This says that the minimum distance from the 
point (3, 9) to the parabola is V5 and the closest point on the parabola is (1, 8), which 
corresponds with what we expected from the graph of y = f(x). ■ 



Example 6.4 is very similar to example 6.3, except that we need to use approximate 
methods to find the critical number. 



EXAMPLE 6.4 Finding Minimum Distance Approximately 

Find the point on the parabola y = 9 — x 2 closest to the point (5, 11). (See Figure 3.75.) 

Solution As in example 6.3, we want to minimize the distance from a fixed point [in 
this case, the point (5, 11)] to a point (x, y) on the parabola. Using the distance formula, 
the distance from any point (x, y) on the parabola to the point (5, 11) is 



d = V(x-5) 2 + (y- ll) 2 
= V(x - 5) 2 + [(9 - x 2 ) - ll] 2 



FIGURE 3.76 

y = f(x) = [d(x)f 



= V(x - 5) 2 + (x 2 + 2) 2 . 

Again, it is equivalent (and simpler) to minimize the quantity under the square root: 

/(*)= [</(x)] 2 = (x-5) 2 + (x 2 +2) 2 . 

As in example 6.3, we can see from Figure 3.75 that any point on the parabola to the left 
of the y-axis is farther from (5, 1 1) than is (0, 9). Likewise, any point on the parabola to 
the right of x = 5 is farther from (5, 11) than is (5, — 16). Thus, we minimize f(x) for 
0 < x < 5. From the graph of y = fix) given in Figure 3.76, the minimum value of / 



SECTION 3.6 •• Optimization 



227 



seems to occur around x = 1 . Next, note that 

f'(x) = 2(x - 5) + 2(x 2 + 2)(2x) 
= 4x 3 + lOx - 10. 

Unlike in example 6.3, the expression for f'(x) has no obvious factorization. Our only 
choice then is to find zeros of /' approximately. From the graph of y — f'(x) given in 
Figure 3.77, the only zero appears to be slightly less than 1. Using xq — 1 as an initial 
guess in Newton's method (applied to f'(x) = 0) or using your calculator's solver, you 
should get the approximate root x c ~ 0.79728. We now compare function values: 

/(0) = 29, /(5)=729 and f(x c ) « 24.6. 

Thus, the minimum distance from (5, 11) to the parabola is approximately 
V24.6 ~ 4.96 and the closest point on the parabola is located at approximately 
(0.79728,8.364). ■ 

Notice that in both Figures 3.73 and 3.75, the shortest path appears to be perpendicular 
to the tangent line to the curve at the point where the path intersects the curve. We leave it 
as an exercise to prove that this is, in fact, true. This observation is an important geometric 
principle that applies to many problems of this type. 

REMARK 6.1 



At this point you might be tempted to forgo the comparison of function values at the 
endpoints and at the critical numbers. After all, in all of the examples we have seen so 
far, the desired maximizer or minimizer (i.e., the point at which the maximum or 
minimum occurred) was the only critical number in the interval under consideration. 
You might just suspect that if there is only one critical number, it will correspond to 
the maximizer or minimizer for which you are searching. Unfortunately, this is not 
always the case. In 1945, two prominent aeronautical engineers derived a function to 
model the range of an aircraft, intending to maximize the range. They found a critical 
number of this function (corresponding to distributing virtually all of the plane's 
weight in the wings) and reasoned that it gave the maximum range. The result was the 
famous "Flying Wing" aircraft. Some years later, it was argued that the critical 
number they found corresponded to a local minimum of the range function. In the 
engineers' defense, they did not have easy, accurate computational power at their 
fingertips, as we do today. Remarkably, this design strongly resembles the modern 
B-2 Stealth bomber. This story came out as controversy brewed over the production 
of the B-2. (See Science, 244, pp. 650-651, May 12, 1989; also see the Monthly of the 
Mathematical Association of America, October, 1993, pp. 737-738.) The moral 
should be crystal clear: check the function values at the critical numbers and at the 
endpoints. Do not simply assume (even by virtue of having only one critical number) 
that a given critical number corresponds to the extremum you are seeking. 



Next, we consider an optimization problem that cannot be restricted to a closed interval. 
We will use the fact that for a continuous function, a single local extremum must be an 
absolute extremum. (Think about why this is true.) 



EXAMPLE 6.5 Designing a Soda Can Using a Minimum 
Amount of Material 

A soda can is to hold 12 fluid ounces. Find the dimensions that will minimize the 
amount of material used in its construction, assuming that the thickness of the material 
is uniform (i.e., the thickness of the aluminum is the same everywhere in the can). 
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FIGURE 3.78 

Soda can 



H — >x 



FIGURE 3. 

y = Mr) 



79 



Solution First, we draw and label a picture of a typical soda can. (See Figure 3.78.) 
Here we are assuming that the can is a right circular cylinder of height h and radius r. 
Assuming uniform thickness of the aluminum, notice that we minimize the amount of 
material by minimizing the surface area of the can. We have 



area = area of top + area of bottom + curved surface area 
— 2nr 2 + 2nrh. 



(6.2) 



We can eliminate one of the variables by using the fact that the volume (using 1 fluid 
ounce « 1.80469 in. 3 ) must be 

12 fluid ounces « 12 fl oz x 1.80469 — = 21.65628 in. 3 . 

floz 

Further, the volume of a right circular cylinder is 



vol — nr h 



and so, 



h 



vol 



21.65628 



(6.3) 



Thus, from (6.2) and (6.3), the surface area is approximately 

, 21.65628 
A(r) - 2nr 2 + 2itr — . 



So, our job is to minimize A(r), but here, there is no closed and bounded interval of 
allowable values. In fact, all we can say is that r > 0. We can have r as large or small as 
you can imagine, simply by taking h to be correspondingly small or large, respectively. 
That is, we must find the absolute minimum of A(r) on the open and unbounded 
interval (0, oo). To get an idea of what a plausible answer might be, we graph y = A(r). 
(See Figure 3.79.) There appears to be a local minimum (slightly less than 50) located 
between r = 1 and r — 2. Next, we compute 



A'(r) 



d 
dr~ 



2tt 



21.65628V 
nr J 



21.65628 \ 



= 2it 



27tr 3 - 21. 65628 \ 



Notice that the only critical numbers are those for which the numerator of the fraction is 
zero: 



0 = 2jtr' 



21.65628. 



This occurs if and only if r 
and hence, the only critical number is 



21.65628 
2tt 



21.65628 



2tt 



1.510548. 



Further, notice that for 0 < r < r c , A' if) < 0 and for r c < r, A'(r) > 0. That is, A(r) is 
decreasing on the interval (0, r c ) and increasing on the interval (r c , oo). Thus, A(r) 
has not only a local minimum, but also an absolute minimum at r — r c . Notice, too, 
that this corresponds with what we expected from the graph of y = A(r) in Figure 3.79. 
This says that the can that uses a minimum of material has radius r c ~ 1.510548 and 
height 

21.65628 



h 



3.0211. 



SECTION 3.6 •• Optimization 



229 



Note that the optimal can from example 6.5 is "square," in the sense that the height (h) 
equals the diameter (2r). Also, we should observe that example 6.5 is not completely 
realistic. A standard 12-ounce soda can has a radius of about 1.156". You should review 
example 6.5 to find any unrealistic assumptions we made. We study the problem of designing 
a soda can further in the exercises. 

In our final example, we consider a problem where most of the work must be done 
numerically and graphically. 



EXAMPLE 6.6 Minimizing the Cost of Highway Construction 

The state wants to build a new stretch of highway to link an existing bridge with a 
turnpike interchange, located 8 miles to the east and 8 miles to the south of the bridge. 
There is a 5-mile-wide stretch of marshland adjacent to the bridge that must be crossed. 
(See Figure 3.80.) Given that the highway costs $10 million per mile to build over the 
marsh and only $7 million per mile to build over dry land, how far to the east of the 
bridge should the highway be when it crosses out of the marsh? 



M 

5 


dge 


Marsh 




n * 










L 


r 









Interchange 

FIGURE 3.80 

A new highway 



Solution You might guess that the highway should cut directly across the marsh, so as 
to minimize the amount built over marshland, but this is not correct. We let x represent 
the distance in question. (See Figure 3.80.) Then, the interchange lies (8 — x) miles to 
the east of the point where the highway leaves the marsh. Thus, the total cost (in 
millions of dollars) is 

cost — \Q(distance across marsh) + lidistance across dry land). 

Using the Pythagorean Theorem on the two right triangles seen in Figure 3.80, we get 
the cost function 

C(x) = IOVjc 2 + 25 + 7^(8 - x) 2 + 9. 

Observe from Figure 3.80 that we must have 0 < x < 8. So, we must minimize the 
continuous function C(x) over the closed and bounded interval [0, 8]. From the graph of 
y — C(x) shown in Figure 3.81, the minimum appears to be slightly less than 100 and 
occurs around x — 4. We have 

C'(x) = — [l0Vx 2 + 25 + 7^(8 - x) 1 + 9] 

= 5(x 2 + 25)~ 1/2 (2x) + -[(8 - xf + 9]" 1/2 (2)(8 - x)\-l) 

lOx 7(8 - x) 

~ six 1 + 25 V(8-x) 2 + 9' 
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FIGURE 3.82 

y = C(x) 



First, note that the only critical numbers are where C'(x) = 0. (Why?) The only way to 
find these is to approximate them. From the graph of y — C'{x) seen in Figure 3.82, the 
only zero of C'(x) on the interval [0, 8] appears to be between x — 3 and x = 4. We 
approximate this zero numerically (e.g., with bisections or your calculator's solver), to 
obtain the approximate critical number 

x c » 3.560052. 

Now, we need only compare the value of C(x) at the endpoints and at this one critical 
number: 



and 



C(8); 
C(x c ) 



$109.8 million, 
$115.3 million 
i $98.9 million. 



So, by using a little calculus, we can save the taxpayers more than $10 million over 
cutting directly across the marsh and more than $16 million over cutting diagonally 
across the marsh (not a bad reward for a few minutes of work). ■ 



The examples that we've presented in this section together with the exercises should 
give you the basis for solving a wide range of applied optimization problems. When solving 
these problems, be careful to draw good pictures, as well as graphs of the functions involved. 
Make sure that the answer you obtain computationally is consistent with what you expect 
from the graphs. If not, further analysis is required to see what you have missed. Also, make 
sure that the solution makes physical sense, when appropriate. All of these multiple checks 
on your work will reduce the likelihood of error. 



EXERCISES 3.6 

^V) WRITING EXERCISES 

1. Suppose some friends complain to you that they can't work any 
of the problems in this section. When you ask to see their work, 
they say that they couldn't even get started. In the text, we have 
emphasized sketching a picture and defining variables. Part of 
the benefit of this is to help you get started writing something 
(anything) down. Do you think this advice helps? What do you 
think is the most difficult aspect of these problems? Give your 
friends the best advice you can. 

2. We have neglected one important aspect of optimization prob- 
lems, an aspect that might be called "common sense." For ex- 
ample, suppose you are finding the optimal dimensions for a 
fence and the mathematical solution is to build a square fence 
of length 10\/5 feet on each side. At the meeting with the car- 
penter who is going to build the fence, what length fence do 
you order? Why is 10\/5 probably not the best way to express 
the length? We can approximate 10V5 22.36. Under what 
circumstances should you truncate to 22'4" instead of rounding 
up to 22'5"? 

3. In example 6.3, we stated that d(x) — -J fix) is minimized by 
exactly the same x -valuers) that minimize f(x). Explain why 
f(x) and sin(/(jc)) would not necessarily be minimized by the 
same .r -values. Would f(x) and e'w? 



4. Suppose that f(x) is a continuous function with a single critical 
number and f(x) has a local minimum at that critical number. 
Explain why f(x) also has an absolute minimum at the critical 
number. 



1. A three-sided fence is to be built next to a straight section of 
river, which forms the fourth side of a rectangular region. The 
enclosed area is to equal 1 800 ft 2 . Find the minimum perimeter 
and the dimensions of the corresponding enclosure. 

2. A three-sided fence is to be built next to a straight section of 
river, which forms the fourth side of a rectangular region. There 
is 96 feet of fencing available. Find the maximum enclosed area 
and the dimensions of the corresponding enclosure. 

3. A two-pen corral is to be built. The outline of the corral forms 
two identical adjoining rectangles. If there is 120 ft of fenc- 
ing available, what dimensions of the corral will maximize the 
enclosed area? 

4. A showroom for a department store is to be rectangular with 
walls on three sides, 6-ft door openings on the two facing sides 
and a 10-ft door opening on the remaining wall. The show- 
room is to have 800 ft 2 of floor space. What dimensions will 
minimize the length of wall used? 
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5. Show that the rectangle of maximum area for a given perimeter 
P is always a square. 

6. Show that the rectangle of minimum perimeter for a given area 
A is always a square. 

7. A box with no top is to be built by taking a 6"-by-10" sheet 
of cardboard and cutting .Y-in. squares out of each corner and 
folding up the sides. Find the value of x that maximizes the 
volume of the box. 

8. A box with no top is to be built by taking a 12"-by-16" sheet 
of cardboard and cutting x-'m. squares out of each corner and 
folding up the sides. Find the value of x that maximizes the 
volume of the box. 

9. (a) A box with no top is built by taking a 6"-by-6" piece of 
cardboard, cutting x-'m. squares out of each corner and folding 
up the sides. The four x-'m. squares are then taped together to 
form a second box (with no top or bottom). Find the value of x 
that maximizes the sum of the volumes of the boxes, (b) Repeat 
the problem starting with a 4"-by-6" piece of cardboard. 



10. 



11. 
12. 



Find the values of d such that when the boxes of exercise 9 are 
built from a d"-by-6" piece of cardboard, the maximum vol- 
ume results from two boxes. (See Catherine Miller and Doug 
Shaw's article in the March 2007 Mathematics Teacher.) 

Find the point on the curve y — x 2 closest to the point (0, 1). 

Find the point on the curve y — x 2 closest to the point (3, 4). 



13. Find the point on the curve y ■■ 

14. Find the point on the curve y ■ 



cos x closest to the point (0, 0). 
cos x closest to the point (1, 1). 



15. In exercises 11 and 12, find the slope of the line through the 
given point and the closest point on the given curve. Show that 
in each case, this line is perpendicular to the tangent line to the 
curve at the given point. 

16. Repeat exercise 15 for examples 6.3 and 6.4. 

17. A soda can is to hold 12 fluid ounces. Suppose that the bottom 
and top are twice as thick as the sides. Find the dimensions 
of the can that minimize the amount of material used. (Hint: 
Instead of minimizing surface area, minimize the cost, which 
is proportional to the product of the thickness and the area.) 

18. Following example 6.5, we mentioned that real soda cans have 
a radius of about 1.156". Show that this radius minimizes the 
cost if the top and bottom are 2.23 times as thick as the sides. 

19. A water line runs east-west. A town wants to connect two new 
housing developments to the line by running lines from a sin- 
gle point on the existing line to the two developments. One 
development is 3 miles south of the existing line; the other de- 
velopment is 4 miles south of the existing line and 5 miles east 
of the first development. Find the place on the existing line to 
make the connection to minimize the total length of new line. 

20. A company needs to run an oil pipeline from an oil rig 25 miles 
out to sea to a storage tank that is 5 miles inland. The shoreline 
runs east-west and the tank is 8 miles east of the rig. Assume it 
costs $50 thousand per mile to construct the pipeline under 
water and $20 thousand per mile to construct the pipeline on 
land. The pipeline will be built in a straight line from the rig to 
a selected point on the shoreline, then in a straight line to the 
storage tank. What point on the shoreline should be selected to 
minimize the total cost of the pipeline? 



| 21. A city wants to build a new section of highway to link an ex- 
isting bridge with an existing highway interchange, which lies 
8 miles to the east and 10 miles to the south of the bridge. The 
first 4 miles south of the bridge is marshland. Assume that the 
highway costs $5 million per mile over marsh and $2 million 
per mile over dry land. The highway will be built in a straight 
line from the bridge to the edge of the marsh, then in a straight 
line to the existing interchange, (a) At what point should the 
highway emerge from the marsh in order to minimize the total 
cost of the new highway? (b) How much is saved over build- 
ing the new highway in a straight line from the bridge to the 
interchange? 

22. (a) After construction has begun on the highway in exercise 
21, the cost per mile over marshland is reestimated at 
$6 million. Find the point on the marsh/dry land bound- 
ary that would minimize the total cost of the highway with 
the new cost function. If the construction is too far along 
to change paths, how much extra cost is there in using the 
path from exercise 21? 
(b) After construction has begun on the highway in exer- 
cise 21, the cost per mile over dry land is reestimated at 
$3 million. Find the point on the marsh/dry land bound- 
ary that would minimize the total cost of the highway with 
the new cost function. If the construction is too far along 
to change paths, how much extra cost is there in using the 
path from exercise 21? 



APPLICATIONS 



23. Elvis the dog stands on a shoreline while a ball is thrown x = 4 
meters into the water and z — 8 meters downshore. If he runs 
6.4 m/s and swims 0.9 m/s, find the position y at which he 
should enter the water to minimize the time to reach the ball. 
Show that you get the same y-value for any z > 1. 

B 



24. 



25. 



In the problem of exercise 23, show that for any x the optimal 
entry point is at approximately y = 0.144.Y. (See Tim Pen- 
nings' May 2003 article in The College Mathematics Journal. 
His dog Elvis uses entry points very close to the optimal!) 

Suppose that light travels from point A to point B as shown 
in the figure. (Recall that light always follows the path that 
minimizes time.) Assume that the velocity of light above the 
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boundary line is v i and the velocity of light below the boundary 
is d 2 . Show that the total time to get from point A to point B is 



Vl + x 2 x/l + (2 
T(x) = + V 



l v 2 
Write out the equation T'(x) — 0, replace the square roots us- 
ing the sines of the angles in the figure and derive Snell's Law 
sin#i Hi 



siny 2 



1'2 



for a voltage V and resistance R. Find the value of x that max- 
imizes the power absorbed. 

R 

Wv 



v<0 




Exercise 25 

26. Suppose that light reflects off a mirror to get from point A to 
point B as indicated in the figure. Assuming a constant veloc- 
ity of light, we can minimize time by minimizing the distance 
traveled. Find the point on the mirror that minimizes the dis- 
tance traveled. Show that the angles in the figure are equal (the 
angle of incidence equals the angle of reflection). 



30. In an AC circuit with voltage V(t) — v sin(27r/f), a volt- 
meter actually shows the average (root-mean-square) voltage 
of v/Vl. If the frequency is / = 60 (Hz) and the meter regis- 
ters 115 volts, find the maximum voltage reached. 

31. A Norman window has the outline of a semicircle on top of 
a rectangle. Suppose there is 8 + n feet of wood trim avail- 
able. Discuss why a window designer might want to maximize 
the area of the window. Find the dimensions of the rectangle 
(and, hence, the semicircle) that will maximize the area of the 
window. 





27. 



28. 



Exercise 26 

The human cough is intended to increase the flow of air to the 
lungs, by dislodging any particles blocking the windpipe and 
changing the radius of the pipe. Suppose a windpipe under no 
pressure has radius r 0 . The velocity of air through the wind- 
pipe at radius r is approximately V(r) — cr 2 (ro — r) for some 
constant c. Find the radius that maximizes the velocity of air 
through the windpipe. Does this mean the windpipe expands 
or contracts? 

To supply blood to all parts of the body, the human artery 
system must branch repeatedly. Suppose an artery of radius r 
branches off from an artery of radius R (R > r) at an angle 9. 
The energy lost due to friction is approximately 
esc 8 1 — colO 

E(6): 



Find the value of i 



r 4 fl 4 
that minimizes the energy loss. 



29. 



In an electronic device, individual circuits may serve many 
purposes. In some cases, the flow of electricity must be con- 
trolled by reducing the power instead of amplifying it. The 
power absorbed by the circuit is 

1/ 2 V 

p(x) 



32. Suppose a wire 2 ft long is to be cut into two pieces, each of 
which will be formed into a square. Find the size of each piece 
to maximize the total area of the two squares. 

33. An advertisement consists of a rectangular printed region plus 
1-in. margins on the sides and 2-in. margins at top and bottom. 
If the area of the printed region is to be 92 in. 2 , find the di- 
mensions of the printed region and overall advertisement that 
minimize the total area. 

34. An advertisement consists of a rectangular printed region plus 
1-in. margins on the sides and 1.5-in. margins at top and bot- 
tom. If the total area of the advertisement is to be 120 in. 2 , what 
dimensions should the advertisement be to maximize the area 
of the printed region? 

35. A hallway of width a — 5 ft meets a hallway of width b — 4 ft 
at a right angle, (a) Find the length of the longest ladder that 
could be carried around the corner. (Hint: Express the length 
of the ladder as a function of the angle 9 in the figure.) 




(R + xf 



(b) Show that the maximum ladder length for general a and b 
equals (a 2/3 + b 2/3 ) 3 ^ 2 . (c) Suppose that a — 5 and the ladder 
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is 8 ft long. Find the minimum value of b such that the ladder 
can turn the corner, (d) Solve part (c) for a general a and ladder 
length L. 

36. A company's revenue for selling x (thousand) items is given by 



R(X): 



37. 



39. 



35x 



(a) Find the value of x that maximizes the 



x 2 + 35 

revenue and find the maximum revenue, (b) For any positive 

cx — x~ 

constant c, find x to maximize R(x) = — . 

x 2 + c 

In ; hours, a worker makes Q(t) — — f 3 + 12t 2 + 60f items. 
Graph Q'(t) and explain why it can be interpreted as the effi- 
ciency of the worker, (a) Find the time at which the worker's 
efficiency is a maximum, (b) Let T be the length of the work- 
day. Suppose that the graph of Q{t) has a single inflection 
point for 0 < t < T, called the point of diminishing returns. 
Show that the worker's efficiency is maximized at the point of 
diminishing returns. 

38. Suppose that group tickets to a concert are priced at $40 per 
ticket if 20 tickets are ordered, but cost $1 per ticket less for 
each extra ticket ordered, up to a maximum of 50 tickets. (For 
example, if 22 tickets are ordered, the price is $38 per ticket.) 
(a) Find the number of tickets that maximizes the total cost of 
the tickets, (b) If management wanted the solution to part (a) 
to be 50, how much should the price be discounted for extra 
tickets ordered? 



In sports where balls are thrown or hit, the ball often finishes 
at a different height than it starts. Examples include a downhill 
golf shot and a basketball shot. In the diagram, a ball is released 
at an angle 0 and finishes at an angle /3 above the horizontal 
(for downhill trajectories, /3 would be negative). Neglecting air 
resistance and spin, the horizontal range is given by 

2ir cos 2 9 
R = (tan0 - tan/3) 

g 

if the initial velocity is v and g is the gravitational constant. 
In the following cases, find 6 to maximize R (treat v and g as 
constants): (a) 0 = 10°, (b) /3 = 0° and (c) p = -10°. Verify 
that 0 — 45° + fS°/2 maximizes the range. 




40. A running track is to be built around a rectangular field, with 
two straightaways and two semicircular curves at the ends, 
as indicated in the figure. The length of the track is to be 
400 meters, (a) Find the dimensions that will maximize the 
area of the enclosed rectangle, (b) Show that equal lengths are 
used on the straightaways and on the curves. 




(c) Suppose that the goal in the construction of the running 
track is to maximize the total enclosed area. Which portions of 
the problem change? Compare the solution in this case to the 
solution in part (a). 



41. The area enclosed by the ellipse — + 



1 equals nab. 



T 

a- b 2 

Find the maximum area of a rectangle inscribed in the ellipse 
(that is, a rectangle with sides parallel to the x-axis and y-axis 
and vertices on the ellipse). Show that the ratio of the maxi- 
mum inscribed area to the area of the ellipse to the area of the 
circumscribed rectangle is 1 : | : 2. 

42. Show that the maximum volume enclosed by a right circular 
cylinder inscribed in a sphere equals times the volume of 
the sphere. 

43. Find the maximum area of an isosceles triangle of given 
perimeter p. [Hint: Use Heron's formula for the area of a trian- 
gle of sides a, b and c: A — */s(s — a)(s — b)(s — c), where 
s = \{a + b + c).] 



EXPLORATORY EXERCISES 



1. In a preliminary investigation of Kepler's wine cask problem 
(section 3.3), you showed that a height-to-diameter ratio (x / y) 
of v2 for a cylindrical barrel will maximize the volume. (See 
Figure a.) However, real wine casks are bowed out. Kepler ap- 
proximates a cask with the straight-sided barrel in Figure b. It 
can be shown (we told you Kepler was good ! ) that the volume of 
this barrel is V — \it\y 2 + (w — y) 2 + y(w — y)]Vz 2 — w 2 . 
Treating w and z as constants, show that V'(y) — 0 if y — w/2. 
Recall that such a critical point can correspond to a maximum 
or minimum of V(y), or to something else (e.g., an inflection 
point). To discover what we have here, redraw Figure b to scale 
(show the correct relationship between 2y and w). In physical 
terms (think about increasing and decreasing y), argue that this 
critical point is neither a maximum nor minimum. Interestingly 
enough, such a nonextreme critical point would have a definite 
advantage to the Austrian vintners. Their goal was to convert 
the measurement z into an estimate of the volume. Explain why 
V'{y) — 0 means that small variations in y would convert to 
small errors in the volume V. 





FIGURE a 




FIGURE b 
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3.7 RELATED RATES 



In this section, we present a group of problems known as related rates problems. The 
common thread in each problem is an equation relating two or more quantities that are all 
changing with time. In each case, we will use the chain rule to find derivatives of all terms in 
the equation (much as we did in section 2.7 with implicit differentiation). The differentiated 
equation allows us to determine how different derivatives (rates) are related. 




FIGURE 3.83 

Oil spill 



EXAMPLE 7. 1 A Related Rates Problem 

An oil tanker has an accident and oil pours out at the rate of 150 gallons per minute. 
Suppose that the oil spreads onto the water in a circle at a thickness of A". (See 
Figure 3.83.) Given that 1 ft 3 equals 7.5 gallons, determine the rate at which the radius 
of the spill is increasing when the radius reaches 500 feet. 

Solution Since the area of a circle of radius r is 7tr 2 , the volume of oil is given by 

1 2 

V — (depth)(area) = jrr~, 

120 

since the depth is 4, = j4r ft. Both volume and radius are functions of time, so 



V(t) 



jt 

120 



[r(t)f 



Differentiating both sides of the equation with respect to t , we get 

7T 



V'(t) 



120 



2r(tY(t). 



The volume increases at a rate of 150 gallons per minute, or 
in V'(t) = 20 and r = 500, we have 

20 = ^2(500)r'(f). 
Finally, solving for r'{t), we find that the radius is increasing at the rate of 

2.4 



20 ftVmin. Substituting 



0.76394 feet per minute. 



Although the details change from problem to problem, the general pattern of solution 
is the same for all related rates problems. Looking back, you should be able to identify each 
of the following steps in example 7.1. 



1 . Make a simple sketch, if appropriate. 

2. Set up an equation relating all of the relevant quantities. 

3. Differentiate (implicitly) both sides of the equation with respect to time (t ). 

4. Substitute in values for all known quantities and derivatives. 

5. Solve for the remaining rate. 





1 


10/ y 









FIGURE 3.84 

Sliding ladder 



EXAMPLE 7.2 A Sliding Ladder 

A 10-foot ladder leans against the side of a building. If the top of the ladder begins to 
slide down the wall at the rate of 2 ft/sec, how fast is the bottom of the ladder sliding 
away from the wall when the top of the ladder is 8 feet off the ground? 

Solution First, we make a sketch of the problem, as seen in Figure 3.84. We have 
denoted the height of the top of the ladder as y and the distance from the wall to the 
bottom of the ladder as x. Since the ladder is sliding down the wall at the rate of 2 ft/sec, 
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dy 

we must have that — = —2. (Note the minus sign here.) Observe that both x and y are 
dt 

functions of time, t. By the Pythagorean Theorem, we have 

[x(t)f + [y(t)] 2 = 100. 
Differentiating both sides of this equation with respect to time gives us 

0= £(100) = ^-{[x(t)] 2 + [y(t)] 2 } 
dt dt 1 ' 



2x(t)x'(t) + 2y{t)y'{t). 



Solving for x'(t), we obtain 



At) = ~^y'(t). 
x(t) 



Since the height above ground of the top of the ladder at the point in question is 8 feet, 
we have that y = 8 and from the Pythagorean Theorem, we get 

100 = x 2 + 8 2 , 

so that x — 6. We now have that at the point in question, 

y(t) , 8 8 

x'{t) = - y -^-y'{t) = --{-!)=-. 

x(t) 6 3 

So, the bottom of the ladder is sliding away from the building at the rate of I ft/sec. ■_ 



50 



40 



FIGURE 3.85 

Cars approaching an 
intersection 



EXAMPLE 7.3 Another Related Rates Problem 

A car is traveling at 50 mph due south at a point \ mile north of an intersection. A 
police car is traveling at 40 mph due west at a point | mile east of the same intersection. 
At that instant, the radar in the police car measures the rate at which the distance 
between the two cars is changing. What does the radar gun register? 

Solution First, we draw a sketch and denote the vertical distance of the first car from 
the center of the intersection y and the horizontal distance of the police car x. 

dx 

(See Figure 3.85.) Notice that at the moment in question (call it t — to), — = —40, 

dt 



since the police car is moving in the direction of the negative x-axis and 



dy 
dt 



-50, 



since the police car is moving in the direction of the negative y-axis. From the 
Pythagorean Theorem, the distance between the two cars is d — y/x 2 + y 2 . Since all 
quantities are changing with time, we have 

d{t) = VwtW+mw = mm 2 + bit)] 2 } 112 . 

Differentiating both sides with respect to t, we have by the chain rule that 
d'(t) = l -{[x{t)] 2 + [y00] 2 r V2 2[x(t)x'(t) + y(t)y'(t)] 
= x(t)x'{t) + y(t)y'(t) 

VWf)] 2 + hit)] 2 ' 

Substituting in x(t 0 ) — \,x'(t 0 ) — -40, y(t Q ) — \ and y'(t 0 ) — -50, we have 



dXh) = 4 



k-40) + k-50) 



-140 



j_ 

16 



V5 



-62.6, 



so that the radar gun registers 62.6 mph. Note that this is a poor estimate of the car's 
actual speed. For this reason, police nearly always take radar measurements from a 
stationary position. ■ 
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In some problems, the variables are not related by a geometric formula, in which case 
you will not need to follow the first two steps of our outline. In example 7.4, the third step 
is complicated by the lack of a given value for one of the rates of change. 



EXAMPLE 7.4 Estimating a Rate of Change in Economics 

A small company estimates that when it spends x thousand dollars for advertising in a 



year, its annual sales will be described by s — 60 
most recent annual advertising totals are given in the following table. 



120 

/9+x 



thousand dollars. The four 



Year 


1 


2 


3 


4 


Dollars 


14,500 


16,000 


18,000 


20,000 



Estimate the current (year 4) value of x'(t) and the current rate of change of sales. 

Solution From the table, we see that the recent trend is for advertising to increase by 
$2000 per year. A good estimate is then x'(4) 2. Starting with the sales equation 

120 

s(t) = 60 , 

V9 + W) 

we use the chain rule to obtain 

s'(t) = 60[9 + x(f)r 3/ V(r). 

Using our estimate that x'(4) « 2 and since x(4) — 20, we get s'(4) » 120(29)~ 3/2 « 
0.768. Thus, sales are increasing at the rate of approximately $768 per year. ■ 



In Example 7.5, we examine the ability of the human visual system to track a fast- 
moving object. 



EXAMPLE 7.5 Tracking a Fast Jet 




Observer 



FIGURE 3.86 

Path of jet 



A spectator at an air show is trying to follow the flight of a jet. The jet follows a straight 
path in front of the observer at 540 mph. At its closest approach, the jet passes 600 feet 
in front of the person. Find the maximum rate of change of the angle between the 
spectator's line of sight and a line perpendicular to the flight path, as the jet flies by. 

Solution Place the spectator at the origin (0, 0) and the jet's path left to right on the 
line y = 600, and call the angle between the positive y-axis and the line of sight 6. (See 
Figure 3.86.) If we measure distance in feet and time in seconds, we first need to 
convert the jet's speed to feet per second. We have 

540f = (5402f)(5280^)(3^)= 792f. 

From basic trigonometry (see Figure 3.86), an equation relating the angle 9 with x and 

x 

y is tan 0 — —.Be careful with this; since we are measuring 6 from the vertical, this 

y 

equation may not be what you expect. Since all quantities are changing with time, we 
have 



tan 0(f) 



x(t) 

y(t)' 



Differentiating both sides with respect to time, we have 

x'(t)y(t) - x(t)y'{t) 



[sec 2 0(f)] 6\t) 



ly(t)] 2 



With the jet moving left to right along the line y = 600, we have x'(t ) = 792, 
y(t) = 600 and y'{t) — 0. Substituting these quantities, we have 



[sec 2 0(f)] 6'{t) 



792(600) 
600 2 



1.32. 
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Solving for the rate of change 6'(t), we get 

e\t) = *; 32 = i.32 cos 2 

sec 2 6(t) 

Observe that the rate of change is a maximum when cos 2 6{t) is a maximum. Since 
the maximum of the cosine function is 1, the maximum value of cos 2 (9(f) is 1, 
occurring when 6 — 0. We conclude that the maximum rate of angle change is 
1.32 radians/second. This occurs when 6 — 0, that is, when the jet reaches its closest 
point to the observer. (Think about this; it should match your intuition!) Since humans 
can track objects at up to about 3 radians/second, this means that we can visually 
follow even a fast jet at a very small distance. ■ 



EXERCISES 3.7 Qj 

53 WRITING EXERCISES 

1. As you read examples 7.1-7.3, to what extent do you find the 
pictures helpful? In particular, would it be clear what x and 
y represent in example 7.3 without a sketch? Also, in exam- 
ple 7.3 explain why the derivatives x'(t), y'{t) and d'(t ) are all 
negative. Does the sketch help in this explanation? 

2. In example 7.4, the increase in advertising dollars from year 1 
to year 2 was $1500. Explain why this amount is not especially 
relevant to the approximation of s'(4). 



1. Oil spills out of a tanker at the rate of 120 gallons per minute. 
The oil spreads in a circle with a thickness of \ . Given that 
1 ft 3 equals 7.5 gallons, determine the rate at which the radius 
of the spill is increasing when the radius reaches (a) 100 ft 
and (b) 200 ft. Explain why the rate decreases as the radius 
increases. 

2. Oil spills out of a tanker at the rate of 90 gallons per minute. 
The oil spreads in a circle with a thickness of | . Determine 
the rate at which the radius of the spill is increasing when the 
radius reaches 100 feet. 

3. Oil spills out of a tanker at the rate of g gallons per 
minute. The oil spreads in a circle with a thickness of \ . 
(a) Given that the radius of the spill is increasing at a rate of 
0.6 ft/min when the radius equals 100 feet, determine the value 
of g. (b) If the thickness of the oil is doubled, how does the 
rate of increase of the radius change? 

4. Assume that the infected area of an injury is circular, (a) If the 
radius of the infected area is 3 mm and growing at a rate of 
1 mm/hr, at what rate is the infected area increasing? (b) Find 
the rate of increase of the infected area when the radius reaches 
6 mm. Explain in commonsense terms why this rate is larger 
than that of part (a). 

5. Suppose that a raindrop evaporates in such a way that it main- 
tains a spherical shape. Given that the volume of a sphere of 
radius r is V = jjtr 3 and its surface area is A = 4nr 2 , if the 
radius changes in time, show that V' — Ar'. If the rate of evap- 
oration (V) is proportional to the surface area, show that the 
radius changes at a constant rate. 



6. Suppose a forest fire spreads in a circle with radius changing at 
a rate of 5 feet per minute. When the radius reaches 200 feet, 
at what rate is the area of the burning region increasing? 

7. A 10-foot ladder leans against the side of a building as in ex- 
ample 7.2. If the bottom of the ladder is pulled away from 
the wall at the rate of 3 ft/s and the ladder remains in contact 
with the wall, (a) find the rate at which the top of the ladder is 
dropping when the bottom is 6 feet from the wall, (b) Find the 
rate at which the angle between the ladder and the horizontal is 
changing when the bottom of the ladder is 6 feet from the wall. 

8. Two buildings of height 20 feet and 40 feet, respectively, are 
60 feet apart. Suppose that the intensity of light at a point 
between the buildings is proportional to the angle 8 in the 
figure, (a) If a person is moving from right to left at 4 ft/s, at 
what rate is 6 changing when the person is exactly halfway 
between the two buildings? (b) Find the location at which the 
angle 9 is maximum. 




60' 



9. A plane is located x — 40 miles (horizontally) away from an 
airport at an altitude of /; miles. Radar at the airport detects that 
the distance s(t) between the plane and airport is changing at 
the rate of i'(f) = —240 mph. (a) If the plane flies toward the 
airport at the constant altitude h — 4, what is the speed |jc'(f)l 
of the airplane? (b) Repeat with a height of 6 miles. Based on 
your answers, how important is it to know the actual height of 
the airplane? 

10. (a) Rework example 7.3 if the police car is not moving. 
Does this make the radar gun's measurement more accurate? 
(b) Show that the radar gun of example 7.3 gives the correct 
speed if the police car is located at the origin. 

11. Show that the radar gun of example 7.3 gives the correct 
speed if the police car is at x = I moving at a speed of 
(■s/2- 1)50 mph. 

12. Find a position and speed for which the radar gun of exam- 
ple 7.3 has a slower reading than the actual speed. 
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13. For a small company spending $x thousand per year in adver- 
tising, suppose that annual sales in thousands of dollars equal 
s = 60 — ~4^= ■ The three most recent yearly advertising 
figures are given in the table. 



from the lamppost at a rate of 2 ft/s, at what rate is the length 

(x + s s \ 
Hint: Show that = - . I 

18 6 J 



15. 



16. 



17. 



18. 



Year 


0 


1 


2 


Adver. 


16,000 


20,000 


24,000 



Estimate the value of x'(2) and the current (year 2) rate of 
change of sales. 

14. Suppose that the average yearly cost per item for producing 
x items of a business product is C(x)=12+— . The three 
most recent yearly production figures are given in the table. 



Year 


0 


1 


2 


Prod, (x) 


8.2 


8.8 


9.4 



Estimate the value of x'(2) and the current (year 2) rate of 
change of the average cost. 

Suppose that the average yearly cost per item for producing x 
items of a business product is C(x) = 10 + —.If the current 
production is x — 10 and production is increasing at a rate 
of 2 items per year, find the rate of change of the average 
cost. 

For a small company spending $x thousand per year in adver- 
tising, suppose that annual sales in thousands of dollars equal 
s = 80 7== . If the current advertising budget is x — 40 

V4 + x ° 

and the budget is increasing at a rate of $1500 per year, find 
the rate of change of sales. 

A baseball player stands 2 feet from home plate and watches 
a pitch fly by. In the diagram, x is the distance from the ball 
to home plate and 9 is the angle indicating the direction of the 
player's gaze, (a) Find the rate 9' at which his eyes must move to 
watch a fastball with x'(t) — — 130 ft/s as it crosses home plate 
atx — 0. (b) Humans can maintain focus only when 9' < 3 (see 
Watts and Bahill's book Keep Your Eye on the Ball). Find the 
fastest pitch that you could actually watch cross home plate. 




A camera tracks the launch of a vertically ascending space- 
craft. The camera is located at ground level 2 miles from the 
launchpad. (a) If the spacecraft is 3 miles up and traveling at 
0.2 mile per second, at what rate is the camera angle (measured 
from the horizontal) changing? (b) Repeat if the spacecraft is 
1 mile up (assume the same velocity). Which rate is higher? 
Explain in commonsense terms why it is larger. 



6> 



APPLICATIONS 



19. Suppose a 6-ft-tall person is 12 ft away from an 18-ft-tall 
lamppost (see the figure), (a) If the person is moving away 



18 ft 




6 ft 



I 



Exercise 19 



(b) Repeat with the person 6 ft away from the lamppost and 
walking toward the lamppost at a rate of 3 ft/s. 

20. Boyle's law for a gas at constant temperature is PV — c, 
where P is pressure, V is volume and c is a constant. As- 
sume that both P and V are functions of time, (a) Show 
that P'(t)/V'(t) = -c/V 2 . (b) Solve for P as a function of 
V. Treating V as an independent variable, compute P'(V). 
Compare P'(V) and P'(t)/V'(t) from parts (a) and (b). 

21. A dock is 6 feet above water. Suppose you stand on the edge 
of the dock and pull a rope attached to a boat at the constant 
rate of 2 ft/s. Assume that the boat remains at water level. At 
what speed is the boat approaching the dock when it is 20 feet 
from the dock? 10 feet from the dock? Isn't it surprising that 
the boat's speed is not constant? 

22. Sand is poured into a conical pile with the height of the pile 
equalling the diameter of the pile. If the sand is poured at a 
constant rate of 5 m 3 /s, at what rate is the height of the pile 
increasing when the height is 2 meters? 

23. The frequency at which a guitar string vibrates (which de- 
termines the pitch of the note we hear) is related to the ten- 
sion T to which the string is tightened, the density p of the 
string and the effective length L of the string by the equation 

i Ft 

f = — / — . By running his finger along a string, a guitarist 
2L y p 

can change L by changing the distance between the bridge 

[¥ 



and his finger. Suppose that L 



ft and 



220 ft/s 



so that the units of / are Hertz (cycles per second). If the 
guitarist's hand slides so that L'{t) — —4, find /'(f). At this 
rate, how long will it take to raise the pitch one octave (that is, 
double /)? 

24. Suppose that you are blowing up a balloon by adding air at 
the rate of 1 ft 3 /s. If the balloon maintains a spherical shape, 
the volume and radius are related by V = |jrr 3 . Compare the 
rate at which the radius is changing when r — 0.01 ft versus 
when r — OA ft. Discuss how this matches the experience of 
a person blowing up a balloon. 
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25. Water is being pumped into a spherical tank of radius 60 feet 
at the constant rate of 10 ft 3 /s. (a) Find the rate at which the 
radius of the top level of water in the tank changes when 
the tank is half full, (b) Find the height at which the height 
of the water in the tank changes at the same rate as the 
radius. 

26. Sand is dumped such that the shape of the sandpile remains 
a cone with height equal to twice the radius, (a) If the sand is 
dumped at the constant rate of 20 ftVs, find the rate at which 
the radius is increasing when the height reaches 6 feet, (b) 
Repeat for a sandpile for which the edge of the sandpile forms 
an angle of 45° with the horizontal. 

27. (a) If an object moves around a circle centered at the ori- 

gin, show that x(t)x'(t) + y(0/(0 = 0. Conclude that if 
x(t) = 0, then /(f) = 0; also, if y(t) = 0, then x'(0 = 0. 
Explain this graphically, 
(b) If an object moves around the astroid x 2/3 + y 2/3 — 1, 
show that x(t)[y'(t)] 3 + y(t)[x'(t)f = 0. Conclude that if 
x(t) = 0, then x'(t) = 0; also, if y(t) = 0, then /(/) = 0. 
Explain this graphically. 

28. A light is located at the point (0, 100) and a small object is 
dropped from the point (10, 64). Let x be the location of the 
shadow of the object on the x-axis when the object is at height h . 
Assuming that h'(t) = -8V64 - h(t), (a) find x'(t) when h = 
0; (b) Find the height at which the value of \x'{t)\ is maximum. 

29. Elvis the dog stands on a shoreline at point (0, 0) m and starts 
to chase a ball in the water at point (8, 4) m. He runs along 
the positive A-axis with speed x'{t) — 6.4 m/s. Let d(t) be the 
distance between Elvis and the ball at time t. (a) Find the time 
and location at which \d'(t)\ — 0.9 m/s, the rate at which Elvis 
swims, (b) Show that the location is the same as the optimal 
entry point found in exercise 23 of section 3.6. 



^ EXPLORATORY EXERCISES 

1. Vision has proved to be the biggest challenge for building func- 
tional robots. Robot vision can either be designed to mimic 
human vision or follow a different design. Two possibilities 
are analyzed here. In the diagram below, a camera follows an 
object directly from left to right. If the camera is at the origin, 
the object moves with speed 1 m/s and the line of motion is at 
v = c, find an expression for 9' as a function of the position 
of the object. In the diagram to the right, the camera looks 
down into a parabolic mirror and indirectly views the object. If 
the mirror has polar coordinates (in this case, the angle 9 

1 - sin6> 

is measured from the horizontal) equation r — — 

2 cos 2 9 

and x — rcos9, find an expression for 9' as a function of 
the position of the object. Compare values of 9' at x = 0 and 
other x-values. If a large value of 9' causes the image to blur, 
which camera system is better? Does the distance y — c affect 
your preference? 

(*, y) 

• — 

(x,y) 

2. A particle moves down a ramp subject only to the force of 
gravity. Let y 0 be the maximum height of the particle. Then 
conservation of energy gives 

1 2 

-mi) + mgy — mgyo- 

(a) From the definition v(t) = ^/[x'(t)] 2 + [v'(0] 2 , conclude 
that |/(0I S K0I- 

(b) Show that 1 1/ (7)| < g. 

(c) What shape must the ramp have to get equality in part (b)? 
Briefly explain in physical terms why g is the maximum 
value of |i/(OI- 



3.8 RATES OF CHANGE IN ECONOMICS AND THE SCIENCES 



It has often been said that mathematics is the language of nature. Today, the concepts of 
calculus are being applied in virtually every field of human endeavor. The applications in 
this section represent but a small sampling of some elementary uses of the derivative. 

Recall that the derivative of a function gives the instantaneous rate of change of that 
function. So, when you see the word rate, you should be thinking derivative. You can hardly 
pick up a newspaper without finding reference to some rates (e.g., inflation rate, interest 
rate, etc.). These can be thought of as derivatives. There are also many familiar quantities 
that you might not recognize as rates of change. Our first example, which comes from 
economics, is of this type. 

In economics, the term marginal is used to indicate a rate. Thus, marginal cost is the 
derivative of the cost function, marginal profit is the derivative of the profit function and 
so on. 
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Suppose that you are manufacturing an item, where your start-up costs are $4000 
and productions costs are $2 per item. The total cost of producing x items would then be 
4000 + 2x, Of course, the assumption that the cost per item is constant is unrealistic. Effi- 
cient mass-production techniques could reduce the cost per item, but machine maintenance, 
labor, plant expansion and other factors could drive costs up as production (x) increases. 
In example 8.1, a quadratic cost function is used to take into account some of these extra 
factors. 

When the cost per item is not constant, an important question for managers to answer 
is how much it will cost to increase production. This is the idea behind marginal cost. 



EXAMPLE 8. 1 Analyzing the Marginal Cost of Producing 
a Commercial Product 

Suppose that 

C(x) = 0.02x 2 + 2x + 4000 

is the total cost (in dollars) for a company to produce x units of a certain product. 
Compute the marginal cost at x — 100 and compare this to the actual cost of producing 
the 100th unit. 

Solution The marginal cost function is the derivative of the cost function: 

C'(x) = 0.04x + 2 

and so, the marginal cost at x — 100 is C'(100) = 4 + 2 = 6 dollars per unit. On the 
other hand, the actual cost of producing item number 100 would be C(100) — C(99). 
(Why?) We have 

C(100) - C(99) = 200 + 200 + 4000 - (196.02 + 198 + 4000) 
= 4400 - 4394.02 = 5.98 dollars. 

Note that this is very close to the marginal cost of $6. Also notice that the marginal cost 
is easier to compute. ■ 

Another quantity that businesses use to analyze production is average cost. You can 
easily remember the formula for average cost by thinking of an example. If it costs a 
total of $120 to produce 12 items, then the average cost would be $10 ($^fy) per item. In 
general, the total cost is given by C(x) and the number of items by x, so average cost is 
defined by 

C(x) = . 

x 

Business managers want to know the level of production that minimizes average cost. 



EXAMPLE 8.2 Minimizing the Average Cost of Producing 
a Commercial Product 

Suppose that 

C(x) = 0.02x 2 + 2x + 4000 

is the total cost (in dollars) for a company to produce x units of a certain product. Find 
the production level x that minimizes the average cost. 

Solution The average cost function is given by 

0.02x 2 + 2x + 4000 , 
C(x) = = 0.02* +2 + 4000x _1 . 

x 
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FIGURE 3.87 

Average cost function 



To minimize C(x), we start by finding critical numbers in the domain x > 0. We have 



C (x) = 0.02 
4000.iT 2 = 0.02 
4000 



4000x ~ l = 0 
or 



if 



0.02 



Then x 2 = 200,000 or x = ±V200,000 ~ ±447. Since x > 0, the only relevant 
critical number is at approximately x = 447. Further, C (x) < 0 if x < 447 and 
C (x) > 0 if x > 447, so this critical number is the location of the absolute minimum 
on the domain x > 0. A graph of the average cost function (see Figure 3.87) shows 
the minimum. ■ 



Our third example also comes from economics. This time, we will explore the relation- 
ship between price and demand. In most cases, a higher price will lower the demand for a 
product. However, if sales do not decrease significantly, a company may increase revenue 
despite a price increase. As we will see, an analysis of the elasticity of demand can give us 
important information about revenue. 

Suppose that the demand x for an item is a function of its price p. That is, x = f(p). 

A/? 

If the price changes by a small amount A.p, then the relative change in price equals — . 

P 

However, a change in price creates a change in demand Ax, with a relative change in 

Ax 

demand of — . Economists define the elasticity of demand at price p to be the relative 

x 

change in demand divided by the relative change in price for very small changes in price. 
As calculus students, you can define the elasticity E as a limit: 

A* 

E = lim 

Ap^O *E 
P 

In the case where x is a function of p, we write Ap — (p + h) — p — h for some small h 
and then Ax = f(p + h) — f(p). We then have 

f(p+h)-n P ) 

E = lim 'M = -P- , irn f(P + »-fM = _P_ f(pl 
*-o | f(p) h^o h f( P ) J F ' 

assuming that / is differentiable. In example 8.3, we analyze elasticity of demand and 
revenue. Recall that if x = f(p) items are sold at price p, then the revenue equals pf(p). 



EXAMPLE 8.3 Computing Elasticity of Demand 
and Changes in Revenue 

Suppose that f(p) = 400(20 - p) 

is the demand for an item at price p (in dollars) with p < 20. (a) Find the elasticity of 
demand, (b) Find the range of prices for which E < — 1. Compare this to the range of 
prices for which revenue is a decreasing function of p. 

Solution The elasticity of demand is given by 

P :/'(/>) = it^tZ ;(- 40 °) 



f{p) J ~' 400(20 - P y p-20 
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FIGURE 3.88 

P 



E = 



p-20 



NOTES 

In some situations, elasticity is 
denned as —E, so that demand is 
elastic if E > 1 . 



We show a graph of E 



or 

Solving this gives us 
or 



P 



p-20 



in Figure 3.88. Observe that E < — 1 if 



< -1 



p-20 

p > —(p— 20). Since p - 20 < 0. 
2p > 20 

p > 10. 



To analyze revenue, we compute R — pf(p) — /?(8000 - 400/?) = 8000/9 - 4-00 p 2 . 
Revenue decreases if R'(p) < 0. From R'(p) = 8000 - 800/7, we see that R'(p) = 0 if 
p — 10 and R'(p) < 0 if p > 10. Of course, this says that the revenue decreases if the 
price exceeds 10. ■ 



Notice in example 8.3 that the prices for which E < — 1 (in this case, we say that 
the demand is elastic) correspond exactly to the prices for which an increase in price will 
decrease revenue. In the exercises, we will find that this is not a coincidence. 

The next example we offer comes from chemistry. It is very important for chemists to 
have a handle on the rate at which a given reaction proceeds. Reaction rates give chemists 
information about the nature of the chemical bonds being formed and broken, as well as 
information about the type and quantity of product to expect. A simple situation is depicted 
in the schematic 



B 



C, 



which indicates that chemicals A and B (the reactants) combine to form chemical C (the 
product). Let [C](0 denote the concentration (in moles per liter) of the product. The average 
reaction rate between times t\ and h is 

[cm - [cm) 

The instantaneous reaction rate at any given time t\ is then given by 



lim 



[cko - [cm d[C] 



dt 



(ft)- 



Depending on the details of the reaction, it is often possible to write down an equation 
d[C] 

relating the reaction rate to the concentrations of the reactants, [A] and [B]. 

dt 



EXAMPLE 8.4 Modeling the Rate of a Chemical Reaction 

In an autocatalytic chemical reaction, the reactant and the product are the same. The 
reaction continues until some saturation level is reached. From experimental evidence, 
chemists know that the reaction rate is jointly proportional to the amount of the product 
present and the difference between the saturation level and the amount of the product. 
If the initial concentration of the chemical is 0 and the saturation level is 1 
(corresponding to 100%), this means that the concentration x(t) of the chemical 
satisfies the equation 

x'(r) = rx{t)[l -x(t)], 

where r > 0 is a constant. 

Find the concentration of chemical for which the reaction rate x'(t) is a maximum. 

Solution To clarify the problem, we write the reaction rate as 



fix) - rx(l - x). 
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Our aim is then to find x > 0 that maximizes f(x). From the graph of y — f(x) shown 
in Figure 3.89, the maximum appears to occur at about x = I. We have 

/'(*) = r(l)(l-*) + r*(-l) 
= r(l - 2x) 

and so, the only critical number is x = j. Notice that the graph of y = f(x) is a 
parabola opening downward and hence, the critical number must correspond to the 
absolute maximum. Although the mathematical problem here was easy to solve, the 
result gives a chemist some precise information. At the time the reaction rate reaches a 
► x maximum, the concentration of chemical equals exactly half of the saturation level. ■ 

Calculus and elementary physics are quite closely connected historically. It should 
come as no surprise, then, that physics provides us with such a large number of important 
applications of the calculus. We have already explored the concepts of velocity and accel- 
eration. Another important application in physics where the derivative plays a role involves 
density. There are many different kinds of densities that we could consider. For example, 
we could study population density (number of people per unit area) or color density (depth 
of color per unit area) used in the study of radiographs. However, the most familiar type of 
density is mass density (mass per unit volume). You probably already have some idea of 
what we mean by this, but how would you define it? If an object of interest is made of some 
homogeneous material (i.e., the mass of any portion of the object of a given volume is the 
same), then the mass density is simply 

mass 

mass density — 

volume 

and this quantity is constant throughout the object. However, if the mass of a given volume 
varies in different parts of the object, then this formula only calculates the average density 
of the object. In example 8.5 we find a means of computing the mass density at a specific 
point in a nonhomogeneous object. 

Suppose that the function f(x) gives us the mass (in kilograms) of the first x meters 
of a thin rod. (See Figure 3.90.) 




FIGURE 3.90 

A thin rod 



The total mass between marks x and x\ (x > x{) is given by [f{x) — f(x\)] kg. The 
average linear density (i.e., mass per unit length) between x and x\ is then defined as 

m - /(*i) 

X — X] 

Finally, the linear density at x = x\ is defined as 

P(xi) = lim JV 7V = /'(jci), (8.1) 

X^-Xi x — Xl 

where we have recognized the alternative definition of derivative discussed in section 2.2. 
EXAMPLE 8.5 Density of a Thin Rod 

Suppose that the mass of the first x meters of a thin rod is given by f(x) — ~Jlx. 
Compute the linear density at x — 2 and at x — 8, and compare the densities at the two 
points. 
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FIGURE 3.91 

Logistic growth 



Solution From (8.1), we have 

P(x) = /'(*) 



1 



2J2x 



(2) 



2x 



Thus, p{2) - 1/V4 = 1 /2 and p(8) = 1/Vl6 = 1 /4. Notice that this says that the rod 
is nonhomogeneous (i.e., the mass density in the rod is not constant). Specifically, we 
have that the rod is less dense at x — 8 than at x — 2. m 



In section 2.1, we briefly explored the rate of growth of a population. Population 
dynamics is an area of biology that makes extensive use of calculus. We examine population 
models in some detail in sections 8.1 and 8.2. For now, we explore one aspect of a basic 
model of population growth called the logistic equation. This states that if p(t ) represents 
population (measured as a fraction of the maximum sustainable population), then the rate 
of change of the population satisfies the equation 

p'(t) = rp(t)[l - p(t)], 

for some constant/-. A typical solution [for r — 1 and p(Q) = 0.05] is shown in Figure 3.91. 
Although we won't learn how to compute a solution until sections 8.1 and 8.2, we can 
determine some of the mathematical properties that all solutions must possess. 



EXAMPLE 8.6 Finding the Maximum Rate of Population Growth 

Suppose that a population grows according to the equation p'(t) = 2p{t)[\ — p{t)] (the 
logistic equation with r — 2). Find the population for which the growth rate is a 
maximum. Interpret this point graphically. 

Solution To clarify the problem, we write the population growth rate as 

f(p) = 2p(l - p). 

Our aim is then to find the population p > 0 that maximizes f(p). We have 

/'(/?) = 2(T)(l- j p) + 2p(-l) 
= 2(1 - 2p) 

and so, the only critical number is p = |. Notice that the graph of y — f(p) is a 
parabola opening downward and hence, the critical number must correspond to the 
absolute maximum. In Figure 3.91, observe that the height p — \ corresponds to the 
portion of the graph with maximum slope. Also, notice that this point is an inflection 
point on the graph. We can verify this by noting that we solved the equation f'(p) — 0, 
where f(p) equals p'(t). Therefore, p — | is the p-value corresponding to the solution 
of p"{t) — 0. This fact can be of value to population biologists. If they are tracking a 
population that reaches an inflection point, then (assuming that the logistic equation 
gives an accurate model) the population will eventually double in size. ■ 



Notice the similarities between examples 8.4 and 8.6. One reason that mathematics 
has such great value is that seemingly unrelated physical processes often have the same 
mathematical description. Comparing examples 8.4 and 8.6, we learn that the underlying 
mechanisms for autocatalytic reactions and population growth are identical. 

We have now discussed examples of six rates of change drawn from economics and 
the sciences. Add these to the applications that we have seen in previous sections and we 
have an impressive list of applications of the derivative. Even so, we have barely begun to 
scratch the surface. In any field where it is possible to quantify and analyze the properties 
of a function, calculus and the derivative are powerful tools. This list includes at least some 
aspect of nearly every major field of study. The continued study of calculus will give you 
the ability to read (and understand) technical studies in a wide variety of fields and to see 
(as we have in this section) the underlying unity that mathematics brings to a broad range 
of human endeavors. 
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EXERCISES 3.8 



0) 



5) WRITING EXERCISES 



9. C(x) = V-r 3 + 9 



1. The logistic equation x'(t) — x(t)[l — x(t)] is used to model 
many important phenomena (see examples 8.4 and 8.6). The 
equation has two competing contributions to the rate of change 
x'(t). The term x(t) by itself would mean that the larger x(t) 
is, the faster the population grows. This is balanced by the 
term 1 — x(t), which indicates that the closer x(t) gets to 1, the 
slower the population growth is. With both terms, the model 
has the property that for small x(t), slightly larger x(f ) means 
greater growth, but as x(t) approaches 1, the growth tails off. 
Explain in terms of population growth and the concentration 
of a chemical why the model is reasonable. 

2. Corporate deficits and debt are frequently in the news, but the 
terms are often confused with each other. To take an example, 
suppose a company finishes a fiscal year owing $5000. That 
is their debt. Suppose that in the following year the company 
has revenues of $106,000 and expenses of $109,000. The com- 
pany's deficit for the year is $3000, and the company's debt has 
increased to $8000. Briefly explain why deficit can be thought 
of as the derivative of debt. 

1. If the cost of manufacturing x items is 
C(x) — x 3 + 20x 2 + 90x + 15, find the marginal cost func- 
tion and compare the marginal cost at x — 50 with the actual 
cost of manufacturing the 50th item. 

2. If the cost of manufacturing x items is 
C(x) — x 4 + 14x 2 + 60x + 35, find the marginal cost func- 
tion and compare the marginal cost at x — 50 with the actual 
cost of manufacturing the 50th item. 



items 



3. If the cost of manufacturing 
C(x) — x 3 + 21x 2 + 1 lOx + 20, find the marginal cost func- 
tion and compare the marginal cost at x — 100 with the actual 
cost of manufacturing the 100th item. 

4. If the cost of manufacturing x items is 
C(x) — x 3 + llx 2 + 40x + 10, find the marginal cost func- 
tion and compare the marginal cost at x — 100 with the actual 
cost of manufacturing the 100th item. 

5. Suppose the cost of manufacturing x items is 
C(x) = x 3 - 30x 2 + 300x + 100 dollars. Find the inflection 
point and discuss the significance of this value in terms of the 
cost of manufacturing. 

6. A baseball team owner has determined that if tickets are priced 
at $10, the average attendance at a game will be 27,000 and if 
tickets are priced at $8, the average attendance will be 33,000. 
Using a linear model,we would then estimate that tickets priced 
at $9 would produce an average attendance of 30,000. Discuss 
whether you think the use of a linear model here is reasonable. 
Then, using the linear model, determine the price at which the 
revenue is maximized. 



In exercises 7-10, find the production level that minimizes the 
average cost. 

7. C(x) = 0.1x 2 + 3x 4-2000 

8. C(x) = 0.2x 3 4- 4x 4- 4000 



10. C(x) = Vx 3 4- 800 



11. (a) Let C(x) be the cost function and C(x) be the average cost 
function. Suppose that C(x) = O.Olx 2 4- 40x 4- 3600. Show 
that C"(100) < C(100) and show that increasing the produc- 
tion (x) by 1 will decrease the average cost, (b) Show that 
C'(1000) > C(1000) and show that increasing the production 
(x) by 1 will increase the average cost, (c) Prove that average 
cost is minimized at the x-value where C'(x) = C(x). 

12. Let R(x) be the revenue and C(x) be the cost from manu- 
facturing x items. Profit is defined as P(x) — R(x) — C(x). 
(a) Show that at the value of x that maximizes profit, marginal 
revenue equals marginal cost, (b) Find the maximum profit if 
R(x) = lOx - O.OOlx 2 dollars and C(x) = 2x 4- 5000dollars. 



In exercises 13-16, find (a) the elasticity of demand and (b) the 
range of prices for which the demand is elastic (E < — 1). 



13. f(p) = 200(30 - p) 
15. f(p) = 100p(20 - p) 



14. f(p) = 200(20 - p) 
16. f(p) = 60p(10 - p) 



17. If the demand function / is differentiable, prove that 

lpf(p)Y < 0 if and only if -^—f'(j>) < -1. (That is, rev- 
fip) 

enue decreases if and only if demand is elastic.) 

18. The term income elasticity of demand is defined as the per- 
centage change in quantity purchased divided by the percent- 
age change in real income. If / represents income and Q{1) 
is demand as a function of income, derive a formula for the 
income elasticity of demand. 

19. If the concentration of a chemical changes according to the 
equation jc'(f) = 2x(r)[4 — x(0], (a) find the concentration 
x(t) for which the reaction rate is a maximum; (b) find the 
limiting concentration. 

20. If the concentration of a chemical changes according to the 
equation x'(t) — 0.5x(r)[5 — x(f)], (a) find the concentration 
x(t) for which the reaction rate is a maximum; (b) find the 
limiting concentration. 

21. Mathematicians often study equations of the form 
x'{t) — rx(t)[l — x(?)L instead of the more complicated 
x'(t) — cx(t)[K — x(f)], justifying the simplification with 
the statement that the second equation "reduces to" the first 
equation. Starting with y'(t) — cy{t)[K — y(f)], substitute 
y(t) — Kx(t) and show that the equation reduces to the form 
x'{t) — rx(;)[l — x(r)]- How does the constant r relate to the 
constants c and Kl 

22. Suppose a chemical reaction follows the equation 
x'{t) — cx(t)[K — x(t)]. Suppose that at time t — 4 the con- 
centration is x(4) = 2 and the reaction rate is x'(4) = 3. At 
time t = 6, suppose that the concentration is x(6) = 4 and the 
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reaction rate is x'(6) = 4. Find the values of c and K for this 
chemical reaction. 

23. In a general second-order chemical reaction, chemicals A and 
B (the reactants) combine to form chemical C (the product). 
If the initial concentrations of the reactants A and B are a 
and b, respectively, then the concentration x(t) of the product 
satisfies the equation x'(t) — [a — x(t)][b — x(t)]. What is the 
rate of change of the product when x(t) — a? At this value, 
is the concentration of the product increasing, decreasing or 
staying the same? Assuming that a < b and there is no prod- 
uct present when the reaction starts, explain why the maximum 
concentration of product is x(t) = a. 

rx 

24. The rate R of an enzymatic reaction is given by R = , 

k + x 

where k is the Michaelis constant and x is the substrate con- 
centration. Determine whether there is a maximum rate of the 
reaction. 

25. In an adiabatic chemical process, there is no net change in 
heat, so pressure and volume are related by an equation of the 
formPV 1 ' 4 = c, for some positive constant c. Find and interpret 
dV 

dP' 

26. The relationship among the pressure P, volume V and temper- 
ature T of a gas or liquid is given by van der Waals' equation 
(P + yf) (V — nb) — nRT, for positive constants n, a, b and 

dV 

R. For constant temperatures, find and interpret — . 

In exercises 27-30, the mass of the first x meters of a thin rod 
is given by the function m(x) on the indicated interval. Find the 
linear mass density function for the rod. Based on what you find, 
briefly describe the composition of the rod. 



27. 


mix) 


= 4x - 


- sin x grams for 0 < x < 6 


28. 


m(x) 


= (x- 


- I) 3 + 6x grams for 0 < x < 2 


29. 


mix) 


= 4x \ 


;rams for 0 S x S 2 


30. 


mix) 


= 4x 2 


grams for 0 5 x < 2 



31. Suppose that a population grows according to the logistic equa- 
tion p'(t) — 4p(?)[5 — pit)]. Find the population at which the 
population growth rate is a maximum. 

32. Suppose that a population grows according to the logistic equa- 
tion p'(t) — 2p(f)[7 — 2p(t)]. Find the population at which the 
population growth rate is a maximum. 



(J5* APPLICATIONS 

33. Suppose that the size of the pupil of an animal is given by /(x) 
(mm), where x is the intensity of the light on the pupil. If 

160x-° 4 + 90 

/W- 4y -0.4 +15 ' 

show that fix) is a decreasing function. Interpret this result in 
terms of the response of the pupil to light. 

34. Suppose that the body temperature 1 hour after receiving 
x mg of a drug is given by T(x) = 102 — |x 2 (l — x/9) for 



0 < x < 6. The absolute value of the derivative, |T'(x)|, is de- 
fined as the sensitivity of the body to the drug dosage. Find 
the dosage that maximizes sensitivity. 

35. Referring to exercise 12, explain why a value of x for which 
marginal revenue equals marginal cost does not necessarily 
maximize profit. 

36. Referring to exercise 12, explain why the conditions 
R'ixo) — C'(xo) and R"(x 0 ) < C"(x 0 ) will guarantee that profit 
is maximized at xq. 

37. A fish swims at velocity v upstream from point A to point B, 
against a current of speed c. Explain why we must have v > c. 

kv 2 

The energy consumed by the fish is given by E — , for 

v — c 

some constant k > 1. Show that E has one critical number. 
Does it represent a maximum or a minimum? 

38. The power required for a bird to fly at speed v is proportional to 

P — — h cv 3 , for some positive constant c. Find v to minimize 

v 

the power. 

39. A commuter exits her neighborhood by driving y miles at 
r\ mph, then turning onto a central road to drive x miles at 
r 2 mph. Assume that the neighborhood has a fixed size, so that 
xy — c for some number c. (a) Find x and y to minimize the 
time spent driving, (b) Show that equal time is spent driving at 
ri mph and at r 2 mph. This is a design principle for neighbor- 
hoods and airports. (See Bejan's Constructed Theory of Social 
Dynamics.) 

40. Suppose that the total cost of moving a barge a distance 

p 

p at speed v is Civ) = avp + b — , representing energy ex- 

v 

pended plus time, (a) Find v to minimize C(v). (b) Trav- 
eling against a current of speed v c , the cost becomes 

2 

V p 

Civ) = ap h b . Find v to minimize Civ). (Sug- 

v — c v — v c 
gested by Tim Pennings.) 



^ EXPLORATORY EXERCISES 

1. A simple model for the spread of fatal diseases such as AIDS 
divides people into the categories of susceptible (but not ex- 
posed), exposed (but not infected) and infected. The pro- 
portions of people in each category at time t are denoted 
Sit), Eit) and lit), respectively. The general equations for this 
model are 

S'it) = mlif) - bSit)Ht), 

E'it) = bSit)Iit) - aEit), 

I'(t) = aEit)-mIit), 

where m , b and a are positive constants. Notice that each equa- 
tion gives the rate of change of one of the categories. Each rate 
of change has both a positive and negative term. Explain why 
the positive term represents people who are entering the cate- 
gory and the negative term represents people who are leaving 
the category. In the first equation, the term ml it) represents 
people who have died from the disease (the constant m is the 
reciprocal of the life expectancy of someone with the disease). 
This term is slightly artificial: the assumption is that the popu- 
lation is constant, so that when one person dies, a baby is born 
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who is not exposed or infected. The dynamics of the disease are 
such that susceptible (healthy) people get infected by contact 
with infected people. Explain why the number of contacts be- 
tween susceptible people and infected people is proportional to 
S(t) and /(?)■ The term bS(t)I(t), then, represents susceptible 
people who have been exposed by contact with infected people. 
Explain why this same term shows up as a positive in the sec- 
ond equation. Explain the rest of the remaining two equations 
in this fashion. (Hint: The constant a represents the reciprocal 
of the average latency period. In the case of AIDS, this would 
be how long it takes an HIV-positive person to actually develop 
AIDS.) 

2. Without knowing how to solve differential equations, we can 
nonetheless deduce some important properties of the solutions 
of differential equations. Consider the equation for an auto- 
catalytic reaction x'(f) — x(t)[l — x(t)]. Suppose x(0) lies be- 
tween 0 and 1. Show that x'(0) is positive, by determining 



the possible values of x(0)[l — x(0)]. Explain why this in- 
dicates that the value of x(t) will increase from x(0) and 
will continue to increase as long as 0 < x(t) < 1. Explain 
why if x(0) < 1 and x(t) > 1 for some t > 0, then it must 
be true that x(t) — 1 for some t > 0. However, if x(t) — 1, 
then x'(t) — 0 and the solution x(t) stays constant (equal to 
1). Therefore, we can conjecture that lim x(t) — 1. Similarly, 
show that if x(0) > 1, then x(t) decreases and we could again 
conjecture that lim x(t) — 1. Changing equations, suppose 

r->oo 

thatx'(/) = — 0.05x(f) + 2. This is a model of an experiment in 
which a radioactive substance is decaying at the rate of 5% but 
the substance is being replenished at the constant rate of 2. Find 
the value of x(t) for which x'{t) — 0. Pick various starting val- 
ues of x(0) less than and greater than the constant solution and 
determine whether the solution x(t) will increase or decrease. 
Based on these conclusions, conjecture the value of lim x(t), 

the limiting amount of radioactive substance in the experiment. 



Review Exercises 



5> 



WRITING EXERCISES 



The following list includes terms that are defined and theorems 
that are stated in this chapter. For each term or theorem, (1) give 
a precise definition or statement, (2) state in general terms what 
it means and (3) describe the types of problems with which it is 
associated. 

Linear approximation Newton's method Critical number 



Absolute extremum 
Inflection points 
Marginal cost 
Fermat's Theorem 



Local extremum 
Concavity 
Extreme Value 
Theorem 



First Derivative Test 
Second Derivative 

Test 
Related rates 



o 



TRUE OR FALSE 



State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to make a new statement that is true. 

1. Linear approximations give good approximations of function 
values for x's close to the point of tangency. 

2. The closer the initial guess is to the solution, the faster 
Newton's method converges. 

3. If there is a maximum of f(x) at x = a, then /'(a) = 0. 

4. An absolute extremum must occur at either a critical number 
or an endpoint. 

5. If /'(x) > 0 for x < a and f'(x) < 0 for x > a, then f(a) is 
a local maximum. 

6. If f"(a) — 0, then y — f(x) has an inflection point at x = a. 



7. If there is a vertical asymptote at x — a, then either 

lim /(x) = oo or lim f(x) — — oo. 

8. In a maximization problem, if / has only one critical number, 
then it is the maximum. 

9. If the population p(t) has a maximum growth rate at t — a, 
then p"(a) — 0. 

dg 

10. If f'(a) — 2 and g'(a) — 4, then — = 2 and g is increasing 

df 

twice as fast as /. 



In exercises 1 and 2, find the linear approximation to f(x) at x 0 . 

1. f(x) — cos 3x, x 0 = 0 2. f{x) — Vx 2 + 3, x 0 = 1 



In exercises 3 and 4, use a linear approximation to estimate the 
quantity. 



3. ^7.96 



4. sin 3 



In exercises 5 and 6, use Newton's method to find an approxi- 
mate root. 



5. x 3 + 5x - 1 = 0 



6. X 3 = COS X 



7. Explain why Newton's method fails on x 3 — 3x + 2 = 0 with 
x 0 = 1. 



8. Show that the approximation 
"small" x. 



1 



(1 -x) 



1 + x is valid for 



248 



CHAPTER 3 •• Applications of Differentiation 



3-76 



Review Exercises 



In exercises 9-16, do the following by hand, (a) Find all criti- 
cal numbers, (b) identify all intervals of increase and decrease, 
(c) determine whether each critical number represents a local 
maximum, local minimum or neither, (d) determine all intervals 
of concavity and (e) find all inflection points. 

9. fix) = x 3 + 3x 2 - 9x 10. fix) = x 4 - Ax + 1 

11. fix) = x 4 - 4x 3 + 2 12. f(x) = x 3 - 3x 2 - 24x 

x-90 



13. fix) = 



15. /(*): 



x- 

.V 



x 2 + 4 



14. fix) = (x 2 - I) 2 ' 3 



16. fix): 



In exercises 17-20, find the absolute extrema of the given func- 
tion on the indicated interval. 

17. fix) = x 3 + 3x 2 - 9x on [0, 4] 

18. fix) = Vx 3 - 3x 2 4- 2x on [-1, 3] 

19. f(x) = x 4 ' 5 on [-2, 3] 

20. /(x) = x 1/3 -x 2/3 on[-l,4] 

In exercises 21-24, find the x-coordinates of all local extrema. 

21. fix) = x 3 + Ax 2 + 2x 22. fix) = x 4 - 3x 2 + 2x 
23. fix) = x 5 - 2x 2 + x 24. f(x) = x 5 + 4x 2 - 4x 



39. A city is building a highway from point A to point B, which is 4 
miles east and 6 miles south of point A . The first 4 miles south of 
point A is swampland, where the cost of building the highway 
is $6 million per mile. On dry land, the cost is $2 million per 
mile. Find the point on the boundary of swampland and dry land 
to which the highway should be built to minimize the total cost. 

40. In exercise 39, how much does the optimal point change if the 
cost on dry land rises to $3 million per mile? 

41. A soda can in the shape of a cylinder is to hold 16 fluid ounces. 
Find the dimensions of the can that minimize the surface area 
of the can. 

42. Suppose that C(x) = 0.02x 2 + 4x + 1200 is the cost of manu- 
facturing x items. Show that C'(x) > 0 and explain in business 
terms why this has to be true. Show that C"(x) > 0 and explain 
why this indicates that the manufacturing process is not very 
efficient. 

43. Suppose that the mass of the first x meters of a thin rod is given 
by mix) — 20 + x 2 for 0 < x < 4. Find the density of the rod 
and briefly describe the composition of the rod. 

44. If the concentration x(f) of a chemical in a reaction changes 
according to the equation x'(f) = 0.3x(f)[4 — x(f)L find the 
concentration at which the reaction rate is a maximum. 

45. The cost of manufacturing x items is given by 
C(x) = 0.02x 2 + 20x + 1800. Find the marginal cost func- 
tion. Compare the marginal cost at x = 20 to the actual cost 
of producing the 20th item. 

46. For the cost function in exercise 45, find the value of x that 
minimizes the average cost C(x) = C(x)/x. 



25. Sketch a graph of a function with /(— 1) = 2, /(l) = —2, 
fix) < 0 for —2 < x < 2 and fix) > 0 for x < —2 and 
x > 2. 

26. Sketch a graph of a function with fix) > 0 for x ^ 0, /'(0) 
undefined, fix) > 0 for x < 0 and fix) < 0 for x > 0. 



In exercises 27-36, sketch a graph of the function and completely 
discuss the graph. 

27. /(x) = x 4 4-4x 3 28. /(x) = x 4 4-4x 2 

29. /(x) = x 4 4-4x 30. /(x) = x 4 -4x 2 

32. fix) 



31. fix)- 
33. fix): 
35. fix): 



x 2 + 1 

2 

x~ 
x 2 4- 1 

x 3 
x^T 



34. fix): 



36. fix) 



x 2 - 1 

x 2 
x 2 - 1 
4 

x 2 ^! 



37. Find the point on the graph of y — 2x 2 that is closest to (2, 1). 

38. Show that the line through the two points of exercise 37 is 
perpendicular to the tangent line to y = 2x 2 at (2, 1). 



EXPLORATORY EXERCISES 



1. Let nit) be the number of photons in a laser field. One model 
of the laser action is n'if) — anit) — b[nit)] 2 , where a and 
b are positive constants. If «(0) = a/b, what is rc'(0)? Based 
on this calculation, would nit) increase, decrease or neither? 
If niO) > a/b, is n'(0) positive or negative? Based on this 
calculation, would nit) increase, decrease or neither? If 
«(0) < a/b, is n'iO) positive or negative? Based on this cal- 
culation, would nit) increase, decrease or neither? Putting this 
information together, conjecture the limit of nit) as t — > oo. 
Repeat this analysis under the assumption that a < 0. 

2. One way of numerically approximating a derivative is 
by computing the slope of a secant line. For example, 

fib) - f(a) 

f (a) w ; ■ , if b is close enough to a. In this ex- 

b — a 

ercise, we will develop an analogous approximation to the 
second derivative. Instead of finding the secant line through 
two points on the curve, we find the parabola through three 
points on the curve. The second derivative of this approxi- 
mating parabola will serve as an approximation of the second 
derivative of the curve. The first step is messy, so we rec- 
ommend using a CAS if one is available. Find a function 
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of the form g(x) — ax 2 + bx + c such that g(x\) — yi, 
gixi) = yi and g(x 3 ) = y 3 . Since g"(x) — 2a, you actu- 
ally only need to find the constant a. The so-called sec- 
ond difference approximation to f"(x) is the value of 
g"(x) — 2a using the three points x\ — x — Ax [y, = /(jci)], 
x 2 = x [y 2 = /(x 2 )] and x 3 = x + Ax [y 3 = f(x 3 )]. Find the 
second difference for f(x) = -Jx + 4 atx = 0 with Ax = 0.5, 
Ax = 0.1 and Ax = 0.01. Compare to the exact value of the 
second derivative, /"(0). 

3. The technique of Picard iteration is very effective for es- 
timating solutions of complicated equations. For equations 
of the form /(x) = 0, start with an initial guess x 0 . For 



g(x) = f(x) + x, compute the iterates x\ = g(xo), x 2 = g(xi) 
and so on. Show that this makes it so that if the iterates 
repeat (i.e., g(x„ +l ) = g(x„)) at x„, then /(x„) = 0. Com- 



pute iterates starting at xq = — 1 for (a) /(x) : 



+ 3, 



(b) f(x)= -x 3 +x 2 



3 and (c) f(x) = -— + - . 

7 1111 11 

To see what is going on, suppose that f(x c ) — 0, x 0 < x c and 

/(xo) < 0. Show that X\ is farther from the solution x c than is 

xq. Continue in this fashion and show that Picard iteration does 

not converge to x c if f\x c ) > 0 [this explains the failure in part 

(a)]. Investigate the effect of f'(x c ) on the behavior of Picard 

iteration and explain why the function in part (c) is better than 

the function in part (b). 
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In the modern business world, companies must find the most cost-efficient 
method of handling their inventory. One method is just-in-time inven- 
tory, where new inventory arrives just as existing stock is running out. 
As a simplified example of this, suppose that a heating oil company's ter- 
minal receives shipments of 8000 gallons of oil at a time and orders are 
shipped out to customers at a constant rate of 1000 gallons per day, where 
each shipment of oil arrives just as the last gallon on hand is shipped out. 
Inventory costs are determined based on the average number of gallons 
held at the terminal. So, how would we calculate this average? 

To translate this into a calculus problem, let /(f) represent the num- 
ber of gallons of oil at the terminal at time f (days), where a shipment 
arrives at time t — 0. In this case, f(0) = 8000. Further, for 0 < t < 8, 
there is no oil coming in, but oil is leaving at the rate of 1000 gallons per 
day. Since "rate" means derivative, we have /'(f) = —1000, for 
0 < t < 8. This tells us that the graph of y = /(f) has slope -1000 
until time f = 8, at which point another shipment arrives to refill the terminal, so 
that /(8) = 8000. Continuing in this way, we generate the graph of /(f) shown 
here at the left. 




P>f 




5 10 15 20 25 30 

y = git) 



Since the inventory ranges from 0 gallons to 8000 gallons, you might guess 
that the average inventory of oil is 4000 gallons. However, look at the graph at 
the right, showing a different inventory function g(t ), where the oil is not shipped 
out at a constant rate. Although the inventory again ranges from 0 to 8000, the 
drop in inventory is so rapid immediately following each delivery that the average 
number of gallons on hand is well below 4000. 

As we will see in this chapter, our usual way of averaging a set of numbers is 
analogous to an area problem. Specifically, the average value of a function is the 
height of the rectangle that has the same area as the area between the graph of the 
function and the x-axis. For our original /(f), notice that 4000 appears to work 
well, while for g(t), an average of 2000 appears to be better, as you can see in the 
graphs. 
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Notice that we have introduced several new problems: finding a function from its 
derivative, finding the average value of a function and finding the area under a curve. We 
will explore these problems in this chapter. 



0) 
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NOTES 

For a realistic model of a system 
as complex as a space shuttle, we 
must consider much more than the 
simple concepts discussed here. 
For a very interesting presentation 
of this problem, see the article by 
Long and Weiss in the February 
1999 issue of The American 
Mathematical Monthly. 



Calculus provides us with a powerful set of tools for understanding the world around us. 
Initial designs of the space shuttle included aircraft engines to power its flight through the 
atmosphere after reentry. In order to cut costs, the aircraft engines were scrapped and the 
space shuttle became a huge glider. NASA engineers use the calculus to provide precise 
answers to flight control problems. While we are not in a position to deal with the vast 
complexities of a space shuttle flight, we can consider an idealized model. 

As we often do with real-world problems, we begin with a physical principle(s) and use 
this to produce a mathematical model of the physical system. We then solve the mathematical 
problem and interpret the solution in terms of the physical problem. 

If we consider only the vertical motion of an object falling toward the ground, the 
physical principle governing the motion is Newton's second law of motion: 




Space shuttle Endeavor 



Force = mass x acceleration or F — ma. 

This says that the sum of all the forces acting on an object equals the product of its mass and 
acceleration. Two forces that you might identify here are gravity pulling downward and air 
drag pushing in the direction opposite the motion. From experimental evidence, we know 
that the force due to air drag, Fj, is proportional to the square of the speed of the object and 
acts in the direction opposite the motion. So, for the case of a falling object, 

F d = kv\ 

for some constant k > 0. 

The force due to gravity is simply the weight of the object, W = —mg, where the 
gravitational constant g is approximately 32 ft/s 2 . (The minus sign indicates that the force 
of gravity acts downward.) Putting this together, Newton's second law of motion gives us 



F — ma — 



kv 2 . 



Recognizing that a = v'(t), we have 



mv'(t) — —mg + kv 2 (t). 



(1.1) 



Notice that equation (1.1) involves both the unknown function v(t) and its derivative v'(t). 
Such an equation is called a differential equation. We discuss differential equations in 
detail in Chapter 8. To get started now, we simplify the problem by assuming that gravity 
is the only force acting on the object. Taking k = 0 in (1.1) gives us 



mv'(t) 



-mg 



At) 



Now, let y(t) be the position function, giving the altitude of the object in feet t seconds after 
the start of reentry. Since v{t) — y'(t) and a{t) — v'(t), we have 



fit) 



-32. 



From this, we'd like to determine y(t). More generally, we need to find a way to undo 
differentiation. That is, given a function, /, we'd like to find another function F such that 
F'(x) = f{x). We call such a function F an antiderivative of /. 
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EXAMPLE I . I Finding Several Antiderivatives of a Given Function 

Find an antiderivative of fix) = x 2 . 

Solution Notice that F (x) = is an antiderivative of fix), since 




Thus, H(x) — + cis also an antiderivative of f(x), for any choice of the constant c. 
FIGURE 4. 1 Graphically, this gives us a family of antiderivative curves, as illustrated in Figure 4.1. 
A family of antiderivative curves Note that each curve is a vertical translation of every other curve in the family. ■ 



In general, observe that if F is any antiderivative of / and c is any constant, then 

--[F(x) + c] = F'(x) + 0 = f(x). 
ax 

Thus, F(x) + c is also an antiderivative of f{x), for any constant c. On the other hand, 
are there any other antiderivatives of f(x) besides F(x) + c? The answer, as provided in 
Theorem 1.1, is no. 



THEOREM I.I 

Suppose that F and G are both antiderivatives of / on an interval /. Then, 

G(x) = F(x) + c, 

for some constant c. 



NOTES 

Theorem 1 . 1 says that given any 
antiderivative F of /, every 
possible antiderivative of / can be 
written in the form F(x) + c, for 
some constant, c. We give this 
most general antiderivative a 
name in Definition 1.1. 



PROOF 



Since F and G are both antiderivatives for /, we have that G'(x) = F'(x). It now fol- 
lows, from Corollary 8.1 in section 2.8, that G{x) — F(x) + c, for some constant c, 
as desired. ■ 



DEFINITION I.I 

Let F be any antiderivative of / on an interval /. The indefinite integral of fix) 
(with respect to x) on / is defined by 



/ 



fix)dx — Fix) + c, 
where c is an arbitrary constant (the constant of integration). 



The process of computing an integral is called integration. Here, fix) is called the inte- 
grand and the term dx identifies x as the variable of integration. 
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EXAMPLE 1.2 An Indefinite Integral 

Evaluate f 3x 2 dx. 

Solution You should recognize 3x 2 as the derivative of x 3 and so, 



/ 



3x 2 dx — x 3 + c. 



EXAMPLE 1.3 Evaluating an Indefinite Integral 

Evaluate f t 5 dt. 

Solution We know that —t 6 — 6? 5 and so, — ( -t 6 ) — t 5 . Therefore, 
dt dt \6 



/ 



Pdt - -r + c. 
6 



We should point out that every differentiation rule gives rise to a corresponding inte- 

d ,. 

gration rule. For instance, recall that for every rational power, r, — x — rx . Likewise, 

dx 

we have 



dx 



x r+1 =( r + \)x r . 



REMARK I.I 



Theorem 1.2 says that to 
integrate a power of x (other 
than you simply raise the 
power by 1 and divide by the 
new power. Notice that this rule 
obviously doesn't work for 
r — —1, since this would 
produce a division by 0. In 
Chapter 6, we develop a rule to 
cover this case. 



This proves the following result. 



THEOREM 1.2 (Power Rule) 

For any rational power r ^ — 1, 



/ 



x' dx 



Here, if r < —1, the interval / on which this is defined can be any interval that does 
not include x = 0. 



EXAMPLE 1.4 Using the Power Rule 

Evaluate f x xl dx. 

Solution From the power rule, we have 



/ 



x ll dx - 



x I7+1 x 18 

h c — he 

17+1 18 



EXAMPLE 1 .5 The Power Rule with a Negative Exponent 

f 1 

Evaluate / — dx. 
J x 3 

Solution We can use the power rule if we first rewrite the integrand. In any interval not 
containing 0, we have 



/?*■/ 



-3 -*" 3+1 1 -2 

x dx — h c — x + c. 

-3+1 2 
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EXAMPLE 1 .6 The Power Rule with a Fractional Exponent 

Evaluate (a) f *Jxdxand(b) f —=dx. 
J J </x 

Solution (a) As in example 1 .5, we first rewrite the integrand and then apply the power 
rule. We have 

f f x 1/2+1 x 3/2 2 

!^ dx =! xll2dx = T72TT + c = 372 + c = r y2 + c 

Notice that the fraction | in the last expression is exactly what it takes to cancel the new 
exponent 3/2. (This is what happens if you differentiate.) 
(b) Similarly, in any interval not containing 0, 



£-1/3+1 

x~ l/3 dx = h c 



1/3+1 

x 2 / 3 3 
— + c = -x 2 / 3 
2/3 2 



d 

Notice that since — sinx = cos x, we have 
dx 



i 



cos x dx — sin x 



Again, by reversing any derivative formula, we get a corresponding integration formula. 
The following table contains a number of important formulas. The proofs of these are left 
as straightforward, yet important, exercises. Notice that we do not yet have integration 
formulas for several familiar functions: -, tanx, cotx and others. 



J x r dx — — - + c, for r yi —1 (power rule) j esc 2 x dx — —cotx + c 

j sinx dx — — cosx + c j secx tanx dx — secx + c 

I cos x dx — sin x + c / esc x cot x dx — — esc x + c 

f 



sec 2 x dx — tan x + c 



At this point, we are simply reversing the most basic derivative rules we know. We will 
develop more sophisticated techniques later. For now, we need a general rule to allow us to 
combine our basic integration formulas. 



THEOREM 1.3 

Suppose that f(x) and g(x) have antiderivatives. Then, for any constants, a and b, 
j [af(x) + bg(x)] dx — a j f(x) dx + b j g(x) dx. 



PROOF 

We have that 



as desired. 



dx J " 



d f 

f(x) dx — f(x) and — / g(x) dx — g(x). It then follows that 
dx J dx J 



d~x \_ a / dx+b j g ^ dx 



a f{x) + bgix), 
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Note that Theorem 1.3 says that we can easily compute integrals of sums, differences 
and constant multiples of functions. However, it turns out that the integral of a product (or 
a quotient) is not generally the product (or quotient) of the integrals. 



EXAMPLE 1.7 An Indefinite Integral of a Sum 

Evaluate j (3 cos x + 4x 8 ) dx. 
Solution 

j (3 cos x + 4x 8 ) dx — 3 J cos x dx + 4 j x 8 dx 



From Theorem 1.3. 



3 sin x 4- 4 he 

9 

3 sinx H — x + c. 



EXAMPLE 1 .8 An Indefinite Integral of a Difference 

Evaluate J (3 — 4sec 2 x) dx. 
Solution 

j (3 — 4 sec 2 x) dx — 3 j 1 dx — 4 j sec 2 x dx — 3x — 4tanx + c. 



Before concluding the section by examining another falling object, we should empha- 
size that we have developed only a small number of integration rules. Further, unlike with 
derivatives, we will never have rules to cover all of the functions with which we are familiar. 
Thus, it is important to recognize when you cannot find an antiderivative. 



EXAMPLE 1.9 Identifying Integrals That We Cannot Yet Evaluate 

Which of the following integrals can you evaluate given the rules developed in 

r 3 



r i r r 2x r X s + i 

this section? (a) J -^=dx, (b) J seexdx, (c) J 2 — - dx, (d) J ^ — dx, 

(e) j (x + l)(x — l)dx and (f) j x sin2x dx. 



Solution First, notice that we can rewrite problems (a), (d) and (e) into forms where 
we can recognize an antiderivative, as follows. For (a), 



j -tf= dx — j x' 2/3 dx ' 



--2/3+ 1 
2~ 



3 i 1 



In part (d), if we divide out the integrand, we find 



f x 3 + 1 f _, 

/ — dx — j (x + x ) dx 



x 2 x 1 x 2 I 

ir + —r+c= — -- + c. 
2-1 2 x 



Finally, in part (e), if we multiply out the integrand, we get 

x ! 

3 



J (x + l)(x - 1) dx = j(x 2 - 1) dx = 



2x 

Parts (b), (c) and (f) require us to find functions whose derivatives equal secx, — - — 

x 2 + 

and x sin 2x. As yet, we do not know how to evaluate these integrals. ■ 



Now that we know how to find antiderivatives for a number of functions, we return to 
the problem of the falling object that opened the section. 
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EXAMPLE 1. 10 Finding the Position of a Falling Object 
Given Its Acceleration 

If an object's downward acceleration is given by y"(t) — —32 ft/s 2 , find the position 
function y(t). Assume that the initial velocity is y'(Q) — —100 ft/s and the initial 
position is y(0) = 100,000 feet. 

Solution We have to undo two derivatives, so we compute two antiderivatives. First, 
we have 



y\t) 



j y"(t)dt = j (-32) dt = -32? 



Since y'(t ) is the velocity of the object (given in units of feet per second), we can 
determine the constant c from the given initial velocity. We have 

v{t) = y'(t) - -32? + c 

and v(0) = y'(0) = -100 and so, 

-100 = v(0) = -32(0) + c = c, 

so that c = —100. Thus, the velocity is y'(t) = —32? — 100. Next, we have 

y (t) = j y'(t)dt = j (-32? - I00)dt = -16? 2 - 100? + c. 

Now, j(?) gives the height of the object (measured in feet) and so, from the initial 
position, we have 

100,000 = y(0) = -16(0) - 100(0) + c = c. 
Thus, c = 100,000 and y(t) = -16? 2 - 100? + 100,000. 

Keep in mind that this models the object's height assuming that the only force acting on 
the object is gravity (i.e., there is no air drag or lift). ■ 



EXERCISES 4.1 



0) 



($) WRITING EXERCISES 



1. In the text, we emphasized that the indefinite integral repre- 
sents all antiderivatives of a given function. To understand 
why this is important, consider a situation where you know 
the net force, F(t), acting on an object. By Newton's second 
law, F — ma. For the velocity function v(t), this translates to 
a{t) — v'(t) — F(t)/m. To compute v(t), you need to compute 
an antiderivative of the force function F(t)/m. However, sup- 
pose you were unable to find all antiderivatives. How would 
you know whether you had computed the antiderivative that 
corresponds to the velocity function? In physical terms, explain 
why it is reasonable to expect that there is only one antideriva- 
tive corresponding to a given set of initial conditions. 

2. In the text, we presented a one-dimensional model of the mo- 
tion of a falling object. We ignored some of the forces on the 
object so that the resulting mathematical equation would be 
one that we could solve. Weigh the relative worth of having 
an unsolvable but realistic model versus having a solution of a 
model that is only partially accurate. Keep in mind that when 
you toss trash into a wastebasket you do not take the curvature 
of the Earth into account. 

3. Verify that j x cos(x 2 ) dx — \ sin(x 2 ) + c and J x cosx dx = 
x sin x + cos x + c by computing derivatives of the proposed 



antiderivatives. Which derivative rules did you use? Why does 
this make it unlikely that we will find a general product (an- 
tiderivative) rule for f f(x)g(x) dxl 

4. We stated in the text that we do not yet have a formula 
for the antiderivative of several elementary functions, includ- 
ing -, tanx, sec* and cscjc. Given a function fix), explain 
what determines whether or not we have a simple formula for 
f f(x) dx. For example, why is there a simple formula for 
/ sec x tanx dx but not / sec x dxl 

| In exercises 1-4, sketch several members of the family of func- 
tions defined by the antiderivative. 



•/ 

7" 



x dx 
2)dx 



. j (x 3 — x) dx 
. j cos x dx 



In exercises 5-24, find the general antiderivative. 

5. J (3x 4 - 3x)dx 6. J (x 3 - 2)dx 



7 7(^-?)* 8 7(^ + 7?) 



dx 
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'■/ 

n. fa, 

»•/ 

/(*" 

f x 2 + 
J * 2 

/'" 4 " 



19 
21 

23 



x'/ 3 - 3 

sinx + cosx)rfx 

2 sec x tan x rfx 

5 sec 2 x dx 

(3 cos x — 2) rfx 
3 



10. 



r x + 2x 3/4 

J X5/4 



dx 



12. (3cosx — sinx)dx 



14 
16 



dx 
■ rfx 



,-2 



dx 

5 ' 4 -4)dx 



/cosx 
sin - x 

18. y (4x - 2sinx)dx 

20. y~(2cos x — \fx^)dx 

/l — cos 2 x 
2 rfx 
COS 2 X 

y A -2/3 (x -4/3_ 3) djc 



22. 
24 



In exercises 25-28, one of the two antiderivatives can be deter- 
mined using basic algebra and the antiderivative formulas we 
have presented. Find the antiderivative of this one and label the 
other "N/A." 



25. (a) j x/x^ 

C3x 2 
J ~x 

27. (a) J 2secx 

28. (a) /(I- 



+ 4dx 

x 2 — 4 
26. (a) / dx 

dx 

\\dx 



(b) J (Vx^ + 4) 

/2 
— rfx 
3x 2 -4 

(b) j sec 2 x 

(b) /x^T 



Jx 



dx 
dx 



In exercises 29-34, find the function f(x) satisfying the given 
conditions. 



29. /'(x) = x 2 + x,/(0) = 4 

30. /'(x) = 4cosx,/(0) = 3 

31. f"(x) = 12x 2 + 2, /'(0) = 2, /(0) = 3 

32. f"(x) = 20x 3 + 2x, /'(0) = -3, /(0) = 2 

33. /"(r) = 2 + 2t, /(0) = 2, /(3) = 2 

34. /"(O = 4 + 6;, /(l) = 3, /(-l) = 2 



In exercises 35-38, find all functions satisfying the given 
conditions. 



35. /"(x) = 3sinx + 4x 2 
37. /'"(x) = 4-^ 



36. f"(x) — ^/x — 2cosx 
38. /"'(*) = sin* -2 



39. Determine the position function if the velocity function is 
v(t) — 3 — 12f and the initial position is s(0) — 3. 

40. Determine the position function if the velocity function is 
v(t) — 3 cos t — 2 and the initial position is s(0) = 0. 

41. Determine the position function if the acceleration function is 
a(t) — 3 sin t + 1 , the initial velocity is v(0) — 0 and the initial 
position is j(0) = 4. 



42. Determine the position function if the acceleration function 
is a(t) — t 2 + 1, the initial velocity is u(0) = 4 and the initial 
position is j(0) = 0. 

Sketch the graph of two functions f(x) corresponding to the 
given graph of y = f'(x). 



43. (a) 




(b) 



H h 



H 1 — ►X 



44. Repeat exercise 43 if the given graph is of /"(x). 

45. Find a function /(x) such that the point (1, 2) is on the graph 
of y — f(x), the slope of the tangent line at (1, 2) is 3 and 
/"(x) = x- 1. 

46. Find a function f(x) such that the point (—1, 1) is on the graph 
of y — /(x), the slope of the tangent line at (—1, 1) is 2 and 
/"(x) = 6x 4- 4. 

In exercises 47-52, find an antiderivative by reversing the chain 
rule, product rule or quotient rule. 



/ 



47. / 2xcosx 2 rfx 



48. 



x 3 4- 2dx 



/f 2x(x + 1) — x (2x) 
(xsin2x 4-x 2 cos2x)dx 50. /— — , ' dx 
J (x 2 4-l) 2 

f xcosx 2 , 

51. / ^=dx 
J Vsinx 2 

52. j ^V^cosx 4- —j= sinx^ dx 



53. In example 1.9, use your CAS to evaluate the antiderivative in 
part (f). Verify that this is correct by computing the derivative. 

54. For each of the problems in exercises 25-28 that you labeled 
N/A, try to find an antiderivative on your CAS. Where possi- 
ble, verify that the antiderivative is correct by computing the 
derivatives. 

55. Use a CAS to find an antiderivative, then verify the answer by 
computing a derivative, where possible. 

sin aJx 



■I 



(a) / x sinx dx 



(b) 



/ 



dx 



(c) 



/ 



dx 
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56. Use a CAS to find an antiderivative, then verify the answer by 
computing a derivative. 



(a) / x cos (x ) dx (b) / 3x sin 2x dx (c) 



dx 



APPLICATIONS 



57. Suppose that a car can accelerate from 30 mph to 50 mph 
in 4 seconds. Assuming a constant acceleration, find the 
acceleration (in miles per second squared) of the car and find 
the distance traveled by the car during the 4 seconds. 

58. Suppose that a car can come to rest from 60 mph in 3 sec- 
onds. Assuming a constant (negative) acceleration, find the 
acceleration (in miles per second squared) of the car and find 
the distance traveled by the car during the 3 seconds (i.e., the 
stopping distance). 

59. The following table shows the velocity of a falling object at 
different times. For each time interval, estimate the distance 
fallen and the acceleration. 



f(s) 


0 


0.5 


1.0 


1.5 


2.0 


v(t) (ft/s) 


-4.0 


-19.8 


-31.9 


-37.7 


-39.5 



60. The following table shows the velocity of a falling object at 
different times. For each time interval, estimate the distance 
fallen and the acceleration. 



f(s) 


0 


1.0 


2.0 


3.0 


4.0 


v(t) (m/s) 


0.0 


-9.8 


-18.6 


-24.9 


-28.5 



61. The following table shows the acceleration of a car moving 
in a straight line. If the car is traveling 70 ft/s at time t — 0, 
estimate the speed and distance traveled at each time. 



f(s) 


0 


0.5 


1.0 


1.5 


2.0 


a(t) (ft/s 2 ) 


-4.2 


2.4 


0.6 


-0.4 


1.6 



62. The following table shows the acceleration of a car moving 
in a straight line. If the car is traveling 20 m/s at time / = 0, 
estimate the speed and distance traveled at each time. 



f(s) 


0 


0.5 


1.0 


1.5 


2.0 


a(t) (m/s 2 ) 


0.6 


-2.2 


-4.5 


-1.2 


-0.3 



^ EXPLORATORY EXERCISES 

1. Compute the derivatives of cos(x 2 ) and cos(sin x). Given these 
derivatives, evaluate the indefinite integrals / — 2x sin(x 2 )dx 
and f — cosx sin(sinx) dx. Next, evaluate fx 2 s'm(x 3 )dx. 
[Hint: f x 2 sin(x 3 ) dx = — | J —3x 2 sin(x 3 ) dx.] Similarly, 
evaluate f x 3 sin(x 4 ) dx. In general, evaluate 



/ 



/'(x)sin(/(x)) dx. 



Next, evaluate f 2x cos(x 2 )rfx, f 3x 2 cos(x 3 ) dx and the more 
general 



/ 



/'(x)cos(/(x))rfx. 



As we have stated, there is no general rule for the antiderivative 
of a product, f f (x)g(x) dx . Instead, there are many special 
cases that you evaluate case by case. 

A differential equation is an equation involving an un- 
known function and one or more of its derivatives. 
In general, differential equations can be challenging to 
solve. For example, we introduced the differential equation 
mv'(t) — —mg + kv 2 (t) for the vertical motion of an object 
subject to gravity and air drag. Taking specific values of m 
and k gives the equation v'(t) — —32 + 0.0003u 2 (r)- To solve 
this, we would need to find a function whose derivative equals 
— 32 plus 0.0003 times the square of the function. It is dif- 
ficult to find a function whose derivative is written in terms 
of [w(0] 2 when v(t) is precisely what is unknown. We can 
nonetheless construct a graphical representation of the solu- 
tion using what is called a direction field. Suppose we want 
to construct a solution passing through the point (0, —100), 
corresponding to an initial velocity of v(0) — — 100 ft/s. At 
t — 0, with v — — 100, we know that the slope of the solution is 
v' = -32 + 0.0003(-100) 2 = -29. Starting at (0,-100), 
sketch in a short line segment with slope —29. Such a line seg- 
ment would connect to the point (1, —129) if you extended it 
that far (but make yours much shorter). At? = landu = —129, 
the slope of the solution is v' = -32 + 0.0003(- 129) 2 « -27. 
Sketch in a short line segment with slope —27 starting at the 
point (1 , — 129). This line segment points to (2, — 156). At this 
point, v' = -32 + 0.0003(- 156) 2 « -24.7. Sketch in a short 
line segment with slope —24.7 at (2, —156). Do you see a 
graphical solution starting to emerge? Is the solution increas- 
ing or decreasing? Concave up or concave down? If your CAS 
has a direction field capability, sketch the direction field and 
try to visualize the solutions starting at point (0, — 100), (0, 0) 
and (0, -300). 



4.2 SUMS AND SIGMA NOTATION 



In section 4.1, we discussed how to calculate backward from the velocity function for an 
object to arrive at the position function for the object. 

It's no surprise that driving at a constant 60 mph, you travel 120 miles in 2 hours or 240 
miles in 4 hours. Viewing this graphically, note that the area under the graph of the (constant) 
velocity function v(t) = 60 from / = 0 to t — 2 is 120, the distance traveled in this time in- 
terval. (See the shaded area in Figure 4.2a on the following page.) Likewise, in Figure 4.2b, 
the shaded region from t = 0 to t — 4 has area equal to the distance of 240 miles. 
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FIGURE 4.3 

Nonconstant velocity 




FIGURE 4.4 

Approximate area 



Velocity 
t 

60- 



40 



20 



H — ► Time 




I — ► Time 



FIGURE 4.2a FIGURE 4.2b 

y = v (t) on [0, 2] y = v(t) on [0, 4] 

It turns out that, in general, the distance traveled over a particular time interval equals 
the area of the region bounded by y — v(t) and the f-axis on that interval. For the case of 
constant velocity, this is no surprise, as we have that 

d — r x t — velocity x time. 

Our aim over the next several sections is to compute the area under the curve for a noncon- 
stant function, such as the one shown in Figure 4.3. Our work in this section provides the 
first step toward a powerful technique for computing such areas. To indicate the direction 
we will take, note that we can approximate the area in Figure 4.3 by the sum of the areas of 
the five rectangles indicated in Figure 4.4: 

A « 60 + 45 + 50 + 55 + 50 = 260 miles. 

Of course, this is a crude estimate of the area, but you should observe that we could get a 
better estimate by approximating the area using more (and smaller) rectangles. Certainly, 
we had no problem adding up the areas of five rectangles, but for 5000 rectangles, you will 
want some means for simplifying and automating the process. Dealing with such sums is 
the topic of this section. 

We begin by introducing some notation. Suppose that you want to sum the squares of 
the first 20 positive integers. Notice that 

1 + 4 + 9 + • • ■ + 400 = l 2 + 2 2 + 3 2 + • • • + 20 2 , 

where each term in the sum has the form ; 2 , for i = 1, 2, 3, . . . , 20. To reduce the amount 
of writing, we use the Greek capital letter sigma, as a symbol for sum and write the sum 
in summation notation as 

20 



!=1 



1- 



20 2 



to indicate that we add together terms of the form i 2 , starting with i — 1 and ending with 
i = 20. The variable i is called the index of summation. 
In general, for any real numbers a.\ , a-i, ■ ■ ■ , a n , we have 



E 



di = CL\ 



a 2 



EXAMPLE 2. 1 Using Summation Notation 

Write in summation notation: (a) \/T + y/2 + V3 + • • • + VlO and 
(b) 3 3 + 4 3 + 5 3 + ■ ■ • + 45 3 . 

Solution (a) We have the sum of the square roots of the integers from 1 to 10: 

in 

yr+ V2+ V3h — 



To = £V7. 



!=1 



(b) Similarly, the sum of the cubes of the integers from 3 to 45: 



3 3 +4 3 +5 3 



45 3 = £< 



i=3 
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REMARK 2.1 



The index of summation is a 
dummy variable, since it is 
used only as a counter to keep 
track of terms. The value of the 
summation does not depend on 
the letter used as the index. For 
this reason, you may use any 
letter you like as an index. By 
tradition, we most frequently 
use i, j, k, m and n, but any 
index will do. For instance, 

n n n 

i=l j=\ k=l 



EXAMPLE 2.2 Summation Notation for a Sum Involving Odd Integers 

Write in summation notation: the sum of the first 200 odd positive integers. 

Solution First, notice that (2;) is even for every integer i and hence, both (2/ — 1) and 
(2z + 1) are odd. So, we have 

200 



1 + 3 + 5 + • ■ ■ + 399 = J2( 2i ~ !)• 



!=1 



199 



Alternatively, we can write this as the equivalent expression ^Z(2i + 1). (Write out the 



terms to see why these are equivalent.) 



i=0 



EXAMPLE 2.3 Computing Sums Given in Summation Notation 

8 6 10 

Write out all terms and compute the sums (a) ^(2/ + 1), (b) sin(27u) and (c) ^ 5. 

i=l i=2 !=4 

Solution (a) We have 

8 

J2( 2i + 1) = 3 + 5 + 7 + 9+11 + 13 + 15 +17 = 80. 

6 

(b) sin(2jr/) = sin47T + sin67r + sin87r + sin 107r + sin 127r = 0. 

i=2 

(Note that the sum started at i = 2.) Finally, we have 

10 

(c) ^5 = 5 + 5 + 5 + 5 + 5 + 5 + 5 = 35. 

f=4 ■ 



We give several shortcuts for computing sums in the following result. 



HISTORICAL 
NOTES 

Karl Friedrich Gauss 
(1777-1855) 

A German mathematician widely 
considered to be the greatest 
mathematician of all time. A 
prodigy who had proved 
important theorems by age 1 4, 
Gauss was the acknowledged 
master of almost all areas of 
mathematics. He proved the 
Fundamental Theorem of Algebra 
and numerous results in number 
theory and mathematical physics. 
Gauss was instrumental in starting 
new fields of research including 
the analysis of complex variables, 
statistics, vector calculus and 
non-Euclidean geometry. Gauss 
was truly the "Prince of 
Mathematicians." 



THEOREM 2.1 

If n is any positive integer and c is any constant, then 



(i) Y_. c = cn (sum of constants), 

n(n + 1) 



i=l 



(sum of the first n positive integers) and 



(-) £ 



^ . 2 _ n(n+ l)(2n + 1) 



(sum of the squares of the first n positive integers). 



PROOF 

n 

(i) c indicates to add the same constant c to itself n times and hence, the sum is simply 
c times n. 

(ii) The following clever proof has been credited to then 10-year-old Karl Friedrich Gauss. 
(For more on Gauss, see the historical note in the margin.) First notice that 



J^i = 1 + 2 + 3 ■ 



(« - 2) + (n - 1) + n . 



(2.1) 



;=i 
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Since the order in which we add the terms does not matter, we add the terms in (2.1) in 
reverse order, to get 

n 

i = n + (n - 1) + (n - 2) + • • ■ + 3 + 2 + 1 . (2.2) 

i=l ' " ' 

same n terms (backward) 

Adding equations (2.1) and (2.2) term by term, we get 

// 

2^ i = (1 + n) + (2 + n - 1) + (3 + n - 2) + ■ • • + (n - 1 + 2) + (n + 1) 

;=i 

= (n + 1) + (n + 1) + (n + 1) + • • • + (n + 1) + (n + 1) + (« + 1) 



n terms 

= Il(n -\- 1), Adding each term in parentheses. 

since (n 4- 1) appears n times in the sum. Dividing both sides by 2 gives us 

En(n 4- 1) 

Z^ - 2— 
?=i 

as desired. The proof of (iii) requires a more sophisticated proof using mathematical induc- 
tion and we defer it to the end of this section. ■ 

We also have the following general rule for expanding sums. The proof is straight- 
forward and is left as an exercise. 



THEOREM 2.2 




For any constants c and d, 




n 

^(Cfl/ - 


n n 

f dbi ) — c a -, + d h; . 


! = 1 


! = 1 1 = 1 



Using Theorems 2. 1 and 2.2, we can now compute several simple sums with ease. Note 
that we have no more difficulty summing 800 terms than we do summing 8. 



EXAMPLE 2.4 Computing Sums Using Theorems 2. 1 and 2.2 

8 800 

Compute (a) £(2i + 1) and (b) £(2/ + 1). 

i=i i=i 

Solution (a) From Theorems 2.1 and 2.2, we have 

8 8 8 

Yyn + 1) = + J2 1 = 2 ^p- + = 72 + 8 = 80 - 

1=1 1=1 1=1 

|°° mo |°o 8 oo(801) 
(b) Similarly, ^(2j + 1) = 2^/ + 1 = 2 + (1)(800) 

i=l i=l i=l 2 

= 640,800 + 800 = 641,600. ■ 



EXAMPLE 2.5 Computing Sums Using Theorems 2. 1 and 2.2 

20 20 / • \ 2 

Compute (a) ^ i' 2 and (b) ^ y— J . 

Solution (a) From Theorems 2.1 and 2.2, we have 

, 20(21)(41) 
/2 = v ; = 2870. 

k 6 

(b) T f-V =^lE' 2 = -^ 20(21X41) = ^2870 = 7.175. 
jr{\20) 20 2 -^ 400 6 400 
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In the beginning of this section, we approximated distance by summing several values 
of the velocity function. In section 4.3, we will further develop these sums to allow us to 
compute areas exactly. However, our immediate interest in sums is to use these to sum a 
number of values of a function, as we illustrate in examples 2.6 and 2.7. 

EXAMPLE 2.6 Computing a Sum of Function Values 

Sum the values of f(x) — x 2 + 3 evaluated at x = 0.1, x = 0.2, . . . , x = 1.0. 

Solution We first formulate this in summation notation, so that we can 

use the rules we have developed in this section. The terms to be summed are 

a x = /(0.1) = 0.1 2 + 3, a 2 — /(0.2) = 0.2 2 + 3 and so on. Note that since each of the 

x-values is a multiple of 0.1, we can write the x's in the form 0.1/, for i = 1,2,..., 10. 

In general, we have 

a t = /(O.lz) = (0.1/) 2 + 3, for i = 1, 2, . . . , 10. 

From Theorem 2. 1 (i) and (iii), we then have 

10 10 10 10 10 

J2 a ' = JL = Ek°- 1( ' )2 + 3 i = °- 12 E [1 + E 3 

1 = 1 i=l i=l i=l i=l 

10(11)(21) 

= 0.01 + (3)(10) = 3.85 + 30 = 33.85. 



EXAMPLE 2.7 A Sum of Function Values at Equally Spaced x's 

Sum the values of f(x) — 3x 2 — Ax + 2 evaluated at x — 1.05, x — 1.15, 
x - 1.25, ...,x - 2.95. 

Solution You will need to think carefully about the x's. The distance between 
successive x-values is 0.1 and there are 20 such values. (Be sure to count these for 
yourself.) Notice that we can write the x's in the form 0.95 + 0.1/, for / = 1,2,..., 20. 
We now have 

20 20 



i=l ( = 1 

20 



/(°- 95 + = E [3(0 - 95 + 0 - H)2 ~ 4(0 ' 95 + al/) + 2] 

! = 1 

20 

£](0.03/ 2 + 0. 17/ + 0.9075) Multiply out terms. 

! = 1 

20 20 20 

0.03 E ' 2 + °' 17 E ' + E °- 9075 From Theorem 2 - 2 - 



;=i /=i i=i 



20(21)(41) 20(21) FromTheorem2 1 

0-03 f + 0-17^^ + 0.9075(20) 

139.95. ■ 



Over the next several sections, we will see how sums such as those found in examples 
2.6 and 2.7 play a very significant role. We end this section by looking at a powerful 
mathematical principle. 

O Principle of Mathematical Induction 

For any proposition that depends on a positive integer, n, we first show that the result is 
true for a specific value n — n^. We then assume that the result is true for an unspecified 
n — k > «o- (This is called the induction assumption.) If we can show that it follows that 
the proposition is true for n = k + 1, then we have proved that the result is true for any 
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positive integer n > wo. Think about why this must be true. (Hint: If Pi is true and P* true 
implies Pk+ \ is true, then Pi true implies P2 is true, which in turn implies P3 is true and so on.) 
We can now use mathematical induction to prove the last part of Theorem 2.1, which 



states that for any positive integer «, ^ i = 



n(n + 1)(2« + 1) 



PROOF OF THEOREM 2.1 (Hi) 

For n — 1, we have 



K2)(3) 



1=1 

as desired. So, the proposition is true for n — 1. Next, assume that 

k 



v- . 2 Kk + Wk + 1) 

2_^l — ' Induction assumption. 



for some integer k > 1 . 

In this case, we have by the induction assumption that for n — k + 1, 

n k+l k k+l 

^ ' / 2 = ^ ' f' 2 = ^ ' ?' 2 + ^ ' /" Split off the last term. 

i=l i=l i=l !=t+l 

+ 1)(2A: + 1) 2 

h (K + 1)" From (2.3). 

6 

l)(2yt+ l) + 6(yfe+ l) 2 



6 

(fc+l)[fc(2fc+l) + 6(fc+l)] 
6 

(jfe + l)[2/fc 2 + 7^ + 6] 
6 

(fc + l)(k + 2)(2A: + 3) 
6 

(fc+l)[(fc+l)+l][2(fc +!)+!] 
6 

n(« + l)(2rc + 1) 



Add the fractions. 



Factor out (k + 1). 



Combine terms. 



Factor the quadratic. 



Rewrite the terms. 



Since n = k-\- 1. 



as desired. 



EXERCISES 4.2 

53 WRITING EXERCISES 

1. In the text, we mentioned that one of the benefits of using 
the summation notation is the simplification of calculations. 
To help understand this, write out in words what is meant by 

40 

J2(2i 2 -4i + 11). 

i=l 

40 

2. Following up on exercise 1, calculate the sum 2~Z(2; 2 — 4i + 

; = 1 

11) and then describe in words how you did so. Be sure to 
describe any formulas and your use of them in words. 



In exercises 1 and 2, translate into summation notation. 

1. 2(1) 2 + 2(2) 2 + 2(3) 2 + • • • + 2(14) 2 

2. V2^T+ V3^n" + V4^T+--- + Vl5- 1 



In exercises 3 and 4, calculations are described in words. 
Translate each into summation notation and then compute 
the sum. 

3. (a) The sum of the squares of the first 50 positive integers, 
(b) The square of the sum of the first 50 positive integers. 
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4. (a) The sum of the square roots of the first 10 positive integers, 
(b) The square root of the sum of the first 10 positive integers. 



31. J^(i 5 -2i 2 ) 



32. Y^(2i 5 + 2i + 1) 



In exercises 5-8, write out all terms and compute the sums. 



5. J> 2 

10 

7. J^(4i + 2) 



6. Y\i 2 + i) 

8 

8. £> 2 + 2) 



In exercises 9-18, use summation rules to compute the sum. 



9. £>' " D 

40 

11. £(4-/») 

1=1 

100 

13. y,(" 2 ~ 3n + 2 ) 

«=i 

30 

15. - 3 ) 2 + (»' " 3)] 

i=3 
n 

17. Y,(k 2 - 3 ) 



10. Yj(,3i - 4) 

i=i 

50 

12. 5~)(8-0 

i=i 

140 

14. J2( n2 + 2«-4) 

h=i 

20 

16. £[(< - 3)(i 4- 3)] 

i=4 
n 

18. ^(fc 2 4-5) 



In exercises 19-22, compute sums of the form /(jt,)Ax for 
the given values of x ; . 1=1 

19. /(x) = x 2 4- 4x; x = 0.2, 0.4, 0.6, 0.8, 1.0; Ax = 0.2; n = 5 

20. /(x) = 3x 4- 5; x = 0.4, 0.8, 1.2, 1.6, 2.0; Ax = 0.4; n = 5 

21. /(x) = 4x 2 - 2; x = 2.1, 2.2, 2.3, 2.4, . . . , 3.0; 
Ax = 0.1; n = 10 

22. /(x) = x 3 4- 4; x = 2.05, 2.15, 2.25, 2.35, . . . , 2.95; 
Ax = 0.1; n = 10 

In exercises 23-26, compute the sum and the limit of the sum 

as n — > oo . 



" 1 

i=i " 

" 1 
25. T- 



M + 2 (L 
n I \n 



2i\ 2 (2i 



" 1 
24. Y- 

" 1 



'-) -i'- 

n I \n 



\ n ) + In 



^ , n\n 4- l) 2 

27. Use mathematical induction to prove that i — 



for all integers n > 1 
Use 

n 

E 



28. Use mathematical induction to prove that 
A, . 5 n 2 (n + l) 2 (2n 2 + 2n - 1) 



12 



for all integers n > 1 . 



In exercises 29-32, use the formulas in exercises 27 and 28 to 
compute the sums. 

10 20 

29. J2 ( i 3 ~ 3i + !) 30 - E ( ' 3 + 2i) 



33. Prove Theorem 2.2. 

34. Use induction to derive the geometric series formula 

r n+\ 

for constants a and 



a + ar + ar 2 + ■ ■ ■ + ar" 
r#l. 



1 - r 



In exercises 35 and 36, use the result of exercise 34 to evaluate 
the sum and the limit of the sum as n — ► oo . 

l Y ^ /-i\' 



APPLICATIONS 



37. Suppose that a car has velocity 50 mph for 2 hours, velocity 
60 mph for 1 hour, velocity 70 mph for 30 minutes and velocity 
60 mph for 3 hours. Find the distance traveled. 

38. Suppose that a car has velocity 50 mph for 1 hour, velocity 
40 mph for 1 hour, velocity 60 mph for 30 minutes and velocity 
55 mph for 3 hours. Find the distance traveled. 

39. The table shows the velocity of a projectile at various times. 
Estimate the distance traveled. 



time (s) 


0 


0.25 


0.5 


0.75 


1.0 


1.25 


1.5 


1.75 


2.0 


velocity (ft/s) 


120 


116 


113 


110 


108 


106 


104 


103 


102 



40. The table shows the (downward) velocity of a falling object. 
Estimate the distance fallen. 



time (s) 


0 


0.5 


1.0 


1.5 


2.0 


2.5 


3.0 


3.5 


4.0 


velocity (m/s) 


10 


14.9 


19.8 


24.7 


29.6 


34.5 


39.4 


44.3 


49.2 



EXPLORATORY EXERCISES 

Suppose that the velocity of a car is given by v(t ) = 3V t + 
30 mph at time t hours (0 < t < 4). We will try to deter- 
mine the distance traveled in the 4 hours. The velocity at 
t = 0 is u(0) = 3 V0 4- 30 = 30 mph and the velocity at 
time t — 1 is u(l) = 3-s/l4- 30 = 33 mph. Since the aver- 
age of these velocities is 31.5 mph, we could estimate that 
the car traveled 31.5 miles in the first hour. Carefully explain 
why this is not necessarily correct. Since u(l) = 33 mph and 
v(2) = 3-s/2 4- 30 w 34 mph, we estimate that the car traveled 
33.5 miles in the second hour. Using u(3) « 35 mph and 
y(4) = 36 mph, find similar estimates for the distance traveled 
in the third and fourth hours and then estimate the total dis- 
tance. To improve this estimate, we can find an estimate for the 
distance covered each half hour. The first estimate would take 
u(0) = 30 mph and u(0.5) :=« 32.1 mph and estimate a distance 
of 15.525 miles. Estimate the average velocity and then the 
distance for the remaining 7 half hours and estimate the total 
distance. By estimating the average velocity every quarter 
hour, find a third estimate of the total distance. Based on these 
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three estimates, conjecture the limit of these approximations 
as the time interval considered goes to zero. 

2. In this exercise, we investigate a generalization of a finite sum 
called an infinite series. Suppose a bouncing ball has coeffi- 
cient of restitution equal to 0.6. This means that if the ball hits 
the ground with velocity v ft/s, it rebounds with velocity 0.6v. 
Ignoring air resistance, a ball launched with velocity v ft/s will 
stay in the air v/ 16 seconds before hitting the ground. Suppose 
a ball with coefficient of restitution 0.6 is launched with initial 
velocity 60 ft/s. Explain why the total time in the air is given 
by 60/16 + (0.6)(60)/16 + (0.6)(0.6)(60)/16 + • ■ •. It might 
seem like the ball would continue to bounce forever. To see 



otherwise, use the result of exercise 34 to find the limit that 
these sums approach. The limit is the number of seconds that 
the ball continues to bounce. 

3. The following statement is obviously false: Given any set 
of n numbers, the numbers are all equal. Find the flaw in 
the attempted use of mathematical induction. Let n = 1. One 
number is equal to itself. Assume that for n — k, any k numbers 

are equal. Let S be any set of k + 1 numbers a\, aa a^+i ■ 

By the induction hypothesis, the first k numbers are equal: 
a\ — a 2 — ■ ■ ■ — a k and the last k numbers are equal: 
a 2 — «3 = ■ ■ • = a k+l . Combining these results, allA: + 1 num- 
bers are equal: a\ = aq. = - - • = <z* = aic+i, as desired. 



0) 



4.3 AREA 




FIGURE 

Area under y 



4.5 

= m 



In this section, we develop a method for computing the area beneath the graph of y — f(x) 
and above the x-axis on an interval a < x < b. You are familiar with the formulas for 
computing the area of a rectangle, a circle and a triangle. However, how would you compute 
the area of a region that's not a rectangle, circle or triangle? 

We need a more general description of area, one that can be used to find the area of 
almost any two-dimensional region imaginable. It turns out that this process (which we 
generalize to the notion of the definite integral in section 4.4) is one of the central ideas of 
calculus, with applications in a wide variety of fields. 

First, assume that f(x) > 0 and / is continuous on the interval [a, b], as in Figure 4.5. 
We start by dividing the interval [a , b] into n equal pieces. This is called a regular partition 



of [a, b]. The width of each subinterval in the partition is then 



b — a 



- , which we denote by 



Ax (meaning a small change in x). The points in the partition are denoted by xn — a,x\ 
xq + Ax, X2 = xi + Ax and so on. In general, 



X; = Xq + iAj 



for / = 1,2, 



See Figure 4.6 for an illustration of a regular partition for the case where n — 6. On each 
subinterval [x,_i, x, ] (for i — 1, 2, . . . , «), construct a rectangle of height /(x, ) (the value 

k- Ax -H-«- Ax -H-«- Ax -»+«- Ax -»+«- Ax -»+«- Ax -H 



■*2 



*3 




FIGURE 4.7 



FIGURE 4.6 

Regular partition of [a, b] 

of the function at the right endpoint of the subinterval), as illustrated in Figure 4.7 for the 
case where n = 4. It should be clear from Figure 4.7 that the area under the curve A is 
roughly the same as the sum of the areas of the four rectangles, 

A « /(xi) Ax + f(x 2 ) Ax + /(x 3 ) Ax + /(x 4 ) Ax = A 4 . 

In particular, notice that although two of these rectangles enclose more area than that under 
the curve and two enclose less area, on the whole, the sum of the areas of the four rectangles 
provides an approximation to the total area under the curve. More generally, if we construct 
n rectangles of equal width on the interval [a, b], we have 

A » /(x0 Ax + /(x 2 ) Ax + ■ • • + f(x„) Ax 



(3.1) 
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EXAMPLE 3.1 Approximating an Area Using Rectangles 

Approximate the area under the curve y = f(x) — 2x — 2x 2 on the interval [0, 1], 
using (a) 10 rectangles and (b) using 20 rectangles. 

Solution (a) The partition divides the interval into 10 subintervals, each of length 
Ax = 0.1, namely [0,0.1], [0.1,0.2], . . . , [0.9, 1.0]. In Figure 4.8, we have drawn in 
rectangles of height fix,) on each subinterval [x,-_i, x,] for i = 1,2, . . . , 10. Notice 
that the sum of the areas of the 10 rectangles indicated provides an approximation to the 
area under the curve. That is, 

10 



■ + /(1.0)](0.1) 
0.48 + 0.5 + 0.48 



0.42 + 0.32 + 0.18 + 0)(0.1) 




= [/(0.1) + /(0.2) + - 
= (0.18 + 0.32 + 0.42- 
= 0.33. 

(b) Here, we partition the interval [0, 1] into 20 subintervals, each of width 

1-0 



Ax 



20 



1 
20 



0.05. 



0.2 0.4 0.6 



We then have Xq — 0, x\ — 0 + Ax = 0.05, xi — x\ + Ax = 2(0.05) and so on, so that 
W x x, = (0.05); , for i = 0, 1, 2, 

0.8 1.0 



FIGURE 4. 

A ?s A20 




0.2 0.4 0.6 



FIGURE 4. 

A « A 40 



10 



, 20. From (3.1), the area is then approximately 

20 20 



A « A 20 = fixdAx = (2xi - 2xf) Ax 

i=l i=l 

20 

= ^2[0.05i - (0.050 2 ](0.05) = 0.3325, 

!=i 

where the details of the calculation are left for the reader. Figure 4.9 shows an 
approximation using 20 rectangles and in Figure 4.10, we see 40 rectangles. 

Based on Figures 4.8^4. 10, you should expect that the larger we make n, the better 
A n will approximate the actual area, A. The obvious drawback to this idea is the length 
of time it would take to compute A„, for n large. However, your CAS or programmable 
calculator can compute these sums for you, with ease. The table shown in the margin 
indicates approximate values of A„ for various values of n. 

1 

Notice that as n gets larger and larger, A„ seems to be approaching -. 



n 


A n 


10 


0.33 


20 


0.3325 


30 


0.332963 


40 


0.333125 


50 


0.3332 


60 


0.333241 


70 


0.333265 


80 


0.333281 


90 


0.333292 


100 


0.3333 



Example 3.1 gives strong evidence that the larger the number of rectangles we use, 
the better our approximation of the area becomes. Thinking this through, we arrive at the 
following definition of the area under a curve. 



DEFINITION 3.1 

For a function / defined on the interval [a, b], if / is continuous on [a, b] and 
f(x) > 0 on [a, b], the area A under the curve y = f(x) on [a, b] is given by 



A = lim A„ = lim } /(x,) Ax. 



(3.2) 



i=i 



In example 3.2, we use the limit defined in (3.2) to find the exact area under the curve 
from example 3.1. 
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EXAMPLE 3.2 Computing the Area Exactly 

Find the area under the curve y = f(x) = 2x — 2x 2 on the interval [0, 1]. 
Solution Here, using n subintervals, we have 

1-0 1 

Ax = = - 



1 4 2 i 

and so, xq — 0, xi = — , X2 — x\ + Ax — — and so on. Then, x,- = — , for i = 0, 
n n n 

1,2, ... ,n. From (3.1), the area is approximately 



i / ; 

2- -2 - 
n \n 



E 



E 



2E'-^E 



i=l i = l 

2 n(n +1) 2 n(n + l)(2n + 1) 



n- 



From Theorem 2.1 (ii) and (in). 



n + 1 (« + l)(2n + 1) 
n 3n 2 
_ (w + !)(« - 1) 
3n 2 

Since we have a formula for A n , for any n, we can compute various values with ease. 
We have 

(201Y199) 
A 200 = = 0.333325, 



3(40,000) 
(501)(499) 



1500 



0.333332 



3(250,000) 

and so on. Finally, we can compute the limiting value of A„ explicitly. We have 

- 2 -l .. 1-1/m 2 1 



lim A„ 

n— too 



lim 



- lim 

n->oc 3« 2 n->oo 3 3 

Therefore, the exact area in Figure 4.8 is 1 /3, as we had suspected. 



EXAMPLE 3.3 Estimating the Area Under a Curve 

Estimate the area under the curve y = f(x) = *Jx + 1 on the interval [1, 3]. 
Solution Here, we have 

3-1 2 

Ajc = — - 

n n 



and xq = 1, so that X\ — xq + Ax = 1 H — , 

n 




and so on, so that x, = 1 H , for i = 0, 1, 2, . . . , n. 

n 
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n 




10 


3.50595 


50 


3.45942 


100 


3.45357 


500 


3.44889 


1000 


3.44830 


5000 


3.44783 



Thus, we have from (3.1) that 

n n 

A « A n = /(*<) Ax = A" + 1 A * 




We have no formulas like those in Theorem 2. 1 for simplifying this last sum (unlike the 
sum in example 3.2). Our only choice, then, is to compute A„ for a number of values of 
n using a CAS or programmable calculator. The table shown in the margin lists 
approximate values of A„. Although we can't compute the area exactly (as yet), you 
should get the sense that the area is approximately 3.4478. ■ 



We pause now to define some of the mathematical objects we have been examining. 



HISTORICAL 
NOTES 



Bernhard Riemann 
(1826-1866) 

A German mathematician who 
made important generalizations 
to the definition of the integral. 
Riemann died at a young age 
without publishing many papers, 
but each of his papers was highly 
influential. His work on 
integration was a small portion 
of a paper on Fourier series. 
Pressured by Gauss to deliver a 
talk on geometry, Riemann 
developed his own geometry, 
which provided a generalization of 
both Euclidean and non-Euclidean 
geometry. Riemann's work often 
formed unexpected and insightful 
connections between analysis and 
geometry. 



DEFINITION 3.2 

Let {xq, x\, 
Xi — = Ax = 



x,,} be a regular partition of the interval [a, b], with 
a 



for all i. Pick points c\, Ci, . . . , c„, where c, is any point in 

n 

the subinterval [x,_i, x,], for i = 1, 2, . . . , n. (These are called evaluation points.) 
The Riemann sum for this partition and set of evaluation points is 



f(a) Ax. 



!=1 



So far, we have seen that for a continuous, nonnegative function /, the area under the curve 
y = f(x) is the limit of the Riemann sums: 



A — lim f(a)Ax, 



(3.3) 



where c, = x,-, for i — 1,2, ... ,n. Surprisingly, for any continuous function/, the limit 
in (3.3) is the same for any choice of the evaluation points c,- e [x,_i, x{\ (although the 
proof is beyond the level of this course). In examples 3.2 and 3.3, we used the evaluation 
points Cj — Xi, for each i (the right endpoint of each subinterval). This is usually the most 
convenient choice when working by hand, but does not generally produce the most accurate 
approximation for a given value of n. 



REMARK 3.1 



Most often, we cannot compute the limit of Riemann sums indicated in (3.3) exactly 
(at least not directly). However, we can always obtain an approximation to the area by 
calculating Riemann sums for some large values of n. The most common (and 
obvious) choices for the evaluation points c, are x, (the right endpoint), x,_i (the left 
endpoint) and \{xi-\ + x,) (the midpoint). See Figures 4.1 la, 4.1 lb and 4.11c (on the 
following page) for the right endpoint, left endpoint and midpoint approximations, 
respectively, for f(x) = 9x 2 + 2, on the interval [0, 1], using n = 10. You should note 
that in this case (as with any increasing function), the rectangles corresponding to the 
right endpoint evaluation (Figure 4.1 la) give too much area on each subinterval, while 
the rectangles corresponding to left endpoint evaluation (Figure 4.1 lb) give too little 
area. We leave it to you to observe that the reverse is true for a decreasing function. 
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0.2 0.4 0.6 0.8 1.0 
FIGURE 4.1 la 




0.2 0.4 0.6 0.8 1.0 
FIGURE 4.1 lb 

C; = Xi-1 




0.2 0.4 0.6 0.8 1.0 
FIGURE 4.1 Ic 



TODAY IN 
MATHEMATICS 



Louis de Branges ( 1 932- ) 

A French mathematician who 
proved the Bieberbach conjecture 
in 1 985. To solve this famous 
70-year-old problem, de Branges 
actually proved a related but 
much stronger result. In 2004, 
de Branges posted on the Internet 
what he believes is a proof of 
another famous problem, the 
Riemann hypothesis. To qualify 
for the $ I million prize offered for 
the first proof of the Riemann 
hypothesis, the result will have 
to be verified by expert 
mathematicians. However, 
de Branges has said, "I am 
enjoying the happiness of having a 
theory which is in my own hands 
and not in that of eventual 
readers. I would not want to end 
that situation for a million 
dollars." 



EXAMPLE 3.4 Computing Riemann Sums with Different 
Evaluation Points 



Compute Riemann sums for f(x) = s/x + 1 on the interval [1, 3], for n = 10, 50, 
100, 500, 1000 and 5000, using the left endpoint, right endpoint and midpoint of each 
subinterval as the evaluation points. 

Solution The numbers given in the following table are from a program written for a 
programmable calculator. We suggest that you test your own program or one built into 
your CAS against these values (rounded off to six digits). 



n 


Left Endpoint 


Midpoint 


Right Endpoint 


10 


3.38879 


3.44789 


3.50595 


50 


3.43599 


3.44772 


3.45942 


100 


3.44185 


3.44772 


3.45357 


500 


3.44654 


3.44772 


3.44889 


1000 


3.44713 


3.44772 


3.44830 


5000 


3.44760 


3.44772 


3.44783 



There are several conclusions to be drawn from these numbers. First, there is good 
evidence that all three sets of numbers are converging to a common limit of 
approximately 3.4477. Second, even though the limits are the same, the different rules 
approach the limit at different rates. You should try computing left and right endpoint 
sums for larger values of n, to see that these eventually approach 3.44772, also. ■ 



Riemann sums using midpoint evaluation are usually more accurate than left or right 
endpoint rules for a given value of n. If you think about the corresponding rectangles, you 
may be able to explain why. Finally, notice that the left and right endpoint sums in example 
3.4 approach the limit from opposite directions and at about the same rate. 



BEYOND FORMULAS 

We have now developed a technique for using limits to compute certain areas exactly. 
This parallels the derivation of the slope of the tangent line as the limit of the slopes 
of secant lines. Recall that this limit became known as the derivative and turned out to 
have applications far beyond the slope of a tangent line. Similarly, Riemann sums lead 
us to a second major area of calculus, called integration. Based on your experience 
with the derivative, do you expect this new limit to solve problems beyond the area of a 
region? Do you expect that there will be rules developed to simplify the calculations? 
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EXERCISES 4.3 



0) 



IS) WRITING EXERCISES 



1. For many functions, the limit of the Riemann sums is inde- 
pendent of the choice of evaluation points. As the number of 
partition points gets larger, the distance between the endpoints 
gets smaller. For a continuous function f(x), explain why the 
difference between the function values at any two points in a 
given subinterval will have to get smaller. 

2. Rectangles are not the only basic geometric shapes for which 
we have an area formula. Discuss how you might approximate 
the area under a parabola using circles or triangles. Which 
geometric shape do you think is the easiest to use? 



In exercises 1-4, list the evaluation points corresponding to the 
midpoint of each subinterval, sketch the function and approxi- 
mating rectangles and evaluate the Riemann sum. 



1. /(x) = x 2 4-l, 

2. f(x) = x 3 -l, 

3. f(x) — sinx, 

4. /(x) = 4-x 2 , 



(a) [0, 1], n = 4 
(a) [l,2],n = 4 
(a) [0,7r],n = 4 
(a) [-1,1], n = 



(b) [0, 2], n = 4 
(b) [1,3], /i = 4 
(b) [0,tt],« = 8 
(b) [-3,-l],n =4 



| In exercises 5-10, approximate the area under the curve on the 
given interval using n rectangles and the evaluation rules (a) left 
endpoint, (b) midpoint and (c) right endpoint. 



5. v 

6. y. 



: x 2 + 1 on [0, l],n = 16 
: x 2 + 1 on [0, 2],n = 16 



7. y = s/x + 2 on [1,4], n 
1 



8. y. 

9. y 
10. y. 



on [—1, 1], n 



16 

: 16 



x +2 

■ cosx on [0, jt/2], n — 50 
: x 3 - 1 on [-1, l],n = 100 



In exercises 11-14, use Riemann sums and a limit to compute 
the exact area under the curve. 

11. y = x 2 + 1 on (a) [0, 1], (b) [0, 2], (c) [1, 3] 

12. y = x 2 + 3x on (a) [0, 1], (b) [0, 2], (c) [1, 3] 

13. y = 2x 2 + l on (a) [0, 1], (b) [-1, 1], (c) [0, 4] 

14. y = 4x 2 - x on (a) [0, 1], (b) [-1, 1], (c) [0, 4] 



\ In exercises 15-18, construct a table of Riemann sums as in 
example 3.5, to show that sums with right-endpoint, midpoint 
and left-endpoint evaluation all converge to the same value as 
n — ► oo . 



15. fix) = 4 - x 2 , [-2, 2] 
17. f(x) = * 3 - 1, [1, 3] 



16. f(x) = sinx, [0, jr/2] 
18. /(x) = * 3 -l,[-l,l] 



In exercises 19-22, graphically determine whether a Riemann 
sum with (a) left-endpoint, (b) midpoint and (c) right-endpoint 
evaluation points will be greater than or less than the area under 
the curve y = f(x) on [a, b]. 

19. fix) is increasing and concave up on [a, b]. 

20. fix) is increasing and concave down on [a, b]. 

21. f{x) is decreasing and concave up on [a, b]. 

22. fix) is decreasing and concave down on [a, b]. 



23. For the function fix) — x 2 on the interval [0, 1], by trial and 
error find evaluation points for n — 2 such that the Riemann 
sum equals the exact area of 1/3. 

24. For the function fix) — *Jx on the interval [0, 1], by trial and 
error find evaluation points for n — 2 such that the Riemann 
sum equals the exact area of 2/3. 

25. (a) Show that for right-endpoint evaluation on the inter- 
val [a, b] with each subinterval of length Ax = (b — a)/n, 
the evaluation points are c, — a + / Ax, for i = 1, 2, . . . , n. 
(b) Find a formula for the evaluation points for midpoint 
evaluation. 

26. (a) Show that for left-endpoint evaluation on the interval 
[a, b] with each subinterval of length Ax = ib — a)/n, the 
evaluation points are q = a + ii — l)Ax, for ( = 1,2,..., n. 
(b) Find a formula for evaluation points that are one-third of 
the way from the left endpoint to the right endpoint. 

» _ 2 

27. In the figure, which area equals lim \/2 yj\ + i/n -? 

n— »oo ' ' n 




/T / 2 

28. Which area equals lim > . / — V 1 + 2i — ? 

»->oo *—f V ti n 



In exercises 29-32, use the following definitions. The upper sum 

n 

of f on P is given by t/(P, /) = Yl /( c i) where /(c,) is the 

;=i 

maximum of / on the subinterval [x,_i, x, ]. Similarly, the lower 

n 

sum of / on P is given by L(P, /) = X! fWi^x, where f{di) 

;=i 

is the minimum of / on the subinterval [x,-_i, *,-]• 

29. Compute the upper sum and lower sum of fix) — x 2 on [0, 2] 
for the regular partition with n — 4. 

30. Compute the upper sum and lower sum of /(x) = x 2 on [—2, 2] 
for the regular partition with n — 8. 
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31. Find (a) the general upper sum and (b) the general lower sum 
for f(x) — x 2 on [0, 2] and show that both sums approach the 
same number as n — >• oo. 

32. Repeat exercise 31 for f(x) — x 3 + 1 on the interval [0, 2], 



33. The following result has been credited to Archimedes. (See 
the historical note on page 325). For the general parabola 
y — a 1 — x 2 with — a < x < a, show that the area under the 
parabola is | of the base times the height [that is, |(2a)(a 2 )]. 

34. Show that the area under y — ax 2 for 0 < x < b equals | of 
the base times the height. 



X 


0.8 


0.9 


0.95 


0.98 


0.99 


1.0 


y 


0.144 


0.265 


0.398 


0.568 


0.736 


1.0 



40. The Lorentz curve (see exercise 39) can be used to compute the 
Gini index, a numerical measure of how inequitable a given 
distribution is . Let A i equal the area between the Lorentz curve 
and the x-axis. Construct the Lorentz curve for the situation of 
all countries being exactly equal in GDP and let A 2 be the area 
between this new Lorentz curve and the x-axis. The Gini index 
G equals A\ divided by A 2 . Explain why 0 < G < 1 and show 
that G — 2A\ . Estimate G for the data in exercise 39. 



In exercises 35-38, use the given function values to estimate 
the area under the curve using left-endpoint and right-endpoint 
evaluation. 

35. 



X 


0.0 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


fix) 


2.0 


2.4 


2.6 


2.7 


2.6 


2.4 


2.0 


1.4 


0.6 


36. 


X 


0.0 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


1.4 


1.6 


fix) 


2.0 


2.2 


1.6 


1.4 


1.6 


2.0 


2.2 


2.4 


2.0 


37. 


X 


1.0 


1.1 


1.2 


1.3 


1.4 


1.5 


1.6 


1.7 


1.8 


fix) 


1.8 


1.4 


1.1 


0.7 


1.2 


1.4 


1.8 


2.4 


2.6 


38. 


X 


1.0 


1.2 


1.4 


1.6 


1.8 


2.0 


2.2 


2.4 


2.6 


fix) 


0.0 


0.4 


0.6 


0.8 


1.2 


1.4 


1.2 


1.4 


1.0 



(J5> APPLICATIONS 

39. Economists use a graph called the Lorentz curve to describe 
how equally a given quantity is distributed in a given popula- 
tion. For example, the gross domestic product (GDP) varies 
considerably from country to country. The accompanying data 
from the Energy Information Administration show percentages 
for the 100 top-GDP countries in the world in 2001, arranged 
in order of increasing GDP. The data indicate that the first 10 
(lowest 10%) countries account for only 0.2% of the world's 
total GDP; the first 20 countries account for 0.4% and so on. 
The first 99 countries account for 73.6% of the total GDP. What 
percentage does country #100 (the United States) produce? The 
Lorentz curve is a plot of y versus x. Graph the Lorentz curve 
for these data. Estimate the area between the curve and the 
x-axis. (Hint: Notice that the x-values are not equally spaced. 
You will need to decide how to handle this. 



X 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


y 


0.002 


0.004 


0.008 


0.014 


0.026 


0.048 


0.085 



^ EXPLORATORY EXERCISES 

1. Riemann sums can also be defined on irregular partitions, 

for which subintervals are not of equal size. An example 
of an irregular partition of the interval [0, 1] is xq — 0, 
xi — 0.2, x 2 — 0.6, x 3 = 0.9, x 4 = 1. Explain why the corre- 
sponding Riemann sum would be 

/( Cl )(0.2) + /(c 2 )(0.4) + /(c 3 )(0.3) + /(c 4 )(0.1), 

for evaluation points c i , c%, C3 and C4 . Identify the interval from 
which each c, must be chosen and give examples of evaluation 
points. To see why irregular partitions might be useful, con- 
sider the function fix) = I ^? , l }, X < ] on the interval 
I x 2 + 1 if x > 1 

[0, 2]. One way to approximate the area under the graph of this 
function is to compute Riemann sums using midpoint evalua- 
tion for n — 10, n — 50, n — 100 and so on. Show graphically 
and numerically that with midpoint evaluation, the Riemann 
sum with n — 2 gives the correct area on the subinterval [0, 1]. 
Then explain why it would be wasteful to compute Riemann 
sums on this subinterval for larger and larger values of n. A 
more efficient strategy would be to compute the areas on [0, 1] 
and [1,2] separately and add them together. The area on [0, 1] 
can be computed exactly using a small value of n, while the 
area on [1, 2] must be approximated using larger and larger 
values of n. Use this technique to estimate the area for f(x) 
on the interval [0, 2], Try to determine the area to within an 
error of 0.01 and discuss why you believe your answer is this 
accurate. 

2. Graph the function f(x) — 1/x for x > 0. We define the area 
function g(t) to be the area between this graph and the x- 
axis between x = 1 and x — t (for now, assume that t > 1). 
Sketch the area that defines g(2) and g(3) and argue that 
g(3) > g(2). Explain why the function g(x) is increasing and 
hence g'{x) > 0 for x > 1. Further, argue that g'(3) < g'(2). 
Explain why g'(x) is a decreasing function. Thus, g'(x) has 
the same general properties (positive, decreasing) that f(x) 
does. In fact, we will discover in section 4.5 that g'(x) = fix). 
To collect some evidence for this result, use Riemann sums 
to estimate g(3), g(2.1), g(2.01) and g(2). Use these values to 
estimate g'(2) and compare to /(2). 
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4.4 THE DEFINITE INTEGRAL 



y 

A 

30- 




FIGURE 4.12 

y = fM 

REMARK 4.1 



Definition 4. 1 is adequate for 
most functions (those that are 
continuous except for at 
most a finite number of 
discontinuities). For more 
general functions, we broaden 
the definition to include 
partitions with subintervals of 
different lengths. You can find a 
suitably generalized definition 
in Chapter 14. 



NOTES 

If / is continuous on [a , b] and 
fix) > 0 on [a, b], then 




f(x)dx = Area under the 
curve > 0. 



A sky diver who steps out of an airplane (starting with zero downward velocity) gradually 
picks up speed until reaching terminal velocity, the speed at which the force due to air 
resistance cancels out the force due to gravity. A function that models the velocity x seconds 



We saw in section 4.2 that the area A under this curve on the interval 0 < x < t corre- 
sponds to the distance fallen in the first t seconds. For any given value of t, the area is given 
by the limit of the Riemann sums, 



where for each i, Cj is taken to be any point in the subinterval , x,]. 

Notice that the sum in (4.1) still makes sense even when some (or all) of the function 
values f(cj) are negative. The general definition follows. 



DEFINITION 4.1 

For any function / defined on [a, b], the definite integral of / from a to b is 



whenever the limit exists and is the same for every choice of evaluation points, 
c\, C2, . . . , c„. When the limit exists, we say that / is integrable on [a, b]. 



We should observe that in the Riemann sum, the Greek letter ^ indicates a sum; so does 
the elongated "S", f used as the integral sign. The lower and upper limits of integration, a 
and b, respectively, indicate the endpoints of the interval over which you are integrating. The 
dx in the integral corresponds to the increment Ax in the Riemann sum and also indicates 
the variable of integration. The letter used for the variable of integration (called a dummy 
variable) is irrelevant since the value of the integral is a constant and not a function of x. 
Here, f(x) is called the integrand. 

So, when will the limit defining a definite integral exist? Theorem 4. 1 indicates that 
many familiar functions are integrable. 



THEOREM 4.1 

If / is continuous on the closed interval [a, b], then / is integrable on [a, b]. 



The proof of Theorem 4. 1 is too technical to include here. However, if you think about 
the area interpretation of the definite integral, the result should seem plausible. 

To calculate a definite integral of an integrable function, we have two options: if the 
function is simple enough (say, a polynomial of degree 2 or less), we can symbolically 
compute the limit of the Riemann sums. Otherwise, we can numerically compute a number 
of Riemann sums and approximate the value of the limit. We frequently use the Midpoint 
Rule, which uses the midpoints as the evaluation points for the Riemann sum. 
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10 12 14 16 



FIGURE 4.13 



y = 30 1 



1 



n 


R„ 


10 


271.17 


20 


270.33 


50 


270.05 




y = fix) 



FIGURE 4.14 

f{cd < 0 



EXAMPLE 4. 1 A Midpoint Rule Approximation of a Definite Integral 



Use the Midpoint Rule to estimate 



fK 1 



1 



dx. 



Solution The integral gives the area under the curve indicated in Figure 4.13. (Note 
that this corresponds to the distance fallen by the sky diver in this section's 
introduction.) From the Midpoint Rule we have 



where c, 



Xi + Xi-l 



1 \ " " / 1 

= \dx*j2f^ Ax = 30 I 1 



15-0 



Using a CAS or a calculator program, you can get the sequence 



of approximations found in the accompanying table. 

One remaining question is when to stop increasing n. In this case, we continued to 
increase n until it seemed clear that 270 feet was a reasonable approximation. ■ 



Now, think carefully about the limit in Definition 4. 1 . How can we interpret this limit 
when / is both positive and negative on the interval [a, b]l Notice that if /(c,) < 0, for 
some i, then the height of the rectangle shown in Figure 4.14 is — /(c, ) and so, 

/(c, ) Ax = —Area of the ixh rectangle. 

To see the effect this has on the sum, consider example 4.2. 



EXAMPLE 4.2 A Riemann Sum for a Function with Positive 
and Negative Values 

n 

For f{x) — sin x on [0, 2tt], give an area interpretation of lim ^ /(c,) Ax. 

»-*■<» ,-=i 

Solution For this illustration, we take c, to be the midpoint of [x,_i , x, ], for 
> x i = 1, 2, . . . , n. In Figure 4.15a, we see 10 rectangles constructed between the x-axis 
and the curve y — f(x). 




FIGURE 4.15a 

Ten rectangles 

The first five rectangles [where /(c,) > 0] lie above the x-axis and have height 
f(ci). The remaining five rectangles [where /(c,) < 0] lie below the x-axis and have 
height — /(q). So, here 

10 

f(cj ) Ax = (Area of rectangles above the x-axis) 
'=i — (Area of rectangles below the x-axis). 

In Figures 4.15b and 4.15c, we show 20 and 40 rectangles, respectively, constructed in 
the same way. From this, observe that 

n 

lim f(ci) Ax = (Area above the x-axis) — (Area below the x-axis), 

n— too — J 
i=\ 

which turns out to be zero, in this case. 
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FIGURE 4.15b 

Twenty rectangles 




FIGURE 4.15c 

Forty rectangles 



More generally, we have the notion of signed area, which we now define. 



DEFINITION 4.2 

Suppose that f(x) > 0 on the interval [a, b] and A\ is the area bounded between the 
curve y = fix) and the x-axis for a < x < b. Further, suppose that f(x) < 0 on the 
interval [b, c] and A2 is the area bounded between the curve y = f(x) and the x-axis 
for b < x < c. The signed area between y — f(x) and the x-axis for a < x < c is 
A 1 — A2, and the total area between y = f(x) and the x-axis for a < x < c is 
A x +A Z . (See Figure 4. 16.) 



Definition 4.2 says that signed area is the difference between any areas lying above the 
x-axis and any areas lying below the x-axis, while the total area is the sum total of the area 
bounded between the curve y = /(x) and the x-axis. 

Example 4.3 examines the general case where the integrand may be both positive and 
negative on the interval of integration. 



EXAMPLE 4.3 Relating Definite Integrals to Signed Area 

Compute the integrals: (a) Jq(x 2 — 2x) dx and (b) /q (x 2 — 2x) dx, and interpret each in 
terms of area. 

Solution First, note that the integrand is continuous everywhere and so, it is also 
integrable on any interval, (a) The definite integral is the limit of a sequence of Riemann 
sums, where we can choose any evaluation points we wish. It is usually easiest to write 
out the formula using right endpoints, as we do here. In this case, 

2-0 2 



We then have xq = 0, x\ 



x 0 ■ 



X2 



Ax 
Ax 



1 + Ax 
2i 



2 



2(2) 
n 



and so on. We then have c, = x, — — . The nth Riemann sum R„ is then 

n 



Rn = J2 f{xd Ax = (xf - 2 Xi ) Ax 



E 



2/ 



E 



4/ 2 



n J \n 
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' 0.5 


1.0 


1.5 


2.0 




1 


— 1 — 


1 


1 ► 


-0.2- 










-0.4- 










-0.6- 










-0.8- 










-1.0- 











FIGURE 4.17 

y = x 2 — 2x on [0, 2] 




FIGURE 4.18 

y — x 2 — 2x on [0, 3] 



O X 9 O X ^ 

(=i i=i 
8 \ n(n + l)(2n + 1) 



8 \ n(n + 1) 



n J / 6 \n 

4(« + l)(2n + 1) 4(n + 1) 



2 

8« 2 + Yin 



From Theorem 2.1 (ii) and (iii). 

f 4 An + 4 



3« 2 

Taking the limit of R„ as « 

-2 



3n 2 



/ 

Jo 



(x — 2x) dx 



lim 

n— »oo 



oo gives us the exact value of the integral: 
'8ra 2 +12« + 4 4n + 4 N 



3« 2 



4 



A graph of v = x 2 — 2x on the interval [0, 2] is shown in Figure 4.17. Notice that 
since the function is always negative on the interval [0, 2], the integral is negative and 
equals —A, where A is the area lying between the jc-axis and the curve. 

(b) On the interval [0, 3], we have Ax — - and xq = Q,X\ = xq + Ax — -, 



x 2 = Xi 



Ax - 



3(2) 
n 



and so on. Using right-endpoint evaluation, we have c, = x-, — — . This gives us the 
Riemann sum 



Rn 



E 

27 



-2 



E 



9i 2 



n 



n IS" 



27\ n(n + l)(2n + 1) 
3 ) 6 



« j 7 



18 \ n(n + l) 

« 2 



From Theorem 2.1 (ii) and (iii). 



9(n + l)(2n + 1) 9(n + 1) 
2n 2 n 



Taking the limit as n — > oo gives us 



(V 2 



— 2x) dx — lim 



9(ra+l)(2n + l) 9(n + 1) 
2n 2 « 



18 
~2 



= 0. 



On the interval [0, 2], notice that the curve y = x 2 — 2x lies below the x-axis and the 
area bounded between the curve and the x-axis is g. On the interval [2, 3], the curve lies 
above the x-axis and so, the integral of 0 on the interval [0, 3] indicates that the signed 
areas have canceled out one another. (See Figure 4. 18 for a graph of y — x 2 — 2x on the 
interval [0, 3].) Note that this also says that the area under the curve on the interval [2, 3] 
must be t. You should also observe that the total area A bounded between y — x 2 — 2x 
and the x-axis is the sum of the two areas indicated in Figure 4.18, A = | + ~ = |. B 



We can also interpret signed area in terms of velocity and position. Suppose that v(t ) is 
the velocity function for an object moving back and forth along a straight line. Notice that the 
velocity may be both positive and negative. If the velocity is positive on the interval [f i , t 2 ], 
then f t J v(t) dt gives the distance traveled (here, in the positive direction). If the velocity 
is negative on the interval [t^, fj, then the object is moving in the negative direction and 
the distance traveled (here, in the negative direction) is given by — f ( ' 4 v(t)dt. Notice that 

if the object starts moving at time 0 and stops at time T, then v(t) dt gives the distance 
traveled in the positive direction minus the distance traveled in the negative direction. That 
is, L v(t) dt corresponds to the overall change in position from start to finish. 
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FIGURE 4. 

y = sin t on [0. 



19 



EXAMPLE 4.4 Estimating Overall Change in Position 

An object moving along a straight line has velocity function v(t) = sin t. If the object 
starts at position 0, determine the total distance traveled and the object's position at time 
t - 3tt/2. 

Solution From the graph (see Figure 4.19), notice that sin t > 0 for 0 < t < n and 
sinf < 0 for tt < t < 3jt/2. The total distance traveled corresponds to the area of the 
shaded regions in Figure 4.19, given by 

A — I sin t dt — I sin t dt. 

J0 Jtc 

You can use the Midpoint Rule to get the following Riemann sums: 



n 


R n w f* sin t dt 


10 


2.0082 


20 


2.0020 


50 


2.0003 


100 


2.0001 



n 


R n M f J /2 sin tdt 


10 


-1.0010 


20 


-1.0003 


50 


-1.0000 


100 


-1.0000 



Observe that the sums appear to be converging to 2 and —1, respectively, which we will 
soon be able to show are indeed correct. The total area bounded between y — sin t and 
the ?-axis on [0, ^] is then 



I sin t dt — I : 

J0 Jtz 



sin t dt — 2 + 1 = 3, 



so that the total distance traveled is 3 units. The overall change in position of the object 
is given by 



rjTC/Z nil ni 

/ sin t dt — I sin t dt + I sinf dt = 2 + (-1) = 1. 

Jo Jo Jtz 

So, if the object starts at position 0, it ends up at position 0+1 = 1. ■ 

Next, we give some general rules for integrals. 



THEOREM 4.2 

If / and g are integrable on [a, b], then the following are true. 

(i) For any constants c and d, f b [cf(x) + dg(x)] dx — c f b f(x) dx + d f b g(x) dx 
and 

(ii) For any c in [a, b], f a f(x) dx — f(x) dx + f f(x) dx. 



PROOF 



By definition, for any constants c and d, we have 



nb n 

/ [cf(x) + dg(x)] dx = Urn Y\cf{a) + dg( Ci )] Ax 

n n 



lim 

n— >oo 



From Theorem 2.2. 
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FIGURE 4.20 

Piecewise continuous function 



= c lim } f(ci) Ax + d lim } g(a) Ax 

n—>oo * — ' n— >oo * — ' 

i=l i=l 

f>b rb 

— c I f(x)dx + d I g(x)dx, 

J a J a 

where we have used our usual rules for summations plus the fact that/ and g are integrable. 
We leave the proof of part (ii) to the exercises, but note that we have already illustrated the 
idea in example 4.4. ■ 

We now make a pair of reasonable definitions. First, for any integrable function/, if 
a < b, we define 

(4.2) 



pa po 

I f(x)dx — — I f(x)dx. 

Jb J a 



This should appear reasonable in that if we integrate "backward" along an interval, the 
width of the rectangles corresponding to a Riemann sum (Ax) would seem to be negative. 
Second, if f{a) is defined, we define 



f 



f(x)dx=0. 



If you think of the definite integral as area, this says that the area from a up to a is zero. 

It turns out that a function is integrable even when it has a finite number of jump dis- 
continuities, but is otherwise continuous. (Such a function is called piecewise continuous; 
see Figure 4.20 for the graph of such a function.) 

In example 4.5, we evaluate the integral of a discontinuous function. 




FIGURE 4.21a 

y = m 




I — *-x 



FIGURE 4.21b 

The area under the curve -y = f(x) 
on [0, 3] 



EXAMPLE 4.5 An Integral with a Discontinuous Integrand 

Evaluate / Q 3 /(x) dx, where /(x) is defined by 

2x, if x < 2 



i. 



if x > 2 



Solution We start by looking at a graph of y — f(x) in Figure 4.21a. Notice that 
although / is discontinuous at x = 2, it has only a single jump discontinuity and so, is 
piecewise continuous on [0, 3]. By Theorem 4.2 (ii), we have that 



/ f(x)dx= f f(x)dx+ f f(x)dx. 
Jo Jo Ji 



Referring to Figure 4.21b, observe that / Q 2 /(x) dx corresponds to the area of the 
triangle of base 2 and altitude 4 shaded in the figure, so that 



f 

Jo 



f{x) dx = -(base) (height) 



:(2)(4) 



Next, also notice from Figure 4.21b that f 2 f(x) dx corresponds to the area of the 
square of side 1, so that 

jf f(x)dx = l. 



We now have that 



/ f(x)dx= f f(x)dx+ f f(x)dx=4+l=5. 
Jo Jo Ji 

Notice that in this case, the areas corresponding to the two integrals could be computed 
using simple geometric formulas and so, there was no need to compute Riemann sums 
here. ■ 
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Another simple property of definite integrals is the following. 




I — >x 



FIGURE 4.22 

Larger functions have larger 
integrals 



x o x \ 



x 2 ... x n 











FIGURE 4.23 

Average depth of a cross section 
of a lake 



THEOREM 4.3 

Suppose that g(x) < f(x) for all x e [a, b] and that/ and g are integrable on [a, b]. 
Then, 

r-b pb 



\ g(x)dx < / f(x)dx. 

Jo J a 



PROOF 



Since g(x) < f(x), we must also have that 0 < [f(x) — g(x)] on [a, b] and in view of this, 
f h [f( x ) ~ g( x )] dx represents the area under the curve y = f(x) — g(x), which can't be 
negative. Using Theorem 4.2 (i), we now have 



0 < 



p b fb pb 

/ lf(x)- g(x)]dx = I f(x)dx- g(x)dx, 

J a J a J a 



from which the result follows. ■ 

Notice that Theorem 4.3 simply says that larger functions have larger integrals. We 
illustrate this for the case of two positive functions in Figure 4.22. 



O Average Value of a Function 



To compute the average age of the students in your calculus class, note that you need only 
add up each student's age and divide the total by the number of students in your class. By 
contrast, how would you find the average depth of a cross section of a lake? You would get 
a reasonable idea of the average depth by sampling the depth of the lake at a number of 
points spread out along the length of the lake and then averaging these depths, as indicated 
in Figure 4.23. 

More generally, we often want to calculate the average value of a function / on some 
interval [a, b]. To do this, we form a partition of [a, b\. 



a = xq < X\ < 



< x„ - b, 
b- 



The average value, / a , 



where the difference between successive points is Ax 
is then given approximately by the average of the function values at X\, x%, . . . , x n : 
1 



-[/(x 1 ) + /(x 2 ) + ... + /(x„)] 



1 " 

n 



i 



Multiply and divide by (b — a). 



f(Xj ) Ax . Since Aa : 



Notice that the last summation is a Riemann sum. Further, observe that the more points we 
sample, the better our approximation should be. So, letting n —>■ oo, we arrive at an integral 
representing average value: 



(4.3) 
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FIGURE 4.24 

sin x and its average 



EXAMPLE 4.6 Computing the Average Value of a Function 

Compute the average value of f(x) = sinx on the interval [0, it]. 
Solution From (4.3), we have 



i r 

TT-Oio 



sinx dx. 



We can approximate the value of this integral by calculating some Riemann sums, to 
obtain the approximate average, / ave 0.6366198. (See example 4.4.) In Figure 4.24, 
we show a graph of y = sinx and its average value on the interval [0, jt]. You should 
note that the two shaded regions have the same area. ■ 



Notice in Figure 4.24 that there are two points at which the function equals its average 
value. We give a precise statement of this (unsurprising) result in Theorem 4.4. First, observe 
that for any constant, c, 

r-b n n 

I c dx — lim > c Ax — c lim > Ax = c(b — a), 

Ja i=l i=l 

n 

since ^ Ax is simply the sum of the lengths of the subintervals in the partition. 

i=l 

Let / be any continuous function defined on [a, b]. Recall that by the Extreme Value 
Theorem, since/ is continuous, it has a minimum, m, and a maximum, M, on [a, b], so that 

m < f(x) < M, for all x e[a, b] 

and consequently, from Theorem 4.3, 



rb rb rb 

/ m dx < f(x)dx < / M dx. 

J a J a J a 

i get 

a)< f ./ 

J a 



Since m and M are constants, we get 

m(b -a) < I 
Finally, dividing by (b — a) > 0, we obtain 



(4.4) 



m < 



That is 



i r k 

' b — aj a 



i r k 

-a Ja 



f(x)dx < M. 



f(x)dx (the average value off on [a, b]) lies between the minimum 



and the maximum values off on [a, b]. Since / is a continuous function, we have by the 
Intermediate Value Theorem (Theorem 4.4 in section 1 .4) that there must be some c e (a, b) 
for which 

1 f b 

f(c)=-. / f(x)dx. 

b-a J a 

We have just proved a theorem: 



THEOREM 4.4 (Integral Mean Value Theorem) 

Iff is continuous on [a, b], then there is a number c e (a, b) for which 



/(c) 



i r l 

-a Ja 



/(x) dx. 



The Integral Mean Value Theorem is a fairly simple idea (that a continuous function 
will take on its average value at some point), but it has some significant applications. The 
first of these will be found in section 4.5, in the proof of one of the most significant results 
in the calculus, the Fundamental Theorem of Calculus. 
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Referring back to our derivation of the Integral Mean Value Theorem, observe that along 
the way we proved that for any integrable function/, if m < f{x) < M, for all x € [a, b], 
then inequality (4.4) holds: 

m(b - a) < f f(x) dx < M(b - a). 

J a 

This enables us to estimate the value of a definite integral. Although the estimate is generally 
only a rough one, it still has importance in that it gives us an interval in which the value 
must lie. We illustrate this in example 4.7. 



EXAMPLE 4.7 Estimating the Value of an Integral 

Use inequality (4.4) to estimate the value of / y/x 2 + 1 dx. 

Jo 

Solution First, notice that it's beyond your present abilities to compute the value of 
this integral exactly. However, notice that 

1 < Vx 2 + 1 < V2, for all x e [0, 1]. 
From inequality (4.4), we now have 

1 < f \/x 2 + 1 dx < « 1.414214. 
Jo 

In other words, although we still do not know the exact value of the integral, we know 
that it must be between 1 and ~Jl ^ 1.414214. ■ 



EXERCISES 4.4 



0) 



^WRITING EXERCISES 



1. Sketch a graph of a function / that has both positive and neg- 
ative values on an interval [a,b]. Explain in terms of area what 
it means to have f f(x)dx — 0. Also, explain what it means 
to have f(x) dx > 0 and f b f(x) dx < 0. 

2. To get a physical interpretation of the result in Theorem 4.3, 
suppose that f(x) and g(x) are velocity functions for two dif- 
ferent objects starting at the same position. If /(x) > g(x) > 0, 
explain why it follows that f f(x)dx > J g(x)dx. 

3. The Integral Mean Value Theorem says that if f(x) is continu- 
ous on the interval [a , b], then there exists a number c between 
a and b such that f(c)(b — a) — f f(x)dx. By thinking of 
the left-hand side of this equation as the area of a rectangle, 
sketch a picture that illustrates this result, and explain why the 
result follows. 

4. Write out the Integral Mean Value Theorem as applied to the 
derivative f'(x). Then write out the Mean Value Theorem for 
derivatives. (See section 2.8.) If the c-values identified by each 
theorem are the same, what does f b f'(x)dx have to equal? 
Explain why, at this point, we don't know whether or not the 
c-values are the same. 



3. / sin x 

Jo 



dx 



/2 



4 - x 1 dx 



In exercises 5-8, give an area interpretation of the integral. 



■ / 



+ V)dx 



7. / (x 2 -2)dx 



fix' 
Jo 

f (x 3 - 3x 2 
Jo 



+ 1x) dx 



In exercises 9-14, evaluate the integral by computing the limit 
of Riemann sums. 



2x dx 



'7 

Jo 

11. f x 2 d. 
Jo 

13. I (x 2 - 



3)dx 



10. J 2xdx 

12. f (x 2 + l)d. 
Jo 

14. fjx 



l)dx 



| In exercises 1-4, use the Midpoint Rule with n = 6 to estimate 
the value of the integral. 



jf 



(x + x)dx 



Jo 



x 2 + 1 dx 



In exercises 15-20, write the given (total) area as an integral or 
sum of integrals. 

15. The area above the x-axis and below y — 4 — x 2 

16. The area above the x-axis and below y — 4x — x 2 
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17. The area below the x-axis and above y — x 2 — 4 

18. The area below the x-axis and above y — x 2 — 4x 

19. The area between y — sinx and the x-axis for 0 < x < it 

20. The area between y — sinx and the x-axis for 

it it 

< x < — . 

2 ~ ~ 4 



In exercises 37 and 38, assume that Jj f(x) dx = 3 and 
g(x) dx = —2 and find 



(a) / 



37. (a) / [f(x) + g(x)]dx 



38. (a) J [f(x 



) - g(x)] dx 



(b) 
(b) 



/ [4S( * 



)-g(x)]rfx 
)-3/(x)]dx 



| In exercises 21 and 22, use the given velocity function and initial 
position to estimate the final position s(b). 



21. v(t) = 

22. v(t) = 



1 



30 

■v/FTT' 



, ^(0) = 0, 6 = 4 
s(0) = -l,b = 4 



4 

In exercises 23 and 24, compute /(x) dx. 

2x if x < 1 



23. /(x) = 

24. /(x) = 



if x > 1 



2 ifx<2 
3x if x > 2 



In exercises 25-28, compute the average value of the function 
on the given interval. 



25. f(x) = 2x+ 1,[0,4] 
27. f(x) = x 2 - 1, [1, 3] 



26. /(x) = x 2 + 2x,[0, 1] 
28. f{x) = 2x- 2x 2 , [0, 1] 



In exercises 39 and 40, sketch the area corresponding to the 
integral. 



39. (a) / (x 2 - x) dx 



* / 

Jo 



(b) / (x 2 — x) iix 



cos x dx 



(b) 



4- x 2 dx 



41. (a) Use Theorem 4.3 to show that sin (1) < x 2 sinx dx < 4. 

(b) Use Theorem 4.3 to show that | sin 1 < f^x 2 smxdx < |. 

(c) Is the result of part (b) more useful than that of part (a)? 
Briefly explain. 

42. Use Theorem 4.3 to find bounds for Jj 2 x 2 cos *J~x dx. 

43. Prove that if / is continuous on the interval [a, b], then there 
exists a number c in (a, b) such that /(c) equals the average 
value of / on the interval [a, b\. 

44. Prove part (ii) of Theorem 4.2 for the special case where 
c= lia + b). 



In exercises 29-32, use the Integral Mean Value Theorem to 
estimate the value of the integral. 



r"/2 

29. i 3cosx 2 rfx 

ir/3 



31. 



I 

Jo 



1/2 ! 



+ lrfx 



r 1 3 



yr-x- 



dx 



: dx 



In exercises 33 and 34, find a vaiue of c that satisfies the conclu- 
sion of the Integral Mean Value Theorem. 



33. 



f 3x 2 tfx(= 
Jo 



8) 



34. 



2 2x)dx(= 2 -) 



In exercises 35 and 36, use Theorem 4.2 to write the expression 
as a single integral. 



fix)dx 



35. (a) f f(x)dx+ f f(x)dx (b) f f(x)dx- f 

Jo J2 JO Jl 

36. (a) f fix)dx+ f f(x)dx (b) f f(x)dx+ f f(x)dx 

Jo Ji J-i Ji 



In exercises 45-48, use the graph to determine whether 
f 9 f(x)dx is positive or negative. 



45. 



46. 





I — ►.v 
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In exercises 49-52, use a geometric formula to compute the 
integral. 



50. 2x dx 



49. f 3xdx 50. f 

Jo J i 

51. J ^4 - x 1 dx 52. j V9- 



53. Express each limit as an integral. 

1 / it 2tc rut 
(a) lim - I sin h sin 1 + sin — 

n->oo n \ n n n 



,'n + l n + 2 2n 
(b) lim | — — 4- — — + ■ ■ ■ + 



n->-oo y n- n 

, s r /(1/n) + /(2/n) + ... + /(„/„) 
(c) lim 

«->oo n 

54. Suppose that the average value of a function f(x) over an inter- 
val [a, b] is v and the average value of f(x) over the interval 
[b, c] is w. Find the average value of f(x) over the interval 
[a, c]. 



APPLICATIONS 



55. Suppose that, for a particular population of organisms, the 
birthrate is given by b(t) — 410 — 0.3t organisms per month 
and the death rate is given by a(t) — 390 4- 0.2? organisms 
per month. Explain why f Q [b(t) — a(t)] dt represents the net 
change in population in the first 12 months. Determine for 
which values of t it is true that b(t) > a(t). At which times is 
the population increasing? Decreasing? Determine the time at 
which the population reaches a maximum. 

56. Suppose that, for a particular population of organisms, the 
birthrate is given by b(t) — 400 — 3 sin t organisms per month 
and the death rate is given by a(t) — 390 + t organisms per 
month. Explain why J^'[b(t) — a(t)] dt represents the net 
change in population in the first 12 months. Graphically deter- 
mine for which values of t it is true that b(t) > a{t). At which 
times is the population increasing? Decreasing? Estimate the 
time at which the population reaches a maximum. 

57. For a particular ideal gas at constant temperature, pressure P 
and volume V are related by PV — 10. The work required 
to increase the volume from V — 2 to V — 4 is given by the 
integral P(V)dV. Estimate the value of this integral. 

58. Suppose that the temperature t months into the year is given by 
T(t) — 64 — 24 cos ~f (degrees Fahrenheit). Estimate the av- 
erage temperature over an entire year. Explain why this answer 
is obvious from the graph of T(t). 



Exercises 59-62 involve the just-in-time inventory discussed in 
the chapter introduction. 

59. For a business using just-in-time inventory, a delivery of Q 
items arrives just as the last item is shipped out. Suppose that 
items are shipped out at the constant rate of r items per day. If 
a delivery arrives at time 0, show that /(f) = Q — rt gives the 
number of items in inventory for 0 < t < j . Find the average 
value of / on the interval [0, y]. 

60. The Economic Order Quantity (EOQ) model uses the as- 
sumptions in exercise 59 to determine the optimal quantity Q 



to order at any given time. Assume that D items are ordered 
annually, so that the number of shipments equals 2 . If C a is 
the cost of placing an order and C c is the annual cost for stor- 
ing an item in inventory, then the total annual cost is given by 
f(Q) — C„^j + C c ®. Find the value of Q that minimizes the 
total cost. For the optimal order size, show that the total order- 
ing cost C 0 ^ equals the total carrying cost (for storage) C c j . 

61. The EOQ model of exercise 60 can be modified to take into 
account noninstantaneous receipt. In this case, instead of a full 
delivery arriving at one instant, the delivery arrives at a rate 
of p items per day. Assume that a delivery of size Q starts at 
time 0, with shipments out continuing at the rate of r items 
per day (assume that p > r). Show that when the delivery is 
completed, the inventory equals Q(i — r/p). From there, in- 
ventory drops at a steady rate of r items per day until no items 
are left. Show that the average inventory equals \ Q(\ — r/p) 
and find the order size Q that minimizes the total cost. 

62. A further refinement we can make to the EOQ model of 
exercises 60-61 is to allow discounts for ordering large quan- 
tities. To make the calculations easier, take specific values of 
D = 4000, C„ = $50,000 and C c = $3800. If 1-99 items are 
ordered, the price is $2800 per item. If 100-179 items are or- 
dered, the price is $2200 per item. If 180 or more items are 
ordered, the price is $1800 per item. The total cost is now 

+ C c j + PD, where P is the price per item. Find the 
order size Q that minimizes the total cost. 



63. The impulse-momentum equation states the relationship be- 
tween a force F(t) applied to an object of mass m and the 
resulting change in velocity Ad of the object. The equation is 
mAv = F(t)dt, where Ad = v(b) — v(a). Suppose that 
the force of a baseball bat on a ball is approximately 
F(t) - 9 - 10 8 (/ - 0.0003) 2 thousand pounds, for t between 
0 and 0.0006 second. What is the maximum force on the ball? 
Using m — 0.01 for the mass of a baseball, estimate the change 
in velocity Ad (in ft/s). 

64. Measurements taken of the feet of badminton players lung- 
ing for a shot indicate a vertical force of approximately 
F(t) = 1000 - 25,000(/ - 0.2) 2 Newtons, for t between 0 and 
0.4 second. (See The Science of Racquet Sports.) For a player of 
mass m — 5, use the impulse-momentum equation in exercise 
63 to estimate the change in vertical velocity of the player. 



EXPLORATORY EXERCISES 



1. Many of the basic quantities used by epidemiologists to study 
the spread of disease are described by integrals. In the case 
of AIDS, a person becomes infected with the HIV virus and, 
after an incubation period, develops AIDS. Our goal is to 
derive a formula for the number of AIDS cases given the HIV 
infection rate g(t ) and the incubation distribution F(t). To take 
a simple case, suppose that the infection rate the first month is 
20 people per month, the infection rate the second month is 30 
people per month and the infection rate the third month is 25 
people per month. Then g(l) = 20, g(2) = 30 and g(3) = 25. 
Also, suppose that 20% of those infected develop AIDS after 
1 month, 50% develop AIDS after 2 months and 30% develop 
AIDS after 3 months. (Fortunately, these figures are not at all 
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realistic.) Then F(l) = 0.2, F(2) = 0.5 and F(3) = 0.3. Ex- 
plain why the number of people developing AIDS in the fourth 
month would be g(l)F(3) + g(2)F(2) + g(3)F(l). Compute 
this number. Next, suppose that g(0.5) = 16, g(l) = 20, 
g(1.5) = 26, g(2) = 30, g(2.5) = 28, g(3) = 25 and 
g(3.5) = 22. Further, suppose that F(0.5) = 0.1, F(l) = 0.1, 
F(1.5) = 0.2, F(2) = 0.3, F(2.5) = 0.1, F(3) = 0.1 and 
F(3.5) = 0.1. Compute the number of people developing 
AIDS in the fourth month. If we have g(f ) and F(t) defined at 
all real numbers t, explain why the number of people devel- 
oping AIDS in the fourth month equals g(/)F(4 — t) dt. 



2. Riemann's condition states that f a f(x)dx exists if 
and only if for every e > 0 there exists a partition P 
such that the upper sum U and lower sum L (see ex- 
ercises 29-32 in section 4.3) satisfy \U — L\ < e. Use 

, - 1 if x is rational 

this condition to prove that ,/(x) = 



1 if x is irrational 
is not integrable on the interval [0,1]. A function / 
is called a Lipschitz function on the interval [a, b] if 
|/(jc) — f(y)\ < \x — y\ for all x and y in [a, b]. Use Rie- 
mann's condition to prove that every Lipschitz function on 
[a, b] is integrable on [a, b]. 



0) 



4.5 THE FUNDAMENTAL THEOREM OF CALCULUS 



In this section, we present a pair of results known collectively as the Fundamental Theorem 
of Calculus. On a practical level, the Fundamental Theorem provides us with a much-needed 
shortcut for computing definite integrals without struggling to find limits of Riemann sums. 
On a conceptual level, the Fundamental Theorem unifies the seemingly disconnected studies 
of derivatives and definite integrals, showing us that differentiation and integration are, in 
fact, inverse processes. In this sense, the theorem is truly fundamental to calculus as a 
coherent discipline. 

One hint as to the nature of the first part of the Fundamental Theorem is that we used 
suspiciously similar notations for indefinite and definite integrals. However, the Fundamen- 
tal Theorem makes much stronger statements about the relationship between differentiation 
and integration. 



NOTES 

The Fundamental Theorem, 
Part 1 , says that to compute a 
definite integral, we need only 
find an antiderivative and then 
evaluate it at the two limits of 
integration. Observe that this is a 
vast improvement over computing 
limits of Riemann sums, which 
we can compute exactly for only a 
few simple cases. 



THEOREM 5. 1 (The Fundamental Theorem of Calculus, Part I) 

Iff is continuous on [a, b] and F is any antiderivative of /, then 



J a 



f(x)dx = F(b)- F(a). 



(5.1) 



PROOF 

First, we partition [a, b]: 



a — xq < Xi < xo < ■ ■ ■ < x„ — b, 



where x, — = Ajc = - 
of all the cancellations, we can write 

F(b) - F(a) = F(x„) - F(x 0 ) 

= [F( Xl ) - F(x 0 )] + [F(x 2 ) - F(xi)] 



-,fori = 1,2, ... ,n. Working backward, note that by virtue 



[F(x n ) - F(x„_0] 



£[F(xi) - F(Xi_i)]. 



(5.2) 



Since F is an antiderivative of /, F is differentiable on (a, b) and continuous on [a, b]. By 
the Mean Value Theorem, we then have for each i = 1, 2, . . . , n, that 



F( Xi ) - F(x f _i) = F'iaXxi - Xi-i) = f(c t )Ax, 



(5.3) 
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HISTORICAL 
NOTES 

The Fundamental Theorem of 
Calculus marks the beginning of 
calculus as a unified discipline and 
is credited to both Isaac Newton 
and Gottfried Leibniz. Newton 
developed his calculus in the late 
1 660s but did not publish his 
results until 1 687. Leibniz 
rediscovered the same results in 
the mid- 1 670s but published 
before Newton in 1 684 and 1 686. 
Leibniz' original notation and 
terminology, much of which is in 
use today, is superior to 
Newton's (Newton referred to 
derivatives and integrals as 
fluxions and fluents), but Newton 
developed the central ideas 
earlier than Leibniz. A bitter 
controversy, centering on some 
letters from Newton to Leibniz in 
the 1 670s, developed over which 
man would receive credit for 
inventing the calculus. The 
dispute evolved into a battle 
between England and the rest of 
the European mathematical 
community. Communication 
between the two groups ceased 
for over 1 00 years and greatly 
influenced the development of 
mathematics in the I 700s. 



for some c,- e (x,_i, xfi. Thus, from (5.2) and (5.3), we have 

n n 

F(b) - F(a) = £[f (*,) - FiXi-01 = f(cd Ax. (5.4) 

i=l i=l 

You should recognize this last expression as a Riemann sum for/ on [a, b]. Taking the limit 
of both sides of (5.4) as n — >• oo, we find that 



J a 



f(x)dx = lim V f(ci)Ax = lim [F(b) - F(a)] 

«-»0O * — ' n— >-00 
1=1 

= F(b) - F(a), 



as desired, since this last quantity is a constant. 

REMARK 5.1 



We will often use the notation 

F(x)\ b a = F(b)-F(a). 
This enables us to write down the antiderivative before evaluating it at the endpoints. 



EXAMPLE 5. 1 Using the Fundamental Theorem 



f 2 

Compute / (x z — 2x)dx. 
Jo 

Solution Notice that f(x) — x 1 — 2x is continuous on the interval [0, 2] and so, we 
can apply the Fundamental Theorem. We find an antiderivative from the power rule and 
simply evaluate: 



Jo 



(x — 2x) dx 



3 2 
x — X 



(0) 



4 
3' 



Recall that we had already evaluated the integral in example 5. 1 by computing the limit 
of Riemann sums. (See example 4.3.) Given a choice, which method would you prefer? 

While you had a choice in example 5.1, you cannot evaluate the integrals in 
examples 5.2 and 5.3 by computing the limit of a Riemann sum directly, as we have no 
formulas for the summations involved. 



EXAMPLE 5.2 Computing a Definite Integral Exactly 

Compute j (^~Jx ^ j dx. 

Solution Observe that since f(x) = x 1 ^ 2 
theF 
have 



the Fundamental Theorem. Since an antiderivative of f(x) is F(x) — Ix 3 ? 2 



x ~ is continuous on [1, 4], we can apply 

2. 
3" 



3/2 



47 
12" 



EXAMPLE 5.3 Using the Fundamental Theorem to Compute Areas 

Find the area under the curve y = sinx on the interval [0, jt]. 

Solution Since sinx > 0 and sinx is continuous on [0, n], we have that 

r 

Area = / sin x dx . 
Jo 
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V 



TODAY IN 
MATHEMATICS 



Benoit Mandelbrot ( 1 924- ) 

A French mathematician who 
invented and developed fractal 
geometry. (See the Mandelbrot 
set in the exercises for section 
1 0. 1 .) Mandelbrot has always 
been guided by a strong 
geometric intuition. He explains, 
"Faced with some complicated 
integral, I instantly related it to a 
familiar shape. ... I knew an army 
of shapes I'd encountered once in 
some book and remembered 
forever, with their properties and 
their peculiarities." The fractal 
geometry that Mandelbrot 
developed has greatly extended 
our ability to accurately describe 
the peculiarities of such 
phenomena as the structure of 
the lungs and heart, or mountains 
and clouds, as well as the stock 
market and weather. 



Notice that an antiderivative of sinx is F(x) = — cosx. By the Fundamental Theorem, 
then, we have 



Jo 



sinxdx = F(jt) — F(0) = (— cos7r) — (— cosO) = —(—1) — (— 1) = 2. 



EXAMPLE 5.4 A Definite Integral with a Variable Upper Limit 

Evaluate /* I2t 5 dt. 

Solution Even though the upper limit of integration is a variable, we can use the 
Fundamental Theorem to evaluate this, since f{t) = 12t 5 is continuous on any interval. 
We have 

,6 x 



r 



[ \2t 5 dt = 12 
Ji 6 



= 2(x 6 - 1). 



It's not surprising that the definite integral in example 5.4 is a function of x, since one 
of the limits of integration involves x. The following observation may be surprising, though. 
Note that 



dx 



[2(x b - 1)] = 12x 5 



which is the same as the original integrand, except that the (dummy) variable of integration, 
t , has been replaced by the variable in the upper limit of integration, x. 

The seemingly odd coincidence observed here is, in fact, not an isolated occurrence, 
as we see in Theorem 5.2. First, you need to be clear about what a function such as 
F(x) = /* 12t 5 dt means. Notice that the function value at x — 2 is found by replacing 
x by 2: 

r2 



F{2) 



-I 



Ylfdt, 



which corresponds to the area under the curve y = 
Figure 4.25a.) Similarly, the function value at x — 3 is 



12f 5 from t = 1 to t = 2. (See 



F(3) 



j: 



\2t 5 dt, 



which is the area under the curve y = 12f 5 from t = 1 to t — 3. (See Figure 4.25b.) More 
generally, for any x > 1, F(x) gives the area under the curve y — 12f 5 from t — 1 up to 
t — x. (See Figure 4.25c.) For this reason, the function F is sometimes called an area 
function. Notice that for x > 1, as x increases, F(x) gives more and more of the area under 
the curve to the right of t — 1 . 






FIGURE 4.25a 

Area from t — 1 to t — 2 



FIGURE 4.25b 

Area from t = 1 to t = 3 



FIGURE 4.25c 

Area from t — 1 to t — x 
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THEOREM 5.2 (The Fundamental Theorem of Calculus, Part II) 

Iff is continuous on [a, b] and F(x) = /(f) dt , then F'(x) = f(x), on [a, b]. 



REMARK 5.2 



Part II of the Fundamental 
Theorem says that every 
continuous function / has an 
antiderivative, namely, 



PROOF 

Using the definition of derivative, we have 

F(x + h)- F(x) 1 
F (x) — lim = lim — 

/i-s-o h /!->o h 



rx+h 

/ f(t)dt 



f- 



f(t)dt 



l 

lim — 

h^o h 



I f(t)dt+ / f(t)dt 

J a J x 



lim 

h 



1 f x+h 

i - / f(t)dt, 
oh J, 



(5.5) 



where we switched the limits of integration according to equation (4.2) and combined the 
integrals according to Theorem 4.2 (ii). 

Look very carefully at the last term in (5.5). You may recognize it as the limit of the 
average value of f(t) on the interval [x, x + h] (if h > 0). By the Integral Mean Value 
Theorem (Theorem 4.4), we have 



h Jx 



K+h 



f(t)dt = f(c), 



(5.6) 



for some number c between x and x + h. Finally, since c is between x and x + h, we have 
that c — > x, as h —> 0. Since/ is continuous, it follows from (5.5) and (5.6) that 

F'{x) = lim ~ / + f(t)dt = lim /(c) = /(*), 

/i-s-0 h J x h^-0 

as desired. ■ 



EXAMPLE 5.5 Using the Fundamental Theorem, Part II 

For F(x) = f*(t 2 - 2t + 3) dt, compute F'(x). 

Solution Here, the integrand is f(t) — t 2 — 2t + 3. By Theorem 5.2, the derivative is 

F'(x) = f(x) = x 2 -2x + 3. 
That is, F'(x) is the function in the integrand with t replaced by x. m 



Before moving on to more complicated examples, let's look at example 5.5 in more 
detail, just to get more comfortable with the meaning of Part II of the Fundamental Theorem. 
First, we can use Part I of the Fundamental Theorem to find 



F(x) 



[ 



(t 2 -2t + 3)dt 



3 



'i \3 
It's easy to differentiate this directly, to get 



3t 



1 



3x 



1 



F'(x) 



1 



3x 2 - 2x + 3 - 0 



2x 



Notice that the lower limit of integration (in this case, 1) has no effect on the value of F'(x). 
In the definition of F(x), the lower limit of integration merely determines the value of the 
constant that is subtracted at the end of the calculation of F(x). Since the derivative of any 
constant is 0, this value does not affect F'(x). 



EXAMPLE 5.6 Using the Chain Rule and the Fundamental Theorem, 
Part II 

If F(x) = f~ costdt, compute F'(x). 
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Solution Let u(x) = x 2 , so that 



REMARK 5.3 



The general form of the chain 
rule used in example 5.6 is: 
ifg(x) = f" W f(t) rfMhen 
g'(x) = f (u(x))u'(x) or 

d C" (x} 

— / f(t)dt = f(u(x))u'(x). 
dx J„ 



From the chain rule, 



F(x) — I cos t dt. 



du 



F'(x) — cosu(x) — = cos m(x)(2x) — 2xcosx 2 . 
dx 



EXAMPLE 5.7 An Integral with Variable Upper and Lower Limits 

PX 

If F(x) = / Vf 2 + Idt, compute F'(x). 

Jlx 

Solution The Fundamental Theorem applies only to definite integrals with variables in 
the upper limit, so we will first rewrite the integral by Theorem 4.2 (ii) as 

/>() px p2x px 

F(x)= y/t 2 +ldt+ / s/t 1 + 1 dt = - / y/t 2 +ldt+ / V? 2 + 1 dt, 

Jlx JO JO Jo 

where we have also switched the limits of integration in the first integral. Using the chain 
rule as in example 5.6, we get 

F'(x) = -V(2x) 2 + 1 A(2x) + y/{x 2 ) 2 + 1 ^-(x 2 ) 
dx dx 

= -2^/Ax 2 + 1 + 2xjx 4 + l. a 



Before discussing the theoretical significance of the two parts of the Fundamental 
Theorem, we present two examples that remind you of why you might want to compute 
integrals and derivatives. 



EXAMPLE 5.8 Computing the Distance Fallen by an Object 

Suppose the (downward) velocity of a sky diver is given by v(t) — 30^1 — ^=y) ft/s for 
the first 5 seconds of a jump. Compute the distance fallen. 

Solution Recall that the distance d is given by the definite integral 

.5 



d = jf ^30 - j==) dt = ( 30r - 60VM r T) 
where we have used the fact that jj «Jt + 1 = 



Continuing we have 



d — 150 — 60V6 - (0 - 60) = 210 - 60^6 ~ 63 feet. 



Recall that velocity is the instantaneous rate of change of the distance function with 
respect to time. We see in example 5.8 that the definite integral of velocity gives the total 
change of the distance function over the given time interval. A similar interpretation of 
derivative and the definite integral holds for many quantities of interest. In example 5.9, we 
look at the rate of change and total change of volume in a water tank. 



EXAMPLE 5.9 Rate of Change and Total Change of Volume of a Tank 

Suppose that water flows in and out of a storage tank. The net rate of change (that is, the 
rate in minus the rate out) of water is f(t) = 2Q(t 2 — 1) gallons per minute, (a) For 
0 < t < 3, determine when the water level is increasing and when the water level is 
decreasing, (b) If the tank has 200 gallons of water at time t — 0, determine how many 
gallons are in the tank at time t — 3 minutes. 
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Solution Let w(t) be the number of gallons in the tank at time t. (a) Notice that the 
water level decreases if w'(t) = /(/) < 0. We have 

/(f) = 20(f 2 - 1) < 0, if 0 < f < 1. 
Alternatively, the water level increases if w'(t ) = /(f) > 0. In this case, we have 

/(f) - 20(f 2 - 1) > 0, if 1 < t < 3. 
(b) We start with vu'(t) — 20(f 2 — 1). Integrating from t = 0 to f = 3, we have 

-3 



f w'(f)dt = f 20(f 2 - \)dt. 
Jo Jo 



Evaluating the integrals on both sides yields 



to(3) - w(0) = 20 |' 

'f=0 



Since w(0) = 200, we have 

w(3) - 200 = 20(9 - 3) = 120 
and hence, w @) = 200 + 120 = 320, 
so that the tank will have 320 gallons at time 3 minutes. ■ 



In example 5. 10, we use Part II of the Fundamental Theorem to determine information 
about a seemingly complicated function. Notice that although we don't know how to evalu- 
ate the integral, we can use the Fundamental Theorem to obtain some important information 
about the function. 



EXAMPLE 5. 1 0 Finding a Tangent Line for a Function Defined 
as an Integral 

For the function F(x) — f. sin (f 3 + 4) dt , find an equation of the tangent line at x — 2. 

Solution Notice that there are almost no function values that we can compute exactly, 
yet we can easily find an equation of a tangent line. From Part II of the Fundamental 
Theorem and the chain rule, we get the derivative 

F'(x) = sin [(x 2 ) 3 + 4] — (x 2 ) = sin [(x 2 ) 3 + 4](2x) = 2x sin(x 6 + 4). 
dx 

So, the slope at x = 2 is F'(2) = 4 sin (68) « —3.59. The tangent passes through the 
point with x = 2 and y — F(2) — sin (f 3 + 4) dt — 0 (since the upper limit equals 
the lower limit). An equation of the tangent line is then 

y = (4sin68)(x - 2). ■ 



BEYOND FORMULAS 

The two parts of the Fundamental Theorem are different sides of the same theoretical 
coin. Recall the conclusions of Parts I and II of the Fundamental Theorem: 

f F'(x)dx = F{b)- F(a) and — / f(t)dt = f(x). 

J a dx J a 

In both cases, we are saying that differentiation and integration are in some sense 
inverse operations: their effects (with appropriate hypotheses) cancel each other out. 
This fundamental connection is what unifies seemingly unrelated calculation techniques 
into the calculus. 
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EXERCISES 4.5 
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^WRITING EXERCISES 



1. To explore Part I of the Fundamental Theorem graphically, first 
suppose that F(x) is increasing on the interval [a, b]. Explain 
why both of the expressions F(b) — F(a) and f F'(x) dx will 
be positive. Further, explain why the faster F(x) increases, the 
larger each expression will be. Similarly, explain why if F(x) 
is decreasing, both expressions will be negative. 

2. You can think of Part I of the Fundamental Theorem in terms 
of position s{t) and velocity v(t) — s'(t). Start by assuming 
that v(t) > 0. Explain why f v(t) dt gives the total distance 
traveled and explain why this equals s(b) — s(a). Discuss what 
changes if v(t ) < 0. 

3. To explore Part II of the Fundamental Theorem graphically, 
consider the function g(x) — f{t)dt. If fit) is positive on 
the interval [a, b], explain why g'(x) will also be positive. Fur- 
ther, the larger /(f) is, the larger g'(x) will be. Similarly, explain 
why if /(f) is negative then g'(x) will also be negative. 

4. In Part I of the Fundamental Theorem, F can be any an- 
tiderivative of /. Recall that any two antiderivatives of / 
differ by a constant. Explain why F(b) — F(a) is well de- 
fined; that is, if F[ and F 2 are different antiderivatives, explain 
why Fi(b) — F\{a) — Fi(b) — Fi{a). When evaluating a def- 
inite integral, explain why you do not need to include "+ c" 
with the antiderivative. 



In exercises 1-18, use Part I of the Fundamental Theorem to 
compute each integral exactly. 



(x z - 2)dx 
[ (x 3 + 3x - \)dx 

2 



1. / (2x-3)dx 2. f (x 

Jo Jo 

3. J (x 3 + 2x)dx 4. J 

(xVx"+-^ dx 6. (4x-2/x 2 )tf. 

s. f 8 (^l-x 2/ V 

Jo 

I" 

Jo 

/ 

Jo 

fx -3 f z x 2 -3x + 4 

15. / t(t-2)dt 16. / 

jo Jo 

17. f (x+l) 2 dx 18. f 

Jo Jo 



5. J 

7. f x(^x-2)dx 
Jo 

9. I (2sin.r — cosx)dx 10. / (sin 2 x + cos 2 x) dx 

Jji/2 
r x/4 



nit I a, 

12. / sec 2 1 dt 
Jo 



r ir/3 g 
16. / :; — du 



18. / 2 cos x dx 



In exercises 19-24, find the given area. 

19. The area above the x-axis and below y — 4 — x 2 

20. The area below the x-axis and above y — x 2 — 4x 



21. The area of the region bounded byy = x 2 ,x = 2 and the x-axis 

22. The area of the region bounded byy = x 3 ,x = 3 and the x-axis 

23. The area between y = sinx and the x-axis for 0 5 x < 7r 

24. The area between y — sinx and the x-axis for 
-it jl < x < 7T/4 



In exercises 25-32, find the derivative f'(x). 

25. /(x) = j (t 2 -3t + 2)dt 26. f(x) = j (t 2 -3t)dt 

27. /(x)= / (cos3« + l)df 28. f(x)= / sin t dt 
Jo Ji 



29. /(. 



/x sin x 



+ 1 dt 30. /(. 



•>-f 

J 2 COS A' 



sec T dt 



31. f{x)= / sin2/tff 32. f(x)= / (t 2 + 4)dt 

Jx 2 J3-X 



In exercises 33-36, find the position function s(t) from the given 
velocity or acceleration function and initial value(s). Assume 
that units are feet and seconds. 

33. = 40- sin/, s(0) = 2 

34. v(t)= 10-/ 2 ,s(0) = 2 

35. a(t) = 4-t, u(0) = 8, s(0) = 0 

36. a(t) =16- f 2 , v(0) = 0, s(0) = 30 

37. Suppose that the rate of change of water in a storage tank 
is /(f) = 10 sin t gallons per minute, (a) For 0 < t < 2n, 
determine when the water level is increasing and when it 
is decreasing, (b) If the tank has 100 gallons of water at 
time t = 0, determine how many gallons are in the tank at 
t = JZ. 

38. Suppose that the rate of change of water in a pond is 
/(f) = 4f — f 2 thousand gallons per minute, (a) For 0 < f < 6, 
determine when the water level is rising and when it is falling, 
(b) If the pond has 40 thousand gallons of water at time f = 0, 
determine how many gallons are in the pond at f = 6. 

In exercises 39-42, find an equation of the tangent line at the 
given value of x. 



39. v 



't 2 +jr 2 dt,x = 0 



J sin V? 
Jo 

40. y = j 7f 2 + 2f + 2rff,x = -1 

41. y = J cos (wf 3 ) dt, x = 2 

42. y = / , 

Jo 



cos(-f- + 1) dt, x = 0 
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| In exercises 43-48, name the method by using the Fundamental 
Theorem if possible or estimating the integral using Riemann 
sums. (Hint: Three problems can be worked using antiderivative 
formulas we have covered so far.) 



43. 



Jo 



•r 



x 2 + 1 dx 



■ dx 



■ dx 



0 COS' X 



■ f (Vx"4-l) 2 dx 
Jo 

■I 
■I 



^ x 2 + 4 



tanx 



In exercises 49 and 50, use the graph to list f Q f(x)dx, 
f f(x)dx and Jl /(x)rfx in order, from smallest to largest. For 
g(x) = f* f (f ) dt , determine intervals where g is increasing and 
identify critical points for g. 



49. 



50. 





In exercises 51 and 52, (a) explain how you know the proposed 
integral value is wrong and (b) find all mistakes. 



f l 1 1 

51. / — dx = 

J-l x l X 

52. f sec 2 x dx = t 
Jo 



= -1 -(1) = -2 



= tan it — tan 0 = 0 



In exercises 53 and 54, identify the integrals to which the Fun- 
damental Theorem of Calculus applies; the other integrals are 
called improper integrals. 

53. (a) f dx (b) f sfx dx (c) f tan x dx 

Jo x - 4 Jo Jo 

r l l r* l r 2 

54. (a) / dx (b) / dx (c) / sec x dx 

Jo VxT2 Jo (Jt-3) 2 Jo 



In exercises 55-58, find the average value of the function on the 
given interval. 

55. /(x) = x 2 - 1, [1,3] 

56. /(x) = 2x-2x 2 ,[0, 1] 

57. /(x) = cosx, [0, jt/2] 

58. /(*) = sinx, [0, jr/2] 



59. Use the Fundamental Theorem of Calculus to find an anti- 
derivative of sin Vx 2 + 1. 



x 2 + 1, 0 < x < 4 



60. For/(x) =\" z '_l' : " " " ' findg(x) = f* /(f) dt for 
x > 0. Is g'(x) = f{x), for all x > 0? 

61. Identify all local extrema of f(x) = / 0 ' v (f 2 -3t + 2) dt. 

62. Find the first and second derivatives of 

g(x) — Jo (f 0 f(t)dt) du, where/ is a continuous function. 
Identify the graphical feature of y = g(x) that corresponds to 
a zero of /(x). 



63. Let f(x) 



if x < 2 



and define F(x) = f* f(t)dt. 



x + 1 if x > 2 
Show that F(x) is continuous but that it is not true that 
F'(x) — f(x) for all x. Explain why this does not contradict 
the Fundamental Theorem of Calculus. 

64. Let / be a continuous function on the interval [0, 1] and de- 
fine g n (x) — f(x") for n — 1,2 and so on. For a given x with 
0 S x < 1, find lim g„(x). Then, find lim f Q g„(x)dx. 



APPLICATIONS 



65. Katie drives a car at speed /(f) = 55 + 10 cos? mph, and 
Michael drives a car at speed g(t ) = 50 + 2t mph at time t 
minutes. Suppose that Katie and Michael are at the same 
location at time t — 0. Compute f 0 [f(t) — g(t)]dt, and in- 
terpret the integral in terms of a race between Katie and 
Michael. 

66. The number of items that consumers are willing to buy de- 
pends on the price of the item. Let p — D{q) represent the 
price (in dollars) at which q items can be sold. The inte- 
gral f Q Q D{q)dq is interpreted as the total number of dollars 
that consumers would be willing to spend on Q items. If the 
price is fixed at P — D{Q) dollars, then the actual amount 
of money spent is PQ. The consumer surplus is defined by 
CS — f® D(q)dq — PQ. Compute the consumer surplus for 
D(q) = 150 - 2q - 3q 2 at Q = 4 and at Q = 6. What does 
the difference in CS values tell you about how many items to 
produce? 

67. For a business using just-in-time inventory, a delivery of Q 
items arrives just as the last item is shipped out. Suppose 
that items are shipped out at a nonconstant rate such that 
/(f) — Q — vjl gives the number of items in inventory. Find 
the time T at which the next shipment must arrive. Find the 
average value of / on the interval [0, T], 

68. The Economic Order Quantity (EOQ) model uses the assump- 
tions in exercise 67 to determine the optimal quantity Q to 
order at any given time. If C is the cost of placing an order, 
C c is the annual cost for storing an item in inventory and A 
is the average value from exercise 67, then the total annual 
cost is given by f{Q) — Co ^ + C C A. Find the value of Q that 
minimizes the total cost. Show that for this order size, the total 
ordering cost Co ^ equals the total carrying cost (for storage) 
C C A. 
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EXPLORATORY EXERCISES 



1. When solving differential equations of the form -Jj = f(y) 
for the unknown function y(t), it is often convenient to make 
use of a potential function V(y). This is a function such that 
— ^ = f(y). For the function f(y) — y — y 3 , find a potential 
function V(y). Find the locations of the local minima of V(y ) 
and use a graph of V (y ) to explain why this is called a "double- 
well" potential. Explain each step in the calculation 
dV dV dy 



dt 



dy dt 



= -/O0/O0 < o. 



Since < 0, does the function V increase or decrease as 

a! — 

time goes on? Use your graph of V to predict the possible val- 
ues of lim y(t). Thus, you can predict the limiting value of 



the solution of the differential equation without ever solving 
the equation itself. Use this technique to predict lim y{t) if 

t-*oo 

y' = 2 - 2y. 



2. Let /„(*): 



In + 4n 2 x - i < x < 0 
2n - 4n 2 x 0 < x < 



2// 



0 



otherwise 



for n = 1, 2, 3, . . , . For an arbitrary n, sketch y — f„(x) 
and show that f_ t f„(x)dx — 1. Compute lim f n (x)dx. 
For an arbitrary x ^ 0 in [—2, 2], compute lim f„(x) 

n — ► oo ' 

and compute f_. lim f n (x)dx. Is it always true that 
lim Li fn(x)dx = J_j lim f„(x)dxl 



0) 4 - ( 



INTEGRATION BY SUBSTITUTION 



In this section, we significantly expand our ability to compute antiderivatives by developing 
a useful technique called integration by substitution. 



EXAMPLE 6. 1 Finding an Antiderivative by Trial and Error 

Evaluate f2xcosx 2 dx. 

Solution We need to find a function F for which F'(x) = 2x cosx 2 . You might be 
tempted to guess that 

F(x) — x 2 cos(x 2 ) 
is an antiderivative of 2x cos(x 2 ). However, from the product rule, 

— \x 2 cos(x 2 )l = 2x cos(x 2 ) — x 2 sin(x 2 )(2x) ^ 2x cos(x 2 ). 
dx L J 

Now, look closely at the integrand and notice that 2x is the derivative of x 2 and x 2 
appears as the argument of cos(.t 2 ). Further, by the chain rule, for F(x) = sin(x 2 ), 

F'(x) - cos(x 2 )—(x 2 ) = 2x cos(x 2 ), 
dx 

which is the integrand. To finish this example, recall that we need to add an arbitrary 
constant, to get 



/ 



2x cos(x ) dx = sin(;c ) + c. 



More generally, recognize that when one factor in an integrand is the derivative of 
another part of the integrand, you may be looking at a chain rule derivative. 

Note that, in general, if F is any antiderivative of/, then from the chain rule, we have 



d du du 

— \F(u)] = F'(u)— = f(u) — . 
dx dx dx 



From this, we have that 



f f(u)—dx= f —[F(u)]dx = F(u) + c= f f(u)du, (6.1) 
J dx J dx J 
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NOTES 

In deciding how to choose a new 
variable, there are several things 
to look for: 

• terms that are derivatives of 
other terras (or pieces thereof ) 
and 

• terms that are particularly 
troublesome. (You can often 
substitute your troubles away.) 



since F is an antiderivative off. If you read the expressions on the far left and the far right 
sides of (6.1), this suggests that 

du — — ax. 
dx 

So, if we cannot compute the integral f h(x) dx directly, we often look for a new variable 
u and function f(u) for which 

J h(x)dx — J f(u(x))—dx — j f(u)du, 

where the second integral is easier to evaluate than the first. 



EXAMPLE 6.2 Using Substitution to Evaluate an Integral 



Evaluate / (x 3 + 5) 100 (3x 2 ) dx. 



Solution You probably cannot evaluate this as it stands. However, observe that 



dx 



(x 3 + 5) = 3x 2 



which is a factor in the integrand. This leads us to make the substitution u = x + 5, so 

dx y 



that du — 4:(x 3 + 5) dx — 3x 2 dx. This gives us 



f (x 3 +5) m (3x 2 )dx= (u™du=- 

J 1 * " * ' J 1 



101 



101 



We are not done quite yet. Since we invented the new variable u, we need to convert back 
to the original variable x, to obtain 



/ 



(x J + 5) 100 (3x 2 ) dx = — + c 



,101 



(jc 3 + 5) 

iof 



101 



c. 



It's always a good idea to perform a quick check on the antiderivative. (Remember that 
integration and differentiation are inverse processes !) Here, we compute 



d 

dx 



■V + 5)»n ioi(x> + 5)^ = ^ +5)MO(3x2)> 



101 



101 



which is the original integrand. This confirms that we have indeed found an 
antiderivative. ■ 



INTEGRATION BY SUBSTITUTION 

Integration by substitution consists of the following general steps, as illustrated in 
example 6.2. 

• Choose a new variable u: a common choice is the innermost expression or 
"inside" term of a composition of functions. (In example 6.2, note that x 3 + 5 is 
the inside term of (x 3 + 5) 100 .) 

du 

• Compute du — — dx. 

dx 

• Replace all terms in the original integrand with expressions involving u and du. 

• Evaluate the resulting (u) integral. If you still can't evaluate the integral, you 
may need to try a different choice of u. 

• Replace each occurrence of u in the antiderivative with the corresponding 
expression in x. 
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Always keep in mind that finding antiderivatives is the reverse process of finding 
derivatives. In example 6.3, we are not so fortunate as to have the exact derivative we want 
in the integrand. 



EXAMPLE 6.3 Using Substitution: A Power Function Inside a Cosine 

Evaluate f x cosx 2 dx. 
Solution Notice that 

— x 1 — 2x. 
dx 

While we don't quite have a factor of 2x in the integrand, we can always push constants 
back and forth past an integral sign and rewrite the integral as 

f , 1 f , 

/ xcosx dx — - I 2xcosx dx. 
J 2 J 

We now substitute u — x 2 , so that du — 2x dx and we have 
j xcosx 2 dx = — j cosjc^(2x)dx 

cos u du 

1 f 

— - I COS U 

2 J 



1 1 , 

-du — - sin u + c — - sin x + c. 
2. 2 2 



Again, as a check, observe that 



d ( 1 2 \ 1 2 t 

— I - sinx I = - cosx (2x) — xcosx , 
dx\2 2 



which is the original integrand. 



EXAMPLE 6.4 Using Substitution: A Trigonometric Function 
Inside a Power 

Evaluate f (3 tanx + 4) 5 sec 2 x dx. 

Solution As with most integrals, you probably can't evaluate this one as it stands. 
However, observe that there's a tan x term and a factor of sec 2 x in the integrand and that 
j- tanx = sec 2 x. Thus, we let u = 3 tanx + 4, so that du — 3 sec 2 x dx. We then have 



J (3 tan x + 4) 5 sec 2 x dx — - J (3 tan x + 4) 5 (3 sec 2 x) dx 

If. /l\ w e 
— - I u du = I - I — 
3J W 6 



du 

6 +C 



1 fi 
— (3tanx+4) 6 + c. 
18 



Sometimes you will need to look a bit deeper into an integral to see terms that are 
derivatives of other terms, as in example 6.5. 



EXAMPLE 6.5 Using Substitution: A Root Function Inside a Sine 

/sin ^f; 
Jx 



Evaluate / — — dx 



Solution This integral is not especially obvious. It never hurts to try something, 
though. If you had to substitute for something, what would you choose? You might 
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notice that sin «Jx = sinx 1 / 2 and letting u — yfx — x l l 2 (the "inside"), we get 
du — \x~ x l 2 dx — r^r= dx. Since there is a factor of 4= in the integrand, we can 
proceed. We have 



/— — =^ dx — 2 f sin Jx~ ( — — \ dx 



! J sin u 



du 

du — —2 cos u + c — —2 cos *Jx + c. 



So far, every one of our examples has been solved by spotting a term in the integrand 
that was the derivative of another term. We present an integral now where this is not the 
case, but where a substitution is made to deal with a particularly troublesome term in the 
integrand. 




EXAMPLE 6.6 A Substitution That Lets You Expand the Integrand 

Evaluate f x^/2 — x dx. 

Solution You certainly cannot evaluate this as it stands and if you look for terms that 
are derivatives of other terms, you will come up empty-handed. The real problem here is 
that there is a square root of a sum (or difference) in the integrand. A reasonable step 
would be to substitute for the expression under the square root. We let u — 2 — x, so 
that du — —dx. That doesn't seem so bad, but what are we to do with the extra x in the 
integrand? Well, since u = 2 — x, it follows that x — 2 — u. Making these substitutions 
in the integral, we get 

J x\j2 — x dx = (— 1) J V2 — x I 

--/"; 

While we can't evaluate this integral directly, if we multiply out the terms, we get 
j xy/2 — x dx — — j (2 — u)-Ju du 

= - j (2u 1/2 - u 3/2 )du 

u^ 2 u 5 ? 2 
— —2 1 1- c 

(I) (I) 

= _l M 3/2 + 2 5 /2 

3 5 
= -^(2-x? l2 + 2 -{2-x) 5 l 2 + c. 
You should check the validity of this antiderivative via differentiation. ■ 



O Substitution in Definite Integrals 

There is only one slight difference in using substitution for evaluating a definite integral: you 
must also change the limits of integration to correspond to the new variable. The procedure 
here is then precisely the same as that used for examples 6.2 through 6.6, except that when 
you introduce the new variable u, the limits of integration change from x — a and x — b to 
the corresponding limits for u: u = u(a) and u — u(b). We have 



nb f 11(b) 

J f(u(x))u'(x)dx= j f(u)du. 
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CAUTION 



You must change the limits of 
integration as soon as you 
change variables! 



EXAMPLE 6.7 Using Substitution in a Definite Integral 

Evaluate ff x 3 Vx 4 + 5dx. 

Solution Of course, you probably can't evaluate this as it stands. However, since 
j^(x A + 5) = 4-x 3 , we make the substitution u — 
limits of integration, note that when x = 1, 



5, so that du — <\x s dx. For the 



and when x — 2, 
We now have 



u — x 
„ _ „4 



v 5 = r 

■5 = 2 4 



f 5 = 6 
5 = 21. 



i; 



5 dx 



Ml) 



I / 21 



(21 



3/2 



Notice that because we changed the limits of integration to match the new variable, 
we did not need to convert back to the original variable, as we do when we make a 
substitution in an indefinite integral. (Note that, if we had switched the variables back, 
we would also have needed to switch the limits of integration back to their original 
values before evaluating!) ■ 



It may have occurred to you that you could use a substitution in a definite integral only 
to find an antiderivative and then switch back to the original variable to do the evaluation. 
Although this method will work for many problems, we recommend that you avoid it, for 
several reasons. First, changing the limits of integration is not very difficult and results in 
a much more readable mathematical expression. Second, in many applications requiring 
substitution, you will need to change the limits of integration, so you might as well get used 
to doing so now. 



EXAMPLE 6.8 



Substitution in a Definite Integral 
Involving a Trigonometric Function 



f 15 9 

Compute j Q t sin(— t /2) dt. 

Solution As always, we look for terms that are derivatives of other terms. Here, you 



should notice that ^r(-y-) = 



-t. So, we set u = — j and compute du = —t dt. For the 

For 



(15) 2 



upper limit of integration, we have that t = 15 corresponds to u = 
the lower limit, we have that / = 0 corresponds to u = 0. This gives us 



225 



f 

JO 



t sin(-f /2)dt 



L 



sin(-r/2)] (-0 dt 



sin u du = cos u 



-112.5 



cos(- 112.5)- 1. 



EXERCISES 4.6 



0) 



WRITING EXERCISES 

1. It is never wrong to make a substitution in an integral, but some- 
times it is not very helpful. For example, using the substitution 
u — x 2 , you can correctly conclude that 

J x 3 \/ x 2 + 1 dx — j —u-\/u + 1 du, 



but the new integral is no easier than the original integral. Find 
a better substitution and evaluate this integral. 

It is not uncommon for students learning substitution to 
use incorrect notation in the intermediate steps. Be aware 
of this — it can be harmful to your grade! Carefully exam- 
ine the following string of equalities and find each mistake. 
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Using u — x 2 , 

f xsinx 2 dx = f (sin«)xdx = f (sinw)- du 
Jo Jo Jo 2 



1 1 

= — cos 4 4 — . 

2 2 

The final answer is correct, but because of several errors, this 
work would not earn full credit. Discuss each error and write 
this in a way that would earn full credit. 

3. Suppose that an integrand has a term of the form sin( /(x)). For 
example, suppose you are trying to evaluate f x 2 sin(x 3 )dx. 
Discuss why you should immediately try the substitution 

u = /(,). 

4. Suppose that an integrand has a composite function of the form 
f(g(xj). Explain why you should look to see if the integrand 
also has the term g'(x). Discuss possible substitutions. 



In exercises 1-4, use the given substitution to evaluate the indi- 
cated integral. 

1. J xVx 3 + 2dx,u = x 3 +2 

2. J x 3 (x 4 4- ir 2/3 rfx, u = x 4 4- 1 

3. f 7= - dx, u = -v/x 4- 2 
J -Jx 

4. / sin, cos, d X ,u = sin, 

In exercises 5-28, evaluate the indicated integral. 



4 4-3dx 



: dx 



5. j x 3 Vx 

J v cos x 
9. J t 2 cos t 3 dt 

11. j sec 2 x cos(tanx) dx 



6. J VI 4- lOxdx 
8. j sin 3 x cos x dx 
10. j sinf (cos / 4- 3) 3/4 df 
x cscx 2 cotx 2 dx 



COS .y/x" 



r cos 3, 
i (sin3x4-l) 3 

17. /"— — = -du 

J V"(v^+ l) 2 

19. /" — dx 

J x 2 (2/x + l) 3 

21. f^d, 
J (3 - x) 4 

f V4x 5 - x 4 

(—.* 
J (t + 1) 3 

27. f 1 dx 



cos(l/x) 



23 
25 



»•/ 

5. y sec 2 . 

5. / ; = dt> 

J *Jv 2 + A 
/" 2x 

y (x 4- D 3 

/ 



16. / sec ,v tan, dx 
18. 

20. J 



1 sec 2 x 3 dx 
,-- ! 



24 
26 

28, 



: dx 



XT 



J Vf + 3 
/ (1 + V*") 3 



dx 



In exercises 29-36, evaluate the definite integral. 



29 



2 + 1 dx 



l) 2 



dr 



■ / 

Jo 

-/;<^ 

33. / x 2 cos x 3 dx 
Jo 

f 4 x - 1 
35. / — ^dx 

ii V* 



30 

32. 



cos Jt 



. j x sin(7rx 2 ) dx 

t 
I 

36. f ' 

io Vx 2 4-1 



io -ft 

/.jr/4 

34. / esc 2x cot 2x dx 



| In exercises 37-40, name the method by evaluating the integral 
exactly, if possible, or estimating it numerically. 



.(a) / sinx 2 
Jo 

.(a) J Xy/. 



IX 



(b) / xs'mx 2 dx 



f 2 Ax- 

39. (a) / — 

Jo (x 2 + 1) 
fit/* 

40. (a) / 

Jo 



x 2 + 4dx 

2 



I 



(b) / V* 2 + 4dx 



dx 



(b) 



r Ax 
Jo (, 2 + : 



D 2 



■ dx 



sec x dx 



/.jr/4 

(b) / sec 2 x dx 
Jo 



In exercises 41-44, make the indicated substitution for an un- 
specified function f(x). 



41. u = 



42. u = 



x 2 for / x/(x 2 
io 

x 3 for j x 2 /(x 



)dx 



43. u = sin x for / (cosx)/(sinx) dx 



44. « 



= sfx for / 

io 



fUx) 
•Jx 



dx 



45. A function / is said to be even if /(— x) = fix) for all x. 
A function / is said to be odd if /(— x) = —/(,). Sup- 
pose that / is continuous for all x. Show that if / is even, 
then f_ /(,) dx — 2 f. /(,) dx. Also, if / is odd, show that 
f_ a f(x)dx = 0. 

46. Assume that / is periodic with period T; that is, 
f(x + T) =/(,) for all,. Show that /(,) dx = f" +T f(x) dx 
for any real number a. (Hint: First, work with 0 < a < T.) 



47. (a) For the integral / 



tution to show that / 



/.10 

io Jx + 



Jx 4- V10 - x 

• 10 Vlo^ 



r w vi' 
io V* + 



dx, use a substi- 



: dx. Use these 



(b) 



VlO-x 

two representations of / to evaluate /. 

Generalize to / = f — — dx for any pos- 

io H x ) + fia ~ x) 



itive, continuous function / and then quickly evaluate 

f /2 sinx 

/ dx. 

i 0 sin x + cos x 



298 CHAPTER 4 •• Integration 



4-48 



48. (a) For / 



r 



sin 2 (9 - x) 



sin 2 (9 - x) + sin 2 (x 4- 3) 



dx, use the 



substitution u = 6 — x to show that 
sin 2 (x 4- 3) 
2 sin 2 (9 - x) 4- sin 2 (x 4- 3) 
f(9 - x) 



(b) Generalize to 



I 



li f(9 - x) 4- /(x 4- 3) 
tive, continuous function/ on [2, 4], 



dx and evaluate /. 



dx, for any posi- 



49. Evaluate 



f 

Jo 



fix + 4) 



Jo fix + 4) 4- /(6 - x) 
tinuous function / on [0, 2], 



dx for any positive, con- 



50. (a) Forw = x 1/6 , showthat f ——- — dx — 6 f du. 

J x 5 / 6 4- x 2 / 3 J u + 1 



... f 1 /• W 3 

(b) Forw = x', showthat / — - — — dx = 6 / 

J six 4- <[x J u + l 



du. 



(c) Generalize to 
and q. 



f 



1 



x (p+l)/q _|_ X p/<Z 



rfx for positive integers p 



51. Find each mistake in the following calculations and then 
show how to correctly do the substitution. Start with 
f_ 2 4x 4 dx — J_ 2 xi4x 3 )dx and then use the substitution 
u — x 4 with du — 4x 3 dx. Then 



f x(4xVx = f u [/4 du 

J-2 Jl6 



,3/4 



32 

y 



18 

T 



52. Find each mistake in the following calculations and then 
show how to correctly do the substitution. Start with 
f Q cos 2 xdx — f Q cosx(cosx)dx and then use the substitu- 
tion u = sin x with du — cosx dx. Then 

/ cosx(cosx)dx = / yl — u 2 du — 0 



0 



APPLICATIONS 



53. The voltage in an AC (alternating current) circuit is given by 
V(f) = y sin(27r//), where / is the frequency. A voltmeter 
does not indicate the amplitude V p . Instead, the voltmeter 
reads the root-mean-square (rms), the square root of the aver- 
age value of the square of the voltage over one cycle. That 

is, rms = J~f V 2 (t)dt. Use the trigonometric identity 

sin 2 x = | — j cos 2x to show that rms = V p /\f2. 

54. Graph y — fit) and find the root-mean-square of 
-1 if -2< t < -1 



fit) = 



if -1 < t < 1 
if 1 < t < 2 



where rms : 



(t)dt. 



EXPLORATORY EXERCISES 



1. A predator-prey system is a set of differential equations mod- 
eling the change in population of interacting species of organ- 
isms. A simple model of this type is 

x'(t) = xit)[a - byit)] 
y'it) = yit)[dxit) - c] 

for positive constants a, b, c and d. Both equations include a 
term of the form x(r)y(f), which is intended to represent the 
result of confrontations between the species. Noting that the 
contribution of this term is negative to x'(/) but positive to y'it), 
explain why it must be that x (?) represents the population of the 
prey and y(t) the population of the predator. If x{t) — y(t) — 0, 
compute x'(f) and y'it). In this case, will x and y increase, 
decrease or stay constant? Explain why this makes sense phys- 
ically. Determine x'(t ) and y'it) and the subsequent change in 
x and y at the so-called equilibrium point x = c/d , y — a/b. 
If the population is periodic, we can show that the equilibrium 
point gives the average population (even if the population does 

x'(t) 

not remain constant). To do so, note that — a — byit). 

x(f) 

Integrating both sides of this equation from t = 0 
to t — T [the period of x(t) and y(t)], we get 
f T x'(t) f T f T 

I dt — I adt - I byit)dt. Assuming that x(?) 

Jo x it) Jo Jo 

has period T, we have x(T) — x(0) and so, the integral on 
the left hand side equals 0. Thus, 0 = aT — L by{t)dt. Fi- 
nally, rearrange terms to show that 1/T yit) dt — a lb; that 
is, the average value of the population yit) is the equilibrium 
value y — a/b. Similarly, show that the average value of the 
population x(t) is the equilibrium value x = c/d. 

2. Define the Dirac delta Six) to have the defining property 
f_ a Six)dx = 1 for any a, b > 0. Assuming that Six) acts like 
a continuous function (this is a significant issue !), use this prop- 
erty to evaluate (a) f 0 S (x — 2) dx, (b) J* S(2x — l)dx and (c) 
/^j S(2x)dx. Assuming that it applies, use the Fundamental 
Theorem of Calculus to prove that S(x) — 0 for all x ^ 0 and 
to prove that Six) is unbounded in [—1, 1]. What do you find 
troublesome about this? Do you think that Six) is really a con- 
tinuous function, or even a function at all? 

3. Suppose that / is a continuous function such that for 



all x, /(2x) 

f fix)dx. 
Jo 



3 fix) and /(jc + 5) = 5 + fix). Compute 



0) 



4.7 NUMERICAL INTEGRATION 



Thus far, our development of the integral has paralleled our development of the derivative. 
In both cases, we began with a limit definition that was difficult to use for calculation and 
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a Cj c 2 Cj c 4 b 

FIGURE 4.26 

Midpoint Rule 



then proceeded to develop simplified rales for calculation. At this point, you should be able 
to find the derivative of nearly any function you can write down. You might expect that with 
a few more rules you will be able to do the same for integrals. Unfortunately, this is not 
the case. There are many functions for which no elementary antiderivative is available. (By 
elementary antiderivative, we mean an antiderivative expressible in terms of the elementary 
functions with which you are familiar: the algebraic and trigonometric functions, as well as 
the exponential and logarithmic functions that we'll introduce in Chapter 6.) For instance, 

f2 



r 

Jo 



cos(.t ) dx 



cannot be calculated exactly, since cos(x 2 ) does not have an elementary antiderivative. (Try 
to find one, but don't spend much time on it.) 

In fact, most definite integrals cannot be calculated exactly. When we can't compute 
the value of an integral exactly, we do the next best thing: we approximate its value numer- 
ically. In this section, we develop three methods of approximating definite integrals. None 
will replace the built-in integration routine on your calculator or computer. However, by 
exploring these methods, you will gain a basic understanding of some of the ideas behind 
more sophisticated numerical integration routines. 

Since a definite integral is the limit of a sequence of Riemann sums, any Riemann sum 
serves as an approximation of the integral, 



f £/(<:,•) Ax, 

J a ;— 1 



where c, is any point chosen from the subinterval [x,_i, x*], for ; = 1,2, ... , n. Further, 
the larger n is, the better the approximation tends to be. The most common choice of the 
evaluation points c\, c-i, . . . , c„ leads to a method called the Midpoint Rule: 



rb n 

I /(*)«/*«£/(<:,•) Ax, 

J a ;_i 



where c, is the midpoint of the subinterval [x;_i, X;], 
1 

C-, — 2^ x '- 1 f° r ' = 1> 2, . . . , n. 



We illustrate this approximation for the case where f(x) > 0 on [a, b], in Figure 4.26. 



EXAMPLE 7. 1 Using the Midpoint Rule 

Write out the Midpoint Rule approximation of f Q 3x 2 dx with n — 4. 

Solution For n — 4, the regular partition of the interval [0, 1] is xo — 0, x\ — \, 

X2 — 5, X3 = I and X4 — 1. The midpoints are then c\ — i, C2 = |, C3 = | and C4 = |. 

With Ax — i the Riemann sum is then 



3 27 
64 + 64 
252 
256 



75 
64"^ 

0.984375. 



147 
"64" 



Of course, from the Fundamental Theorem, the exact value of the integral in 
example 7.1 is 



r 1 2 3x 3 

I 3x dx — 

Jo 3 



- 1. 



So, our approximation in example 7. 1 is not especially accurate. To obtain greater accuracy, 
notice that you could always compute an approximation using more rectangles. You can 
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simplify this process by writing a simple program for your calculator or computer to im- 
plement the Midpoint Rule. A suggested outline for such a program follows. 



MIDPOINT RULE 



1. Store f(x), a, b and n. 

b — a 

2. Compute Ax — . 

n 

Ax 

3. Compute c\ — a + — and start the sum with f(c\). 

4. Compute the next c,- = c,_i + Ax and add /(c,) to the sum. 

5. Repeat step 4 until i — n [i.e., perform step 4 a total of (« — 1) times]. 

6. Multiply the sum by Ax. 



EXAMPLE 7.2 Using a Program for the Midpoint Rule 

Repeat example 7.1 using a program to compute the Midpoint Rule approximations for 
n = 8, 16, 32, 64 and 128. 

Solution You should confirm the values in the following table. We include a column 
displaying the error in the approximation for each n (i.e., the difference between the 
exact value of 1 and the approximate values). 



n 


Midpoint Rule 


Error 


4 


0.984375 


0.015625 


8 


0.99609375 


0.00390625 


16 


0.99902344 


0.00097656 


32 


0.99975586 


0.00024414 


64 


0.99993896 


0.00006104 


128 


0.99998474 


0.00001526 



You should note that each time the number of steps is doubled, the error is reduced 
approximately by a factor of 4. Although this precise reduction in error will not occur 
with all integrals, this rate of improvement in the accuracy of the approximation is 
typical of the Midpoint Rule. ■ 



Of course, we won't know the error in a Midpoint Rule approximation, except where 
we know the value of the integral exactly. We started with a simple integral, whose value 
we knew exactly, so that you could get a sense of how accurate the Midpoint Rule approxi- 
mation is. 

Note that in example 7.3, we can't compute an exact value of the integral, since we do 
not know an antiderivative for the integrand. 



n 


Midpoint Rule 


10 


2.95639 


20 


2.95751 


30 


2.95772 


40 


2.95779 



EXAMPLE 7.3 Finding an Approximation with a Given Accuracy 

Use the Midpoint Rule to approximate /„ 2 ■s/x 2 + 1 dx accurate to three decimal places. 

Solution To obtain the desired accuracy, we continue increasing n until it appears 
unlikely the third decimal will change further. (The size of n will vary substantially from 
integral to integral.) You should confirm the numbers in the accompanying table. 
From the table, we can make the reasonable approximation 



Jo 



1 dx « 2.958. 



While this is reasonable, note that there is no guarantee that the digits shown are correct. 
To get a guarantee, we will need the error bounds derived later in this section. ■ 
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REMARK 7.1 



Computer and calculator programs that estimate the value of an integral face the same 
challenge we did in example 7.3 — that is, knowing when a given approximation is 
good enough. Such software generally includes sophisticated algorithms for 
estimating the accuracy of its approximations. You can find an introduction to such 
algorithms in most texts on numerical analysis. 



Another important reason for pursuing numerical methods is for the case where we 
don't know the function that we're trying to integrate. That's right: we often know only some 
values of a function at a collection of points, while a symbolic representation of a function 
is unavailable. This is often the case in the physical and biological sciences and engineering, 
where the only information available about a function comes from measurements made at 
a finite number of points. 



X 


/(*) 


0.0 


1.0 


0.25 


0.8 


0.5 


1.3 


0.75 


1.1 


1.0 


1.6 



EXAMPLE 7.4 Estimating an Integral from a Table of Function Values 

Estimate /„ f(.x) dx, where we have values of the unknown function f(x) as given in 
the table shown in the margin. 

Solution Approaching the problem graphically, we have five data points. (See 
Figure 4.27a.) How can we estimate the area under the curve from five points? 
Conceptually, we have two tasks. First, we need a reasonable way to connect the given 
points. Second, we need to compute the area of the resulting region. The most obvious 
way to connect the dots is with straight-line segments as in Figure 4.27b. 



1.6 



1.2 



0.8 



0.4 



+ 



■+- 



+ 



H — *-x 



0.25 0.50 0.75 1.00 

FIGURE 4.27a 

Data from an unknown function 




1 — >x 



0.50 0.75 



FIGURE 4.27b 

Connecting the dots 




0.50 0.75 



FIGURE 4.27c 

Four trapezoids 



Notice that the region bounded by the graph and the x-axis on the interval [0, 1] 
consists of four trapezoids. (See Figure 4.27c.) 

It's an easy exercise to show that the area of a trapezoid with sides h\ and ho and 
(hi + h 2 \ 

base b is given by I J b. (Think of this as the average of the areas of the 



rectangle whose height is the value of the function at the left endpoint and the rectangle 
whose height is the value of the function at the right endpoint.) 
The total area of the four trapezoids is then 



/(0) + /(0.25) 



0.25 



/(0.25) + /(0.5) 



0.25 



/(0.5) + /(0.75) 



0.25 



/(0.75) + /(l) 



0.25 



= [/(0) + 2/(0.25) + 2/(0.5) + 2/(0.75) ■ 



0.25 

/d)]^- = 1-125. 
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y=f(x) 



fix,) 



FIGURE 4.28 

Trapezoidal Rule 



Trapezoidal Rule 




FIGURE 4.29 

The (n + 1) -point 
Trapezoidal Rule 



NOTES 

Since the Trapezoidal Rule 
formula is an average of two 
Riemann sums, we have 



/' 

J a 



f(x)dx= lim T n (f). 



More generally, for any continuous function / defined on the interval [a, b], we partition 
[a, b] as follows: 

c x n = b, 



Xq < X\ < X2 < 



where the points in the partition are equally spaced, with spacing Ax = 



On each 



subinterval x{\, approximate the area under the curve by the area of the trapezoid 

whose sides have length /(x,_i) and /(*,-), as indicated in Figure 4.28. The area under the 
curve on the interval [x,_i, x{\ is then approximately 

Ai « + /(*»)] Ax, 

for each i — 1, 2, . . . , n. Adding together the approximations for the area under the curve 
on each subinterval, we get that 



J a 



f(x) dx 



ftx 0 ) + f(xi) , /(Xl) + /(JC2) 



b — a 



In 



-[/(x 0 ) + 2/(x 1 ) + 2/(x 2 ) 



f(x n -l) + f(x„) 



2f(x n _ l ) + f(x n )]. 



Ax 



We illustrate this in Figure 4.29. Notice that each of the middle terms is multiplied by 2, 
since each one is used in two trapezoids, once as the height of the trapezoid at the right 
endpoint and once as the height of the trapezoid at the left endpoint. We refer to this as the 
(n + l)-point Trapezoidal Rule, T n (f), 



f 



f(x)dx » T„(f) 



2n 



-[/(x 0 ) + 2/(x 1 ) + 2/(x 2 ) 



2/(x„_!) + /(*„)]. 



One way to write a program for the Trapezoidal Rule is to add together 
[/(x,-_i) + /(x,)] for i ~ 1, 2, ... ,n and then multiply by Ax/2. As discussed in the ex- 
ercises, an alternative is to add together the Riemann sums using left- and right-endpoint 
evaluations, and then divide by 2. 



EXAMPLE 7.5 Using the Trapezoidal Rule 

Compute the Trapezoidal Rule approximations with n — 4 (by hand) and n — 8, 16, 
32, 64 and 128 (using a program) for 3x 2 dx. 

Solution As we saw in examples 7.1 and 7.2, the exact value of this integral is 1. For 
the Trapezoidal Rule with n — 4, we have 



W) = 



1-0 



(2)(4) 
1 



/(0) + 2/ 
3 12 



1 

4 
27 



2/ 



s 4 

v 0+ 8 + Y + Y +3 J = 64- L03125 - 
Using a program, you can easily get the values in the accompanying table. 



2/ 



/(I) 



n 


W) 


Error 


4 


1.03125 


0.03125 


8 


1.0078125 


0.0078125 


16 


1.00195313 


0.00195313 


32 


1.00048828 


0.00048828 


64 


1.00012207 


0.00012207 


128 


1.00003052 


0.00003052 



We have included a column showing the error (the absolute value of the difference 
between the exact value of 1 and the approximate value). Notice that (as with the 
Midpoint Rule) as the number of steps doubles, the error is reduced by approximately a 
factor of 4. ■ 
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FIGURE 4.30 

Simpson's Rule 



O Simpson's Rule 



Consider the following alternative to the Trapezoidal Rule. First, construct a regular partition 
of the interval [a, b\. 

a — xn < x\ < x 2 < ■ ■ ■ < x„ — b, 



where 



b — a 

Xj - X/_! = = Ax, 



for each i — 1, 2, . . . , n and where n is an even number. Instead of connecting each pair 
of points with a straight line segment (as we did with the Trapezoidal Rule), we connect 
each set of three consecutive points, (Xj-2, fixi-z)), (JC/_i , /(x,_i)) and (x,-, /(x,)) for 
(' = 2,4, ... ,n, with a parabola. (See Figure 4.30.) That is, we look for the quadratic 
function p(x) whose graph passes through these three points, so that 



p(x t -2) = f(xi-i), p(xi-i) = /(x,_i) and p(x t ) = /(x,). 
Using this to approximate the value of the integral off on the interval [x,_ 2 , x,], we have 



/ f(x)dx « / p(x)dx. 

J Xj-2 J Xj-2 



HISTORICAL 
NOTES 

Thomas Simpson (1 7 1 0-1 76 1) 

An English mathematician who 
popularized the numerical 
method now known as Simpson's 
Rule. Trained as a weaver, 
Simpson also earned a living as a 
fortune-teller, as the editor of the 
Ladies' Diary and as a textbook 
author. Simpson's calculus 
textbook (titled A New Treatise on 
Fluxions, using Newton's calculus 
terminology) introduced many 
mathematicians to Simpson's 
Rule, although the method had 
been developed years earlier. 



Notice why we want to approximate/ by a polynomial: polynomials are easy to integrate. 
A straightforward though tedious computation (try this; your CAS may help) gives 

' f( x )dx « ' p{x)d x = Xi [/(x,_ 2 ) + 4/(x,_,) + /(x,)] 



b — a 



U(Xi-2) + 4f(Xi-l) + f(Xi)]. 



Adding together the integrals over each subinterval [x,_2, x, ], for = 2, 4, 6 n, we get 



J a 



f(x) dx 

^[/(*o) + 4/(*i) + /(x 2 )] + ^[/(x 2 ) + 4/(x 3 ) + /(x 4 )] 
in in 



b — a 



3;i 



-[/(x„_ 2 ) + 4/(x„_ 1 ) + /(x„)] 



b — a . 
~In~ 



- lf(xo) + 4/(xi) + 2f(x 2 ) + 4/(x 3 ) + 2/(x 4 ) ■ 



•4/(JC b -i) + /(*„)]. 



Be sure to notice the pattern that the coefficients follow. We refer to this as the (« + l)-point 
Simpson's Rule, S n (f), 



SIMPSON'S RULE 




f f(x)dx « S n (f) = ^[/(x 0 ) + 4/(x0 + 2/(x 2 ) - 


M/(x 3 ) 


Ja 3rt 




+ 2/(x 4 ) + ■ ■ ■ + 4/(x„_i) ^ 


- f(x n )]. 



Next, we illustrate the use of Simpson's Rule for a simple integral. 
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n 


S n (f) 


4 


2.9579556 


8 


2.9578835 


16 


2.95788557 


32 


2.95788571 


64 


2.95788571 


128 


2.95788572 



EXAMPLE 7.6 Using Simpson's Rule 

Approximate the value of f 0 3x 2 dx using Simpson's Rule with n — 4. 
Solution We have 



W) 



1-0 

(3X4) 



/(0) + 4/ 



2/ 



■4/ 



/(I) 



L, 



which is in fact, the exac? value. Notice that this is far more accurate than the Midpoint 
and Trapezoidal Rules and yet requires no more effort. ■ 



Recall that Simpson's Rule computes the area beneath approximating parabolas. Given 
this, it shouldn't surprise you that Simpson's Rule gives the exact area in example 7.6. As 
you will discover in the exercises, Simpson's Rule gives exact values of integrals for any 
polynomial of degree 3 or less. 

In example 7.7, we illustrate Simpson's Rule for an integral that you do not know how 
to compute exactly. 



EXAMPLE 7.7 Using a Program for Simpson's Rule 

Compute Simpson's Rule approximations with n — 4 (by hand), n — 8, 16, 32, 64 and 
128 (using a program) for / Q 2 Vx 2 + 1 dx. 

Solution For n — 4, we have 



W) 



2-0 
(3X4) 

1 

6 



/(0) + 4/ 



2/(1) + 4/ 



2V2 + 4, 



V5 



/(2) 



2.95795560. 



Using a program, you can easily obtain the values in the accompanying table. Based on 
these calculations, we would expect 2.9578857 to be a very good approximation of 



Since most graphs curve somewhat, you might expect the parabolas of Simpson's Rule 
to better track the curve than the line segments of the Trapezoidal Rule. As example 7.8 
shows, Simpson's Rule can be much more accurate than either the Midpoint Rule or the 
Trapezoidal Rule. 



EXAMPLE 7.8 



Comparing the Midpoint, Trapezoidal 
and Simpson's Rules 



Compute the Midpoint, Trapezoidal and Simpson's Rule approximations of 



r 1 4 
Jo * 2 + i 

value of 7t. 
Solution 



dx with n — 10, n — 20, n — 50 and n — 100. Compare to the exact 



n 


Midpoint Rule 


Trapezoidal Rule 


Simpson's Rule 


10 


3.142425985 


3.139925989 


3.141592614 


20 


3.141800987 


3.141175987 


3.141592653 


50 


3.141625987 


3.141525987 


3.141592654 


100 


3.141600987 


3.141575987 


3.141592654 



Compare these values to the exact value of it 3.141592654. Note that the 
Midpoint Rule tends to be slightly closer to n than the Trapezoidal Rule, but neither is 
as close with n — 100 as Simpson's Rule is with n — 10. ■ 
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REMARK 7.2 



Notice that for a given value of n, the number of computations (and hence the effort) 
required to produce the Midpoint, Trapezoidal and Simpson's Rule approximations 
are all roughly the same. So, example 7.8 gives an indication of how much more 
efficient Simpson's Rule is than the other two methods. This is particularly significant 
when the function / is difficult to evaluate. For instance, in the case of experimental 
data, each function value f(x) could be the result of an expensive and 
time-consuming experiment. 



In example 7.9, we revise our estimate of the area in Figure 4.27a, first examined in 
example 7.4. 



X 


fix) 


0.0 


1.0 


0.25 


0.8 


0.5 


1.3 


0.75 


1.1 


1.0 


1.6 



EXAMPLE 7.9 Using Simpson's Rule with Data 

Use Simpson's Rule to estimate j Q f(x) dx, where the only information known about / 
is given in the table of values shown in the margin. 

Solution From Simpson's Rule with n — 4, we have 

f f(x)dx « i=i[/(0) + 4/(0.25) + 2/(0.5) + 4/(0.75) + /(l)] 



[1 +4(0.8) + 2(1.3) +4(1.1)+ 1.6] ~ 1.066667. 



Since Simpson's Rule is generally much more accurate than the Trapezoidal Rule (for 
the same number of points), we expect that this approximation is more accurate than the 
approximation of 1.125 found in example 7.4 via the Trapezoidal Rule. ■ 



REMARK 7.3 



Most graphing calculators and computer algebra systems have very fast and accurate 
programs for numerical approximation of definite integrals. Some ask you to specify 
an error tolerance and then calculate a value accurate to within that tolerance. Most 
calculators and CAS's use adaptive quadrature routines, which automatically 
calculate how many points are needed to obtain a desired accuracy. You should 
feel comfortable using these programs. If the integral you are approximating is a 
critical part of an important project, you can check your result by using Simpson's 
Rule, S n (f), for a sequence of values of n. Of course, if all you know about a function 
is its value at a fixed number of points, most calculator and CAS programs will not 
help you, but the three methods discussed here will, as we saw in examples 7.4 and 
7.9. We will pursue this idea further in the exercises. 



O Error Bounds for Numerical Integration 

We have used examples where we know the value of an integral exactly to compare the 
accuracy of our three numerical integration methods. However, in practice, where the value 
of an integral is not known exactly, how do we determine how accurate a given numerical 
estimate is? In Theorems 7.1 and 7.2, we give bounds on the error in our three numerical 
integration methods. First, we introduce some notation. Let ET n represent the error in using 
the (« + l)-point Trapezoidal Rule to approximate f b f(x) dx. That is, 

ET n — exact — approximate = / f(x)dx — T n (f). 
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Similarly, we denote the error in the Midpoint Rule and Simpson's Rule by EM„ and ES„, 
respectively. We now have: 



THEOREM 7.1 

Suppose that /" is continuous on [a, b] and that \f"{x)\ < K, for all x in [a, b]. 
Then, 

(b - af 
\ET„\ < K- 

(b - af 

and \ EMn \<K y -^. 



Notice that both of the estimates in Theorem 7. 1 say that the error in using the indicated 
numerical method is no larger (in absolute value) than the given bound. This says that if the 
bound is small, so too will be the error. In particular, observe that the error bound for the 
Midpoint Rule is half that for the Trapezoidal Rule. This doesn't say that the actual error 
in the Midpoint Rule will be half that of the Trapezoidal Rule, but it does explain why the 
Midpoint Rule tends to be somewhat more accurate than the Trapezoidal Rule for the same 
value of n. Also notice that the constant K depends on \f"(x)\. The larger \f"{x)\ is, the 
more the graph curves and consequently, the less accurate are the straight-line approxima- 
tions of the Midpoint Rule and the Trapezoidal Rule. An error bound for Simpson's Rule 
follows. 



THEOREM 7.2 

Suppose that / (4) is continuous on [a, b] and that |/ (4) (x)| < L, for all xin[a, b]. 
Then, 

(b - a) 5 



\ES„\ <L- 



180« 4 



The proofs of Theorems 7. 1 and 7.2 are beyond the level of this course and we refer the 
interested reader to a text on numerical analysis. In comparing Theorems 7. 1 and 7.2, notice 
that the denominators of the error bounds for both the Trapezoidal Rule and the Midpoint 
Rule contain a factor of n 2 , while the error bound for Simpson's Rule contains a factor of 
n A . For n — 10, observe that n 2 = 100, while n A — 10,000. Since these powers of n are in 
the denominators of the error bounds, this says that the error bound for Simpson's Rule 
tends to be much smaller than that of either the Trapezoidal Rule or the Midpoint Rule for 
the same value of n. This accounts for the far greater accuracy we have seen with using 
Simpson's Rule over the other two methods. We illustrate the use of the error bounds in 
example 7.10. 



EXAMPLE 7. 1 0 Finding a Bound on the Error in Numerical Integration 

Find bounds on the error in using each of the Midpoint Rule, the Trapezoidal Rule and 
Simpson's Rule to approximate the value of the integral -dx, using n — 10. 

Solution At this point you can't use the Fundamental Theorem of Calculus, since you 
don't have an antiderivative of i. However, you can approximate this integral using 
Trapezoidal, Midpoint or Simpson's Rules. Here, f(x) = l/x = x~ l , so that 
f{x) = -x~ 2 , f'{x) = 2jc" 3 , f"'(x) - -6x~ A and f {A \x) = 24x" 5 . This says that for 

X G [1,3], 

|.f(*)| = |2*- 3 | = ^<2. 
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From Theorem 7.1, we now have 

(b - a) 3 (3 - l) 3 
1**01 < K ( -^± = 2^* 0.006667. 

Similarly, we have 



(b-a) 3 (3-1) 3 

|£r ' ol ^W = 2 i2(W)* 



Turning to Simpson's Rule, forx e [1, 3], we have Sw(f) » 1.09866 and 

24 

|/ (4) (x)| = |24x" 5 | = — <24, 



so that Theorem 7.2 now gives us 



(b - a) 5 (3 - l) 5 

\ES W \ < L- = 24- — « 0.000427. 

180« 4 180(10 4 ) 



From example 7.10, we now know that the Simpson's Rule approximation 
Sio(f) ~ 1.09866 is off by no more than about 0.000427. However, a more interesting 
question is to determine the number of points needed to obtain a given accuracy. We ex- 
plore this in example 7.11. 



EXAMPLE 7. 1 I Determining the Number of Steps That Guarantee 
a Given Accuracy 

Determine the number of steps that will guarantee an accuracy of at least 10~ 7 for using 
each of Trapezoidal Rule and Simpson's Rule to approximate - dx. 

Solution From example 7.10, we know that \f"(x)\ < 2 and |/ (4) 0)| < 24, for all 
x e [1,3]. So, from Theorem 7.1, we now have that 

(b-a) 3 „(3-l) 3 4 



\ET„\ < K - ' =2 



12n 2 12« 2 3n 2 

If we require the above bound on the error to be no larger than the required accuracy of 
10~ 7 , we have 

\ET n \ < -1 < 10- 7 . 
in 1 

Solving this inequality for n 2 gives us 

-10 7 < n 2 
3 

and taking the square root of both sides yields 



n > y^lO 7 » 3651.48. 

So, any value of n > 3652 will give the required accuracy. Similarly, for Simpson's 
Rule, we have 

(b - a) 5 (3 - l) 5 

\ES„ \ < L- '- = 24^ '-. 

180« 4 180n 4 
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Again, requiring that the error bound be no larger than 10 gives us 

(3 - l) 5 7 

\ES n \ < 24- — < 1(T 7 

1 - 180n 4 _ 

(3 — l) 5 

and solving for « 4 , we have n 4 > 24- -10 7 . 

5 180 

Upon taking fourth roots, we get 



n > J 24- — — 10 7 « 80.8, 
- V 180 

so that taking any value of n > 82 will guarantee the required accuracy. (If you expected 
us to say that n > 81, keep in mind that Simpson's Rule requires n to be even.) ■ 



In example 7.11, compare the number of steps required to guarantee 10~ 7 accuracy 
in Simpson's Rule (82) to the number required to guarantee the same accuracy in the 
Trapezoidal Rule (3652). Simpson's Rule typically requires far fewer steps than either the 
Trapezoidal Rule or the Midpoint Rule to get the same accuracy. Finally, from example 7.11, 
observe that we now know that 

r 3 1 

/ -dx « S %2 « 1.0986123, 
J\ x 

which is guaranteed (by Theorem 7.2) to be correct to within 10 -7 . 



EXERCISES 4.7 



0) 



f0 WRITING EXERCISES 



1. Ideally, approximation techniques should be both simple and 
accurate. How do the numerical integration methods presented 
in this section compare in terms of simplicity and accuracy? 
Which criterion would be more important if you were working 
entirely by hand? Which method would you use? Which cri- 
terion would be more important if you were using a very fast 
computer? Which method would you use? 

2. Suppose you were going to construct your own rule for ap- 
proximate integration. (Name it after yourself!) In the text, new 
methods were obtained both by choosing evaluation points for 
Riemann sums (Midpoint Rule) and by geometric construction 
(Trapezoidal Rule and Simpson's Rule). Without working out 
the details, explain how you would develop a very accurate but 
simple rule. 

3. Test your calculator or computer on L sin(l/x)dx. Discuss 
what your options are when your technology does not imme- 
diately return an accurate approximation. Based on a quick 
sketch of y — sin (1/x), describe why a numerical integration 
routine would have difficulty with this integral. 

4. Explain why we did not use the Midpoint Rule in example 7.4. 



In exercises 1-4, compute Midpoint, Trapezoidal and Simpson's 
Rule approximations by hand (leave your answer as a fraction) 
for n = 4. 



1. f (x 2 + l)dx 
Jo 

Ji * 



■ dx 



(x 2 + l)dx 



(2x — x 2 ) dx 



In exercises 5-8, approximate the given value using (a) Mid- 
point Rule, (b) Trapezoidal Rule and (c) Simpson's Rule with 
n = 4. Determine if each approximation is too small or too 
large. 



it — f dx 6. 7i = 4 f J 1 — x 2 dx 

Jo 1+* 2 Jo 

= j cos x dx 8. cos 2 = j ( 



7. sin 1 



sinx 1 dx 



| In exercises 9-12, use a computer or calculator to compute 
the Midpoint, Trapezoidal and Simpson's Rule approximations 
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with n = 10, n = 20 and n = 50. Compare these values to the 
approximation given by your calculator or computer. 



'•/" 

JO 

p 10 

11. / Vi 

Jo 



cosx dx 



+ 1 dx 



Jo 

12. fl 

Jo 



sin nx'dx 



x 1 + 1 dx 



| In exercises 13-16, compute the exact value and compute the 
error (the difference between the approximation and the ex- 
act value) in each of the Midpoint, Trapezoidal and Simp- 
son's Rule approximations using n = 10, n = 20, n = 40 and 
n = 80. 



Jo 

„/• 

Jo 



f 2 1 

14. / — dx 

Ji Jx 



cos x dx 



/.jr/4 

16. / cosxdx 
Jo 



17. 



Fill in the blanks with the most appropriate power of 2 (2, 4, 8 
etc.). If you double n, the error in the Midpoint Rule is divided 

by If you double n, the error in the Trapezoidal Rule 

is divided by If you double n, the error in Simpson's 

Rule is divided by 



18. 



Fill in the blanks with the most appropriate power of 2 (2, 4, 
8 etc.). If you halve the interval length b — a, the error in the 
Midpoint Rule is divided by , the error in the Trape- 
zoidal Rule is divided by and the error in Simpson's 

Rule is divided by 



In exercises 23-26, determine the number of steps to guaran- 
tee an accuracy of 10" 6 using (a) the Trapezoidal Rule, (b) the 
Midpoint Rule and (c) Simpson's Rule. 



• f — 
Ji x + 1 

. I COS X 



dx 



24. 



26. 



Jo * 2 +l 



dx 



x sin x dx 



27. For each rule in exercise 13, compute the error bound and 
compare it to the actual error. 

28. For each rule in exercise 15, compute the error bound and 
compare it to the actual error. 



In exercises 29 and 30, use the graph to estimate (a) Rie- 
mann sum with left-endpoint evaluation, (b) Midpoint Rule, 
(c) Trapezoidal Rule and (d) Simpson's Rule approximations 
with n = 4 of fix) dx. 

29. 




In exercises 19 and 20, use (a) Trapezoidal Rule and (b) Simp- 
son's Rule to estimate f 2 f(x) dx from the given data. 

19. 



X 


0.0 


0.25 


0.5 


0.75 


1.0 


fix) 


4.0 


4.6 


5.2 


4.8 


5.0 



X 


1.25 


1.5 


1.75 


2.0 


fix) 


4.6 


4.4 


3.8 


4.0 




20. 



X 


0.0 


0.25 


0.5 


0.75 


1.0 


fix) 


1.0 


0.6 


0.2 


-0.2 


-0.4 






X 


1.25 


1.5 


1.75 


2.0 


fix) 


0.4 


0.8 


1.2 


2.0 



21. For exercise 5, (a) find bounds on the errors made by (i) Mid- 
point Rule and (ii) Trapezoidal Rule, (b) Find the number of 
steps needed to guarantee an accuracy of 10~ 7 for (i) Midpoint 
Rule and (ii) Trapezoidal Rule. 

22. For exercise 7, (a) find bounds on the errors made by each 
method, (b) Find the number of steps needed to guarantee an 
accuracy of 10~ 7 . 



In exercises 31-36, use the given information about f(x) and its 
derivatives to determine whether (a) the Midpoint Rule would 
be exact, underestimate or overestimate the integral (or there's 
not enough information to tell). Repeat for (b) Trapezoidal Rule 
and (c) Simpson's Rule. 

31. fix) > 0, fix) > 0 32. fix) > 0, fix) < 0 

33. fix) < 0, fix) > 0 34. /"(*) < 0, f(x) < 0 

35. fix) = 4, fix) > 0 36. fix) = 0, fix) > 0 



37. Suppose that R L and R R are the Riemann sum approxima- 
tions of fix) dx using left- and right-endpoint evaluation 
rules, respectively, for some n > 0. Show that the trapezoidal 
approximation T„ is equal to iR L + Rr)/2. 
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38. 



39. 



Prove the 
Simpson's 

-h 



f1 h f(x)dx=l[f( 



following formula, which is basic to 
Rule. If f(x) = Ax 2 + Bx + C, then 
ft) + 4/(0) + /(/*)]. 



A commonly used type of numerical integration algorithm is 
called Gaussian quadrature. For an integral on the inter- 
val [—1, 1], a simple Gaussian quadrature approximation is 
J^j f(x)dx i=» / + / f^)" Show that, like Simpson's 
Rule, this Gaussian quadrature gives the exact value of the 
integrals of the power functions x, x 2 and x 3 . 



40. 



Referring to exercise 39, compare the Simpson's Rule (n 
and Gaussian quad 
to the exact value. 



and Gaussian quadrature approximations of f_ l n cos ( d} 



41. Explain why Simpson's Rule can't be used to approxi- 

sinx 

■dx. Find L = hm and argue that if 



mate 



Jo 



/(*) = 



X 
sin a 



then 



/ f(x)dx= / 

JO JO 



■ dx. 



ifx / 0 

L if x = 0 j Q Jo x 

Use an appropriate numerical method to conjecture that 
f 71 sin x /7t\ 



42. As in exercise 41, approximate 



J -it 12 



■ dx. 



43. In most of the calculations that you have done, it is true 
that the Trapezoidal Rule and Midpoint Rule are on oppo- 
site sides of the exact integral (i.e., one is too large, the other 
too small). Also, you may have noticed that the Trapezoidal 
Rule tends to be about twice as far from the exact value as 
the Midpoint Rule. Given this, explain why the linear com- 
bination i T n + | M„ should give a good estimate of the inte- 
gral. (Here, T„ represents the Trapezoidal Rule approximation 
using n partitions and M„ the corresponding Midpoint Rule 
approximation.) 



44. 



45. 



it 



+ \M n 



in exercise 43 is 



Show that the approximation rule 
identical to Simpson's Rule. 

x 2 

For fix) = — , show that f(x) + /(l - x) 



2x 2 - 2x + 1 

for 0 S x S 1. Show that this implies that the Trapezoidal 

Rule approximation of / f(x) dx equals | for any This is, 
Jo 

in fact, the exact value of the integral. (For more information, 
see M. A. Khan's article in the January 2008 College Mathe- 
matics Journal.) 



f x" dx 
Jo 



46. Show that the Trapezoidal Rule approximation of 

too large (if n > 1). Conclude that 

1" + 2" + 3" + • • • + n" > n"-^-. 

2n + 2 



APPLICATIONS 



In exercises 47 and 48, the velocity of an object at various times 
is given. Use the data to estimate the distance traveled. 



47. 



f(s) 


0 


1 


2 


3 


4 


5 


6 


v(t) (ft/s) 


40 


42 


40 


44 


48 


50 


46 



f(s) 


7 


8 


9 


10 


11 


12 


v(t) (ft/s) 


46 


42 


44 


40 


42 


42 



48. 



f(s) 


0 


2 


4 


6 


8 


10 


12 


v(t) (ft/s) 


26 


30 


28 


30 


28 


32 


30 


















f(s) 


14 


16 


18 


20 


22 


24 




v(t) (ft/s) 


33 


31 


28 


30 


32 


32 





In exercises 49 and 50, the data come from a pneumotacho- 
graph, which measures air flow through the throat (in liters per 
second). The integral of the air flow equals the volume of air 
exhaled. Estimate this volume. 



49. 



f(s) 


0 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


fit) (1/s) 


0 


0.2 


0.4 


1.0 


1.6 


2.0 


2.2 



f(s) 


1.4 


1.6 


1.8 


2.0 


2.2 


2.4 


m o/s) 


2.0 


1.6 


1.2 


0.6 


0.2 


0 



50. 



t(s) 


0 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


fit) (1/s) 


0 


0.1 


0.4 


0.8 


1.4 


1.8 


2.0 



f(s) 


1.4 


1.6 


1.8 


2.0 


2.2 


2.4 


fit) (1/s) 


2.0 


1.6 


1.0 


0.6 


0.2 


0 



EXPLORATORY EXERCISES 



1. Compute the Trapezoidal Rule approximations T 4 , 7* 8 and T l6 
of f 0 3x 2 dx, and compute the error for each. Verify that when 
the step size is cut in half, the error is divided by four. When 
such patterns emerge, they can be taken advantage of using 
extrapolation. Given that (T4 — I) — 4(7g — /), where I — I 

Ts - T 4 

is the exact integral, show that / = T 8 H . Also, show 

that / = T l6 + 



tions (T4 — I) i 



3 

4(r 8 



In general, we have the approxima- 

T s -T 4 



extrapolation £211 = Tin + 



/) and / R 

Tin — h 



Then the 



is closer to the exact in- 



tegral than either of the individual Trapezoidal Rule approxi- 
mations T 2 „ and T„ . Show that, in fact, E 2 „ equals the Simpson's 
Rule approximation for 2n . 

2. The geometric construction of Simpson's Rule makes it clear 
that Simpson's Rule will compute integrals such as J* 3x 2 dx 
exactly. Briefly explain why. Now, compute Simpson's Rule 
with n — 2 for f 0 4x 3 dx. Simpson's Rule also computes inte- 
grals of cubics exactly. In this exercise, we see why a method 
that uses parabolas can compute integrals of cubics exactly. To 
see how Simpson's Rule works on f 0 4x 3 dx, we need to deter- 
mine the actual parabola being used. The parabola must pass 
through the points (0, 0), (|, \) and (1, 4). Find the quadratic 
function y — ax 2 + bx + c that accomplishes this. (Hint: Ex- 

1 a b 

plain whyO = 0 + 0 + c, - = - 4 h cand4 = a + b + c, 

2 4 2 
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and then solve for a, b and c.) Graph this parabola and y — 4x 3 
on the same axes, carefully choosing the graphing window 
so that you can see what is happening on the interval [0, 1]. 



Where is the vertex of the parabola? How do the integrals of the 
parabola and cubic compare on the subinterval [0, |]? 1]? 
Why does Simpson's Rule compute the integral exactly? 



Review Exercises 



^5 WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 

Area Average value Indefinite integral 

Signed area Integration by substitution Simpson's Rule 

Midpoint Rule Trapezoidal Rule 

Integral Mean Fundamental Theorem 

Value Theorem of Calculus 

Riemann sum Definite integral 



|p TRUE OR FALSE 

State whether each statement is true or false, and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to make a new statement that is true. 

1. The Midpoint Rule always gives better approximations than 
left-endpoint evaluation. 

2. The larger n is, the better is the Riemann sum approximation. 

3. All piecewise continuous functions are integrable. 

4. The definite integral of velocity gives the total distance 
traveled. 

5. There are some elementary functions that do not have an 
antiderivative. 

6. To evaluate a definite integral, you can use any antiderivative. 

7. A substitution is not correct unless the derivative term du is 
present in the original integrand. 

8. With Simpson's Rule, if n is doubled, the error is reduced by a 
factor of 16. 



In exercises 1-20, find the antiderivative. 

2. f(x-3x 5 )dx 
4 



/ V* 

/ 2si 



/ (4x L - 3)dx 
3. / — = dx 



sin Ax dx 



J 



4. / —dx 



7. jix-^dx 
9. f ^dx 
11. J x(l - \/x)dx 
13. J xjx 2 + 4dx 
15. J 6x 2 cosx 3 dx 
11. j^dx 
19. J tanx 



; dx 



10 



4)2 



- dx 



sec x dx 



j 3jx~c 

/ (x 2 + - 
12. j (sin x + cos x) 2 dx 

14. J x(x 2 + 4)dx 

16. /4,sec.W^ 

18 . [ ^V! rfx 

J V* 
20. j V3x + 1 dx 



21. Find a function f(x) satisfying f'(x) — 3x 2 + 1 and /(0) = 2. 

22. Find a function f(x) satisfying f'(x) — \[2x and /(0) = 3. 

23. Determine the position function if the velocity is 
v(t) — —32t + 10 and the initial position is s(0) — 2. 

24. Determine the position function if the acceleration is a(t ) = 6 
with initial velocity u(0) = 10 and initial position s(0) — 0. 

6 

25. Write out all terms and compute XX' 2 + 3')- 

26. Translate into summation notation and compute: the sum of 
the squares of the first 12 positive integers. 



In exercises 27 and 28, use summation rules to compute 
the sum. 



27. J2« 2 - 1) 



28. J2(i 2 + 2i) 



3 sec x dx 



1 " 

29. Compute the sum — — 0 an d the limit of the sum as n 

n 3 , =1 

approaches oo. 

30. For f(x) — x 2 — 2x on the interval [0, 2], list the evaluation 
points for the Midpoint Rule with = 4, sketch the func- 
tion and approximating rectangles and evaluate the Riemann 
sum. 
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In exercises 31-34, approximate the area under the curve using 
n rectangles and the given evaluation rule. 

31. y — x 2 on [0, 2], n — 8, midpoint evaluation 

32. y = x 2 on [— 1, 1], n = 8, right-endpoint evaluation 

33. y = V* + 1 on [0, 3], n — 8, midpoint evaluation 



34. y = 



1 



x + 1 



on [0, 1], n — 8, left-endpoint evaluation 



In exercises 35 and 36, use the given function values to esti- 
mate the area under the curve using (a) left-endpoint evaluation, 
(b) right-endpoint evaluation, (c) Trapezoidal Rule and 
(d) Simpson's Rule. 



35. 



X 


0.0 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


1.4 


1.6 


m 


1.0 


1.4 


1.6 


2.0 


2.2 


2.4 


2.0 


1.6 


1.4 


36. 


X 


1.0 


1.4 


1.8 


2.2 


2.6 


3.0 


3.4 


3.8 


4.2 


fix) 


4.0 


3.4 


3.6 


3.0 


2.6 


2.4 


3.0 


3.6 


3.4 



37. In exercises 35 and 36, which of the four area estimates would 
you expect to be the most accurate? Briefly explain. 

38. If fix) is positive and concave up, will the Midpoint Rule give 
an overestimate or underestimate of the actual area? Will the 
Trapezoidal Rule give an overestimate or underestimate of the 
actual area? 



In exercises 39 and 40, evaluate the integral by computing the 
limit of Riemann sums. 



39. 



/' 

Jo 



2x 2 dx 



40. 



(V 

Jo 



+ l)dx 



In exercises 41 and 42, write the total area as an integral or sum 
of integrals and then evaluate it. 

41. The area above the x-axis and below y — 3x — x 2 

42. The area between the x-axis and y — x 3 — 3x 2 + 2x, 

0 < x < 2 



In exercises 43 and 44, use the velocity function to compute the 
distance traveled in the given time interval. 

43. v(t) = 40- 1 Of, [1,2] 

20 



44. V(t) : 



[0,3] 



In exercises 45 and 46, compute the average value of the function 
on the interval. 

45. fix) = cosx, [0, jt/2] 46. fix) = 4x - x 2 , [0, 4] 



In exercises 47-58, evaluate the integral. 

2)dx 



,ir/2 

49. / sin 2x dx 



I 

P 10 

/ (l-VF) 

Jo 

■L 

. fxsf. 
Jo 



I ix i -2x)dx 



50. / sec 2 x dx 



dt 



53. / x 2 ix 3 - l) 3 dx 



x 2 + 4dx 



57. j (x+ l/x) 2 dx 



!> 
■I 

I t sin t 2 
Jo 

I 

f x(x 2 +l)dx 
Jo 

r 

, I cos(x/2)dx 

J -71 



54. , m^ dx 



56 



In exercises 59 and 60, find the derivative. 



59. f(x) = j (sint 2 -2)dt 60. f(x) = J y/t 2 



+ idt 



In exercises 61 and 62, compute the (a) Midpoint Rule, (b) Trape- 
zoidal Rule and (c) Simpson's Rule approximations with n = 4 
by hand. 



61. / 

Jo 



2 + 4dx 



62. 



f — 
Jo *+ 1 



dx 



) 63. Repeat exercise 61 using a computer or calculator and n — 20; 
n = 40. 

j 64. Repeat exercise 62 using a computer or calculator and n — 20; 
n = 40. 



EXPLORATORY EXERCISES 



1. Suppose that /(/) is the rate of occurrence of some event (e.g., 
the birth of an animal or the lighting of a firefly). Then the 
average rate of occurrence R over a time interval [0, T] is 
R= 1 f(t)dt. We will assume that the function /(f) is 
periodic with period T. [That is, fit + T) — fit) for all t.] 
Perfect asynchrony means that the event is equally likely to 
occur at all times. Argue that this corresponds to a constant rate 
function fit) — c and find the value of c (in terms of R and T). 
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Perfect synchrony means that the event occurs only once ev- 
ery period (e.g., the fireflies all light at the same time, or all 
babies are born simultaneously). We will see what the rate 
function f(t) looks like in this case. First, define the degree 

area under f and above R 

of synchrony to be ■ . Show that if 

RT 

/(f) is constant, then the degree of synchrony is 0. Then graph 
and find the degree of synchrony for the following functions 
(assuming T > 2): 



Mt) = 



fiit) = 



(RT)(t — \) + RT 
(-RT){t -\) + RT 
0 



if ■ 



1 < t < 



if | < t < 
otherwise 



+ 1 



(4RT)(t - 
(-4RT)(t 
0 



^) + 2RT 
- ^) + 2RT 



if I _ I < t < I 

2 2 — — 2 

iff 



otherwise 



/s(0 



(9RT)(t- \) + J,RT 
(-9RT)(t - \) + 3RT 
0 



if? 
if? 



< r < 



otherwise 



What would you conjecture as the limit of the degrees of 
synchrony of f„{t) as n — >■ oo? The "function" that /„(?) 
approaches as n — > oo is called an impulse function of 
strength RT. Discuss the appropriateness of this name. 

2. The Omega function is used for risk/reward analysis of fi- 
nancial investments. Suppose that f(x) is a function defined 
on the interval (A, 6) that gives the distribution of returns 
on an investment. (This means that f f{x)dx is the prob- 
ability that the investment returns between %a and %b.) Let 
F(x) = f* f(t)dt be the cumulative distribution function 
for returns. 



Then Q(r) ■■ 



the investment. 



[1 - Fix)} dx 



is the Omega function for 



F{x)dx 



(a) For the distribution f\(x) shown, compute the cumulative 
distribution function Fi(x). 




y = /iW 

(b) Repeat part (a) for the distribution fi{x) shown. 

y 





0.15- 
















^^^0.05- 




— ► 


-10 


1 

-5 

-0.05- 
-0.1- 

y — 


1 — 

0 5 
fz(x) 


10 



(c) Compute fii(r) for the distribution /i(jc). Note that ^i(r) 
will be undefined (oo) for r S — landQi(r) = Ofor;- > 1. 

(d) Compute Sliir) for the distribution fi(x). Note that Q.^_(j) 
will be undefined (oo) for r < — 10 and f2 2 (^) = 0 for 
r > 10. 

(e) Even though the means (average values) are the same, in- 
vestments with distributions f\ (x) and fi(x) are not equiv- 
alent. Use the graphs of fi(x) and f%(x) to explain why 
fi(x) corresponds to a riskier investment than fi(x). 

(f) Show that S2 2 (r) > £2i(r)forr > 0andfi 2 (r) < Hj^for 
r < 0. In general, the larger Q(r ) is, the better the invest- 
ment is. Explain this in terms of this example. 
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Athletes who can jump high are often said to have "springs in their legs." 
It turns out that tendons and the arches in your feet act very much like 
springs, storing and releasing energy. For example, your Achilles tendon 
stretches as you stride when walking and contracts as your foot hits the 
ground. Much like a spring that is stretched and then released, the tendon 
stores energy during the stretching phase and releases it when contracting. 

Physiologists measure the efficiency of the springlike action of ten- 
dons by computing the percentage of energy released during contraction 
relative to the energy stored during the stretch. The stress-strain curve 
presented here shows force as a function of stretch during stretch (top 
curve) and recoil (bottom curve) for a human arch. (Figure reprinted with per- 
mission from Exploring Biomechanics by R. McNeill Alexander.) If no energy is 
lost, the two curves are identical. The area between the curves is a measure of the 
energy lost. 

The corresponding curve for a kangaroo 
(see Alexander) shows almost no area be- 
tween the curves. The efficiency of the kanga- 
roo's legs means that very little energy is re- 
quired to hop. In fact, biologist Terry Dawson 
found in treadmill tests that the faster kanga- 
roos run, the less energy they burn (up to the 
test limit of 20 mph). The same principle ap- 
plies to human athletes, in that the more the 
Achilles tendons stretch, the more efficient 
the running process becomes. For this rea- 
son, athletes spend considerable time stretch- 
ing and strengthening their Achilles tendons. 

This chapter demonstrates the versatility of the integral by exploring numer- 
ous applications. We start with calculations of the area between two curves. The 
integral can be viewed from a variety of perspectives: graphical (areas), numerical 
(Riemann sum approximations) and symbolic (the Fundamental Theorem of Cal- 
culus). As you study each new application, pay close attention to how we develop 
the integral(s) measuring the quantity of interest. 



o 

% 
o 
E3 

3 




1 2 
Actuator displacement 
(millimeters) 



0) 



5.1 AREA BETWEEN CURVES 



We initially developed the definite integral (in Chapter 4) to compute the area 
under a curve. In particular, let / be a continuous function defined on [a , b] , where 
f(x) > 0on[a, b]. To find the area under the curve y = f(x) on the interval [a, b], 
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FIGURE 5.1 

Approximation of area 




FIGURE 5.2 

Area between two curves 



we begin by partitioning [a, b] into n subintervals of equal width, Ax = 



The points 



in the partition are then xq — a, x\ — xq + Ax, X2 — x\ + Ax and so on. That is, 

Xi = a + iAx, for i = 0, 1, 2, . . ., n. 

On each subinterval [x,_i,x,], we construct a rectangle of height /(c,), for some 
c ( - e [Xi-\, x,], as indicated in Figure 5.1 and take the sum of the areas of the n rectan- 
gles as an approximation of the area A under the curve: 



A«£/(c,)Aa 



As we take more and more rectangles, this sum approaches the exact area, which is 



n »b 

A = lim V/(c,-)Ax = / f(x)dx. 



We now extend this notion to find the area bounded between the two curves y = f(x) 
and y = g(x) on the interval [a, b] (see Figure 5.2), where / and g are continuous and 
/(•*) > g( x ) on l a > b~\. We first use rectangles to approximate the area. In this case, on each 
subinterval , x, ], construct a rectangle, stretching from the lower curve y = g(x) to the 
upper curve y = f(x), as shown in Figure 5.3a. Referring to Figure 5.3b, the zth rectangle 
has height hi — /(c,-) — g(c,), for some c, e [x,-i, x,]. 



y=f{x) 




y=f(x) 



K =f(c,) - g(c,) 




FIGURE 5.3a 

Approximate area 



FIGURE 5.3b 

Area of ith rectangle 



REMARK I.I 



Formula (1.1) is valid only 
when f(x) > g(x) on the 
interval [a, b]. In general, the 
area between y — f(x) and 
y — g(x) for a < x < b is 
given by J* \f(x) - g(x)\ dx. 
Notice that to evaluate this 
integral, you must evaluate 
fcl fix) - g(x)] dx on 
all subintervals where 
f( x ) > g(x), then evaluate 

£\gW - /(*)] dx on all 
subintervals where g(x) > f(x) 
and finally, add the integrals 
together. 



So, the area of the ith rectangle is 

Area = length x width = hiAx = [/(c,) — g(c,)] Ax. 

The total area is then approximately equal to the sum of the areas of the n indicated 
rectangles, 



A « J2lf(ci) - g(ci)] Ax. 



Finally, observe that if the limit as n oo exists, we will get the exact area, which we 
recognize as a definite integral: 



AREA BETWEEN TWO CURVES 

A = lim V [/(c,) - g(a)] Ax = f [f{x) - g(x)] dx. 
1=1 Ja 



(1.1) 
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EXAMPLE I.I Finding the Area Between Two Curves 

Find the area bounded by the graphs of y = 3 — x and y — x 2 — 9. (See Figure 5.4.) 




FIGURE 5.4 

y — 3 — x and y — x 2 — 9 

Solution Notice that the limits of integration will correspond to the x-coordinates of 
the points of intersection of the two curves. Setting the two functions equal, we have 

3 - x = x 2 - 9 or 0 = x 2 + x - 12 = (x - 3){x + 4). 

Thus, the curves intersect at x = —4 and x = 3. Take note that the upper boundary of 
the region is formed by y = 3 — x and the lower boundary is formed by y = x — 9. 
So, for each fixed value of x, the height of a rectangle (such as the one indicated in 
Figure 5.4) is 

h(x) = (3 - x) - (x 2 - 9). 

From (1.1), the area between the curves is then 

■3 



A = JJ? 

!! 

' 3 " 



x) - (x 2 - 9)] dx 
-x + l2) = 
12(3) 



3^ 
2 



(-4) 



- 12* 
(-4) 2 



12(-4) 



343 
~6~' 



Sometimes, the upper or lower boundary is not defined by a single function, as in the 
following case of intersecting graphs. 



EXAMPLE 1.2 Finding the Area Between Two Curves That Cross 



Find the area bounded by the graphs of y 



and y — 2 — x 2 for 0 < x < 2. 



Solution Notice from Figure 5.5 that since the two curves intersect in the middle 
of the interval, we will need to compute two integrals, one on the interval where 
2 — x 2 > x 2 and one on the interval where x 2 > 2 — x 2 . To find the point of intersection, 
we solve x 2 — 2 — x 2 , so that 2x 2 — 2oxx 2 — 1 or x — ±1. Since x — — 1 is outside 
the interval of interest, the only intersection of note is at x = 1, From (1.1), the area is 

. 1 pi 

A = I [(2 - x 2 ) - x 2 ] dx + [x 2 - (2 - x 2 )] dx 



f 

Jo 

f 

Jo 



f 2 

(2-2x 2 )dx + J (2x 2 



2) dx 



2x 



2x 3 
IT 



(0-0) 



16 

T 



4 
3 



r 2x 3 

4 4 

3 + 3 



2x 
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In example 1.3, the intersection points must be approximated numerically. 




FIGURE 5.6 

y — cos x and y — x 2 



EXAMPLE 1 .3 A Case Where the Intersection Points Are Known 
Only Approximately 

Find the area bounded by the graphs of y — cos x and y — x 2 . 

Solution The graph of y — cos x and y — x 2 in Figure 5.6 indicates intersections at 
about x = — 1 and x = 1, where cos x — x 2 . However, this equation cannot be solved 
exactly. Instead, we use a rootfinding method to find the approximate solutions 
x — ±0.824132. [For instance, you can use Newton's method to find values of x for 
which fix) — cos x — x 2 = 0.] From the graph, we can see that between these two 
x-values, cos x > x 2 and so, the desired area is given by 



/ 

J-o 



0.824132 



(cos x — x ) dx = 



-0.824132 



1 



sinx 



0.824132 



-0.824132 



1 



- sin 0.824132 - -(0.824132) J 



1 3 

sin(-0.824132) - -(-0.824132) 3 



» 1.09475. 

Note that we have approximated both the limits of integration and the final calculations . 



Finding the area of some regions may require breaking the region up into several pieces, 
each having different upper and/or lower boundaries. 




FIGURE 5.7a 

y — x 2 and y — 2 — 




FIGURE 5.7b 

= x 2 and y — 2 — 



EXAMPLE 1 .4 The Area of a Region Determined by Three Curves 

Find the area bounded by the graphs of y — x 2 , y — 2 — x and y = 0. 

Solution A sketch of the three defining curves is shown in Figure 5.7a. Notice that the 
top boundary of the region is the curve y — x 2 on the first portion of the interval and the 
line y — 2 — x on the second portion. To determine the point of intersection, we solve 



or 0 = x l 



2 = (x+2)(x - 1). 



Since x = —2 is to the left of the v-axis, the intersection we seek occurs at x = 1. We 
then break the region into two pieces, as shown in Figure 5.7b and find the area of each 
separately. The total area is then 

0) dx 



= Ay 


+ M 


= (x 2 






J 0 


x 3 


i 


r * 2 i 




+ 


2x 


~ T 


0 


2 



[(2 - x) - 0] dx 



Although it was certainly not difficult to break up the region in example 1.4 into 
two pieces, we want to suggest an alternative that will prove to be surprisingly useful. 
Notice that if you turn the page sideways, Figure 5.7a will look like a region with a single 
curve determining each of the upper and lower boundaries. Of course, by turning the page 
sideways, you are essentially reversing the roles of x and y. 

More generally, for two continuous functions, / and g, where f(y) > g(y) for all y 

on the interval c < y < d, to find the area bounded between the two curves x = f(y) 

and x = g(y), we first partition the interval [c, d] into n equal subintervals, each of 
d — c 

width Ay = . (See Figure 5.8a.) We denote the points in the partition by yo = c, 

n 

V! — y 0 + Ay, y 2 = vi + Ay and so on. That is, 



y; = c + (Ay, for i = 0, 1, 2 n. 
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FIGURE 5.8a 

Area between x — g(y) and x = f(y) 



x = g(y) 



w; =/(c,) - g(c;) 




*=/60 



FIGURE 5.8b 

Area of ;th rectangle 



On each subinterval [y,_i, y*] (for i = 1,2, ... ,n), we then construct a rectangle of width 
Wi — [f(Ci) — g(ci)], for some c,- e [_y,_ i , y;], as shown in Figure 5.8b. The area of the ith 
rectangle is given by 

Area = length x width = [/(c,) — g(c,)] Ay. 

The total area between the two curves is then given approximately by 

// 

A « £[/(c f ) - g(c,)] Ay. 
i=i 

We get the exact area by taking the limit as n — >• oo and recognizing the limit as a definite 
integral. We have 



Area between two curves 



A= lim V[/(c,)-g(c,)]Ay = / 



U(y)-g(y)]dy. 



(1.2) 




FIGURE 5.9 

y = x 2 and y = 2 — x 



EXAMPLE 1 .5 An Area Computed by Integrating with Respect to y 

Repeat example 1 .4, but integrate with respect to y instead. 

Solution From Figure 5.9, notice that the left-hand boundary of the region is formed 
by the graph of y = x 2 or x — *Jy (since only the right half of the parabola forms the 
^ x left boundary). The right-hand boundary of the region is formed by the line y — 2 — x 
or x — 2 — y. These boundary curves intersect where Jy — 2 — y; squaring both sides 
gives us 

y = (2 - y) 2 = 4 - 4y + y 2 
or 0 = y 2 -5y+4 = (y- l)(y - 4). 

So, the curves intersect at y = 1 and y = 4. From Figure 5.9, it is clear that y = 1 is the 
solution we need. (What does the solution y = 4 correspond to?) From (1.2), the area is 
given by 



A= f [&-y)-Jy]dy = 
Jo 



1 2 

2y - -y - - y 



3/2 



= 2 



Jo 



1 2 _ 5 

2 ~ 3 _ 6' 
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-2- 



FIGURE 5.10 

x — y 2 and x — 2 — y 2 




FIGURE 5.1 I 

Force exerted on a tennis ball 



EXAMPLE 1.6 The Area of a Region Bounded by Functions of y 

Find the area bounded by the graphs of x — y 2 and x — 2 — y 2 . 

Solution From Figure 5.10, observe that it's easiest to compute this area by 
integrating with respect to y, since integrating with respect to x would require us to 
break the region into two pieces. The two intersections of the curves occur where 
y 2 — 2 — y 2 , or y 2 — 1, so that y — ±1. On the interval [—1, 1], notice that 
2 — y 2 > y 2 (since the curve x — 2 — y 2 stays to the right of the curve x = y 2 ). So, 
from (1.2), the area is given by 

A = y [(2-y 2 )-y 2 ]dy = j (2-2y 2 )dy 

-[*-HL-H)VfK. 

In collisions between a tennis racket and ball, the ball changes shape, first compressing 
and then expanding. Let x represent how far the ball is compressed, where 0 < x < m and 
let f(x) represent the force exerted on the ball by the racket. Then, the energy transferred 
is proportional to the area under the curve y = fix). Suppose that f c (x) is the force during 
compression of the ball and f e (x) is the force during expansion of the ball. Energy is 
transferred to the ball during compression and transferred away from the ball during 
expansion, so that the energy lost by the ball in the collision (due to friction) is proportional 
to f Q [f c (x) — f e (x)] dx. The percentage of energy lost in the collision is then given by 

fn lfc(x) — fe(x)] dx 

100 Jo , m — -^—^ . 

Jo fc(x)dx 



EXAMPLE 1 .7 Estimating the Energy Lost by a Tennis Ball 

Suppose that test measurements provide the following data on the collision of a tennis 
ball with a racket. Estimate the percentage of energy lost in the collision. 



x (in.) 


0.0 


0.1 


0.2 


0.3 


0.4 


fdx) (lb) 


0 


25 


50 


90 


160 


/.to Ob) 


0 


23 


46 


78 


160 



Solution The data are plotted in Figure 5.11, connected by line segments. 

We need to estimate the area between the curves and the area under the top curve. 
Since we don't have a formula for either function, we must use a numerical method 
such as Simpson's Rule. For f Q ' f c (x) dx, we get 



/•0.4 

Jo ■ 



f c (x) dx 



0.1 



-[0 + 4(25) + 2(50) + 4(90) + 160] = 24. 



To use Simpson's Rule to approximate / 0 °' 4 [/ c (x) — f e (x)] dx, we need a table of 
function values for f c (x) — f e (x). Subtraction gives us 



X 


0.0 


0.1 


0.2 


0.3 


0.4 


f c (x) - f e (x) 


0 


2 


4 


12 


0 



from which Simpson's Rule gives us 



f 

Jo 



lfc(x) ~ fe(x)] dx 



The percentage of energy lost is then 



0.1 6.4 

— [0 + 4(2) + 2(4) + 4(12) + 0]= — . 

8.9%. With over 90% of its energy 



100(6.4/3) 



24 



retained in the collision, this is a lively tennis ball. 
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BEYOND FORMULAS 

In example 1.5, we viewed the given graphs as functions of y and set up the area as an 
integral of y. This idea indicates the direction that much of the rest of the course takes. 
The derivative and integral remain the two most important tools, but we diversify our 
options for working with them, often by changing variables. The flexible thinking that 
this promotes is key in calculus, as well as in other areas of mathematics and science. 
We develop some general techniques and often the first task in solving an application 
problem is to make the technique fit the problem at hand. 



EXERCISES 5.1 Qj 

55 WRITING EXERCISES 

1. Suppose the functions / and g satisfy /(x) > g(x) > 0 for 
all x in the interval [a,b]. Explain in terms of the areas 
A\ = j f(x)dx and A 2 — f g(x)dx why the area be- 
tween the curves y = f(x) and y = g(x) is given by 

f*\m- g (x)\dx, 

2. Suppose the functions / and g satisfy f(x) < g(x) < 0 for 
all x in the interval [a,b]. Explain in terms of the areas 
A 1 = J* f(x)dx and A 2 = J^g{x)dx why the area be- 
tween the curves y = /(x) and y — g(x) is given by 
f*\f(x)-g(.x)\dx. 

3. Suppose that the speeds of racing cars A and B are v A (t) 
and v B (t) mph, respectively. If v A (t) > v B (t) for all /, 
v A (0) — v B (0) and the race lasts from t = 0 to t = 2 hours, 
explain why car A will win the race by f Q [v A (t) — v B (t)] dt 
miles. 

4. Suppose that the speeds of racing cars A and B are v A {t) 
and v B (t) mph, respectively. If v A (t) > v B (t) for 0 < t < 0.5 
and 1.1 < t < 1.6 and v B (t) > v A (t) for 0.5 <t < 1.1 and 
1.6 < t < 2, describe the difference between 
fo\v A (t)-v B (t)\dt and f*[v A (t) - v B (t)]dt. Which inte- 
gral will tell you which car wins the race? 



In exercises 1-4, find the area between the curves on the given 
interval. 

1. y = x 3 , y = x 2 - 1, 1 < x < 3 

2. y — cos x,y = x 2 + 2,0£jc£2 

3. y = x 4 , y = x - 1, -2 < x < 0 

4. y = sinx, y = x 2 , 1 < x < 4 



In exercises 5-12, sketch and find the area of the region deter- 
mined by the intersections of the curves. 

5. y = x 2 — 1, y = 7 — x 2 6. y = x 2 — 1, y = |x 2 

7. y = x 3 , y — 3x + 2 8. y = *Jx, y — x 2 

9. y = 2-x 2 ,y = \x\ 10. y = x 2 - 2, y = |x| 



11. y — x 2 — 6,y — x 

12. y = sinx(0 < x < 2it), y — cosx 



In exercises 13-16, sketch and estimate the area determined by 
the intersections of the curves. 

13. y = x 4 , y = 2 + x 14. y = x 4 , y = 1 — x 

15. y = sinx, y = x 2 16. y = cosx, y = x 4 



In exercises 17-22, sketch and find the area of the region 
bounded by the given curves. Choose the variable of integra- 
tion so that the area is written as a single integral. Verify your 
answers to exercises 19-22 with a basic geometric area formula. 

17. y — x, y — 2 — x , y = 0 

18. y = jc,y = 2, y = 6 — x,y = 0 

19. x = y, x — — y, x = 1 

20. x = 3y,x = 2 + y 2 

21. y = 2x(x > 0), y = 3 - x 2 , x = 0 

22. x = y 2 , x = 4 



23. In collisions between a ball and a striking object (e.g., a baseball 
bat or tennis racket), the ball changes shape, first compressing 
and then expanding. If x represents the change in diameter 
of the ball (e.g., in inches) for 0 S x S tn and /(x) represents 
the force between the ball and striking object (e.g., in pounds), 
then the area under the curve y = /(x) is proportional to the 
energy transferred. Suppose that / r (x) is the force during 
compression and f e (x) is the force during expansion. 
Explain why f?[f c (x) — dx is proportional to the 

energy lost by the ball (due to friction) and thus 
folfcix) - f e (x)] dx/f™ f c (x) dx is the proportion of energy 
lost in the collision. For a baseball and bat, reasonable values 
are shown (see Adair's book The Physics of Baseball): 



x (in.) 


0 


0.1 


0.2 


0.3 


0.4 


fc(x) (lb) 


0 


250 


600 


1200 


1750 


feW (lb) 


0 


10 


100 


270 


1750 



Use Simpson's Rule to estimate the proportion of energy re- 
tained by the baseball. 
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24. Using the same notation as in exercise 23, values for the force 
f c (x) during compression and force f e (x) during expansion of 
a golf ball are given by 



x (in.) 


0 


0.045 


0.09 


0.135 


0.18 


/cW Ob) 


0 


200 


500 


1000 


1800 


/.(*) Ob) 


0 


125 


350 


700 


1800 



25. 



Use Simpson's Rule to estimate the proportion of energy re- 
tained by the golf ball. 

Much like the compression and expansion of a ball discussed in 
exercises 23 and 24, the force exerted by a tendon as a function 
of its extension determines the loss of energy. (See the chapter 
introduction.) Suppose that x is the extension of the tendon, 
f s (x) is the force during stretching of the tendon and f r (x) is 
the force during recoil of the tendon. The data given are for a 
hind leg tendon of a wallaby (see Alexander's book Exploring 
Biomechanics): 



x (mm) 


0 


0.75 


1.5 


2.25 


3.0 


Mx) (N) 


0 


110 


250 


450 


700 


/,(*) (N) 


0 


100 


230 


410 


700 



26. 



Use Simpson's Rule to estimate the proportion of energy re- 
turned by the tendon. 

The arch of a human foot acts like a spring during walking 
and jumping, storing energy as the foot stretches (i.e., the arch 
flattens) and returning energy as the foot recoils. In the data, 
x is the vertical displacement of the arch, f s (x) is the force on 
the foot during stretching and f r (x) is the force during recoil 
(see Alexander's book Exploring Biomechanics): 



x (mm) 


0 


2.0 


4.0 


6.0 


8.0 


/.(*) (N) 


0 


300 


1000 


1800 


3500 


fr(x) (N) 


0 


150 


700 


1300 


3500 



Use Simpson's Rule to estimate the proportion of energy re- 
turned by the arch. 

27. The average value of a function f(x) on the interval [a, b] is 

A 



b- aj a 



f(x)dx. Compute the average value of / (x ) ■ 



on [0, 3] and show that the area above y — A and 
below y — f(x) equals the area below y — A and 
above y = fix). 

3 

28. Find t such that the area between y — 2x and y — — - for 

x 2 

1 < x < t equals 7. 

29. Suppose that the parabola y — ax 2 + bx + c and the line 
y — mx + n intersect at x — A and x — B with A < B. Show 

that the area between the curves equals —(B - A) 3 . (Hint: 

6 

Use A and B to rewrite the integrand and then integrate.) 

30. Suppose that the cubic y — ax 3 + bx 2 + cx + d and the 
parabola y — kx 2 + mx + n intersect at x — A and x — B 
with B repeated (that is, the curves are tangent at B; see 



the figure). Show that the area between the curves equals 

— (B - A) 4 . 
12 




31. Consider two parabolas, each of which has its vertex at x = 0, 
but with different concavities. Let h be the difference in 
y-coordinates of the vertices and let w be the difference in 
the x-coordinates of the intersection points. Show that the area 
between the curves is \hw. 




32. Show that for any constant m, the area between y — 2 — x 2 
and y — mx is \{rn 2 + 8) 3/2 . Find the minimum such area. 

33. For y — x — x 2 as shown, find the value of L such that A\ — At. 

y 

0.25 

0.2 
0.15 

0.1 
0.05 



0 0.25 0.5 0.75 1 

34. For y — x — x 2 and y — kx as shown, find k such that A \ — A 2 




35. In terms of A t , A 2 and A 3 in the figure on the following page, 
identify the area given by each integral. 



(a) / (2x — x 2 )dx 
Jo 

(c) f (2-^)dy 
Jo 



I f (4-x z )dx 
Jo 



(d) 



Jo 



y/2)dy 
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y = * U y = 2x 




36. Give an integral equal to each area, 
(a) A 2 + A 3 (b) A, + A 2 



(c) A, 



(d) A 3 



37. Let /(?) be the area between y = sin 2 x and y = 1 for 
0 < x < t. Find all critical numbers, local extrema and inflec- 
tion points for f(t), t > 0. 

38. Let g be a continuous function defined for x > 0 with 
IgCOl S 1 for .T > 0. Let /(f) be the area between y — g(x) 
and y — 1 for 0 5 x < ?. If g has a local maximum at x — a, 
does / have a critical number at a? An inflection point at a? 
What if there is a local minimum at x — a? 



0 



APPLICATIONS 



39. Suppose that a country's oil consumption for the years 1970- 
1974 was approximately equal to /(?) — 16.1 + 1.4? million 
barrels per year, where t — 0 corresponds to 1970. Following 
an oil shortage in 1974, the country's consumption changed 
and was better modeled by g(t ) — 19.7 + 0.5? million barrels 
per year, ? > 4. Show that /(4) = g(4) and explain what this 
number represents. Compute the area between /(f) and g(t) 
for4 < ? < 10. Use this number to estimate the number of bar- 
rels of oil saved by the reduced oil consumption from 1974 to 
1980. 



the same population is d(t) = 2 + 0.06? million people per 
year. Show that b(t) > d(t) for ? > 0 and explain why the area 
between the curves represents the increase in population. Com- 
pute the increase in population for 0 < ? < 10. 

42. Suppose that the birthrate for a population is b(t) = 2 + 0.1? 
million people per year and the death rate for the same 
population is d(t) — 3 + 0.05? million people per year. Find 
the intersection T of the curves. Interpret the area between 
the curves for 0 < t <T and the area between the curves 
for T < t < 30. Compute the net change in population for 
0 < ? < 30. 



In exercises 43 and 44, the graph shows the rate of flow of water 
in gallons per hour into and out of a tank. Assuming that the 
tank starts with 400 gallons, estimate the amount of water in the 
tank at hours 1, 2, 3, 4 and 5 and sketch a graph of the amount 
of water in the tank. 



43. 



44. 





30 



20 



10" 



y=/(4, 




y = g(0 



H — ► t 



(1970) 



10 
(1980) 



40. Suppose that a nation's fuelwood consumption is given by 
76 + 3.2? m 3 /yr and new tree growth is 50 — 2.4? m 3 /yr. 
Compute and interpret the area between the curves for 
0 < ? < 10. 

41. Suppose that the birthrate for a certain population is 
b(t) — 2 + 0.1? million people per year and the death rate for 



45. The graph shows the supply and demand curves for a prod- 
uct. The point of intersection (q*, p*) gives the equilibrium 
quantity and equilibrium price for the product. The consumer 
surplus is defined to be CS = / 0 ? D{q)dq — p*q*. Shade in 
the area of the graph that represents the consumer surplus, 
and compute this in the case where D(q) — 10 — ^q and 



S(q) = 2+ jknq + 



l 

I200 1 : 




46. Repeat exercise 45 for the producer surplus defined by 
PS = pV- fo* S(q)dq. 
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47. Let C'(x) be the marginal cost of producing x thousand copies 
of an item and let R'(x) be the marginal revenue from the sale 
of that item, with graphs as shown. Assume that R'(x) — C'(x) 
at x — 2 and x = 5. Interpret the area between the curves for 
each interval: (a) 0 < x < 2, (b) 2 < x < 5, (c) 0 < x < 5 and 
(d) 5 < x < 6. 




48. A basic principle of economics is that profit is maximized when 
marginal cost equals marginal revenue. At which intersection is 
profit maximized in exercise 47? Explain your answer. In terms 
of profit, what does the other intersection point represent? 



EXPLORATORY EXERCISES 



1. Find the area between y — x 2 and y — mx for any constant 
m > 0. Without doing further calculations, use this area to 
find the area between y — «Jx and y — mx. 

2. For x > 0, let fix) be the area between y — 1 and y — sin 2 1 
for 0 < t < x. Without calculating f{x), find as many rela- 
tionships as possible between the graphical features (zeros, 
extrema, inflection points) of y — f(x) and the graphical fea- 
tures of y — sin 2 x. 



5.2 VOLUME: SLICING, DISKS AND WASHERS 



As we shall see throughout this chapter, the integral is an amazingly versatile tool. In this 
section, we use integrals to compute the volume of a three-dimensional solid. We begin 
with a simple problem. 

When designing a building, architects must perform numerous detailed calculations. 
For instance, in order to analyze a building's heating and cooling systems, engineers must 
calculate the volume of air being processed. 




FIGURE 5.12a FIGURE 5.12b 



There are probably only a few solids whose volume you know how to compute. For 
instance, the building shown in Figure 5. 12a is essentially a rectangular box, whose volume 
is given by l/wh, where / is the length, w is the width and h is the height. The right circular 
cylinders seen in the buildings in Figure 5.12b have volume given by nr 2 h, where h is the 
height and r is the radius of the circular cross section. Notice in each case that the build- 
ing has a familiar cross section (a rectangle in Figure 5.12a and a circle in Figure 5.12b) 
that is extended vertically. We call any such solid a cylinder (any solid whose cross sections 
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HISTORICAL 
NOTES 

Archimedes (ca. 287-2 1 2 B.C.) 

A Greek mathematician and 
scientist who was among 
the first to derive formulas for 
volumes and areas. Archimedes 
is known for discovering the 
basic laws of hydrostatics (he 
reportedly leapt from his bathtub, 
shouting "Eureka!"and ran into 
the streets to share his discovery) 
and levers ("Give me a place to 
stand on and I can move the 
earth."). An ingenious engineer, 
his catapults, grappling cranes 
and reflecting mirrors terrorized 
a massive Roman army that 
eventually conquered his 
hometown of Syracuse. 
Archimedes was especially proud 
of his proof that the volume of a 
sphere inscribed in a cylinder is 
2/3 of the volume of the cylinder 
(see exercises 3 1-34), and 
requested that this be inscribed 
on his tombstone. Many of his 
techniques were very similar to 
those that we use in calculus 
today, but many of his writings 
were lost in the Middle Ages. The 
amazing story of the recent 
discovery of his book The Method 
is told in the book The Archimedes 
Codex, by Netz and Noel. 



perpendicular to some axis running through the solid are all the same). There is a connec- 
tion between the volume formulas for these two cylinders. The volume of a right circular 
cylinder is 

V = (jrr 2 ) x h , 

cross-sectional area height 

while the volume of a box is 

V = (length x width) x height. 

v 

cross-sectional area 

In general, the volume of any cylinder is found by 

V = (cross-sectional area) x (height). 



O Volumes by Slicing 



Even relatively simple solids, such as pyramids and domes, do not have constant cross- 
sectional area, as seen in Figures 5.13a and 5.13b. To find the volume in such a case, we 
take the approach we've used a number of times now: first approximate the volume and 
then improve the approximation. 




FIGURE 5.13a 

Pyramid Entrance to the Louvre Museum in Paris 



FIGURE 5.13b 

U.S. Capitol Building 



More generally, for a solid that extends from x — a to x — b, we start by partitioning 

b — a 

the interval [a, b] on the x-axis into n subintervals, each of width Ax = . As usual, 

n 

we denote xq — a, x\ — a + Ax and so on, so that 

Xi = a + iAx, for i = 0, 1, 2, . . . , n. 

We then slice the solid perpendicular to the x-axis at each of the (n — 1) points 
X\, Xz, ■ ■ . , x„_i. (See Figure 5.14a on the following page.) Notice that if n is large, then 
each slice of the solid will be thin with nearly constant cross-sectional area. Suppose that 
the area of the cross section corresponding to any particular value of x is given by A(x). 
Observe that the slice between x = x,_i and x = x, is nearly a cylinder. (See Figure 5.14b.) 
So, for any point c, in the interval [x,-_i, x,], the area of the cross sections on that interval 
are all approximately A(c, ). The volume V; of the ith slice is then approximately the volume 



326 CHAPTERS •• Applications of the Definite Integral 



5-12 



i th slice of solid 



i th approximating cylinder 





FIGURE 5.14a 

Sliced solid 



FIGURE 5.14b 

ith slice of solid 





FIGURE 5.14c 

ith approximating cylinder 



of the cylinder lying along the interval x{\, with constant cross-sectional area A(c,) 
(see Figure 5.14c), so that 

V; « Mcj) Ajc. 

cross-sectional area width 

Repeating this process for each of the n slices, we find that the total volume V of the 
solid is approximately 



V ^J2A( Ci )Ax. 



Notice that as the number of slices increases, the volume approximation should improve 
and we get the exact volume by computing the limit 



V - lim V A(a)Ax, 



1=1 



assuming the limit exists. You should recognize this limit as the definite integral 



Volume of a solid with 
cross-sectional area A(x) 




(2.1) 



REMARK 2.1 



We use the same process followed here to derive many important formulas. In each 
case, we divide an object into n smaller pieces, approximate the quantity of interest 
for each of the small pieces, sum the approximations and then take a limit, ultimately 
recognizing that we have derived a definite integral. For this reason, it is essential that 
you understand the concept behind formula (2.1). Memorization will not do this for 
you. However, if you understand how the various pieces of this puzzle fit together, 
then the rest of this chapter should fall into place for you nicely. 



EXAMPLE 2. 1 Computing Volume from Cross-Sectional Areas 

The Pyramid Arena in Memphis has a square base of side approximately 600 feet and 
a height of approximately 320 feet. Find the volume of the pyramid with these 
measurements. 

Solution Since the pyramid has square horizontal cross sections, we need only find a 
formula for the size of the square at each height. Let x represent the height above the 
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ground. At x — 0, the cross section is a square of side 600 feet. At x — 320, the cross 
section can be thought of as a square of side 0 feet. If f(x) represents the side length of 
the square cross section at height x, we know that f(Q) — 600, /(320) = 0 and f(x) 
must be a linear function. (Think about this; the sides of the pyramid do not curve.) The 
600 - 0 15 

slope of the line is m — = and we use the y-intercept of 600 to get 



0-320 



/(*) = 



15 



600. 



A Pyramid 



The cross-sectional area is simply the square of fix), so that from (2.1), we have 



V 



j A(x)dx = J I 



15 



-x + 600 dx. 



Observe that we can evaluate this integral by substitution, by taking u — — ^x + 600, 



so that du — — y dx. This gives us 



V 



-L 



320 



15 



600 dx = -- 



7°" : 

J 600 



du 



15 



,•600 

/ u 1 du 
Jo 



_8_^| 6 ' 
15 3 



15 J600 

38,400,000 ft 3 . 



In many important applications, the cross-sectional area is not known exactly, but must 
be approximated using measurements. In such cases, we can approximate the volume using 
numerical integration. 



EXAMPLE 2.2 Estimating Volume from Cross-Sectional Data 

In medical imaging, such as CT (computerized tomography) and MRI (magnetic 
resonance imaging) processes, numerous measurements are taken and processed by a 
computer to construct a three-dimensional image of the tissue the physician wishes to 
study. The process is similar to the slicing process we have used to find the volume of a 
solid. In this case, however, mathematical representations of various slices of the tissue 
are combined to produce a three-dimensional image that physicians view to determine 
the health of the tissue. Suppose that an MRI scan indicates that the cross-sectional 
areas of adjacent slices of a tumor are given by the values in the table. 



x (cm) 


0 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


0.9 


1.0 


A{x) (cm 2 ) 


0.0 


0.1 


0.4 


0.3 


0.6 


0.9 


1.2 


0.8 


0.6 


0.2 


0.1 



Estimate the volume of the tumor. 

Solution To find the volume of the tumor, we would compute [following (2. 1)] 

V = f A(x)dx, 
Jo 

except that we only know A(x) at a finite number of points. Although we can't compute 
this exactly, we can use Simpson's Rule with Ax = 0.1 to estimate the value of this 
integral: 

V = f A(x) dx 
Jo 

A(0) + 4A(0. 1) + 2A(0.2) + 4A(0.3) + 2A(0.4) + 4A(0.5) " 
+ 2A(0.6) + 4A(0.7) + 2A(0.8) + 4A(0.9) + A(l) 

= ^(0 + 0.4 + 0.8 + 1.2 + 1.2 + 3.6 + 2.4 + 3.2 + 1.2 + 0.8 + 0.1) 

» 0.49667 cm 3 . ■ 



b — a 
3n 
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We now turn to the problem of finding the volume of the dome in Figure 5.13b. Since 
the horizontal cross sections are circles, we need only to determine the radius of each circle. 




FIGURE 5.15 

y = -^x 2 + 90. 



EXAMPLE 2.3 Computing the Volume of a Dome 



Suppose that a dome has circular cross sections, with outline y = 



-^x 2 + 90,for 

—45 < x < 45. (In units of feet, this gives dimensions similar to the Capitol dome in 
Figure 5.13b. A graph is shown in Figure 5.15.) Find the volume of the dome. 



Solution As seen in Figure 5.15, the circular cross sections occur at each value of y, 
with 0 < y < 90. For a given y, the radius extends from x — 0 to x — (90 — y). The 



radius for this value of y is given by r(y) 
areas are given by 

A(y) = n I. 



y (90 — y), so that the cross-sectional 



/45 



-(90 - y) 



for 0 < y < 90. The volume is then given by 

r-90 



V 



/•90 

/ A(y)dy 
Jo 



(90 -y)\dy 



— TC 



45 , 
2025y - -y 2 




2025 



45 



y dy 



286,278 ft J 



Observe that an alternative way of stating the problem in example 2.3 is to say: Find 
the volume formed by revolving the region bounded by the curve x — y^y (90 — y) and the 
y-axis, for 0 < y < 90, about the y-axis. 

Example 2.3 can be generalized to the method of disks used to compute the volume of 
a solid formed by revolving a two-dimensional region about a vertical or horizontal line. 
We consider this general method next. 



Volume of a solid of revolution 
(Method of disks) 



O The Method of Disks 

Suppose that f(x) > 0 and / is continuous on the interval [a , b] . Take the region bounded by 
the curve y = f(x) and the x-axis, for a < x < b, and revolve it about the x-axis, generating 
a solid. (See Figures 5.16a and 5.16b.) We can find the volume of this solid by slicing it 
perpendicular to the x-axis and recognizing that each cross section is a circular disk of radius 
r = fix). (See Figure 5.16b.) From (2.1), we then have that the volume of the solid is 





7t[f(x)] 2 dx. 


J a 

crt 


)ss-sectional area = jrr 



(2.2) 




b \, 



FIGURE 5.16a 

y = f(x) > o 



y =m 



FIGURE 5.16b 

Solid of revolution 
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Since the cross sections of such a solid of revolution are all disks, we refer to this method 
of finding volume as the method of disks. 



EXAMPLE 2.4 Using the Method of Disks to Compute Volume 

Revolve the region under the curve y = *Jx on the interval [0, 4] about the x-axis and 
find the volume of the resulting solid of revolution. 

Solution It's critical to draw a picture of the region and the solid of revolution, so 
that you get a clear idea of the radii of the circular cross sections. You can see from 
Figures 5. 17a and 5. 17b that the radius of each cross section is given by r — *Jx, 
From (2.2), we then get the volume: 



V 



f 4 r /-i2 f 4 
I 7r [ V* J dx = it I x dx — 71 — 
Jo 1 , ' Jo 2 



8tt. 



cross-sectional area = Ttr 





FIGURE 5.17a 

y = V* 



FIGURE 5.17b 

Solid of revolution 



Volume of a solid of revolution 
(Method of disks) 



In a similar way, suppose that g(y) > 0 and g is continuous on the interval [c, d]. 
Then, revolving the region bounded by the curve x = g{y) and the y-axis, for c < y < d, 
about the y-axis generates a solid. (See Figures 5.18a and 5.18b.) Once again, notice from 
Figure 5.18b that the cross sections of the resulting solid of revolution are circular disks 
of radius r — g(y). All that has changed here is that we have interchanged the roles of the 
variables x and y. The volume of the solid is then given by 





i 

n [g(y)] 2 dy. 




:ross-sectional area = nr 1 



(2.3) 




FIGURE 5.18a 

Revolve about the y-axis 



FIGURE 5.18b 

Solid of revolution 
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When using the method of disks, the variable of integration depends solely on the axis 
about which you revolve the two-dimensional region: revolving about the x-axis 
requires integration with respect to x, while revolving about the y-axis requires 
integration with respect to y. This is easily determined by looking at a sketch of the 
solid. Don't make the mistake of simply looking for what you can plug in where. This 
is a recipe for disaster, for the rest of this chapter will require you to make similar 
choices, each based on distinctive requirements of the problem at hand. 



EXAMPLE 2.5 Using the Method of Disks with y as the 
Independent Variable 

Find the volume of the solid resulting from revolving the region bounded by the curves 
y = 4 — x 2 and y — 1 from x = 0 to x = V3 about the y-axis. 

Solution You will find a graph of the curve in Figure 5.19a and of the solid in 
Figure 5.19b. 





FIGURE 5.19a 

y - 4 - x 1 



FIGURE 5.19b 

Solid of revolution 



Notice from Figures 5.19a and 5.19b that the radius of any of the circular cross 
sections is given by x. So, we must solve the equation y — 4 — x 2 forx, to get x = -J A — y. 
Since the surface extends from y — 1 to y = 4, the volume is given by (2.3) to be 



/•4 n4 

V= / Tt{y/A-yfdy= / Jt(A-y)dy 



Ay 



2 



(16-8) 



9tt 

T' 



O The Method of Washers 

One complication that occurs in computing volumes is that the solid may have a cavity or 
"hole" in it. Another occurs when a region is revolved about a line other than the x-axis 
or the y-axis. Neither case will present you with any significant difficulties, if you look 
carefully at the figures. We illustrate these ideas in examples 2.6 and 2.7. 
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EXAMPLE 2.6 Computing Volumes of Solids with and Without Cavities 



Let R be the region bounded by the graphs of y — |x 2 , x — 0 and y = 1. Compute the 
volume of the solid formed by revolving R about (a) the y-axis, (b) the x-axis and (c) the 
line y — 2. 

Solution (a) The region R is shown in Figure 5.20a and the solid formed by revolving 
it about the y-axis is shown in Figure 5.20b. Notice that this part of the problem is 
similar to example 2.5. 






FIGURE 5.20a 

x = */4y 

From (2.3), the volume is given by 

• i 

V 



FIGURE 5.20b 

Solid of revolution 




FIGURE 5.21a 

y 4 




2tt. 



(b) Revolving the region R about the x-axis produces a cavity in the middle of the solid 
See Figure 5.21a for a graph of the region R and Figure 5.21b for a sketch of the solid. 
Our strategy is to compute the volume of the outside of the object (as if it were solid) 
and then subtract the volume of the cavity. Before diving into a computation, be sure to 
visualize the geometry behind this. Here, the outside surface of the solid is formed by 
revolving the line y = 1 about the x-axis. The cavity is formed by revolving the curve 
y = jx 2 about the x-axis. Look carefully at Figures 5.21a and 5.21b and make certain 
that you see this. The outer radius, ro, is the distance from the x-axis to the line y = 1, 
or ro — 1. The inner radius, rj, is the distance from the x-axis to the curve y 
rj — \x 2 . Applying (2.2) twice, we see that the volume is given by 



1 2 

3* , or 



V 



= 1 Sj2*<-j[ *0 2 ) 

7i (outer radius) 2 

Jo 



dx 



dx — 7T I X 



n (inner radius)- 
1 



= 7T 2 



32 
80 



= —it. 
5 



Washer-shaped 
cross sections 



FIGURE 5.21b 

Solid with cavity 



(c) Revolving the region R about the line y — 2 produces a washer-like solid with a 
cylindrical hole in the middle. The region R is shown in Figure 5.22a and the solid is 
shown in Figure 5.22b (on the following page). 

The volume is computed in the same way as in part (b), by subtracting the volume 
of the cavity from the volume of the outside solid. From Figures 5.22a and 5.22b, notice 
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FIGURE 5.22a 

Revolve about y — 2 



» 



v = 2 



f 



FIGURE 5.22b 

Solid of revolution 



that the radius of the outer surface is the distance from the line y — 2 to the curve 
y — |x 2 or ro — 2 — |x 2 . The radius of the inner hole is the distance from the line 
y — 2 to the line y — 1 or 77 = 2 — 1 = 1. From (2.2), the volume is given by 



v = 7T^2-^x 2 ^ dx ~J Q n{ - 2 - 1 ) 2 dx 



7t (inner radius) 



7T (outer radius) - 



"jf[( 



4-jc 2 + — 
16 

32 \ 56 

7T I 6 1 = 71. 

3 80 15 



dx — 7t 



1 < Is 

3x H x 5 

3 80 



In parts (b) and (c) of example 2.6, the volume was computed by subtracting an inner 
volume from an outer volume in order to compensate for a cavity inside the solid. This 
technique is a slight generalization of the method of disks and is referred to as the method 
of washers, since the cross sections of the solids look like washers. 



EXAMPLE 2.7 Revolving a Region About Different Lines 

Let R be the region bounded by y — 4 — x 2 and y — 0. Find the volume of the solids 
obtained by revolving R about each of the following: (a) the v-axis, (b) the line y = —3, 
(c) the line y — 7 and (d) the line x — 3. 

Solution For part (a), we draw the region R in Figure 5.23a and the solid of revolution 
in Figure 5.23b. 

From Figure 5.23b, notice that each cross section of the solid is a circular disk, 
whose radius is simply x. Solving for x, we get x — — y, where we have selected x 
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FIGURE 5.23a 

Revolve about v-axis 



FIGURE 5.23b 

Solid of revolution 



to be positive, since in this context, x represents a distance. From (2.3), the volume of 
the solid of revolution is given by 



V 



= j it (V4 - v) dy=nj (A-y)dy = Tt 



Ay 



y 

y 



- 87T. 



0 



71 (radius) 2 

For part (b), we have sketched the region R in Figure 5.24a and the solid of 
revolution in Figure 5.24b. Notice from Figure 5.24b that the cross sections of the solid 
are shaped like washers and the outer radius ro is the distance from the curve 
y — 4 — x 2 to the axis of revolution y — —3. That is, 



ro 



(-3) = (4 - x 2 ) - (-3) = 7 



while the inner radius is the distance from the .v-axis to the line y = —3. That is, 

n = 0-(-3) = 3. 



From (2.2), the volume is 



V 



j jt(7 — x 2 ) 2 dx — J 7r(3) 2 dx 



1472 



7r(outer radius) - 



15 

n (inner radius)" 



-71, 



where we have left the details of the computation as an exercise. 

Part (c) (revolving about the line y — 7) is very similar to part (b). You can see the 
region R in Figure 5.25a and the solid in Figure 5.25b (on the following page). 

The cross sections of the solid are again shaped like washers, but this time, the 
outer radius is the distance from the line y — 7 to the x-axis; that is, ro —1 ■ The inner 
radius is the distance from the line y = 7 to the curve y — 4 — x 2 , 

n = 7-(4-x 2 ) = 3 + x 2 . 



From (2.2), the volume of the solid is then 

-2 



V 



f Tt{lf dx - f n(3 + x 2 ) 2 dx 

J-2 ' — » — ' ' 



576 



-71, 



7i (outer radius) 



jr(inner radius)" 



where we again leave the details of the calculation as an exercise. 

Finally, for part (d) (revolving about the line x — 3), we show the region R in 
Figure 5.26a and the solid of revolution in Figure 5.26b (on the following page). In this 
case, the cross sections of the solid are washers, but the inner and outer radii are a bit 
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FIGURE 5.25a FIGURE 5.25b 

Revolve about y — 7 Solid of revolution 




FIGURE 5.26a FIGURE 5.26b 

Revolve about x — 3 Solid of revolution 

trickier to determine than in the previous parts. The outer radius is the distance between 
the line x = 3 and the left half of the parabola, while the inner radius is the distance 
between the line x — 3 and the right half of the parabola. The parabola is given by 
y — A — x 1 , so that x — ±s/4 — y. Notice that x = -y/4 — y corresponds to the right 
half of the parabola, while x — —y/4 — y describes the left half of the parabola. This 
gives us 



r 0 = 3 - (- V4-y) = 3 + ^4 - y and n = 3- ^4 - y. 
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Consequently, we get the volume 

V = / it(3 + 74 - yj dy - 7t[3 - ^4 - yj dy = 64tt, 

;r(outer radius)" jr(inner radius) - 

where we leave the details of this rather messy calculation to you. In section 5.3, we 
present an alternative method for finding the volume of a solid of revolution that, for the 
present problem, will produce much simpler integrals. ■ 

REMARK 2.3 



You will be most successful in finding volumes of solids of revolution if you draw 
reasonable figures and label them carefully. Don't simply look for what to plug in 
where. You only need to keep in mind how to find the area of a cross section of the 
solid. Integration does the rest. 



EXERCISES 5.2 

fjv) WRITING EXERCISES 

1. Discuss the relationships (e.g., perpendicular or parallel) to the 
x-axis and v-axis of the disks in examples 2.4 and 2.5. Explain 
how this relationship enables you to correctly determine the 
variable of integration. 

2. The methods of disks and washers were developed separately 
in the text, but each is a special case of the general volume 
formula. Discuss the advantages of learning separate formu- 
las versus deriving each example separately from the general 
formula. For example, would you prefer to learn the extra for- 
mulas or have to work each problem from basic principles? 
How many formulas is too many to learn? 

3. To find the area of a triangle of the form A in section 5.1, ex- 
plain why you would use j-integration. In this section, would 
it be easier to compute the volume of the solid formed by re- 
volving this triangle about the x-axis or v-axis? Explain your 
preference. 

4. In part (a) of example 2.7, Figure 5.23a extends from 
x — —s/4 — y to x — si A — y, but we used -J 4 — y as the ra- 
dius. Explain why this is the correct radius and not 2V4 — v. 



In exercises 1-4, find the volume of the solid with cross-sectional 
area A(x). 

1. A(x) =x+2, -1 <x <3 

2. A(x)= 10 + 6x 2 ,0<x < 10 

3. A(x) = ji(4 - xf, 0 < x < 2 

4. A(x) = 2(x + l) 2 , 1 < x < 4 



In exercises 5-12, set up an integral and compute the volume. 

5. (a) The great pyramid at Gizeh is 500 feet high, rising from 
a square base of side 750 feet. Compute its volume using 
integration. 




(b) Suppose that instead of completing a pyramid, the builders 
at Gizeh had stopped at height 250 feet (with a square 
plateau top of side 375 feet). Compute the volume of this 
structure. Explain why the volume is greater than half the 
volume of the pyramid in part (a). 

6. Find the volume of a pyramid of height 160 feet that has 
a square base of side 300 feet. These dimensions are half 
those of the pyramid in example 2.1. How does the volume 
compare? 

7. A church steeple is 30 feet tall with square cross sections. The 
square at the base has side 3 feet, the square at the top has side 
6 inches and the side varies linearly in between. Compute the 
volume. 

8. A house attic has rectangular cross sections parallel to the 
ground and triangular cross sections perpendicular to the 
ground. The rectangle is 30 feet by 60 feet at the bottom of 
the attic and the triangles have base 30 feet and height 10 feet. 
Compute the volume of the attic. 

9. The outline of a dome is given by y — 60 — for — 60 < 
x < 60 (units of feet), with circular cross-sections perpendicu- 
lar to the v-axis. Find its volume. (Hint: To mimic example 2.3, 
turn the graph sideways, or treat it like example 2.5.) 
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10. A dome "twice as big" as that of exercise 9 has outline 
for -120 < x < 120 (units of feet). Find its 



11. 



12. 



y = 120 - 
volume. 

A pottery jar has circular cross sections of radius 
4 + sin | inches for 0 < x <2ji. Sketch a picture of the jar 
and compute its volume. 

A pottery jar has circular cross sections of radius 
4 — sin | inches for 0 < x <2ji. Sketch a picture of the jar 
and compute its volume. 



13. Suppose an MRI scan indicates that cross-sectional areas of ad- 
jacent slices of a tumor are as given in the table. Use Simpson's 
Rule to estimate the volume. 



x (cm) 


0.0 


0.1 


0.2 


0.3 


0.4 


0.5 


A(x) (cm 2 ) 


0.0 


0.1 


0.2 


0.4 


0.6 


0.4 



x (cm) 


0.6 


0.7 


0.8 


0.9 


1.0 


A(x) (cm 2 ) 


0.3 


0.2 


0.2 


0.1 


0.0 



14. Suppose an MRI scan indicates that cross-sectional areas of ad- 
jacent slices of a tumor are as given in the table. Use Simpson's 
Rule to estimate the volume. 



x (cm) 


0.0 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


A(x) (cm 2 ) 


0.0 


0.2 


0.3 


0.2 


0.4 


0.2 


0.0 



15. Estimate the volume from the cross-sectional areas. 



*(ft) 


0.0 


0.5 


1.0 


1.5 


2.0 


A(x) (ft 2 ) 


1.0 


1.2 


1.4 


1.3 


1.2 



16. Estimate the volume from the cross-sectional areas. 



x (m) 


0.0 


0.1 


0.2 


0.3 


0.4 


A(x) (m 2 ) 


2.0 


1.8 


1.7 


1.6 


1.8 














x (m) 


0.5 


0.6 


0.7 


0.8 




A(x) (m 2 ) 


2.0 


2.1 


2.2 


2.4 





In exercises 17-20, compute the volume of the solid formed by 
revolving the given region about the given line. 

17. Region bounded by y = 2 — x , y = 0 and x = 0 about (a) the 
x-axis; (b) y = 3 

18. Region bounded by v = x 2 , y — 4 — x 2 about (a) the x-axis; 
(b) y = 4 

19. Region bounded by y = *Jx, y — 2 and x = 0 about (a) the 
y-axis; (b) x — 4 

20. Region bounded by y — x 2 and x = y 2 about (a) the y-axis; 
(b) x = 1 

In exercises 21-24, a solid is formed by revolving the given re- 
gion about the given line. Compute the volume exactly if possible 
and estimate if necessary. 

21. Region bounded by y = V- 1 + 4, x = 0, x = 2 and y = 0 
about (a) the y-axis; (b) y — —2 

22. Region bounded by y — secx, y — 0, x = — 7r/4andx = 7r/4 
about (a) y — 1 ; (b) the x-axis 



23. Region bounded by y = 

(a) the x-axis; (b) y — 3 



the x-axis and x = 1 about 



24. Region bounded by v = cos x and y — x 2 about (a) the x-axis; 
(b)y = -l 



25. Let R be the region bounded by y — 4 — 2x, the x-axis and the 
y-axis. Compute the volume of the solid formed by revolving 
R about the given line. 

(a) the y-axis (b) the x-axis (c) y = 4 

(d) y = -4 (e) x = 2 (f) x = -2 




26. 



Let R be the region bounded by y — x 2 and y — 4. Compute 
the volume of the solid formed by revolving R about the given 
line. 

(a) y = 4 (b) the y-axis (c) y — 6 

(d) y = -2 (e) x = 2 (f ) x = -4 



J 

— r 4- 




\ 3 " 

\ 2 " 

\ 1_ 
1 1 h-^- 


R J 

H 1 1 — ► 


-3 -2 -1 


1 2 3 



27. 



28. 



29. 



Let R be the region bounded by y — x 2 , y — 0 and x = 1. 
Compute the volume of the solid formed by revolving R about 
the given line. 

(a) the y-axis (b) the x-axis (c) x = 1 

(d)y = l (e)x = -l (f)y = -l 

Let R be the region bounded by y = x, y = — x and x = 1. 
Compute the volume of the solid formed by revolving R about 
the given line. 

(a) the x-axis (b) the y-axis 

(c)y = l (d)y = -l 

Let R be the region bounded by y = ax 2 , y — h and the y-axis 
(where a and /; are positive constants). Compute the volume 
of the solid formed by revolving this region about the y-axis. 
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Show that your answer equals half the volume of a cylinder of 
height h and radius *JKfa. Sketch a picture to illustrate this. 

30. Use the result of exercise 29 to immediately write down the 
volume of the solid formed by revolving the region bounded 
by y — ax 2 , x — «fhja and the x-axis about the y-axis. 

31. Suppose that the square consisting of all points (x, y) with 
— 1 < x < 1 and — 1 < y S 1 is revolved about the y-axis. 
Show that the volume of the resulting solid is lit . 

32. Suppose that the circle x 2 + y 2 — 1 is revolved about the 
y-axis. Show that the volume of the resulting solid is |tt . 

33. Suppose that the triangle with vertices (—1, —1), (0, 1) and 
(1, —1) is revolved about the y-axis. Show that the volume of 
the resulting solid is jti. 

34. Sketch the square, circle and triangle of exercises 31-33 on 
the same axes. Show that the relative volumes of the revolved 
regions (cylinder, sphere and cone, respectively) are 3:2:1. 

35. Verify the formula for the volume of a sphere by revolving the 
circle x 2 + y 2 — r 2 about the y-axis. 

36. Verify the formula for the volume of a cone by revolving the 
line segment y = — -x + h, 0 < x < r, about the y-axis. 

37. Let A be a right circular cylinder with radius 3 and height 5. 
Let B be the tilted circular cylinder with radius 3 and height 5. 
Determine whether A and B enclose the same volume. 



3 3 




38. Determine whether the two indicated parallelograms have the 
same area. (Exercises 37 and 38 illustrate Cavalieri's Theorem.) 









2 








2 




•< 5 ► 




* 5 ► 





39. The base of a solid V is the circle x 2 + y 2 = 1. Find the vol- 
ume if V has (a) square cross sections and (b) semicircular 
cross sections perpendicular to the x-axis. 

40. The base of a solid V is the triangle with vertices (— 1 , 0), (0, 1 ) 
and (1, 0). Find the volume if V has (a) square cross sec- 
tions and (b) semicircular cross sections perpendicular to the 
x-axis. 

41. The base of a solid V is the region bounded by y = x 2 and 
y = 2 — x 2 . Find the volume if V has (a) square cross sections, 
(b) semicircular cross sections and (c) equilateral triangle cross 
sections perpendicular to the x-axis. 

42. The base of a solid V is the region bounded by y = *Jx — 1, 
x = 2 and y = 0. Find the volume if V has (a) square cross 



sections, (b) semicircular cross sections and (c) equilateral tri- 
angle cross sections perpendicular to the x-axis. 

43. Use the given table of values to estimate the volume of the solid 
formed by revolving y = fix), 0 5x53, about the x-axis. 



X 


0 


0.5 


1.0 


1.5 


2.0 


2.5 


3.0 


fix) 


2.0 


1.2 


0.9 


0.4 


1.0 


1.4 


1.6 



44. Use the given table of values to estimate the volume of the solid 
formed by revolving y = fix), 0 < x < 2, about the x-axis. 



X 


0 


0.25 


0.50 


0.75 


1.0 


1.25 


1.50 


1.75 


2.0 


fix) 


4.0 


3.6 


3.4 


3.2 


3.5 


3.8 


4.2 


4.6 


5.0 



45. Water is poured at a constant rate into the vase with outline as 
shown and circular cross sections. Sketch a graph showing the 
height of the water in the vase as a function of time. 

y 




■*■ x 



46. Sketch a graph of the rate of flow versus time if you poured 
water into the vase of exercise 45 in such a way that the height 
of the water in the vase increased at a constant rate. 

47. Find the volume of the intersection of two spheres, one formed 
by revolving x 2 + y 2 = 1 about the y-axis, the other formed 
by revolving (x — l) 2 + y 2 = 1 about x = 1. 

48. Let S be the sphere formed by revolving x 2 + y 2 = 4 about 
the y-axis, and C the cylinder formed by revolving x = 1, 
—4 < y < 4, about the y-axis. Find the volume of the inter- 
section of 5 and C. 



^ EXPLORATORY EXERCISES 

1. Generalize the result of exercise 34 to any rectangle. That is, 
sketch the rectangle with —a < x < a and —b < y < b, the 

x 2 y 2 

ellipse — + '— = 1 and the triangle with vertices {—a, —b), 
a- b 2 

(0, b) and (a, —b). Show that the relative volumes of the solid 
formed by revolving these regions about the y-axis are 3:2:1. 

2. Take the circle (x — 2) 2 + y 2 = 1 and revolve it about the 
y-axis. The resulting donut-shaped solid is called a torus. 
Compute its volume. Show that the volume equals the area 
of the circle times the distance travelled by the center of the 
circle. This is an example of Pappus' Theorem, dating from 
the fourth century B.C. Verify that the result also holds for the 
triangle in exercise 25, parts (c) and (d). 
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5.3 VOLUMES BY CYLINDRICAL SHELLS 



In this section, we present an alternative to the method of washers discussed in section 5.2. 
Let R denote the region bounded by the graph of y = f(x) and the x-axis on the interval 
[a, b], where 0 < a < b and f(x) > 0 on [a, b~\. (See Figure 5.27a.) If we revolve this 
region about the y-axis, we get the solid shown in Figure 5.27b. Finding the volume of this 
solid by the method of washers is awkward, since we would need to break up the region 
into several pieces. 



y=m 



H H 



H ►.r 



FIGURE 5.28 

i'th rectangle 



H ►.r 



I ►.v 



FIGURE 5.27a 

Revolve about y-axis 



FIGURE 5.27b 

Solid of revolution 



Alternatively, we partition the interval [a , b] into n subintervals of equal width 

b — a 

Ax = . On each subinterval [x,_i, x,], pick a point c,- and construct the rectangle 

n 

of height f(c{) as indicated in Figure 5.28. Revolving this rectangle about the y-axis forms 
a thin cylindrical shell (i.e., a hollow cylinder, like a pipe), as in Figure 5.29a. 

To find the volume of this thin cylindrical shell, imagine cutting the cylinder from top 
to bottom and then flattening out the shell. After doing this, you should have essentially a 
thin rectangular sheet, as seen in Figure 5.29b. 

Thickness 




FIGURE 5.29a 

Cylindrical shell 



\ 




Circumference of 
cylindrical shell 



FIGURE 5.29b 

Flattened cylindrical shell 

Notice that the length of such a thin sheet corresponds to the circumference of the 
cylindrical shell, which is 2n ■ radius 2jtc, . So, the volume V, of the tth cylindrical shell 
is approximately 

Vj ~ length x width x height 

= (2n x radius) x thickness x height 
» (2na) Ax f(a). 
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The total volume V of the solid can then be approximated by the sum of the volumes of the 
n cylindrical shells: 

radius height thickness 

As we have done many times now, we can get the exact volume of the solid by taking the 
limit as n oo and recognizing the resulting definite integral. We have 



Volume of a solid of revolution 
(cylindrical shells) 



REMARK 3.1 



Do not rely on simply 
memorizing formula (3.1). You 
must strive to understand the 
meaning of the components. It's 
simple to do if you just think of 
how they correspond to the 
volume of a cylindrical shell: 

27r(radius) (height) (thickness). 

If you think of volumes in this 
way, you will have no difficulty 
with the method of cylindrical 
shells. 



V — lim / 2jrcif(ci) Ax — I lit x f(x) dx 

i=l , . 



radius height 



(3.1) 



For obvious reasons, we call this the method of cylindrical shells. 



EXAMPLE 3. 1 Using the Method of Cylindrical Shells 

Use the method of cylindrical shells to find the volume of the solid formed by revolving 
the region bounded by the graphs of y — x and y — x 2 in the first quadrant about the 
v-axis. 

Solution From Figure 5.30a, notice that the region has an upper boundary of y — x 
and a lower boundary of y = x 2 and runs from x — 0 to x — 1 . Here, we have drawn a 
sample rectangle that generates a cylindrical shell. The resulting solid of revolution 
can be seen in Figure 5.30b. We can write down an integral for the volume by 
analyzing the various components of the solid in Figures 5.30a and 5.30b. From (3.1), 
we have 



V 



-L 

— 2jt I (x 
Jo 



2ir x (x 

radius height 



x 2 ) 



dx 



x )dx — 2tt 



x 
T 



77" 

6 




We can now generalize this method to solve the problem in example 2.7 part (d) in a 
much simpler fashion. 
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EXAMPLE 3.2 A Volume Where Shells Are Simpler Than Washers 

Find the volume of the solid formed by revolving the region bounded by the graph of 
y = 4 — x 2 and the x-axis about the line x — 3. 

Solution Look carefully at Figure 5.31a, where we have drawn a sample rectangle 
that generates a cylindrical shell, and at the solid shown in Figure 5.31b. Notice that the 
radius of a cylindrical shell is the distance from the line x — 3 to the shell: 



r — 3 — x. 



This gives us the volume 



V 



j 2tt(3 - jc)(4-x 2 ) dx^ 

radius height thickness 



2tt J (x s - 3x z -Ax+\2)dx = 64tt, 
where the routine details of the calculation of the integral are left to the reader. 



/ 



Height = 4 - x 



x=3 



Radius = 3 — x - 




\ — ► x 



FIGURE 5.31a 

Typical rectangle generating a cylindrical shell 



FIGURE 5.31b 

Solid of revolution 



Your first step in a volume calculation should be to analyze the geometry of the solid 
to decide whether it's easier to integrate with respect to x or v. Note that for a given solid, 
the variable of integration in the method of cylindrical shells is exactly opposite that of the 
method of washers. So, your choice of integration variable will determine which method 
you use. 



EXAMPLE 3.3 Computing Volumes Using Shells and Washers 

Let R be the region bounded by the graphs ofy — x,y — 2 — x and y = 0. Compute 
the volume of the solid formed by revolving R about the lines (a) y — 2, (b) y = — 1 and 
(c) x = 3. 

Solution The region R is shown in Figure 5.32a. The geometry of the region suggests 
that we should consider y as the variable of integration. Look carefully at the 
differences among the following three volumes. 

(a) Revolving R about the line y = 2, observe that the radius of a cylindrical shell is 
the distance from the line y = 2 to the shell: r — 2 — y, for 0 < y < 1. (See Figure 5.32b.) 
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The height is the difference in the .t-values on the two curves: solving for x, we have 
x — y and x — 2 — y. Following (3.1), we get the volume 



V 



-f 

Jo 



2tt (2 - y) [(2 



10 

y) - y] dy_^ = y 7 ^ 




where we leave the routine details of the calculation to you. 

(b) Revolving R about the line y = — 1, notice that the height of the cylindrical 
shells is the same as in part (a), but the radius r is the distance from the line y — — 1 to 
the shell: r — y — (—1) = y + 1. (See Figure 5.32c.) This gives us the volume 



V 



-f 

Jo 



2jt [y-(-l)] [(2-y) 



radius 



y] dy^ - -jr. 



height 



thickness 



FIGURE 5.32a 

y — x and y — 2 — x 




y = 2 



FIGURE 5.32b 

Revolve about y — 2 




y = -\ 



Radius = y — (— 1) 



FIGURE 5.32c 

Revolve about y = — 1 



t <o=3-y 

r, = 3 - (2 - y) 




FIGURE 5.32d 

Revolve about x — 3 



(c) Finally, revolving R about the line x — 3, notice that to find the volume using 
cylindrical shells, we would need to break the calculation into two pieces, since the 
height of the cylindrical shells would be different for x e [0, 1] than for x e [1,2]. 
(Think about this some.) On the other hand, this is done easily by the method of 
washers. Observe that the outer radius is the distance from the line x — 3 to the line 
x = y: ro = 3 — y, while the inner radius is the distance from the line x — 3 to the line 
x — 2 — y: rj — 3 — (2 — y). (See Figure 5.32d.) This gives us the volume 



V 



Jo 




outer radius" inner radius 



Once again, you should note the importance of sketching and carefully labeling the 
region. Doing so will make it much easier to correctly set up the integral. Finally, do whatever 
it takes to evaluate the integral. If you don't know how to evaluate it, you can try your CAS 
or approximate it numerically (e.g., by Simpson's Rule). 



EXAMPLE 3.4 Approximating Volumes Using Shells and Washers 

Let R be the region bounded by the graphs of y = cos x and y = x 2 . Compute the 
volume of the solid formed by revolving R about the lines (a) x — 2 and (b) y — 2. 

Solution First, we sketch the region R. (See Figure 5.33a on the following page.) 
Since the top and bottom of R are each defined by a curve of the form y = f(x), we will 
want to integrate with respect to x. We next look for the points of intersection of the two 
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curves, by solving the equation cos x — x 2 . Since we can't solve this exactly, we must 
use an approximate method (e.g., Newton's method) to obtain the approximate 
intersections at x — ±0.824132. 




(a) If we revolve the region about the line x — 2, we should use cylindrical shells. 
(See Figure 5.33b.) In this case, observe that the radius r of a cylindrical shell is the 
distance from the line x — 2 to the shell: r — 2 — x, while the height of a shell is 

cos x — x 2 . We get the volume 

/ 0.824132 
lit (2- x)(cosx - x 2 )dx » 13.757, 

radius height 

where we have approximated the value of the integral numerically. (We will see how to 
find an antiderivative for this integrand in Chapter 7.) 

(b) If we revolve the region about the line y = 2 (see Figure 5.33c), we use the 
method of washers. In this case, observe that the outer radius of a washer is the distance 
from the line y = 2 to the curve y — x 2 : ro — 2 — x 2 , while the inner radius is the 
distance from the line y — 2 to the curve y = cos x: rj — 2 — cosx. (Again, see 
Figure 5.33c.) This gives us the volume 




FIGURE 5.33c 

Revolve about y — 2 



where we have approximated the value of the integral numerically. ■. 
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We close this section with a summary of strategies for computing volumes of solids of 
revolution. 



VOLUME OF A SOLID OF REVOLUTION 

• Sketch the region to be revolved and the axis of revolution. 

• Determine the variable of integration (x if the region has a well-defined top and 
bottom, y if the region has well-defined left and right boundaries). 

• Based on the axis of revolution and the variable of integration, determine 
the method (disks or washers for x-integration about a horizontal axis or 
y-integration about a vertical axis, shells for x-integration about a vertical axis or 
y-integration about a horizontal axis). 

• Label your picture with the inner and outer radii for disks or washers; label the 
radius and height for cylindrical shells. 

• Set up the integral(s) and evaluate. 



EXERCISES 5.3 

f$) WRITING EXERCISES 

1. Explain why the method of cylindrical shells produces an inte- 
gral with x as the variable of integration when revolving about 
a vertical axis. (Describe where the shells are and which direc- 
tion to move in to go from shell to shell.) 

2. Explain why the method of cylindrical shells has the same 
form whether or not the solid has a hole or cavity. That is, 
there is no need for separate methods analogous to disks and 
washers. 

3. Suppose that the region bounded by y — x 2 — 4 and 
y — 4 — x 2 is revolved about the line x — 2. Carefully explain 
which method (disks, washers or shells) would be easiest to 
use to compute the volume. 



y 




+-X 



x = 2 



4. Suppose that the region bounded by y — x 3 — 3x — 1 and 
y — —4, —2 < x < 2, is revolved about x — 3. Explain what 
would be necessary to compute the volume using the 
method of washers and what would be necessary to use the 
method of cylindrical shells. Which method would you prefer 
and why? 



y 



i 

/-\ 1- 

1 / 1 \ 


' It 

i f 1 


1 

-2 


J 1 \ 

/ -1 \ 
/ _1 
-2- 

-3- 


1 1 

i /: 


! 3 







In exercises 1-8, sketch the region, draw in a typical shell, 
identify the radius and height of each shell and compute the 
volume. 

1. The region bounded by y — x 2 and the x-axis, — 1 < x < 1, 
revolved about x — 2 

2. The region bounded by y — x 2 and the x-axis, —1<X<1, 
revolved about x — —2 

3. The region bounded by y — x, y — —x and x — 1 revolved 
about the y-axis 

4. The region bounded by y — x, y — —x and x = 1 revolved 
about x = 1 

5. The region bounded by y — *Jx 2 + 1 and y — 0, 0£x<4 
revolved about x — 0. 

6. The region bounded by y — x 2 and y = 0, — 1 < .t < I, 
revolved about x — 2 

7. The region bounded by x 2 + y 2 — 1 revolved about y — 2 

8. The region bounded by x 2 + y 2 — 2y revolved about y — 4 
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In exercises 9-16, use cylindrical shells to compute the volume. 

9. The region bounded by y — x 2 and y — 2 — x 2 , revolved about 
x = -2 

10. The region bounded by y — x 2 and y — 2 — x 2 , revolved about 
x = 2 

11. The region bounded by x — y 2 and x — 4 revolved about 
y = -2 

12. The region bounded by x — y 2 and x — 4 revolved about y — 2 

13. The region bounded by y — x and y — x 2 — 2 revolved about 
x = 2 

14. The region bounded by y — x and y — x 2 — 2 revolved about 
x = 3 

15. The region bounded by x = (y — l) 2 andx = 9 revolved about 
y = 5 

16. The region bounded by x = (v — l) 2 andx = 9 revolved about 
y = -3 



In exercises 27-30, the integral represents the volume of a solid. 
Sketch the region and axis of revolution that produce the solid. 



27. f 

Jo 

29. f 

Jo 



xl(</yf-y 2 Wy 



2nx(x — x )dx 



•r 
•r 



jt(4- y 2 ) 2 rfy 



27r(4-y)(v + y)dy 



31. Use a method similar to our derivation of equation (3.1) 
to derive the following fact about a circle of radius R. 
Area — jiR 2 — c(r)dr, where c(r) — 2itr is the circum- 
ference of a circle of radius r . 

32. You have probably noticed that the circumference of a circle 
(2nr) equals the derivative with respect to r of the area of 
the circle (nr 2 ). Use exercise 33 to explain why this is not a 
coincidence. 



In exercises 17-26, use the best method available to find each 
volume. 

17. The region bounded by y = 4 — x, y = 4 and y — x revolved 
about 

(a) the x-axis (b) the y-axis (c) x = 4 (d) y — 4 

18. The region bounded by y — x + 2, y — —x — 2 and x = 0 
revolved about 

(a) y — — 2 (b) x = — 2 (c) they-axis (d) the x-axis 

19. The region bounded by y — x and y — x 2 — 6 revolved about 
(a) x = 3 (b) y = 3 (c) x = -3 (d) y = -6 

20. The region bounded by x = y 2 and x — 2 + y revolved about 
(a)x = -l (b)y = -l (c)x = -2 (d) y = -2 

21. The region bounded by y — x 2 (x > 0), y — 2 — x and x = 0 
revolved about 

(a) the x-axis (b) the y-axis (c) x = 1 (d) y — 2 

22. The region bounded by y — 2 — x 2 , y — x (x > 0) and the 
y-axis revolved about 

(a) the x-axis (b) the y-axis (c) x = — 1 (d) y = — 1 

23. The region to the right of x = y 2 and to the left of y = 2 — x 
and y — x — 2 revolved about 

(a) the x-axis (b) the y-axis 

24. The region bounded by y = x 2 + x, y = 2 — x and the x-axis 
(in the first quadrant) revolved about 

(a) the x-axis (b) they-axis 

25. The region bounded by y = cos x and y = x 4 revolved about 
(a) x = 2 (b) y — 2 (c) the x-axis (d) the y-axis 

26. The region bounded by y = sinx and y = x 2 revolved about 
(a) y = 1 (b) x = 1 (c) the y-axis (d) the x-axis 



APPLICATIONS 



33. A jewelry bead is formed by drilling a ^-cm radius hole from 
the center of a 1-cm radius sphere. Explain why the volume is 
given by 47rxVl — x 2 dx. Evaluate this integral or com- 
pute the volume in some easier way. 

34. Find the size of the hole in exercise 33 such that exactly half 
the volume is removed. 

35. An anthill is in the shape formed by revolving the region 
bounded by y = 1 — x 2 and the x-axis about the y-axis. A re- 
searcher removes a cylindrical core from the center of the hill. 
What should the radius be to give the researcher 10% of the 
dirt? 



36. The outline of a rugby ball has the shape of £j + 



1. The 



ball itself is the revolution of this ellipse about the x-axis. Find 
the volume of the ball. 



EXPLORATORY EXERCISES 



1. From a sphere of radius R, a hole of radius r is drilled out of 
the center. Compute the volume removed in terms of R and r. 
Compute the length L of the hole in terms of R and r. Rewrite 
the volume in terms of L. Is it reasonable to say that the volume 
removed depends on L and not on Rl 

2. In each case, sketch the solid and find the volume formed 
by revolving the region about (i) the x-axis and (ii) the 
y-axis. Compute the volume exactly if possible and es- 
timate numerically if necessary, (a) Region bounded by 
y = sec x-v/tanx + 1, y = 0, x = — f and x — ^ . (b) Region 
bounded by x = ^jy 2 + 1, x = 0, y = — 1 and y = 1. (c) Re- 
gion bounded by y = — , y = 0, x = n and x — 0. (d) Re- 
gion bounded by y = x 3 — 3x 2 + 2x and y = 0. (e) Region 
bounded by y = cos(x 2 ) and y = (x — l) 2 . 
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5.4 ARC LENGTH AND SURFACE AREA 




FIGURE 5.34a 

y = sinx 




FIGURE 5.34b 

Four line segments approximating 
j = sinx 



n 


Length 


8 


3.8125 


16 


3.8183 


32 


3.8197 


64 


3.8201 


128 


3.8202 




\ — ► 



FIGURE 5.35 

Straight-line approximation 
of arc length 



In this section, we compute the length of a curve in two dimensions and the area of a surface 
in three dimensions. As always, pay particular attention to the derivations. 



O Arc Length 



How could we find the length of the portion of the sine curve shown in Figure 5.34a? (We 

call the length of a curve its arc length.) If the curve were actually a piece of string, you 

could straighten out the string and then measure its length with a ruler. With this in mind, 

we begin with an approximation. 

We first approximate the curve with several line segments joined together. In Figure 

(it 1 \ (it \ (3it 1 
5.34b, the line segments connect the points (0, 0), — , — — ,(—,1,1 — , — 

\4 yfl) V2 I \ 4 V2, 

(it, 0) on the curve y = sin x. An approximation of the arc length s of the curve is given by 

the sum of the lengths of these line segments: 



and 




3.79. 



You might notice that this estimate is too small. (Why is that?) We will improve our 
approximation by using more than four line segments. In the table at left, we show estimates 
of the length of the curve using n line segments for larger values of n. As you would expect, 
the approximation of length will get closer to the actual length of the curve, as the number 
of line segments increases. This general idea should sound familiar. 

We develop this notion further now for the more general problem of finding the arc 
length of the curve y — f(x) on the interval [a, b]. Here, we'll assume that / is con- 
tinuous on [a,b] and differentiable on (a,b). (Where have you seen hypotheses like 
these before?) As usual, we begin by partitioning the interval [a, b] into n equal pieces: 

b — a 

a = xq < x\ < ■ ■ ■ < x n = b, where Xj — x,_i = Ax = , for each i — 1,2, ... ,n. 

n 

Between each pair of adjacent points on the curve, (x;_i, /(x,_i)) and (xi , /(x,)), we 
approximate the arc length Si by the straight-line distance between the two points. (See Fig- 
ure 5.35.) From the usual distance formula, we have 

Si « d{(x { -u /(*;-!)), (x it f(x,))} = ^(x i -x i ^ + [f(x i )- f( Xi _,)]\ 

Since / is continuous on all of [a, b] and differentiable on (a, b), f is also continuous on 
the subinterval x{\ and is differentiable on (x,_i, x,). By the Mean Value Theorem, 

we then have 

f(xd - f(xi-\) = f'(Ci)(Xi - Xi-i), 
for some number c,- e (x,_i, x,). This gives us the approximation 

S t « yU- - X;-i) 2 + [/(*;) - /(x;-i)] 2 



= y/( Xi - X,--,) 2 + [f'iaXx, - Xi^P 

= Vl + t/'fe)] 2 ^ - Xj-i) = Vl + [/'(Q)] 2 Ax. 

Adding together the lengths of these n line segments, we get an approximation of the total 
arc length, 

n 

* «xyi+[/'fo)] 2 A*. 
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Arc length of y = f(x) 
on the interval [a, b] 



REMARK 4.1 



The formula for arc length is 
very simple. Unfortunately, 
very few functions produce arc 
length integrals that can be 
evaluated exactly. You should 
expect to use a numerical 
integration method on your 
calculator or computer to 
compute most arc lengths. 
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FIGURE 5.36 

y — x 2 and y — x 4 



Notice that as n gets larger, this approximation should approach the exact arc length, that is, 

n 

s= lim V V1 + [/'(c,)] 2 Ajc. 

n — > oo * — f 



You should recognize this as the limit of a Riemann sum for yi + [f'(x)] 2 , so that the arc 
length is given exactly by the definite integral: 



= / ^ 



l + [f'(x)] 2 dx 



(4.1) 



whenever the limit exists. 



EXAMPLE 4. 1 Using the Arc Length Formula 

Find the arc length of the portion of the curve y — sin x with 0 < x < it. (We estimated 
this as 3.79 in our introductory example.) 

Solution From (4.1), the arc length is 

s — I \/l + (cosx) 2 dx. 
Jo 

Try to find an antiderivative of vT-j- cos 2 x, but don't try for too long. (The best our 
CAS can do is V2 EllipticEfx, |], which doesn't seem especially helpful.) Using a 
numerical integration method, the arc length is 



fJT 

Jo 



l+(cosx) 2 dx » 3.8202. 



Even for very simple curves, evaluating the arc length integral exactly can be quite 
challenging. 



EXAMPLE 4.2 Estimating an Arc Length 

Find the arc length of the portion of the curve y — x 2 with 0 < x < 1, 
Solution Using the arc length formula (4.1), we get 



= / y/l +(2x) 2 dx = f y/l+4x 2 dx 

Jo Jo 



1.4789, 



where we have again evaluated the integral numerically. (In this case, you can find an 
antiderivative using a technique developed in section 6.3 and evaluate the integral 
exactly as \ In (VI + 2) + VI/2.) ■ 



The graphs of y 



and y = x A look surprisingly similar on the interval [0, 1]. (See 



Figure 5.36.) They both connect the points (0, 0) and (1, 1), are increasing and are concave 
up. If you graph them simultaneously, you will note that y — x 4 starts out flatter and then 
becomes steeper from about x = 0.7 on. (Try proving that this is true!) Arc length gives us 
one way to quantify the difference between the two graphs. 



EXAMPLE 4.3 A Comparison of Arc Lengths of Power Functions 

Find the arc length of the portion of the curve y — x 4 with 0 < x < 1 and compare to the 
arc length of the portion of the curve y — x 1 on the same interval. 

Solution From (4.1), the arc length for y = x 4 is given by 



Jo 



1 + (4jc 3 ) 2 dx 



Jo 



1 + I6x 6 dx « 1.6002. 



Notice that this arc length is about 8% larger than that of y = x 2 , as found in 
example 4.2. ■ 
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In the exercises, you will be asked to explore the trend in the lengths of the portion 
of the curves y = x , y — x and so on, on the interval [0, 1]. Can you guess now what 
happens to the arc length of the portion of y = x", on the interval [0, 1], as n —>■ oo? 

Everyday usage of words such as length can be ambiguous and misleading. For instance, 
the length of a frisbee throw usually refers to the horizontal distance covered, not to the arc 
length of the frisbee's flight path. On the other hand, suppose you need to hang a banner 
between two poles that are 20 feet apart. In this case, you'll need more than 20 feet of rope, 
since the length of rope required is determined by the arc length, rather than the horizontal 
distance. 




1 — *■* 



FIGURE 5 

y = kx 1 + 



37 

10 




Circular cross 
sections 

FIGURE 5.38 

Surface of revolution 



EXAMPLE 4.4 Computing the Length of a Rope 

Suppose that a banner is to be hung from a rope taped to a wall in the shape of 
y — ijt 2 + 10, — 10 < x < 10, as seen in Figure 5.37. How long is the rope? 

Solution From (4.1), the arc length of the curve is given by 




- f 4* 

10 J_io 



100<ijc 



10 j- w 
» 22.956 feet, 

which corresponds to the horizontal distance of 20 feet plus about 3 feet of slack. 

O Surface Area 

In sections 5.2 and 5.3, we saw how to compute the volume of a solid formed by revolving 
a two-dimensional region about a fixed axis. In addition, we often want to determine the 
area of the surface that is generated by the revolution. For instance, when revolving the 
line y = x + 1, for 0 < x < 1, about the x-axis, the surface generated is the bottom portion 
of a right circular cone whose top is cut off by a plane parallel to the base, as shown in 
Figure 5.38. 

We first pause to find the curved surface area of a right circular cone. In Figure 5.39a, 
we show a right circular cone of base radius r and slant height /. (As you'll see later, it is 
more convenient in this context to specify the slant height than the altitude.) If we cut the 
cone along a seam and flatten it out, we get the circular sector shown in Figure 5.39b. Notice 
that the curved surface area of the cone is the same as the area A of the circular sector. This 
is the area of a circle of radius / multiplied by the fraction of the circle included: 8 out 



Cut along 
a seam \ / 




FIGURE 5.39a 

Right circular cone 



FIGURE 5.39b 

Flattened cone 
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of a possible 2it radians, or 

0 0 0 

A = jr(radius) 2 — = ill 2 — = -I 2 . (4.2) 
2jt 2jt 2 

The only problem with this is that we don't know 0. However, notice that by the way we 
constructed the sector (i.e., by flattening the cone), the circumference of the sector is the 
same as the circumference of the base of the cone. That is, 

0 

2nr — 2itl — = 10. 
2it 




FIGURE 5.40 

Frustum of a cone 



2nr 

Dividing by / gives us 0 — —j— . 

From (4.2), the curved surface area of the cone is then 



-I 1 



-l z = nrl. 



Recall that we were originally interested in finding the surface area of only a portion of 
a right circular cone. (Look back at Figure 5.38.) For the frustum of a cone shown in 
Figure 5.40, the curved surface area is given by 

A = n{n + r 2 )L. 

You can verify this by subtracting the curved surface area of two cones, where you must 
use similar triangles to find the height of the larger cone from which the frustum is cut. We 
leave the details of this as an exercise. 

Returning to the original problem of revolving the line v = x + 1 on the interval [0, 1 ] 
about the x-axis (seen in Figure 5.38), we have r\ — 1, r> = 2 and L — \[2 (from the 
Pythagorean Theorem). The curved surface area is then 

A = tt(1 + 2)V2 - 3jtV2 13.329. 

For the general problem of finding the curved surface area of a surface of revolution, consider 
the case where fix) > 0 and where / is continuous on the interval [a, b] and differentiable 
on (a, b). If we revolve the graph of y — f(x) about the x-axis on the interval [a, b] (see 
Figure 5.41a), we get the surface of revolution seen in Figure 5.41b. 




b \g 




FIGURE 5.41a 

Revolve about x-axis 



FIGURE 5.41b 

Surface of revolution 



As we have done many times now, we first partition the interval [a, b] into n pieces 

b — a 

of equal size: a — xq < x\ < ■ ■ ■ < x n = b, where x, — = Ajc = , for each 

n 

i — 1,2, ... ,n. On each subinterval , x{\, we can approximate the curve by the straight 
line segment joining the points (x,_i, /(x,_i)) and {xi, /(*,)), as in Figure 5.42. Notice that 
revolving this line segment around the x-axis generates the frustum of a cone. The surface 
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FIGURE 5.42 

Revolve about x-axis 



area of this frustum will give us an approximation to the actual surface area on the interval 
[x,_i, Xi\. First, observe that the slant height of this frustum is 

L t = d{(Xt- U f(Xi-l)), (X it fix,))} = y/{Xi - x ; _i) 2 + [/(*,) - /fe-i)] 2 , 

f(x) from the usual distance formula. Because of our assumptions on/, we can apply the Mean 

Value Theorem, to obtain 

x /(*>) - f(xi-i) - f'(ci)(xi - Xi-i), 

for some number a € (x;_i, x,). This gives us 

Li = y/ixi-Xi-tf + lfix,)- /(x,_i)] 2 = yi + [/'(c«)] 2 te - . 



The surface area S, of that portion of the surface on the interval [Xi-\ , x{\ is approximately 
the surface area of the frustum of the cone, 

Si « n[f{xi) + /(*,_!)] Vl + [/'(c,)] 2 Ax 
«27r/(c,)Vl + [/'(Q)] 2 Ax, 



since if Ax is small, 



/(*;) + /(*;_,) «2/fe). 



Repeating this argument for each subinterval [x;_i , x,], z = 1, 2, . . . , n, gives us an approx- 
imation to the total surface area S, 



S*J2 2^/(Q)Vl + [/'(c,)] 2 Ax. 

i=\ 

As /i gets larger, this approximation approaches the actual surface area, 

n 

S= lim y"27r/(c,) v / l + [/''(c,)] 2 Ax. 
Recognizing this as the limit of a Riemann sum gives us the integral 



Surface area of a solid of revolution 



nb 

S= / 27r/(x)Vl + [/'(x)] 2 c/x, 

J a 



(4.3) 



REMARK 4.2 



There are exceptionally few 
functions/ for which the 
integral in (4.3) can be 
computed exactly. Don't worry; 
we have numerical integration 
for just such occasions. 



whenever the integral exists. 

You should notice that the factor of -y/l + [/'(x)] 2 dx in the integrand in (4.3) corre- 
sponds to the arc length of a small section of the curve y — /(x), while the factor 2irf(x) 
corresponds to the circumference of the solid of revolution. This should make sense to 
you, as follows. For any small segment of the curve, if we approximate the surface area by 
revolving a small segment of the curve of radius /(x) around the x-axis, the surface area 
generated is simply the surface area of a cylinder, 

S = lurk - 2nf(x) y/l + [f'(x)] 2 dx, 

since the radius of such a small cylindrical segment is /(x) and the height of the cylinder 
is h — y/l + [f'(x)] 2 dx. It is far better to think about the surface area formula in this way 
than to simply memorize the formula. 
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EXAMPLE 4.5 Computing Surface Area 

Find the surface area of the surface generated by revolving y = x 4 , for 0 < x < 1, about 
the x-axis. 

Solution Using the surface area formula (4.3), we have 

S = f 2nx A J\ + (4x 3 ) 2 dx = f 2;rxVl + 16x 6 dx » 3.4365, 
where we have used a numerical method to approximate the value of the integral. ■ 



EXERCISES 5.4 



^WRITING EXERCISES 



1. Explain in words how the arc length integral is derived from 
the lengths of the approximating secant line segments. 

2. Explain why the sum of the lengths of the line segments 
in Figure 5.34b is less than the arc length of the curve in 
Figure 5.34a. 

3. Discuss whether the arc length integral is more accurately 
called a formula or a definition (i.e., can you precisely define 
the length of a curve without using the integral?). 

4. Suppose you graph the trapezoid bounded by y = x + 1, y = 
— x — 1, x — 0 and x = 1, cut it out and roll it up. Explain 
why you would not get Figure 5.38. (Hint: Compare areas and 
carefully consider Figures 5.39a and 5.39b.) 



In exercises 1-4, approximate the length of the curve using n 
secant lines for n = 2; n = 4. 

1. y = x 2 , 0 < x < 1 2. y = x 4 , 0 < x < 1 

3. y = cosx, 0 < x < n 4. y = *Jx + 3, 1 < x < 3 

In exercises 5-10, compute the arc length exactly. 

5. y = 2x + 1 , 0 < x < 2 

6. y = Vl - x 2 , — 1 < x < 1 

7. v = 4x 3 / 2 + 1, 1 <x <2 

8. y 

9. y = ±x 3 / 2 -x 1 / 2 , 1 < x < 4 
(^-x 2 / 3 ),l<x< 



- Iv4 



x 4 + A.-2 <x < -1 



10. y = 



| In exercises 11-18, set up the integral for arc length and then 
approximate the integral with a numerical method. 



11. y = x 3 , -1 < x < 1 
13. y = 2x - x 2 , 0 < x < 2 



12. y = x 3 , -2 < x < 2 
14. y = tanx, 0 < x < 7r/4 



15. y = cosx, 0 < x < it 

17. y — I us'mudu,0 
Jo 

j u 2 s'mu du, 
Jo 



16. y = Vx + 3, 1 < x < 3 



< x < it 



18. v 



0 < x < n 



19. A banner is to be hung along an arch between two poles 



20 feet apart. If the arch is in the shape of y — j^j 
— 10 < x < 10, compute the length of the banner. 



+ 20, 



20. A banner is to be hung along an arch between two poles 



60 feet apart. If the arch is in the shape of y = 
— 30 < x < 30, compute the length of the banner. 



+ 30, 



21. In example 4.4, compute the "sag" in the banner — that is, the 
difference between the y-values in the middle (x = 0) and at 
the poles (x = 10). Given this, is the arc length calculation 
surprising? 

22. Sketch and compute the length of the astroid defined by 



r 2/3 



+ y 2 / 3 = l. 



23. A football punt follows the path y = j^x(60 — x) yards. Sketch 
a graph. How far did the punt go horizontally? How high did 
it go? Compute the arc length. If the ball was in the air for 
4 seconds, what was the ball's average velocity? 

24. A baseball outfielder's throw follows the path y — 
^^x(100 — x) yards. Sketch a graph. How far did the ball 
go horizontally? How high did it go? Compute the arc length. 
Explain why the baseball player would want a small arc length, 
while the football player in exercise 23 would want a large arc 
length. 



| In exercises 25-30, set up the integral for the surface area of 
the surface of revolution and approximate the integral with a 
numerical method. 

25. y — x 2 ,0 < x < 1, revolved about the x-axis 

26. y = sinx,0£x<7r, revolved about the x-axis 

27. y — 2x — x 2 , 0 < x < 2, revolved about the x-axis 

28. y — x 3 — 4x, —2 < x < 0, revolved about the x-axis 
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29. y = cosx, 0 S x S it/2, revolved about the x-axis 

30. y — *J~x, 1 S x S 2, revolved about the x-axis 

31. For y — x 6 , y — x 8 and y — x 10 , compute the arc length for 
0 < x < 1. Using results from examples 4.2 and 4.3, identify 
the pattern for the length of y = x n , 0 < x < 1, as n increases. 
Conjecture the limit as n —> oo. 

32. (a) To help understand the result of exercise 31, determine 

lim x" for each x such that 0 <x< 1 . Compute the length 

n— >oo 

of this limiting curve. Connecting this curve to the endpoint 
(1, 1), what is the total length? 
(b) Prove that y = x 4 is flatter than y = x 2 for 0 < x < ^ 1/2 
and steeper for x > yJi/2. Compare the flatness and steep- 



ness of y 



and y 



EXPLORATORY EXERCISES 

In this exercise, you will explore a famous paradox (often 
called Gabriel's horn). Suppose that the curve y = 1/x, for 
1 < x < R (where R is a large positive constant), is revolved 
about the x-axis. Compute the enclosed volume and the sur- 
face area of the resulting surface. (In both cases, antiderivatives 
can be found, although you may need help from your CAS to 
get the surface area.) Determine the limit of the volume and 
surface area as R —> oo. Now for the paradox. Based on your 
answers, you should have a solid with finite volume, but infi- 
nite surface area. Thus, the three-dimensional solid could be 
completely filled with a finite amount of paint but the outside 
surface could never be completely painted. 



Let C be the portion of the parabola y 
circle x 2 + y 2 = 1. 



: ax — 1 inside the 



| In exercises 33 and 34, compute the arc length Ly of the curve 
and the length L 2 of the secant line connecting the endpoints of 
the curve. Compute the ratio L 2 /L 1 ; the closer this number is 
to 1, the straighter the curve is. 



33. (a) y = sinx, -f < x < 

34. (a) y = x 2 , 3 < x < 5 



(b) -§ < x < f 
(b) -5 < x < -3 



35. (a) Suppose that the square consisting of all (x, y) with 
— 1 < x < 1 and — 1 < y < 1 is revolved about the y-axis. 
Compute the surface area, (b) Suppose that the circle 
x 2 + y 2 = 1 is revolved about the y-axis. Compute the sur- 
face area, (c) Suppose that the triangle with vertices (—1,-1), 
(0, 1) and (1, —1) is revolved about the y-axis. Compute the 
surface area, (d) Sketch the square, circle and triangle of ex- 
ercises A2-AA on the same axes. Show that the relative surface 
areas of the solids of revolution (cylinder, sphere and cone, 
respectively) are 3:2:r, where r is the golden mean defined 

1+V5 

by r = . 

3 2 

36. (a) The elliptic integral of the second kind is defined 

by EllipticE(0, m) = _/"* *J\ — m sin 2 udu. Referring to 
example 4.1, many CASs report *J2 EllipticE(x , |) as 
an antiderivative of Vl + cos 2 x. Verify that this is an 
antiderivative. 



(b) Many CASs report the antiderivative 
j Vl + 16x 6 dx = ^x^l + 16x 6 + j 
Verify that this is an antiderivative. 



3/4 



Vl + 16x 6 



dx. 



37. Two people walk along different paths starting at the origin, 
such that they have the same positive x -coordinate at each 
time. One follows the positive x-axis and the other follows 
y = |x 3/2 . Find the point at which one person has walked 
twice as far as the other. (Suggested by Tim Pennings.) 

38. Let f(t) be the distance walked along y = |x 3/2 for0 < x < t. 
Compute f'(t) and use it to determine the point at which the 
ratio of the speeds of the walkers in exercise 37 equals 2. 




Find the value of a > 0 that maximizes the arc length of C. 

The figure shows an arc of a circle subtended by an angle 9, 
with a chord of length L and two chords of length s. Show that 
L 

2s = . 

cos(<9/4) 




Start with a quarter-circle and use this formula repeatedly to 
derive the infinite product 

n it it n 2 

cos — COS — COS COS • • • = — 

4 8 16 32 it 

where the left-hand side represents 
lim (cos ^ cos ■ ■ ■ cos j). 
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5.5 PROJECTILE MOTION 




In sections 2.1, 2.3 and 4.1, we discussed aspects of the motion of an object moving in a 
straight line path (rectilinear motion). We saw that if we know a function describing the 
position of an object at any time t, then we can determine its velocity and acceleration 
by differentiation. A much more important problem is to go backward, that is, to find the 
position and velocity of an object, given its acceleration. Mathematically, this means that, 
starting with the derivative of a function, we must find the original function. Now that we 
have integration at our disposal, we can accomplish this with ease. 

You may already be familiar with Newton's second law of motion, which says that 



where F is the sum of the forces acting on an object, m is the mass of the object and a is 
the acceleration of the object. 

Start by imagining that you are diving. The primary force acting on you throughout 
the dive is gravity. The force due to gravity is your own weight, which is related to mass by 
W = mg, where g is the gravitational constant. (Common approximations of g, accurate 
near sea level, are 32 ft/s 2 and 9.8 m/s 2 .) To keep the problem simple mathematically, we 
will ignore any other forces, such as air resistance. 

Let h(t ) represent your height above the water t seconds after starting your dive. Then 
the force due to gravity is F — —mg, where the minus sign indicates that the force is acting 
downward, in the negative direction. From our earlier work, we know that the acceleration 
is a(t) = h"(t). Newton's second law then gives us — mg = mh"(t) or 



Notice that the position function of any object (regardless of its mass) subject to gravity 
and no other forces will satisfy the same equation. The only differences from situation to 
situation are the initial conditions (the initial velocity and initial position) and the questions 
being asked. 



EXAMPLE 5. 1 Finding the Velocity of a Diver at Impact 

If a diving board is 15 feet above the surface of the water and a diver starts with initial 
velocity 8 ft/s (in the upward direction), what is the diver's velocity at impact (assuming 
no air resistance)? 

Solution If the height (in feet) at time t is given by h(f), Newton's second law gives 
us h"{t) — —32. Since the diver starts 15 feet above the water with initial velocity of 
8 ft/s, we have the initial conditions h(Q) = 15 and h'(Q) = 8. Finding h{t) now takes 
little more than elementary integration. We have 



F = 



ma, 



h"(t) = -g. 




or 



h'(t) = -32t + c. 



From the initial velocity, we have 



8 = h'(0) = -32(0) + c = c, 



so that c — 8 and the velocity at any time t is given by 



h'(t) = -32t + 8. 



To find the velocity at impact, you first need to find the time of impact. Notice that the 
diver will hit the water when h(t) = 0 (i.e., when the height above the water is 0). 
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TODAY IN 
MATHEMATICS 



Vladimir Arnold (1937- ) 

A Russian mathematician with 
important contributions to 
numerous areas of mathematics, 
both in research and popular 
exposition. The esteem in which 
he is held by his colleagues can be 
measured by the international 
conference known as "Arnoldfest" 
held in Toronto in honor of his 
60th birthday. Many of his books 
are widely used today, including a 
collection of challenges titled 
Arnold's Problems. A review of this 
book states that "Arnold did not 
consider mathematics a game 
with deductive reasoning and 
symbols, but a part of natural 
science (especially of physics), 
i.e., an experimental science." 



Integrating the velocity function gives us the height function: 

J ti(t)dt = J (-32t + 8)dt 

or hit) — -I6t 2 + 8f + c. 

From the initial height, we have 

15 = h(0) = -16(0) 2 + 8(0) + c = c, 
so that c = 15 and the height above the water at any time t is given by 

= -16f 2 + 8f + 15. 

Impact then occurs when 

0 = /i(r) = -16f 2 + 8r + 15 
= -{At + 3)(4f - 5), 

so that t = | is the time of impact. (Ignore the extraneous solution t — — |.) When 
t = I, the velocity is h'(V\ — —32(4) + 8 = —32 ft/s (impact velocity). To put this in 
more familiar units of velocity, multiply by 3600/5280 to convert to miles per hour. In 
this case, the impact velocity is about 22 mph. (You probably don't want to come down 
in the wrong position at that speed!) ■ 



In example 5.1, the negative sign of the velocity indicated that the diver was coming 
down. In many situations, both upward and downward motions are important. 



EXAMPLE 5.2 An Equation for the Vertical Motion of a Ball 

A ball is propelled straight upward from the ground with initial velocity 64 ft/s. 
Ignoring air resistance, find an equation for the height of the ball at any time t. Also, 
determine the maximum height and the amount of time the ball spends in the air. 

Solution With gravity as the only force, the height h{t) satisfies h"{t) — —32. The 
initial conditions are h'(Q) = 64 and h(Q) = 0. We then have 



or 



j h"(t)dt 
h'(t) 



J 



-32 dt 



- —32? 



From the initial velocity, we have 

64 = h'(0) : 

and so, h'(t) 
Integrating one more time gives us 

'(f) dt 



-32(0) + 
64 - 32f . 



J h\t)dt = j 



(64-32t)dt 



or h(t) — (At - 16r + c. 

From the initial height we have 



and so, 



0 = h(0) = 64(0) - 16(0) 2 + c = c, 
h(t) = 64f - 16r. 



Since the height function is quadratic, its maximum occurs at the one time when 
h'(t) = 0. [You should also consider the physics of the situation: what happens 
physically when h'(t) — 0?] Solving 64 — 32? = 0 gives t — 2 (the time at the 
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Height 




FIGURE 5.43 

Height of the ball at time t 



maximum height) and the corresponding height is h(2) = 64(2) — 16(2) 2 = 64 feet. 
Again, the ball lands when h(t ) = 0. Solving 

0 = h(t) = 64f - 16f 2 - 16f(4 - t) 

gives t — 0 (launch time) and t — 4 (landing time). The time of flight is thus 

4 seconds. ■ 



You can observe an interesting property of projectile motion by graphing the height 
function from example 5.2 along with the line y — 48. (See Figure 5.43.) Notice that the 
graphs intersect at t = 1 and t = 3. Further, the time interval [1,3] corresponds to exactly 
half the time spent in the air. Notice that this says that the ball stays in the top one-fourth of 
its height for half of its time in the air. You may have marveled at how some athletes jump 
so high that they seem to "hang in the air." As this calculation suggests, all objects tend to 
hang in the air. 




FIGURE 5.44a 

Path of projectile 



EXAMPLE 5.3 



Finding the Initial Velocity Required to Reach 
a Certain Height 



It has been reported that former basketball star Michael Jordan had a vertical leap of 
54". Ignoring air resistance, what is the initial velocity required to jump this high? 

Solution Once again, Newton's second law leads us to the equation h"{t) — —32 for 
the height h(t). We call the initial velocity Do, so that h'{0) = vq and look for the value 
of Do that will give a maximum altitude of 54". As before, we integrate to get 

h'(t) = -32t + c. 

Using the initial velocity, we get 

„ 0 - h'(0) - -32(0) + c = c. 
This gives us the velocity function 

h'(t) = D 0 - 32t. 

Integrating once again and using the initial position h(Q) = 0, we get 

h(t) - v 0 t - I6t 2 . 
The maximum height occurs when h'(t) — 0. (Why?) Setting 

0 = h'(t) = D 0 - 32?, 

"0 

gives us t — — . The height at this time (i.e., the maximum altitude) is then 



t'o 



16 



So, a jump of 54 
(equivalent to roughly 1 1.6 mph) 



Ur. 

4.5 requires ^j- 



4.5 or d 2 , 



32 64 64 ' 
288, so that dq = 



17 ft/s 



So far, we have only considered projectiles moving vertically. In practice, we must also 
consider movement in the horizontal direction. Ignoring air resistance, these calculations 
are also relatively straightforward. The idea is to apply Newton's second law separately 
to the horizontal and vertical components of the motion. If y(t) represents the vertical 
position, then we have y"(t) = —g, as before. Ignoring air resistance, there are no forces 
acting horizontally on the projectile. So, if x(t) represents the horizontal position, Newton's 
second law gives us x"(f) = 0. 

The initial conditions are slightly more complicated here. In general, we want to con- 
sider projectiles that are launched with an initial speed Do at an angle 6 from the horizontal. 
Figure 5.44a shows a projectile fired with 6 > 0. Notice that an initial angle of 9 < 0 would 
mean a downward initial velocity. 
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Vq cos 8 



FIGURE 5.44b 

Vertical and horizontal 
components of velocity 
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FIGURE 5.45 

Path of ball 



REMARK 5.1 



You should resist the temptation 
to reduce this section to a few 
memorized formulas. It is true 
that if you ignore air resistance, 
the vertical component of posi- 
tion will always turn out to be 
y(t) = -^gt 2 + (v Q sme)t + y(0). 
However, your understanding of 
the process and your chances of 
finding the correct answer will 
improve dramatically if you 
start each problem with 
Newton's second law and work 
through the integrations (which 
are not difficult). 



As shown in Figure 5.44b, the initial velocity can be separated into horizontal and 
vertical components. From elementary trigonometry, the horizontal component of the initial 
velocity is v x — Vq cos 6 and the vertical component is v Y — Vq sin 6. 



EXAMPLE 5.4 The Motion of a Projectile in Two Dimensions 

An object is launched at angle 6 — n /6 from the horizontal with initial speed 

vq = 98 m/s. Determine the time of flight and the (horizontal) range of the projectile. 

Solution Starting with the vertical component of the motion (and again ignoring air 
resistance), we have y"(t) = —9.8 (since the initial speed is given in terms of meters per 
second). Referring to Figure 5.44b, notice that the vertical component of the initial 
velocity is y'(Q) = 98 sin7t/6 = 49 and the initial altitude is v(0) = 0. A pair of simple 
integrations gives us the velocity function y'(t) = — 9.8f + 49 and the position function 
y(7) = — 4.9f 2 + 497. The object hits the ground when y(t) — 0 (i.e., when its height 
above the ground is 0). Solving 

0 = v(f) = -4.9? 2 + 497 = 49f(l - 0.10 

gives t — 0 (launch time) and 7 — 10 (landing time). The time of flight is then 
10 seconds. The horizontal component of motion is determined from the equation 
x"(t) — 0 with initial velocity x'(0) = 98 cos tt/6 = 49 V3 and initial position 
x(0) = 0. Integration gives us x'(t) — 49^3 and x(t) — (49\/3)f. In Figure 5.45, we 
plot the path of the ball. [You can do this using the parametric plot mode on your 
graphing calculator or CAS, by entering equations for x(t) and y(t) and setting the 
range of 7-values to be 0 < t < 10. Alternatively, you can easily solve for 7, to get 
t = -^j^x, to see that the curve is simply a parabola.] The horizontal range is then the 
value of x{t) at t = 10 (the landing time), 

x(10) = (49V3)(10) = 490V3 « 849 meters. ■ 



EXAMPLE 5.5 The Motion of a Tennis Serve 

Venus Williams has one of the fastest serves in women's tennis. Suppose that she hits a 
serve from a height of 10 feet at an initial speed of 120 mph and at an angle of 7° below 
the horizontal. The serve is "in" if the ball clears a 3'-high net that is 39' away and hits 
the ground in front of the service line 60' away. (We illustrate this situation in 
Figure 5.46.) Determine whether the serve is in or out. 




FIGURE 5.46 

Height of tennis serve 



Solution As in example 5.4, we start with the vertical motion of the ball. Since 
distance is given in feet, the equation of motion is y"(t) = —32. The initial speed must 
be converted to feet per second: 120 mph = 120 III? ft/s = 176 ft/s. The vertical 
component of the initial velocity is then y'(Q) = 176 sin(— 7°) » —21.45 ft/s. 
Integration then gives us 



/(0 = -327-21.45. 
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The initial height is y(0) = 10 ft, so another integration gives us 

y(?) = -16? 2 - 21.45? + 10. 

The horizontal component of motion is determined from x"(t) = 0, with initial velocity 
x'(0) = 176 cos(— 7°) 174.69 ft/s and initial position x(0) = 0. Integrations give us 
x'(f) — 174.69 ft/s and x(t) — 174.69? ft. Summarizing, we have 

x(t) = 174.69?, 

y(t)= — 16f 2 — 21.45? + 10. 

For the ball to clear the net, y must be at least 3 when x — 39. We have x(t) = 39 when 
174.69? = 39 or ? » 0.2233. At this time, y(0.2233) » 4.4, showing that the ball is 
high enough to clear the net. The second requirement is that we need to have x < 60 
when the ball lands (y = 0). We have y(t) = 0 when -16? 2 - 21.45? + 10 = 0. From 
the quadratic formula, we get ? ~ — 1.7 and ? ~ 0.3662. Ignoring the negative solution, 
we compute x(0.3662) « 63.97, so that the serve lands nearly 4 feet beyond the service 
line. The serve is not in. ■ 

One reason you should start each problem with Newton's second law is so that you 
pause to consider the forces that are (and are not) being considered. For example, we have 
thus far ignored air resistance, as a simplification of reality. Some calculations using such 
simplified equations are reasonably accurate. Others, such as in example 5.6, are not. 



EXAMPLE 5.6 An Example Where Air Resistance Can't 
Be Ignored 

Suppose a raindrop falls from a cloud 3000 feet above the ground. Ignoring air 
resistance, how fast would the raindrop be falling when it hits the ground? 

Solution If the height of the raindrop at time ? is given by y(t), Newton's second law 
of motion tells us that y"(t) = —32. Further, we have the initial velocity y'(0) = 0 
(since the drop falls — as opposed to being thrown down) and the initial altitude 
y(Q) = 3000. Integrating and using the initial conditions gives us y'(?) = —32? and 
y(?) = 3000 — 16? 2 . The raindrop hits the ground when y(t) = 0. Setting 

0 - y(t) = 3000 - 16? 2 

gives us ? = -y/3000/16 & 13.693 seconds. The velocity at this time is then 

/(■v/3000/16) = -32^3000/16 ~ -438.18 ft/s. 

This corresponds to nearly 300 mph! Fortunately, air resistance does play a significant 
role in the fall of a raindrop, which has an actual landing speed of about 10 mph. ■ 

The obvious lesson from example 5.6 is that it is not always reasonable to ignore air 
resistance. Some of the mathematical tools needed to more fully analyze projectile motion 
with air resistance are developed in Chapter 8. 

The air resistance (more precisely, air drag) that slows the raindrop down is only one 
of the ways in which air can affect the motion of an object. The Magnus force, produced 
by the spinning of an object or lack of symmetry in the shape of an object, can cause the 
object to change directions and curve. Perhaps the most common example of a Magnus 
force occurs on an airplane. One side of an airplane wing is curved and the other side is 
comparatively flat. (See Figure 5.47.) The lack of symmetry causes the air to move over the 
top of the wing faster than it moves over the bottom. This produces a Magnus force in the 
upward direction (lift), lifting the airplane into the air. 

A more down-to-earth example of a Magnus force occurs in an unusual baseball pitch 
called the knuckleball. To throw this pitch, the pitcher grips the ball with his fingertips and 
throws the ball with as little spin as possible. Baseball players claim that the knuckleball 
"dances around" unpredictably and is exceptionally hard to hit or catch. There still is no 
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Regulation baseball, 
showing stitching 




FIGURE 5.48a 

Lateral motion of a knuckleball 
for 0 O = 0 




FIGURE 5.48b 

Lateral motion of a 
knuckleball for 9q — - 



complete agreement on why the knuckleball moves so much, but we will present one current 
theory due to physicists Robert Watts and Terry Bahill. 

The cover of the baseball is sewn on with stitches that are raised up slightly from the 
rest of the ball. These curved stitches act much like an airplane wing, creating a Magnus 
force that affects the ball. The direction of the Magnus force depends on the exact ori- 
entation of the ball's stitches. Measurements by Watts and Bahill indicate that the lateral 
force (left/right from the pitcher's perspective) is approximately F m — —0.1 sin(46>) lb, 
where 6 is the angle (in radians) of the ball's position rotated from a particular starting 
position. 

Since gravity does not affect the lateral motion of the ball, the only force acting on the 
ball laterally is the Magnus force. Newton's second law applied to the lateral motion of the 
knuckleball gives mx"(t) = —0.1 sin(4#). The mass of a baseball is about 0.01 slug. (Slugs 
are the units of measurement of mass in the English system. To get the more familiar weight 
in pounds, simply multiply the mass by g — 32.) We now have 

x"(t) = -lOsin(40). 

If the ball is spinning at the rate of a> radians per second, then 46 = Acot + 9q, where the 
initial angle 6q depends on where the pitcher grips the ball. We then have 



x"(t) = -10sin(4(wf + (9o), 



(5.1) 



with initial conditions x'(Q) = 0 and x(Q) = 0. For a typical knuckleball speed of 60 mph, 
it takes about 0.68 second for the pitch to reach home plate. 



EXAMPLE 5.7 An Equation for the Motion of a Knuckleball 

For a spin rate of a> — 2 radians per second and 9q = 0, find an equation for the lateral 
motion of the knuckleball and graph it for 0 < t < 0.68. Repeat this for 6q = tt/2. 

Solution For do — 0, Newton's second law gives us x"(t) — — 10 sin 8f, from (5.1). 
Integrating this and using the initial condition x'(Q) = 0 gives us 

10 



At) = 

6 

Integrating once again and using the second initial condition x(Q) 
. 1 

x(t) = 1.25 



[-cos8r - (-cosO)] = 1.25(cos8r - 1). 

0, we get 

(sin8f - 0) - 1.25r = 0.15625 sin 8f - 1.25?. 



A graph of this function shows the lateral motion of the ball. (See Figure 5.48a.) The 
graph shows the path of the pitch as it would look viewed from above. Notice that after 
starting out straight, this pitch breaks nearly a foot away from the center of home plate! 
For the case where 9q = tt/2, we have from (5.1) that 



x"{t) = -10 sin 



( 8f+ D- 



Integrating this and using the first initial condition gives us 

X ' (t) = s(8 f+ |)-[-cos(0+|)]j = l .25 cos (st + |) . 

Integrating a second time yields 

x(t) = 1.25 (^) [sin (St + |) - sin = 0.15625 [sin (&t + |) - lj . 

A graph of the lateral motion in this case is shown in Figure 5.48b. Notice that this pitch 
breaks nearly 4 inches to the pitcher's right and then curves back over the plate for a 
strike! You can see that, in theory, the knuckleball is very sensitive to spin and initial 
position and can be very difficult to hit when thrown properly. ■ 
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EXERCISES 5.5 

^WRITING EXERCISES 

1. In example 5.6, the assumption that air resistance can be 
ignored is obviously invalid. Discuss the validity of this 
assumption in examples 5.1 and 5.3. 

2. In the discussion preceding example 5.3, we showed that 
Michael Jordan (and any other human) spends half of his air- 
time in the top one-fourth of the height. Compare his velocities 
at various points in the jump to explain why relatively more 
time is spent at the top than at the bottom. 

3. In example 5.4, we derived separate equations for the hori- 
zontal and vertical components of position. To discover one 
consequence of this separation, consider the following situ- 
ation. Two people are standing next to each other with arms 
raised to the same height. One person fires a bullet horizontally 
from a gun. At the same time, the other person drops a bullet. 
Explain why (ignoring air resistance) the bullets will hit the 
ground at the same time. 

4. For the falling raindrop in example 5.6, a more accurate model 
would be y"{t) — —32 + /(/), where f(t) represents the force 
due to air resistance (divided by the mass). If v(t) is the down- 
ward velocity of the raindrop, explain why this equation is 
equivalent to v'(t) — 32— /(/). Explain in physical terms why 
the larger v(t) is, the larger /(/) is. Thus, a model such as 
f(t) — v(t) or /(f) = [u(f)] 2 would be reasonable. (In most 
situations, it turns out that [u(0] 2 matches the experimental 
data better.) 



In exercises 1-4, identify the initial conditions y(0) and ,y'(0). 

1. An object is dropped from a height of 80 feet. 

2. An object is dropped from a height of 100 feet. 

3. An object is released from a height of 60 feet with an upward 
velocity of 10 ft/s. 

4. An object is released from a height of 20 feet with a downward 
velocity of 4 ft/s. 



In exercises 5-16, ignore air resistance. 

5. A diver drops from 30 feet above the water (about the height 
of an Olympic platform dive). What is the diver's velocity at 
impact? 

6. A diver drops from 120 feet above the water (about the height 
of divers at the Acapulco Cliff Diving competition). What is 
the diver's velocity at impact? 

7. Compare the impact velocities of objects falling from 30 feet 
(exercise 5), 120 feet (exercise 6) and 3000 feet (example 5.6). 
If height is increased by a factor of h , by what factor does the 
impact velocity increase? 

8. The Washington Monument is 555 feet, 5| inches high. In a 
famous experiment, a baseball was dropped from the top of the 
monument to see if a player could catch it. How fast would the 
ball be going? 



9. A certain not-so-wily coyote discovers that he just stepped off 
the edge of a cliff. Four seconds later, he hits the ground in a 
puff of dust. How high in meters was the cliff? 

10. A large boulder dislodged by the falling coyote in exercise 9 
falls for 3 seconds before landing on the coyote. How far in 
meters did the boulder fall? What was its velocity in m/s when 
it flattened the coyote? 

11. The coyote's next scheme involves launching himself into the 
air with an Acme catapult. If the coyote is propelled vertically 
from the ground with initial velocity 19.6 m/s, find an equation 
for the height of the coyote at any time /. Find his maximum 
height, the amount of time spent in the air and his velocity 
when he smacks back into the catapult. 

12. On the rebound, the coyote in exercise 1 1 is propelled to a 
height of 78.4 m. What is the initial velocity required to reach 
this height? 

13. One of the authors has a vertical "jump" of 20 inches. What is 
the initial velocity required to jump this high? How does this 
compare to Michael Jordan's velocity, found in example 5.3? 

14. If the author underwent an exercise program and increased his 
initial velocity by 10%, by what percentage would he increase 
his vertical jump? 

15. (a) Show that an object dropped from a height of H feet will 
hit the ground at time T — \~J~H seconds with impact veloc- 
ity V — —%'JH ft/s. (b) Show that an object propelled from 
the ground with initial velocity i>o ft/s will reach a maximum 
height of u 2 /64 ft. 

16. The coefficient of restitution of a ball measures how "lively" 

the bounce is. By definition, the coefficient equals — , where 

V\ 

V\ is the (downward) speed of the ball when it hits the ground 
and v 2 is the (upward) launch speed after it hits the ground. 
If a ball is dropped from a height of H feet and rebounds to a 
height of cH for some constant c with 0 < c < 1 , compute its 
coefficient of restitution. 



In exercises 17-26, sketch the parametric graphs as in exam- 
ple 5.4 to indicate the flight path. 

17. An object is launched at angle 9 — ji/3 radians from the hor- 
izontal with an initial speed of 98 m/s. Determine the time of 
flight and the horizontal range. Compare to example 5.4. 




18. Find the time of flight and horizontal range of an object 
launched at angle 30° with initial speed 40 m/s. Repeat with 
an angle of 60°. 

19. Repeat example 5.5 with an initial angle of 6°. By trial and 
error, find the smallest and largest angles for which the serve 
will be in. 
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20. Repeat example 5.5 with an initial speed of 170 ft/s. By trial 
and error, find the smallest and largest initial speeds for which 
the serve will be in. 

21. A baseball pitcher releases the ball horizontally from a height 
of 6 ft with an initial speed of 130 ft/s. Find the height of the 
ball when it reaches home plate 60 feet away. (Hint: Determine 
the time of flight from the x-equation, then use the y-equation 
to determine the height.) 



130 ft/s 




x = 60 



22. Repeat exercise 21 with an initial speed of 80 ft/s. (Hint: 
Carefully interpret the negative answer.) 

23. A baseball player throws a ball toward first base 1 20 feet away. 
The ball is released from a height of 5 feet with an initial speed 
of 120 ft/s at an angle of 5° above the horizontal. Find the 
height of the ball when it reaches first base. 

24. By trial and error, find the angle at which the ball in exercise 
23 will reach first base at the catchable height of 5 feet. At 
this angle, how far above the first baseman's head would the 
thrower be aiming? 

25. A daredevil plans to jump over 25 cars. If the cars are all 
compact cars with a width of 5 feet and the ramp angle is 30°, 
determine the initial velocity required to complete the jump 
successfully. Repeat with a takeoff angle of 45°. In spite of the 
reduced initial velocity requirement, why might the daredevil 
prefer an angle of 30° to 45°? 

26. A plane at an altitude of 256 feet wants to drop supplies to a 
specific location on the ground. If the plane has a horizontal 
velocity of 100 ft/s, how far away from the target should the 
plane release the supplies in order to hit the target location? 
(Hint: Use the y-equation to determine the time of flight, then 
use the x-equation to determine how far the supplies will drift. ) 



27. Consider a knuckleball (see example 5.7) with lateral motion 
satisfying the initial value problem x"(t ) = — 25 sin(4aif + 9q), 
x'(0) = x(0) = 0. With a>=l, find an equation for x(t) and 
graph the solution for 0 < / < 0.68 with (a) 9 0 = 0 and (b) 
9 0 = tt/2. 

28. Repeat exercise 27 for 9q = it /A and (a) co = 2 and (b) a> = 1. 

29. For the Olympic diver in exercise 5, what would be the average 
angular velocity (measured in radians per second) necessary 
to complete 2^ somersaults? 

30. In the Flying Zucchini Circus' human cannonball act, a per- 
former is shot out of a cannon from a height of 10 feet at an 
angle of 45° with an initial speed of 160 ft/s. If the safety net 
stands 5 feet above the ground, how far should the safety net 
be placed from the cannon? If the safety net can withstand an 



31. 



33. 



impact velocity of only 160 ft/s, will the Flying Zucchini land 
safely or come down squash? 

In a basketball free throw, a ball is shot from a height of 
h feet toward a basket 10 feet above the ground at a horizontal 
distance of 15 feet. If h = 6, 9 = 52° and v 0 = 25 ft/s, show 
that the free throw is good. Since the basket is larger than the 
ball, a free throw has a margin of error of several inches. If any 
shot that passes through height 10 ft with 14.65 < x < 15.35 
is good, show that, for the given initial speed i>o, the margin 
of error is 48° S 9 S 57°. Sketch parametric graphs to show 
several of these free throws. 




32. 



A basketball is shot from a height of 8 feet at a horizontal dis- 
tance of 15 feet from the basket. The initial speed is 27 ft/s and 
the initial angle is 30° above the horizontal. The basket is at a 
height of 10 feet and extends from x = 14.25' to x = 15.75'. 

(a) Show that the center of the ball goes through the basket. 

(b) Determine the minimum distance between the center of 
the ball and the front rim at (14.25, 10), and the back rim at 
(15.75, 10). (c) Given that the ball has diameter 9", conclude 
that the ball hits the rim. (Suggested by Howard Penn.) 

Soccer player Roberto Carlos of Brazil is known for his curv- 
ing kicks. Suppose that he has a free kick from 30 yards out. 
Orienting the x- and y-axes as shown in the figure, suppose 
the kick has initial speed 100 ft/s at an angle of 5° from the 
positive y-axis. Assume that the only force on the ball is a 
Magnus force to the left caused by the spinning of the ball, 
(a) With x"(t) = -20 and y"(f) = 0, determine whether the 
ball goes in the goal at y = 90 and —24 <i<0. 




(b) A wall of players is lined up 10 yards away, extending 
from x = — 10 to x = 1. Determine whether the kick goes 
around the wall. 
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34. To train astronauts to operate in a weightless environment, 
NASA sends them up in a special plane (nicknamed the Vomit 
Comet). To allow the passengers to experience weightlessness, 
the vertical acceleration of the plane must exactly match the 
acceleration due to gravity. If y"(t) is the vertical acceleration 
of the plane, then y"(t) — —g. Show that, for a constant hor- 
izontal velocity, the plane follows a parabolic path. NASA's 
plane flies parabolic paths of approximately 2500 feet in height 
(2500 feet up and 2500 down). The time to complete such a 
path is the amount of weightless time for the passengers. 
Compute this time. 



In exercises 35-40, we explore two aspects of juggling. More 
information can be found in The Mathematics of Juggling by 
Burkard Polster. 

35. Professional jugglers generally agree that 10 is the maximum 
number of balls that a human being can successfully maintain. 
To get an idea why, suppose that it takes = second to catch and 
toss a ball. (In other words, using both hands, the juggler can 
process 4 balls per second.) To juggle 10 balls, each ball would 
need to be in the air for 2.5 seconds. Neglecting air resistance, 
how high would the ball have to be tossed to stay in the air this 
long? How much higher would the balls need to be tossed to 
juggle 11 balls? 

36. Another aspect of juggling balls is accuracy. A ball juggled 
from the right hand to the left hand must travel the correct 
horizontal distance to be catchable. Suppose that a ball is 
tossed with initial horizontal velocity v 0x and initial vertical 
velocity vo y . Assume that the ball is caught at the height from 
which it is thrown. Show that the horizontal distance traveled 

is w — — y^-— feet. (Hint: This is a basic projectile problem, 
like example 5.4.) 

37. Referring to exercise 36, suppose that a ball is tossed at an an- 
gle of a from the vertical. Show that tana = — . Combining 

this result with exercises 15 and 36, show that w — Ah tana, 
where h is the maximum height of the toss. 

38. Find a linear approximation for tanx at x — 0. Use this ap- 

w 

proximation and exercise 37 to show that a « — . If an 
F Ah 
angle of a produces a distance of w and an angle of a + Aa 

Aid 

produces a distance of w + Aiu, show that Ace . 

V Ah 

39. Suppose that Aw is the difference between the ideal horizontal 
distance for a toss and the actual horizontal distance of a toss. 
For the average juggler, an error of Aiu = 1 foot is manage- 
able. Let Aa be the corresponding error in the angle of toss. If 
h is the height needed to juggle 10 balls (see exercise 35), find 
the maximum error in tossing angle. 

40. Repeat exercise 39 using the height needed to juggle 1 1 balls. 
How much more accurate does the juggler need to be to juggle 
11 balls? 



41. Astronaut Alan Shepard modified some of his lunar equipment 
and became the only person to hit a golf ball on the Moon. 
Assume that the ball was hit with speed 60 ft/s at an angle of 
25° above the horizontal. Assuming no air resistance, find the 
distance the ball would have traveled on Earth. Then find how 



far it would travel on the Moon, where there really is no air 
resistance (use g — 5.2 ft/s 2 ). The gravitational force of the 
Moon is about one-sixth that of Earth. A simple guess might 
be that a golf ball would travel six times as high and six times 
as far on the Moon compared to on Earth. Determine whether 
this is correct. 

42. Suppose that a firefighter holds a water hose at slope m and 
the water exits the hose with speed v ft/s. Show that the water 

/l4-m 2 \ , 

follows the path y = —16 I — I x — mx. If the fire- 

\ v 2 J 

fighter stands 20 feet from a wall, for a given speed v, what is 
the maximum height on the wall that the water can reach? 

43. Suppose a target is dropped vertically at a horizontal distance 
of 20 feet from you. If you fire a paint ball horizontally and 
directly at the target when it's dropped, show that you will hit 
it (assuming no air resistance and assuming that the paint ball 
reaches the target before either hits the ground). 

44. An object is dropped from a height of 100 feet. Another object 
directly below the first is launched vertically from the ground 
with initial velocity 40 ft/s. Determine when and how high up 
the objects collide. 

45. How fast is a vert skateboarder like Tony Hawk going at the 
bottom of a ramp? Ignoring friction and air resistance, the 
answer comes from conservation of energy, which states that 
the kinetic energy jmv 2 plus the potential energy mgy remains 
constant. Assume that the energy at the top of a trick at height 
H is all potential energy and the energy at the bottom of the 
ramp is all kinetic energy, (a) Find the speed at the bottom as a 
function of H. (b) Compute the speed if H — 16 feet, (c) Find 
the speed halfway down (y — 8). (d) If the ramp has the 
shape y — x 2 for —4 < x < 4, find the horizontal and vertical 
components of speed halfway at y — 8. 




Exercise 45 Exercise 46 



46. A science class builds a ramp to roll a bowling ball out of a 
window that is 30 feet above the ground. Their goal is for the 
ball to land on a watermelon that is 10 feet from the building. 
Assuming no friction or air resistance, determine how high the 
ramp should be to smash the watermelon. 



^ EXPLORATORY EXERCISES 

7) 1. In the text and exercises 27 and 28, we discussed the dif- 
ferential equation x"(t) — —25 sin(4co? + 6q) for the lateral 
motion of a knuckleball. Integrate and apply the initial con- 
ditions x'(0) = 0 and x(0) — 0 to derive the general equation 
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x(t)-- 



25 



sin(4twf + 9 0 ) 



25 



■ COS do 1 1 



25 



— sm9 0 . If 



16(D 2 \4co "J l6co 2 

you have access to three-dimensional graphics, graph x(t, co) 
for 9 0 = 0 with 0 < t < 0.68 and 0.01 < co < 10. (Note: 
Some plotters will have trouble with co — 0.) Repeat with 
9 0 — 7t/4, 9 0 — n/2 and two choices of your own for 9 0 . A 
pitcher wants the ball to move as much as possible back and 
forth but end up near home plate (x — 0). Based on these 
criteria, pick the combinations of 9 0 and co that produce the 
four best pitches. Graph these pitches in two dimensions with 
x — x(t) as in Figures 5.48a and 5.48b. 

Although we have commented on some inadequacies of the 
gravity-only model of projectile motion, we have not presented 
any alternatives. Such models tend to be somewhat more math- 
ematically complex. One way to explore these models is in- 
troduced in exploratory exercise 2 in section 4. 1 . A different 
method is presented in this exercise. For a falling object like a 
raindrop, the two primary forces are gravity and air drag. Typi- 
cally, air drag is proportional to the square of the velocity. Com- 
bining this with Newton's second law of motion (F — ma), 
we have ma — cv 2 — mg. The velocity v(t), in feet per sec- 
ond, satisfies the equation v'(t) — k[v(t)] 2 — 32, for A: = c/m. 
Suppose that v(Q) — 0. Explain why v(t) will decrease and 
become negative, for t > 0. As v decreases, explain why v'(t) 
approaches 0. The value of v(t ) for which v'(t ) = 0 is called the 
terminal velocity, denoted v T . Explain why lim v(t) — v T . 



Show that Vj — ^/32/k. For k — 2, find v T . As discussed 
in example 5.6, the terminal velocity of a raindrop is about 
10 mph, or about 14.6 ft/s. Find the value of k for a raindrop. 

The goal in the old computer game called "Gorillas" is to 
enter a speed and angle to launch an explosive banana to try 
to hit a gorilla at some other location. Suppose that you are 
located at the origin and the gorilla is at (40, 20). (a) Find two 
speed/angle combinations that will hit the gorilla, (b) Estimate 
the smallest speed that can be used to hit the target, (c) Repeat 
parts (a) and (b) if there is a building in the way that occupies 
20 < x < 30 and 0 < y < 30. 




0) 



5.6 APPLICATIONS OF INTEGRATION TO PHYSICS 
AND ENGINEERING 



In this section, we explore several applications of integration in physics. In each case, we 
will define a basic concept and then use the definite integral to generalize the concept to 
solve a broader range of problems. 

Imagine that you are at the bottom of a snow-covered hill with a sled. To get a good 
ride, you want to push the sled as far up the hill as you can. A physicist would say that the 
higher up you are, the more potential energy you have. Sliding down the hill converts the 
potential energy into kinetic energy. (This is the fun part!) But pushing the sled up the hill 
requires you to do some work: you must exert a force over a long distance. 

Our first task is to quantify work. Certainly, if you push twice the weight (i.e., exert 
twice the force), you're doing twice the work. Further, if you push the sled twice as far, 
you've done twice the work. In view of these observations, for any constant force F applied 
over a distance d, we define the work W as 

W = Fd. 

We extend this notion of work to the case of a nonconstant force F(x) applied on the interval 
[a , b] as follows. First, we partition the interval [a , b] into n equal subintervals, each of width 
b — a 

Ax = and consider the work done on each subinterval. If Ax is small and F is con- 

n 

tinuous, then the force F(x) applied on the subinterval [x,_i , x, ] can be approximated by the 
constant force F(c,) for some point c, e [x,_i , x; ]. The work done moving the object along 
the subinterval is then approximately F(c, ■) Ax . The total work W done is then approximately 



W 



£>(c,)Ax. 
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You should recognize this as a Riemann sum, which, as n gets larger, approaches the actual work, 



Work 



n nb 

W= lim y^F(c,)Ax= / F(x)dz 



(6.1) 



We take (6.1) as our definition of work. 

You've probably noticed that the farther a spring is compressed (or stretched) from 
its natural length, the more force is required to further compress (or stretch) the spring. 
According to Hooke's Law, the force required to maintain a spring in a given position is 
proportional to the distance it's compressed (or stretched). That is, if x is the distance a 
spring is compressed (or stretched) from its natural length, the force F(x) exerted by the 
spring is given by 



F(x) = kx, 



(6.2) 



for some constant k (the spring constant). 



V 



EXAMPLE 6. 1 Computing the Work Done Stretching a Spring 

A force of 3 pounds stretches a spring \ foot from its natural length. (See Figure 5.49.) 
Find the work done in stretching the spring 6 inches beyond its natural length. 

Solution First, we determine the value of the spring constant. From Hooke's Law 
(6.2), we have that 

;;)-*(£ 

so that k — 12 and F{x) — 12x. From (6.1), the work done in stretching the spring 
6 inches (1/2 foot) is then 

.1/2 f \/2 3 

W 



/ F(x) dx — I I2x dx — - foot-pounds. 
Jo Jo 2 



In this case, notice that stretching the spring transfers potential energy to the spring. (If 
FIGURE 5.49 the spring is later released, it springs back toward its natural length, converting the 
Stretched spring potential energy to kinetic energy.) ■ 



EXAMPLE 6.2 Computing the Work Done by a Weightlifter 

A weightlifter lifts a 200-pound barbell a distance of 3 feet. How much work was done? 
Also, determine the work done by the weightlifter if the weight is raised 4 feet above the 
ground and then lowered back into place. 

Solution Since the force (the weight) is constant here, we simply have 

W = Fd = 200 x 3 = 600 foot-pounds. 

It may seem strange, but if the weightlifter lifts the same weight 4 feet from the ground 
and then lowers it back into place, then since the barbell ends up in the same place as it 
started, the net distance covered is zero and the work done is zero. Of course, it would 
feel like work to the weightlifter, but as we have defined it, work accounts for the energy 
change in the object. Since the barbell has the same kinetic and potential energy that it 
started with, the total work done on it is zero. ■ 

In example 6.3, both the force and the distance are nonconstant. This presents some 
unique challenges and we'll need to first approximate the work and then recognize the 
definite integral that this approximation process generates. 
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EXAMPLE 6.3 Computing the Work Required to Pump Water 
Out of a Tank 

A spherical tank of radius 10 feet is filled with water. Find the work done in pumping all 
of the water out through the top of the tank. 

Solution The basic formula W — Fd does not directly apply here, for several reasons. 
The most obvious of these is that the distance traveled by the water in each part of the 
tank is different, as the water toward the bottom of the tank must be pumped all the way 
to the top, while the water near the top of the tank must be pumped only a short distance. 
Let x represent distance as measured from the bottom of the tank, as in Figure 5.50a. 
The entire tank corresponds to the interval 0 < x < 20, which we partition into 

0 = xq < x\ < ■ ■ ■ < x„ — 20, 
20 

where x, — — Ajc — — , for each / — 1,2, ... ,n. This partitions the tank into n 

n 

thin layers, each corresponding to an interval , x(\. (See Figure 5.50b.) You can 
think of the water in the layer corresponding to [x,_i , x,] as being approximately 
cylindrical, of height Ax. This layer must be pumped a distance of approximately 
20 — Cj, for some c,- e #,-]. Notice from Figure 5.50b that the radius of the ith 

layer depends on the value of x. From Figure 5.50c (where we show a cross section of 
the tank), the radius r, corresponding to a depth of x — c,- is the base of a right triangle 
with hypotenuse 10 and height 1 1 0 — c, |. From the Pythagorean Theorem, we 
now have 

(10-c,) 2 + r 2 = 10 2 . 

Solving this for rf, we have 

rf = 10 2 - (10 - c,) 2 = 100 - (100 - 20c,- + cf) 
= 20c - cf. 

The force F, required to move the ith layer is then simply the force exerted on the 
water by gravity (i.e., its weight). Since the weight density of water is 62.4 lb/ft 3 , we 
now have 

Fj s» (Volume of cylindrical slice) (weight of water per unit volume) 
- (nrfh) (62.4 lb/ft 3 ) 
= 62.4;r (20c,- - cf) Ax. 




FIGURE 5.50a 

Spherical tank 



FIGURE 5.50b 

The ;th slice of water 



FIGURE 5.50c 

Cross section of tank 
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The work required to pump out the ith slice is then given approximately by 

Wi s» (Force) (distance) 

= 62 An (20c,- - cf) Aje(20 - a) 

= 62.4jtc,(20-c,) 2 Ax. 

The work required to pump out all of the water is then the sum of the work required for 
each of the n slices: 



W 



^62.4jrc,-(20- c,) 2 Ax. 



Finally, taking the limit as n — > oo gives the exact work, which you should recognize as 
a definite integral: 

n ~20 

W — lim V 62.47Tc,(20 - c,) 2 Ax = / 62.4ttx(20 - xf dx 
= 62.4tt / (400x - 40x 2 + x 3 ) dx 



62.4tt 
62.4tt 



400— - 
2 

40,000 



40- 



x 

T 



2.61 x 10 6 (foot-pounds). 



Impulse is a physical quantity closely related to work. Instead of relating force and 
distance to account for changes in energy, impulse relates force and time to account for 
changes in velocity. First, suppose that a constant force F is applied to an object from time 
t — 0 to time t — T . If the position of the object at time t is given by x(t), then Newton's 
second law says that F — ma — mx"(t). Integrating this equation once with respect to t 
gives us 



/ Fdt — m\ x"(t) dt, 
Jo Jo 



10 JO 

or F(T — 0) = m[x'(T) — x'(0)]. 

Recall that x'(t) is the velocity v(t), so that 

FT = m[v(T) - v(0)] 

or FT = «i Ai>, where Ai> = v(T) — i>(0) is the change in velocity. The quantity FT is called 
the impulse, mv(t) is the momentum at time t and the equation relating the impulse to the 
change in velocity is called the impulse-momentum equation. 

Just as we extended the concept of work to include nonconstant forces, we must 
generalize the notion of impulse. Think about this and try to guess what the definition 
should be. 

We define the impulse J of a force F(t) applied over the time interval [a, b] to be 



Impulse 



-r 



F(t)dt. 



We leave the derivation of this as an exercise. The impulse-momentum equation likewise 
generalizes to: 



Impulse-momentum equation 



J = m[v(b) — v(a)]. 
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EXAMPLE 6.4 Estimating the Impulse for a Baseball 

Suppose that a baseball traveling at 130 ft/s (about 90 mph) collides with a bat. The 
following data (adapted from The Physics of Baseball by Robert Adair) shows the force 
exerted by the bat on the ball at 0.0001-second intervals. 



f(s) 


0 


0.0001 


0.0002 


0.0003 


0.0004 


0.0005 


0.0006 


0.0007 


F(t) (lb) 


0 


1250 


4250 


7500 


9000 


5500 


1250 


0 



Estimate the impulse of the bat on the ball and (using m — 0.01 slug) the speed of the 
ball after impact. 

Solution In this case, the impulse / is given by L 0 ' 07 F{t) dt. Since we're given only 
a fixed number of measurements of F(t), the best we can do is approximate the integral 
numerically (e.g., using Simpson's Rule). Recall that Simpson's Rule requires an even 
number n of subintervals, which means that you need an odd number n + 1 of points in 
the partition. Using n — 8 and adding a 0 function value at t — 0.0008 (why is it fair to 
do this?), Simpson's Rule gives us 

J « [0 + 4(1250) + 2(4250) + 4(7500) + 2(9000) + 4(5500) 

0.0001 

+ 2(1250) + 4(0) + 0]^— 
« 2.867. 

In this case, the impulse-momentum equation J — m Av becomes 2.867 = 0.01 Ai> or 
Ad = 286.7 ft/s. Since the ball started out with a speed of 130 ft/s in one direction and it 
ended up moving in the opposite direction, the speed after impact is 156.7 ft/s. ■ 




FIGURE 5.51a 

Balancing two masses 



Consider two children on a playground seesaw (or teeter- totter). Suppose that the child 
on the left in Figure 5.51a is heavier (i.e., has larger mass) than the child on the right. If 
the children sit an equal distance from the pivot point, you know what will happen: the left 
side will be pulled down. However, the children can balance each other if the heavier child 
moves closer to the pivot point. That is, the balance is determined both by weight (force) 
and distance from the pivot point. If the children have masses m i and m.2 and are sitting at 
distances d\ and dt, respectively, from the pivot point, then they balance each other if and 
only if 



m\d\ — mid%. 



(6.3) 



Turning the problem around slightly, suppose there are two objects, of mass m i and m%, 
located at x\ and x%, respectively, with x\ < X2- We consider the objects to be point-masses. 
That is, each is treated as a single point, with all of the mass concentrated at that point. (See 
Figure 5.51b.) 



•* — I — I — I — I — I — I — I — I — h-©H — I — I — I — 

H x 2 



FIGURE 5.51b 

Two point-masses 

We want to find the center of mass 1, that is, the location at which we could place the 
pivot of a seesaw and have the objects balance. From the balance equation (6.3), we'll need 
xi) — ni2(x2 — x). Solving this equation for x gives us 

m\X\ + OT2X2 

x — . 

mi + wi2 

Notice that the denominator in this equation is the total mass of the "system" (i.e., the total 
mass of the two objects). The numerator of this expression is called the first moment of 
the system. 
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Center of mass 



Mass 



More generally, for a system of n masses m\, m%, . . . , m n , located at x = x\, 
X2, . . . ,x n , respectively, the center of mass x is given by the first moment divided by 
the total mass, that is, 



ni\Xi 4 


- m 2 x 2 + ■ 


■ ■ + m n x„ 


x — 

mi 


+ m.2 + • • 


■ + m„ 



Now, suppose that we wish to find the mass and center of mass of an object of variable 
density p(x) (measured in units of mass per unit length) that extends from x — a to x — b. 
Note that if the density is a constant p, the mass of the object is simply given by 
m — pL, where L — b — a is the length of the object. On the other hand, if the density 
varies throughout the object, we can approximate the mass by partitioning the interval 

b — a 

[a, b] into n pieces of equal width Ax = . On each subinterval [x,_i, x,], the mass 

n 

is approximately p(c,) Ax, where c,- is a point in the subinterval. The total mass is then 
approximately 

n 

m ~ p(ci) Ax. 

You should recognize this as a Riemann sum, which approaches the total mass as n — »• oo, 



n nb 

lim 7 p(ci)Ax= I p(x)dx. 

!=1 Ja 



(6.4) 



EXAMPLE 6.5 Computing the Mass of a Baseball Bat 

A 30-inch baseball bat can be represented approximately by an object extending from 
x = 0 to x = 30 inches, with density p(x) = + slugs per inch. This model 
of the density function takes into account the fact that a baseball bat is similar to an 
elongated cone. Find the mass of the object. 



Solution From (6.4), the mass is given by 

r30 / j x x2 

I — "+ 



JO 



X 

690 



690 / 1 
~Y I 46 



x 

690 



30 



690 

IT 



l 

46 



30V 
690/ 



6.144 x 10" 2 slug. 



To compute the weight (in ounces), multiply the mass by 32 ■ 16. The bat weighs 
roughly 31.5 ounces. ■ 



To compute the first moment for an object of nonconstant density p(x) extending 
from x = a to x = b, we again partition the interval into n equal pieces. From our earlier 
argument, for each i = 1, 2, . . . , n, the mass of the ;th slice of the object is approximately 
p(ci) Ax, for any choice of c, e [x,_i , x, ]. We then represent the ith slice of the object with 
a particle of mass m, = p(c, ) Ax located at x = c, . We can now think of the original object 
as having been approximated by n distinct point-masses, as indicated in Figure 5.52. 



m l m 2 m 3 m 4 m 5 m 6 
■* — I — I — I — I — I — I — I — I — I — I — I — I — I — I — >x 



FIGURE 5.52 

Six point-masses 
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Notice that the first moment M n of this approximate system is 

M„ - [p(cO Ax]ci + [p(c 2 ) Ax]c 2 + • ■ ■ + [p(c„)Ax]c„ 

n 

= [c\p(c\) + c 2 p(c 2 ) H \-c n p(c n )]Ax = } Cip{Ci) Ax. 

! = 1 

Taking the limit as n — ► oo, the sum approaches the first moment 
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First moment 



n pb 

M— lim }^Cip(ci)Ax— I xp(x)dx. 

;=i J a 



(6.5) 



The center of mass of the object is then given by 



Center of mass 



_ _ M _ 
m 



J a 



xp(x) dx 



J a 



p(x) dx 



(6.6) 



Depth = d 



Hoover Dam 



1 




FIGURE 5.53 

A plate of area A submerged 
to depth d 



Depth 




FIGURE 5.54 

Pressure at a given depth is the 
same, regardless of the orientation 



EXAMPLE 6.6 



Finding the Center of Mass (Sweet Spot) 
of a Baseball Bat 



Find the center of mass of the baseball bat from example 6.5. 
Solution From (6.5), the first moment is given by 



M 



Jo \46 



\ 2 
x \ 

I dx 

690 / 



-,30 



4232 47,610 1,904,400 



1.205. 



Jo 



Recall that we had already found the mass to be m «s 6.144 x 10 slug and so, from 
(6.6), the center of mass of the bat is 

_ _ M 1.205 

m 



19.6 inches. 



6.144 x 10- 2 

Note that for a baseball bat, the center of mass is one candidate for the so-called "sweet 
spot" of the bat, the best place to hit the ball. ■ 



For our final application of integration in this section, we consider hydrostatic force. 
Imagine a dam holding back a lake full of water. What force must the dam withstand? 

As usual, we solve a simpler problem first. If you have a flat rectangular plate oriented 
horizontally underwater, notice that the force exerted on the plate by the water (the hydro- 
static force) is simply the weight of the water lying above the plate. This is the product of 
the volume of the water lying above the plate and the weight density of water (62.4 lb/ft 3 ). 
If the area of the plate is A ft 2 and it lies d ft below the surface (see Figure 5.53), then the 
force on the plate is 

F - 62AAd. 

According to Pascal's Principle, the pressure at a given depth d in a fluid is the same in all 
directions. This says that if a flat plate is submerged in a fluid, then the pressure on one side 
of the plate at any given point is p ■ d, where p is the weight density of the fluid and d is the 
depth. In particular, this says that it's irrelevant whether the plate is submerged vertically, 
horizontally or otherwise. (See Figure 5.54.) 

Consider now a vertically oriented wall (a dam) holding back a lake. It is convenient to 
orient the x-axis vertically with x — 0 located at the surface of the water and the bottom of the 
wall at x — a > 0. (See Figure 5.55 on the following page.) In this way, x measures the 
depth of a section of the dam. Suppose w(x) is the width of the wall at depth x (where all 
distances are measured in feet). 
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FIGURE 5.55 

Force acting on a dam 



Partition the interval [0, a] into n subintervals of equal width Ax = ^ . This has the effect 
of slicing the dam into n slices, each of width Ax. For each i — 1,2, ... ,n, observe that 
the area of the /th slice is approximately w(c, ) Ax, where c, is some point in the subinterval 
[x,_i, x,]. Further, the depth at every point on this slice is approximately c,. We can then 
approximate the force F, acting on this slice of the dam by the weight of the water lying 
above a plate the size of this portion but which is oriented horizontally: 

?s 62A w(c i ) v Ax / c t = 62.4c,- w(c,) Ax. 

weight density length width depth 

Adding together the forces acting on each slice, the total force F on the dam is approximately 

n 

F ?s 62-4ci w(Cj) Ax. 
;=i 

Recognizing this as a Riemann sum and taking the limit as n —> oo, we obtain the total 
hydrostatic force on the dam, 

n pa 

F = lim y^62.4c,w(c,) Ax = / 62Axw(x)dx. (6.7) 

Jo 



EXAMPLE 6.7 Finding the Hydrostatic Force on a Dam 

A dam is shaped like a trapezoid with height 60 feet. The width at the top is 100 feet 
and the width at the bottom is 40 feet. (See Figure 5.56.) Find the maximum hydrostatic 
force that the dam will need to withstand. Find the hydrostatic force if a drought lowers 
the water level by 10 feet. 




FIGURE 5.56 

Trapezoidal dam 
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Solution Notice that the width function is a linear function of depth with w(0) = 100 
and w(60) = 40. The slope is then ^ = —1 and so, w(x) — 100 — x. From (6.7), the 
hydrostatic force is then 

F - / 62.4 



= / 

Jo 



x (100-x)c/x 

weight density depth width 
60 



,3 



= 3120jT -62.4- 



= 6,739,200 lb. 



If the water level dropped 10 feet, the width of the dam at the water level would be 
90 feet. Lowering the origin by 10 feet, the new width function satisfies w(Q) = 90 
and w(50) = 40. The slope is still —1 and so, the width is given by w(x) — 90 — x. 
From (6.7), the hydrostatic force is now 

-50 

62^ x (9Q-x)dx 

weight density depth width 



/' 



- 2808x 2 - 62.4- 



50 



= 4,420,000 lb. 



Notice that this represents a reduction in force of over 34%. 



EXERCISES 5.6 Qj 

^WRITING EXERCISES 

1. For each of work, impulse and the first moment: identify the 
quantities in the definition (e.g., force and distance) and the 
calculations for which it is used (e.g., change in velocity). 

2. The center of mass is not always the location at which half the 
mass is on one side and half the mass is on the other side. Give 
an example where more than half the mass is on one side (see 
examples 6.5 and 6.6) and explain why the object balances at 
the center of mass. 

3. People who play catch have a seemingly instinctive method 
of pulling their hand back as they catch the ball. To catch a 
ball, you must apply an impulse equal to the mass times ve- 
locity of the ball. By pulling your hand back, you increase 
the amount of time in which you decelerate the ball. Use the 
impulse-momentum equation to explain why this reduces the 
average force on your hand. 

4. A tennis ball comes toward you at 100 mph. After you hit the 
ball, it is moving away from you at 100 mph. Work measures 
changes in energy. Explain why work has been done by the 
tennis racket on the ball even though the ball has the same 
speed before and after the hit. 



1. A force of 5 pounds stretches a spring 4 inches. Find the work 
done in stretching this spring 6 inches beyond its natural length. 

2. A force of 1 0 pounds stretches a spring 2 inches . Find the work 
done in stretching this spring 3 inches beyond its natural length. 

3. A weightlifter lifts 250 pounds a distance of 20 inches. Find 
the work done (as measured in foot-pounds). 

4. A wrestler lifts his 300-pound opponent overhead, a height of 
6 feet. Find the work done (as measured in foot-pounds). 



5. A rocket full of fuel weighs 10,000 pounds at launch. After 
launch, the rocket gains altitude and loses weight as the fuel 
burns. Assume that the rocket loses 1 pound of fuel for every 
15 feet of altitude gained. Explain why the work done raising the 
rocket to an altitude of 30,000 feet is / 0 30 00 °(10,000 - x/l5)dx 
and compute the integral. 

6. Referring to exercise 5, suppose that a rocket weighs 
8000 pounds at launch and loses 1 pound of fuel for every 
10 feet of altitude gained. Find the work needed to raise the 
rocket to a height of 10,000 feet. 

7. A 40-foot chain weighs 1000 pounds and is hauled up to the 
deck of a boat. The chain is oriented vertically and the top 
of the chain starts 30 feet below the deck. Compute the work 
done. 

8. A bucket is lifted a distance of 80 feet at the rate of 4 ft/s. The 
bucket initially contains 100 pounds of sand but leaks at a rate 
of 2 lb/s. Compute the work done. 

9. (a) Suppose that a car engine exerts a force of 800x(l — x) 
pounds when the car is at position x miles, 0 < x < 1. 
Compute the work done, (b) Horsepower measures the rate 
of work done as a function of time. Explain why this is not 
equal to 800x(l — x). If the car takes 80 seconds to travel the 
mile, compute the average horsepower (1 hp = 550 ft-lb/s). 

10. (a) A water tower is spherical in shape with radius 50 feet, 
extending from 200 feet to 300 feet above ground. Compute 
the work done in filling the tank from the ground, (b) Compute 
the work done in filling the tank halfway. 

11. A right circular cylinder of radius 1 m and height 3 m is filled 
with water. Compute the work done pumping all of the water 
out the top of the cylinder if (a) the cylinder stands upright (the 
circular cross sections are parallel to the ground) and (b) the 
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12. 



13. 



14. 



15. 



16. 



cylinder is on its side (the circular cross sections are perpen- 
dicular to the ground). 

A water tank is in the shape of a right circular cone of altitude 
10 feet and base radius 5 feet, with its vertex at the ground. 
(Think of an ice cream cone with its point facing down.) If the 
tank is full, find the work done in pumping all of the water out 
the top of the tank. 

Two laborers share the job of digging a rectangular hole 10 feet 
deep. The dirt from the hole is cleared away by other laborers. 
Assuming a constant density of dirt, how deep should the first 
worker dig to do half the work? Explain why 5 feet is not the 
answer. 

A trough is to be dug 6 feet deep. Cross sections have the 

shape \ / and are 2 feet wide at the bottom and 5 feet wide at 

the top. Find the depth at which half the work has been done. 

In example 6.4, suppose that the baseball was traveling at 
100 ft/s. The force exerted by the bat on the ball would change 
to the values in the table. Estimate the impulse and the speed 
of the ball after impact. 



18. 



r(s) 


0 


0.0001 


0.0002 


0.0003 


0.0004 


F(lb) 


0 


1000 


2100 


4000 


5000 



f(s) 


0.0005 


0.0006 


0.0007 


0.0008 


F(lb) 


5200 


2500 


1000 


0 



A crash test is performed on a vehicle. The force of the wall on 
the front bumper is shown in the table. Estimate the impulse 
and the speed of the vehicle (use m — 200 slugs). 



f(s) 


0 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


F(lb) 


0 


8000 


16,000 


24,000 


15,000 


9000 


0 



17. A thrust-time curve f(t) = -S^ f° r a model rocket is shown. 
Compute the maximum thrust. Estimate the impulse. 




A thrust-time curve for a model rocket is shown. Compute the 
impulse. Comparing your answer to exercise 17, which rocket 
would reach a higher altitude? 



19. Compute the mass and center of mass of an object with density 

x 

p(x) — — + 2 kg/m, 0 < x < 6. Briefly explain in terms of the 
6 

density function why the center of mass is not at x — 3. 

20. Compute the mass and center of mass of an object with density 



p(x) 



kg/m, 0 < x < 6. Briefly explain in terms of the 



density function why the center of mass is not at x = 3. 

21. Compute the weight in ounces of an object extending from 

/l x + 3\ 2 

x = —3 to x — 21 with density p(x) = 1 1 

3 HK \46 690 J 

slugs/in. 

22. Compute the weight in ounces of an object extending from 

/l x + 3 x2 

x = 0 to x = 32 with density p(x) = 1 

y ^ v ^46 690 

slugs/in. 

23. Compute the center of mass of the object in exercise 21. This 
object models the baseball bat of example 6.5 "choked up" 
(held 3 inches up the handle). Compare the masses and centers 
of mass of the two bats. 

24. Compute the center of mass of the object in exercise 22. This 
object models a baseball bat that is 2 inches longer than the 
bat of example 6.5. Compare the masses and centers of mass 
of the two bats. 

25. Compute the mass and weight in ounces and center of mass 
of an object extending from x — 0 to x — 30 with density 

p(x) = 0.00468 CL + |-J slugs/in. 

26. The object in exercise 25 models an aluminum baseball bat 
(hollow and | inch thick). Compare the mass and center of 
mass to the wooden bat of example 6.5. Baseball experts claim 
that it is easier to hit an inside pitch (small x value) with an 
aluminum bat. Explain why your calculations indicate that this 
is true. 

27. The accompanying figure shows the outline of a model rocket. 
Assume that the vertical scale is 3 units high and the horizontal 
scale is 6 units wide. Use basic geometry to compute the area 
of each of the three regions of the rocket outline. Assuming a 
constant density p, locate the x-coordinate of the center of mass 
of each region. [Hint: The first region can be thought of as ex- 
tending from x = 0 to x = 1 with density p(3 — 2x). The third 
region extends from x = 5 to x = 6 with density p(6 — x).] 



15 
10 

5 



28. For the model rocket in exercise 27, replace the rocket with 
3 particles, one for each region. Assume that the mass of each 
particle equals the area of the region and the location of the 
particle on the x-axis equals the center of mass of the region. 
Find the center of mass of the 3-particle system. [Rockets are 
designed with bottom fins large enough that the center of mass 
is shifted near the bottom (or, in the figure here, left) of the 
rocket. This improves the flight stability of the rocket.] 
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In exercises 29-32, find the centroid of each region. The centroid 
is the center of mass of a region with constant density. (Hint: 
Modify (6.6) to find the j-coordinate J.) 

29. The triangle with vertices (0, 0), (4, 0) and (4, 6) 

30. The rhombus with vertices (0, 0), (3, 4), (8, 4) and (5, 0) 

31. The region bounded by y = 4 — x 2 and y — 0 

32. The region bounded by y — x, y — —x and x — 4 



33. A dam is in the shape of a trapezoid with height 60 feet. The 
width at the top is 40 feet and the width at the bottom is 
100 feet. Find the maximum hydrostatic force the wall would 
need to withstand. Explain why the force is so much greater 
than the force in example 6.7. 

34. Find the maximum hydrostatic force in exercise 33 if a drought 
lowers the water level by 10 feet. 

35. An underwater viewing window is installed at an aquarium. 
The window is circular with radius 5 feet. The center of the 
window is 40 feet below the surface of the water. Find the 
hydrostatic force on the window. 

36. An underwater viewing window is rectangular with width 
40 feet. The window extends from the surface of the water to 
a depth of 10 feet. Find the hydrostatic force on the window. 

37. The camera's window on a robotic submarine is circular with 
radius 3 inches. How much hydrostatic force would the window 
need to withstand to descend to a depth of 1000 feet? 

38. A diver wears a watch to a depth of 60 feet. The face of the 
watch is circular with a radius of 1 inch. How much hydrostatic 
force will the face need to withstand if the watch is to keep on 
ticking? Give answers using the following two assumptions: 
(a) the watch is vertical with its top at 60 feet; (b) the watch is 
horizontal at 60 feet. 

39. Given that power is the product of force and velocity, compute 
the horsepower needed to lift a 100-ton object such as a blue 
whale at 20 mph (1 hp = 550 ft-lb/s). (Note that blue whales 
swim so efficiently that they can maintain this speed with an 
output of 60-70 hp.) 

40. For a constant force F exerted over a length of time f, impulse 
is defined by F ■ t. For a variable force F(t), derive the impulse 
formula J = /* F(t)dt. 

41. The first moment of a solid of density p(x) is f£ xp(x) dx. The 
second moment about the v-axis, defined by f b x 2 p(x)dx, 
is also important in applications. The larger this number 
is, the more difficult it is to rotate the solid about the 
v-axis. Compute the second moments of the baseball bats 
in example 6.5 and exercise 21. Choking up on a bat makes 
it easier to swing (and control). Compute the percentage 
by which the second moment is reduced by choking up 
3 inches. 

42. Occasionally, baseball players illegally "cork" their bats by 
drilling out a portion of wood from the end of the bats and fill- 
ing the hole with a light substance such as cork. The advantage 
of this procedure is that the second moment is significantly 



reduced. To model this, take the bat of example 6.5 and change 
the density to 



p(x) = 



1 x 
46 + 690 

1 x 
92 + 690 



if 0 < x < 28 



if 28 < x < 30, 



representing a hole of radius |" and length 2". Compute the 
mass and second moment of the corked bat and compare to 
the original bat. 

43. The second moment (see exercise 41) of a disk of den- 
sity p in the shape of the ellipse ^ + jjr = 1 is given by 

j a _ a 2pbx 2 y j\-^dx. Use your CAS to evaluate this integral. 

44. Use the result from exercise 43 to show that the sec- 
ond moment of the tennis racket head in the diagram is 
M = Pj[ba 3 -(b- w){a - wf]. 




45. For tennis rackets, a large second moment (see exercises 43 
and 44) means less twisting of the racket on off-center shots. 
Compare the second moment of a wooden racket (a — 9, 
b — 12, w — 0.5), a midsize racket (a = 10, b = 13, w — 0.5) 
and an oversized racket (a — 1 1 , b — 14, w — 0.5). 

46. Let M be the second moment found in exercise 44. Show that 
dM 

> 0 and conclude that larger rackets have larger second 

da 

dM 

moments. Also, show that > 0 and interpret this result. 

dw 



EXPLORATORY EXERCISES 

As equipment has improved, heights cleared in the pole vault 
have increased. A crude estimate of the maximum pole vault 
possible can be derived from conservation of energy princi- 
ples. Assume that the maximum speed a pole-vaulter could run 
carrying a long pole is 25 mph. Convert this speed to ft/s. The 
kinetic energy of this vaulter would be hmv 2 . (Leave m as an 
unknown for the time being.) This initial kinetic energy would 
equal the potential energy at the top of the vault minus what- 
ever energy is absorbed by the pole (which we will ignore). 



372 



CHAPTERS •• Applications of the Definite Integral 



5-58 



Set the potential energy, 32m /z, equal to the kinetic energy and 
solve for h. This represents the maximum amount the vaulter's 
center of mass could be raised. Add 3 feet for the height of 
the vaulter's center of mass and you have an estimate of the 
maximum vault possible. Compare this to Sergei Bubka's 1 994 
world record vault of 20' 1 1 . 

2. An object will remain on a table as long as the center of mass 
of the object lies over the table. For example, a board of length 
1 will balance if half the board hangs over the edge of the table. 
Show that two homogeneous boards of length 1 will balance 
if i of the first board hangs over the edge of the table and ~ of 
the second board hangs over the edge of the first board. Show 
that three boards of length 1 will balance if | of the first board 
hangs over the edge of the table, | of the second board hangs 
over the edge of the first board and | of the third board hangs 



over the edge of the second board. Generalize this to a pro- 
cedure for balancing n boards. How many boards are needed 
so that the last board hangs completely over the edge of the 
table? 




Review Exercises 



WRITING EXERCISES 



The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Volume by slicing 
Volume by shells 
Newton's second law 
Center of mass 



Volume by disks Volume by washers 
Arc length Surface area 

Work Impulse 



TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. The area between / and g is given by J - * [f(x) — g(x)] dx. 

2. The method of disks is a special case of volume by slicing. 

3. For a given region, the methods of disks and shells will always 
use different variables of integration. 

4. A Riemann sum for arc length always gives an approximation 
that is too large. 

5. For most functions, the integral for arc length can be evaluated 
exactly. 

6. The only force on a projectile is gravity. 

7. For two-dimensional projectile motion, you can always solve 
for x(t) and y(t) independently. 

8. The more you move an object, the more work you have done. 



In exercises 1-8, find the indicated area exactly if possible (esti- 
mate if necessary). 

1. The area between y — x 2 + 2 and y — sinx for 0 S X S it 

2. The area between y — sinx and y — cosx for 0 < x < it /2 

3. The area between y — x 3 and y — 2x 2 — x 
! — 3 and y = — x 2 + 5 



4. The area between y 

5. The area between y 



2 and y 



6. The area between x — y 2 and y — 1 — x 

7. The area of the region bounded by y — x 2 , y — 2 — x and 
y = 0 

8. The area of the region bounded by y — x 2 , y — 0 and x — 2 



9. A town has a population of 10,000 with a birthrate of 10 + 2t 
people per year and a death rate of 4 + t people per year. Com- 
pute the town's population after 6 years. 

10. From the given data, estimate the area between the curves for 
0 < x < 2. 



X 


0.0 


0.2 


0.4 


0.6 


0.8 


1.0 


fix) 


3.2 


3.6 


3.8 


3.7 


3.2 


3.4 


g(x) 


1.2 


1.5 


1.6 


2.2 


2.0 


2.4 
















X 


1.2 


1.4 


1.6 


1.8 


2.0 




fix) 


3.0 


2.8 


2.4 


2.9 


3.4 




gix) 


2.2 


2.1 


2.3 


2.8 


2.4 





11. Find the volume of the solid with cross-sectional area 
A(x) = tt(3 + x) 2 for 0 < x < 2. 
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12. A swimming pool viewed from above has an outline given by 
y — ±(5 + x) for 0 < x < 2. The depth is given by 4 + x (all 
measurements in feet). Compute the volume. 

13. The cross-sectional areas of an underwater object are given. 
Estimate the volume. 



X 


0 


0.4 


0.8 


1.2 


1.6 


2.0 


2.4 


2.8 


3.2 


AGO 


0.4 


1.4 


1.8 


2.0 


2.1 


1.8 


1.1 


0.4 


0 



In exercises 14-18, find the volume of the indicated solid 
of revolution. 

14. The region bounded by y — x 2 , y — 0 and x — 1 revolved 
about (a) the x-axis; (b) the y-axis; (c) x — 2; (d) y — —2 

15. The region bounded by y — x 1 and y — 4 revolved about (a) the 
x-axis; (b) the y-axis; (c) x = 2; (d) y — —2 

16. The region bounded by y — x, y — 2x and x = 2 revolved 
about (a) the x-axis; (b) the y-axis; (c) x = — 1 ; (d) y — 4 

17. The region bounded byy = x,y = 2 — x and y — 0 revolved 
about (a) the x-axis; (b) the y-axis; (c) x = — 1; (d) y — 4 

18. The region bounded by x = 4 — y 2 and x = y 2 — 4 revolved 
about (a) the x-axis; (b) the y-axis; (c) x = 4; (d) _y = 4 



In exercises 19-22, set up an integral for the arc length and 
numerically estimate the integral. 

19. The portion of y — x 4 for — 1 < x < 1 

20. The portion of y — x 2 + x for — 1 < x < 0 

21. The portion of y = -Jx + 1 for 0 < x < 3 

22. The portion of y — sin 2x for 0 £ x < it 



In exercises 23 and 24, set up an integral for the surface area 
and numerically estimate the integral. 

23. The surface generated by revolving y — 1 — x 2 , 0 < x < 1, 
about the x-axis 

24. The surface generated by revolving y = x , 0 < x < 1, about 
the x-axis 



In exercises 25-32, ignore air resistance. 

25. A diver drops from a height of 64 feet. What is the velocity at 
impact? 

26. If the diver in exercise 25 has an initial upward velocity of 
4 ft/s, what will be the impact velocity? 

27. An object is launched from the ground at an angle of 20° with 
an initial speed of 48 ft/s. Find the time of flight and the hori- 
zontal range. 



28. Repeat exercise 27 for an object launched from a height of 
6 feet. 

29. A football is thrown from a height of 6 feet with initial speed 
80 ft/s at an angle of 8°. A person stands 40 yards downfield 
in the direction of the throw. Is it possible to catch the ball? 

30. Repeat exercise 29 with a launch angle of 24°. By trial and 
error, find the range of angles (rounded to the nearest degree) 
that produce a catchable throw. 

31. Find the initial velocity needed to propel an object to a height 
of 128 feet. Find the object's velocity at impact. 

32. A plane at an altitude of 120 ft drops supplies to a location on 
the ground. If the plane has a horizontal velocity of 100 ft/s, 
how far from the target should the supplies be released? 



33. A force of 60 pounds stretches a spring 1 foot. Find the work 
done to stretch the spring 8 inches beyond its natural length. 

34. A car engine exerts a force of 800 + 2x pounds when the car is 
at position x miles. Find the work done as the car moves from 
x = 0 to x = 8. 

35. Compute the mass and center of mass of an object with density 
p(x) = x 2 — 2x + 8 for 0 < x < 4. Explain why the center of 
mass is not at x — 2. 

36. Compute the mass and center of mass of an object with density 
p(x) = x 2 — 2x + 8 for 0 S x S 2. Explain why the center of 
mass is at x = 1. 

37. A dam has the shape of a trapezoid with height 80 feet. The 
width at the top of the dam is 60 feet and the width at the 
bottom of the dam is 140 feet. Find the maximum hydrostatic 
force that the dam will need to withstand. 

38. An underwater viewing window is a rectangle with width 
20 feet extending from 5 feet below the surface to 10 feet 
below the surface. Find the maximum hydrostatic force that 
the window will need to withstand. 

39. The force exerted by a bat on a ball over time is shown in the 
table. Use the data to estimate the impulse. If the ball (mass 
m — 0.01 slug) had speed 120 ft/s before the collision, estimate 
its speed after the collision. 



f(s) 


0 


0.0001 


0.0002 


0.0003 


0.0004 


F(t) (lb) 


0 


800 


1600 


2400 


3000 



f( S ) 


0.0005 


0.0006 


0.0007 


0.0008 


F(f) (lb) 


3600 


2200 


1200 


0 



40. If a wall applies a force of /(f) = 3000f (2 — f) pounds to a car 
forO S t S 2, find the impulse. If the car (mass m — 100 slugs) 
is motionless after the collision, compute its speed before the 
collision. 
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1. As indicated in section 5.5, general formulas can be derived 
for many important quantities in projectile motion. For an ob- 
ject launched from the ground at angle 6 0 with initial speed 
Vq ft/s, find the horizontal range R ft and use the trig iden- 

vl sin (20 o ) 



tity sin(20 o ) = 2 sin 9 0 cos 6 0 to show that R = 



32 



Conclude that the maximum range is achieved with angle 
9 0 = n/4 (45°). 

2. To follow up on exploratory exercise 1 , suppose that the ground 
makes an angle of A° with the horizontal. If A > 0 (i.e., the 
projectile is being launched uphill), explain why the maximum 



range would be achieved with an angle larger than 45°. If A < 0 
(launching downhill), explain why the maximum range would 
be achieved with an angle less than 45°. To determine the ex- 
act value of the optimal angle, first argue that the ground can 
be represented by the line y — (tanA)x. Show that the pro- 
sin 9 Q — tan A cos 8 0 

jectile reaches the ground at time t = v Q . 

16 

Compute x(t) for this value of t and use a trig identity to re- 
place the quantity sin 6q cos A — sin A cos 9q with sin($o — A). 
Then use another trig identity to replace cos 6 0 sin(0 o — A) with 
sin(2# 0 — A) — sin A. At this stage, the only term involving 6 0 
will be sin(2(9o — A). To maximize the range, maximize this 

7t 1 

term by taking 9 0 = — + - A. 




Exponentials, Logarithms and 
Other Transcendental Functions 
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The International Space Station is one of the most ambitious engineering 
projects ever undertaken. A construction project in space offers a few 
advantages over construction on Earth. For instance, the weightlessness 
and lack of atmospheric conditions reduce the need for structural strength. 
In fact, the International Space Station could not support its own weight if 
it were constructed on Earth! The lightweight beams holding the station's 
solar panels are long, yet relatively thin and flexible. Unfortunately, these 
characteristics can allow a minor tremor to magnify into a dangerous 
vibration, due to the phenomenon of resonance. Consequently, this design 
requires a system to maintain the stability of the structure. This is one area where 
calculus plays a critical role in the design of the space station. 

You can think of this stability problem 
by imagining yourself operating a joystick, 
where moving the joystick applies a force at 
one of the beam's joints. The goal is to apply 
the appropriate forces to keep the beam from 
vibrating. For instance, if the beam starts mov- 
ing to the left, you might move your joy stick to 
the right, applying an opposing force. Mathe- 
matically, think of this as a function; you sup- 
ply the input (the force) that determines the 
output (the motion of the beam). Your task 
is then to solve an inverse problem. That 
is, given the desired output (stability), you 
must determine the correct input (force) that 
produces it. We discuss inverse functions in section 6.2. In the remainder of this 
chapter, we define several new functions that are essential to engineers investigat- 
ing the stability of structures. 




International Space Station 



0) 



6.1 THE NATURAL LOGARITHM 



At some point or other prior to your study of calculus, you likely encountered the 
natural logarithm. The standard precalculus definition is that the natural logarithm 
is the ordinary logarithm with base e. That is, 

lnx = log f x , 



where e is a (so far) mysterious transcendental number, whose approximate value 
is given as e 2.71828. . . . So, why would a logarithm with a transcendental base 
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be called natural? Further, why would anyone be interested in such a seemingly unusual 
function? We will resolve both of these questions in this section. 
First, recall the power rule for integrals, 



dx 



n + 1 



c, for n ^ — 1. 



Of course, this rule doesn't hold for n = — 1, since this would result in division by zero. 
Then, what can we say about 



/i 



dx? 



From Theorem 4.1 in Chapter 4, we know that since f(x) = - is continuous for x ^ 0, 
it must be integrable on any interval not including x — 0. (But, how do we find its an- 
tiderivative?) Notice, that by Part II of the Fundamental Theorem of Calculus, 



dt 




\ — ► t 



FIGURE 6.1a 

lnx (x > 1) 




is an antiderivative of - for x > 0. We give this new (and naturally arising) function a name 
in Definition 1.1. 



DEFINITION I.I 

For x > 0, we define the natural logarithm function, denoted lnx, by 



In 



dt. 



We'll see later in this chapter that this definition is, in fact, consistent with your previous 
understanding of lnx. First, let's interpret this new function graphically. Notice that for 
x > 1, this definite integral corresponds to the area A under the curve y — \ from 1 to x, as 
indicated in Figure 6.1a. That is, 



In 



r 1 

x = I - dt — A > 0. 



Similarly, for 0 < x < 1 , notice from Figure 6. lb that for the area A under the curve y — j 
from x to 1, we have 



lnx 



dt = -A < 0. 



H — I 1 1 1 ► t Using Definition 1.1, we get by Part II of the Fundamental Theorem of Calculus that 

x 1 2 3 4 



FIGURE 6.1b 

lnx(0 < x < 1) 



dx 



In 



d r i i 

x = — / - dt — — , for x > 0. 
dx }\ t x 



(1.1) 



We illustrate this new derivative formula in example 1.1. 
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EXAMPLE I.I Differentiating a Logarithm 

Find the derivative of ln(x 3 + lx 2 ). 

Solution Using the chain rale and (1.1), we have 

i ln(x 3 + lx 1 ) = ( —L— ) ^-(x 3 + lx 1 ) 



dx \x 3 + lx 2 ) dx 



1 



■7x 2 



(3x 2 + 14*). 



Now, note that In \x\ is defined for x ^ 0. For x > 0, In \x\ — Inx and hence, 

d d 1 

— In |*| = — In x = — . 
dx dx x 

Similarly, forx < 0, In |x| = ln(— x), and hence, 

d d 
— In |*| - — ln(-x) 
dx dx 

1 d 

— ( — *) By the chain rule. 

— * dx 

1 1 
= — (-1)= -. 

— * * 

Notice that we got the same derivative in either case. This proves Theorem 1.1. 



THEOREM I.I 

d 1 
For * 7^ 0, — In |*| — — . 

dx x 



EXAMPLE 1.2 The Derivative of the Log of an Absolute Value 

d 

For any * for which tan x ^ 0, evaluate — In | tan * | . 

dx 

Solution From Theorem 1 . 1 and the chain rule, we have 

d Id 

— In | tan * | = tan * 

dx tan * dx 

1 

sec" x. 



tanx 



Of course, with the new differentiation rule in Theorem 1.1, we get a new integration 

rule. 



COROLLARY I.I 




In any interval not containing 


0, 




f 1 

/ — dx = In |*| + c. 
J x 



Corollary 1.1 is a very common integration rule. We illustrate this in example 1.3. 
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HISTORICAL 
NOTE 

John Napier (1550-1617) 

A Scottish nobleman and inventor 
who developed the concept of 
the logarithm and constructed the 
first table of logarithm values. He 
invented a number of useful 
techniques for working with large 
numbers, including logarithms and 
a calculation device sometimes 
called "Napier's bones" that can 
be used for multiplication and the 
estimation of square roots and 
cube roots. Napier also 
popularized the use of the decimal 
point for representing fractions. 



EXAMPLE 1.3 Two Integrals Involving Logarithms 



Evaluate the integrals ( 



f x 



dx and (b) / tan x dx 



Solution For (a), notice that the numerator is nearly the derivative of the denominator: 

d 



dx 



(X s + 7) = 3x z . 



This suggests the substitution u = x + 7, so that du — 3x dx. We now have 

,2 1 r iv2 



/— dx — - f —— — dx 
x 3 + 7 3] .t 3 +7 

1 f 1 1 

= - / — du — -ln\u 
3 J u 3 



\+c 



— - In U" 5 +71 + c. 



For (b), we must first rewrite the integrand in terms of sinx and cos x, to reveal 

/f sinx 
tan x dx — I dx . 
J cosx 

Here, you should quickly observe that setting u — cos x gives us du = — sin x dx, so that 

/[ —sinx f 1 

tanx dx — — I dx — — I — du 
J cosx J u 

— — In \u\ + c — — In I cosx I + c. a 



Notice that since lnx is defined by a definite integral, we can use Simpson's Rule (or 
any other convenient numerical integration method) to compute approximate values of the 
function. For instance, 



and 



In 2 



In 3 



dt « 0.693147 



dt p» 1.09861. 



We leave these approximations as exercises. (You should also check the values with the In 
key on your calculator.) 

We now briefly sketch a graph of y — lnx. As we've already observed, the domain of 
f(x) = lnx is (0, oo). Further, recall that 



< 0 for 0 < x < 1 
In x { — 0 for x = 1 
> 0 for x > 1 

and that f\x) — - > 0, for x > 0, 



so that/ is increasing throughout its domain. Next, 

1 



fix) 



< 0, for x > 0, 
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and hence, the graph is concave down everywhere. You can easily use Simpson's Rule or 
the Trapezoidal Rule (this is left as an exercise) to make the conjectures 

lim lnx = oo (1.2) 

x— >-oo 

and lim lnx = — oo. (1.3) 

x->-0+ 

We postpone the proof of (1.2) until after Theorem 1.2. The proof of (1.3) is left as an 
exercise. We now obtain the graph shown in Figure 6.2. 

Now, it remains for us to explain why this function should be called a logarithm. The 
answer is simple: it satisfies all of the properties satisfied by other logarithms. Since lax 
behaves like any other logarithm, we call it (what else?) a logarithm. We summarize these 
properties in Theorem 1 .2. 



THEOREM 1.2 

For any real numbers a , b > 0 and any rational number r, 

(i) In 1 = 0 

(ii) ln(ab) — In a + Inb 

(iii) In (|) = In a — \nb and 

(iv) ln(a r ) — r In a. 



PROOF 

(i) By definition, 

In 1 = J -dt = 0. 

(ii) Also from the definition, we have 

\n(ab) — I - dt — I - dt + -dt, 
Ji t Ji t J a t 

from part (ii) of Theorem 4.2 in section 4.4. Make the substitution u — Mn the last integral 
only. This gives us du — - dt. Finally, the limits of integration must be changed to reflect 
the new variable (when t — a, we have u = - = 1 and when t — ab, we have u — — — b), 
to yield 



\n(ab) - 




r i r h i 

= / - dt + I — du — In + Inb. From Definition 1.1. 
J\ t Ji u 

(iv) Note that 



From (1.1) and the chain rule. 



r 

— . From the power rule. 



d ,. Id,. 

— ln(x' ) x r 

dx x r dx 



= -rx'- 1 = 
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Likewise, 

d d r 

— [rime] = r — (lnx) = — . 

dx dx x 

Now, since ln(x r ) and rlnx have the same derivative, it follows from Corollary 8.1 in 
section 2.8 that for all x > 0, 

ln(x' ) = r In x + k, 
for some constant, k. In particular, taking x — 1, we find that 

ln(l') = rlnl +k, 

where since V = 1 and In 1 = 0, we have 

0 = r(0) + k. 

So, k — 0 and ln(x r ) = r lnx, for all x > 0. 

Part (iii) follows from (ii) and (iv) and is left as an exercise. ■ 



CAUTION 



EXAMPLE 1.4 Rewriting a Logarithmic Expression 

Simplify In i, where n is a positive integer. 
Solution For any integer n > 0, 



1 




In — = ln(fl- 1/K ) 



1 



In a. 



Using the properties of logarithms will often simplify the calculation of certain deriva- 
tives. We illustrate this in example 1.5. 



EXAMPLE 1 .5 Using Properties of Logarithms to Simplify Differentiation 



Find the derivative of In . 



I(x -2) 3 
x 2 + 5 



Solution Rather than directly differentiating this expression by applying the chain 
rule and the quotient rule, notice that we can considerably simplify our work by first 
using the properties of logarithms. We have 



d / (x - 2) 3 d 

— In , / — r = — In 

dx V x- + 5 dx 



1 d 

2 dx 
1 d 
2dx 

1 d 

2 dx 
1 



In 



x 2 +5 _ 

(x - 2) 3 
x 2 + 5 



3-1 1/2 



From Theorem 1.2 (iv). 



[ln(jf — 2) 3 — ln(x 2 + 5)] From Theorem 1.2 (iii). 



[3 ln(.T — 2) — ln(x + 5)] From Theorem 1.2 (iv). 



\x — 2/dx^ ^ ^yx 2 + 5} dx^ ^ 



2 

1 / 3 



From (1.1) 
and the 
chain rule. 



2x 



2 \ x — 2 x 2 + 5 
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Of course, you could simply compute the derivative directly using the original 
expression. Try this for yourself. It's not pretty (there are multiple chain rules and a 
quotient rule; don't say we didn't warn you), but it's entirely equivalent. The bottom 
line is that the rules of logarithms can save you untold complication; so use them where 
appropriate. ■ 



EXAMPLE 1.6 Examining the Limiting Behavior of In x 

Use the properties of logarithms in Theorem 1 .2 to prove that 

lim lnx — oo. 

Solution We can verify this as follows. First, recall that In 3 ^ 1.0986 > 1. Taking 
x = 3", we have by the rules of logarithms that for any integer n 

In 3" = «ln3. 
Since x — 3" —> oo, as n — >• oo, it now follows that 

lim lnx = lim In 3" = lim (« ln3) = +oo, 

where the first equality depends on the fact that In x is a strictly increasing function. I 



O Logarithmic Differentiation 

A clever technique called logarithmic differentiation uses the rules of logarithms to help 
find derivatives of certain functions for which we don't presently have derivative formulas. 
For instance, note that the function f(x) = x x is not a power function because the exponent 
is not a constant. In example 1.7, we show how to take advantage of the properties of 
logarithms to find the derivative of such a function. 



EXAMPLE 1.7 Logarithmic Differentiation 

Find the derivative of f(x) = x x , for x > 0. 

Solution As already noted, none of our existing derivative rules apply. We begin by 
taking the natural logarithm of both sides of the equation fix) — x x . We have 

In [/(*)] = In (**) 
= x In x , 

from the usual properties of logarithms. We now differentiate both sides of this last 
equation. Using the chain rule on the left side and the product rule on the right side, 
we get 

-^—f'{x) = {\)\RX+X- 

f(x) x 
or = In x + 1 . 

m 

Solving for fix), we get 

f'(x) = (lnx + I) fix) = (lnx + l)x\ ■ 
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BEYOND FORMULAS 

In Definition 1.1, we defined a new function that fills a gap in our previously known 
integration rules, namely, what to do with f x" dx when n — — 1. Surprisingly, we can 
then develop properties of this unusually defined function and discover that it is, in 
fact, a logarithmic function. Logarithms, in turn, trace their history back to a need 
for a practical method of computing by hand with large numbers. Such unexpected 
connections are common in mathematics. However, these remarkable connections can 
only be fully appreciated with a sound understanding of the underlying mathematical 
theory, such as that developed in this section. 



EXERCISES 6.1 



0) 



^WRITING EXERCISES 



1. Explain why it is (mathematically) legal to define In x as 

f 1 

/ - dt. For some, this type of definition is not very satis- 
Ji t 

fying. Even though this is probably the first function you have 
seen defined this way, try the following comparison. Clearly, 
it is easier to compute function values for x 2 than for lnx, and 
therefore x 2 is easier to understand. However, compare how 
you would compute (without a calculator) function values for 
sin x versus function values for In x. Describe which is more 
"natural" and easy to understand. 

2. In this section, we gave two different "definitions" of In x. 
Explain why it is logically invalid to give different definitions 
unless you can show that they define the same thing. If they 
define the same object, either definition is equally valid and 
you should use whichever definition is clearer for the task at 
hand. Explain why, in this section, the integral definition is 
more convenient than the base e logarithm. 

3. Use the integral definition of In x (interpreted as area) to explain 
why it is reasonable that lim lnx = — oo and lim lnx = oo. 

*->()+ JT->00 

4. The graph of /(x) — In x appears to get flatter as x gets larger. 
Interpret the derivative /'(x) — - as the slopes of tangent 
lines to determine whether this is correct or just an optical 
illusion. 



In exercises 1-4, express the number as an integral and sketch 
the corresponding area. 



1. In 4 



2. In 5 



3. In 8.2 



4. In 24 



5. Use Simpson's Rule with n = 4 to estimate In 4. 

6. Use Simpson's Rule with n = 4 to estimate In 5. 

In exercises 7-12, find the derivative of the function. 

7. In4x 2 8. ln(secx) 9. ln(cosx) 

lnx , 
10. 11. sin(ln(cosx )) 12. ln(secx + tanx) 



In exercises 13-20, evaluate the limit or derivative using prop- 
erties of logarithms where needed. 



i3. £(W?Ti) 



14. — [ln(x sin x cos x)] 
dx 



d I x" 
15. — In - 



dx \ x 5 + 1 



1 



16 . ±\toj* 
dx \ V x 5 + 1 



18. lim ln[(sinx) 1/l ] 



17. lim In , 

x^\+ \X — 1 

19. lim ln[(x + l) 4/ln(j:+1) ] 20. limln[(cosx)'] 



In exercises 21-30, evaluate the integral. 



27 
29 



f 2x 
J x2+ 1 

/ 

I — *- 

J x In x 
J (ln x+ 1 

/ 



21. / ——dx 
J x 2 +\ 

23. f tan 2x dx 
25. 

J x lnx 

f 



dx 



22 
24. 
26. 

28. 
30. 



x 4 + 5 



■/ 

[ - t + 1 

J x 2 + 2x - 1 

f 1 

J 71(71 +i) 

/cos(lnx) 

f 1 x 2 
I ~3 7 "X 

Jo * 3 + l 



dx 



dx 



In exercises 31-34, use the properties of logarithms to rewrite 
the expression as a single logarithm. 

31. lnV2 + 31n2 32. In8-21n2 

33. 21n3 -h^ + lnv^ 34. 21n(|) - ln3 + ln(|) 

35. Use properties (ii) and (iv) of Theorem 1.2 to prove property 
(hi) that In (|) = lna-lnZ?. 

36. Prove equation (1.3). 



In exercises 37-40, use logarithmic differentiation to find the 
derivative of the given function. 



37. /(x) = x slnx 
39. /(x) = (sinx)* 



38. /(x) = x 4 - t2 
40. f{x) = x lnjr 
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In exercises 41-46, determine intervals on which the function is 
increasing and decreasing, concave up and down and graph the 
function. 

41. f(x) = hx(x - 2) 42. f(x) = 1h(3jc + 5) 

43. f(x) = ln(x 2 + 1) 44. f(x) = ln(x 3 + 1) 

45. /(x) = xlnx 46. f(x) = x 2 hix 

47. There are often multiple ways of computing an antideriva- 

tive. For / — dx, first use the substitution u — ln^/x 

J x In «/3c 

to find the indefinite integral 2 In |ln^jc| + c. Then rewrite 
ln-y/x and use the substitution u — Inx to find the indefinite 
integral 2 In |lnx| + c. Show that these two answers are 
equivalent. 

48. As in exercise 47, use different substitutions to find two 

f 1 

equivalent forms for / dx, for x > 0. Repeat this 

J x In x 2 

for x < 0. 

49. If n > 1 is an integer, sketch a graph of y = - for 1 < x < n 
and shade in the area representing ln(«). Then construct a Rie- 
mann sum with a regular partition of width Ax = 1 and right- 
endpoint evaluation. On your graph, draw in the rectangles 
for this Riemann sum and show that ln(«) > ! + § + •••+■ 
Given that lim (I + I + ■■■+-) = oo, what can you con- 
elude about lim ln(n)? 

n— *oo 

50. As in exercise 49, use a Riemann sum to show that for an 
integer n > 1, ln(n) < 1 + \ + | H h^y. 



(J5 APPLICATIONS 

51. A telegraph cable is made of an outer winding around an 
inner core. If x is defined as the core radius divided by 
the outer radius, the transmission speed is proportional to 
s(x) — x 2 ln(l/x). Estimate the value of x that maximizes the 
transmission speed. 

52. Define the function it{x) to be the number of prime num- 
bers less than x. For example, jt(6) = 3 since 2, 3 and 5 are 
prime. It has been shown that for large x,n{x)^ Show 

that for /(x) = — and x > 10, /'(x) > 0 and /"(x) < 0. 
Inx 

Interpret these results in terms of the distribution of prime 
numbers. 

53. A ball is thrown from s — b to s = a (where a < b) with 
initial speed vq. Assuming that air resistance is proportional to 
speed, the time it takes the ball to reach 5 = a is 

1 / b-a\ 

T = — In ( 1 - c , 

c V v 0 J 

where c is a constant of proportionality. A baseball player is 
300 ft from home plate and throws a ball directly toward home 
plate with an initial speed of 125 ft/s. Suppose that c = 0.1. 
How long does it take the ball to reach home plate? Another 



player standing x feet from home plate has the option of catch- 
ing the ball and then, after a delay of 0.1 s, relaying the ball 
toward home plate with an initial speed of 125 ft/s. Find x to 
minimize the total time for the ball to reach home plate. Is the 
straight throw or the relay faster? What, if anything, changes 
if the delay is 0.2 s instead of 0. 1 s? 

54. For the situation in exercise 53, for what length delay is it 
equally fast to have a relay and not have a relay? Do you think 
that you could catch and throw a ball in such a short time? 
Why do you think it is considered important to have a relay 
option in baseball? 

55. Repeat exercises 53 and 54 if the second player throws the ball 
with initial speed 100 ft/s. 

56. For a delay of 0.1 s in exercise 53, find the value of the initial 
speed of the second player's throw for which it is equally fast 
to have a relay and not have a relay. 

57. In the titration of a weak acid and strong base, the pH is given 
by c + In where c is a constant (closely related to the acid 
dissociation constant) and / is the fraction (0 < / < 1) of 
converted acid. (See Harris' Quantitative Chemical Anal- 
ysis for more details.) Find the value of / at which the 
rate of change of pH is the smallest. What happens as / 
approaches 1? 

58. In exercise 57, you found the significance of one inflection 
point of a titration curve. A second inflection point, called 
the equivalence point, corresponds to / = 1. In the gen- 
eralized titration curve shown, identify on the graph both 
inflection points and briefly explain why chemists prefer to 
measure the equivalence point and not the inflection point of 
exercise 57. (Note: The horizontal axis of a titration curve 
indicates the amount of base added to the mixture. This is 
directly proportional to the amount of converted acid in the 
region where 0 < / < 1.) 



PH 




ml of base added 



^ EXPLORATORY EXERCISES 

1. Verify that 

J sec x dx — In | sec x + tan x | + c. 

(Hint: Differentiate the suspected antiderivative and show 
that you get the integrand.) This integral appears in the 
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construction of a special type of map called a Mercator map. On 
this map, the latitude lines are not equally spaced. Instead, they 
are placed so that straight lines on a Mercator map correspond 
to paths of constant heading. (If you travel due northeast, your 
path on a map with equally spaced latitude will appear to curve 
due to the curvature of the Earth.) Let R be the (average) radius 
of the Earth. Assuming the Earth is a sphere, the actual dis- 

tance from the equator to a place at latitude b° is Rb. On a 

4 F 180 



Mercator map, this distance is scaled to 



71 / 

180 J 0 



sec x dx . 



Tampa, Florida, has latitude 28° north. Moscow, Russia, 
is twice as far from the equator at 56° north. What is the 
relative spacing for Tampa and Moscow on a Mercator 
map? 



2. Define the log integral function Li(x) 



f- 



dt for x > 1. 



For x = 4 and n = 4, explain why Simpson's Rule does not 
give an estimate of Li(4). Sketch a picture of the area rep- 
resented by Li(4). It turns out that Li{x) — 0 for x fx 1.45. 



Explain why Li (4) 



J iA5 In? 



dt and estimate this with Simp- 



son's Rule using n = 4. This function is used to estimate n (N), 
the number of prime numbers less than N. Another common 

N N 

estimate of x(N) is . Estimate ,n(N) and Li(N) 

In iV In N 

for (a) N = 20, (b) N = 40 and (c) N = 100, 000, 000, where 

we'll give you n{N) — 5, 761, 455. Discuss any patterns that 

you find. (See Prime Obsession by John Derbyshire for more 

about this area of number theory.) 



0) 



6.2 INVERSE FUNCTIONS 




FIGURE 6.3 



The notion of an inverse relationship is common in many areas of science. For instance, 
in an electrocardiogram (EKG), measurements of electrical activity on the surface of the 
body are used to infer something about the electrical activity on the surface of the heart. 
This is considered an inverse problem, since physicians are attempting to determine what 
inputs (i.e., the electrical activity on the surface of the heart) cause an observed output (the 
measured electrical activity on the surface of the chest). 

In this section, we introduce the notion of an inverse function. The basic idea is simple 
enough. Given an output (that is, a value in the range of a given function), we wish to 
find the input (the value in the domain) that produces the observed output. That is, given a 
y e Range{f], find the x G Domain{f} for which y = f(x). (See the illustration of the 
inverse function g(x) shown in Figure 6.3.) 

For instance, suppose that fix) — x 3 and y — 8. Can you find an x such that x 3 = 8? 
That is, can you find the jr-value corresponding to y = 8? (See Figure 6.4.) Of course, 
you know the solution of this particular equation: x — -J/% — 2. In fact, in general, if 
x 3 = y, then x = ^fy. In light of this, we say that the cube root function is the inverse 
of f(x) = x 3 . 




FIGURE 6.4 

Finding the x-value corresponding 
to y = 8 



EXAMPLE 2. 1 Two Functions That Reverse the Action of Each Other 

If f{x) — x 3 and g(x) = x 1 / 3 , show that 

figix)) = x and gifix)) = x, 

for all x. 

Solution For all real numbers x, we have 



and 



/(gW)=/(x 1 / 3 ) = (x 1 / 3 ) 3 : 

*(/(*)) = s(^) = (* 3 ) 1/3 



Notice in example 2.1 that the action of / undoes the action of g and vice versa. We 
take this as our definition of an inverse function in Definition 2.1. 



6-1 I 

CAUTION 



Pay close attention to the 
notation. Notice that f~ [ (x) 
1 

does not mean . We write 

/(*) 

the reciprocal of f(x) as: 




-4-2 2 4 



FIGURE 6.5 

y = x- 

y 



a b 

FIGURE 6.6a 

f(a) = f(b), for a ^ b. 
So, / does not pass the horizontal 
line test and is not one-to-one. 

y 

y =m 




*x 



FIGURE 6.6b 

Every horizontal line intersects the 
curve in at most one point. So,/ 
passes the horizontal line test and is 
one-to-one. 
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DEFINITION 2.1 

Assume that/ and g have domains A and B, respectively, and that f(g(x)) is defined 
for all x e B and g(f(x)) is defined for all x e A. If 

f(g( x )) = x, for all x e B and 

g(f( x )) — x, for all x e A, 
we say that g is the inverse of/ written g = f . Equivalently, / is the inverse of 
8,f = 8~ 1 - 



Observe that many familiar functions have no inverse. 

EXAMPLE 2.2 A Function with No Inverse 

Show that f(x) = x 2 has no inverse on the interval (— oo, oo). 

Solution Notice that /(4) = 16 and /(— 4) = 16. That is, there are two x-values that 
produce the same v-value. So, if we were to try to define an inverse of / how would we 
define / (16)? Look at the graph of y = x 2 (see Figure 6.5) to see what the problem 
is. For each y > 0, there are two x-values for which y = x 2 . Such functions do not have 
an inverse. ■ 

REMARK 2.1 



For f(x) — x 2 , it is tempting to jump to the conclusion that g(x) — yfx is the inverse 
of f(x). Notice that although f(g(x)) = (V*) 2 = x f° r all x > 0 (i.e., for all x in the 
domain of g), it is not generally true that g(f(xj) = Vx 2 — x. In fact, this last 
equality holds only for x > 0. However, for f(x) = x 2 restricted to the domain x > 0, 
we do have that / _1 (x) = «Jx. 



DEFINITION 2.2 

A function/ is called one-to-one when for every y e Range{f], there is exactly one 
x e Domain{f] for which y = f(x). 



REMARK 2.2 



Observe that it is equivalent to say that a function/ is one-to-one if and only if the 
equality f(a) = f(b) implies a — b. This version of the definition is often useful for 
proofs involving one-to-one functions. 



It is also most helpful to think of the concept of one-to-one in graphical terms. Notice 
that a function is one-to-one if and only if every horizontal line intersects its graph in at 
most one point. This is usually referred to as the horizontal line test. We illustrate this in 
Figures 6.6a and 6.6b and state the following result. 



THEOREM 2.1 

A function/ has an inverse if and only if it is one-to-one. 
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FIGURE 6.7 

y = x 3 - 5 



20 



-20 
-40 
-60 
-80 
-100 

FIGURE 6.8 



y 



10 



i — 




Theorem 2.1 simply says that one-to-one functions have an inverse, but says nothing 
about how to find them. For very simple functions, we can find inverses by solving equations. 



EXAMPLE 2.3 Finding an Inverse Function 

Find the inverse of fix) — x 3 — 5. 

Solution You will show in the exercises that/ is one-to-one and therefore has an 
inverse. Note that it is not entirely clear from the graph (see Figure 6.7) whether or not/ 
passes the horizontal line test. To find the inverse function, write y = fix) and solve for 
x (i.e., solve for the input x that produced the observed output y). We have 

y = x 3 -5. 

Adding 5 to both sides and taking the cube root gives us 



(v + 5) 



1/3 



5) 1 / 3 . Reversing the variables x and y (think about 



(x J ) 



3x1/3 



So, we have that x — f l {y) = (y ■ 
why this makes sense), we have 

r l (x) = ( X + 5) 1/3 . 

We leave it to the reader to show that f(f~ l (x)) — x for all x and f~ l (f(x)) 
all x. ■ 



x for 



EXAMPLE 2.4 A Function That Is Not One-to-One 

Show that f(x) = 10 — x A does not have an inverse. 

Solution You can see from a graph (see Figure 6.8) that/ is not one-to-one; for 
instance, /(l) = /(— 1) = 9. Consequently, / does not have an inverse. ■ 



REMARK 2.3 



Most often, we cannot find a formula for an inverse function and must be satisfied 
with simply knowing that the inverse function exists. Example 2.5 is typical of this 
situation. 



EXAMPLE 2.5 Showing That a Function Has an Inverse 



i 


k 




400- 






200- 






— 1 r— ^4 

-3 -2/-1 


1 


— 1 1 — ► 

2 3 


/ -200- 






-400- 







Show that fix) = x 5 + 8x 3 



1 has an inverse. Also, find / '(1) and / '(H)- 



FIGURE 6.9 

= x 5 + 8jc 3 + x + 1 



Solution From the graph shown in Figure 6.9, the function looks like it might be 
one-to-one. Note that 

fix) = 5x 4 + 24x 2 + 1 > 0, for all x. 

So, / is increasing for all x and consequently, is one-to-one and so, must have an 
inverse. To find the inverse function, we need to solve the equation 



y 



1 



for x. However, you should quickly realize that you cannot do this. 

Turning to the problem of finding / _1 (1) and / _1 (1 IX y° u might wonder if this is 
possible. While it's certainly true that we have no such formula for f~ l ix), you might 
observe that /(0) = 1, so that / _1 (1) = 0. By trial and error, you might also discover 
that /(l) = 11 and so, /"'(ll) = 1. ■ 
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y = x 



(b, a) 



• (a, b) 



FIGURE 6.10 

Reflection through y — x 




FIGURE 6.1 I 

y — x 3 and y — x 1/3 




FIGURE 6.12 

Graph of / and f~ 




FIGURE 6.13 

Graph off and / _1 



Even when we can't find an inverse function explicitly, we can say something graph- 
ically. Notice that if {a, b) is a point on the graph of y — f(x) and / has an inverse, / , 
then since 

b = f(a), 



we have that 



f-\b)= f-\f(a)) = a. 



Thatis,(£>, a) is a point on the graph of y = f~\x). This tells us a great deal about the inverse 
function. In particular, we can immediately obtain any number of points on the graph of 
y — f~ 1 (x), simply by inspection. Further, notice that the point (b, a) is the reflection of the 
point (a, b) through the line y = x. (See Figure 6. 10.) It now follows that given the graph of 
any one-to-one function, you can draw the graph of its inverse simply by reflecting the entire 
graph through the line y — x. One consequence of this symmetry is the following result. 



THEOREM 2.2 

Suppose that / is a one-to-one and continuous function. Then, / is also continuous. 



In example 2.6, we illustrate the symmetry of a function and its inverse. 



EXAMPLE 2.6 The Graph of a Function and Its Inverse 

Draw a graph of f(x) = x 3 and its inverse. 

Solution From example 2.1, the inverse of f(x) = x 3 is f~ l (x) = x 1 ^ . Notice the 
symmetry of their graphs shown in Figure 6.1 1. ■ 



Observe that we can use this symmetry principle to draw the graph of an inverse 
function, even when we don't have a formula for that function. (See Figure 6.12.) 



EXAMPLE 2.7 Drawing the Graph of an Unknown Inverse Function 

Draw a graph of f(x) = x 5 + 8x 3 + x + I and its inverse. 

Solution In example 2.5, we showed that/ is increasing for all x and hence, is 
one-to-one, but we were unable to find a formula for the inverse function. Despite this, 
we can draw a graph of /~ 1 with ease. One way to do this would be to plot a few points 
on the graph of y = f~ l {x) by hand, but we suggest that you use the parametric 
plotting feature of your graphing utility. To write down parametric equations for the 
curve y — f(x), we introduce the parameter t and observe that 



x — t and y — /(f) 



(2.1) 



are parametric equations for y — f(x). Notice that parametric equations for y — f l (x) 
are then simply 



x = f(t) and y — t. 



(2.2) 



We used the two pairs of parametric equations (2.1) and (2.2) to produce the graphs of 
y — f(x) and y = f~ l {x) shown in Figure 6.13. We also added a dashed line for the 
line y — x, entered parametrically as 

x — t and y — t. m 



We make one final observation regarding inverse functions. Suppose that/ is a one-to- 
one and differentiable function. Then, as a consequence of the symmetry of the function and 
its inverse, notice that, as long as f'(f~ l (a)) ^ 0 (i.e., the tangent line is not horizontal), 
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then / 1 (x) should be differentiable at x — a (i.e., the tangent line to / 1 (x) is not vertical). 
We express this notion carefully in Theorem 2.3. 



THEOREM 2.3 

Suppose that / is one-to-one and differentiable everywhere on its domain. Then, 

d , 1 

— f~\x) = ; , 

dx J f'(f'Hx))' 
for all x in the domain of / , provided f'(f~ 1 (x)) ^ 0. 



PROOF 



NOTES 

Notice that Theorem 2.3 says that 
the slope of the tangent line to 
y = f (x) at a point (a, b) is 
simply the reciprocal of the slope 
of the tangent line to y = fix) at 
the mirror image point ib,a). 



TODAY IN 
MATHEMATICS 

Kim Rossmo (1955- ) A 

Canadian criminologist who 
developed the Criminal 
Geographic Targeting algorithm 
that indicates the most probable 
area of residence for serial 
murderers, rapists and other 
criminals. Rossmo served 2 1 years 
with the Vancouver Police 
Department. His mentors were 
Professors Paul and Patricia 
Brantingham of Simon Fraser 
University. The Brantinghams 
developed Crime Pattern Theory 
which predicts crime locations 
from where criminals live, work 
and play. Rossmo inverted their 
model and used the crime sites to 
determine where the criminal 
most likely lives. The premiere 
episode of the television drama 
Numb3rs was based on Rossmo's 
work. 



Let g(x) = f l {x). Then for any fixed x — a, we have from the alternative definition of 
derivative that 



g'(a) = lim 



g(x) - g(a) 



x-*a X — a 



(2.3) 



Since ^ = we have that y — g(x) if and only if f(y) = x and b — g(a) if and only 
if f(b) = a. Further, since / is differentiable, it is continuous and so, from Theorem 2.2, 
g must be continuous, also. In particular, this says that as x —> a, we must also have 
g(x) —>■ g(a), so that v — >• b. From (2.3), we now have 



,, , ,. g(x)-g(a) 
g (a) — lim = hm 



y 



x — a 
1 



J™ /GO - /(*) 



/GO - f(b) 
l 



y 



lim 

y^b 



fiy) - f(b) f(b) 



y 



i 



f'if-Ha))' 

as desired, since the limit in the denominator is nonzero. ■ 

As an alternative to the proof of Theorem 2.3, if we know that an inverse function 
is differentiable, we can find its derivative using implicit differentiation, as follows. If 
y = / -1 C*)> then 



/GO = x. 

Differentiating both sides of (2.4) with respect to x, we find that 



(2.4) 



dx 



fiy) 



dx 



x, 



so that 



fiy) d i = i. 

ax 



dy 



from the chain rule. (Notice that in this last step, we needed to assume that — exists.) 

dx 

Thus, so long as f'(y) ^ 0, we have 

dy _ 1 
d~x ~ fiy) 



d , 1 

— f-\x) = 1 , 

dx J /'(/-»(*)) 



as we had previously determined. 
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EXAMPLE 2.8 Finding a Tangent Line to the Graph of an Inverse 
Function 

Find an equation of the tangent line to the graph of y — f~ l {x) at x — 3, where 
f{x) = x 3 - 5. 

Solution First, note that f'(x) = 3x 2 and f{2) = 3, so that / -1 (3) = 2. From 
Theorem 2.3, we have 

d , 1 

ax 



,=3 f'if-'O)) 
1 1 



f'(2) 12 

So, the tangent line has slope and passes through the point with coordinates x — 3 
and y = / _1 (3) = 2. An equation of the tangent line is then 



Recall that for the function in example 2.8, we had found (in example 2.3) a formula 
for the inverse function, 

f-\x) = (x + 5) 1/ * 

You should differentiate this directly and verify that the value of the derivative at x = 3 is 
the same either way we compute it. Of course, the primary value of Theorem 2.3 is for the 
most common case where we cannot find a formula for the inverse function. 



BEYOND FORMULAS 

The examples in this section should remind you somewhat of a mystery movie. There 
are just enough clues available to solve the problem. The basic idea is that every fact 
about an inverse function f~ l corresponds to a fact about the original function / The 
trick is to ask the right questions about / to reveal the desired information about /~ 1 . 



EXERCISES 6.2 



0) 



55 WRITING EXERCISES 



1. Explain in words (and a picture) why the following is true: if 
f(x) is increasing for all x, then/ has an inverse. 

2. Suppose the graph of a function passes the horizontal line test. 
Explain why you know that the function has an inverse (defined 
on the range of the function). 

3. Radar works by bouncing a high-frequency electromagnetic 
pulse off of a moving object, and then measuring the distur- 
bance in the pulse as it is bounced back. Explain why this is an 
inverse problem by identifying the input and output. 

4. Each human disease has a set of symptoms associated with 
it. Physicians attempt to solve an inverse problem: given the 
symptoms, they try to identify the disease causing the symp- 
toms. Explain why this is not a well-defined inverse problem 
(i.e., logically it is not always possible to correctly identify 
diseases from symptoms alone). 



In exercises 1-4, show that f(g{x)) = x and g(f(x)) = x for 
all*. 



1/5 



1. f(x) — x 5 and g(x) — x 



2. f{x) = 4x 3 and g(x) = (jx) 



1/3 



3. fix) = 2x 3 + 1 and g(x) = 



x - 1 



4. fix) = — — and gix) = -(* / 0, x / -2) 

x + 2 x 



| In exercises 5-12, determine whether or not the function is one- 
to-one. If it is, find the inverse and graph both the function and 
its inverse. 



5. /(x) = x 3 -2 
7. fix) = x 5 -l 



6. /(x) = x 3 +4 
8. /(x) = x 5 +4 
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9. /(x) = x 4 + 2 
11. /(*) = Vx 3 + 1 



10. fix) = x 4 - 2x - 1 
12. f(x) = Vx 2 + 1 



In exercises 13-18, assume that the function has an inverse. 
Without solving for the inverse, find the values of the inverse 
function and its derivative at x = a, find an equation of the 
tangent line at x = a and graph the inverse function. 



13. fix) = x 3 +4x - 1, 

14. fix) = x 3 + 2x + l, 

15. fix) = x 5 + 3x 3 + x, 

16. fix) = x 5 + Ax - 2, 

17. fix) = Vx 3 + 2x + 4, 

18. /(x) = Vx 5 +4x 3 + 3x + 1, 



(a) a = -1, (b) a = 4 

(a) o = 1, (b) a = 13 

(a) a = -5, (b) a = 5 

(a) a = 38, (b) a = 3 

(a) a = 4, (b) a = 2 

(a) a = 3, (b) a = 1 



In exercises 19-22, use the given graph to graph the inverse 
function. 




1 1 1 h- ►Jt —I 1 1 [ 





23. Find all values of k such that f{x) = x + kx + 1 is one-to- 
one. 

24. Find all values of k such that fix) — x 3 + 2x 2 + kx — 1 is 
one-to-one. 



| In exercises 25-32, use a graph to determine if the function is 
one-to-one. If it is, graph the inverse function. 



25. fix) = x 3 + 2x - 1 
27. fix) = x 5 - 3x 3 - 1 



26. fix) = x 3 - 2x - 1 
28. fix) = x 5 + 4x 3 - 2 



29. /(x) = 
31. /(*) = 



1 



x + 1 

X 

x +4 



30. /(*) = 



x 2 + 1 



32. fix): 



Vx^T4 



Exercises 33-42 involve inverse functions on restricted domains. 

33. Show that f(x) = x 2 (x > 0) and g(x) = V*" O > 0) are in- 
verse functions. Graph both functions. 



34. Show that fix) = x 2 - l(x > 0) and g(jc) = Vx^T 
(x > — 1) are inverse functions. Graph both functions. 

35. Graph /(x) = x 2 for x < 0 and verify that it is one-to-one. 
Find its inverse. Graph both functions. 

36. Graph fix) — x 2 + 2 for x < 0 and verify that it is one-to-one. 
Find its inverse. Graph both functions. 

37. Graph fix) = (x — 2) 2 and find an interval on which it is one- 
to-one. Find the inverse of the function restricted to that inter- 
val. Graph both functions. 

38. Graph fix) = (x + l) 4 and find an interval on which it is one- 
to-one. Find the inverse of the function restricted to that inter- 
val. Graph both functions. 



39. Graph fix) — Vx 2 — 2x and find an interval on which it is 
one-to-one. Find the inverse of the function restricted to that 
interval. Graph both functions. 



40. Graph f(x) = 



— and find an interval on which it is one-to- 

x- -4 

one. Find the inverse of the function restricted to that interval. 
Graph both functions. 

41. Graph fix) — sinx and find an interval on which it is one-to- 
one. Find the inverse of the function restricted to that interval. 
Graph both functions. 

42. Graph fix) — cos x and find an interval on which it is one-to- 
one. Find the inverse of the function restricted to that interval. 
Graph both functions. 



APPLICATIONS 

In exercises 43-48, discuss whether or not the function described 
has an inverse. 

43. The income of a company varies with time. 

44. The height of a person varies with time. 

45. For a dropped ball, its height varies with time. 

46. For a ball thrown upward, its height varies with time. 

47. The shadow made by an object depends on its three- 
dimensional shape. 

48. The number of calories burned depends on how fast a person 
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49. Suppose that your boss informs you that you have been awarded 
a 10% raise. The next week, your boss announces that due to 
circumstances beyond her control, all employees will have their 
salaries cut by 10%. Are you as well off now as you were two 
weeks ago? Show that increasing by 10% and decreasing by 
10% are not inverse processes. Find the inverse for adding 10%. 
(Hint: To add 10% to a quantity you can multiply by 1.10.) 

50. The question of whether adding 10% to speed and subtracting 
10% from speed are inverses is not well posed; that is, more 
information is needed. Determine whether they are inverses 
if they have (a) equal driving times and (b) equal driving 
distances. 



^ EXPLORATORY EXERCISES 

1. The idea of an inverse can be extended from functions to 
operators. That is, suppose there is an operator D such that 
if / is a function of a certain type, Df is another function of 
the same type. The operator D would have an inverse D~ l 
if D~ l Df = DD~ l f = / for all functions / of the right 
type. Define Df — f'(x) for all functions for which deriva- 
tives of all orders exist. Show that the operator / defined by 
// = / 0 * f(t)dt is not the inverse operator of D. However, 
if you only consider functions for which /(0) = 0, the two 
operators are inverses of each other. 



0) 



6.3 THE EXPONENTIAL FUNCTION 




FIGURE 6.14 

Definition of e 



You no doubt already have some familiarity with the natural exponential function, e* . As 
we did with the natural logarithm in section 6. 1, we will now carefully define this function 
and develop its properties. First, recall that in section 6.1, we gave the (usual) mysterious 
description of e as an irrational number e ~ 2.71828 . . . , without attempting to explain 
why this number is significant. Now that we have carefully defined In x (independent of the 
definition of e), we can clearly define e, as well as calculate its approximate value. 



DEFINITION 3.1 

We define e to be that number for which 

lne = 1. 



That is, e is the x-coordinate of the point of intersection of the graphs of y — In x and y — 1 . 
(See Figure 6.14.) In other words, e is the solution of the equation 

lnx - 1 = 0. 

You can solve this approximately (e.g., using Newton's method) to obtain 

e » 2.71828182846. 

So, having defined the irrational number e, you might wonder what the big deal is with 
defining the function e x l Of course, there's no problem at all, when x is rational. For 
instance, we have 

e 1 — e ■ e 
e 3 — e ■ e ■ e 

e" 1 = J~e 



and so on. In fact, for any rational power, x — p/q (where p and q are integers), we have 
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On the other hand, if x is irrational, what could we mean by e A ? What does it mean to raise 
a number to an irrational power? For instance, could you give any meaning to e 11 ? 

First, observe that for f(x) — lnx(x > 0), f'(x) — l/x > 0. So, / is an increasing 
function and consequently, must be one-to-one and therefore, has an inverse, / . As is 
often the case, there is no algebraic method of solving for the inverse function. However, 
from Theorem 1 .2 (iv), we have that for any rational power x, 

ln(e A ) = x In e = x , 

since we have defined e so that In e — 1 . Observe that this says that 

f (x) — e x , for x rational. 

That is, the (otherwise unknown) inverse function, f (x), agrees with e* at every rational 
number x. Since e x so far has no meaning when x is irrational, we now define it to be the 
value of f~ l (x), as follows. 



DEFINITION 3.2 

For x irrational, we define y — e x to be that number for which 

Iny — \n(e x ) = x. 



According to this definition, notice that for any x > 0, e ln x is that real number for which 

\n(e ]nx ) = kix. (3.1) 
Since In x is a one-to-one function, (3.1) says that 



Jnx 



x, foix > 0. 



(3.2) 



Notice that (3.2) says that for x > 0, 

In x — log e x . 

That is, the integral definition of In x given in section 6.1 is consistent with your earlier 
definition of In x as log e x. Observe also that with this definition of the exponential function, 
we also have 



ln(e A ) = x, for all x e (— oo, oo). 



Thus, we have that e x and In x are inverse functions. Keep in mind that for x irrational, e x is 
defined only through the inverse function relationship given in Definition 3.2. We now state 
some familiar laws of exponents and prove that they hold even for the case of irrational 
exponents. 



THEOREM 3.1 

For r, s any real numbers and t any rational number, 

(i) e'e s = e r+s 
e r 

(ii) — = e r ~ s and 
e s 

(iii) (e r y = e rt . 
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PROOF 

These laws are all obvious when the exponents are rational. If the exponent is irrational 
though, we only know the value of these exponentials indirectly, through the inverse function 
relationship with In x, given in Definition 3.2. 

(i) Note that using the rules of logarithms, we have 

ln(eV) = ln(e r ) + ln(e s ) = r + s = ln(e r+s ). 

Since In x is one-to-one, it must follow that 



The proofs of (ii) and (iii) are similar and are left as exercises. (See exercise 59.) 



O Derivative of the Exponential Function 

Your initial thought might be to find the derivative of e x using the usual limit definition of 
derivative. However, for f(x) — e x , we have that 

— e — f (x) — lim 

dx h-*o h 

e x+h _ e x £ x e h _ e x 
— lim = lim 

h h^O h 



e h - 1 

= e x lim . (3.3) 

h^o h 

While we do not know how to compute this limit exactly, it is an easy exercise to show 
its value is approximately 1. We revisit this limit in exercises 57 and 58, at the end of this 
section. We now present an alternative derivation, based on Definition 3.2. We have that 

y — e x if and only if In y — x . 

Differentiating this last equation with respect to x gives us 

d d 
— In y — — x — 1. 

dx dx 



From the chain rule, we now have 



d 1 dy 

1 = — lny=-/. (3.4) 

dx y dx 



Multiplying both sides of (3.4) by y, we have 

dy_ = 
dx 



or ^-e x = e x . (3.5) 

dx 

Note that (3.5) is consistent with (3.3) and confirms that the limit in (3.3) is 1, as we had 
conjectured. Of course, this also gives us the corresponding integration rule 



/ 



e x dx 



We give several examples of the calculus of exponential functions in examples 3.1 and 3.2. 
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EXAMPLE 3. 1 Computing the Derivative of Some Exponentials 

Compute the derivatives of the functions (a) e 3x and (b) e sinx . 

Solution For (a), we have 

e 3* = e 3x (3;c) = g 3.v (3) = 3e 3x 
dx dx ^ 

chain rule 

Similarly, for (b), we get 

_ e smx = e sinx A( sinx ) = e sinx (cOS x) = COSXe sinx . 

dx dx 

chain rule ■ 



EXAMPLE 3.2 Evaluating the Integral of Some Exponentials 

Evaluate the integrals (a) f e~ 5x dx and f x 3 e x * dx. 

Solution We can resolve these with simple substitutions. For (a), we have 



/•••"•- ;/•-- 



(-5) dx = - ^e" + c = -^e~ 5x + c. 



For (b), taking u = x 4 ', we get 

J x 3 e x ' dx = i J ^(4x 3 )dx = l -e u 



1 S 

+ c — -e x + c. 
4 




We now have the tools to produce the graph of f(x) = e x . Since e — 2.718 . . . > 1, we 
have 



lim e x — oo and lim e x — 0. 



We also have that 



so that/ is increasing for all x and 



FIGURE 6.15 

y — e x 



f'{x) = e x > 0, 



fix) = e x > 0, 



so that the graph is concave up everywhere. You should now readily obtain the graph in 
Figure 6.15. (Notice that you can also obtain this graph by reflecting the graph of y — lnx 
through the line y = x.) 

Similarly, for f(x) = e~ x , we have 

lim e~ x — 0 and lim e~ x — oo. 

X — ^ OO X—t 00 

Further, from the chain rule, 

f'{x) = -e- x < 0, 
so that/ is decreasing for all x. We also have 

fix) = e- x > 0, 

FIGURE 6.16 so that the graph is concave up everywhere. You should easily obtain the graph in 

y = e~ x Figure 6. 16. 
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NOTES 

We will occasionally write 
e x = exp(x). This is particularly 
helpful when the exponent is a 
complicated expression. For 
example, 

expU 3 - 5.v 2 + 2x + l) 

_ e x 1 -5x 2 +2x+7 

where the former is more easily 
read than the latter. 



More general exponential functions, such as f(x) = b x , for any base b > 0, are easy to 
express in terms of the natural exponential function, as follows. Notice that for any constant 
b > 0, we have by the usual rules of logs and exponentials that 



Mb") 



,x\nb 



In particular, observe that this says that 

—b x = ^ b 
dx dx 

,.v In b 



dx 



e x[nb (lnb) = b x {\nb). 



Similarly, for b > 0 (b ^ 1), we have 

//> i /• xlnb 

b x dx = / e xXnb dx = — / e~l^(\nb)dx 



lnb e 



-^>> + c = r Lb* + c. 



\nb 



You can now see that the general exponential functions are easily dealt with in terms of 
the natural exponential. In fact, you should not bother to memorize the formulas for the 
derivatives and integrals of general exponentials. Rather, each time you run across the 
exponential function f(x) = b x , simply rewrite it as f(x) = e xhxb and then use the familiar 
rules for the derivative and integral of the natural exponential and the chain rule. 



EXAMPLE 3.3 Differentiating an Exponential Function 

Find the derivative of fix) — 2 X ~ . 
Solution We first rewrite the function as 



/(*) = 2 A 
From the chain rule, we now have 



In 2* 



,.v- In 2 



f'(x) - e A_ln2 (2xln2) = (21n2)x2 t 



In a similar way, we can use our knowledge of the natural logarithm to discuss more 
general logarithms. First, recall that for any base a > 0(a ^ 1) and any x > 0, y — log n x 
if and only if x — a y . Taking the natural logarithm of both sides of this equation, we have 



lnx = ln(a- ) = ylna. 



Solving for y gives us 



lnx 
In a 



This proves the following result. 



THEOREM 3.2 

For any base a > 0 (a ^ 1) and any x > 0, log a x = 



lnx 
In a 



Among other things, Theorem 3.2 enables us to use a calculator to evaluate logarithms 
with any base. Calculators typically do not have built-in functions for evaluation of general 
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log 7 3 



0.564575. 



logarithms, opting instead for only In x and \og w x keys. Notice that evaluating general 
logarithms is now easy. For instance, we have 

In 3 
rn7 

More importantly, observe that we can use Theorem 3.2 to express derivatives of general 
logarithms in terms of the familiar derivative of the natural logarithm. In particular, for any 
base a > 0 (a ^ 1), we have 

' In x \ 1 d 
, In a ) In a dx 
W 1 



d d 
dx dx 



(In*) 



1 

In a 



x In a 



As with the derivative formula for general exponentials, there is little point in learning this 
as a new differentiation rule. Rather, when you need to differentiate the general logarithmic 

Inx 

function f(x) — log x, simply rewrite it first as f(x) — and use the familiar derivative 

In a 

of the natural logarithm. 

Applications of exponential functions are found everywhere, making e x one of the 
most important functions you will study. In example 3.4, we analyze the concentration of 
a chemical in a reaction. 



10- 
8- 
6- 
4- 
2- 



+ 



-I- 



+ 
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FIGURE 6.17 

Chemical concentration 



H — ► t 



EXAMPLE 3.4 Analyzing the Concentration of a Chemical 

The concentration c of a certain chemical after t seconds of an autocatalytic reaction is 

given by c(?) = ~ . Show that c'(t) > 0 and use this information to determine 

& y 9e~ m + 1 

that the concentration of the chemical never exceeds 10. 

Solution Before computing the derivative, look carefully at the function c{t). The 
independent variable is t and the only term involving t is in the denominator. So, we 
don't need to use the quotient rule. Instead, first rewrite the function as 
c(t) — 10(9e~ 20 ' + l)" 1 and use the chain rule. We get 



c'(f) = -10(9e 
- -10(9 e 



-20/ 



-20/ 



1) 



-2 



(9e 



-20/ 



dt 

ir z c-i8( 



i) 



= 1800 e - 20f (9e- 20 ' 



1800e 



-20/ 



> 0. 



( 9e -20/ + 1)2 

Since all of the tangent lines have positive slope, the graph of y = c{t) rises from left to 
right, as shown in Figure 6.17. 

Since the concentration increases for all time, the concentration is always less than 
the limiting value lim c{t), which is easily computed to be 



lim 



10 

-20/ _ 



10 

T ~ o~+~i 



- 10. 



EXERCISES 6.3 Q> 

^WRITING EXERCISES 

1. Thinking of e as a number (larger than 1), explain why 
lim e* — oo and lim e x — 0. 

A'^OO X — * — OO 



2. Explain why the graph of y — e * in Figure 6. 16 is the mirror 
image (about the v-axis) of the graph of y — e x in Figure 6.15. 

3. The graph of f(x) = e* curves upward in the interval from 
x = — 1 to x = 1. Interpreting f'{x) — e* as the slopes of 
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tangent lines and noting that the larger x is, the larger e x is, 
explain why the graph curves upward. For larger values of x, 
the graph of f(x) — e* appears to shoot straight up with no 
curve. Using the tangent line, determine whether this is correct 
or just an optical illusion. 

4. There are a variety of equivalent ways of defining the num- 
ber e. Discuss the definition given in this section versus the 
alternative definition e — lim (l + ^)". Explain why the limit 

definition is more convenient in a precalculus class, whereas 
the inverse function definition is more convenient now. 



In exercises 1-8, find the derivative of the given function. 

1. 4e 3x 2. 3xe~ 2x 



5. 2e* 3 ~ 3 * 
7. sfe^ 1 



6. e 2x -* 2 
8. (e 3x + l) 2 



In exercises 9-24, evaluate the given integral. 

9. fe 3 *dx 10. fe^dx 



dx 

smxe™" dx 



17. J (l+e x fdx 
19. J lne* 2 dx 

21. f e 3x dx 

Jo 

23. j xe~" 2 dx 



2x e 1 dx 



/."CO*")* 

r e x 
J i + e x 

[ — 

J Jxe-fi 

. f e- 2x dx 
Jo 

f l e x - 1 
Jo 



14 
16 
18 

20 
22 



dx 



dx 



In exercises 25-30, graph the indicated function. 

25. 3e 2x 26. 3e- 2x 

27. 3xe~ 2x 28. 2xe~ 3 * 

29. e l ' x 30. e- 2 ' {x '- x) 

In exercises 31-34, find all extrema and inflection points. 

31. xe- 2x 32. xe- 4x 



33. x e 



34. 



35. The concentration of a certain chemical after t seconds of an 

6 

autocatalytic reaction is given by x(t) — - — - . Show that 



x'(t) > 0 and use this information to determine that the con- 
centration of the chemical never exceeds 6. 

36. The concentration of a certain chemical after t seconds of an 

10 

autocatalytic reaction is given by x(t ) = - _ lQi — - . Show that 

x'(t) > 0 and use this information to determine that the con- 
centration of the chemical never exceeds 5. 



In exercises 37-42, find the derivative of the given function. 

37. 3 2x 38. 5" 2t 



39. 3 X 
41. log 4 jc 2 



40. A~ x 

42. log 6 (x 2 + 5) 



In exercises 43-46, evaluate each integral. 
43./ 2 x dx «.\* x dx 

4S.fx2 x2 dx 46. [2x3- x2 dx 



f 



In exercises 47-50, graph each function. 
47. 3 X 48. (I)* 

49. 3- A 50. (i)"" 



51. Based on exercises 47 and 48, describe the graph of y = b x for 
b > 1;0 < b< 1. 

52. Based on exercises 49 and 50, describe the graph of y — b~ x 
fork > 1:0 < b < 1. 



| In exercises 53-56, use a CAS or graphing calculator. 

53. Find the derivative of /(x) = e lnx ~ on your CAS. Compare its 
answer to 2x. Explain how to get this answer and your CAS's 
answer, if it differs. 



54. Find the derivative of f(x) = e 



— „M-x ) 



on your CAS. The correct 



answer is that it does not exist. Explain how to get this answer 
and your CAS's answer, if it differs. 

55. Find the derivative of f(x) = In V 4e lx on your CAS. Compare 
its answer to | . Explain how to get this answer and your C AS 's 
answer, if it differs. 



56. Find the derivative of f(x) — In 



on your CAS. Com- 



pare its answer to 4 — 2/x. Explain how to get this answer and 
your CAS's answer, if it differs. 



57. In the text, we referred the proof of lim 



' - 1 

= 1 to the ex- 

a^o h 

ercises. In this exercise, we guide you through one possible 
proof. (Another proof is given in exercise 58.) Starting with 



2e~ 8 ' + 1 ' 



h > 0, write h = lne'' 



f I 
Ji x 



dx. Use the Integral Mean 
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r 1 

Value Theorem to write / — dx — 
Ji x 

x between 1 and e H . This gives you 



for some number 



x 

. e h - 1 

— x. Now, take 



h 



the limit as h — > 0 + . For h < 0, repeat this argument, with h 
replaced with — h. 

58. In this exercise, we guide you through a different proof 



of lim 



1. Start with f(x) — lnx and the fact that 



h^o h 

/'(I) — 1- Using the alternative definition of derivative, we 
In x — In 1 

write this as / (1) = lim = 1. Explain why this 



implies that lim 



x - 1 



«■! X - 1 

1 . Finally, substitute x — e h 



>i lnx 

59. Prove parts (ii) and (iii) of Theorem 3.1. 

60. The derivative of e* is derived in the text from (3.4) and (3.5). 
As an alternative, start with f(x) — e x and apply Theorem 2.3 
from section 6.2, to obtain the same derivative formula. 



61. In statistics, the function f{x) 



2 is used to analyze ran- 



dom quantities that have a bell-shaped distribution. Solutions 
of the equation fix) — 0 give statisticians a measure of the 
variability of the random variable. Find all solutions. 

Repeat for the function g(x) — e~ x ' 8 . Comparing the 
graphs of the two functions, explain why you would say that g 
is more spread out than /. 

62. Apply Newton's method to the function f(x) — lnx — 1 to 
find an iterative scheme for approximating e. Discover how 
many steps are needed to start at xo — 3 and obtain five digits 
of accuracy. 



APPLICATIONS 



63. A water wave of length L meters in water of depth d meters 
has velocity v satisfying the equation 



4.9L e lltd/L 



-2nd/L 



jj- e 27zd/L _i_ £ -2izd/L 

Treating L as a constant and thinking of ir as a function f(d), 
use a linear approximation to show that f(d) fx 9.8d for small 
values of d. That is, for small depths, the velocity of the 
wave is approximately V9.8d and is independent of the wave- 
length L. 

64. Planck's law states that the energy density of blackbody radi- 
ation of wavelength x is given by 



/(*) = 



Sit hex 

e hc/(kTx) _ 



1 



Use the linear approximation e* Ril+j to show that 
f(x)^8nkT/x A , which is known as the Rayleigh-Jeans 
law. 

65. If two soccer teams each score goals at a rate of r goals per 
minute, the probability that n goals will be scored in t minutes 
(rtf 



is P 



-e " . Take r 



Show that for a 90-minute 



game, P is maximized with n = 3. Briefly explain why this 
makes sense. Find t to maximize the probability that exactly 1 
goal has been scored. Briefly explain why your answer makes 
sense. 

66. The atmospheric pressure at height h feet above sea level is 
approximately p — 21 16e~ 000003 ' 8 ''. If a balloon is at height 
1000 feet and rising at the rate of 160 ft/s, at what rate is the 
atmospheric pressure changing? 

67. The function /(r) = a/(l + 3e~ ht ) has been used to model the 
spread of a rumor. Suppose that a — 70 and b — 0.2. Compute 
/(2), the percentage of the population that has heard the rumor 
after 2 hours. Compute /'(2) and describe what it represents. 
Compute lim /(f) and describe what it represents. 

f-»oo 

68. After an injection, the concentration of drug in a muscle is 
given by a function of time, f(t). Suppose that t is measured 
in hours and f(i) = e -0 02 ' — e~ 0 ' 42 ' . Determine the time when 
the maximum concentration of drug occurs. 



69. The sigmoid function /(x) : 



1 



14- e- 



is used to model situ- 



ations with a threshold. For example, in the brain each neuron 
receives inputs from numerous other neurons and fires only 
after its total input crosses some threshold. Graph y — fix) 
and find lim /(x) and lim /(x). Define the function g(x) to 

X— ►OO JC — ► — CO 

be the value of f(x) rounded off to the nearest integer. What 
value of x is the threshold for this function to switch from "off" 
(0) to "on" (1)? How could you modify the function to move 
the threshold to x = 4 instead? 

70. A human being starts with a single fertilized egg cell, which 
divides into 2 cells, which then divide into 4 cells and so on, 
until the newborn infant has about 1 quadrillion (10 15 ) cells. 
Without doing any calculations, guess how many divisions are 
required to reach 10 15 . Then, determine the value of n such that 
2" i=s 10 15 . Are you surprised? 

71. Suppose a certain type of cell grows for three days and 
then divides into two cells. The distribution of ages of cells 
will have a probability distribution function (pdf) of the 
form /(x) = 2ke~ kx for 0 5 x < 3. Find the value of k such 
that /(x) is a pdf; that is, L f(x)dx — 1. Then find the 
probability that a given cell is between one and two days 
old, given by /" /(x) dx. 

72. Suppose you have a l-in-10 chance of winning a prize with 
some purchase (like a lottery). If you make 10 purchases (i.e., 
you get 10 tries), the probability of winning at least one prize 
is 1 — (9/10) 10 . If the prize had probability l-in-20 and you 
tried 20 times, would the probability of winning at least once 
be higher or lower? Compare 1 - (9/10) 10 and 1 - (19/20) 20 
to find out. To see what happens for larger and larger odds, 
compute lim (1 — [(n — l)/n]"}. 



EXPLORATORY EXERCISES 



1. Find the number of intersections of y — x" and y — a x for 
a — 3, a — e and a — 2. The number of intersections changes 
betweena = 2anda = 3. Repeat this for a = 2.1, a — 2.2and 
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so on, to explore whether other a-values have different num- 
bers of intersections. Prove your conjecture. You will want to 
use the following fact: if /(c) = g(c), f'(x) > g'(x) forx > c 
and f'(x) < g'(x)foix < c,thenx = c is the only intersection 
off and g. 

2. Determine the general properties (positive/negative, 
increasing/decreasing, concave up/down) of the functions 
xe~ bx and x 2 e~ b * for a constant b > 0. In a number of ap- 
plications, mathematicians need to find a function for which 
/(0) = 0 and (for x > Q) f(x) rises to a single maximum at 
x — c and gradually drops with lim f(x) — 0. Show that both 

x-*oo 

families of functions meet these criteria and find the appro- 
priate values for b. Taking c = 2, graph xe~ bx and x 2 e~ bx . 



Compare and contrast the graphs. Explain what an applied 
mathematician might use to decide which one is a more real- 
istic function for a given application. 



3. For n — \ and n = 2, investigate lim 



x-»0 x n 



numerically and 



graphically. Conjecture the value of lim 



for any posi- 



*-»-o x" 

tive integer n and use your conjecture for the remainder of the 

r, s 1 0 if jc < 0 . , , . ... 
exercise. For ftx) — { Ur .„ „ , show that / is dir- 
J [ e~ l/x if x > 0 

ferentiable at each x and that f'(x) is continuous for all x. 

Then show that /"(0) exists and compare the work needed to 

show that f'(x) is continuous at x — 0 and to show that /"(0) 

exists. 



6.4 THE INVERSE TRIGONOMETRIC FUNCTIONS 




FIGURE 6.18 

y = sinx 



In this section, we expand the set of functions available to you by defining inverses to the 
trigonometric functions. Notice from the graph in Figure 6.18 that we cannot define an 
inverse to f(x) = sinx, since sin x is not one-to-one. We remedy this by restricting the 
domain to the interval [— f , § ]■ (See Figure 6.19.) The restricted function is one-to-one 
and so, has an inverse. We thus define the inverse sine function by 



-i 



Tt 71 

sin * x if and only if sin y = x and < y < — 

2 ~ ■ ~ 2 



(4.1) 



It is convenient to think of this definition as follows. If y — sin x, then y is the angle 
(between — j and j) for which sin y — x. Note that while we could have selected any 
interval on which sin x is one-to-one, [— | , |] is the most convenient. To see that these are 
indeed inverse functions, observe that 




\ — 



FIGURE 6.19 

y = sin.v on [— |, |] 



and 



sin(sin x) = x, for all x e [— 1, 1] 
sin - (sin x) — x, for all x e 



TT Tt 

2' 2 



(4.2) 



Read equation (4.2) very carefully. It does not say that sin 1 (sin x) — x for all x, but rather, 
only for those in the restricted domain, [— §, % ]. So, while it might be tempting to write 
sin - (sin it) — Tt, this is incorrect, as 



sin (sinjr) = sin '(0) = 0. 



REMARK 4.1 



Mathematicians often use the notation arcsin x in place of sin x. People will read 
sin -1 x interchangeably as "inverse sine of x" or "arcsine of x." 
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I — ►* 



FIGURE 6.20 

y = sin - x 




\ — ►* 



FIGURE 6.21 

y = cosx on [0, Tt] 



EXAMPLE 4. 1 Evaluating the Inverse Sine Function 

Evaluate (a) sin" 1 Nf) and (b) sin" 1 

Solution (a) We look for the angle 9 in the interval [— § , f ] for which sin 9 
Note that since sin (f ) = & and | e [-|, §], we have that sin" 1 (^fj = f . 
(b) In this case, note that sin (-|) = -~ and -| e [-|, §]. Thus, 



75 



and 
1 

~2 



JT 

6 



Judging by example 4.1, you might think that equation (4.1) is a roundabout way of 
defining a function. If so, you've got the idea exactly. In fact, we want to emphasize that what 
we know about the inverse sine function is principally through reference to the sine function. 
We will not have any other definition of arcsine, nor are there any algebraic formulas for this 
function. (These things are true of most inverse functions.) Further, you should recall from 
our discussion in section 6.2 that we can draw a graph of y — sin" 1 x simply by reflecting 
the graph of y — sinx on the interval [— ~, |-] (from Figure 6.19) through the line y = x. 
(See Figure 6.20.) 

Turning to y = cos x, can you think of how to restrict the domain to make the function 
one-to-one? Notice that restricting the domain to the interval [— f , f ], as we did for the 
inverse sine function will not work here. (Why not?) The simplest way to do this is to 
restrict its domain to the interval [0, tt]. (See Figure 6.21.) Consequently, we define the 
inverse cosine function by 



y — COS 1 X 



if and only if cos y — x and 0 < y < tt. 



(4.3) 



Note that here, we have 



cos(cos 1 x) — x, for all x e [— 1, 1] 



and 



cos (cosx) = x, for all x e [0, tt]. 



As with the definition of arcsine, it is helpful to think of cos 1 x as that angle 8 in [0, tt] for 
which cos 6 — x. As with sin" x, it is common to use cos" 1 x and arccos x interchangeably. 



EXAMPLE 4.2 Evaluating the Inverse Cosine Function 

Evaluate (a) cos^O) and (b) cos" 1 (-^)- 

Solution (a) You will need to find that angle 9 in [0, tt] for which cos 9 — 0. It's not 
hard to see that cos _1 (0) — j. Note that if you calculate this on your calculator and get 
90, your calculator is in degrees mode, in which case, you should change it to radians 
mode. 

(b) Here, look for the angle 9 e [0, tt] for which cos 9 — —^f- Notice that 
cos (^) = and ^ e [0, tt]. Consequently, 
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FIGURE 6.22 

y = cos" 1 x 



Once again, we obtain the graph of this inverse function by reflecting the graph of 
y=cosx on the interval [0, tt] (seen in Figure 6.21) through the line y = x. (See 
Figure 6.22.) 

We can define inverses for each of the four remaining trig functions in similar ways. For 
v = tanx, we restrict the domain to the interval (— f , §)■ Think about why the endpoints 
of this interval are not included. (See Figure 6.23.) Having done this, you should readily 
see that we define the inverse tangent function by 



I 71 71 

y = tan x if and only if tan y — x and — — < y < — . 



(4.4) 



The graph of y = tan 1 x is then as seen in Figure 6.24, found by reflecting the graph in 




FIGURE 6.23 FIGURE 6.24 

y = tanx on (— |, |) y = tan -1 x 




FIGURE 6.25 

y — sect on [0, it] 




i — ► x 



FIGURE 6.26 

y = sec - 1 x 



EXAMPLE 4.3 Evaluating an Inverse Tangent 

Evaluate tan~'(l). 

Solution You must look for the angle 8 on the interval ( 
This is easy enough. Since tan (|) = 1 and j e (— f , y), 



-f , f) for which tan (9 = 1. 
we have that tan" 1 ( 1 ) = ? . 



We now turn to defining an inverse for sec x. First, we must issue a disclaimer. As 
we have indicated, there are any number of ways to suitably restrict the domains of the 
trigonometric functions in order to make them one-to-one. With the first three we've seen, 
there has been an obvious choice of how to do this and there is general agreement among 
mathematicians on the choice of these intervals. In the case of sec x, this is not true. There are 
several reasonable ways in which to suitably restrict the domain and different authors restrict 
these differently. We have (arbitrarily) chosen to restrict the domain to be [0, |) U (|, tt]. 
You might initially think that this looks strange. Why not use all of [0, tt]? You need only 
think about the definition of sec x to see why we needed to exclude the point x = j . See 
Figure 6.25 for a graph of sec x on this domain. (Note the vertical asymptote at x — |.) 
Consequently, we define the inverse secant function by 



sec x if and only if sec y — x and y e [0, | ) U tt]. 



(4.5) 



A graph of sec 1 x is shown in Figure 6.26. 
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EXAMPLE 4.4 Evaluating an Inverse Secant 

Evaluate sec _1 (— V2). 

Solution You must look for the angle 9 with 9 e [0, |) U (| , 7r], for which 
sec 9 — —\[2. Notice that if sec 9 — —*/2, then cos 9 — — -4= = — Recall from 
example 4.2 that cos =f- — — Further, the angle ^ is in the interval (j, 7r] and so, 

HX- l (-y/2) = 3 f. a 

Calculators do not usually have built-in functions for sec x or sec -1 x. To compute 
values of these, you must convert the desired secant value to a cosine value or use the 
inverse cosine function, much as we did in example 4.4. 



REMARK 4.2 



We can likewise define inverses for cot x and esc x. As these functions are used only 
infrequently, we will omit them here and examine them in the exercises. 



Often, as a part of a larger problem (for example, evaluating an integral by some of 
the methods discussed in Chapter 7) you will need to recognize some relationship between 
the trigonometric functions and their inverses. We present several clues here. When you are 
faced with these problems, our best advice is to keep in mind the definitions of the inverse 
functions and then draw a picture. 



sin 6 = Vl-x 2 



FIGURE 6.27 




4 — 5 sin < 



FIGURE 6.28 

6 = tan- 1 (|) 



EXAMPLE 4.5 



Simplifying Expressions Involving Inverse 
Trigonometric Functions 



Simplify sin(cos 1 x) and tan(cos 1 x). 

Solution Do not look for some arcane formula to help you out. Think first: cos -1 x is 
the angle (call it 9) for which x = cos 9. First, consider the case where x > 0. In 
Figure 6.27, we have drawn a right triangle, with hypotenuse 1 and adjacent angle 9. 
From the definition of the sine and cosine, then, we have that the base of the triangle is 
cos 6 — x and the altitude is sin 6, which by the Pythagorean Theorem is 



sin(cos x) — sin ( 



There are two subtle points that we should illuminate here. First, what if anything 

in Figure 6.27 changes if jc < 0? (Think about this one.) Second, since 9 = cos -1 x, we 

have that 9 e [0, jt] and hence, sin 9 > 0. Finally, you can also read from Figure 6.27 that 

i sinf? vl — x 2 
tan(cos x) — tan 0 — = . 

cos 9 x 

Note that this last identity is valid, regardless of whether x = cos 9 is positive or negative. 



EXAMPLE 4.6 

Simplify sin (tan 



Simplifying an Expression Involving an Inverse Tangent 



Solution Once again, keep in mind that tan 1 | is the angle 9, in the interval (— f , § ) 
for which tan£> = |. As an aid, we visualize the triangle shown in Figure 6.28. Note 
that we have made the side opposite the angle 9 to be of length 4 and the adjacent side 
of length 3, so that the tangent of the angle is |, as desired. Of course, this makes the 
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hypotenuse 5, by the Pythagorean Theorem. Using the picture as a guide, we can read 
off the desired value. 

_, 4\ 4 

sin & — sin I tan 



3/ 5 

While we're at it, we should also observe that we have found that 

_i 4\ 3 

cos & — cos I tan 



3/ 5 



BEYOND FORMULAS 

There is a subtle device we have used throughout this section. Since the function sin x 
is not one-to-one, it clearly does not have an inverse. However, inverse functions are 
so useful that in cases such as this, mathematicians don't like to take this as the final 
answer and so, restrict the domain of the function, effectively defining a new function 
that does have an inverse. In the case of sinx, we restricted the domain to the interval 
[— it/2, tt/2], thus defining a new function that equals sinx on this interval and yet, 
does have an inverse. The general idea of manipulating various features of a function 
to produce a desired result is common in mathematics. The alternative would mean 
meekly accepting the existing limitations of a given function, which is not part of the 
culture of mathematics. 



EXERCISES 6.4 



5) WRITING EXERCISES 



1. Discuss how to compute sec -1 x, csc~'x and cot -1 x on a cal- 
culator that only has built-in functions for sin -1 x, cos -1 x and 
tan -1 x. 

2. Give a different range for sec -1 x than that given in the text. 
For which x's would the value of sec~' x change? Using the 
calculator discussion in exercise 1, give one reason why we 
might have chosen the range that we did. 

3. Inverse functions are necessary for solving equations. The re- 
stricted range we had to use to define inverses of the trigonomet- 
ric functions also restricts their usefulness in equation solving. 
Explain how to use sin x to find all solutions of the equation 
sinw = x. 

4. The idea of restricting ranges can be used to define inverses 
for a variety of functions. Explain how to define an inverse for 
/(*) = * 2 - 



In exercises 1-6, evaluate the inverse function by sketching a 
unit circle and locating the correct angle on the circle. 

1. (a) sin -1 (0) (b) sin -1 (-|) (c) sin _1 (-l) 

2. (a) cos-'(O) (b) cos-'(l) (c) cos" 1 ^) 

3. (a) tan-'(l) (b) tan^O) (c) tan-'(-l) 

4. (a) cor'(O) (b) cor'(l) (c) cor 1 (J 3) 



5. (a) sec-'(l) (b) sec -1 (2) (c) sec" 1 ^) 

6. (a) csc-'(l) (b) csc-'(-l) (c) csc" 1 (-2) 



In exercises 7-18, use a triangle to simplify each expression. 
Where applicable, state the range of x's for which the simplifi- 
cation holds. 



7. cos(sin x) 

9. tan(sec~' x) 

11. sin(cos~' |j 

13. tan(cos-' |) 

15. cos _1 (cos(— jr/8)) 

17. sin(2sin _1 x/3) 



8. cos(tan _1 x) 

10. cot(cos - ' x) 

12. cos(sin _1 |) 

14. csc(sin~' |) 

16. skr'(sin37r/4) 

18. cos(2 skT 1 2x) 



In exercises 19-24, sketch a graph of the function. 

19. cos" 1 (2x) 20. cos-'(x 3 ) 

21. shr'Ox) 



23. tan" 



1 



22. sin _1 (x/4) 
24. shr 1 | 1 - 



1 



In exercises 25-32, find all solutions. 

25. cos(2x) = 0 26. cos(3x) = 1 

27. sin(3x) = 0 28. sin(x/4) = 1 
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29. tan(5x) = 1 
31. sec(2x) = 2 



34. 



35. 



36. 



30. sin(x/4) = -A 
32. csc(2x) = —2 



33. Give precise definitions of esc x and cot 1 x. 



APPLICATIONS 

In baseball, outfielders are able to easily track down and catch 
fly balls that have very long and high trajectories. Physicists 
have argued for years about how this is done. A recent expla- 
nation involves the following geometry. 

Ball 



Outfielder 



Home 
plate 

The player can catch the ball by running to keep the angle 
Tjr constant (this makes it appear that the ball is moving in 
a straight line). Assuming that all triangles shown are right 



triangles, show that tan ifr 



tana 
tan f} 



and then solve for ifr. 



A picture hanging in an art gallery has a frame 20 inches high 
and the bottom of the frame is 6 feet above the floor. A person 
whose eye is 6 feet above the floor stands x feet from the wall. 
Let A be the angle formed by the ray from the person's eye 
to the bottom of the frame and the ray from the person's eye 
to the top of the frame. Write A as a function of x and graph 
y = A(*). 




In golf, the goal is to hit a ball into a hole of diameter 
4.5 inches. Suppose a golfer stands x feet from the hole trying 
to putt the ball into the hole. A first approximation of the mar- 
gin of error in a putt is to measure the angle A formed by the 
ray from the ball to the right edge of the hole and the ray from 
the ball to the left edge of the hole. Find A as a function of x. 



EXPLORATORY EXERCISES 



1. An oil tank with circular cross sections lies on its side. A stick 
is inserted in a hole at the top and used to measure the depth 
d of oil in the tank. Based on this measurement, the goal is to 
compute the percentage of oil left in the tank. 



To simplify calculations, suppose the circle is a unit circle with 
center at (0, 0). Sketch radii extending from the origin to the 
top of the oil. The area of oil at the bottom equals the area of 
the portion of the circle bounded by the radii minus the area of 
the triangle formed above. 





e / 




/ t 



Start with the triangle, which has area one-half base times 
height. Explain why the height is 1 — d. Find a right triangle 
in the figure (there are two of them) with hypotenuse 1 (the 
radius of the circle) and one vertical side of length I — d. The 
horizontal side has length equal to one-half the base of 
the larger triangle. Show that this equals y/\ — (1 — d) 1 . The 
area of the portion of the circle equals n6 /2n — 6/2, where 6 
is the angle at the top of the triangle. Find this angle as a func- 
tion of d. (Hint: Go back to the right triangle used previously 
with upper angle 6/2.) Then find the area filled with oil and 
divide by jr to get the portion of the tank filled with oil. 

In this exercise, you will design a movie theater with all seats 
having an equal view of the screen. Suppose the screen extends 
vertically from 10 feet to 30 feet above the floor. The first row 
of seats is 15 feet from the screen. Your task is to determine a 
function h(x) such that if seats x feet from the screen are raised 
h(x) feet above floor level, then the angle from the bottom of 
the screen to the viewer to the top of the screen will be the 
same as for a viewer sitting in the first row. You will be able to 
accomplish this only for a limited range of x-values. Beyond 
the maximum such x, find the height that maximizes the view- 
ing angle. Hint: Write the angle as a difference of inverse 

L tan a — tan b 

tangents and use the formula tan(a — b) — . 

1 + tan a tan b 
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THE CALCULUS OF THE INVERSE 
TRIGONOMETRIC FUNCTIONS 



Now that we have defined the inverse trigonometric functions in section 6.4, we will examine 
the calculus of these functions briefly in the present section. First, to find the derivative of 
sin~' x, we recall the definition of sin^ 1 x given in (4.1): 



y — sin x if and only if sin y — x and y e — , —J . 



Differentiating the equation sin y — x implicitly, we have 



— sin y — — x 

dx dx 



and so, 



dy , 

cosy — = 1. 
dx 



dy 



Solving this for — , we find (for cos y ^ 0) that 

dx 

dy 1 



dx cos y 

This is not entirely satisfactory, though, since this gives us the derivative in terms of y. 
Notice that for y e [— f , f ] , cos y > 0 and hence, 



cos y — J I — sin 2 y = s/Y— x 2 . 



This leaves us with 



for — 1 < x < 1 . That is, 



dy 1 



dx cos y Vl - x 2 



dx 



sin 1 x — 



vT 



for — 1 < x < 1 . 



Alternatively, we can derive this same derivative formula using Theorem 2.3 in section 6.2. 
We leave it as an exercise to show that 



1 



dx 



for — 1 < x < 1 . 



To find — tan x, we rely on its definition in (4.4). Recall that we have 
dx 

y — tan x if and only if tan y — x and y e y — — , —J . 



Using implicit differentiation, we then have 

d 



— tan v = — x 
dx dx 



and so, 



2 

(sec z y)— = 1. 
dx 
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dy 

We solve this for — , to obtain 

dx 



That is, 



dy _ 1 
dx sec 2 y 
1 



1 + tan 2 y 
1 



1 + x 7 



d , 1 
— tan x — r-. 

dx 1 + x L 



You can likewise show that 



— sec x — ; 

dx |x|Vx 2 - 1 



, for | x | > 1. 



This is left as an exercise. The derivatives of the two remaining inverse trigonometric 
functions are not important and are not discussed here. 



EXAMPLE 5. 1 Finding the Derivative of an Inverse 
Trigonometric Function 

Compute the derivative of (a) cos" -'(3x 2 )and (b) (sec" 1 *) 2 . 

Solution From the chain rule, we have 

d , 0 —1 d i 

(a) cos-'Qx 2 )^ , , ;r( 3 * > 

dx J\ _ (3^2)2 dx 

—6x 



and 



VI - 9x 4 



d _i j _i d i 

(b) —(sec x) — 2(sec x)— (sec x) 
dx dx 

, 1 

= 2(sec x)- 



|x|Vx 2 - l' 



EXAMPLE 5.2 Modeling the Rate of Change of a Ballplayer's Gaze 

One of the guiding principles of most sports is to "keep your eye on the ball." In 
baseball, a batter stands 2 feet from home plate as a pitch is thrown with a velocity of 
130 ft/s (about 90 mph). Assuming that the ball only moves horizontally, at what rate 
does the batter's angle of gaze need to change when the ball crosses home plate? 

Solution First, look at the triangle shown in Figure 6.29. We denote the distance from 
the ball to home plate by d and the angle of gaze by 9. Since the distance is changing 
with time, we write d = d{t). The velocity of 130 ft/s means that d'(t) = —130. [Why 
would d'(t) be negative?] From Figure 6.29, notice that 



0(f) 



tan 



'd(ty 
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Overhead view 





FIGURE 6.29 

A ballplayer's gaze 



The rate of change of the angle is then 

6'{t) 



1 



d\t) 



l + [W 2 

2d'(t) 



ld(t)] 2 



radians/second. 



When d(t) — 0 (i.e., when the ball is crossing home plate), the rate of change is then 

2(-130) 

9 (?) = = —65 radians/second. 

One problem with this is that most humans can accurately track objects only at the rate 
of about 3 radians/second. Keeping your eye on the ball in this case is thus physically 
impossible. How do those ballplayers do it? Research indicates that ballplayers must 
anticipate where the ball is going, instead of continuing to track the ball visually. (See 
Watts and Bahill, Keep Your Eye on the Ball.) ■ 



O Integrals Involving the Inverse Trigonometric Functions 

You may have already guessed the next step. Each of our new differentiation formulas gives 
rise to a new integration formula. First, since 

d _, 1 
sin x — 



we also have that 



Likewise, since 



we also have that 



dx 



dx — sin 1 x + c 



— cos x — , , 
dx Vl -x 2 



(5.1) 



J VT^2 



dx — — cos x + c. 



(5.2) 



However, since the integral in (5.2) is the same integral as in (5.1), we will ignore (5.2). 
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dx — tan x + c 



and 



/ 



x\y/x 2 - 1 



dx — sec x + c. 



EXAMPLE 5.3 An Integral Related to tan _1 x 



Evaluate 



dx. 



Solution Notice that the integrand is nearly the derivative of tan -1 x. However, the 
constant in the denominator is 9, instead of the 1 we need. With this in mind, we rewrite 
the integral as 



f 9+x 2 dX 9 f /, 



dx. 



If we let u — | , then du — \dx and hence, 



/■ 1 1 /■ 1 

/ dx — - I x dx 

J 9 + x 2 9 J i + (4) 2 




1 f 1 

- / liM 

3 y i + M 2 



tan k + c 



tan 



We leave it as an exercise to prove the more general formula: 



/ 



1 



1 

dx — — tan 



EXAMPLE 5.4 An Integral Requiring a Simple Substitution 

f e x 

Evaluate / — dx . 

J l+e 2x 

Solution Think about how you might approach this. You probably won't recognize an 
antiderivative immediately. Remember that it often helps to look for terms that are 
derivatives of other terms. You should also recognize that e 2x = (e 1 ) 2 . With this in 
mind, we let u — e x , so that du — e x dx. We then have 



f e ' X f 1 

/ — dx — I r e dx 

J l + e l* J l + (e x ) 2 ^^ 



-I 



\+u 2 

1 



1 +U 2 
-1 



du 



— tan u + c 

- tan"'(e A ) + c. ■_ 
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EXAMPLE 5.5 Another Integral Requiring a Simple Substitution 

f x 
Evaluate / , dx. 

Solution Look carefully at the integrand and recognize that you don't know an anti- 
derivative. However, you might observe that 

/x fx 
, dx — I — dx . 

VT^ 7 J yi - (x 2 ) 2 

Once you've recognized this one small step, you can complete the problem with a 
simple substitution. Letting u — x 2 , we have du = 2x dx and 

2x 



f yr^4 dx if Ji 



2J Vl - (x 2 ) 2 

i r i 

- / — , du 

2J vT^T? 
1 . _1 

- sin u + c 

1 -1 7 

- sin (x ) + c. 
2 



dx 



You will explore integrals involving the inverse trigonometric functions further in the 
exercises. Whenever dealing with these functions, it is easiest if you keep the basic defini- 
tions in mind (including the domains and ranges). You will only need to know the derivative 
formulas for sin -1 x, tan -1 x and sec -1 x. With these basic formulas, you can quickly de- 
velop anything else that you need, using elementary techniques (such as substitution). 



EXERCISES 6.5 



55 WRITING EXERCISES 



1. Explain why, as is indicated in the text, antiderivatives cor- 
responding to three of the six inverse trigonometric functions 
"can be ignored." 

2. From equations (5.1) and (5.2), explain why it follows that 
sin" 1 x — — cos" 1 x + c. From the graphs of y = sinx and 
y — cosx, explain why this is plausible and identify the con- 
stant c for 0 < x < tx/2. 



In exercises 1-10, find the derivative of the function. 



1. sin"'(3x 2 ) 

3. sec~'(* 2 ) 

5. xcos~'(2x) 

7. cos" '(sinx) 

9. tan" 1 (sec x) 



2. cos"'(x 3 + 1) 

4. csc"'(^x) 

6. sinx sin _1 (2x) 

8. tan -1 (cosx) 

10. sec" 1 (tan x) 



In exercises 11-26, evaluate the given integral. 



"•/iTP 



dx 



dx 



dx 



13. f-*L_ 
i 1+x 4 

f 4x 
15. / dx 

J VT^? 

r 2x 

17. / dx 

J xVx 4 - 1 

19. / dx 

J 4 + x 2 

21. f e dx 

J VI -e 2r 

• f , ~ i dx 
Jo 4 + x 2 

r [ ' 4 3_ 

Jo Vl -4x 2 



23 
25 



14. 



J IT 

r 2x 2 
J VT^x- 

/ \x 



dx 



: dx 



16 
18. 

IxlVx 6 - 1 

f 2x 
20. / -dx 

J 4 + x 2 

/cosx 
^dx 
4 + sin 2 x 



dx 



24 
26 



f VJ 1 
' ii 2+" 



V4^2 



i:/x 



: rfx 



27. Derive the formula — cos x = 

dx 



d , 1 

28. Derive the formula — sec x = , . 

dx \x\sjx 2 - 1 



29. Derive the formula 
any positive constant a 



J a 2 +; 



■ dx — — tan 1 ( — | + c for 
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30. In this exercise, we give a different derivation from the text 

for the derivative of sfiT 1 x. Use Theorem 2.3 of section 6.2 
d . , 1 



to show that — sin 
dx 

cos(sin~' x). 



cos(sin x) 



Then, evaluate 



31. In example 5.2, it was shown that by the time the baseball 
reached home plate, the rate of rotation of the player's gaze 
(9') was too fast for humans to track. Given a maximum ro- 
tational rate of 9' — —3 radians per second, find d such that 
9' = — 3. That is, find how close to the plate a player can track 
the ball. In a major league setting, the player must start swing- 
ing by the time the pitch is halfway (30') to home plate. How 
does this correspond to the distance at which the player loses 
track of the ball? 

32. Suppose the pitching speed x' in example 5.2 is different. Then 
9' will be different and the value of x for which 9' — —3 will 
change. Find x as a function of x' for x' ranging from 30 ft/s 
(slowpitch Softball) to 140 ft/s (major league fastball) and 
sketch the graph. 

33. Use Theorem 2.3 of section 6.2 with f(x) — cosx to derive 

the formula for — cos -1 x. 
dx 

34. Use Theorem 2.3 of section 6.2 with f(x) — tanx to derive 

d , 
the formula for — tan x. 

dx 



35. Show that 
-1 



/ 



/ VT^x* 



dx = cos x + c 



and 



r2 



dx — — sin a" + c. Explain why this does not 



imply that cos 

cos -1 x and sin~ 



sin x. Find an equation relating 



36. Evaluate 
1 



[ 1 

J \xWx 2 - 1 



dx by rewriting the integrand as 



= and then making the substitution u — \/x. Use 



x 2 yr- i/x 2 

your answer to derive an identity involving sin _1 (l/x) and 
sec -1 x. 



37. Show that both 



Jo 



1 — x 1 dx and 



Jo 1+x 2 



dx equal 



Use Simpson's Rule on each integral with n = 4 and n = 8 and 
compare to the exact value. Which integral provides a better 
algorithm for estimating 7r? 



38. Find and simplify the derivative of sin 



result to write out an equation relating sin 
tan -1 x. 



Use the 



and 



39. Use the Mean Value Theorem to show that |tan~' a\ < \a\ for 
all a 7^ 0 and use this inequality to find all solutions of the 
equation tan~' x — x. 

40. Prove that \x\ < |sin~' x\ for 0 < \x\ < 1. 
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APPLICATIONS 



41. In the diagram, a hockey player is D feet from the net on the cen- 
tral axis of the rink. The goalie blocks off a segment of width 



w and stands d feet from the net. The shooting angle to the 

_, T3(l -d/D)-w/2~ 

left of the goalie is given by <p — tan 



Use a linear approximation of tan 1 x at x 



0, then < 



D-d 

0 to show that if 
. Based on this, describe how <f> changes 



if there is an increase in (a) w or (b) D. 



D 





Exercise 41 

42. The shooter in exercise 41 is assumed to be in the center of the 
ice. Suppose that the line from the shooter to the center of the 
goal makes an angle of 9 with the center line. For the goalie to 
completely block the goal, he must stand d feet away from the 
net where d — D(l — w/6cos6). Show that for small angles, 
d D(l - w/6). 



43. 



For a college football field with the dimensions shown, 
the angle 9 for kicking a field goal from a (horizon- 
tal) distance of x feet from the goal post is given by 



9(x) = tan~'(29.25/jc) - tan-'aOJS/.Y). 



Show 



that 



/(*) = 



is increasing for a > t and use this fact to 



a 2 + t 2 

show that 9(x) is a decreasing function for x > 30. Announc- 
ers often say that for a short field goal (50 < x < 60), a team 
can improve the angle by backing up 5 yards with a penalty. 
Is this true? 




18.5' 



44. 



To start skating, you must angle your foot and push off the ice. 
Alain Hache's The Physics of Hockey derives the relationship 
between the skate angle 8, the sideways stride distance s, the 
stroke period T and the forward speed v of the skater, with 
8 — tan~'(-^:). For T — 1 second, s — 60 cm and an acceler- 
ation of 1 m/s 2 , find the rate of change of the angle 9 when the 
skater reaches (a) 1 m/s and (b) 2 m/s. Interpret the sign and 
size of 9' in terms of skating technique. 
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45. Suppose a painting hangs on a wall. The frame extends from 
6 feet to 8 feet above the floor. A person whose eye is 5 feet 
above the floor stands x feet from the wall and views the paint- 
ing, with a viewing angle A formed by the ray from the person's 
eye to the top of the frame and the ray from the person's eye 
to the bottom of the frame. Find the value of x that maximizes 
the viewing angle A. 

46. What changes in exercise 45 if the person's eye is 6 feet above 
the floor? 



^ EXPLORATORY EXERCISES 

1. The idea of a homeomorphism helps to identify when super- 
ficially different sets are essentially the same. For example, 
the intervals (0, 1), (0, n) and {—n/2, n/2) are all finite open 
intervals. They are homeomorphic. By definition, intervals 1\ 
and I 2 are homeomorphic if there is a function/ from /[ onto 
h_ that has an inverse with / and / both being continuous. 
A homeomorphism from (0, 1) to (0, n) is f{x) = nx. Show 
that this is a homeomorphism by finding its inverse and verify- 



ing that both are continuous. Find a homeomorphism from 
(0, n) to (— Jt/2, jr/2). [Hint: Sketch a picture, and decide 
how you could move the interval (0, n) to produce the inter- 
val (—7t/2, n/2).] Find a homeomorphism for any two finite 
open intervals {a, b) and {c, d). It remains to decide whether 
the interval (— oo, oo) is different because it is infinite or the 
same because it is open. In fact, (— oo, oo) is homeomorphic to 
{—n/2, 7t/2) and hence to all other open intervals. Show that 
tan -1 x is a homeomorphism from (— oo, oo) to {—n/2, n/2), 

2, Explore the graphs of e~ x , xe~ x , x 2 e~ x and x i e~ x . Find all lo- 
cal extrema and graphically determine the behavior as x — > oo. 
You can think of the graph of x n e~* as showing the results of 
a tug-of-war: x" — »■ oo as x — >• oo but e~* 0 as x — > oo. 
Describe the graph of x"e~ x in terms of this tug-of-war. 

3. Suppose that a hockey player is shooting at a 6-foot-wide net 
from a distance of d feet away from the goal line and 4 feet to 
the side of the center line, (a) Find the distance d that maxi- 
mizes the shooting angle, (b) Repeat part (a) with the shooter 
2 feet to the side of the center line. Explain why the answer is 
so different, (c) Repeat part (a) with the goalie blocking all but 
the far 2 feet of the goal. 



0) 



6.6 THE HYPERBOLIC FUNCTIONS 




Saint Louis Gateway Arch 



The Gateway Arch in Saint Louis, Missouri, is one of the most distinctive and recognizable 
architectural structures in the United States. Most people think that it is taller than it is 
wide, but this is the result of a common optical illusion. In fact, the arch has the same width 
as height. A slightly less mysterious misconception is that the arch's shape is not that of 
a parabola. Rather, its shape corresponds to the graph of the hyperbolic cosine function 
(called a catenary). This function and the other five hyperbolic functions are introduced in 
this section. 

The hyperbolic functions are not entirely new, as they are simply common combina- 
tions of exponentials. We study them because of their usefulness in applications and their 
convenience in solving equations (in particular, differential equations). 

The hyperbolic sine function is defined by 



sinhx = 



for all x G (— oo, oo). The hyperbolic cosine function is defined by 



coshx 



again for all x G (— oo, oo). We leave it as an exercise to use the definitions to verify the 
important identity 



cosh x — sinh" x — 1 , 



(6.1) 



for all x. Notice that if we take x — cosh u and y — sinh u, then from (6.1) with x replaced 
by u, 



x — y — cosh // — sinh u — 1 , 
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which you should recognize as the equation of a hyperbola. This identity is the source of 
the name "hyperbolic" for these functions. You should also notice some parallel with the 
trigonometric functions cosx and sin*. 

The remaining four hyperbolic functions are defined in terms of the hyperbolic sine and 
hyperbolic cosine functions, in a manner analogous to their trigonometric counterparts. That 
is, we define the hyperbolic tangent function tanh x, the hyperbolic cotangent function 
coth x, the hyperbolic secant function sech x and the hyperbolic cosecant function csch x 
as follows: 



tanhx 


sinh x 


cofhx — 


cosh x 


cosh x ' 


sinh x 


sech x = 


1 


cschx = 


1 


cosh x ' 


sinhx 



These functions are remarkably easy to deal with, and we can readily determine their 
behavior, using what we already know about exponentials. First, note that 



d d 
— sinh x — — 

dx dx 



— coshx. 



Similarly, we can establish the remaining derivative formulas: 







d j 




— cosh x — 


sinhx, — tanh x — sech x 




dx 


dx 




d u 

— cothx = 


j d 

— csch x, — sechx = — sechx tanhx 




dx 


dx 


and 


— csch x — 


—csch x cothx. 




dx 





These are all elementary applications of earlier derivative rules and are left as exercises. As 
it turns out, only the first three of these are of much significance. 



EXAMPLE 6. 1 Computing the Derivative of a Hyperbolic Function 

Compute the derivative of fix) — sinh 2 (3x). 
Solution From the chain rule, we have 

f\x) - — sinh 2 (3x) = — [sinh(3x)] 2 
dx dx 

d 

— 2sinh(3x) — [sinh(3x)] 

dx 

d 

— 2 sinh(3x)cosh(3x) — (3x) 

dx 

= 2 sinh(3x)cosh(3x)(3) 

= 6 sinh(3x)cosh(3x). ■ 



Of course, every new differentiation rule gives us a corresponding integration rule. In 
particular, we now have 



and 



/ 
/ 



coshx dx — sinhx + c, 
sinhx dx = coshx + c 
dx — tanhx + c. 
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EXAMPLE 6.2 An Integral Involving a Hyperbolic Function 

Evaluate / x cosh(.T 2 ) dx. 

Solution Notice that you can evaluate this integral using a substitution. If we let u — x 2 , 



we get du = 2x dx and so, 

J x cosh(x 2 ) dx 



if 



cosh(x ) (2x) dx 



cosh u du 



sinh u 



sinh(x ) + c. 



10 



H 1 1 1- 



H 1 1 1 — 

2 4 



-10 



FIGURE 6.30 

y — sinhx 




FIGURE 6.32 

y = 20cosh(i) 



For f(x) — sinhx, note that 
f(x) = sinhx 



| > 0 if x 
[ < 0 if x 



> 0 
< 0' 



This is left as an exercise. Further, since f'(x) = coshx > 0, sinhx is increasing for all x. 
Next, note that f"(x) = sinh .v. Thus, the graph is concave down forx < 0 and concave up 
for x > 0. Finally, you can easily verify that 



lim sinhx = oo and 

x— >oo 



lim sinhx = — oo. 

X— ¥— OO 



We show a graph of y — sinhx in Figure 6.30. Graphs of cosh x and tanh x are shown in 
Figures 6.31a and 6.31b, respectively. 




H 1 1 h 



H 1 1 1 — ►* 



FIGURE 6.31a 

y — cosh x 



FIGURE 6.31b 

y = tanh x 



If a flexible cable or wire (such as a power line or telephone line) hangs between two 
towers, it will assume the shape of a catenary curve (derived from the Latin word catena 
meaning "chain"). As we will show at the end of this section, this naturally occurring curve 
corresponds to the graph of the hyperbolic cosine function f(x) = a cosh(^). 



EXAMPLE 6.3 Finding the Amount of Sag in a Hanging Cable 

For the catenary f{x) — 20cosh(gj), for —20 < x < 20, find the amount of sag in the 
cable and the arc length. 

Solution From the graph of the function in Figure 6.32, it appears that the minimum 
value of the function is at the midpoint x — 0, with the maximum at x — —20 and 
x — 20. To verify this observation, note that 

f'{x) = sinh { — 
J \20, 
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and hence, /'(0) = 0, while fix) < 0 for x < 0 and f'(x) > 0, for x > 0. Thus,/ 
decreases to a minimum at x — 0. Further, /(— 20) = /(20) » 30.86 is the maximum 
for —20 < x < 20 and /"(0) = 20, so that the cable sags approximately 10.86 feet. From 
the usual formula for arc length, developed in section 5.4, the length of the cable is 



= jT Vl + UWdx = £ 1 1 + stnh 2 (±) 



f [/'(x)] 2 <k 
Notice that from (6.1), we have 



1 



sinh 2 x — cosh 2 x. 



Using this identity, the arc length integral simplifies to 

>20 




sinh' 



/ x \ f 20 
— I dx — I cosh 

\2o; ;_ 20 



20 



dx 



— 20 sinh 



20 



21 1 



-20 



= 20[sinh(l)-sinh(-l)] 



40sinh(l)«47feet. 




FIGURE 6.33a 

y = sinh -1 x 



FIGURE 6.33b 

y — cosh - x 



FIGURE 6.33c 

y = tanh -1 x 



1 — ►* 




I — ►* 




O The Inverse Hyperbolic Functions 

You should note from the graphs of sinh x and tanh x that these functions are one-to-one (by 
the horizontal line test). Also, coshx is one-to-one for x > 0. Thus, we can define inverses 
for these functions, as follows. For any x e (— oo, oo), we define the inverse hyperbolic 
sine by 

y - sinh -1 x if and only if sinh y — x. 

For any x > 1 , we define the inverse hyperbolic cosine by 

y — cosh -1 x if and only if cosh y — x, and y > 0. 

Finally, for any x e (— 1, 1), we define the inverse hyperbolic tangent by 

y = tanh - 1 x if and only if tanh y — x. 

Inverses for the remaining three hyperbolic functions can be defined similarly and are left 
to the exercises. We show the graphs of y = sinh -1 x, y — cosh -1 x and y = tanh -1 x in 
Figures 6.33a, 6.33b and 6.33c, respectively. (As usual, you can obtain these by reflecting 
the graph of the original function through the line y = x.) 

We can find derivatives for the inverse hyperbolic functions using implicit differentia- 
tion, just as we have for the inverse trigonometric functions. Since 



y = sinh x if and only if sinh y — x, 
differentiating both sides of this last equation with respect to x yields 



(6.2) 



dx 



sinh y 



dx 



or 



cosh y 



dy 
dx 



Solving for the derivative, we find 
dy 1 



dx coshy J\ + sm h 2 y Vl + x 2 
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since we know that 

cosh 2 v — sinh 2 y — 1, 
from (6.1). That is, we have shown that 



dx 



sinh 1 \ 



1 



vr 



Note the similarity with the derivative formula for sin - x. We can likewise establish deriva- 
tive formulas for the other five inverse hyperbolic functions. We list these here for the sake 
of completeness. 



d 






sinh -1 x 


dx 




d 


tanh -1 x 


dx 




d 


sech - x 


dx 





1 



d 

dx 
d 



cosh 1 x — 



1 



l 



1 - X 2 



cvT^ 2 



coth 1 x — 

dx 1 — x L 

d _, -1 
— csch x 

dx \ x \ 



Before closing this section, we wish to point out that the inverse hyperbolic functions 
have a significant advantage over earlier inverse functions we have discussed. It turns out 
that we can solve for the inverse functions explicitly in terms of more elementary functions. 



EXAMPLE 6.4 Finding a Formula for an Inverse Hyperbolic Function 

Find an explicit formula for sinh -1 x. 
Solution Recall from (6.2) that 

y — sinh -1 x if and only if sinh y — x. 
Using this definition, we have 



,)' a —y 



x — sinh v 



(6.3) 



We can solve this equation for y, as follows. First, recall also that 

e y + e~ y 

cosh v — . 

2 

Now, notice that adding these last two equations and using the identity (6.1), we have 
e y — sinh y + cosh y — sinh y + y/ cosh 2 y since cosh y > 0 
= sinh y + y/ sinh 2 y + 1 

= x + y.t 2 + 1, 

from (6.3). Finally, taking the natural logarithm of both sides, we get 

y = ln(e y ) = ln(x + V ' x 2 + 1). 
That is, we have found a formula for the inverse hyperbolic sine function: 

sinh -1 x — ln(x + x 2 + 1). ■ 

Similarly, we can show that for x > 1, 

cosh -1 x — ln(x + V ' x 2 — 1) 

and for — 1 < x < 1 , 



tanh x — - In 



1 / 1 + x 



1 -x 
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We leave it to the exercises to derive these formulas and corresponding formulas for the 
remaining inverse hyperbolic functions. There is little point in memorizing any of these for- 
mulas. You need only realize that these are always available by performing some elementary 
algebra. 



v y=m 




H 

FIGURE 6.34 

Forces acting on a section of 
hanging cable 



O Derivation of the Catenary 



We close this section by deriving a formula for the catenary. As you follow the steps, pay 
special attention to the variety of calculus results that we use. 

In Figure 6.34, we assume that the lowest point of the catenary curve is located at the 
origin. We further assume that the cable has constant linear density p (measured in units of 
weight per unit length) and that the function y = f(x) is twice continuously differentiable. 
We focus on the portion of the cable from the origin to the general point (x, y) indicated 
in the figure. Since this section is not moving, the horizontal and vertical forces must be 
balanced. Horizontally, this section of cable is pulled to the left by the tension H at the 
origin and is pulled to the right by the horizontal component T cos 6 of the tension T at the 
point (x, y). Notice that these forces are balanced if 



H = T cos 6. 



(6.4) 



Vertically, the section of cable is pulled up by the vertical component T sin 6 of the tension. 
The section of cable is pulled down by the weight of the section. Notice that the weight of 
the section is given by the product of the density p (weight per unit length) and the length 
of the section. Recall from your study of arc length in Chapter 5 that the arc length of this 
section of cable is given by yT + [f'(t)] 2 dt. So, the vertical forces will balance if 



T sin i 



Jo 



\ + [f'{t)fdt. 



(6.5) 



We can combine equations (6.4) and (6.5) by multiplying (6.4) by tanf? to get 
H tan 6 — T sin 8, and then using (6.5) to conclude that 

Htan0 = p[ yjl + [f'(t)] 2 dt. 
Jo 

Notice from Figure 6.34 that tan 6 = f'(x), so that we have 



Hf'(x) = p [ J\ + [f'{t)¥dt. 
Jo 



Differentiating both sides of this equation, the Fundamental Theorem of Calculus gives us 

Hf"(x) = Py /l + [f'(x)]\ (6.6) 

Now, divide both sides of the equation by H and name b — jj. Further, substitute 
u(x) = f'(x). Equation (6.6) then becomes 



U'(X) = byfl + [U(x)] 2 . 

Putting together all of the u terms and integrating with respect to x gives us 



/u'(x)dx — f bdx. 
Vl + [u(x)] 2 J 



You should recognize the integral on the left-hand side as sinh [m(x)], so that we now have 



sinh [u(x)] = bx + c. 



Notice that since f(x) has a minimum at x — 0, we must have that u(0) = /'(0) = 0. 
So, taking x — 0, we get c — sinh -1 (0) = 0. From sinh _1 [w(jc)] = bx, we obtain 
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u{x) — sinh(i>x). Now, recall that u(x) = f'(x), so that f'(x) = sinh(frx). Integrating this 
gives us 



fOO 



— j sinh(bx) dx 



— — cosh(£>jt) + c. 
b 



Recall that /(0) = 0 and so, we must have c = -r-. This leaves us with fix) — | cosh(ftx) — \ . 
Finally, writing a — \, we obtain the catenary equation fix) — a cosh( |1 — a. 



EXERCISES 6.6 

^) WRITING EXERCISES 

1. Compare the derivatives and integrals of the trigonomet- 
ric functions to the derivatives and integrals of the hyper- 
bolic functions. Also note that the trigonometric identity 
cos 2 x + sin 2 x = 1 differs only by a minus sign from the cor- 
responding hyperbolic identity cosh 2 x — sinh 2 x — 1 . 

2. As noted in the text, the hyperbolic functions are not really 
new functions. They provide names for useful combinations of 
exponential functions. Explain why it is advantageous to as- 
sign special names to these functions instead of leaving them 
as exponentials. 

3. Briefly describe the graphs of sinh x, cosh x and tanhx. 
Which simple polynomials do the graphs of sinh x and cosh x 
resemble? 

4. The catenary (hyperbolic cosine) is the shape assumed by a 
hanging cable because this distributes the weight of the cable 
most evenly throughout the cable. Knowing this, why was it 
smart to build the Gateway Arch in this shape? Why would 
you suspect that the profile of an egg has this same shape? 

In exercises 1-4, sketch the graph of each function. 

1. /(x) = cosh2x 2. f{x) — cosh3x 

3. f(x) = tanh4x 4. /(x) = sinh3x 

In exercises 5-12, find the derivative of each function. 



dx 



»•/' 

Jo 
Jo 



coshx e smhx dx 



18 
20 

22 



r 2x 
J 7T+ 

I- 

C 1 cos 
' Jo 3T"s 



: dx 



cosh(x )dx 

cosh 2x 
-r sinh 2x 



dx 



23. Suppose that a hanging cable has the shape 10cosh(x/10) for 
—20 <i< 20. Find the amount of sag in the cable. Find the 
length of the cable. 

24. Suppose that a hanging cable has the shape 15 cosh(x/15) for 
—25 < x < 25. Find the amount of sag in the cable. Find the 
length of the cable. 

25. Suppose that a hanging cable has the shape acosh(x/a) 
for —b < x < b. Show that the amount of sag is given by 
a cosh(£>/a) — a and the length of the cable is 2a sinh(b/a). 

26. Show that cosh(— x) = coshx (i.e., coshx is an even function) 
and sinh(— x) = — sinhx (i.e., sinhx is an odd function). 

d 



the formulas 
tanhx = sech 2 x. 



dx 



cosh x = sinh x 



and 



27. Derive 
d 
dx 

28. Derive the formulas for the derivatives of cothx, sechx and 
csch x. 



5. 


(a) 


/(*) = 


cosh4x (b) /(x) = cosh 4 x 


29. 


Using the properties of exponential functions, prove that 


6. 


(a) 


/(*) = 


sinh^/x (b) f(x) — Vsinhx 




sinhx > 0 if x > 0 and sinhx < 0 if x < 0. 


7. 


(a) 


fix) = 


tanhx 2 (b) f(x) = (tanhx) 2 


30. 


Use the first and second derivatives to explain the properties 


8. 


(a) 


fix) = 


sech 3x (b) f(x) — csch 3 x 




of the graph of tanh x . 


9. 


(a) 


fix) = 


x 2 sinh5x (b) f(x) = 

csch J x 


31. 


Use the first and second derivatives to explain the properties 
of the graph of coshx. 


10. 


(a) 


fix) = 


(b) /(x) = tanh(-^) 


32. 


Prove that cosh 2 x — sinh 2 x = 1 . 


11. 


(a) 


fix) = 


cosh" 2x (b) f(x) = sinh" 1 x 2 


33. 


Find an explicit formula, as in example 6.4, for cosh" 1 x. 


12. 


(a) 


fix) = 


tanh" 1 3x (b) fix) = x 2 cosh" 1 Ax 


34. 


Find an explicit formula, as in example 6.4, for tanh -1 x. 



In exercises 13-22, evaluate each integral. 

13. j cosh 6x dx 14. j sinh 2x dx 

15. j tanh 3x dx 16. j sech 2 x dx 



35. Show that e x — coshx + sinhx. In fact, we will show that 
this is the only way to write e x as the sum of even and odd 
functions. To see this, assume that e x — /(x) + g(x), where 
/ is even and g is odd. Show that e~ x — fix) — g(x). Adding 
equations and dividing by two, conclude that fix) — coshx. 
Then conclude that g(x) = sinhx. 
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36. Show that both cosh x and sinh x are solutions of the differen- 
tial equation y" — y — 0. By comparison, show that both cos x 
and sinx are solutions of the differential equation y" + y — 0. 



37. Show that lim tanh x — 1 and lim tanh x 

x-»oo X— ►— oo 



38. Show that tanh x 



■1. 



e 2x + 1 ' 



6 



APPLICATIONS 



39. In this exercise, we solve the initial value problem for the 
vertical velocity v(t) of a falling object subject to gravity and 
air drag. Assume that mv'(t) — —mg + kv 2 for some positive 
constant k. 



40. Two sky divers of weight 800 N drop from a height of 1000 m. 
The first sky diver dives head-first with a drag coefficient of 
k = h. The second sky diver is in a spread-eagle position 
with k = I. Compare the terminal velocities and the distances 
fallen in 2 seconds; 4 seconds. 

41. Long and Weiss derive the following equation for the horizon- 
tal velocity of the space shuttle during reentry (see section 4.1): 
v(t) = 7901 tanh(-0.00124? 4- tanhr'(V7901)) m/s, where 
Do is the velocity at time t — 0. Find the maximum acceleration 
experienced by the shuttle from this horizontal motion (i.e., 
maximize | v'(t)\ ). Graph the velocity function with v 0 — 2000. 
Estimate the time t at which v(t) — 0. 

42. A sky diver with an open parachute has terminal velocity 
5 m/s. If the weight is 800 N, determine the value of k. 



(a) Rewrite the equation as 

1 

(b) Use the identity — 



1 , k 

— v '(t) = -. 

v 2 — mg/k m 



1 



1 



1 



v + a 



with 



to solve the equation in part (a). 



(c) Show that v(t) = 



c e 2 ^ 7 "" - 1 



k c e 2 */»' + 1 

(d) Use the initial condition ii(0) = 0 to show that c = 1. 

(e) Use the result of exercise 38 to conclude that 



V(t): 



tanh 




(f) Find the terminal velocity by computing lim v(t). 

/->oo 

(g) Integrate the velocity function in part (e) to find the dis- 
tance fallen in t seconds. 



EXPLORATORY EXERCISE 

The Saint Louis Gateway Arch is both 630 feet wide and 
630 feet tall. Its shape looks very much like a parabola, but 
is actually a catenary. You will explore the difference be- 
tween the two shapes in this exercise. First, consider the 
model y = 757 .7 - 127.7 cosh(x/127.7) for y > 0. Find the 
x- and y-intercepts and show that this model (approximately) 
matches the arch's measurements of 630 feet wide and 630 feet 
tall. What would the 127.7 in the model have to be to match 
the measurements exactly? Now, consider a parabolic model. 
To have x-intercepts x — —315 and x — 315, explain why 
the model must have the form y — —c(x + 315)(x — 315) for 
some positive constant c. Then find c to match the desired 
y-intercept of 630. Graph the parabola and the catenary on the 
same axes for —315 < x < 315. How much difference is there 
between the graphs? Estimate the maximum distance between 
the curves. The authors have seen mathematics books where 
the arch is modeled by a parabola. How wrong is it to do this? 



Review Exercises 



0 



WRITING EXERCISES 



The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, (1) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Natural logarithm 

One-to-one 

function 
Inverse cosine 

function 
Hyperbolic cosine 

function 



Logarithmic 

differentiation 
Exponential 

function 
Inverse tangent 

function 
Hyperbolic tangent 

function 



Inverse function 

Inverse sine 

function 
Hyperbolic sine 

function 



fp TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 



1. The functions In x 



f 1 
= / —du 

Ji u 



and log f x have many properties 



in common but are not exactly the same. 

2. The derivative of the inverse function f~ l (x) is the inverse of 
the derivative of f(x). 

3. Iff has a derivative that exists for all x, then/ has an inverse. 

4. If /(x) has a term of the form e sW for some function g(x), 
then f~ l (x) also has a term of the form e g< -*K 
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5. The function f(x) — sin '(x) is not the inverse of sinx. 

6. We could define the function f(x) — cos -1 (x) to have the range 
— 7T < cos"'(x) < 0. 

7. Because the derivative of cos" 1 (x) is the negative of the deriva- 
tive of sin _1 (x), we can conclude that cos~'(x) = — sin _1 (x). 

8. The properties of the functions sinh x and cosh x are identical 
to the properties of the corresponding functions sin x and cos x . 



In exercises 1-16, find the derivative of the function. 



In exercises 41-44, determine if the function is one-to-one. If so, 
find its inverse. 



1. ln(x 3 4-5) 


2. 


ln(l — sinx) 


3. lnVx 4 + x 


4. 


x 2 - 1 

In , 

x 3 + 2x 4- 1 


5. e~* 2 


6. 


e tmx 


7. 4' 3 


8. 


31-2* 


9. sin"'2x 


10. 


— 1 2 

COS X 


11. tan -1 (cos 2x) 


12. 


sec~'(3x 2 ) 


13. cosh,/x 


14. 


sinh(e 2j: ) 


15. sinh -1 3x 


16. 


tanh"'(3x 4- 1) 



In exercises 17-40, evaluate the integral. 



/ 2 
* 3 + 4' 

Jo * 2 + l 
21. f ^ 

f 

■!T* dx 

27. f 

Jo 

29. J 3 4x 

31. [ -^—dx 
J x 2 4-4 

f x 2 

J 

r 9x 
J x 2 Vx T ^T 

■ f / 4 d - 

J ^/^T^ 2 
39. /cosh4x,/x 



18. 



19 



23 
25 



33 
35 
37 



r e 2 * 
J 

L 



dx 



f /4 cos2x 
20. / -^^dx 



sin 2x 



X) 

: dx 

e 3x dx 
: dx 



22 
24 
26. 
28. | 



dx 



30 
32 
34 
36 
38 



■ !-> 

■/: 

. J 2' 5x dx 

f 6 

J V4-x 2 

J l + e- 2 * 
f 9x 3 
J Vx^T 

/ 



cos(e 2x )dx 



dx 
dx 
dx 



■ dx 

40. tanh 3x dx 



41. x 3 - 1 

43. e 2 * 2 



42. e- 4x 

44. x 3 - 2x 4- 1 



In exercises 45-48, do both parts without solving for the inverse: 
(a) find the derivative of the inverse at x = a and (b) graph the 
inverse. 



45. x 5 4- 2x 3 - I, a = 2 



47. Vx 3 +4x,a = 4 



46. x 3 4- 5x 4- 2, a = 2 
48. e x3+Zx ,a= 1 



In exercises 49-52, evaluate the quantity using the unit circle. 

49. sin" 1 1 50. cos" 1 ^) 

51. tan-^-l) 52. csc" 1 (-2) 



In exercises 53-56, simplify the expression using a triangle. 

53. sin(sec"'2) 54. tan(cos" 1 (4/5)) 

55. sin" '(sin(3jr/4)) 56. cos" 1 (sin(-7r/4)) 



In exercises 57 and 58, find all solutions of the equation. 

57. sin 2x = 1 58. cos 3x = | 

In exercises 59-64, sketch a graph. 

59. y — cosh2x 60. y = tanh" 1 3x 

61. y = sin" 1 2x 62. y = tan" 1 3x 

63. y = e~ xl 64. y = ln2x 



65. A hanging cable assumes the shape of y = 20 cosh — for 
—25 < x < 25. Find the amount of sag in the cable. 

66. Find the arc length of the cable in exercise 65. 



In exercises 67 and 68, determine which function "dominates," 
where we say that the function f(x) dominates the func- 
tion g(x) as x — > oo if lim f(x) = lim g(x) = oo and either 

x— *oo x— *oo 

.. fix) .. g(x) , 

lim — — = oo or lim —— = 0. 

»-►« g(x) x^oo f(x) 

67. e x or x" (n — any positive integer) 

68. In x or x p (for any number p > 0) 



69. The diagram shows a football field with hash marks H feet 
apart and goalposts P feet apart. If a field goal is to be tried 
from a (horizontal) distance of x feet from the goalposts, the 
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angle 6 gives the margin of error for that direction. Find x to 
maximize 6 . 



70. 




In the situation of exercise 69, sports announcers often say that 
for a short field goal (50 < x < 60), a team can improve the 
angle by backing up 5 yards with a penalty. Determine whether 
this is true for high school (H — 53 j and P = 23|), college 



(H = 40 and P 



53\ and P 
18^) or pros (H = 18± and P 



184). 



EXPLORATORY EXERCISES 

In tennis, a serve must clear the net and then land inside of a 
box drawn on the other side of the net. In this exercise, you 
will explore the margin of error for successfully serving. First, 
consider a straight serve (this essentially means a serve hit 
infinitely hard) struck 9 feet above the ground. Call the start- 
ing point (0, 9). The back of the service box is 60 feet away, 
at (60, 0). The top of the net is 3 feet above the ground and 
39 feet from the server, at (39, 3). Find the service angle 9 



(i.e., the angle as measured from the horizontal) for the trian- 
gle formed by the points (0, 9), (0, 0) and (60, 0). Of course, 
most serves curve down due to gravity. Ignoring air resistance, 
the path of the ball struck at angle 9 and initial speed v ft/s 
16 



is y = -x 2 - (tan0)x + 9. To hit the back of the 

(i>cos6*) 

service line, you need y — 0 when x — 60. Substitute in these 
values along with v — 120. Multiply by cos 2 6 and replace 
sin 9 with Vl — cos 2 9. Replacing cos 9 with z gives you an 
algebraic equation in z. Numerically estimate z. Similarly, sub- 
stitute x — 39 and y — 3 and find an equation for w — cos 9. 
Numerically estimate w. The margin of error for the serve is 
given by cos -1 z < 9 < cos -1 w. 




2. Baseball players often say that an unusually fast pitch rises or 
even hops up as it reaches the plate. One explanation of this il- 
lusion involves the players' inability to track the ball all the way 
to the plate. The player must compensate by predicting where 
the ball will be when it reaches the plate. Suppose the height of 
a pitch when it reaches home plate is h — —(240/ u) 2 + 6 feet 
for a pitch with velocity v ft/s. (This equation takes into con- 
sideration gravity but not air resistance.) Halfway to the plate, 
the height would be h — — (120/u) 2 + 6 feet. Compare the 
halfway heights for pitches with v — 132 and v — 139 (about 
90 and 95 mph, respectively). Would a batter be able to tell 
much difference between them? Now compare the heights 
at the plate. Why might the batter think that the faster pitch 
hopped up right at the plate? How many inches did the faster 
pitch hop? 



Integration Techniques 



CH 




Electronics companies constantly test their products for reliability. The 
lifetime of an electronics component is often viewed as having three 
stages, as illustrated by the so-called bathtub curve shown in the figure. 

This curve indicates the average failure rate of a product as a function 
of age. In the first stage (called the infant mortality phase), the failure rate 
drops rapidly as faulty components quickly fail. Components that survive 
this initial phase enter a lengthy second phase (the useful life phase) of 
constant failure rate. The third phase shows an increase in failure rate as 
the components reach the physical limit of their life span. 

The constant failure rate of the useful life phase has several interesting 
consequences. First, the failures are "memoryless," in the sense that the 
probability that the component lasts another hour is independent of the 
age of the component. A component that is 40 hours old may be as likely 
to last another hour as a component that is only 10 hours old. This unusual 
property holds for electronics components such as lightbulbs, during the 
useful life phase. 




Time ► 



A constant failure rate also implies that component failures follow what is 
called an exponential distribution. (See exercise 89 in the Review Exercises at the 
end of this chapter.) The computation of statistics for the exponential distribution 
requires more sophisticated integration techniques than those discussed so far. For 
instance, the mean (average) lifetime of certain electronics components is given 
by an integral of the form / 0 °° cxe~ cx dx, for some constant c > 0. To evaluate this, 
we will first need to extend our notion of integral to include improper integrals 
such as this, where one or both of the limits of integration are infinite. We do this in 
section 7.7. Another challenge is that we do not presently know an anti derivative for 
f(x) = xe~ cx . In section 7.2, we introduce a powerful technique called integration 
by parts that can be used to find antiderivatives of many such functions. 
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The new techniques of integration introduced in this chapter provide us with a broad 
range of tools used to solve countless problems of interest to engineers, mathematicians 
and scientists. 



7.1 REVIEW OF FORMULAS AND TECHNIQUES 



In this brief section, we draw together all of the integration formulas and the one integration 
technique (integration by substitution) that we have developed so far. We use these to 
develop some more general formulas, as well as to solve more complicated integration 
problems. First, look over the following table of the basic integration formulas developed in 
Chapter 4. 



f r 

I x dx — 

J r + 1 

f sinxd " = 

/sec' 

/ 
/ 
/ 



+ c, forr ^ — 1 (power rule) 



COS X + c 



x dx — tan x + c 



esc x dx — — cotx + c 



e x dx — e x + c 



tan x dx — — In Icos x I + c 



f 1 -i 

/ dx — tan x + c 

J 1+x 2 



f 1 

/ — dx — In |x| 

J x 

j cos x dx — 

/ 
/ 
/ 

f 7T- 



c, for x ^ 0 



sinx + c 



sec x tan x dx — sec x + c 



esc x cot x dx — — esc x + c 



e x dx — —e * + c 



dx — sin x + c 



f 7= dx = 

J \x\\>x 2 — 1 



sec 1 x + c 



Recall that each of these follows from a corresponding differentiation rule. So far, we 
have expanded this list slightly by using the method of substitution, as in example 1.1. 



EXAMPLE I.I A Simple Substitution 

Evaluate f sin(ax)dx, for a ^ 0. 

Solution The obvious choice here is to let u — ax, so that du — a dx. This gives us 

/sin(ax)dx — — f sin(ax)adx — — [ sinudu 
a J > — , — a J 

sinw d " 
1 1 

= cos u + c — cos(ax) + c. 

a a ■ 



There is no need to memorize general rules like the ones given in examples 1 . 1 and 
1.2, although it is often convenient to do so. You can reproduce such general rules any time 
you need them using substitution. 
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EXAMPLE 1.2 Generalizing a Basic Integration Rule 

f 1 

Evaluate / — dx, for a ^ 0. 

J a 2 + - 2 



x- 

f 1 

Solution Notice that this is nearly the same as / dx and we can write 

J l+x 2 

/ a 2 + x 2 dX ~ a 2 j i + (i) 2 dX ' 
Now, letting u — - , we have du — - dx and so, 

/ a 2 + x 2 dX ~ a 2 f i + (£) 2 dX ~ a f T+J^f W ^ 

i + « 2 

i r l l _, l /x\ 

— - I du — — tan u + c — - tan I — I 

a J \ + u 2 a a \a/ 



c. 



Substitution will not resolve all of your integration difficulties, as we see in example 1.3. 



EXAMPLE 1 .3 An Integrand That Must Be Expanded 

Evaluate f (x 2 — 5) 2 dx. 

Solution Your first impulse might be to substitute u — x 2 — 5. However, this fails, as 
we don't have du — 2x dx in the integral. (We can force the constant 2 into the integral, 
but we can't get the x in there.) On the other hand, you can always multiply out the 
binomial to obtain 

j (x 2 - 5) 2 dx = j (x 4 - I0x 2 + 25) dx = y - 10 j + 25x + c. 



The moral of example 1.3 is to make certain you don't overlook simpler methods. The 
most general rule in integration is to keep trying. Sometimes, you will need to do some 
algebra before you can recognize the form of the integrand. 



EXAMPLE 1 .4 An Integral Where We Must Complete the Square 

1 

V-5 + 6x - x 2 



f 1 
Evaluate / , dx 



Solution Not much may come to mind here. Substitution for either the entire 
denominator or the quantity under the square root does not work. (Why not?) So, what's 
left? Recall that there are essentially only two things you can do to a quadratic 
polynomial: either factor it or complete the square. Here, doing the latter sheds some 
light on the integral. We have 



f 1 f 1 f 1 

/ dx — I dx — I dx. 

J V-5 + 6x - x 2 J y/-5 - (x 2 - 6x + 9) + 9 J ^4 - (x - 3) 2 
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f 1 -1 

Notice how much this looks like / , dx — sin x + c. If we factor out the 4 in 

j 

the square root, we get 

f 1 f 1 f 1 1 

/ = / dx — I cfx. 

7 V-5 + 6x - x 2 J y/4 - (x - 3) 2 7 A _ (iz^) 2 2 

x - 3 1 

Taking u — , we have du — - dx and so, 

2 2 

/• 1 r 1 1 , r 1 

/ , dx — I dx — I ■ du 

J v-5 + 6x - x 2 J l _ y yr^ 2 

^ ^ du 



/ x — 3 

= sin m + c = sin | + c. 



Example 1.5 illustrates the value of perseverance. 



EXAMPLE 1.5 An Integral Requiring Some Imagination 

4x + 1 
2x 2 + 4x + 10 



Evaluate j — 



Solution As with most integrals, you cannot evaluate this as it stands. However, the 
numerator is very nearly the derivative of the denominator (but not quite). Recognize 
that you can complete the square in the denominator, to obtain 

f 4x + l , f 4x + l , f 4x + l 

I — = dx — I dx ~ I dx . 

J 2x 2 + 4x +10 y 2(x 2 + 2x + 1) - 2 + 10 J 2(x + l) 2 + 8 

Now, the denominator nearly looks like the denominator in / dx — tan -1 x + c. 

J 1 + x 2 

Factoring out an 8 from the denominator, we have 

f 4X + 1 a f 4x + l 

I — t. dx — I dx 

J 2x 2 +4x + 10 y 2(x+l) 2 + 8 



4x + l 

dx 



\(x + l) 2 + l 

1 f 4x + l , 
= - / s dx . 

si m 2 + 1 

x + 1 1 

Now, taking u — , we have du — - dx and x — 2u — 1 and so, 

B 2 2 

4(2n - 1)+ 1 

f 4x + l 1 f 4x + 1 If iT+T 1 

/ — = dx — - I = dx — - I = dx 

J 2x 2 + 4x + lQ 8 y (£±i) 2 + i 4y (£±i) 2 + i 2_^ 

u 2 + 1 



1 f 4(2u -1)4-1 1 f 8m -3 

- / ~ du — - I — du 

4} u 2 + l 4J u 2 + l 
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4 f 2u 3 f 1 

— - I — r dU — ~ I — r dU 

4 J u 2 +l 4 J u 2 + 1 



ln(w + 1) — - tan m + c 



In 



x + 1 



tan 



x + 1 



Example 1 .5 was tedious, but reasonably straightforward. The issue in integration is to 
recognize what pieces are present in a given integral and to see how you might rewrite the 
integral in a more familiar form. 



EXERCISES 7.1 



0) 



f$) WRITING EXERCISES 



1. In example 1.2, explain how you should know to write the de- 
nominator as a 2 ^1 + (|) 2 J. Would this still be a good first 
step if the numerator were x instead of 1 ? What would you do 
if the denominator were V« 2 



t 2 ? 



2. In both examples 1.4 and 1.5, we completed the square and 
found antiderivatives involving sin - x, tan - ' x andln(x 2 +1). 
Briefly describe how the presence of an x in the numerator or a 
square root in the denominator affects which of these functions 
will be in the antiderivative. 



In exercises 1-40, evaluate the integral. 

1. j e ax dx, a ^ 0 2. j cos(ax) dx, a ^0 



f 1 

3. / — , dx, a > 0 

J Vfl 2 - x~ 
5. J sin 6/ dt 

1. j (x 2 + 4) 2 dx 

9. [ — -dx 

J 16 + x 2 

11. [ 1 dx 

J s/3-2x- x 2 

13. [ - — — -dx 

J 5 + 2x + x 2 

f 4t 
15. / dt 

J 5 + 2t + t 2 

17. j e^ 2x dx 

f sin^/x 
21. / — j=- dx 

J -Jx 



4. f — - 1 , a > n 

J |x|Vx 2 -a 2 

6. J sec 2t tan 2t dt 
8. j x(x 2 + 4) 2 dx 



10. / 2 — dx 

J 4 + 4a- 2 

f x + 1 
12. / - dx 

J V3 — 2x — x 2 

f 4x + 4 

I ^ dx 

J 5 + 2x + x 2 

[ 2 t + 1 dt 
J t 2 + 2t + 4 

■ j g 6x dX 
f 2 

/ - 77, dx 

J x'/ 4 + x 

r cos(i/x) ^ 

J x 2 



14 
16 
18 
20 



23. / cosxe smA 'dx 



■r 



r jr/4 

24. / sec 2 xe tanjc dx 



cos 2 1 



dt 



26. 



[ 
I 



w/2 j 



„2 



dt 



27. 



29 



dx 



dx 



( — 
J 1+- 

■ [->— 

J V4-x 2 

31. ( X dx 

J Vl-x 4 

/"1+x 

33 - J T+tf 



t/4 sin f 

x 5 

28. / t dx 



30 



J 1+x 6 

/ 



dx 



v 2 

1 'nx 2 

x 



35. //'— rf- 



37. j x\l x — 3 dx 

r 4 x 2 + i 

Ji sfx 



■JY^e 2 

r 2x 3 

32. / - dx 
J 

34. / — dx 

J six + X 
36. ^ e 21nr dx 

38. ( x(x-3) 2 dx 



39 



dx 



40. 



dx 



In exercises 41-46, you are given a pair of integrals. Evaluate 
the integral that can be worked using the techniques covered so 
far (the other cannot). 



41. [ — — - dx and f — — - • 

J 3 + x 2 J 3+x 3 

42. j sin 3x dx and j sin 3 x dj 

f f ln x 

43. / lnxdx and / dx 

J J 2x 

44. f — — - dx and f — — - 
J 1+x 8 J 1+x 8 

45. y e _JI " dx and / ie _r dx 
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46. 



j sec x dx and j si 



f 2 I x/(x 2 + 1) ifx < 1 

47. Find / f(x) dx, where f(x) = 
Jo 



f Ax + 4 f 3 

/ — dx — I — r dx and complet- 

J 2x 2 + Ax + 10 J 2x 2 + Ax + 10 F 



|i 2 /(r+l) ifx > 1 

48. Rework example 1.5 by rewriting the integral as 

dx 

ing the square in the second integral. 

[ 1 fx fx 2 fx 3 

49. Find / dx, I dx, I r dx and / dx. 

J l + x 2 'J 1 + x 2 'J l + x 2 J 1 + x 2 

f x" 

Generalize to give the form of / ^— — - dx for any positive 



integer n, as completely as you can. 



50. 



fx fx 3 fx 5 

Find / dx, I - dx and / dx. Generalize 

J 1+x 4 J 1+x 4 J 1+x 4 

/x" 
j dx for any odd positive integer 

n, as completely as you can. 



EXPLORATORY EXERCISES 



1. Find f xe x 'dx, f x 3 e x dx and f x 5 e x dx. Generalize to 
give the form of / x"e~* 2 dx for any odd positive integer n. 

2. In many situations, the integral as we've defined it must 
be extended to the Riemann-Stieltjes integral considered 
in this exercise. For functions / and g, let P be a regu- 
lar partition of [a,b] with evaluation points c, s [x,-_i,x,] 

n 

and define the sums R(f, g, P) = J2 /(c ; )[g(x,) - gfe_i)]. 

The integral f f(x)dg(x) equals the limit of the sums 

R(f, g, P) as n — >• oo, if the limit exists and equals the 

same number for all evaluation points c,. (a) Show that 

if g' exists, then £ f(x)dg(x) = /* f(x)g'(x)dx. (b) If 

\la<x<d r ,., ,, 

six) — I tor some constant d with a < d < b, 

[2 a < x < b 

evaluate f* f(x)dg(x). (c) Find a function g(x) such that 
Jo x exists - 



0) 



7.2 INTEGRATION BY PARTS 



At this point, you will have recognized that there are many integrals that cannot be evaluated 
using our basic formulas or integration by substitution. For instance, 



/ 



x sin x dx 



cannot be evaluated with what you presently know. 

We have observed that every differentiation rule gives rise to a corresponding integration 
rule. So, for the product rule: 



HISTORICAL 
NOTES 

Brook Taylor ( 1 685- 1 73 1 ) 

An English mathematician who is 
credited with devising integration 
by parts. Taylor made important 
contributions to probability, the 
theory of magnetism and the use 
of vanishing lines in linear perspec- 
tive. However, he is best known 
for Taylor's Theorem (see section 
9.7), in which he generalized 
results of Newton, Halley, the 
Bernoullis and others. Personal 
tragedy (both his wives died 
during childbirth) and poor health 
limited the mathematical output 
of this brilliant mathematician. 



dx 



[/(*)*(*)] = /'(*)*(*) + fix)g'{x), 



integrating both sides of this equation gives us 

j ^[/<X>g<X>] dx = j f'(x)g(x)dx + j f(x)g'(x) dx. 

Ignoring the constant of integration, the integral on the left-hand side is simply f(x)g(x). 
Solving for the second integral on the right-hand side then yields 

J f(x)g'(x)dx = f(x)g(x)- J f'(x)g(x) dx. 

This rule is called integration by parts. In short, this new rule lets us replace a given inte- 
gral with an easier one. We'll let the examples convince you of the power of this technique. 
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First, it's usually convenient to write this using the notation u = fix) and v = g(x). 
Then, 

du — fix) dx and dv — g'(x) dx, 
so that the integration by parts algorithm becomes 



INTEGRATION BY PARTS 



J u dv — uv — j v du. (2.1) 



To apply integration by parts, you need to make a judicious choice of u and dv so that the 
integral on the right-hand side of (2.1) is one that you know how to evaluate. 



EXAMPLE 2. 1 Integration by Parts 

Evaluate f x sin* dx. 

Solution First, observe that this is not one of our basic integrals and there's no 
obvious substitution that will help. To use integration by parts, you will need to choose 
u (something to differentiate) and dv (something to integrate). If we let 

u — x and dv ~ sinx dx, 

then du — dx and integrating dv, we have 



sinx dx — — cos x + k. 



In performing integration by parts, we drop this constant of integration. (Think about 
why it makes sense to do this.) Also, we usually write this information as the block: 

u — x dv — sinx dx 
du = dx v — —cos x 

This gives us J x sin x dx — j u dv — uv — j v du 

dv 

(— cosx) dx 



= — x cosx + sinx + c. (2.2) 

It's a simple matter to differentiate the expression on the right-hand side of (2.2) and 
verify directly that you have indeed found an antiderivative of x sinx. ■ 



You should quickly realize that the choice of u and dv is critical. Observe what happens 
if we switch the choice of u and dv made in example 2.1, 



EXAMPLE 2.2 A Poor Choice of u and dv 

Consider fx sinx dx as in example 2.1, but this time, reverse the choice of u and dv. 
Solution Here, we let 

u — sinx dv — x dx 

du — cosx dx v — |x 2 

This gives us f (smx)xdx-uv— f v du = -x 2 sinx f x 2 cosx dx. 

J W-^^ J 2 2 J 
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REMARK 2.1 



When using integration by 
parts, keep in mind that you are 
splitting up the integrand into 
two pieces. One of these pieces, 
corresponding to u, will be 
differentiated and the other, 
corresponding to dv, will be 
integrated. Since you can 
differentiate virtually every 
function you run across, you 
should choose a d v for which 
you know an antiderivative and 
make a choice of both that will 
result in an easier integral. If 
possible, a choice of u — x 
results in the simple du — dx. 
You will learn what works best 
by working through lots of 
problems. Even if you don't see 
how the problem is going to end 
up, try something! 



Notice that the last integral is one that we do not know how to calculate any better than 
the original one. In fact, we have made the situation worse in that the power of x in the 
new integral is higher than in the original integral. ■ 



EXAMPLE 2.3 An Integrand with a Single Term 

Evaluate f In x dx . 

Solution This may look like it should be simple, but it's not one of our basic integrals 
and there's no obvious substitution that will simplify it. That leaves us with integration 
by parts. Remember that you must pick u (to be differentiated) and dv (to be integrated). 
You obviously can't pick dv = lnx dx, since the problem here is to find a way to 
integrate this very term. So, try 



u — Inx 

du = - dx 



dv — dx 
v — x 



Integration by parts now gives us 

J In^J^-^ — uv — j v du — x lnx — j x ^— \ dx 



u dv 



— x lnx 



/ 



1 dx — x In x — x + c. 



Frequently, an integration by parts results in an integral that we cannot evaluate directly, 
but instead, one that we can evaluate only by repeating integration by parts one or more 
times. 



REMARK 2.2 



In the second integration by 
parts in example 2.4, if you 
choose u — cos x and 
dv — x dx, then integration by 
parts will leave you with the 
less than astounding conclusion 
that the integral that you started 
with equals itself. (Try this as 
an exercise.) 



EXAMPLE 2.4 Repeated Integration by Parts 

Evaluate f x 2 sinx dx. 

Solution Certainly, you cannot evaluate this as it stands and there is no simplification 
or obvious substitution that will help. We choose 

u — x 2 dv — sinx dx 

du — 2x dx v — — cosx 

With this choice, integration by parts yields 



x cos x dx. 



u dv 



Of course, this last integral cannot be evaluated as it stands, but we could do it using a 
further integration by parts. We now choose 

u — x dv — cosx dx 

du — dx v — sinx 

Applying integration by parts to the last integral, we now have 



/ 



x sin x dx 




j sin x 



= —x" cos x + 2 ^x sin x — 
= —x 2 cos x + 2x sin x + 2 cos x + c. 
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Based on our work in example 2.4, try to figure out how many integrations by parts 
would be required to evaluate f x" sinx dx, for a positive integer n. (There will be more 
on this, including a shortcut, in the exercises.) 

Repeated integration by parts sometimes takes you back to the integral you started 
with. This can be bad news (see Remark 2.2), or this can give us a clever way of evaluating 
an integral, as in example 2.5. 



REMARK 2.3 



For integrals like f e 2x sin x dx 
(or related integrals like 
f e~ 3x cos 2x dx), repeated 
integration by parts as in 
example 2.5 will produce an 
antiderivative. The first choice 
of u and dv is up to you (either 
choice will work) but your 
choice of u and dv in the second 
integration by parts must be 
consistent with your first 
choice. For instance, in example 
2.5, our initial choice of u — e 2x 
commits us to using u — e 2x for 
the second integration by parts, 
as well. To see why, rework the 
second integral taking u — cos x 
and observe what happens ! 



EXAMPLE 2.5 Repeated Integration by Parts with a Twist 

Evaluate f e 2x smx dx. 

Solution None of our elementary methods works on this integral. For integration by 
parts, there are two viable choices for u and dv. We take 

u — e 2x dv — sinx dx 

du = 2e 2x dx v — — cosx 

(The opposite choice also works. Try this as an exercise.) Integration by parts yields 

f ^sj«xdx = -e 2x cosx +2 fe 2x cosx dx. 

u dv 

The remaining integral again requires integration by parts. We choose 

// = e 2x dv — cos x dx 

du — 2e 2x dx v — sinx 

It now follows that 



/ e -sinx.x = - e -cosx + 2/^cosx^x 

u d v 



— —e 2x cosx + 2e 2x sinx — 4 / e ix sinx dx. 



(23) 



Observe that the last line includes the integral that we started with. Treating the integral 
f e 2x sin x dx as the unknown, we can add 4 f e 2x sin x dx to both sides of equation 
(2.3), leaving 



5 / e 2x sinx dx — —e 2x cosx + 2e 2x sinx + K, 



where we have added the constant of integration K on the right side. Dividing both sides 
by 5 then gives us 



2 

e 2x cos x H — e 2x sinx + c, 
5 



f 2* 1 

/ e sin x dx — — 
J 5 

where we have replaced the arbitrary constant of integration j by c 



Observe that for any positive integer n, the integral f x"e x dx will require integration 
by parts. At this point, it should be no surprise that we take 



u — x 
du — nx dx 



dv = e x dx 
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Applying integration by parts gives us 



„/,.-y 



dx. 



(2.4) 



Notice that if n — 1 > 0, we will need to perform another integration by parts. In fact, we'll 
need to perform a total of n integrations by parts to complete the process. An alternative is 
to apply formula (2.4) (called a reduction formula) repeatedly to evaluate a given integral. 
We illustrate this in example 2.6. 



EXAMPLE 2.6 Using a Reduction Formula 

Evaluate the integral f x 4 e x dx. 

Solution The prospect of performing four integrations by parts may not particularly 
appeal to you. However, we can use the reduction formula (2.4) repeatedly to evaluate 
the integral with relative ease, as follows. From (2.4), with n — 4, we have 

Applying (2.4) again, this time with n — 3, gives us 

By now, you should see that we can resolve this by applying the reduction formula two 
more times. By doing so, we get 



/ 



xV dx - xV - 4x V + 12x V - 24xe A + 24e A + c, 
where we leave the details of the remaining calculations to you. ■ 



Note that to evaluate a definite integral, it is always possible to apply integration by parts 
to the corresponding indefinite integral and then simply evaluate the resulting antiderivative 
between the limits of integration. Whenever possible, however (i.e., when the integration 
is not too involved), you should apply integration by parts directly to the definite integral. 
Observe that the integration by parts algorithm for definite integrals is simply 



for a definite integral 


rx=b 


x —b 


px—b 




I udv — uv 




I v du, 




J x=a 


x—a *■ 


x—a 



where we have written the limits of integration as we have to remind you that these refer to 
the values of x. (Recall that we derived the integration by parts formula by taking u and v 
both to be functions of x.) 



EXAMPLE 2.7 Integration by Parts for a Definite Integral 

Evaluate x 3 In x dx. 

Solution Again, since more elementary methods are fruitless, we try integration by 
parts. Since we do not know how to integrate In x (except via integration by parts), 
we choose 



u — lnx dv — x dx 
du — - dx v — \x A 

x 4 
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and hence, we have 

*2 



;/ dv 



f 2 , f 2 1 4 2 1 f 2 4 /l\ 

/ In x x dx — uv — I vdu — -x fnx / x I — I a 



-(2 4 ln2- Tlnl) 
4 V 4,, 



- [ x 3 dx 
4/i 



16 In 2 1 , 

0 x 4 

4 16 



41n2 (2 4 - l 4 ) 

16 



1 15 

4 In 2 (16 - l) = 41n2 . 

16 V ' 16 



Integration by parts is the most powerful tool in our integration arsenal. In order to 
master its use, you will need to work through many problems. We provide a wide assortment 
of these in the exercise set that follows. 



EXERCISES 7.2 



0) 



^) WRITING EXERCISES 



1. Discuss your best strategy for determining which part of the 
integrand should be u and which part should be dv. 

2. Integration by parts comes from the product rule for derivatives. 
Derive an integration technique that comes from the quotient 
rule. Briefly discuss why it would not be a very useful rule. 



In exercises 1-28, evaluate the integrals. 



h 
•/- 

/- 

. / x 2 e- ix c 

■/" 
,/, 

,,/, 

15. j x 3 e* 2 dx 

17. / cosx ln(sinx) dx 

19. f xi 

Jo 

"•/' 

Jo 



1. J xcosxdx 
3. jx^dx 
5. f x 2 lnxdx 
7. 

9. / e x sin 4x dx 

cos x cos 2x dx 



2. J x sin 4x dx 
4. / x In x dx 



x sec' x dx 



: sin 2x dx 



x cos jrx dx 



jxA 
j x In x 

I-. 
I"' 
f 

.JOn 
[ 

J (4 + .,")>/" 

JO 

22. f x 2 e 3x dx 
Jo 



6. / dx 



8. J x l e x dx 
10. [ e 2x cos x dx 
^ sinxsin2xrfx 

14. 
16 
18 

20. / 2x cos x dx 



xf dx 



dx 



23 



lx dx 



/10 pi 
\n2xdx 24. J xln; 

25. j A 2 dx, a 4. 0 26. J x sin (ax) dx, a 4. 0 

27. j x"\nx dx,n 4 -1 

28. y sin (ax) cos (bx) dx,a 4 0,b 4 0 



29. Several useful integration formulas (called reduction formu- 
las) are used to automate the process of performing multiple 
integrations by parts. Prove that for any positive integer n, 



/cos" 



x dx — — cos" 1 
n 



n- 1 r 

inx H / 

n J 



cos" 'xdx. 



(Use integration by parts with u — cos" 1 x and dv — 
cos xdx.) 

30. Use integration by parts to prove that for any positive integer n, 
1 



/sin" 



xdx = sin" 1 x cos 

n 



n - 1 r _, 

xH / sin xax. 

n J 



In exercises 31-38, evaluate the integral using the reduction 
formulas from exercises 29 and 30 and (2.4). 



31. / x 3 e x dx 
33. / cos 3 x dx 

35. / x 4 e x dx 
Jo 

rift 

37. / sin 5 x dx 
Jo 



32 
34 



: dx 
: dx 



. / cos 5 X t 
/ sin 4 x 1 

/* 

Jo 

rift 

38. / sin 6 xdx 
Jo 



36 



sin x dx 
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39. Based on exercises 36-38 and similar integrals, conjecture a 
formula for f* /2 sin™ x dx. (Note: You will need different for- 
mulas for m odd and for m even.) 

40. Conjecture a formula for f^ 2 cos'" x dx. 

In exercises 41-50, evaluate the integral using integration by 
parts and substitution. (As we recommended in the text, "Try 
something!") 



43. J sin ~Jx dx 
45. j sin(lnx)rfx 
J e 6x sin(e 2x )dx 

/ e^dx 
Jo 



47 
49 



42 
44 
46 
48 
50. 



. j tan 1 x dx 
. j e^ dx 
. j xln(4 + x 2 )dx 
. j cos ifx I 

A 

./() 



: dx 



tan x dx 



51. How many times would integration by parts need to be 
performed to evaluate f x"sinxdx (where n is a positive 
integer)? 

52. How many times would integration by parts need to be 
performed to evaluate j x n \nxdx (where n is a positive 
integer)? 

In exercises 53 and 54, name the method by identifying whether 
substitution or integration by parts can be used to evaluate the 
integral. 



(c) 
54. (a) 

(c) 



/ 



x sinx 2 dx 


Cb)j 


x 2 sinx dx 


x In x dx 


(d) j 




xV* dx 


(b)j 


^ x 3 e x dx 


x~ 2 e 4lx dx 


(d) 


x 2 e~ 4x dx 



55. The movie Stand and Deliver tells the story of mathe- 
matics teacher Jaime Escalante, who developed a remark- 
able AP calculus program in inner-city Los Angeles. In one 
scene, Escalante shows a student how to evaluate the integral 
f x 2 sinx dx. He forms a chart like the following: 





sinx 




X 2 


— cosx 


+ 


2x 


—sinx 




2 


cosx 


+ 



Multiplying across each full row, the antiderivative is 
— x 2 cosx + 2x sinx + 2 cosx + c. Explain where each col- 
umn comes from and why the method works on this problem. 

In exercises 56-61, use the method of exercise 55 to evaluate the 
integral. 



56. 



j x 4 sin x 



dx 



57. 



/ 



58. 
60. 



e x dx 



cos 2x dx 



59. j x 4 e 2x dx 
61. j x 3 e~ 3x dx 



62. You should be aware that the method of exercise 55 doesn't 
always work, especially if both the derivative and antideriva- 
tive columns have powers of x. Show that the method doesn't 
work on f x 2 lnxdx. 

63. Show that f cos(mx) cos(nx) dx = 0 and 

/_ sin(rax) sin(rcx) dx — 0 for positive integers m ^ n. 

64. Show that f cos(mx) sin(nx) dx —0 for positive integers 
m and /; and f* cos 2 (nx) dx — f* sin 2 (nx) dx — it, for any 
positive integer n. 

65. Find all mistakes in the following (invalid) attempted 
proof that 0 = — 1. Start with j e x e~ x dx and apply inte- 
gration by parts with u — e x and dv — e~ x dx. This gives 
J e x e~ x dx = — 1 + j e*e~ x dx. Then subtract J e x e~ x dx to 
get0= -1. 

66. Find the volume of the solid formed by revolving the region 
bounded by y — xV sinx and y — 0 (0 < x < n) about the 
x-axis. 

67. Evaluate j e x (lnx + j)) dx by using integration by parts on 
f e x Inxdx. 

68. Generalize the technique of exercise 67 to any integral of the 
form f e x [f(x) + f'(x)]dx. Prove your result without using 
integration by parts. 

69. Suppose that / and g are functions with 

f(0) — g(0) = 0, /(l) = g(l) — 0 and with continuous sec- 
ond derivatives /" and g" . Use integration by parts twice to 
show that 



f f"(x)g(x)dx = f 
Jo Jo 



f(x)g"(x)dx. 



70. Assume that / is a function with a continuous sec- 
ond derivative. Show that f(b) — f(a) + f'(a)(b — a) + 
/* f"(x)(b — x) dx. Use this result to show that | sin b — b\ = 
| f^(b — x) sinx dx\ and conclude that the error in the approx- 
imation sinx w x is at most ^x 2 . 



x cos x dx 



EXPLORATORY EXERCISES 

Integration by parts can be used to compute coefficients 
for important functions called Fourier series. We cover 
Fourier series in detail in Chapter 9. Here, you will discover 
what some of the fuss is about. Start by computing a„ — 
- f x sin«x dx for an unspecified positive integer n. Write 
out the specific values for a l , a 2 , a 3 and a 4 and then form the 
function 

f(x) — a\ sin x + ci2 sin 2x + fl3 sin 3x + a 4 sin 4x . 
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Compare the graphs of y — x and y — f(x) on the interval 
[— it, it]. From writing out «i through a 4 , you should notice a 
nice pattern. Use it to form the function 

g(x) — f(x) + as sin 5x + sin 6x + ai sin Ix + a% sin 8*. 

Compare the graphs of y — x and y — g(x) on the inter- 
val [— n, tt]. Is it surprising that you can add sine func- 
tions together and get something close to a straight line? It 
turns out that Fourier series can be used to find cosine and 
sine approximations to any continuous function on a closed 
interval. 

2. Assume that / is an increasing continuous function on [a, b] 
with 0 < a < b and f(x) > 0. Let A t be the area under 



y — f(x) from x — a to x — b and let Ai be the area to the left 
of y = f(x) from f(a) to f(b). Show that Ai + A 2 = bf(b) - 
af(a) and £ f(x) dx = bf(b) - af(a) - f™ f~\y) dy. 

Use this result to evaluate f*' tan~' x dx. 



y 




0) 7 - 



3 TRIGONOMETRIC TECHNIQUES OF INTEGRATION 



O Integrals Involving Powers of Trigonometric Functions 

Evaluating an integral whose integrand contains powers of one or more trigonometric func- 
tions often involves making a clever substitution. These integrals are sufficiently common 
that we present them here as a group. 

We first consider integrals of the form 



/ ^ * C ° S " XdX > 



where m and n are positive integers. 



Case 1: m or n Is an Odd Positive Integer 

If m is odd, first isolate one factor of sinx. (You'll need this for du.) Then, replace any 
factors of sin 2 x with 1 — cos 2 x and make the substitution u — cos x. Likewise, if n is odd, 
first isolate one factor of cos x. (You'll need this for du.) Then, replace any factors of cos 2 x 
with 1 — sin 2 x and make the substitution u — sin.r. 

We illustrate this for the case where m is odd in example 3.1. 



EXAMPLE 3.1 A Typical Substitution 

Evaluate f cos 4 x sinx dx. 

Solution Since you cannot evaluate this integral as it stands, you should consider 
substitution. (Hint: Look for terms that are derivatives of other terms.) Here, letting 
u — cosx, so that du — — sinx dx, gives us 

j cos 4 x sin x dx — — j cos 4 ^: (—sin x) dx — — j u 4 du 

u 4 du 

U 5 COS 5 X 
= -\- C — -4- C. Since u = cos.v. 
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While this first example was not particularly challenging, it should give you an idea of 
what to do with example 3.2. 



EXAMPLE 3.2 An Integrand with an Odd Power of Sine 

Evaluate f cos 4 x sin 3 x dx . 

Solution Here, with u — cosx, we have du — — sinx dx, so that 

J cos 4 x sin 3 x dx — j cos 4 x sin 2 x sinx dx — — j cos 4 x sin 2 x(— sinx) dx 

— —j cos 4 x(l — cos 2 x) (—sinx) dx = — j u 4 (l—u z )du 

■ , 7l , Since sin" x + cos x = 1 , 

« 4 (1 - u 2 ) du -2,2 

sin x = 1 — cos x 

= _ j {u i -u ( ')du = -^j-^ 



-\- C. Since u = cosx. 



The ideas used in example 3.2 can be applied to any integral of the specified form. 



NOTES 

Half-angle formulas 

sin 2 x = ^(1 — cos2x) 
cos 2 x = ^(1 +cos2x) 



EXAMPLE 3.3 An Integrand with an Odd Power of Cosine 

Evaluate f Vsinx cos 5 x dx. 

Solution Observe that we can rewrite this as 

/ Jtncofxdx = j Vsi^cos 4 xcosx dx = j Vsir^(l - sin 2 x) 2 cosx dx. 

Substituting u = sinx, so that du = cosx dx, we have 

j V sin x cos 5 x dx — j Vsinx (1 — sin 2 x) 2 cosxc?x 



7i7(l - "~ )~ 



du 



j V«C1 - u 2 ) 2 du = j u 1/2 (l - 2u 2 + u 4 ) du 

/ 



(m 1/2_ 2m 5 / 2 + M 9 / 2 ) du 

2 



11 



u u l 2 + c 



= -sin 3 / 2 x 



Sin 7 '' 2 X H Sin 1 1/2 X + C. Since H = sinx. 



-I- — 

3 7 11 
Looking beyond the details of calculation here, you should see the main point: that all 
integrals of this form are calculated in essentially the same way. ■ 



Case 2: m and n Are Both Even Positive Integers 

In this case, we can use the half-angle formulas for sine and cosine (shown in the margin) 
to reduce the powers in the integrand. 
We illustrate this case in example 3.4. 
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EXAMPLE 3.4 An Integrand with an Even Power of Sine 

Evaluate f siirxdx. 

Solution Using the half-angle formula, we can rewrite the integral as 

J siirxdx — — j(l — cos2x)dx. 

We can evaluate this last integral by using the substitution u = 2x, so that du = 2dx. 
This gives us 

/sin 2 x dx — - ( - ) f (1 — cos2x)2dx — - f (I — cos u) du 
2\2) J I . ^ 4j y 

1-cosM du 

1 1 

= -(u — sin u) + c — -(2x — sin 2x) + c. since « = 2x. 

4 4 ■ 



With some integrals, you may need to apply the half-angle formulas several times, as 
in example 3.5. 



EXAMPLE 3.5 An Integrand with an Even Power of Cosine 

Evaluate f cos 4 * dx. 

Solution Using the half-angle formula for cosine, we have 



J cos 4 x dx — j (cos 2 x) 2 dx — - j 



cos x dx — J (cos x) dx = — / (1 + cos2x) dx 

1 f j 
— - |(l + 2 cos 2x + cos 2x) dx. 

Using the half-angle formula again, on the last term in the integrand, we get 



f cos 4 x dx — — j 



1 

1+2 cos 2x + -(1 + cos4x) 



dx 



3 1 1 

- —x-\ — sin2x H sin4x + c, 

8 4 32 

where we leave the details of the final integration as an exercise. 



Our next aim is to devise a strategy for evaluating integrals of the form 

/' 

where m and n are integers. 



tan" 1 x sec" x dx , 



Case 1: m Is an Odd Positive Integer 

First, isolate one factor of sec x tanx. (You'll need this for du.) Then, replace any factors 
of tan 2 x with sec 2 x — 1 and make the substitution u = secx. 
We illustrate this in example 3.6. 
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EXAMPLE 3.6 An Integrand with an Odd Power of Tangent 

Evaluate f tan 3 x sec 3 x<sfx. 

Solution Looking for terms that are derivatives of other terms, we rewrite the 
integral as 

j tan 3 x sec 3 x dx — J tan 2 x sec 2 x (secx tanx) dx 

— j (sec 2 x — 1) sec 2 x (secx tanx) dx , 
where we have used the Pythagorean identity 

tan 2 x — sec 2 x — 1. 

You should see the substitution now. We let u — secx, so that du — secx tanx dx and 
hence, 



j tan 3 x sec 3 x dx — j (sec 2 x — 1) sec 2 x (sec x tan x) dx 

(u 2 - l)/r du 

— j (u 1 — \)u 2 du — j (m 4 — u 1 ) du 



1 5 1 3 1 5 1 3 

— U U + C — - Sec X Sec X+C. Since ii = sec x. 

5 3 5 3 



Case 2: n Is an Even Positive Integer 

First, isolate one factor of sec 2 x. (You'll need this for du.) Then, replace any remaining 
factors of sec 2 x with 1 + tan 2 x and make the substitution u = tan x. 
We illustrate this in example 3.7. 



EXAMPLE 3.7 An Integrand with an Even Power of Secant 

Evaluate f tan 2 x sec 4 x dx. 

Solution Since tanx = sec 2 x, we rewrite the integral as 

/Od. 1999 19 99 

tan" x sec x dx — I tan x sec x sec x c/x = / tan x(l + tan x) sec" x c/x. 

Now, we let u = tan x, so that du — sec 2 x dx and 

/" tan 2 x sec 4 x <ix = j tan 2 x( 1 + tan 2 x) sec 2 x dx 

— j u 2 (l + u 2 )du — j ' (u 2 + m 4 ) c/m 



1 1 1 5 

= —u H M + c 



3 5 

1 3 
- tan~ x H 

3 5 



1 i 1 5 

= - tan~ X H tan X + C. Since » = tan.v. 
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Case 3: m Is an Even Positive Integer and n Is an Odd Positive Integer 

Replace any factors of tan 2 x with sec 2 x — 1 and then use a special reduction formula (given 
in the exercises) to evaluate integrals of the form f sec" x dx. This complicated case will 
be covered briefly in the exercises. Much of this depends on example 3.8. 



EXAMPLE 3.8 An Unusual Integral 

Evaluate the integral f secxdx. 

Solution Finding an antiderivative here depends on an unusual observation. Notice 

sec x + tan x 

that if we multiply the integrand by the fraction (which is of course equal 

sec x + tan x 

to 1), we get 

/[ ( sec x + tan x \ 
sec x dx — I sec x I I dx 

J \ sec x + tan x J 

/sec 2 x + sec x tan x 
dx. 
sec x + tan x 

Now, observe that the numerator is exactly the derivative of the denominator. That is, 

d , 
— (secx + tanx) = secx tanx + sec x, 
dx 

so that taking u — sec x + tan x gives us 



/[ sec- x + sec x tan x 
sec x dx — I dx 
J sec x + tan x 

= 11 



du — In \u\ + c 

— In |seCX + tanx| + C. Since « = seci + tan x. 



O Trigonometric Substitution 

If an integral contains a term of the form ~Ja 2 — x 2 , "J a 2 + x 2 or ~J x 2 — a 2 , for some 
a > 0, you can often evaluate the integral by making a substitution involving a trig function 
(hence, the name trigonometric substitution). 

First, suppose that an integrand contains a term of the form \l a 2 — x 2 , for some a > 0. 
Letting x — a sin 8, where — | < 9 < |, we can eliminate the square root, as follows: 

yj a 2 — x 2 — V 'a 2 — (a sin#) 2 = V 'a 2 — a 2 sin 2 0 
— a V 1 — sin 2 9 — a V cos 2 6 — a cos 0 , 

since for — | < 9 < cos 9 > 0. Example 3.9 is typical of how these substitutions are 
used. 



NOTE 

Terms of the form ~Ja 2 — x 2 can 
also be simplified using the 
substitution x = a cos 9, using a 
different restriction for 6. 



EXAMPLE 3.9 An Integral Involving Va 2 - x 2 



Evaluate 




Solution You should always first consider whether an integral can be done directly, 
by substitution or by parts. Since none of these methods help here, we consider 
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2 sin 0 = x 



FIGURE 7.1 



trigonometric substitution. Keep in mind that the immediate objective here is to 
eliminate the square root. A substitution that will accomplish this is 



x — 2 sin ( 



71 Tt 

for < 9 < -. 

2 2 



(Why do we need strict inequalities here?) This gives us 

dx = 2 cos 9 d9 



and hence, 



/ ;c 2 V4^r? dx / 

-/ 
■/ 



i 



(2 sin9) 2 v/4-(2 sin<9) 2 
2 cos 9 

de 



2 cos 6d6 



4 sin 2 9 -J A - 4 sin 2 I 
cos 9 



(2 sin 2 9) 2 yf\ - sin 2 i 

cos 9 

- 7 d9 

4 sin - 9 cos 9 



esc 1 9 d6 = — cot( 
4 



d6 



Since 1 — sin" 8 = cos 2 



C. Since — ; — = csc~#. 
sin" # 



The only remaining problem is that the antiderivative is presently written in terms of the 
variable 9. When converting back to the original variable x — 2 sin 9, we urge you to 
draw a diagram, as in Figure 7.1. Since the substitution was x — 2 sin#, we have 
x opposite 



siny = — = 

2 hypotenuse 



and so we label the hypotenuse as 2. The side opposite the 



angle 9 is then 2 sin 9. By the Pythagorean Theorem, we get that the adjacent side is 
V4 — x 2 , as indicated. So, we have 



coty — 



,9 V4-x 2 



It now follows that 



/ 



l V4^x- 



dx 



sin 9 



cot( 



1 V4^x~ 2 
4 x 



Next, suppose that an integrand contains a term of the form ~Ja 2 + x 2 , for some a > 0. 
Taking x — a tan#, where — ? < 0 < f , we eliminate the square root, as follows: 



Va 2 + x 2 — Va 2 + (a tan6>) 2 = -y/a 2 + a 2 tan 2 £ 
= a\/ 1 + tan 2 0 = a-J sec 2 0 = a sec I 



since for —^<9<j, sec 9 > 0. Example 3.10 is typical of how these substitutions are 
used. 



EXAMPLE 3.10 An Integral Involving Vo 2 + x 2 



f 1 
Evaluate the integral / , 

J V9TX 2 



dx. 
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Solution You can eliminate the square root by letting x — 3 tan0, for — f < 9 < |. 
This gives us dx — 3 sec 2 9d9, so that 

f 1 dx = f 1 — 3 sec 2 9 d9 

J V9 + x 2 J 79 + (3 tan (9) 2 

3 sec 2 ( 



/ 
/ 
/ 



V9 + 9tan 2 ( 



<i<9 



3 sec 2 9 

dd 



3Vl + tan 2 ( 
sec 2 0 

uO Since 1 + tan 2 0 = sec 2 



sec t) 
J sec 0 d# 
In Isec0 + tan 01 + c, 



from example 3.8. We're not done here, though, since we must still express the integral 
in terms of the original variable x. Observe that we had x = 3 tan 6, so that tan 9 — | . It 
remains only to solve for sec 9. Although you can do this with a triangle, as in example 
3.9, the simplest way to do this is to recognize that for — | < 9 < |, 



:9 = yfl + tan 2 9 =Jl + (^) 



This leaves us with / 1 dx — In Isec 9 + tan 9 1 + c 
J V9Tx* 



V9 

- In 



' + () 



3/ 3 



Finally, suppose that an integrand contains a term of the form ~J x 2 — a 2 , for some 
a > 0. Taking x — a sec 9, where 9 e [0, |) U (|,7r], we eliminate the square root, 
as follows: 



yj x 2 — a 2 — (a sec<9) 2 — a 2 = \/ a 2 sec 2 9 — a 2 
— a^J sec 2 (9—1 = aV tan 2 0 = a |tan0|. 



Notice that the absolute values are needed, as tan 9 can be both positive and negative on 
[0, f ) U (y, 7r]. Example 3.11 is typical of how these substitutions are used. 



EXAMPLE 3.11 An Integral Involving Vx 2 - a 2 



Evaluate the integral / dx, for x > 5. 

J x 

Solution Here, we let x — 5 sec 0, for 9 e [0, |), where we chose the first half of the 
domain [0, | ) U (|, n\, so that x — 5 sec 9 > 5. (If we had x < —5, we would have 



Vx 2 - 25 
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chosen 9 e (|, it].) This gives us dx — 5 sec 6 tan 0 dO and the integral then becomes: 
-Jx 2 - 25 /■ V(5 sec (9) 2 - 25 



f Jx 2 - 25 J /■ 
J—^ dX = J 



5 sec ( 



(5 sec 0 tan 0) d9 



= J V25 sec 2 1 
- j 5Vsec 2 (9 



25 tan# 



1 tan (9 d6 



tan 2 0 flf# Since sec 2 9-1 = tan 2 9. 



(sec 2 6 -\)dd 

= 5(tan8 - 9) + c. 
Finally, observe that since x — 5 sec#, for 0 e [0, f ), we have that 



tan6> - Vsec 2 0 - 1 = y - 1 = 

and 9 = sec -1 (|). We now have 
f Vx 2 - 25 

/ dx - 5(tan 0 - 0) + c 

= V* 2 - 25 -5 sec" 1 (j) 



c. 



You will find a number of additional integrals requiring trigonometric substitution in 
the exercises. The principal idea here is to see that you can eliminate certain square root 
terms in an integrand by making use of a carefully chosen trigonometric substitution. 

We summarize the three trigonometric substitutions presented here in the following 
table. 



Expression 


Trigonometric 
Substitution 


Interval 


Identity 


Vfl 2 - x 2 


x — a sin 6 


-f <e < f 


1 — sin - 6 = cos 2 6* 


Va 2 4- x 2 


x — a tan 6 


-f < 9 < | 


1 4- tan 2 6 = sec 2 6* 


Vx 2 - a 2 


x — a sec 8 


0 e [0, f)U(f,jr] 


sec 2 6-1= tan 2 6* 



EXERCISES 7.3 Q) 

5$ WRITING EXERCISES 

1. Suppose a friend in your calculus class tells you that this sec- 
tion just has too many rules to memorize. Help your friend 
out by making it clear that each rule indicates when certain 
substitutions will work. In turn, a substitution u(x) works if 
the expression u'(x) appears in the integrand and the resulting 
integral is easier to integrate. For each of the rules covered in 



the text, identify u'(x) and point out why n has to be odd (or 
whatever the rule says) for the remaining integrand to be work- 
able. Without memorizing rules, you can remember a small 
number of potential substitutions and see which one works for 
a given problem. 

2. In the text, we suggested that when the integrand contains a 
term of the form V4 — x 2 , you might try the trigonometric 
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substitution x = 2 sin$. We should admit now that this does 
not always work. After a substitution, how can you tell whether 
the substitution worked? 



In exercises 1-44, evaluate the integrals. 

l.fcosx^xdx ^cosWxdx 



/ cos 2x sin 3 2x dx 4. / 

J0 Jx/- 

r 11 7 r° 

5. / cos x sin x dx 6. / cos~ x sin x dx 

Jo J-ir/2 

7. j cos 2 (x4-l)dx 8. J sin 4 (x-3)dx 

9. j tanx sec 3 xdx 10. y cotx esc 4 x dx 

11. J xtan 3 (x 2 4- 1) sec(x 2 4- l)dx 

12. y tan (2* + 1) sec 3 (2x + 1) dx 

13. jctfxcrfxdx 14. y cot 2 x esc 2 xdx 
15. / tan 4 x sec 4 jc dx 16. / tan 4 x sec 2 x dx 

Jo J-it/4 

17. y cos 2 x sin 2 x dx 18. y (cos 2 x + sin 2 x) dx 

/0 fir /2 

V cos x sin 3 x dx 20. / cot 2 x esc 4 x dx 

-7I-/3 Jn/A 

21. /" 1 dx 22. ( 1 dx 

i x 2 V9^3? J x 2 VT6^ 



V16-X 2 



J Vl6-x 2 J V9^2 

. f x/4 - x 2 dx 26. ( * 

Jo Jo V4 — x 2 



. f -=L= dx 28. ( x 3 /^ 
J Vx^9 J 

. f -. 2 dx 30. ( -— L 

J Vx 2 -4 J Vx 1 ^ 



dx 
1 dx 
dx 



3i. y dx 32. y ^e± * 



33 
35 



/" ; = dx 34. /" xV8 + x 2 dx 

J -J^Tx 2 J 

f y/l6 + x 2 dx 36. f , 1 d 
J J V4+^ 

37. f x/x 2 4- 8 dx 38. ( xVx 2 4- 5 

Jo JO 

fx 3 /" x 4- 1 

39. / dr 40. / d 

J Vl 4-x 2 J V4 4-x 2 

41. f = dx 42. / 2 , 

J six 1 4- 4x J V* 2 - 6x 



43. 



( * - dx 44. f 

J VlO 4- 2x 4- x 2 J 



V4x - x 2 



dx 



In exercises 45 and 46, evaluate the integral using both substi- 
tutions u = tan x and u = sec x and compare the results. 



45. y tanx sec 4 x 



dx 



46. 



x sec x dx 



47. (a) Show that for any integer n > 1, we have the reduction 
formula 



y seC " 



x dx 



1 



n - 1 



« — 2 f 2 

4 / sec xdx. 

n — lj 



Evaluate (b) f sec 3 x dx, (c) f sec 4 x dx and (d) f sec 5 x dx. 

2 o 
x y 

48. The area of the ellipse — + '— — 1 is given by 

a 1 b- 

4b f r- 

— / v a- — x 2 dx. Compute this integral. 
a Jo 

49. Show that j cscx dx = In |cscx — cotx| 4- c and evaluate 
y esc 3 xdx. 

1 



50. Show that 
1 



/ 



/ 



cosx + 1 



cosx — 1 
dx = cscx — cotx + c 



dx = cscx + cotx + c and 



51. Evaluate the antiderivatives in examples 3.2, 3.3, 3.5, 3.6 
and 3.7 using your CAS. Based on these examples, specu- 
late whether or not your CAS uses the same techniques that 
we do. In the cases where your CAS gives a different an- 
tiderivative than we do, comment on which antiderivative looks 
simpler. 

52. (a) One CAS produces — j sin 2 x cos 5 x — ^ cos 5 x as an anti- 

derivative in example 3.2. Find c such that this equals our 
antiderivative of — | cos 5 x + = cos 7 x + c. 
(b) One CAS produces — ^ tanx — -j sec 2 x tanx + 
i sec 4 x tan x as an antiderivative in example 3.7. Find 
c such that this equals our antiderivative of i tan 3 x + 



53. In an AC circuit, the current has the form i(t) — I cos(cot) for 
constants / and u>. The power is defined as Ri 2 for a constant 
R. Find the average value of the power by integrating over the 
interval [0, 2jr/w], 



EXPLORATORY EXERCISES 



1. In section 7.2, you were asked to show that for positive 
integers m and n with m^n, f cos(mx)cos(«x)dx = 
0 and f_ sin(mx) sin(nx) dx = 0. Also, f* yt cos 2 (nx)dx — 
f*^ sin 2 (nx)dx = n. Finally, f* cos(wx) sin(nx) dx = 0, 
for any positive integers m and n. We will use these formu- 
las to explain how a radio can tune in an AM station. 

Amplitude modulation (or AM) radio sends a signal (e.g., 
music) that modulates the carrier frequency. For example, if the 
signal is 2 sin t and the carrier frequency is 16, then the radio 
sends out the modulated signal 2 sinf sin 16/. The graphs of 
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y = 2sinf, y 
the figure. 



-2 sin t and y = 2 sin t sin 16/ are shown in 




The graph of y — 2 sin / sin 16/ oscillates as rapidly as the car- 
rier sin 1 6/ , but the amplitude varies between 2 sin / and — 2 sin t 
(hence the term amplitude modulation). The radio's problem 
is to tune in the frequency 16 and recover the signal 2sinf. 
The difficulty is that other radio stations are broadcasting si- 
multaneously. A radio receives all the signals mixed together. 
To see how this works, suppose a second station broadcasts the 
signal 3 sin t at frequency 32. The combined signal that the 
radio receives is 2 sin t sin 16? + 3 sin/ sin 32f. We will decom- 



pose this signal. The first step is to rewrite the signal using the 
identity 

1 1 

sin A sin B — - cos(6 — A) cos(S + A). 



The signal then equals 



/(/) = cos 15/ - cos 17/ + - cos 3 It 



■ cos 33/. 



If the radio "knows" that the signal has the form c sin /, 
for some constant c, it can determine the constant c at fre- 
quency 16 by computing the integral f /(/)cos 15/ dt and 
multiplying by 2/7/ . Show that f_ /(/) cos 1 5/ dt — it , so that 
the correct constant is c = jr(2/?r) = 2. The signal is then 
2 sin/. To recover the signal sent out by the second station, 
compute f_ /(/)cos31/ dt and multiply by 2/7/. Show that 
you correctly recover the signal 3 sin /. 

2. In this exercise, we derive an important result called Wallis' 
product. Define the integral /„ = J^ 2 sin" x dx for a positive 



integer n. (a) Show that /„ = -^I n -2. (b) Show that — 



2 2 4 2 ■ ■ ■ (2//) 2 2 



3 2 5 2 - ■■{2n - l) 2 (2/7 4- l)?r 

7/ 2 2 4 
conclude that — = lim — — 

2 »^oo 3 2 5 2 



(c) Given that lim 



hn+i 



= 1, 



■ (2n f 



(2n - l) 2 (2/7 + 1) 



INTEGRATION OF RATIONAL FUNCTIONS 
USING PARTIAL FRACTIONS 



In this section, we introduce a method for rewriting certain rational functions that is very 
useful in integration as well as in other applications. We begin with a simple observation. 
Note that 



3(x - 5) - 2(x + 2) 
(x + 2)(x - 5) 



19 



3x - 10 



(4.1) 



So, suppose that you wanted to evaluate the integral of the function on the right-hand side 
of (4.1). While it's not clear how to evaluate this integral, the integral of the (equivalent) 
function on the left-hand side of (4.1) is easy to evaluate. From (4.1), we have 



h 



19 



- 3x - 10 
The second integrand 



dx 



/ {x+2 



2 x 
3 



dx = 3 In \x + 21 - 2 In \x - 5| 



is called a partial fractions decomposition of the first integrand. More generally, if the three 
factors ciyx + b\ , ciix + bo and a^x + are all distinct (i.e., none is a constant multiple of 
another), then we can write 



a\x 



B 



(ciix + b2)(cii,x + bs) d2X + bn a-sx + b^ 



for some choice of constants A and B to be determined. Notice that if you wanted to integrate 
this expression, the partial fractions on the right-hand side are very easy to integrate. 



7-23 



SECTION 7.4 •' Integration of Rational Functions Using Partial Fractions 



443 



EXAMPLE 4.1 Partial Fractions: Distinct Linear Factors 



Evaluate 



f — 

J x 2 + i 



x-2 



dx. 



Solution First, note that you can't evaluate this as it stands and all of our earlier 
methods fail to help. (Consider each of these for this problem.) However, we can make a 
partial fractions decomposition, as follows. 



1 



1 



B 



x 2 +x-2 (x - l)(x + 2) x - 1 x + 2 

Multiplying both sides of this equation by the common denominator (x — l)(x + 2), 
we get 



1 = A(x +2) + B(x - 1). 



(4.2) 



We would like to solve this equation for A and B. The key is to realize that this equation 
must hold for all x. In particular, for x = 1, notice that from (4.2), we have 

1 = A(l +2) + 5(1 - 1) = 3A, 

so that A — \. Likewise, taking x — —2, we have 



1 = A(-2 + 2) + B{-2 - 1) = -35, 



so that B 



Thus, we have 



/ x 2 + x-2 dX f 3\x-l) 3C+2). d 



1 1 
= -ln|x - 1| - -ln|x +2| + c. 



We can do the same as we did in example 4.1 whenever a rational expression has a 
denominator that factors into n distinct linear factors, as follows. If the degree of P{x) < n 
and the factors (a,x + £>,), for i — 1 , 2, . . . , n are all distinct, then we can write 



Partial fractions: 
distinct lineal" factors 



P(x) 



C'2 



{a\x + bi)(ci2X + bi) ■ ■ ■ (a n x + b„) a\x + b\ a 2 x + £> 2 



for some constants c\, Co, ■■•,£„. 



EXAMPLE 4.2 Partial Fractions: Three Distinct Linear Factors 



Evaluate 



/ 



3x 2 -lx-2 



dx. 



Solution Once again, our earlier methods fail us, but we can rewrite the integrand using 
partial fractions. We have 

3x 2 -lx-2 3x 2 -7x-2 A B C 



x — x x(x — l)(x +1) x x — 1 x + 1 



Multiplying by the common denominator x(x — l)(x + 1), we get 



3x 2 - Ix - 2 = A(x - Y)(x + 1) + Bx(x + 1) + Cx(x - 1). 



(4.3) 



444 CHAPTER 7 •• Integration Techniques 7-24 

In this case, note that taking x — 0, we get 

-2 = A(-1)(1) = -A, 

so that A — 2. Likewise, taking x = 1, we find B = — 3 and taking x = — 1, we find 
C = 4. Thus, we have 

f 3x2 - 7x ~ 2 d x=[( 2 ~-^ + ^- 
J X s — x J \x x — l x+l 

= 2ln\x\ -3\n\x - 1| +41n|x + 1| + c. 




REMARK 4.1 



If the numerator of a rational 
expression has the same or 
higher degree than the 
denominator, you must first 
perform a long division and 
follow this with a partial 
fractions decomposition of the 
remaining (proper) fraction. 



EXAMPLE 4.3 Partial Fractions Where Long Division Is Required 



Find the indefinite integral of f(x) 
decomposition. 



2x 3 - Ax 1 - 15* + 5 
x 2 - 2x - 8 



using a partial fractions 



Solution Since the degree of the numerator exceeds that of the denominator, first 
divide: 

2x 



x 2 - 2x - 8) 2x 3 - 4x 2 - I5x + 5 
2x 3 - Ax 2 - 16* 



Tt. t. ^ ^ 2x3 " 4x2 " 15X + 5 o 

Thus, we have f (x) = = = 2x 

JK ' x 2 -2x-% 



x + 5 

x + 5 



x 2 - 2x - 8 ' 



The remaining proper fraction can be expanded as 

x + 5 x+5 A 



B 



x 2 - 2x - 8 (x - 4)0 +2) x - 4 jc + 2' 



It is a simple matter to solve for the constants: A = | and B 
exercise.) We now have 



4. (This is left as an 



2jc 3 - Ax 2 - \5x + 5 



-2x-8 



dx 



-f 



2x 



1 



2 \i -4 



2 \ x + 2 



dx 



-ln[*-4|--ln|*+2|+c. 



Partial fractions: 
repeated linear factors 



If the denominator of a rational expression contains repeated linear factors, the de- 
composition looks like the following. If the degree of P(x) is less than n, then we can 
write 



P(x) 



t'2 



{ax + b)" ax + b (ax + b) 2 (ax + b) n ' 

for constants c\ , Ci, . . . , c n to be determined. 



Example 4.4 is typical. 



EXAMPLE 4.4 Partial Fractions with a Repeated Linear Factor 

Use a partial fractions decomposition to find an antiderivative of 

5x 2 + 20x + 6 



fix) 



■2x 2 
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Solution First, note that there is a repeated linear factor in the denominator. We have 



5x 2 + 20x+6 5x 2 + 20x + 6 A B 



C 



x 3 +2x 2 + x x(x + l) 2 x x+l (x + 1) 2 ' 

Multiplying by the common denominator x(x + l) 2 , we have 

5x 2 + 20x + 6 = A(x + l) 2 + Bx(x + 1) + Cx. 

Taking x — 0, we find A — 6. Likewise, taking x = —1, we find that C — 9. To 
determine B, substitute any convenient value for.*, say x = 1. (Unfortunately, notice 
that there is no choice of x that will make the two terms containing A and C both zero, 
without also making the term containing B zero.) You should find that B — —1. So, 
we have 



f 5x 2 + 20x + 6 _ f 
J x 3 + 2x 2 + x X ~ J 



1 



dx 



x+l (x + l) 2 _ 
6 In \x\ - In \x + 1 1 - 9(x + l)" 1 + c. 



We can extend the notion of partial fractions decomposition to rational expressions 
with denominators containing irreducible quadratic factors (i.e., quadratic factors that have 
no real factorization). If the degree of P(x) is less than 2n (the degree of the denominator) 
and all of the factors in the denominator are distinct, then we can write 



Partial fractions: 
irreducible quadratic factors 



P(x) 


(a\x 2 + b\x + ci)(ci2X 2 


+ b^x + c 2 ) • • • (a n x 2 - 


\- b„x + c„) 


A\X + Bi 


A 2 x + B 2 


A. n x -\- B n 


a\x 2 + b\x + c\ 


a 2 x 2 + b 2 x + c 2 


a n x 2 + b n x + c„ 



(4.4) 



Think of this in terms of irreducible quadratic denominators in a partial fractions 
decomposition getting linear numerators, while linear denominators get constant numera- 
tors. If you think this looks messy, you're right, but only the algebra is messy (and you can 
always use a CAS to do the algebra for you). You should note that the partial fractions on 
the right-hand side of (4.4) are integrated comparatively easily using substitution together 
with possibly completing the square. 



EXAMPLE 4.5 Partial Fractions with a Quadratic Factor 

2x 2 — 5x + 2 

Use a partial fractions decomposition to find an antiderivative of fix) — r . 

X s + x 

Solution First, note that 

2x 2 - 5x + 2 _ 2x 2 - 5x + 2 _ A Bx + C 

x 3 + x x(x 2 +1) X X 2 + 1 
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Multiplying through by the common denominator x(x 2 + 1) gives us 

2x 2 -5x + 2 = A(x 2 + 1) + (Bx + C)x 
= (A + B)x 2 + Cx + A. 

Rather than substitute numbers for x (notice that there are no convenient values to plug 
in, except for x — 0), we instead match up the coefficients of like powers of x: 

2 = A + B 
-5 = C 
2 = A. 

This leaves us with 5 = 0 and so, 



f2x 2 -5x + 2 [{2 5 \ _, 

/ ax — I I z I dx — 2 In \x\ — 5 tan x + c. 

J x*+x J \x X 2 + lJ 



Partial fractions decompositions involving irreducible quadratic terms often lead to 
expressions that require further massaging (such as completing the square) before we can 
find an antiderivative. We illustrate this in example 4.6. 



EXAMPLE 4.6 Partial Fractions with a Quadratic Factor 

Use a partial fractions decomposition to find an antiderivative for 

5x 2 + 6x + 2 
f(X '~ (x + 2)(x 2 + 2x + 5) 

Solution First, notice that the quadratic factor in the denominator does not factor and 
so, the correct decomposition is 

5x 2 + 6x + 2 A Bx + C 

(x + 2)(x 2 + 2x + 5) ~ x + 2 + x 2 + 2x + 5' 

Multiplying through by (x + 2)(x 2 + 2x + 5), we get 

5x 2 + 6x + 2 = A(x 2 + 2x + 5) + (Bx + C)(x + 2). 

Matching up the coefficients of like powers of x, we get 

5 = A + B 

6 = 2A + 2B + C 
2 = 5A + 2C. 

You'll need to solve this by elimination. We leave it as an exercise to show that 
A — 2, B — 3 and C ~ —4. Integrating, we have 

f 5x 2 + 6x + 2 f ( 2 3x - 4 \ 

/ dx= I + — dx. (4.5) 

J (x + 2)(x 2 + 2x + 5) J \x+2 x 2 + 2x+5j 



The integral of the first term is easy, but what about the second term? Since the 
denominator doesn't factor, you have very few choices. Try substituting for the 
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denominator: let u — x z + 2x + 5, so that du = (2x + 2) dx. Notice that we can write 
the integral of the second term as 



/ 



3x -4 
x 2 + 2x + 5 



dx 



r 3(x + 1) - 7 _ nn\ 

J x 2 +2x+5 y Lv 2 / 



= 3 r 

2J x 



2 + 2x + 5 
2(x + 1) 



2 + 2x + 5 



dx 



/ x 2 + 2. 



2(x + 1) 7 

x 2 + 2x + 5 x 2 + 2x + 5 

dx 



dx 



ln(x 2 + 2x + 5) 



2 + 2x + 5 



2x +5 



dx. 



(4.6) 



Completing the square in the denominator of the remaining integral, we get 



f , 7 dx=[ 
J x 2 + 2x + 5 J 



7 j 7 + 
rfx = - tan + c. 

(x + l) 2 +4 2 V 2 



(We leave the details of this last integration as an exercise.) Putting this together with 
(4.5) and (4.6), we now have 



/ 



5x 2 + 6x + 2 3 , 7 , fx + 1> 

dx — 2 In |x + 2| + - ln(x 2 + 2x + 5) tan 1 | + c. 

(x + 2)(x 2 + 2x + 5) ' ' 2 2 V2 



REMARK 4.2 



Most CASs include commands 
for performing partial fractions 
decomposition. Even so, we 
urge you to work through the 
exercises in this section by 
hand. Once you have the idea of 
how these decompositions 
work, by all means, use your 
CAS to do the drudge work for 
you. Until that time, be patient 
and work carefully by hand. 



Rational expressions with repeated irreducible quadratic factors in the denominator are 
explored in the exercises. The idea of these is the same as the preceding decompositions, 
but the algebra is even messier. 

Using the techniques covered in this section, you should be able to find the partial 
fractions decomposition of any rational function, since polynomials can always be factored 
into linear and quadratic factors, some of which may be repeated. 



O Brief Summary of Integration Techniques 

At this point, we pause to briefly summarize what we have learned about techniques 
of integration. While you can differentiate virtually any function that you can write 
down, we are not nearly so fortunate with integrals. Many cannot be evaluated at all 
exactly, while others can be evaluated, but only by recognizing which technique might 
lead to a solution. With these things in mind, we present now a few hints for evaluating 
integrals. 



Integration by Substitution: J f(u(x)) u'{x) dx = j f(u) du 



What to look for: 

1. Compositions of the form f(u(x)), where the integrand also contains u'(x); for 
example, 



J 2x cos(x 2 ) dx — j cos(x 2 ) 



= J cos u du. 
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2. Compositions of the form f(ax + b); for example, 
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r '~iP f u — i 

/ —j^=^ dx — I — — du. 

J y/X + 1 J yJU 

Integration by Parts: J u dv — uv - J v du 

What to look for: products of different types of functions: x" , cos x, e x ; for example, 



/ 



2x cos x dx 



u — x dv — cosx dx 

du — dx v — sinx 



J sinx 



dx. 



Trigonometric Substitution: 

What to look for: 



1. Terms like V« 2 — x 2 : Let x — a sin 6 (-*/ 2 < 0 < so tnat dx — a cos 6 d6 and 
■J a 2 — x 2 — V a 2 — a 2 sin 2 6 — a cos 0; for example, 



sin-0 



f X f 2 

I dx — I sin" 6 d6. 

J J\-x 2 ^ J 



cos 9 



c 

2. Terms like Vx 2 + a 2 : Let x = a tan (9 (-^ < 6 < n/ 2 ), so that rfx = a sec 2 6 dO and 
Vx 2 + a 2 — Va 2 tan 2 0 + a 2 = a sec 0; for example, 

27 tan 3 9 

f - = dx =27 f tan 3 8 sec 0 

* / 3 sec 2 0 iW 

3 sec 6 

3. Terms like y/ x 2 — a 2 : Let x — a sec 0, for 0 e [0, */ 2 ) U ("^ , jr], so that 

dx = a sec 0 tan 0 and Vx 2 — a 2 = Vfl 2 sec 2 6 — a 2 = a tan 0; for example, 

/ ^ _ 4 =32 j sec 4 6 tan 2 0 d9. 

8 sec 3 0 2tan£» 2 sec 6 tan 6 Jfl 



Partial Fractions: 

What to look for: rational functions; for example, 

/— — — dx — f — dx = f ( 1 I dx . 
x 2 -4x + 3 J (x-l)(x-3) J \x-l x-3j 
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EXERCISES 7.4 Qj 

WRITING EXERCISES 



1. There is a shortcut for determining the constants for linear 
terms in a partial fractions decomposition. For example, take 



1 



(x + l)(x - 2) x + 1 x - 2 

To compute A, take the original fraction on the left, cover 
up the x + 1 in the denominator and replace x with — 1 : 
-1-1 2 

A — — : r = — . Similarly, to solve for B, cover up the x — 2 



-1 

and replace x with 2: B 



1 



1 



. Explain why this works 



2+1 3 

on this decomposition but does not work on the decomposition 
f * - 1 
(x + l) 2 (x-2)' 

2. For partial fractions, there is a big distinction between quadratic 
functions that factor into linear terms and quadratic functions 
that are irreducible. Recall that a quadratic function factors as 
(x — a)(x — b) if and only if a and b are zeros of the function. 
Explain how you can use the quadratic formula to determine 
whether a given quadratic function is irreducible. 



In exercises 1-20, find the partial fractions decomposition and 
an antiderivative. If you have a CAS available, use it to check 
your answer. 



1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 



- 1 
6.v 



-x-2 
-x + 5 



x 3 — x- — 2x 

5x-23 
6x 2 - Ux - 7 

x - 1 
x 3 4- 4x 2 4- 4x 
x + 2 
x 3 + x 

4x 2 - 7x - 17 
6x 2 - llx - 10 

2x + 3 
x 2 + 2x + 1 

x 3 -4 
x 3 + 2x 2 + 2x 
3x 3 + 1 

X 3 — X 2 + X — 1 



2. 

4. 

6. 

8. 
10. 
12. 
14. 
16. 
18. 
20. 



5x - 2 
x 2 -4 
3x 



x 2 - 3x - 4 

3x + 8 
x 3 + 5x 2 + 6x 



3x + 5 



5x 2 ■ 
4x 



4x 

■5 



X 3 


-3x 2 




1 


X 3 


+ 4x 


X 3 


+ x 


X 2 


- 1 




2x 



6x4-9 
4 



x 3 - 2x 2 + 4x 
2x 4 + 9x 2 + x 



x 3 + 4x 



In exercises 21-36, evaluate the integral 

x 3 + x + 2 



21. 

23. 



2x - 8 



I — 

J x 2 + 

f x + 4 

J x 3 + 3x 2 + 



dx 



2x 



dx 



r x 2 + i 

22. / — dx 

J x 2 -5x-6 

24. f — - — dx 

J x 3 -l 



27 '/ 



X 

Ax -2 



16x 4 - 1 



dx 
dx 



f x 3 +x 

29. / — : — - dx 

J 3x 2 + 2x + 1 

31. f-^-dx 
J x 3 +x 2 + x 

•/■ 

/sinx ( 
sin 2 x 



33. x sin x dx 

: cos x 
l x -4 



26 
28 
30 
32 

34 
36 



dx 
dx 



■ f — 

J x*+l 

[ 3x + 1 

J x 4 - It 

f x 3 - 2x 
J 2x 2 -3x + 

C 4x + 4 
' J x 4 + x 3 + 2 

j xe' x dx 

■ f ~i — dx 

J e 3x + e x 



dx 



dx 



37. In this exercise, we find the partial fractions decomposition of 
4x 2 + 2 

— - | — . The form for the decomposition is 



(x 2 + l) 2 



4x 2 + 2 Ax + B Cx + D 
+ 



(x 2 + l) 2 X 2 + 1 (x 2 + l) 2 

Multiplying through by (x 2 + l) 2 , we get 

4x 2 + 2 = (Ax + S)(x 2 + 1) + Cx + D 

= Ax 3 + Bx 1 + Ax + B + Cx + D 

As in example 4.5, we match up coefficients of like powers of 
x. For x 3 , we have 0 = A. For x 2 , we have 4 = B. Match the 
coefficients of x and the constants to finish the decomposition. 

In exercises 38-40, find the partial fractions decomposition. 
(Refer to exercise 37.) 



38. 



x 3 + 2 
(x 2 + D 2 



39. 



4x 2 + 3 
(x 2 + x + l) 2 



40. 



x 4 +x 3 
(x 2 + 4) 2 



41. Often, more than one integration technique can be applied. 

f 3 

Evaluate / — dx in each of the following ways. First, 

J x 4 + x 

use the substitution u — x 3 + 1 and partial fractions. Second, 
1 

use the substitution u — — and evaluate the resulting integral. 

x 

Show that the two answers are equivalent. 
f 2 

42, Evaluate / — dx in each of the following ways. First, 

J x 1 + x 

use the substitution u — x 2 + 1 and partial fractions. Second, 
1 

use the substitution u — — and evaluate the resulting integral. 

x 

Show that the two answers are equivalent. 

In exercises 43 and 44, name the method by identifying whether 
the integral can be evaluated using substitution, integration by 
parts, or partial fractions. 



43. ( 

(c) 



a) /x^T 
r x+j 

J x 2 -l 



dx 



dx 



(b) 
(d) 



f x^+~ 



dx 



dx 
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f — 

J (x + 



44. (a) / ; ; dx 



(c) 



f x-1 
J (x+1) 2 



(b) 



(d) 



f 2x + 2 
J (x+1) 

I — 

J (x 2 + l 



dx 



■ dx 



r . COS X 

45. Evaluate / sec x dx by rewriting the integrand as - — , mak- 

cos 4 x 

ing the substitution u — smx and using partial fractions. 



0 



EXPLORATORY EXERCISES 



1. In developing the definite integral, we looked at sums 
v- 2 

such as > — . For sums like this, we are especially 

interested in the limit as n — > oo. Write out several terms of 
the sum and try to guess what the limit is. It turns out that this is 



one of the few sums for which a precise formula exists, because 
this is a telescoping sum. To find out what this means, write 

2 

out the partial fractions decomposition for — . Using the 

i 2 + i 

partial fractions form, write out several terms of the sum and 
notice how much cancellation there is. Briefly describe why 

the term telescoping is appropriate, and determine >^ — . 

i=i 1 + ' 

Then find the limit as n 
4 



oo. Repeat this process for the 



telescoping sum — 
* * j- 

: 1 1 



2. Use the substitution u — x l/4 to evaluate 



Use similar substitutions to evaluate 
1 f 1 



/ 



x 1 / 5 + X 1 ' 1 



dx and 



/ 



/ x^ + 

J x l /* + x l 



■ dx. 



dx, 



x^ + x 1 ' 6 



dx. Find the form of the 



substitution for the general integral 



J xp+x" 



dx. 



0) 



7.5 INTEGRATION TABLES AND COMPUTER 
ALGEBRA SYSTEMS 



Ask anyone who has ever needed to evaluate a large number of integrals as part of their 
work (this includes engineers, mathematicians, physicists and others) and they will tell you 
that they have made extensive use of integral tables and/or a computer algebra system. 
These are extremely powerful tools for the professional user of mathematics. However, 
they do not take the place of learning all the basic techniques of integration. To use a table, 
you often must first rewrite the integral in the form of one of the integrals in the table. 
This may require you to perform some algebraic manipulation or to make a substitution. 
While a CAS will report an antiderivative, it will occasionally report it in an inconvenient 
form. More significantly, a CAS will from time to time report an answer that is (at least 
technically) incorrect. We will point out some of these shortcomings in the examples that 
follow. 



O Using Tables of Integrals 



We include a small table of indefinite integrals at the back of the book. A larger table 
can be found in the CRC Standard Mathematical Tables. An amazingly extensive table is 
found in the book Table of Integrals, Series and Products, compiled by Gradshteyn and 
Ryzhik. 



EXAMPLE 5. 1 Using an Integral Table 



Use a table to evaluate 



/ 



V3 + Ax 2 



dx. 



Solution Certainly, you could evaluate this integral using trigonometric substitution. 
However, if you look in our integral table, you will find 



f Va 2 + u 2 , r~-> 1 

/ du — \l a z + m z 

J u 



a In 



a + \l a 1 + m 2 



(5.1) 
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Unfortunately, the integral in question is not quite in the form of (5. 1). However, we can 
fix this with the substitution u — 2x, so that du — 2 dx. This gives us 



V3 + (2x)2 r V3^2 

(2)dx — I du 

J u 

V3 + V3 + u 2 



2x 

V3 + u 2 - V3 In 



- V3 + 4x 2 - V31n 



V3 + V3 + Ax 2 



2x 



A number of the formulas in the table are called reduction formulas. These are of the form 

j f(u)du — g(u) + J h(u)du, 

where the second integral is simpler than the first. These are often applied repeatedly, as in 
example 5.2. 



EXAMPLE 5.2 Using a Reduction Formula 

Use a reduction formula to evaluate f sin 6 xdx. 

Solution You should recognize that this integral can be evaluated using techniques you 
already know. (How?) However, for any integer n > 1, we have the reduction formula 

/sin" udu — sin"~' u cos u H f sin"~ 2 u du. (5.2) 
n n J 

(See number 59 in the table of integrals found inside the back cover of the book.) If we 
apply (5.2) with n — 6, we get 



/ 



sin x dx 



1. 5 5 
■ - sin x cos x H — 
6 6 



/ sin x 



dx. 



Applying the same reduction formula (this time with n — 4) to evaluate f sin 4 x dx, we 
get 

1 . « 



/ 



sin x dx 



sin x cos 



1 . 5 
- - sin x cos x H — 
6 6 



x H — / sin 4 x dx 
6 J 

— sin x cos x H — / sin x dx \ . 



Finally, for f sin 2 x dx, we can use (5.2) once again (with n — 2), or evaluate the integral 
using a half-angle formula. We choose the former here and obtain 

3 



f 1 
/ sin x dx — — 

J 6 



• 5 5 / 1 • 3 

sin x cos x H — — sin~ x cos x H — 
6 6 V 4 4 



/sin 2 



1 , 5 , 5/1 

— sin x cos x snr x cos x + 

6 24 

1 . « 5 . , 



- sin x cos x , 
2 2 



if dx ) 



— — sin J x cos x sin x cos x sin x cos x H x + c. 

6 24 16 16 



We should remind you at this point that there are many different ways to find an 
antiderivative. Antiderivatives found through different means may look quite different, 
even though they are equivalent. For instance, notice that if an antiderivative has the form 
sin 2 x + c, then an equivalent antiderivative is —cos 2 x + c, since we can write 

sin 2 x + c — 1 — cos 2 x + c — —cos 2 x + (1 + c). 

Finally, since c is an arbitrary constant, so is 1 + c. In example 5.2, observe that the first 
three terms all have factors of sin x cos x, which equals isin2x. Using this and other 
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identities, you can show that our solution in example 5.2 is equivalent to the following 
solution obtained from a popular CAS: 



/ 



6 5 15 3 1 

sin x dx — — x sin 2x H sin Ax sin 6x + c. 

16 64 64 192 



So, do not panic if your answer differs from the one in the back of the book. Both 
answers may be correct. If you're unsure, find the derivative of your answer. If you get the 
integrand, you're right. 

You will sometimes want to apply different reduction formulas at different points in a 
given problem. 



EXAMPLE 5.3 Making a Substitution Before Using a Reduction Formula 

Evaluate f jc 3 sin2x dx. 

Solution From our table (see number 63), we have the reduction formula 

j u" sinw du — — u" cos u + n J u"~ l cos udu. (5.3) 

In order to use (5.3), we must first make the substitution u = 2x, so that du = 2dx, 
which gives us 

[ If (2x) 3 1 f , 

I x sin2x dx — - I — — sin2x(2Wx = — / u sin udu 
J 2 J 2 3 16 J 

— — ^— u 3 cos u + 3 j u 2 cos u du^j , 

where we have used the reduction formula (5.3) with n — 3. Now, to evaluate this last 
integral, we use the reduction formula (number 64 in our table) 

j u" cos u du = u n sin u — n j u"~ 1 sinudu, 

with n = 2 to get 

f •? , 1 I 3 f 2 

I x sin2x dx — u cos mH / u cos udu 

J 16 16 J 

1 , 3 / , f \ 

— u~ cos u H ( u sin u — 2 / u sin u du I . 

16 16 V J J 

Applying the first reduction formula (5.3) one more time (this time, with n — 1), we get 

f , . 1 , 3 , . 3/"., 

/ x sin2jfiijf = u cos mH u sinw / u sin udu 

J 16 16 8 J 

-u cos u + J u° < 



1 3„„„.. , 3 , 



u cos u H u sin u |— m cos « + / u ; cos udu 

16 16 

1 , 3 2 . 3 3 . 

u cos u -\ u smu-\ — u cos u smu + c 

16 16 8 8 

1 , 3,3 3 

-(2xy cos 2x H (2x) sin2x H — (2.t)cos 2x sin 2.x + c 

16 16 8 8 

1 , 3 2 3 3 

— x cos 2x H — x sin 2x H — x cos 2x sin 2x + c. 

2 4 4 8 ■ 



As we'll see in example 5.4, some integrals require insight before using an integral 
table. 



EXAMPLE 5.4 Making a Substitution Before Using an Integral Table 

/sin 2x 
dx. 
V4cos x — 1 
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Solution You won't find this integral or anything particularly close to it in our integral 
table. However, with a little fiddling, we can rewrite this in a simpler form. First, use the 
double-angle formula to rewrite the numerator of the integrand. We get 

/sin 2x f sin x cos x 
dx —2 I dx . 
V4cosx — 1 J V4cosx— 1 

Remember to always be on the lookout for terms that are derivatives of other terms. 
Here, taking u = cos x, we have du — — sin.r dx and so, 

/sin 2x f sin x cos x f u 

—^^=^^= dx — 2 I —^^=^^= dx — —2 I - du. 

V4 cos x - 1 J -J A cos x - 1 J V4m - 1 

From our table (see number 18), notice that 



/ 



■s/ a + bu 3b 2 
Taking a — — I and b — 4 in (5.4), we have 



2 , 

du — — ~(bu — 2a) v a + bu + c. (5.4) 



/sin2x f u 2 , 

, dx - -2 \ , du - (-2) — -(4k + 2) V4m - 1 

V4cosx- 1 J V4^T 3(4 2 ) V 

1 



(4 cos x + 2) V4cos.r — 1 + c. 



O Integration Using a Computer Algebra System 

Computer algebra systems are some of the most powerful new tools to arrive on the 
mathematical scene in the last 25 years. They run the gamut from handheld calculators (like 
the TI-89 and the HP-48) to powerful software systems (like Mathematica and Maple). 

The examples that follow focus on some of the rare problems you may encounter us- 
ing a CAS. We admit that we intentionally searched for CAS mistakes. The good news 
is that the mistakes were very uncommon and the CAS you're using won't necessarily 
make any of them. Be aware that these are software bugs and the next version of your 
CAS may eliminate these completely. As an intelligent user of technology, you need to 
be aware of common errors and have the calculus skills to catch mistakes when they 
occur. 

The first thing you notice when using a CAS to evaluate an indefinite integral is that 
it typically supplies an antiderivative, instead of the most general one (the indefinite inte- 
gral) by leaving off the constant of integration (a minor shortcoming of this very powerful 
software). 



EXAMPLE 5.5 A Shortcoming of Some Computer Algebra Systems 

f 1 

Use a computer algebra system to evaluate / — dx. 

J x 

Solution Many CASs evaluate 

f 1 

/ — dx — Inx. 

J x 

(Actually, one CAS reports the integral as log x, where it is using the notation log x to 
denote the natural logarithm.) Not only is this missing the constant of integration, but 
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notice that this antiderivative is valid only for x > 0. A popular calculator returns the 
more general antiderivative 

1 



/ 



dx — In | jc [ , 
x 



which, while still missing the constant of integration, at least is valid for all x ^ 0. 
On the other hand, all of the CASs we tested correctly evaluate 

,-i ! 

/ -dx = -1a2, 

J-2 X 

even though the reported antiderivative In x is not defined at the limits of integration. ■ 

Sometimes the antiderivative reported by a CAS is not valid, as written, for any real 
values of x, as in example 5.6. (In some cases, CASs give an antiderivative that is correct 
for the more advanced case of a function of a complex variable.) 



EXAMPLE 5.6 An Incorrect Antiderivative 

/cosx 
dx. 
sin x — 2 

Solution One CAS reports the incorrect antiderivative 

cosx 

dx — ln(sinx — 2). 



/ 



sin x — 2 



At first glance, this may not appear to be wrong, especially since the chain rule seems to 
indicate that it's correct: 

d cos x 

ln(sin X — 2) — . This is incorrect! 

dx sin x — 2 

The error is more fundamental (and subtle) than a misuse of the chain rule. Notice that 
the expression ln(sinx — 2) is undefined for all real values of x, as sinx — 2 < 0 for all 
x. A general antiderivative rule that applies here is 

/'(*) 



/ 



dx =ln|/(x)| +c, 



fix) 

where the absolute value is important. The correct antiderivative is In |sinx — 2| + c, 
which can also be written as In (2 — sinx) + c since 2 — sinx > 0 for all x. ■ 



Probably the most common errors you will run into are actually your own. If you give 
your CAS a problem in the wrong form, it may solve a different problem than you intended. 
One simple, but common, mistake is shown in example 5.7. 



EXAMPLE 5.7 A Problem Where the CAS Misinterprets 
What You Enter 

Use a computer algebra system to evaluate f 4x 8x dx. 

Solution After entering the integrand as 4x8x, one CAS returned the odd answer 

4x8x dx — 4x8xx. 



/ 



You can easily evaluate the integral (first, rewrite the integrand as 32x 2 ) to show this is 
incorrect, but what was the error? Because of the odd way in which we wrote the 
integrand, the CAS interpreted it as four times a variable named x8x, which is unrelated 
to the variable of integration, x. Its answer is of the form f 4c dx — 4cx. a 



The form of the antiderivative reported by a CAS will not always be the most convenient. 



EXAMPLE 5.8 An Inconvenient Form of an Antiderivative 

Use a computer algebra system to evaluate f x(x 2 + 3) 5 dx. 
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Solution Several CASs evaluate 



/ 



x(x z + 3f dx = —x 12 + -x 10 + — 
12 2 4 



t 8 +45x 6 1 - 4 1 ~ 2 



405 4 243 

x A x' 

4 2 



while others return the much simpler expression 



/ 



, c (x 2 + 3) 6 

x(x 2 + 3) 5 </x = 



12 



The two answers are equivalent, although they differ by a constant. 



TODAY IN 
MATHEMATICS 



Jean-Christophe Yoccoz 
(1957- ) A French 
mathematician who earned a 
Fields Medal for his contributions 
to dynamical systems. His citation 
for the Fields Medal stated, "He 
combines an extremely acute 
geometric intuition, an impressive 
command of analysis, and a 
penetrating combinatorial sense 
to play the chess game at which 
he excels. He occasionally spends 
half a day on mathematical 
'experiments' by hand or by 
computer. 'When I make such an 
experiment,' he says, 'it is not just 
the results that interest me, but 
the manner in which it unfolds, 
which sheds light on what is really 
going on.'" 



Typically, a CAS will perform even lengthy integrations with ease. 



EXAMPLE 5.9 Some Good Integrals for Using a CAS 

Use a computer algebra system to evaluate f x 3 sin 2x dx and f x 10 sin 2x dx. 
Solution Using a CAS, you can get in one step 



/ 



, 1 , 3 , 3 3 

x' sin2x dx — — x cos 2x A — x sin2x A — x cos 2x sin2x + c. 

2 4 4 8 



With the same effort, you can obtain 



/ 



x 10 sin 2* dx — — x 10 cos2xH — x 9 sin2xH x 8 cos 2x — 45x 7 sin2x 

2 2 4 



315 



n jl 945 5 • - 
-x cos 2x A x sin 2x 



4725 



-x cos 2x 



+ ■ 



4725 
~2 

14,175 



-x sin 2x 



14,175 , 



v cos 2x 



14,175 



x sin2x 



cos 2x + c. 



If you wanted to, you could even evaluate 



/ 



x 100 sin2xdx, 



although the large number of terms makes displaying the result prohibitive. Think about 
doing this by hand, using a staggering 100 integrations by parts or by applying a 
reduction formula 100 times. ■ 



You should get the idea by now: a CAS can perform repetitive calculations (numerical 
or symbolic) that you could never dream of doing by hand. It is difficult to find a function 
that has an elementary antiderivative that your CAS cannot find. Consider the following 
example of a hard integral. 



EXAMPLE 5.10 A Very Hard Integral 

Evaluate f x e x sinx dx. 

Solution Consider what you would need to do to evaluate this integral by hand and 
then use a computer algebra system. For instance, one CAS reports the antiderivative 



/ 



x 1 e x sinx dx 



1 



21 



2" 
21 



x 5 + 105x 3 - 315x 2 + 315x ) e x cosx 



105 



x 4 - 105x 3 + 315x - 315 ) e x sinx 



Don't try this by hand unless you have plenty of time and patience. However, based on 
your experience, observe that the form of the antiderivative is not surprising. (After all, 
what kind of function could have x 1 e x sinx as its derivative?) ■ 
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BEYOND FORMULAS 

You may ask why we've spent so much time on integration techniques when you can 
always let a CAS do the work for you. No, it's not to prepare you in the event that 
you are shipwrecked on a desert island without a CAS. Your CAS can solve virtually 
all of the computational problems that arise in this text. On rare occasions, however, a 
CAS-generated answer may be incorrect or misleading and you need to be prepared for 
these. More importantly, many important insights in science and engineering require 
an understanding of basic techniques of integration. 



EXERCISES 7.5 



0) 



55 WRITING EXERCISES 



1. Suppose that you are hired by a company to develop a new 
CAS. Outline a strategy for symbolic integration. Include pro- 
visions for formulas in the Table of Integrals at the back of the 
book and the various techniques you have studied. 

2. In the text, we discussed the importance of knowing general 
rules for integration. Consider the integral in example 5.4, 

/sin 2x 
dx. Can your CAS evaluate this integral? For 
V4cosx — 1 

many integrals like this that do show up in applications (there 
are harder ones in the exploratory exercises), you have to do 
some work before the technology can finish the task. For this 
purpose, discuss the importance of recognizing basic forms 
and understanding how substitution works. 



In exercises 1-28, use the Table of Integrals at the back of the 
book to find an antiderivative. Note: When checking the back 
of the book or a CAS for answers, beware of functions that look 
very different but that are equivalent (through a trig identity, 
for instance). 



r dx 

(2 + 4x) 2 

j cVl+c' d. 
t — 

J yr+ 

7. f\V 

Jo 

"■!, 
»■/ 



/ (2 + 



■ dx 



1 + e 2x dx 



-Ax 2 



4-t 6 dt 



/COS X 
sin 2 x(3 + 1 



/.ln4 

/ Jl6-e 2 
Jo 



(3 + 2sinx) 
dt 



dx 



Ve 2 * + 4 
V6x - x 2 



(X - 3) 2 
13. J tan 6 u du 



si A + sir 



: dx 



10. 
12. 
14. 
16. 



r xVx*- 

/ 



dx 



tan x V8 tan x — tan 2 x 
j esc 4 u du 

f x 5 dx 

J VaT^ 2 



dx 



r 

17. / x 3 cosx 2 dx 

f sin 2x 
19. / d* 

J V 1 + cos x 

/sin 2 1 cos t 
. dt 
V sin 2 1 + 4 

■ J — dx 



fx* 



18. x sin 3x cos Ax' dx 



J Vr 



23 
25 



• f ~^=d* 
J *jAx - x 2 

27. J e*tarr\e*)dx 



20. j 
22. 

24. J x^e 2 * 1 dx 

26. j e 5x cos3xdx 

28. J (InAx fdx 



29. Check your CAS against all examples in this section. Discuss 
which errors, if any, your CAS makes. 

30. Find out how your CAS evaluates f x sin x dx if you fail to 
leave a space between x and sin x. 



31. Have your CAS evaluate j — x + -Jx — Y)dx. If you get 
an answer, explain why it's wrong. 

32. To find out if your CAS "knows" integration by parts, try 
f x 3 cos3x dx and / x 3 e 5x cos 3x dx. To see if it "knows" 
reduction formulas, try f sec 5 xdx. 

33. To find out how many trigonometric techniques your 
CAS "knows," try f sin 6 xdx,f sin 4 x cos 3 x dx and 
f tan 4 x sec 3 x dx. 



34. Find out if your CAS has a special command (e.g., APART in 

Mathematica) to do partial fractions decompositions. Also, try 

f x 2 + 2x - 1 [ 3x 

I z — = dx and / — dx . 

J (x-l) 2 (x 2 + A) J (x 2 + x + 2) 2 



35. To find out if your CAS "knows" how to do substitution, 

cosx 

try / — dx and / — = dx. Try to 

' sin 2 x(3 + 2sinx) 
find one that your CAS can't do: start with a basic for- 



/— dx and f 
x 2 (3 + 2x) J 

that your CAS can 

f 7^ dx = 

J IxlVx 2 - 1 



mula like 



sec x + c and substitute your 



favorite function. With x = e", the preceding integral becomes 



/ 



du, which you can use to test your CAS. 
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x y 

36. To compute the area of the ellipse — - H — - = 

a 2 b 2 

upper-right quarter of the ellipse is given by 



1, note that the 



for 0 < x < a 
4b 



■f 

Jo 



y = bJl 



Thus, the area of the ellipse is 
dx. Try this integral on your CAS. The (im- 



plicit) assumption we usually make is that a > 0, but your 
CAS should not make this assumption for you. Does your 
CAS give you jzab or jtb\a\l 

37. Briefly explain what it means when your CAS returns ff(x)dx 
when asked to evaluate ff(x)dx. 



EXPLORATORY EXERCISES 



1. This exercise explores two aspects of a famous problem called 
the brachistochrone problem. Imagine a bead sliding down 
a thin wire that extends in some shape from the point (0, 0) 
to the point (jr, —2). Assume that gravity pulls the bead down 
but that there is no friction or other force acting on the bead. 
This situation is easiest to analyze using parametric equations 
where we have functions x(u) and y(u) giving the horizontal 
and vertical position of the bead in terms of the variable u. 

Examples of paths the bead might follow are I x ^ n " 

[ y(u) — —2u 

j I x(u) = Ttu , \ x(u) — jtu — sinnu 

( y(u) — 2(u — l) 2 — 2 ( y(u) — cosjtm — 1 

In each case, the bead starts at (0, 0) for u — 0 and finishes 
at (7r, —2) for u = 1. Graph each path on your graphing calcu- 
lator. The first path is a line, the second is a parabola and the 
third is a special curve called a cycloid. The time it takes the 
bead to travel a given path is 



[x'(u)] 2 + ly'(u)] 2 



-2y(u) 



du, 



where g is the gravitational constant. Compute this quantity 
for the line and the parabola. Explain why the parabola would 
be a faster path for the bead to slide down, even though the 
line is shorter in distance. (Think of which would be a faster 
hill to ski down.) It can be shown that the cycloid is the fastest 
path possible. Try to get your CAS to compute the optimal 
time. Comparing the graphs of the parabola and cycloid, what 
important advantage does the cycloid have at the start of the 
path? 

| 2. It turns out that the cycloid in exploratory exercise 1 has an 
amazing property, along with providing the fastest time (which 
is essentially what the term brachistochrone means). The path 
is shown in the figure. 




Suppose that instead of starting the bead at the point (0, 0), 
you start the bead partway down the path at x — c. How would 
the time to reach the bottom from x — c compare to the total 
time from x — 0? Note that the answer is not obvious, since 
the farther down you start, the less speed the bead will gain. 
If x — c corresponds to u — a, the time to reach the bottom is 



V 5 J a 



i 



du. If a — 0 (that is, the 



given by 

•J 8 J a V cos ait — cos itu 
bead starts at the top), the time is Jt/^/g (the integral equals 1). 
If you have a very good CAS, try to evaluate the integral for 
various values of a between 0 and 1. If your CAS can't handle 
it, approximate the integral numerically. You should discover 
the amazing fact that the integral always equals 1. The cycloid 
also solves the tautochrone problem. 



6 INDETERMINATE FORMS AND L'HOPITAL'S RULE 



In this section, we reconsider the problem of computing limits. You have frequently seen 
limits of the form 

hm , 

x^a g( X ) 

where lim f(x) = lim g(x) = 0 or where lim f(x) = lim g(x) = oo (or — oo). Recall 

x—>a x^a x—>a x—*a 

that from either of these forms or — , called indeterminate forms), we cannot de- 
termine the value of the limit, or even whether the limit exists, without additional work. 
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CAUTION 



We will frequently write (§) or 
(— ) next to an expression, for 
instance, 



lim 



1 



1 



We use this shorthand to 
indicate that the limit has the 
indicated indeterminate form. 
This notation does not mean 
that the value of the limit is [j . 
You should take care to avoid 
writing lim fix) = ? or — , 

as these are meaningless 
expressions. 



For instance, note that 

x 2 - 1 
lim 



x-M x 

X 

lim — 

x->l X 



lim 

x^l 



(x - l)(x + 1) 



= lim 



lim 



x + \ 



— lim 



.1 1 
1 



and 



lim — 

x^l X 2 



x->i (x - l)(x + 1) «ix+l 

which does not exist, 



= lim 



2x+l x^i( x -l) 



1 1 
= lim 



x-*l x 



1 



even though all three limits initially have the form ^. The lesson here is that the expression 
^ is mathematically meaningless. It indicates only that both the numerator and denominator 
tend to zero and that we'll need to dig deeper to find the value of the limit or whether the 
limit even exists. 

Similarly, each of the following limits has the indeterminate form — : 



(x 2 + 1) 



lim 



lim 

X— >oc 



1 



1 



(x 3 + 5) 



lim ■ 

A' — >00 



0 

T 



(x 3 + 5) 



lim 



lim 

X— >oc 



(x 2 + 1) 



lim 

X— >oc 



5 

X 1 



and 



2x 2 + 3x - 5 
lim — = lim 

x-s-oo x + 4x — 1 1 .v->oo 



(2x 2 + 3x - 5) 



(x 2 + 4x - 1 1) 



— lim 

x-^oo 



2^ 


3 

X 


5 

~ X 1 


2 




4 


11 


~ T 


1 H 






X 


" X 2 





So, as with limits of the form if a limit has the form 2|, we must dig deeper to determine 
its value. Unfortunately, limits with indeterminate forms are frequently more difficult than 

sinx 

those just given. For instance, back in section 2.6, we struggled with the limit lim 

x->0 X 

(which has the form §), ultimately resolving it only with an intricate geometric argument. 
fix) 

In the case of lim , where lim f(x) — lim g(x) — 0, we can use linear approximations 

x— >c g(x) x— >c x— >c 

to suggest a solution, as follows. 

If both / and g are differentiable at x — c, then they are also continuous at x — c, so that 
f(c) = lim f(x) = 0 and g(c) = lim g(x) = 0. We now have the linear approximations 



and 



/(*) « /(c) + f'(c)(x -c)= f'(c)(x - c) 
g(x) w g(c) + g'(c)(x -c) = g'(c)(x - c), 



since /(c) = 0 and g(c) = 0. As we have seen, the approximation should improve as x 
approaches c, so we would expect that if the limits exist, 



lim 



fix) 



lim 



f'(c)ix - c) 



x^c g(x) x-fc g'(c)(x - c) 



lim 

Mc g'ic) 



f'ic) = f'(c) 
~ g'ic)' 



assuming that g'(c) ^ 0. Note that if /' and g' are continuous at x — c and g'(c) ^ 0, then 
/'(c) fix) 

— lim . This suggests the following result. 

g'ic) - t - >c g'ix) 
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HISTORICAL 
NOTES 

Guillaume de I'Hopital 
(1661-1704) A French 
mathematician who first 
published the result now known 
as I'Hopital's Rule. Born into 
nobility, I'Hopital was taught 
calculus by the brilliant 
mathematician Johann Bernoulli, 
who is believed to have 
discovered the rule that bears his 
sponsor's name. A competent 
mathematician, I'Hopital is best 
known as the author of the first 
calculus textbook. I'Hopital was a 
friend and patron of many of the 
top mathematicians of the 
seventeenth century. 



THEOREM 6. 1 (I'Hopital's Rule) 

Suppose that / and g are differentiable on the interval (a, b), except possibly at the 
point c e {a, b) and that g'{x) ^ 0 on (a, b), except possibly at c. Suppose further that 

L (or ±oo). 



fix) 0 oo f'{x) 
lim has the indeterminate form - or — and that lim '- 

g{x) 0 OO x^c g'( X ) 



x^-c 

Then, 



/(*) 



lim 

x^c g( X ) 



fix) 



lim 

x^c g'( X ) 



PROOF 



Here, we prove only the Jj case where f,f',g and g' are all continuous on all of (a, b) and 
g'(c) ^ 0, while leaving the more intricate general ^ case for Appendix A. First, recall the 
alternative form of the definition of derivative (found in section 2.2): 



/'(c) = lim 



fix) - fic) 



Working backward, we have by continuity that 

fix) - fic) f(x) - fic) 



,. fix) fic) 
lim = 

x^c g\x) g'ic) 



lim 



x^c X — C 



lim 

X— *c 



gix) - gic) 



lim 



gix) - gic) 



lim 



fix) - fic) 



>c gix) - gic) 



x — c x — c 

Further, since / and g are continuous at x — c, we have that 

/(c) = lim fix) — 0 and gic) — lim gix) — 0. 



It now follows that 

,. fix) .. fix) -fic) fix) 
lim = lim = lim , 

x^c g'ix) -v-> e g(x) - gic) x^-c gix) 

which is what we wanted. ■ 



We leave the proof for the — case to more advanced texts. 

REMARK 6.1 



is replaced with any of the 



fix) 

The conclusion of Theorem 6. 1 also holds if lim 

x^c gix) 

fix) fix) fix) fix) 
limits lim , lim , lim or lim . (In each case, we must make 

x^c+ gix) x^c- gix) x^oo gix) x^-oo gix) 

appropriate adjustments to the hypotheses.) 



EXAMPLE 6.1 The Indeterminate Form I 

1 — COS X 

Evaluate lim . 

x^o sinx 

Solution This has the indeterminate form [j, and both (1 — cosx) and sinx are 
continuous and differentiable everywhere. Further, ^ sinx = cosx ^ 0 in some 
interval containing x — 0. (Can you determine one such interval?) From the graph of 
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30- 



20- 



\ — >x 



FIGURE 7.2 

1 — COS X 



1 — COS X 

f(x) — seen in Figure 7.2, it appears that f(x) — >• 0, as x — »• 0. We can 

sinx 

confirm this with FHopitaFs Rule, as follows: 

d 

-(1 — cosx) 



1 — cos x dx 

lim = lim 

x->0 sinx x->o d 

dx 



(sinx) 



sinx 0 
- lim = - = 0. 

x->-o cos x 1 



L'HopitaFs Rule is equally easy to apply with limits of the form 



EXAMPLE 6.2 The Indeterminate Form §§ 

e x 

Evaluate lim — . 

Solution This has the form — and from the graph in Figure 7.3, it appears that the 
function grows larger and larger, without bound, as x —> oo. Applying FHopitaFs Rule 
confirms our suspicions, as 

d r 
—(e) 

e dx c 
lim — = lim — = lim — = oo. 

A— »00 X A^OO d X — > OO 1 



dx 



(x) 



10- 



For some limits, you may need to apply FHopitaFs Rule repeatedly. Just be careful to 
verify the hypotheses at each step. 



H 1 1 1- 



H — *-x 



FIGURE 7.3 

X 



y 




EXAMPLE 6.3 A Limit Requiring Two Applications of I'Hopital's Rule 

x 2 

Evaluate lim — . 

x—>oo g x 

Solution First, note that this limit has the form — . From the graph in Figure 7.4, it 
seems that the function tends to 0 as x — »• oo. Applying FHopitaFs Rule twice, we get 

-(x 2 ) 



lim — 

x— >oo e x 



dx 



lim 

x-*oo d 
dx 
d 

,. dx 
lim — — 

x — ^ oo d 

dx 



(e x ) 
(2x) 



(«*) 



2x /oo\ 
lim — — 

a-^-oo e x V oo / 



lim — = 0, 

x — ^oo e x 



as expected. 



REMARK 6.2 



A very common error is to apply FHopitaFs Rule indiscriminately, without first 
checking that the limit has the indeterminate form % or — . Students also sometimes 

° u oo 

incorrectly compute the derivative of the quotient, rather than the quotient of the 
derivatives. Be very careful here. 



EXAMPLE 6.4 An Erroneous Use of I'Hopital's Rule 

Find the mistake in the string of equalities 

x 2 2x 2 2 

lim = lim = lim — = - = 2. This is incorrect! 

a-^o e x — 1 x->o e x x-*o e x 1 
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FIGURE 7.5 



Solution From the graph in Figure 7.5, we can see that the limit is approximately 0, so 

2 

X n 

2 appears to be incorrect. The first limit, lim , has the form -k and the functions 

FF x^o e x -I 0 

f(x) = x 2 and g(x) — e x — 1 satisfy the hypotheses of l'Hopital's Rule. Therefore, the 

x 2 2x 2x 0 

first equality, lim = lim — , holds. However, notice that lim — = - = 0 and 

x-M) e x — 1 x->-o e x x->-o e x 1 

l'Hopital's Rule does not apply here. The correct evaluation is then 

- 2 2x 0 

I 



lim 



►o e x 



1 



lim 

x^o e x 



0. 



Sometimes an application of l'Hopital's Rule must be followed by some simplification, 
as we see in example 6.5. 




FIGURE 7.6 

Inx 



EXAMPLE 6.5 Simplification of the Indeterminate Form 



Evaluate lim 



lnx 



x^0+ cscx 



Solution First, notice that this limit has the form — . From the graph in Figure 7.6, it 
appears that the function tends to 0 as x — >• 0 + . Applying l'Hopital's Rule, we have 



lnx 
lim 

x->o+ cscx 



lim 



dx 



(lnx) 



1 

x 



>o+ d 
dx 



(cscx) 



lim 

x->-0+ —cscx cotx 



This last limit still has the indeterminate form ^, but rather than apply l'Hopital's Rule 
again, observe that we can rewrite the expression. We have 



lnx 

lim = lim 



tanx = (-1)(0) - 0, 



= lim 

x^0+ cscx x->-0+ —esc x cotx x->o+ \ x 
as expected, where we have used the fact (established in section 2.6) that 

sinx 
lim = 1. 

x->0 x 

(You can also establish this by using l'Hopital's Rule.) Notice that if we had simply 

l 

— , we would 

x^0+ —cscx cotx 

never have resolved the limit. (Why not?) ■ 



continued with further applications of l'Hopital's Rule to lim ■ 

x->0+ —CSCX COtX 




FIGURE 7.7 

1 1 



O Other Indeterminate Forms 

There are five additional indeterminate forms to consider: oo — oo, 0 ■ oo, 0°, 1°° and oo°. 
Look closely at each of these to see why they are indeterminate. When evaluating a limit 
of this type, the objective is to somehow reduce it to one of the indeterminate forms g or 
— , at which point we can apply l'Hopital's Rule. 



EXAMPLE 6.6 The Indeterminate Form oo 

i r 

Evaluate lim 

x->0 



oo 



In (x 4-1) x 



ln(x + l) x 



Solution In this case, the limit has the form (oo — oo). From the graph in Figure 7.7, 
it appears that the limit is somewhere around 0.5. If we add the fractions, we get a form 
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to which we can apply l'Hopital's Rule. We have 



lim 

x^O 



1 



1 



ln(x + l) x 



lim 



x — In (x + 1) 



>o ln(x + \)x 
d 



— lim 



dx 



[x - ln(x + 1)] 



o d 
dx 



[ln(x + l)x] 



1 



lim 



1 



x + 1 



x + In (x + !)(!) 



By l'Hopital's Rule. 



Rather than apply l'Hopital's Rule to this last expression, we first simplify the 
expression, by multiplying top and bottom by (x +1). We now have 



lim 



1 



1 



o |_ln(x +1) x 



1 



1 



lim 



1 



x+1 



lim 



1 \ V x + 1 

x + ln(x + 1)(1) 



x + 1 

(x + 1) - 1 
»7) x + (x + l)ln(x + 1) 
d 



— lim 



dx 



x->o d 
dx 



lim ■ 

jt->0 



[x + In (x + l)] 

1 



1 + (1) In (* + !) + (* + !) 



By l'Hopital's Rule. 



1 



(X + l) 



which is consistent with Figure 7.7. 




1 — >x 



20 40 60 80 100 



FIGURE 7.8 

1 

v = — lnjc 
x 



EXAMPLE 6.7 The Indeterminate Form 0 • oo 

(\ 

Evaluate lim I — In x 

A-->0O \ X 

Solution This limit has the indeterminate form (0 • oo). From the graph in Figure 7.8, 
it appears that the function is decreasing very slowly toward 0 as x — >• oo. It's easy to 
rewrite this in the form — and then apply l'Hopital's Rule. Note that 



lim 

X— >oo 



1 



lnx 



lnx 
lim 

X-KX x 



/ oo 
V oo 



lim 

X— too 



dx 



Inx 



lim 

x — > oo 1 



dx 

1 

x 



By l'Hopital's Rule. 



0 

T 



Note: If lim[/(x)] g( ' t) has one of the indeterminate forms 0°, oo° or 1°°, then, letting 



[f(x)]* w , we have for f(x) > 0 that 

lny = In [/(*)]*<*> 



g(x)ln[f(x)], 
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so that lim In y = lim{g(x) In [/(x)]} will have the indeterminate form 0 • oo, which we 

X— >c x~>c 

can deal with as in example 6.7. 




EXAMPLE 6.8 The Indeterminate Form 1°° 

Evaluate lim x*-* . 

Solution First, note that this limit has the indeterminate form (1°°). From the graph in 

i 

Figure 7.9, it appears that the limit is somewhere around 3. We define y = x*-' , so that 

1 



In y = In x j 



x - 1 



lnx. 



We now consider the limit 



lim In y = lim In x (oo • 0) 

X^l + JC->-l + X — 1 



lim 



lnx 



• i+ x - 1 
d 



— lim 



dx 



(lnx) 



t~>i+ d 
dx 



(x - 1) 



= lim = 1. By l'Hopital's Rule. 

■>!+ 1 



Be careful; we have found that lim In y = 1, but this is not the original limit. We want 

lim y = lim e ln y — e 1 , 
which is consistent with Figure 7.9. ■ 



The computation of limits often requires several applications of l'Hopital's Rule. Just 
be careful (in particular, verify the hypotheses at every step) and do not lose sight of the 
original problem. 




0.2 0.4 0.6 0.8 1.0 



FIGURE 7.10 

y — (sinx) 1 



EXAMPLE 6.9 The Indeterminate Form 0° 



Evaluate lim (sinx) 1 ". 

X-S-0+ 



Solution This limit has the indeterminate form (0°). In Figure 7. 10, it appears that the 
limit is somewhere around 1. We let y = (sinx) 1 , so that 



In y = In (sinx) 1 = x In (sinx). 



Now consider the limit 



lim lny = lim ln(sinx) A = lim [xln(sinx)] (0 • oo) 

x-t-0+ x->-0+ x^0+ 

In (sinx) / oo 



- lim 

»o+ / 1 

,v 
d 

— [In (sinx)] 
,. dx 

— lim ; 

x^o+ d 



oo 



dx 



— lim 

x^0+ 



sinx 



,-2 



By l'Hopital's Rule. 



464 CHAPTER 7 •• Integration Techniques 



7-44 




TODAY IN 
MATHEMATICS 



Vaughan Jones ( 1 952- ) 

A New Zealand mathematician 
whose work has connected 
apparently disjoint areas 
of mathematics. He was awarded 
the Fields Medal in 1990 for 
mathematics that was described 
by peers as "astonishing." One 
of his major accomplishments 
is a discovery in knot theory 
that has given biologists insight 
into the replication of DNA. 
A strong supporter of science and 
mathematics education in New 
Zealand, Jones' "style of working 
is informal, and one which 
encourages the free and open 
interchange of ideas . . . His open- 
ness and generosity in this regard 
have been in the best tradition and 
spirit of mathematics." His ideas 
have "served as a rich source 
of ideas for the work of others." 



As we have seen earlier, we should rewrite the expression before proceeding. Here, we 
multiply top and bottom by x 2 sin x to get 

1 



lim In v = lim 



— lim 



sin x 



cosx 'x 2 sinx 



-x 2 cos x ( 0 



.v^o+ sinx 

d 7 
— (— x cos x) 
,. dx 
— lim : 

x->o+ d 



By l'Hopital's Rule. 



dx 



(sinx) 



—2x cosx + x 2 sin x 0 
lim = - = 0. 

a^o+ cos x 1 



Again, we have not yet found the original limit. However, 



lim v = lim e lny = e° = 1, 

x->0+ x->-0+ 



which is consistent with Figure 7.10. 



EXAMPLE 6. 1 0 The Indeterminate Form oo° 

Evaluate lim (x + l) 2 ^ x . 

x— >oo 

Solution This limit has the indeterminate form (oo°). From the graph in Figure 7.1 1, 
it appears that the function tends to a limit around 1 as x — >• oo. We let y = (x + 1) 2/,JC 
and consider 

lim In y = lim In (x + l) 2/x = lim - In (x + 1) (0 • oo) 



21n(x + l) /oo 
lim I — 

x->-oc x \00 



+ 



20 40 60 80 100 
FIGURE 7.1 I 

y = ( X + \fl* 



H — >x 



^ [21n(x + 1)] 2(x + ir> 

lim = lim By FHopital's Rule. 

x— >oo d x— >oo 1 



dx 



lim 

x^-oo x + 1 



0. 



We now have that 
as expected. ■ 



lim y = lim e ,ny = e° = 1, 



x—>oo X — >oo 



EXERCISES 7.6 Q) 

^S) WRITING EXERCISES 

1. L'Hopital's Rule states that, in certain situations, the ratios of 
function values approach the same limits as the ratios of corre- 
sponding derivatives (rates of change). Graphically, this may 

/(*) 

be hard to understand. To get a handle on this, consider 1 

g(x) 

where both f(x) — ax + b and g(x) — cx + d are linear 



functions. Explain why the value of lim should depend 

x->°z g( X ) 

on the relative sizes of the slopes of the lines; that is, it should 

f'(x) 

be equal to lim . 

x-*oo g'(x) 

2. Think of a limit of 0 as actually meaning "getting very small" 
and a limit of oo as meaning "getting very large." Discuss 
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whether the following limit forms are indeterminate or not and 
explain your answer: oo — oo, I, 0- oo, oo • oo, oo°, 0°° andO 0 . 

3. A friend is struggling with l'Hopital's Rule. When asked to 
work a problem, your friend says, "First, I plug in for x and 
get 0 over 0. Then I use the quotient rule to take the derivative. 
Then I plug x back in." Explain to your friend what the mistake 
is and how to correct it. 

4. Suppose that two runners begin a race from the starting line, 
with one runner initially going twice as fast as the other. If 
f(t) and g(t) represent the positions of the runners at time 
t > 0, explain why we can assume that /(0) = g(0) = 0 and 

fit) 

hm '- = 2. Explain in terms of the runners' positions why 

>^g>«) f{t) 
l'Hopital's Rule holds: that is, lim = 2. 

git) 



37. \im(l/x) x 

x^0+ 

39. lim , 

t^oo V t 4- 2 



38. lim (cosx) 



40. lim , 

r^oc V 2t + 1 



In exercises 41-44, find all error(s). 



cosx — sinx —cosx 
41. lim — — = lim = lim 



>o 2x 



e x - 1 e x 
42. lim — = lim — = lim 



v^o 2 
e x 1 



x^O X 1 



+o 2x 



,-2 



>o 2 



i' x' 2x 2 

43. lim = lim = hm = lim 

x^olnx 2 -v^o21nx 2/x x^o —2/x- 

= lim(-x 2 ) = 0 

sinx cosx —sinx 

44. lim — — = lim = lim = 0 



x^Q x 1 - 



*o 2x 



In exercises 1-40, find the indicated limits. 

x 4- 2 



1. lim 



2 X 2 - 4 

3x 2 4-2 



3. lim 

A— ►OO X 1 — 4 



5. lim 

r-»o t 



7. lim 

x->0 

9. lim 

X — ^71 

11. lim 



tan 1 x 
*->0 sinx 

sin 2x 



sinx 
sin x — x 



13. lim 



l->0 X 3 

-Jt- 1 



►1 t - 1 



15. lim - 

X—>OQ (> x 



17. lim 



x cos x — sin x 



19. lim 



*->0 x sin" x 

x 4- 1 2 



*->i \ x sin2x 
lnx 

21. lim — 

X^OO X- 

23. lim fe~' 
25. lim ln(lnX) 



i lnx 
sin(sinhx) 



27. lim 

x-*o sinh(sinx) 

lnx 

29. lim 

.v^0+ cotx 

31. lim (Vx 2 4- 1 - x) 

x— »-oo 

33. lim ( 1 4- 

x-»oo \ X 



35. lim 



o+ \ jx V x 4- 1 



2. lim — 

x^2 X 2 



lim 



6. lim 

t->o 

8. lim 



3x4-2 

x+ 1 
x 2 4- 4x 4- 3 
sin f 



,-0 e 3r _ r 
sinx 



x ~>° sin x 



10. lim 



12. lim 



i x 2 - 1 
tan x — x 



x^0 x 3 
Inf 



14. lim 
16. lim 



<^i t - 1 



18. lim ( cotx 

A-»0 \ x 



20. lim tanx4 

a-^ji/2 \ x — n/2 

lnx 

22. lim — ^ 
24. lim f sin (1/0 

f-»oo 

sin (sinx) 



26. lim 



*->o sin x 

sinx — sinhx 



28. lim 



->o ycosx — coshx 

30. lim ^ 

v^o+ lnx 

32. lim (lnx — x) 

A-»00 

V* 2 -4 



34. lim 

X^-OQ 



x + 1 



36. lim 



x - 2 

V5^-2 



i -JW- 



In exercises 45-48, name the method by determining whether 
or not l'Hdpital's Rule applies. 



45. lim 

A^OH 

47. lim 



cscx 
o+ Vx" 

x 2 - 3x 4- 1 
tan -1 x 



-3/2 



46. lim 



48. lim 



o+ lnx 
ln(x 2 ) 



p x/3 



sin 3x 3x 

49. (a) Starting with lim , cancel sin to get lim — , fhencan- 

je->o sin 2x a-»o 2x 

eel x's to get | . This answer is correct. Is either of the steps 
used valid? Use linear approximations to argue that the first 
step is likely to give a correct answer, 
sin nx 

(b) Evaluate hm for nonzero constants and m. 

x^o sinmx 

sinx 2 sinx 

50. (a) Compute lim — - — and compare your result to lim . 

x-*0 x 1 x->0 x 

1 — cosx 2 

(b) Compute lim : and compare your result to 



A-->0 

1 — COSX 



lim 

*->0 X 1 



(c) Use your results from parts (a) and (b) to evaluate lim — ; — 

1 3 *->o x J 

1 — cosx" 1 

and lim without doing any calculations. 

x^0 X 6 

51. Find functions / such that lim /(x) has the indeterminate 

form — , but where the limit (a) does not exist; (b) equals 0; 
(c) equals 3 and (d) equals —4. 

52. Find functions / such that lim /(x) has the indeterminate 

x-*oo 

form oo — oo, but where the limit (a) does not exist; (b) equals 
0 and (c) equals 2. 



In exercises 53 and 54, determine which function "dominates," 
where we say that the function f(x) dominates the func- 
tion g(x) as x — > oo if lim f(x) = lim g(x) = oo and either 

x— *oo x— too 

.. fix) .. gix) 

lim = oo or hm = 0. 

*-"*> gix) fix) 

53. e x or x" in — any positive integer) 

54. lnx or x p (for any number p > 0) 
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55. Based on exercise 53, conjecture lim(e' /2 — / 3 ). Prove that 

t— too 

your conjecture is correct. 

</jc — In x _ 

56. Evaluate lim — . In the long run, what fraction of ^Jx 

Jr->oo ^Jx 

does *Jx — In x represent? 

ln(x 3 + 2x + 1) 

57. Evaluate lim . Generalize your result to 

*-»■« ln(x 2 4-x4-2) J 

Hp(x)) 

lim for polynomials p and q such that p(x) > 0 

a--»oo ln(^(x)) 

and q(x) > 0 for x > 0. 

ln(e 3 * +x) 

58. Evaluate lim . Generalize your result to 

v^oo In (e 2x + 4) 

ln{e kx + p(x)) 

lim for polynomials p and q and positive 

x->oo In (e cj: + q(x)) 

numbers k and c. 

fix) fix 2 ) 

59. If lim = L , what can be said about lim ; — ? Explain 

—° gix) f(x) *-o gix 2 ) 

why knowing that lim = L for a / 0, 1 does not tell you 

*->■« g(x) 



anything about lim 



fix 2 ) 



x^a g(x 2 ) 

fix 2 ) 

60. Give an example of functions / and g for which lim — 

fix) §(JC 2 ) 
exists, but lim : does not exist. 

*->o g(x) 



0 



APPLICATIONS 



61. In section 1.2, we briefly discussed the position of a baseball 
thrown with the unusual knuckleball pitch. The left/right posi- 
tion (in feet) of a ball thrown with spin rate co and a particular 
grip at time t seconds is fico) — (2.5/co)t — (2.5/4a> 2 ) sin 4cot. 
Treating t as a constant and co as the variable (change to x if you 
like), show that lim fico) = 0 for any value of t. (Hint: Find 

a common denominator and use l'Hopital's Rule.) Conclude 
that this pitch does not move left or right at all. 

62. In this exercise, we look at a knuckleball thrown with a differ- 
ent grip than that of exercise 61. The left or right position (in 
feet) of a ball thrown with spin rate co and this new grip at time 
t seconds is f(co) = (2.5/4o; 2 ) - (2.5/4&> 2 )sin(4ftrf + jr/2). 
Treating t as a constant and co as the variable (change to 
x if you like), find lim fico). Your answer should depend 

on t. By graphing this function of t, you can see the path 
of the pitch (use a domain of 0 < t < 0.68). Describe this 
pitch. 

63. In the figure shown here, a section of the unit circle is deter- 
mined by an angle 0. Region 1 is the triangle ABC. Region 2 
is bounded by the line segments AB and BC and the arc of the 
circle. As the angle 6 decreases, the difference between the 
two regions decreases, also. You might expect that the areas 
of the regions become nearly equal, in which case the ratio 
of the areas approaches 1. To see what really happens, show 
that the area of region 1 divided by the area of region 2 equals 

A sin 2(9 

and find the limit of this 



(1 — cos 9) sin( 
6 — cos 6 sin 6 
expression as 9 



sin 20 




64. The size of an animal's pupils expand and contract depending 

160jc-°- 4 + 90 

on the amount of light available. Let fix) — — be 

6 J 8x- 04 + 10 

the size in mm of the pupils at light intensity x. Find lim f(x) 
and lim fix), and argue that these represent the largest and 

jc->oo 

smallest possible sizes of the pupils, respectively. 

65. The downward speed of a sky diver of mass m acted on by grav- 
ity and air drag is u = V40 mg tanh ( / j£—t). Find (a) lim v 
(b) lim v (c) lim v and state what each limit represents in 
terms of the sky diver. 

66. The power of a reflecting telescope is proportional 
to the surface area 5 of the parabolic reflector, with 



3/2 



for numbers c and d. Find lim S. 



EXPLORATORY EXERCISES 



1. In this exercise, you take a quick look at what we call Taylor 

sinx 

series in Chapter 9. Start with the limit lim = 1 . Briefly 

X 

explain why this means that for x close to 0, sinx w x. Show 



that lim - 



1 



. This says that if x is close to 0, then 

u 

1 , 1 , 
sin x — x ?s — x or sin x x x . Graph these two func- 

6 6 F 

tions to see how well they match up. To continue, compute 



lim 

*->o 



(x-x J /6) 



fix) 



and lim — for the appro- 

4 .t-0 x 5 

priate approximation fix). At this point, look at the pattern of 

terms you have (Hint: 6 = 3! and 120 = 5!). Using this pat- 
tern, approximate sinx with an llth-degree polynomial and 
graph the two functions. 

2. A zero of a function /(x ) is a solution of the equation f(x) — 0. 
Clearly, not all zeros are created equal. For example, x — 1 
is a zero of fix) = x — 1, but in some ways it seems that 
x = 1 should count as two zeros of fix) — (x — l) 2 . To quan- 
tify this, we say that x = 1 is a zero of multiplicity 2 of 
/(x) — (x — l) 2 . The precise definition is: x = c is a zero of 

fix) 



multiplicity n of /(x) if /(c) = 0 and lim ■ 



exists and 



0. Surprise! 



(x - cf 

is nonzero. Thus, x = 0 is a zero of multiplicity 2 of x sinx 

x sin x sin x 
since lim — = lim = 1. Find the multiplicity of 

*->o x 2 *->o x 

each zero of the following functions: x 2 sinx, x sinx 2 , 
x 4 sinx 3 , (x — 1) lnx, ln(x — l) 2 , e x — 1 and cosx — 1. 
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IMPROPER INTEGRALS 




-4-2 2 4 

FIGURE 7.12 



1 



y 



R 


Jo -J\—x 


0.9 


1.367544 


0.99 


1.8 


0.999 


1.936754 


0.9999 


1.98 


0.99999 


1.993675 


0.999999 


1.998 


0.9999999 


1.999368 


0.99999999 


1.9998 



O Improper Integrals with a Discontinuous Integrand 



J -l x 



1 x~ l 
dx — — 

2 -1 



The phrase "familiarity breeds contempt" has particular relevance for us in this section. 
You have been using the Fundamental Theorem of Calculus for quite some time now, but 
do you always check to see that the hypotheses are met? Try to see what is wrong with the 
following erroneous calculation. 

3 

— . This is incorrect! 

2 

There is something fundamentally wrong with this "calculation." Note that f(x) = 1 /x 2 is 
not continuous over the interval of integration. (See Figure 7.12.) Since the Fundamental 
Theorem assumes a continuous integrand, our use of the theorem is invalid and our answer 
is incorrect. Further, note that an answer of — | is especially suspicious given that the 
integrand \ is always positive. 

Recall from Chapter 4, that we define the definite integral by 



pb n 

/ f(x)dx = lim Y] /(c) Ax 



where c, is taken to be any point in the subinterval [x,_i , x{\, for i — 1,2, 



n and where 
oo] 



Consider 



/' 

Jo 



the limit must be the same for any choice of these c, 's. So, if f(x) oo [or f(x) — > 
at some point in [a, b], then the limit defining J f(x)dx is meaningless. [How would we 
add /(c,) to the sum, if fix) —> oo as x —> c,?] In this case, we call such an integral an 
improper integral and we will need to carefully define what we mean by this. First, we 
examine a somewhat simpler case. 

1 

— =^ dx. Observe that this is not a proper definite integral, as the 
V 1 — x 

integrand is undefined at x — 1. In Figure 7.13a, note that the integrand blows up to oo as 
x — > 1~. Despite this, can we find the area under the curve on the interval [0, 1]? Assuming 
the area is finite, notice from Figure 7.13b that for 0 < R < 1, we can approximate it by 

f R j 

/ dx . This is a proper definite integral, since for 0 < x < R < 1, /is continuous. 

Jo Vl — x 

Further, the closer R is to 1, the better the approximation should be. In the accompanying 

f R j 

table, we compute some approximate values of / — ^= dx, for a sequence of values 



of R approaching 1 . 



10 



+ 



+ 



0.2 0.4 0.6 0.8 1.0 




FIGURE 7.13a 

1 



FIGURE 7.13b 



/" 

Jo 



f(x)dx 
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From the table, the sequence of integrals seems to be approaching 2, as R — >• 1 . Notice 

fR { 

that since we know how to compute / — ^= dx, for any 0 < R < 1, we can compute 

Jo Vl — x 

this limiting value exactly. We have 



lim 



/' 

Jo 



dx = lim [-2(1 - x) 1/2 lf 

R->1- L 



lim [-2(1 - R) 1/2 + 2(1 - 0) 1/2 1 - 2. 




FIGURE 7.14 

" R 

f(x)dx 



r 

J a 



From this computation, we can see that the area under the curve is the limiting value, 2. 

In general, suppose that / is continuous on the interval [a, b) and \f{x)\ — »• oo, as 
x —> b~ (i.e., as x approaches b from the left). Then we can approximate J* f(x)dx by 

nR 

Ja fi x )dx, for some R < b, but close to b. [Recall that since/ is continuous on [a, R], 
for any a < R < b, f R f(x) dx is defined.] Further, as in our introductory example, the 
closer R is to b, the better the approximation should be. See Figure 7.14 for a graphical 
representation of this approximation. 

— rR 

Finally, let R — >• b ; if J f(x) dx approaches some value, L, then we define 
the improper integral f h f(x)dx to be this limiting value. We have the following 
definition. 



DEFINITION 7.1 

Iff is continuous on the interval [a, b) and \f{x)\ — > oo as x — >• b~, we define the 
improper integral off on [a, b] by 



pb pR 

I f(x)dx — lim / f(x)dx. 

Ja ' R ^b-J a 



Similarly, if/ is continuous on (a, b] and |/(x)| — > oo as x — ► a + , we define the 
improper integral 



pb nb 

/ fix) dx = lim / f{x 

J a R ~» a+ JR 



)dx. 



In either case, if the limit exists (and equals some value L), we say that the improper 
integral converges (to L). If the limit does not exist, we say that the improper integral 
diverges. 



EXAMPLE 7. 1 An Integrand That Blows Up at the Right Endpoint 

f l 1 

Determine whether / dx converges or diverges. 

Jo Vl — x 

Solution Based on the work we just completed, 

1 

: dx — 2 

Jo V 1 - X 

and so, the improper integral converges to 2. ■ 



f 1 1 f R 1 
/ ; dx — lim / 

Jo y/l-X R->-l-Jo VT^ 



In example 7.2, we illustrate a divergent improper integral closely related to this 
section's introductory example. 
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EXAMPLE 7.2 A Divergent Improper Integral 



Determine whether the improper integral 



Li* 



dx converges or diverges. 



Solution From Definition 7.1, we have 



f° 1 f R 1 A'V 
I —z dx — lim / — dx — lim I I 

J -l X 2 S^O" X 2 K^O" V —1 /-I 

( 1 1\ 

= lim I I — oo. 

r-*o- \ ^ 1 / 



Since the defining limit does not exist, the improper integral diverges. 



In example 7.3, the integrand is discontinuous at the lower limit of integration. 



H 1 1 h 



0.2 0.4 0.6 0.8 1.0 



FIGURE 7.15 



H — ►* 



1 



EXAMPLE 7.3 A Convergent Improper Integral 



Determine whether the improper integral / —= dx converges or diverges. 

Jo V* 

Solution We show a graph of the integrand on the interval in question in Figure 7.15. 

1 

Notice that in this case fix) — —= is continuous on (0, 1] and fix) —>■ oo as 

From the computed values shown in the table, it appears that the integrals 
are approaching 2 as R — »• 0 + . Since we know an antiderivative for the integrand, we 
can compute these integrals exactly, for any fixed 0 < R < 1 . We have from Definition 
7.1 that 



C 1 1 C x 1 

/ — — dx — lim / —= dx = lim 

Jo V* «->o + Jr V* 

and so, the improper integral converges to 2. 



.1/2 



- lim 2(1 1/2 - fl 1/2 ) = 2 

«->()+ 





r 1 i 

/ -^ dx 

Jr V* 


0.1 


1.367544 


0.01 


1.8 


0.001 


1.936754 


0.0001 


1.98 


0.00001 


1.993675 


0.000001 


1.998 


0.0000001 


1.999368 


0.00000001 


1.9998 



The introductory example in this section represents a third type of improper integral, 
one where the integrand blows up at a point in the interior of the interval (a, b). We can 
define such an integral as follows. 



DEFINITION 7.2 

Suppose that/ is continuous on the interval [a, b], except at some c e (a, b), and 
\f(x)\ —y oo as x c. Again, the integral is improper and we write 

nb nc nb 

/ f(x)dx= f(x)dx+ f(x)dx. 

J a J a J c 

If both j c fix) dx and f fix) dx converge (to L\ and Li, respectively), we say that 

rb 

the improper integral j a fix) dx converges, also (to L\ + L{). If either of the 
improper integrals fix) dx or fix) dx diverges, then we say that the improper 

rb 

integral j a fix) dx diverges, also. 



We can now return to our introductory example. 
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HISTORICAL 
NOTES 

Pierre Simon Laplace 
(1749-1827) A French 
mathematician who utilized 
improper integrals to develop the 
Laplace transform and other 
important mathematical 
techniques. Laplace made 
numerous contributions in 
probability, celestial mechanics, 
the theory of heat and a variety of 
other mathematical topics. Adept 
at political intrigue, Laplace 
worked on a new calendar for the 
French Revolution, served as an 
advisor to Napoleon and was 
named a marquis by the 
Bourbons. 




I — ►.v 



R 


f* 1 

/ * dx 


10 


0.9 


100 


0.99 


1000 


0.999 


10,000 


0.9999 


100,000 


0.99999 


1,000,000 


0.999999 



EXAMPLE 7.4 An Integrand That Blows Up in the Middle of an Interval 

r- i 

Determine whether the improper integral / —rdx converges or diverges. 

J-i x 

Solution From Definition 7.2, we have 



f 2 1 f° 1 f 2 1 

/ —dx — —dx+ —jdx. 
J-i x J_\ x Jo x 



In example 7.2, we determined that \ dx diverges. Thus, f \ dx also diverges. 

Note that you do not need to consider J Q \ dx (although it's an easy exercise to show 
that this, too, diverges). Keep in mind that if either of the two improper integrals defining 
this type of improper integral diverges, then the original integral diverges, too. ■ 



O Improper Integrals with an Infinite Limit of Integration 

Another type of improper integral that is frequently encountered in applications is one where 
one or both of the limits of integration is infinite. For instance, f Q °° e~ x dx is of fundamental 
importance in probability and statistics. 

So, given a continuous function / defined on [a, oo), what could we mean by 
f f(x) dxl Notice that the usual definition of the definite integral: 



nb n 

/ f(x)dx = lim J2f( Ci )Ax, 



where Ajc 



-, makes no sense when b — oo. We should define f fl °° fix) dx in some 

way consistent with what we already know about integrals. 

Since f(x) = \ is positive and continuous on the interval [1, oo), \ dx should 
correspond to area under the curve, assuming this area is, in fact, finite (which is at least 
plausible, based on the graph in Figure 7. 16). 

rR 1 

Assuming the area is finite, you could approximate it by j l -4 dx, for some large value 
R. (Notice that this is a proper definite integral, as long as R is finite.) A sequence of values 
of this integral for increasingly large values of R is displayed in the table. 

The sequence of approximating definite integrals seems to be approaching 1, as 
R — >• oo. As it turns out, we can compute this limit exactly. We have 

..-1 R 



f R 
lim / 



' dx 



lim 

R^oo 



1 



lim 



1 

R 



1. 



Thus, the area under the curve on the interval [ 1 , oo) is seen to be 1 , even though the interval 
has infinite length. 

More generally, we have Definition 7.3. 



DEFINITION 7.3 

Iff is continuous on the interval [a, oo), we define the improper integral 

IT fWdx to be 

/>oo i>R 

I f(x)dx — lim / f(x)dx. 
Similarly, iff is continuous on (— oo, a], we define 

/a pa 
f(x)dx — lim / f(x)dx. 
-oo R^-°°Jr 

In either case, if the limit exists (and equals some value L), we say that the improper 
integral converges (to L). If the limit does not exist, we say that the improper integral 
diverges. 
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You may have already observed that for a decreasing function /, in order for f°° f(x)dx 
to converge, it must be the case that f(x) — >• 0 as x — >• oo. (Think about this in terms of 
area.) However, the reverse need not be true. That is, even though f(x) — >• 0 as x — >• oo, 
the improper integral may diverge, as we see in example 7.5. 




EXAMPLE 7.5 A Divergent Improper Integral 

Determine whether / —= dx converges or diverges. 

Solution Note that -4= — > 0 as x — > oo. Further, from the graph in Figure 7.17, it 
should seem at least plausible that the area under the curve is finite. However, from 
Definition 7.3, we have that 

R 



f°° 1 f R -1/9 

/ — = dx — lim / x 1 dx 

J l y/X R^ooJ l 



lim 

R^oo 



A/2 

1 
2 



lim (2R 1/2 -2) 

R-s-oo 



OO. 



This says that the improper integral diverges. ■ 

Note that our introductory example and example 7.5 are special cases of \ dx, 
corresponding to p — 2 and p — 1/2, respectively. In the exercises, you will show that this 
integral converges whenever p > 1 and diverges for p < 1 . 

You may need to utilize FHopital's Rule to evaluate the defining limit, as in 
example 7.6. 



0.6 



0.4 



0.2 




FIGURE 7.18 

y — xe x 



EXAMPLE 7.6 A Convergent Improper Integral 

Determine whether xe x dx converges or diverges. 

Solution The graph of y = xe x in Figure 7.18 makes it appear plausible that there 
could be a finite area under the graph. From Definition 7.3, we have 



f 



xe x dx 



lim 

R— oo 



f xe x 
Jr 



dx. 



To evaluate the last integral, you will need integration by parts. Let 



u — x 
du — dx 



dv — e x dx 
v = e x 



We then have 

.0 



/ 

J -c 



xe x dx 



lim 

5->-oo 



f xe x 

JR 



x dx — lim I xe' 

«^-oo \ 



o »o 
r Jr 



dx 



= lim [(0 - Re R ) - e x 1° 1 = lim {-Re R - e° + e R ). 

R^-oo L IK J R->-oo 



Note that the limit lim Re R has the indeterminate form oo ■ 0. We resolve this with 

R->— oo 

FHopital's Rule, as follows: 

p R /oo\ 

lim Re R = lim — - — ) 

«^-oo r^-oo e~ Voo/ 



lim 



dR 



R 



— lim 

R^—oo d ft ^_>_oo 

d~R e 

Returning to the improper integral, we now have 



0. By I'Hopital's Rule. 



xe x dx = lim {-Re R - e° 

R-^ — oo 



, e R ) = 0- l + O: 



1. 
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FIGURE 7.19 

1 

y=- 

X 



EXAMPLE 7.7 A Divergent Improper Integral 



Determine whether 



n 

J -oo A 



dx converges or diverges. 



Solution In Figure 7.19, it appears plausible that there might be a finite area bounded 
between the graph of y — - and the x-axis, on the interval (— oo, — 1]. However, from 
Definition 7.3, we have 

-l 



r l l r i 

/ — dx — lim / — dx — lim In \x 

J_oo X R^-ooJ R x «-»~oo 

and hence, the improper integral diverges. _ 



= lim [In | — 1 1 -ln|fl|] = -oo 

«->-oo 



A final type of improper integral is f(x) dx, defined as follows. 



DEFINITION 7.4 

Iff is continuous on (— oo, oo), we write 



/OO pa nOO 

f(x)dx — I f(x)dx+ I f(x)dx, for any constant a, 
-oo J— co J a 

where f(x)dx converges if and only if both f" f(x) dx and / a °° f(x) dx 
converge. If either one diverges, the original improper integral also diverges. 



In Definition 7.4, note that you can choose a to be any real number. So, choose it to be 
something convenient (usually 0). 




FIGURE 7.20 

y = xe~ x ~ 



EXAMPLE 7.8 An Integral with Two Infinite Limits of Integration 

Determine whether xe~ xl dx converges or diverges. 

Solution Notice from the graph of the integrand in Figure 7.20 that, since the function 
tends to 0 relatively quickly (both as x — >• oo and as x — > — oo), it appears plausible 
that there is a finite area bounded by the graph of the function and the x-axis. From 
Definition 7.4 we have 



/OO />() l>0 

xe~ x dx — I xe~ x dx + J 
-oo J —oo JO 



xe x dx. 



(7.1) 



You must evaluate each of the improper integrals on the right side of (7.1) separately. 
First, we have 



f 

J — c 



xe x dx 



lim 

.R-s—oo 



f 

J R 



xe x dx. 



Letting u — —x 2 , we have du — —2x dx and so, being careful to change the limits of 
integration to match the new variable, we have 



f 

J — oc 



xe 1 dx — lim 

2 R^~c 



>Jr 



1 

(— 2x)dx — — lim 

2 R^-o 



,0 

/ e" du 

>J-Ri 



2 R- 



lim e" 



lim {e°-e~ R2 ) 



2 R 



Similarly, we get (you should fill in the details) 



,oo 2 r K _i 

I xe 1 dx = lim / xe x dx = 

Jo R^°°Jo 



2 R- 



lim e l 



— lim (e 

2 R^oo 



-R 2 
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Since both of the preceding improper integrals converge, we get from (7. 1) that the 
original integral also converges, to 



f°° 2 f° _2 f°° _ 2 

I xe dx — I xe dx + / xe x 

J — oo J — oo J 0 



1 1 

dx — 1 — 

2 2 



CAUTION 



Do not write 



f 

J — C 



f(x)dx = lim / f(x)dx 



J-R 



It's certainly tempting to write 
this, especially since this will 
often give a correct answer, 
with about half of the work. 
Unfortunately, this will often 
give incorrect answers, too, as 
the limit on the right-hand side 
frequently exists for divergent 
integrals. We explore this issue 
further in the exercises. 



EXAMPLE 7.9 An Integral with Two Infinite Limits of Integration 

Determine whether f™ e~ x dx converges or diverges. 
Solution From Definition 7.4, we write 



/OO nO nOO 

e~ x dx — I e~ x dx + / e~ x dx. 
-oo J — oo J 0 



It's easy to show that L e x dx converges. (This is left as an exercise.) However, 



/0 nO 
e~ x dx — lim / e~ x dx — lim — e 
-oo R^-™Jr S^-oo 



= lim (-e° + e~ R ) = oo. 



R 

This says that f" e~ x dx diverges and hence, e~ x dx diverges, also, even though 
/ 0 °° e~ x dx converges. ■ 



We can't emphasize enough that you should verify the continuity of the integrand for 
every single integral you evaluate. In example 7.10, we see another reminder of why you 
must do this. 



EXAMPLE 7. 1 0 An Integral That Is Improper for Two Reasons 



Determine the convergence or divergence of the improper integral 



f 

Jo 



1 



dx. 



(X - l) 2 

Solution First try to see what is wrong with the following erroneous calculation: 



roc j pR 

I x dx — lim / 

Jo (x-l) 2 R^ooJ 0 



1 



dx. 



This is incorrect! 



(x-1) 2 R^ooJo (JC-1) 2 

Look carefully at the integrand and observe that it is not continuous on [0, oo). In fact, 
the integrand blows up at x — 1, which is in the interval over which you're trying to 
integrate. Thus, this integral is improper for several different reasons. In order to deal 
with the discontinuity at x = 1, we must break up the integral into several pieces, as in 
Definition 7.2. We write 



r°° i r 1 i r 

I r dx — I dx + I 

Jo (x-l) 2 Jo (x-l) 2 7, 



1 



dx. 



(7.2) 



(x - l) 2 

The second integral on the right side of (7.2) must be further broken into two pieces, 
since it is improper, both at the left endpoint and by virtue of having an infinite limit of 
integration. You can pick any point on (1 , oo) at which to break up the interval. We'll 
simply choose x — 2. We now have 

•1 1 r2 



f 

Jo 



1 



dx 



r i r i r 

- / dx + / dx + 

Jo (x-D 2 Ji (x-l) 2 ^ J 2 



1 



dx. 



(x-l) 2 Jo (x-l) 2 " Ji (x-l) 2 " J 2 (x-l) 2 

Each of these three improper integrals must be evaluated separately, using the 
appropriate limit definitions. We leave it as an exercise to show that the first two 
integrals diverge, while the third one converges. This says that the original improper 
integral diverges (a conclusion you would miss if you did not notice that the integrand 
blows up at x = 1). ■ 
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O A Comparison Test 




FIGURE 7.21 

The Comparison Test 



In order to compute the limit(s) defining an improper integral, we first need to find an an- 
tiderivative. However, since no antiderivative is available for e~ x ~ , how would you establish 
the convergence or divergence of f Q °° e~ x 'dx? An answer lies in the following result. 
Given two functions / and g that are continuous on the interval [a, oo), suppose that 

0 < fix) < gix), for all x > a. 

We illustrate this situation in Figure 7.21. In this case, f°° f(x)dx and f°° g(x)dx 
correspond to the areas under the respective curves. Notice that if g(x) dx (correspond- 
ing to the larger area) converges, then this says that there is a finite area under the curve 
y = g(x) on the interval [a, oo). Since y = f(x) lies below y = gix), there can be only a 
finite area under the curve y = fix), as well. Thus, f f(x)dx converges also. 

On the other hand, if f fix) dx (corresponding to the smaller area) diverges, the area 
under the curve y — fix) is infinite. Since y = gix) lies above y — fix), there must be 
an infinite area under the curve y = gix), also, so that f gix) dx diverges, as well. This 
comparison of improper integrals based on the relative size of their integrands is called a 
comparison test (one of several) and is spelled out in Theorem 7.1. 



THEOREM 7.1 (Comparison Test) 

Suppose that/ and g are continuous on [a, oo) and 0 < fix) < gix), for all 
x e [a, oo). 

(i) If J fl °° gix)dx converges, then / fl °° fix)dx converges, also. 

(ii) If f°° fix)dx diverges, then f°° gix)dx diverges, also. 



REMARK 7.1 



We can state corresponding 
comparison tests for improper 
integrals of the form 
f_ f(x)dx, where/ is 
continuous on (—oo, a], as well 
as for integrals that are 
improper owing to a 
discontinuity in the integrand. 




FIGURE 7.22 

1 1 

Comparing y = — and y = 

e x x + e x 



We omit the proof of Theorem 7.1, leaving it to stand on the intuitive argument already 
made. 

The idea of the Comparison Test is to compare a given improper integral to another 
improper integral whose convergence or divergence is already known (or can be more easily 
determined), as we illustrate in example 7.11. 



EXAMPLE 7. 1 I Using the Comparison Test for an Improper Integral 



Determine the convergence or divergence of 



r°° l 

Jo x + 7* 



dx. 



Solution First, note that you do not know an antiderivative for 



1 



and so, there is 



x + e x 

no way to compute the improper integral directly. However, notice that for x > 0, 

1 1 
0 < < — . 

x + e x e x 

f°° 1 

(See Figure 7.22.) It's an easy exercise to show that / — dx converges (to 1). From 

Jo e x 

Theorem 7.1, it now follows that 



,OC J 

/ dx converges, also. While we know that 

Jo x + e* 

the integral is convergent, the Comparison Test does not help to find the value of the 
integral. We can, however, use numerical integration (e.g., Simpson's Rule) to 



approximate 



r R l 

Jo x + . 



dx, for a sequence of values of R. The accompanying table 



illustrates some approximate values of 



r R l 

Jo x + e* 



dx, produced using the numerical 



integration package built into our CAS. [If you use Simpson's Rule for this, note that 
you will need to increase the value of n (the number of subintervals in the partition) as 
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R 


I dx 

Jo x + e* 


10 


0.8063502 


20 


0.8063956 


30 


0.8063956 


40 


0.8063956 



R increases.] Notice that as R gets larger and larger, the approximate values for the 
corresponding integrals seem to be approaching 0.8063956, so we take this as an 
approximate value for the improper integral. 



L 



i 



dx » 0.8063956. 



o x + e* 



You should calculate approximate values for even larger values of R to convince 
yourself that this estimate is accurate. ■ 



In example 7.12, we examine an integral that has important applications in probability 
and statistics. 




FIGURE 7.23 

y — e~ x ~ and y — e~ x 



EXAMPLE 7. 1 2 Using the Comparison Test for an Improper Integral 

Determine the convergence or divergence of / 0 °° e~ x ~ dx. 

Solution Once again, notice that you do not know an antiderivative for the integrand 
e~ x ' . However, observe that for x > 1, e~ x < e~ x . (See Figure 7.23.) We can rewrite 
the integral as 



p OO p\ pC 

/ e~ x * dx — I e~ x ~ dx + I 
Jo Jo J I 



dx. 



Since the first integral on the right-hand side is a proper definite integral, only the 
second integral is improper. It's an easy matter to show that f y e~ x dx converges. By 
the Comparison Test, it then follows that e~ x2 dx also converges. We leave it as an 
exercise to show that 



f°° _ 2 f 1 _,2 f°° _ 2 

I e x dx = I e x dx + I e dx 
Jo Jo J\ 



0.8862269. 



Using more advanced techniques of integration, it is possible to prove the surprising 
result that J 0 °° e~ x ' dx — 



The Comparison Test can be used with equal ease to show that an improper integral is 
divergent. 




FIGURE 7.24 

1 

Comparing y — — = and 
2 + sin x 



EXAMPLE 7. 1 3 Using the Comparison Test: A Divergent Integral 

2 + sin x 



Determine the convergence or divergence of 



r 



dx. 



Solution As in examples 7.11 and 7. 12, you do not know an antiderivative for the 
integrand and so, your only hope for determining whether or not the integral converges 
is to use a comparison. First, recall that 



-1 < sinx < 1, for all x. 



We then have that 



0 < 



**J~x *>J~x 



2—1 2 + sin x 

< 



Jx 



for 1 < x < oo. 



(See Figure 7.24 for a graph of the two functions.) Recall that we showed in example 

f°° 1 f°°2 + smx 

7.5 that / —= dx diverges. The Comparison Test now tells us that / — — dx 

Ji V* J\ 
must diverge, also. ■ 



■sfx 
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The big question, of course, is how to find an improper integral to compare to a 
given integral. Look carefully at the integrand to see if it resembles any functions whose 
antiderivative you might know (or at least have a hope of finding using our various techniques 
of integration). Beyond this, our best answer is that this comes with experience. Comparisons 
are typically done by the seat of your pants. We provide ample exercises on this topic to give 
you some experience with finding appropriate comparisons. Look hard for comparisons and 
don't give up too easily. 

BEYOND FORMULAS 

It may seem that this section introduces an overwhelming number of new formulas 
to memorize. Actually, all of the integrals introduced in this section follow a similar 
pattern. In each case, we approximate the given integral by integrating over a different 
interval. The exact value is then found by computing a limit as the approximate interval 
approaches the desired interval. Answer the following for yourself. How do each of 
the examples in this section fit this pattern? 



EXERCISES 7.7 



0) 



1$) WRITING EXERCISES 



1. For many students, our emphasis on working through the limit 
process for an improper integral may seem unnecessarily care- 
ful. Explain, using examples from this section, why it is im- 
portant to have and use precise definitions. 

2. Identify the following statement as true or false (meaning not 
always true) and explain why: If the integrand f(x) — > oo as 
x — ► a + or as x — >• b~, then the area f b f(x)dx is infinite; 
that is, f(x) dx diverges. 



In exercises 1 and 2, determine whether or not the integral is 
improper. If it is improper, explain why 

1. (a) f x- yi dx (b) f x- 2/5 dx (c) f x 2/s dx 

Jo J] Jo 

C°° f 2 3 C°° 3 

2. (a) / x 2/s dx (b) / - dx (c) / - dx 

Jo J -2 X Jl X 



In exercises 3-18, determine whether the integral converges or 
diverges. Find the value of the integral if it converges. 



3. (a) f x- l/3 dx 
Jo 

/oo 
x~ 4/s dx 



fo Vl — x 

f 1 2 
6. (a) / 

Jo 



dx 



dx 



(b) f x-* /3 dx 
Jo 

/oo 
x" 6/5 dx 

2 



(b) 
(b) 



-JT-x 
2 



: dx 



7. (a 

8. (a 

9. (a 

10. (a 

11. (a 

12. (a; 

13. (a 

14. (a; 

15. (a 

16. (a; 

17. (a 

18. (a 



/ xe x 
Jo 

L 

,oo J 

/ x'- 

J —oo 

I 

i: 
r 



dx 



x 2 e ix dx 



dx 



cos x dx 



x dx 



cot x dx 



dx 



c-s/l — x- 



dx 



X 2 - 1 

/ x sec 2 x dx 
Jo 

,00 J 

i_oo 1 + X 

f— 

Jo x 2 -\ 

,oo j 

Jo -J^e-fi 

[°° e" 

I -7. dx 

Jo + 1 



dx 



dx 



(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 



xe~* x dx 



cosxe smx dx 



sec x dx 



tan x dx 



/oo 

/ 

P 1 d 

r 

Jo 

f 

Jo 

f 

Jo 

r 4 2x 

J-,^i 

f~— 

Jo * 3 -l 

,oo J 
J —oo X 1 

r°° l 

Jo (x - 2) 2 

J tan x dx 
Jo 

r°° x 
Jo V^mH 



dx 



dx 



dx 



dx 



dx 
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19. (a) Find all values of p for which f Q -y dx converges. 

(b) Find all values of p for which -L dx converges. 

(c) Show that x p dx diverges for every p. 

20. (a) Find all values of r for which / 0 °° xe rx dx converges, 
(b) Find all values of r for which f° xe rx dx converges. 



In exercises 21-30, use a comparison to determine whether the 
integral converges or diverges. 



r°° x r^x 1 - 

21. / -dx 22. / — — 

Ji 1+-* 3 Ji * 4 + 

f -TW- dx 24. f 

p CO Q poo 

/ dx 26. / e-* 3 d3 

Jo x + e* Ji 

f™ sin 2 * f 00 Inx 

27. / dx 28. / 

Jo 1 + e" J 2 e* + 1 

/■oo 2 x poo 

29. / — dx 30. / 

J 2 Inx J, 



23 



25 



dx 



2 + sec 2 x 
24. / dx 



dx 



dx 



In exercises 31 and 32, use integration by parts and l'Hopital's 
Rule. 



31. f x 

Jo 



In Ax dx 



/ X 

Jo 



32. / xe~ lx dx 



33. In this exercise, you will look at an interesting pair of calcula- 
tions known as Gabriel's horn. The horn is formed by taking 
the curve y — l/x for x > 1 and revolving it about the x-axis. 
Show that the volume is finite (i.e., the integral converges), but 
that the surface area is infinite (i.e., the integral diverges). The 
paradox is that this would seem to indicate that the horn could 
be filled with a finite amount of paint but that the outside of 
the hom could not be covered with any finite amount of paint. 

34. Show that f°° x 3 dx diverges but lim ( R „ x 3 dx — 0. 

In exercises 35-38, determine whether the statement is true or 
false (not always true). 

35. If lim f(x) = 1, then f(x)dx diverges. 

jc-»oo 

36. If lim f(x) = 0, then f(x)dx converges. 

37. If lim f(x) = oo, then f 0 f(x)dx diverges. 

38. If /(-*) = -f(x) for all x, then f(x) dx = 0. 



39. (a) Given that e x ' dx — *Jn , evaluate e kx ~ dx 
for k > 0. 

(b) Given that f™ e~" 2 dx = *Jjt, evaluate x 2 e~ kx ~ dx 
for k > 0. 



40. Given that 



f°° sin . 
Jo x 



dx 



n 

2' 



(a) k > 0 (b) k < 0. Given that 
sin 2 kx 



evaluate 

sin 2 x 



C°° sin kx 
Jo x 



■ dx for 



/ 

Jo 



■ dx — — , eval- 
2 



uate 



f 

Jo 



41. Noting that 



■ dx for (c) k > 0, (d) k < 0. 
1 



x s + 1 



you would expect 



r 

Jo 



for large values of x, explain why 



dx to converge. Use a compa- 



x 5 + 1 



rison test to prove that it does. 
42. As in exercise 4 1 , quickly conjecture whether the integral con- 
verges or diverges. 



(a) 



(c) 



[ 
[ 



: dx 



(b) 



Ji VT^T 



: dx 



V* 5 + X - 1 

43. Use the substitution u = f — x to show that 
(a) J^ 11 ln(sinx)rfx = f* 12 ln(cosx)<ix. Add J^ /2 ln(sinx) dx 
to both sides of this equation and simplify the right-hand side 
with the identity sin2x = 2 sin x cos x. (b) Use this result to 
show that 2f^ 2 ln(sinx) dx = — | ln2 + | J* ln(sinx)dx. 
(c) Show that J* ln(sinx)rfx = 2 f^ 2 \n(sinx) dx. (d) Use 
parts (b) and (c) to evaluate f 0 * /2 ln(sin x) dx. 

44. Show that for any positive integer n, / 0 '(lnx)" dx equals n ! if 
n is even and — n \ if n is odd. [Hint: lim x(lnx)" = 0.] 



~o< 



45. Explain why 



r 12 i 

Jo 1 + tanx 



dx is an improper integral. 



Assuming that it converges, explain why it is equal to 

1 



/.JT/2 

Jo ' 



f(x)dx, where /(x) 



1 + tanx 
0 



if 0 < x < ? 



if x= f 



it/2 



Similarly, find a function g{x) such that the improper 
r 12 tanx 

integral / dx equals the proper integral 

Jo 1 + tanx 



g(x)dx. Use the substitution u = x — | to show 

r> 2 1 r 12 tanx 

/ dx — I dx. Adding 

Jo 1 + tanx Jo 1 + tanx 



L 

that 



, the 

1 + tan x Jo 1 + tan x 

first integral to both sides of the equation, evaluate 

Jo 1 + tanx 

f /2 1 

46. Generalize exercise 45 to evaluate / — ^ — dx for any 

Jo 1 + *" 



real number k. 



tan" x 



47. Assuming that all integrals in this exercise converge, 
use integration by parts to write f x 4 e~ x ~ dx in terms 

of (° C L.x 2 e~ x dx and then in terms of f°° e~ x dx — 

J — oo J — oo 



*Jti. By induction, 
(In - l)(2n - 3) - • - 3 • 1 



[ On _r2 

show that / x _ "e x dx 

J — oo 

V^r, for any positive integer n. 



48. Show that e~" x ~dx = V^T for any positive constant 
a ^ 0. Formally (that is, differentiate under the integral sign) 
compute /; derivatives with respect to a of this equation, set 
a — 1 and compare the result to that of exercise 47. 
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(pi APPLICATIONS 

49. A function f(x) > 0 is a probability density function (pdf) on 
the interval [0, oo) if L f(x)dx — 1. Find the value of the 
constant k to make each of the following pdf 's on the interval 
[0, oo). 



(a) 



(b) ke~ 



(c) ke~ rx ,r > 0 



50. Find the value of the constant k to make each of the following 
pdf 's on the interval [0, oo). (See exercise 49.) 



(a) kxe" lx (b) kxe~ 



(c) kxe rx , r > 0 



51. The mean p (one measure of average) of a random variable 
with pdf f(x) on the interval [0, oo) is p = / 0 °° xf(x) dx. Find 
the mean of the exponential distribution f(x) — re~ rx , r > 0. 

52. Find the mean of a random variable with pdf f(x) — r 2 xe~ rx . 

53. Many probability questions involve conditional probabili- 
ties. For example, if you know that a lightbulb has already 
burned for 30 hours, what is the probability that it will last 
at least 5 more hours? This is the "probability that x > 35 
giventhatx > 30" and is written as P(x > 35|x > 30).Ingen- 

P(AandB) 

eral, for events A and B , P ( A I B ) = , which in this 

P(B) 

P(x > 35) 

case reduces to P(x > 35\x > 30) = . For the pdf 

P(x > 30) 

f(x) = i e -* /4 ° (in hours), compute P(x > 35\x > 30). Also, 
compute P(x > 40|jc > 35) and P(x > 45|jc > 40). (Hint: 
P{x > 35) = 1 - P(x < 35).) 

54. Exercise 53 illustrates the "memoryless property" of exponen- 
tial distributions. The probability that a lightbulb last m more 
hours given that it has already lasted n hours depends only on 
m and not on n. (a) Prove this for the pdf fix) — -^e^ x/4 °. 
(b) Show that any exponential pdf f(x) — ce~ cx has the mem- 
oryless property, for c > 0. 

55. The Omega function is used for risk/reward analysis of fi- 
nancial investments. Suppose that f(x) is a pdf on (— oo, oo) 
and gives the distribution of returns on an investment. (Then 

f 

J f(x)dx is the probability that the investment returns 

J a 

between $a and $b.) Let F(x) — J f(t)dt be the 

J — oo 

cumulative distribution function for returns. Then 



f r °°[l - F(x)]dx 



is the Omega function for the 



Ceo F{X) dx 

investment. 

(a) Compute £2i(r) for the exponential distribution 
fi{x) = 2e -2 *, 0 < x < oo. Note that Qi(r) will be un- 
defined (oo) for r < 0. 

(b) Compute S2 2 (r) for f 2 (x) = 1, 0 < x < 1. 

(c) Show that the means of fi(x) and fa{x) are the same and 
that Q(r) — 1 when r equals the mean. 

(d) Even though the means are the same, investments with dis- 
tributions fi (x) and fiix) are not equivalent. Use the graphs 
of fi(x) and fc(x) to explain why f\(x) corresponds to a 
riskier investment than f2(x). 

(e) Show that for some value c, £22(0 > ^i(r) for r < c and 
fi 2 ('") < ^i(r) for r > c. In general, the larger Q,{r) is, 
the better the investment is. Explain this in terms of this 
example. 



56. The reliability function R(t ) gives the probability that x > t. 
For the pdf of a lightbulb, this is the probability that the bulb 
lasts at least t hours. Compute R(t) for a general exponential 

pdf f{x) = ce~ c *. 

57. The so-called Boltzmann integral 

I(p) — I p(x) In p(x) dx 
Jo 

is important in the mathematical field of information the- 
ory. Here, p(x) is a pdf on the interval [0, 1]. Graph the pdf 's 
P\{x) — 1 and 



P2(x) = 



Ax 



if 0 < x < 1/2 



4 - Ax if 1/2 < x < 1 



and compute the integrals f} pi(x) dx and j} pi{x) dx to ver- 
ify that they are pdf's. Then compute the Boltzmann integrals 
I(pi) and I{p2)- Suppose that you are trying to determine the 
value of a quantity that you know is between 0 and 1 . If the pdf 
for this quantity is p\ (x), then all values are equally likely. What 
would a pdf of piix) indicate? Noting that /(p 2 ) > I(Pt), ex- 
plain why it is fair to say that the Boltzmann integral measures 
the amount of information available. Given this interpretation, 
sketch a pdf pi(x) that would have a larger Boltzmann integral 
than p 2 (x). 



EXPLORATORY EXERCISES 



1. The Laplace transform is an invaluable tool in many engi- 
neering disciplines. As the name suggests, the transform turns 
a function f(t) into a different function F(s). By definition, 
the Laplace transform of the function fit) is 

/•OO 

F(ff)= / f(t)e- s 'dt. 
Jo 

To find the Laplace transform of f(t) — 1, compute 



/>O0 />C 

/ (l)e-"dt= / 

^0 ^0 



-"dt. 



Show that the integral equals l/s, for s > 0. We write 
L{1} = l/s. Show that 



Lit) 



f 

Jo 



te s 'dt 



1 



for s > 0. Compute L{t 2 } and L{t 3 } and conjecture the general 
formula for L{t"). Then, find L{e"'} for s > a. 

2. The gamma function is defined by T(x) = / 0 °° t x ~ [ e~' dt, if 
the integral converges. For such a complicated-looking func- 
tion, the gamma function has some surprising properties. 
First, show that r(l) = 1. Then use integration by parts and 
l'Hopital's Rule to show that T{n + 1) = «r(«),forany n > 0. 
Use this property and mathematical induction to show that 
T(« + 1) = n\, for any positive integer n. (Notice that this 
includes the value 0! = 1.) Numerically approximate T(^) 
and r(|). Is it reasonable to define these as (^)! and (!)!, 
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respectively? In this sense, show that (jj! = j^/n. Finally, 
for x < 1, the defining integral for T(x) is improper in two 
ways. Use a comparison test to show the convergence of 



/,°° t x l e ' dt. This leaves L t x l e ' dt. Determine the range 
of p-values for which t p e~' dt converges and then determine 
the set of x's for which T(x) is defined. 



0) 7 ' 
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FIGURE 7.25 

Histogram for two-coin toss 



Number 




of Heads 


Probability 


0 


1/256 


1 


8/256 


2 


28/256 


3 


56/256 


4 


70/256 


5 


56/256 


6 


28/256 


7 


8/256 


8 


1/256 



0.30 
0.25 
0.20 
0.15 
0.10 
0.05 



012345678 

FIGURE 7.26 

Histogram for eight-coin toss 



The mathematical fields of probability and statistics focus on the analysis of random pro- 
cesses. In this section, we give a brief introduction to the use of calculus in probability theory. 

We begin with a simple example involving coin-tossing. Suppose that you toss two 
coins, each of which has a 50% chance of coming up heads. Because of the randomness 
involved, you cannot calculate exactly how many heads you will get on a given number of 
tosses. But you can calculate the likelihood of each of the possible outcomes. If we denote 
heads by H and tails by T, then the four possible outcomes from tossing two coins are HH, 
HT, TH and TT. Each of these four outcomes is equally likely, so we can say that each has 
probability | . This means that, on average, each of these events will occur in one-fourth of 
your tries. Said a different way, the relative frequency with which each event occurs in a 
large number of trials will be approximately ~ . 

Note that based on our calculations above, the probability of getting two heads is \, 
the probability of getting one head is \ (since there are two ways for this to happen: HT and 
TH) and the probability of getting zero heads is J . We often summarize such information 
by displaying it in a histogram, a bar graph where the outcomes are listed on the horizontal 
axis. (See Figure 7.25.) 

If we instead toss eight coins, the probabilities for getting a given number of heads are 
given in the accompanying table and the corresponding histogram is shown in Figure 7.26. 
You should notice that the sum of all the probabilities is 1 (or 100%, since it's certain that 
one of the possible outcomes will occur on a given try). This is one of the defining properties 
of probability theory. Another basic property is called the addition principle: to compute 
the probability of getting 6, 7 or 8 heads (or any other mutually exclusive outcomes), simply 
add together the individual probabilities: 



P(6, 7 or 8 heads) = 



28 8 
256 + 256 



1 

256 



37 
256 



0.145. 



A graphical interpretation of this calculation is very revealing. In the histogram in Fig- 
ure 7.26, notice that each bar is a rectangle of width 1 . Then the probability associated with 
each bar equals the area of the rectangle. In graphical terms, 

• The total area in such a histogram is 1 . 

• The probability of getting between 6 and 8 heads (inclusive) equals the sum of the 
areas of the rectangles located between 6 and 8 (inclusive). 

A more complicated question is to ask the probability that a randomly chosen person 
will have a height of 5'9" or 5'10". There is no easy theory we can use here to compute the 
probabilities (since not all heights are equally likely). In this case, we use the correspondence 
between probability and relative frequency. If we collect information about the heights of 
a large number of adults, we might find the following. 



Height 


<64" 


64" 


65" 


66" 


67" 


68" 


69" 


70" 


71" 


72" 


73" 


>73" 


Number of people 


23 


32 


61 


94 


133 


153 


155 


134 


96 


62 


31 


26 



Since the total number of people in the survey is 1000, the relative frequency of the 
height 5'9"(69") is ^ = 0.155 and the relative frequency of the height 5' 10" (70") 
is -j^Hj = 0.134. An estimate of the probability of being 5'9" 
0.155 + 0.134 = 0.289. A histogram is shown in Figure 7.27. 



or 5' 10" is then 
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0.12- 








0.08- 




0.06- 




0.04- 




0.02- 





<64 64 65 66 67 68 69 70 71 72 73 >73 

FIGURE 7.27 

Histogram for relative frequency of heights 



To answer a more specific question, such as what the probability is that a randomly 
chosen person is 5'8 \ or 5'9", we would need to have our data broken down further, as in 
the following partial table. 



66±" 


67" 


671" 


68" 


68i" 


69" 


69f 


70" 


701" 


71" 


52 


61 


72 


71 


82 


81 


74 


69 


65 


58 



The probability that a person is 5'9" can be estimated by the relative frequency of 
5'9" people in our survey, which is -^L — 0.081. Similarly, the probability that a person 

is 5'8\" is approximately ^ — 0.082. The probability of being 5'8^" or 5'9" is then 
approximately 0.082 + 0.081 = 0.163. A histogram for this portion of the data is shown in 
Figure 7.28a. 

Notice that since each bar of the histogram now represents a half-inch range of height, 
we can no longer interpret area in the histogram as the probability. We will modify the his- 
togram to make the area connection clearer. In Figure 7.28b, we have labeled the horizontal 
axis with the height in inches, while the vertical axis shows twice the relative frequency. 
The bar at 69" has height 0.162 and width \. Its area, j(0.162) = 0.081, corresponds to the 
relative frequency (or probability) of the height 5'9". 



0.09- 

0.08 -- I 1 

0.07 -- I 1 I 1 

0.06 I 

0.05 - — 
0.04- 
0.03 - - 
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0.01- 

67 68 69 70 71 

FIGURE 7.28a 

Histogram for relative frequency 
of heights 



0.18- 

0.16- I 1 

0.14-- I I I 1 

0.12 - - I 

o.io-= — 

0.08- 
0.06- 
0.04- 
0.02- 

67 68 69 70 71 

FIGURE 7.28b 

Histogram showing double the 
relative frequency 



Of course, we could continue subdividing the height intervals into smaller and smaller 
pieces. Think of doing this while modifying the scale on the vertical axis so that the area of 
each rectangle (length times width of interval) always gives the relative frequency (proba- 
bility) of that height interval. For example, suppose that there are n height intervals between 
5'8" and5'9". Let x represent height in inches and fix) equal the height of the histogram bar 
for the interval containing x. Let x\ — 68 + - , xi — 68 + - and so on, so that x, ■ = 68 + '- , 
for 1 < (' < n and let Ax = i . For a randomly selected person, the probability that their 
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height is between 5'8" and 5'9" is estimated by the sum of the areas of the corresponding 
histogram rectangles, given by 

n 

P(68 <x< 69) « f(xi)Ax + f( X2 )Ax + ■■■ + f(x n )Ax = £ f(x t )Ax. (8.1) 

i=l 

Observe that as n increases, the histogram of Figure 7.29 will "smooth out," approaching a 
curve like the one shown in Figure 7.30. 



HISTORICAL 
NOTES 

Blaise Pascal (1623-1662) 

A French mathematician and 
physicist who teamed with Pierre 
Fermat to begin the systematic 
study of probability. (See The 
Unfinished Game, by Keith Devlin, 
for an account of this.) Pascal is 
credited with numerous 
inventions, including a wrist 
watch, barometer, hydraulic 
press, syringe and a variety of 
calculating machines. He also 
discovered what is now known as 
Pascal's Principle in hydrostatics. 
(See section 5.6.) Pascal may well 
have become one of the founders 
of calculus, but poor health and 
large periods of time devoted to 
religious and philosophical 
contemplation reduced his 
mathematical output. 
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FIGURE 7.29 

Histogram for heights 



FIGURE 7.30 

Probability density function and 
histogram for heights 

We call this limiting function /, the probability density function (pdf) for heights. 
Notice that for any given i — 1,2,...,/!, /(*>•) does not give the probability that a person's 
height equals x;. Instead, for small values of Ax, the quantity /(x,) Ax is an approximation 
of the probability that a randomly selected height is in the range [x,_i, x, ]. 

Observe that as n — > oo, the Riemann sum in (8.1) should approach an integral 
f* f(x) dx. Here, the limits of integration are 68 (5'8") and 69 (5'9"). We have 

n p69 

lim > /(x,)Ax= / f(x)dx. 

Notice that by adjusting the function values so that probability corresponds to area, we 
have found a familiar and direct technique for computing probabilities. We now summarize 
our discussion with some definitions. The preceding examples are of discrete probability 
distributions {discrete since the quantity being measured can only assume values from a 
certain finite set). For instance, in coin-tossing, the number of heads must be an integer. By 
contrast, many distributions are continuous. That is, the quantity of interest (the random 
variable) assumes values from a continuous range of numbers (an interval). For instance, 
although height is normally rounded off to the nearest integer number of inches, a person's 
actual height can be any number. 

For continuous distributions, the graph corresponding to a histogram is the graph of a 
probability density function (pdf). We now give a precise definition of a pdf. 



DEFINITION 8.1 

Suppose that X is a random variable that may assume any value x with a < x < b. A 
probability density function for X is a function / satisfying 

(i) f(x) > 0 for a <X <b. Probability density functions are never negative. 

and 

f b 

(ll) / f(x)dX = l. The total probability is 1. 

J a 

The probability that the (observed) value of X falls between c and d is given by the 
area under the graph of the pdf on that interval. That is, 

P(c<X<d) — I f{x)dx. Probability corresponds to area under the curve. 



To verify that a function defines a pdf for some (unknown) random variable, we must 
show that it satisfies properties (i) and (ii) of Definition 8.1. 
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0.10- 



0.05- 



EXAMPLE 8. 1 Verifying That a Function Is a pdf on an Interval 

Show that f(x) — 3x 2 defines a pdf on the interval [0, 1] by verifying properties (i) and 
(ii) of Definition 8. 1. 

Solution Clearly, f(x) > 0. For property (ii), we integrate the pdf over its domain. 
We have 



f 3x 2 dx - x 3 
Jo 



i 

= 1. 

0 



EXAMPLE 8.2 Using a pdf to Estimate Probabilities 

Suppose that f(x) — e -0.08(j-68) j s tne probability density function for the 

V2jt 

heights in inches of adult American males. Find the probability that a randomly selected 
adult American male will be between 5'8" and 5'9". Also, find the probability that a 
randomly selected adult American male will be between 6'2" and 6'4". 

Solution To compute the probabilities, you first need to convert the specified heights 
into inches. The probability of being between 68 and 69 inches tall is 



f 69 0 4 

P(68 < X < 69) = / —= e - Qmx ' bi) ' dx « 0.15542. 



2tt 

Here, we approximated the value of the integral numerically. (You can use Simpson's 
Rule or the numerical integration method built into your calculator or CAS.) Similarly, 
0.20-1- the probability of being between 74 and 76 inches is 



f 0 4 

P(74<X<76) = / — =e-° mx - 6S)1 dx » 0.00751, 

J 74 V 27T 



where we have again approximated the value of the integral numerically. ■ 

According to data in Gyles Brandreth's Your Vital Statistics, the pdf for the heights of 
7 ' 0 ^ 8 ' 0 9o~~* A adult males in the United States looks like the graph of f(x) — e -o.o8(.r-68) s jj 0wn 

V27T 

FIGURE 7.3 1 in Figure 7.31 and used in example 8.2. You probably have seen bell-shaped curves like 

Heights of adult males this before. This distribution is referred to as a normal distribution. Besides the normal 

distribution, there are many other probability distributions that are important in applications. 



EXAMPLE 8.3 Computing Probability with an Exponential pdf 

Suppose that the lifetime in years of a certain brand of lightbulb is exponentially 
distributed with pdf f(x) = Ae~ Ax . Find the probability that a given lightbulb lasts 
3 months or less. 

Solution First, since the random variable measures lifetime in years, convert 
3 months to I year. The probability is then 

P (o < X < ^) = ' \e~ Ax dx = 4 

- - e - 1 + e° = l- e~ l w 0.63212. * 




In some cases, there may be theoretical reasons for assuming that a pdf has a certain 
form. In this event, the first task is to determine the values of any constants to achieve the 
properties of a pdf. 
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TODAY IN 
MATHEMATICS 



Persi Diaconis (1945- ) 

An American statistician who was 
one of the first recipients of a 
lucrative MacArthur Foundation 
Fellowship, often called a "genius 
grant." Diaconis trained on the 
violin atjuilliard until age 14, 
when he left home to become a 
professional magician for 1 0 years. 
His varied interests find 
expression in his work, where he 
uses all areas of mathematics and 
statistics to solve problems from 
throughout science and 
engineering. He says, "What 
makes somebody a good applied 
mathematician is a balance 
between finding an interesting 
real-world problem and finding an 
interesting real-world problem 
which relates to beautiful 
mathematics." 



EXAMPLE 8.4 Determining the Coefficient of a pdf 

Suppose that the pdf for a random variable has the form f(x) = ce~~ 3x for some constant 
c, with 0 < x < 1 . Find the value of c that makes this a pdf. 

Solution To be a pdf, we first need that f(x) = ce~ 3 x > 0, for all x G [0, 1]. (This will 
be the case as long as c > 0.) Also, the integral over the domain must equal 1. So, we set 

l 



1 



/ 

Jo 



c e 



-3 a 



dx 



-3x 



rC 1 



It now follows that c — 



1 



3.1572. 



Given a pdf, it is possible to compute various statistics to summarize the properties 
of the random variable. The most common statistic is the mean, the best-known measure 
of average value. If you wanted to average test scores of 85, 89, 93 and 93, you would 
probably compute the mean, given by 85 + 89 + 93 + 93 = 90. 

Notice here that there were three different test scores recorded: 85, which has a relative 
frequency of |, 89, also with a relative frequency of | and 93, with a relative frequency of 
|. We can also compute the mean by multiplying each value by its relative frequency and 
then summing: (85) ± + (89) \ + (93) \ = 90. 

Now, suppose we wanted to compute the mean height of the people in the following 
table. 



Height 


63" 


64" 


65" 


66" 


67" 


68" 


69" 


70" 


71" 


72" 


73" 


74" 


Number 


23 


32 


61 


94 


133 


153 


155 


134 


96 


62 


31 


26 



It would be silly to write out the heights of all 1000 people, add and divide by 1000. It is 
much easier to multiply each height by its relative frequency and add the results. Following 
this route, the mean m is given by 



23 

= (63) 

1000 

- 68.523. 



(64) 



32 
1000 



(65) 



61 

iooo 



(66) 



94 
1000 



(67) 



133 
1000 



(74) 



26 
1000 



If we denote the heights by x\, x%, . . . , x„ and let f(xt) be the relative frequency or proba- 
bility corresponding to x — x, , the mean then has the form 

m = Xifixi) + x 2 f(x 2 ) + x 3 f(x3) H h x n f{x n ). 

If the heights in our data set were given for every half-inch or tenth-of-an-inch, we would 
compute the mean by multiplying each Xj by the corresponding probability f(xi)Ax, where 
Ax is the fraction of an inch between data points. The mean now has the form 

n 

m = [xif(xi) + x 2 f(x 2 ) + x 3 /(x 3 ) H h x n f(x„)] Ax = } x { f(Xj) Ax, 

i=i 

where n is the number of data points. Notice that, as n increases and Ax approaches 0, the 
Riemann sum approaches the integral xf(x) dx. This gives us the following definition. 



DEFINITION 8.2 

The mean /x of a random variable with pdf / on the interval [a, b] is given by 

fi — J xf(x)dx. (8.2) 
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Although the mean is commonly used to report the average value of a random variable, 
it is important to realize that it is not the only measure of average used by statisticians. An 
alternative measurement of average is the median, the .r-value that divides the probability 
in half. (That is, half of all values of the random variable lie at or below the median and 
half lie at or above the median.) In example 8.5 and in the exercises, you will explore situa- 
tions in which each measure provides a different indication about the average of a random 
variable. 



0.7- 
0.6- 
0.5- 
0.4- 
0.3- 
0.2- 
0.1- 



0.5 



1 



FIGURE 

y = (ln2)e- 



1.5 

7.32 

-(ln2)x/2 



EXAMPLE 8.5 



Finding the Mean Age and Median Age 
of a Group of Cells 



Suppose that the age in days of a type of single-celled organism has pdf 
f(x) — (ln2)e~* c , where k — ~ In 2. The domain is 0 < x < 2. (The assumption here is 
that upon reaching an age of 2 days, each cell divides into two daughter cells.) Find (a) 
the mean age of the cells, (b) the proportion of cells that are younger than the mean and 
(c) the median age of the cells. 

Solution For part (a), we have from (8.2) that the mean is given by 

*2 



I 1 



f x(ln2)e- (ln2)x/2 dx « 0.88539 day, 
Jo 



where we have approximated the value of the integral numerically. Notice that even 
though the cells range in age from 0 to 2 days, the mean is not 1. The graph of the pdf in 
Figure 7.32 shows that younger ages are more likely than older ages and this causes the 
mean to be less than 1 . 

For part (b), notice that the proportion of cells younger than the mean is the same as 
the probability that a randomly selected cell is younger than the mean. This probability 
is given by 



P(0 < X < pi) 



L 



0.88539 



(ln2)<r (ln2)A/2 c/x « 0.52848, 



where we have again approximated the value of the integral numerically. Therefore, the 
proportion of cells younger than the mean is about 53%. Notice that in this case the 
mean does not represent the 50% mark for probabilities. In other words, the mean is not 
the same as the median. 

To find the median in part (c), we must solve for the constant c such that 



0.5= [ (ln2)e- (in2)x/2 dx. 
Jo 



Since an antiderivative of e ( ln2 ) JC / 2 is — r^e" 

In 2 



(ln2)x/2 



, we have 



0.5 = [ (ln2)e- (ln2)x/2 d* 
Jo 



= ln2 



-On 2)x/2 



2 

ln2 t 

= -2 e - (Xn2)c l 2 + 2. 
Subtracting 2 from both sides, we have 

-1.5 = -2 e - (ln2)f / 2 , 
so that dividing by —2 yields q.75 = e ~< ln2)c /2 
Taking the natural log of both sides gives us 



Jo 



In 0.75 = -(ln2)c/2. 



7-65 



SECTION 7.8 •• Probability 485 



Finally, solving for c gives us c — , 

In 2 

so that the median is —2 In 0.75/ In 2 ~ 0.83. We can now conclude that half of the cells 
are younger than 0.83 day and half the cells are older than 0.83 day. ■ 



EXERCISES 7.8 



0) 



55 WRITING EXERCISES 



1. In the text, we stated that the probability of tossing two fair 
coins and getting two heads is i. If you try this experiment 
four times, explain why you will not always get two heads ex- 
actly one out of four times. If probability doesn't give precise 
predictions, what is its usefulness? To answer this question, 
discuss the information conveyed by knowing that in the above 
experiment the probability of getting one head and one tail is 
i (twice as big as |). 

2. Suppose you toss two coins numerous times (or simulate this 
on your calculator or computer). Theoretically, the probability 
of getting two heads is 1 . In the long run (as the coins are tossed 
more and more often), what proportion of the time should two 
heads occur? Try this and discuss how your results compare to 
the theoretical calculation. 

3. Based on Figures 7.25 and 7.26, describe what you expect the 
histogram to look like for larger numbers of coins. Compare 
to Figure 7.31. 

4. The height of a person is determined by numerous factors, 
both hereditary and environmental (e.g., diet). Explain why 
this might produce a histogram similar to that produced by 
tossing a large number of coins. 



In exercises 1-6, show that the given function is a pdf on the 
indicated interval. 



1. /(*) = 4* 3 , [0, 1] 
3. fix) = x + 2x\ [0, 1] 
5. f(x) = ±sinx, [0,jr] 



2. f(x) = fx 2 , [0, 2] 
4. f{x) = cosx, [0, jt/2] 
6. fix) = e- x ' 2 , [0, In 4] 



In exercises 7-12, find a value of c for which fix) is a pdf on the 
indicated interval. 



7. /(*) = cx\ [0, 1] 
9. fix) = ce-*\ [0, 1] 



8. fix) = cx + x 2 , [0, 1] 
10. fix) = 2ce- c *,[0,2] 



11. fix): 



1 + X 2 



[0, 1] 



12. fix): 



[0, 1] 



I In exercises 13-16, use the pdf in example 8.2 to find the proba- 
bility that a randomly selected American male has height in the 
indicated range. 

13. Between 5' 10" and 6'. 

14. Between 6' 6" and 6' 10". 



15. Between 7' and 10'. 

16. Between 2' and 5'. 



In exercises 17-20, find the indicated probabilities, given that 
the lifetime of a lightbulb is exponentially distributed with pdf 
fix) = 6e~ 6x (with x measured in years). 

17. The lightbulb lasts less than 3 months. 

18. The lightbulb lasts less than 6 months. 

19. The lightbulb lasts between 1 and 2 years. 

20. The lightbulb lasts between 3 and 10 years. 



| In exercises 21-24, suppose the lifetime of an organism has pdf 
fix) = 4xe~ 2x (with x measured in years). 

21. Find the probability that the organism lives less than 1 year. 

22. Find the probability that the organism lives between 1 and 
2 years. 

23. Find the mean lifetime (0 £ x < 10). 

24. Graph the pdf and compare the maximum value of the pdf to 
the mean. 



In exercises 25-30, find (a) the mean and (b) the median of the 
random variable with the given pdf. 



25. fix) = 3x 2 , [0, 1] 



4 In 

27. fix) = -j—, [0, 1] 
1 + x l 

29. f(x) = isinjc, [0, jt] 



26. fix) = 4x 3 ,0 < x < 1 



28. /(*) = 



2/n 



:,[0, 1] 



Vl - x 2 
30. fix) = cosx, [0,tt/2] 



31. For fix) — ce 4t , find c so that fix) is a pdf on the interval 
[0, b] for b > 0. What happens to c as b —> oo? 

32. For the pdf of exercise 31, find the mean exactly (use a 
CAS for the antiderivative). As b increases, what happens to 
the mean? 

33. Repeat exercises 31 and 32 for fix) — ce~ 6x , 

34. Based on the results of exercises 31-33, conjecture the values 
for c and the mean as a — > oo, for fix) — ce~ ax , a > 0. 
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(p APPLICATIONS 

35. In one version of the game of keno, you choose 10 numbers 
between 1 and 80. A random drawing selects 20 numbers be- 
tween 1 and 80. Your payoff depends on how many of your 
numbers are selected. Use the given probabilities (rounded to 
4 digits) to find the probability of each event indicated below. 
(To win, at least 5 of your numbers must be selected. On a 
$2 bet, you win $40 or more if 6 or more of your numbers are 
selected.) 



Number selected 


0 


1 


2 


3 


4 


Probability 


0.0458 


0.1796 


0.2953 


0.2674 


0.1473 



between fi — a and /x + a (that is, within one standard de- 
viation of the mean). Find the probability that a given height 
is within two standard deviations of the mean (// — 2a to 
(i + 2a) and within three standard deviations of the mean. 
These probabilities are the same for any normal distribution. 
So, if you know the mean and standard deviation of a normally 
distributed random variable, you automatically know these 
probabilities. 

41. If the probability of an event is p , the probability that it will hap- 

-p'"(l-p)"-"'. 



pen m times in n tries is f(p) — 

m\{n — m)\ 

Find the value of p that maximizes f(p). This is called the 
maximum likelihood estimator of p. Briefly explain why your 
answer makes sense. 



Number selected 


5 


6 


7 


8 


9 


10 


Probability 


0.0514 


0.0115 


0.0016 


0.0001 


0.0 


0.0 



42. 



36. 



(a) winning (at least 5 selected) 

(b) losing (4 or fewer selected) 

(c) winning big (6 or more) 

(d) 3 or 4 numbers selected 

Suppose a basketball player makes 70% of her free throws. 
If she shoots three free throws and the probability of making 
each one is 0.7, the probabilities for the total number made 
are as shown. Find the probability of each event indicated 
below. 



Number made 


0 


1 


2 


3 


Probability 


0.027 


0.189 


0.441 


0.343 



(a) She makes 2 or 3 



(b) She makes at least 1 



37. (a) Suppose that a game player has won m games out of n, 

with a winning percentage of 100^ < 75. The player then 
wins several games in a row, so that the winning percentage 
exceeds 75%. Show that at some point in this process the 
player's winning percentage is exactly 75%. 
(b) Generalize to any winning percentage that can be written 
k 

as 100 , for some integer k. 

k+l 6 

38. In example 8.5, we found the median (also called the sec- 
ond quartile). Now find the first and third quartiles, the ages 
such that the probability of being younger are 0.25 and 0.75, 
respectively. 

39. The pdf in example 8.2 is the pdf for a normally distributed ran- 
dom variable. The mean is easily read off from fix); in exam- 
ple 8.2, the mean is 68. The mean and a number called 
the standard deviation characterize normal distributions. As 
Figure 7.3 1 indicates, the graph of the pdf has a maximum at the 
mean and has two inflection points located on opposite sides 
of the mean. The standard deviation equals the distance from 
the mean to an inflection point. Find the standard deviation in 
example 8.2. 

40. In exercise 39, you found the standard deviation for the pdf 
in example 8.2. Denoting the mean as fi and the standard 
deviation as a, find the probability that a given height is 



The Buffon needle problem is one of the oldest and most 
famous of probability problems. Suppose that a series of hor- 
izontal lines are spaced one unit apart and a needle of length 
one is placed randomly. What is the probability that the needle 
intersects one of the horizontal lines? 



45. 



In the figure, y is the distance from the center of the needle to 
the nearest line and 6 is the positive angle that the needle makes 
with the horizontal. Show that the needle intersects the line if 
and only if 0 < y < \ sin#. Since 0 < 6 < it and 0 < y < L 



the desired probability is 



Jo 



\ smddd 



. Compute this. 



43. The Maxwell-Boltzmann pdf for molecular speeds in a gas 
at equilibrium is f(x) — ax 2 e~ h ~ x " , for positive parame- 
ters a and b. Find the most common speed [i.e., find x to 
maximize f(x)]. 

44. The pdf for inter-spike intervals of neurons firing in the 
cochlear nucleus of a cat is f(t) — kt~ il2 e b '~ al ' , where a — 
100, b — 0.38 and /is measured in microseconds. (SeeMackey 
and Glass, From Clocks to Chaos.) Use your CAS to find the 
value of k that makes/ a pdf on the interval [0, 40]. Then find 
the probability that neurons fire between 20 and 30 microsec- 
onds apart. 



Suppose that a soccer team has a probability p of scoring the 
next goal in a game. The probability of a 2-goal game ending in 
a 1-1 tie is 2p(l — p), the probability of a 4-goal game ending 



in a 2-2 tie is ■ 



4-3 
2~l 



p) , the probability of a 6-goal game 

5-4 , , 

-p\l - pY and so on. Assume 



ending in a 3-3 tie is 

5 3 - 2 • 1 ' 

that an even number of goals is scored. Show that the proba- 
bility of a tie is a decreasing function of the number of goals 
scored. 

46. Two players toss a fair coin until either the sequence HTT or 
HHT occurs. Player A wins if HTT occurs first, and player B 
wins if HHT occurs first. Show that player B is twice as likely 
to win. 
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47. Let / be a function such that both / and g are pdf's on [0, 1], 
where g(x) = f(x 2 ). 

(a) Find such a function of the form f(x) — a + bx + cx 2 . 

(b) Find the mean of any random variable with pdf g. 



^ EXPLORATORY EXERCISES 

^ 1. The mathematical theory of chaos indicates that numbers gen- 
erated by very simple algorithms can look random. Chaos 
researchers look at a variety of graphs to try to distinguish 
randomness from deterministic chaos. For example, iterate the 
function f(x) — 4x(l — x) starting at x — 0.1. That is, com- 
pute /(0.1) = 0.36, /(0.36) = 0.9216, /(0.9216) « 0.289 
and so on. Iterate 50 times and record how many times each 
first digit occurs. (So far, we've got a 1, a 3, a 9 and a 2.) If 
the process were truly random, the digits would occur about 
the same number of times. Does this seem to be happening? 



To unmask this process as nonrandom, you can draw a phase 
portrait. To do this, take consecutive iterates as coordinates 
of a point (x, y) and plot the points. The first three points are 
(0.1, 0.36), (0.36, 0.9216) and (0.9216, 0.289). Describe the 
(nonrandom) pattern that appears, identifying it as precisely as 
possible. 

2. Suppose that a spring is oscillating up and down with verti- 
cal position given by u{t) — sin?. If you pick a random time 
and look at the position of the spring, would you be more 
likely to find the spring near an extreme (u — 1 or u — — 1) or 
near the middle (u — 0)? The pdf is inversely proportional to 
speed. (Why is this reasonable?) Show that speed is given by 
|cosf| = Vl — u 2 , so the pdf is f(u) — c/Vl — u 2 , 
— 1 < u < 1, for some constant c. Show that c = 1/jt, then 
graph f(x) and describe the positions in which the spring is 
likely to be found. Use this result to explain the following. If 
you are driving in a residential neighborhood, you are more 
likely to meet a car coming the other way at an intersection 
than in the middle of a block. 
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55 WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 

Integration by parts Reduction formula 

Partial fractions decomposition CAS 
Improper integral Integral converges 

Integral diverges Comparison Test 

Probability density function 



6. With an extensive integral table, you don't need to know any 
integration techniques. 

7. If f(x) has a vertical asymptote at x = a, then f£ f(x)dx 
diverges for any b. 

8. If lim f{x) = L ^ 0, then f°° f(x)dx diverges. 

jc-*oo 

9. The mean of a random variable is always larger than the 
median. 

10. L'Hopital's Rule states that the limit of the derivative equals 
the limit of the function. 



TRUE OR FALSE 



In exercises 1-44, evaluate the integral. 



State whether each statement is true or false, and briefly explain r e -Ji r sm (i/_£) 



re" f sin(l/x, 
1. / — = ax 2. I — ax 

J -Jx J x 2 



why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. Integration by parts works only for integrals of the form 3. j — = dx 4. J = dx 



Jf(x)g(x)dx. 

2, For an integral of the form f xf(x) dx, always use integration 
by parts with u — x. 

3. The trigonometric techniques in section 7.3 are all versions of 
substitution. 



5. If p and q are polynomials, then any integral of the form 



J x 2 e 3x dx 6. j x 2 e xl c 

f d * 8- f — r 

J 1+* 4 J 1+* 4 



9. f - - dx 10. f - , 

J 4 + x* J 4 + ; 



4. If an integrand contains a factor of Vl — x 2 , you should sub- J 4 + x 4 J4 + x 

stitute x — sin 6. 



cos Ax dx 



11. j e 2Wx dx 12. j cos 

— — dx can be evaluated. 13. / x s'm3x dx 14. / x sin4x 2 dx 

<?(*) Jo Jo 
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rx/2 



sin x dx 



x sin nx dx 



19. j x 3 lnxdx 

21. J cos x sin 2 x dx 

23. j cos 3 x sin 3 x 

25. / tan 2 x sec 4 x dx 

z, 

29. / dx 

J 8 + 4x + x 2 

31. f 2 dx 

J X 2 A 



33 f X - 
' J v / 9^ 2 

dx 



16. / cos 3 x dx 
Jo 

£* 
■L 
f 

f 4 • 3 

. / cos x sin 

/ 

. J tan 3 x 

/ 



18. / x 2 cos itx dx 
Ji 

fit /A 

20. / sin x cos x dx 

22. y cos x sin 3 x dx 

24. /" cos 4 x sin 3 x dx 

26. tan 3 x sec 2 x dx 

28. tan 3 x sec 3 x dx 
3 



30 
32 



V— 2x — x 2 



dx 



34. / - 



dx 



dx 



41. 

43. 



f — 

i Vx^T 
f x + 4 

y x 2 + 3x + 
f 4x2 + 

i * 3 

/- 

y x\/x 



35 
37 



.x 2 + 6x - 12 
39. / dx 



■ dx 



36 
38 



4x 

cos 2x dx 



+ ldx 



I— 

f 5x + 
' J x 2 + x- 

[ 5x2 + 



dx 



12 



■dx 



4^dx 
- x 

42. / x 3 sinx 2 dx 



44. / VI -x 2 dx 



In exercises 45-50, find the partial fractions decomposition. 

2x 



45. 
47. 
49. 



4 


x 2 - 3x - 


4 


-6 




x 3 + x 2 - 


2x 


x - 2 





x 2 + 4x + 4 



46. 
48. 
50. 



x 2 + x - 6 
x 2 - 2x - 2 
x 3 + x 
x 2 -2 



(x 2 + l) 2 



/x 4 -4dx 



In exercises 51-60, use the Table of Integrals to find the integral. 

51. j e 3 V4 + e 2 * dx 52. j xjx 

53./sec 4 xdx 54,/tan^xdx 



55. 



(3 - x) 2 



- dx 



56. 



/cosx 
sin 2 x(3 + z 



4 sinx) 



dx 



59. 



f V9 + 4x 2 
57. j — — d; 

V4 



dx 



58. 



60. 



74 - 9x 2 



/ 



: dX 



4)3/2 



dx 



In exercises 61-68, determine whether the integral converges or 
diverges. If it converges, find the limit. 



61. 



63. 



r 



dx 



dx 



i l x- 



r 4 

Jo 4 + x 



dx 



62. 
64. 
66. 
68. 



,1U 
J4 -fx 

I 



: dx 



xe dx 



/oo 
xe"" 2 
-OO 

/2 
. 2 T^ 



dx 



dx 



In exercises 69-76, find the limit. 



69. lim 



x 3 - 1 



X 2 - 1 



70. lim 



*o x 2 + 3x 



71. lim 



73. lim 



c 4 + 2 



x + 1 



x - 2 



75. lim (tanx lnx) 

*->o+ 



72. lim(xV 3r ) 

JC— *oo 



74. lim xln(l + 1/x) 
tan -1 x 

76. lim 



j-* 0 sin x 



77. Show that /(x) = x + 2x 3 is a pdf on the interval [0, 1]. 

78. Show that f(x) = f e~ 2x is a pdf on the interval [0, In 2]. 



79. Find the value of c such that f(x) = — is a pdf on the interval 
[1,2]. 

80. Find the value of c such that /(x) = ce _2x is a pdf on the 
interval [0, 4]. 

81. The lifetime of a lightbulb has pdf /(x) = 4e _4jI (x in years). 
Find the probability that the lightbulb lasts (a) less than 
6 months; (b) between 6 months and 1 year. 

82. The lifetime of an organism has pdf f(x) — 9xe _3jr (x in 
years). Find the probability that the organism lasts (a) less 
than 2 months; (b) between 3 months and 1 year. 

83. Find the (a) mean and (b) median of a random variable with 
pdf /(x) — x + 2x 3 on the interval [0, 1]. 

84. Find the (a) mean and (b) median of a random variable with 
pdf /(x) = \e~ lx on the interval [0, In 2]. 
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85. Cardiologists test heart efficiency by injecting a dye at a con- 
stant rate R into a vein near the heart and measuring the con- 
centration of the dye in the bloodstream over a period of T 
seconds. If all of the dye is pumped through, the concentra- 
tion is c(t) — R. Compute the total amount of dye f Q c{t)dt. 
For a general concentration, the cardiac output is defined by 

RT 

— . Interpret this quantity. Compute the cardiac output 

fa c ^) dt 

if c(f) = 3te 2T '. 

86. For f ln(x + l)dx, you can use integration by parts with 
// = ln(x + 1 ) and d v — 1 . Compare your answers using v — x 
versus using v — x + 1 . 

87. Show that the average value of In x on the interval (0, e" ) equals 
n — 1 for any positive integer n. 

88. Many probability questions involve conditional probabilities. 

For example, if you know that a lightbulb has already burned for 
30 hours, what is the probability that it will last at least 5 more 
hours? This is the "probability that x > 35 given that x > 30" 
and is written as P(x > 35|jc > 30). In general, for events A 
P(AandS) 

and B, P{A\B) — — . The failure rate function is 



given as the limit of 



P(B) 

P(x < t + At|x > t) 
At 



as At 



0. For the 



pdf f(x) of the lifetime of a lightbulb, the numerator is the 
probability that the bulb burns out between times f and t + At. 
Use R(t) — P(x > t) to show that the failure rate function can 

fit) 



be written as 

R(t) 

89. Show that the failure rate function (see exercise 
ponential pdf fix) — ce~ c * is constant. 



of an ex- 



90. For the gamma distribution fix) — xe x , (a) use a CAS to 

show that Pix > s + t\x > s) — e~* -\ — e~' . (b) Show 

1 + s 

that this is a decreasing function of s (for a fixed f). (c) If this 
is the pdf for annual rainfall amounts in a certain city, interpret 
the result of part (b). 

91. Scores on IQ tests are intended to follow the distribution 
1 



/(*) = 



-(*-100)-/450 



Based on this distribution, what 



V450tt 

percentage of people are supposed to have IQs between 90 and 
100? If the top 1 % of scores are to be given the title of "genius," 
how high do you have to score to get this title? 

92. Define I in) — (1+ ^ 2) „ dx for positive integers n. Show 
that 7(1) = j. Using integration by parts with u — 
, ' „ , show that Iin + 1) = ^=±l{n). Conclude that 



7T 1 • 3 • 5 • • • C2n - 3) 



^ EXPLORATORY EXERCISES 



1. In this exercise, you will try to determine whether or 
not L sin(l/x)Jx converges. Since |sin(l/jc)| < 1, the 
integral does not diverge to oo, but that does not necessar- 



/•OO 

ily mean it converges. Explain why the integral / smxdx 

Jo 

ng indei 
oscillatic 

I sir 

Jr 



diverges (not to oo, but by oscillating indefinitely). You 
need to determine whether a similar oscillation occurs for 

/ sin(l/x)dx. First, estimate / sin(l/x)rfx numerically 
Jo Jr 
for R — 1/n, l/(27r), 1/(3jt) and so on. Note that once you 

have / sin(l/x)Jx, you can get / sin(l/x)rfx by 

J 1/71 Jl/O.71) 

/■!/» 

"adding" / sin(l/x)<ix. We put this in quotes because 

J 1/Qtx) 

this new integral is negative. Verify that the integrals 

pl/Tf rl/Qyu) 

I sin(l/x)rfx, / sin(l/x)dx and so on, are 

Jl/(2ir) J\/Qix) 

alternately negative and positive, so that the sum 



Jr 



sin(l/x)rfx does seem to converge as R — >• 0 + . It turns 



out that the limit does converge if the additional integrals 

/•l/(njt) 

/ sin(l/x)dx tend to 0 as n — >• oo. Show that this is 

il/((n + l)ir) 

true. 



2. Suppose that /(x) is a function such that both / /(x)dxand 



J -c 



/OO 
f(x) 
■OO 



f(x — l/x)dx converge. Start with 



/oo 
fix 
-OO 



\/x)dx 



and make the substitution u = — - . Show that 

X 

/OO /• oc i 

f(x - l/x)dx = / —f(u-l/u)du. Then let 
-oo J -oo u 

/oo poo 
f(x)dx = I f(x — \/x)dx. 
■oo J —oo 

^2 



Use this result to evaluate 

/oo 
e-^-'^dx. 
-OO 

r n/2 



r°° x 1 

i-co X 2 + (X 2 



D 2 



dx and 



C 1 " 1 ab 

3. Evaluate / dx, by dividing all terms 

Jo io cos x + b sin x ) 2 

by cos 2 x, using the substitution u — afctanx and evaluating 



the improper integral 



r°° a 1 
Jo (« + a 2 



dx. 
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Well-preserved fossils can provide paleontologists with priceless clues 
about the early history of life on Earth. In 1993, an amateur fossil hunter 
found the bones of a massive dinosaur in southern Argentina. The new 
species of dinosaur, named Giganotosaurus, replaced Tyrannosaurus Rex 
as the largest known carnivore. Measuring up to 45 feet in length and 
standing 12 feet high at the hip bone, Giganotosaurus is estimated to 
have weighed roughly 8 tons. 

Paleontologists employ several techniques for dating fossils, in order 
to place them in their correct historical perspective. The most well known 



of these is radiocarbon dating using carbon- 14, an unstable isotope of 
carbon. In living plants and animals, the ratio of the amount of carbon- 14 to the 
total amount of carbon is constant. When a plant or animal dies, it stops taking in 
carbon-14 and the existing carbon-14 begins to decay, at a constant (though nearly 
imperceptible) rate. An accurate measurement of the proportion of carbon-14 
remaining can then be converted into an estimate of the time of death. Estimates 
from carbon-14 dating are considered to be reliable for fossils dating back tens of 
thousands of years, due to its very slow rate of decay. 

Dating using other radioisotopes with slower decay rates than that of 
carbon-14 works on the same basic principle, but can be used to accurately date 
very old rock or sediment that surrounds the fossils. Using such techniques, pale- 
ontologists estimate that Giganotosaurus lived about 100 million years ago. This 
is critical information to scientists studying life near the end of the Mesozoic era. 
For example, based on this method of dating, it is apparent that Giganotosaurus 
did not live at the same time and therefore did not compete with the smaller but 
stronger Tyrannosaurus Rex. 

The mathematics underlying carbon-14 and other radioisotope dating 
techniques is developed in this chapter. The study of differential equations pro- 
vides you with essential tools to analyze many important phenomena such as 
radiocarbon dating and the population of a bacterial colony. In this chapter, we 
introduce the basic theory and a few common applications of some elementary 
differential equations. In Chapter 16, we return to the topic of differential equa- 
tions and present additional examples. However, a more thorough examination of 
this vast field will need to wait for a course focused on this topic. 




8.1 MODELING WITH DIFFERENTIAL EQUATIONS 



O Growth and Decay Problems 

In this age, we are all keenly aware of how infection by microorganisms such as 
Escherichia coli (E. coli) causes disease. Many organisms (such as E. coli) can 
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2 
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2.5 


45.0 


3 


91.0 


3.5 


180.0 


4 


350.0 




1 2 3 
Time (hours) 

FIGURE 8.1 

Growth of bacteria 



reproduce in our bodies at a surprisingly fast rate, overwhelming our bodies' natural defenses 
with the sheer volume of toxin they are producing. The table shown in the margin indicates 
the number of E. coli bacteria (in millions of bacteria per ml) in a laboratory culture measured 
at half-hour intervals during the course of an experiment. We have plotted the number 
of bacteria per milliliter versus time in Figure 8.1. What would you say the graph most 
resembles? If you said, "an exponential," you guessed right. Careful analysis of experimental 
data has shown that many populations grow at a rate proportional to their current level. This 
is quite easily observed in bacterial cultures, where the bacteria reproduce by binary fission 
(i.e., each cell reproduces by dividing into two cells). In this case, the rate at which the 
bacterial culture grows is directly proportional to the current population (until such time as 
resources become scarce or overcrowding becomes a limiting factor). If we let y(f) represent 
the number of bacteria in a culture at time t, then the rate of change of the population with 
respect to time is y'(t). Thus, since y'(t) is proportional to y(t ), we have 



y'(t) = ky(t), 



(1.1) 



for some constant of proportionality k (the growth constant). Since equation (1.1) involves 
the derivative of an unknown function, we call it a differential equation. Our aim is to 
solve the differential equation, that is, find the function y(t). Assuming that y(t) > 0 (this 
is a reasonable assumption, since y(t) represents a population), we have 

/(*) 



y(t) 



k. 



Integrating both sides of equation (1.2) with respect to t, we obtain 

'(f) 



J y(t) J 



k dt. 



(1.2) 



(1-3) 



Substituting y — y(t) in the integral on the left-hand side, we have dy = y'(t) dt and so, 
(1.3) becomes 



k dt. 



Evaluating these integrals, we obtain 

In |y| + d =kt + c 2 , 
where c\ and C2 are constants of integration. Subtracting c\ from both sides yields 

In |y| — kt + (c2 — ci) — kt + c, 
for some constant c. Since y(t) > 0, we have 

In y(t) — kt + c 
and taking exponentials of both sides, we get 

y (t) = e lny{,) = e k,+c = e k 'e c . 
Since c is an arbitrary constant, we write A — e c and get 

y(t) = Ae k >. 



(1.4) 



We refer to (1.4) as the general solution of the differential equation (1.1). For k > 0, 
equation (1.4) is called an exponential growth law and for k < 0, it is an exponential 
decay law. (Think about the distinction.) 

In example 1.1, we examine how an exponential growth law predicts the number of 
cells in a bacterial culture. 



EXAMPLE I . I Exponential Growth of a Bacterial Colony 

A freshly inoculated bacterial culture of Streptococcus A (a common group of 
microorganisms that cause strep throat) contains 100 cells. When the culture is checked 
60 minutes later, it is determined that there are 450 cells present. Assuming exponential 
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growth, determine the number of cells present at any time t (measured in minutes) and 
find the doubling time. 

Solution Exponential growth means that 

y'(t) = ky(t) 




20 40 60 80 100 120 



y 



FIGURE 8.2 

100 



and hence, from (1.4), 



y(t) = Ae k 



(1-5) 



where A and k are constants to be determined. If we set the starting time as t = 0, we 
have 

y(0)=100. (1.6) 
Equation (1.6) is called an initial condition. Setting t — 0 in (1.5), we now have 



and hence, 



100 = y(0) = Ae° 
y(t) = 100 e k1 



We can use the second observation to determine the value of the growth constant k. 
We have 

450= y(60)= 100e 60A '. 
Dividing both sides by 100 and taking the natural logarithm of both sides, we have 

In 4.5 = lne 60 * = 60k, 
In 4.5 



so that 



60 



0.02507. 



We now have a formula representing the number of cells present at any time t: 



y(t) - 100 e kl = lOOexp 



In 4.5 
60 



See Figure 8.2 for a graph of the projected bacterial growth over the first 120 minutes. 
One further question of interest to microbiologists is the doubling time, that is, the time 
it takes for the number of cells to double. We can find this by solving for the time t for 
which y{t) = 2y(0) = 200. We have 



200 = y(t) 



' In 4.5 
100 exp ( —^—t 



Dividing both sides by 100 and taking logarithms, we obtain 

In 4.5 

ln2 = 1, 



60 



so that 



t — 



60 In 2 
In 4.5 



27.65. 



So, the doubling time for this culture of Streptococcus A is about 28 minutes. The 
doubling time for a bacterium depends on the specific strain of bacteria, as well as the 
quality and quantity of the food supply, the temperature and other environmental 
factors. However, it is not dependent on the initial population. Here, you can easily 
check that the population reaches 400 at time 

120 In 2 



t — 



ln4.5 



55.3 



(exactly double the time it took to reach 200). 

That is, the initial population of 100 doubles to 200 in approximately 28 minutes 
and it doubles again (to 400) in another 28 minutes and so on. ■ 



Numerous physical phenomena satisfy exponential growth or decay laws. For instance, 
experiments have shown that the rate at which a radioactive element decays is directly 
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FIGURE 8.3 

Decay of 14 C 



I — ► t 



proportional to the amount present. (Recall that radioactive elements are chemically unstable 
elements that gradually decay into other, more stable elements.) Let y(t) be the amount 
(mass) of a radioactive element present at time t. Then, we have that the rate of change (rate 
of decay) of y(t) satisfies 



/(*) = ky{t). 



(1.7) 



Note that (1.7) is precisely the same differential equation as (1.1), encountered in example 
1.1 for the growth of bacteria and hence, from (1.4), we have that 

y{t) = Ae kt , 

for some constants A and k (here, the decay constant) to be determined. 

It is common to discuss the decay rate of a radioactive element in terms of its half-life, 
the time required for half of the initial quantity to decay into other elements. For instance, 
scientists have calculated that the half-life of carbon- 14 ( 14 C) is approximately 5730 years. 
That is, if you have 2 grams of 14 C today and you come back in 5730 years, you will 
have approximately 1 gram of 14 C remaining. It is this long half-life and the fact that living 
creatures continually take in 14 C that make 14 C measurements useful for radiocarbon dating. 
(See the exercise set for more on this important application.) 



EXAMPLE 1.2 Radioactive Decay 

If you have 50 grams of I4 C today, how much will be left in 100 years? 
Solution Let y(f ) be the mass (in grams) of 14 C present at time t. Then, we have 

y'(t) = ky{t) 

and as we have already seen, y(t) — Ae kt . 

The initial condition is y(Q) = 50, so that 

50 - y(0) = Ae° = A 

and y(t) = 50 e kt . 

To find the decay constant k, we use the half-life: 

25 = y(5730) = 50e 5730 *. 
Dividing both sides by 50 and taking logarithms gives us 

1 



In 



In e 



573M 



5730£, 



so that 



In- 



5730 



-1.20968 x 10" 4 . 



A graph of the mass of 14 C as a function of time is seen in Figure 8.3. Notice the 
extremely large timescale shown. This should give you an idea of the incredibly slow 
rate of decay of 14 C. Finally, notice that if we start with 50 grams, then the amount left 
after 100 years is 



y(100) = 50 e 1 



49.3988 grams. 



A mathematically similar physical principle is Newton's Law of Cooling. If you 
introduce a hot object into cool surroundings (or equivalently, a cold object into warm 
surroundings), the rate at which the object cools (or warms) is not proportional to 
its temperature, but rather, to the difference in temperature between the object and its 
surroundings. Symbolically, if we let y(t) be the temperature of the object at time t and let 
T a be the temperature of the surroundings (the ambient temperature, which we assume to 
be constant), we have the differential equation 



y'(t) = k[y(t) - T a ]. 



(1-8) 
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Notice that ( 1 .8) is not the same as the differential equation describing exponential growth or 
decay. (Compare these; what's the difference?) Even so, we can approach finding a solution 
in the same way. In the case of cooling, we assume that 

T a < y(t). 

(Why is it fair to assume this?) If we divide both sides of equation (1.8) by y(?) — T a and 
then integrate both sides, we obtain 



/ — dt — \ kdt = kt + c, 

J y(t)-T a J 



(1.9) 

y(t) - T a 

Notice that we can evaluate the integral on the left-hand side by making the substitution 
// = 37(f) — T a , so that du — y'(t)dt. Thus, we have 

f y'(t) f 1 

/ —7T — —dt= / -du = \n\u\ +c 2 = ln|y(f) - T a \ + c 2 
J y(t) -T„ J U 

= In [y(t) - T a ] + c 2 , 

since y(f) — T a > 0. From (1.9), we now have 

In [y(t) - T a ] + c 2 = kt + c x or In [y(t) - T a ] =kt + c, 

where we have combined the two constants of integration. Taking exponentials of both 
sides, we obtain 

y(f) - T a = e k,+c = e k 'e c . 

Finally, for convenience, we write A — e c , to obtain 

y(t) = Ae kt + T a , 

where A and k are constants to be determined. 

We illustrate Newton's Law of Cooling in example 1.3. 



EXAMPLE 1.3 Newton's Law of Cooling for a Cup of Coffee 

A cup of fast-food coffee is 180°F when freshly poured. After 2 minutes in a room 

at 70°F, the coffee has cooled to 165°F Find the temperature at any time t and find the 

time at which the coffee has cooled to 120°F 

Solution Letting y(t) be the temperature of the coffee at time f, we have 

/(?) = £[>>« -70]. 

Proceeding as above, we obtain 

y(t) = Ae*' +70. 

Observe that the initial condition here is the initial temperature, y(Q) = 180. This 
gives us 

180 = y(0) = Ae° + 70 = A + 70, 
so that A = 1 10 and y(t) = 1 10 e kt + 70. 

We can now use the second measured temperature to solve for the constant k. We have 

165 = y(2) = 110<? 2t +70. 
Subtracting 70 from both sides and dividing by 110, we have 



e 



2k _ 165 - 70 _ 95 

110 ~ no' 

95 



Taking logarithms of both sides yields 2k — In , 

1 110 
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and hence, 



2 1 HO 



-0.0733017. 



A graph of the projected temperature against time is shown in Figure 8.4. From 
Figure 8.4, you might observe that the temperature appears to have fallen to 120°F after 
about 10 minutes. We can solve this symbolically by finding the time t for which 

120 - y(f) = 110e 4 ' +70. 

It is not hard to solve this to obtain 

1 5 

t = — In — ~ 10.76 minutes. 
k 11 

The details are left as an exercise. ■ 



O Compound Interest 

If a bank agrees to pay you 8% (annual) interest on your investment of $10,000, then at the 
end of a year, you will have 

$10,000 + (0.08)$10,000 = $10,000(1 + 0.08) = $10,800. 



On the other hand, if the bank agrees to pay you interest twice a year at the same 8% annual 
rate, you receive |^ 



w - interest twice each year. At the end of the year, you will have 



$10,000 1 



0.08 



0.08 



= $10,000 I 1 
= $10,816. 



0.08 



Continuing in this fashion, notice that paying (compounding) interest monthly would pay 
\ % each month (period), resulting in a balance of 



12 



$10,000 1 



0.08 

~L2~ 



$10,830.00. 



Further, if interest is compounded daily, you would end up with 



$10,000 1 



0.08 

365 



3h5 



$10,832.78. 



It should be evident that the more often interest is compounded, the greater the interest 
will be. A reasonable question to ask is whether there is a limit to how much interest can 
accrue on a given investment at a given interest rate. If n is the number of times per year 
that interest is compounded, we wish to calculate the annual percentage yield (APY) under 
continuous compounding, 



APY = lim I 1 



- 1. 



0.08 N 
;/ 

To determine this limit, you must recall (see Chapter 0) that 

1 

m 

Notice that if we make the change of variable n — 0.08m, then we have 



e 



lim | 1 

m— >oo 



APY 



lim | 1 



lim | 1 

m— >-oo 



= e om - 1 



0.08 
0.08/n 



1 

h - 
m 

0.083287. 



0.08m 



0.08 



1 
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Under continuous compounding, you would thus earn approximately 8.3% or 

$10,000(e 0 08 - 1) ~ $832.87 

in interest, leaving your investment with a total value of $ 10,832.87. More generally, suppose 
that you invest $P at an annual interest rate r, compounded n times per year. Then the value 
of your investment after t years is 



Under continuous compounding (i.e., taking the limit as n — > oo), this becomes 

$Pe". (1.10) 

Alternatively, if y(t) is the value of your investment after t years, with continuous 
compounding, the rate of change of y{t) is proportional to y(t). That is, 

y'(t) = ry(t), 

where r is the annual interest rate. From (1.4), we have 

y(t) = Ae rt . 
For an initial investment of $P, we have 

$P = y(0) - Ae° - A, 
so that y(t)=$Pe rt , 
which is the same as (1.10). 



EXAMPLE 1 .4 Comparing Forms of Compounding Interest 

If you invest $7000 at an annual interest rate of 5.75%, compare the value of your 
investment after 5 years under various forms of compounding. 

Solution With annual compounding, the value is 

/ 0.0575 \ 5 „ 
$7000 ( 1 + — - — J ~ $9257.63. 

With monthly compounding, this becomes 

/ 0.0575 \ 12(5) „ 
$7000 ( 1 + — ^— j ~ $9325 .23 . 

With daily compounding, this yields 

365(5) 



/ 0 0575\ row 

$7000 1 + - » $9331.42. 

V 365 / 



Finally, with continuous compounding, the value is 

$7000 e 0 0575(5) « $9331.63. 



The mathematics used to describe the compounding of interest also applies to accounts 
that are decreasing in value. 



EXAMPLE 1.5 Depreciation of Assets 

(a) Suppose that the value of a $10,000 asset decreases continuously at a constant rate 
of 24% per year. Find its worth after 10 years; after 20 years, (b) Compare these values 
to a $10,000 asset that is depreciated to no value in 20 years using linear depreciation. 

Solution The value v(t ) of any quantity that is changing at a constant rate r satisfies 
v' = rv. Here, r — —0.24, so that 

v(t) = Ae- 024 '. 
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FIGURE 8.5 

Linear versus exponential 
depreciation 



Since the value of the asset is initially 10,000, we have 

10,000 - d(0) - Ae° = A. 
We now have v(t) = 10,000 e' 0 24 ' . 

At time t — 10, the value of the asset is then 

$10,000 e~ a24(10) « $907.18 
and at time t — 20, the value has decreased to 

$10,000 e- 0 24(20) « $82.30. 

For part (b), linear depreciation means we use a linear function v(t ) = mt + b for the 
value of the asset. We start with i>(0) = 10,000 and end at i>(20) = 0. From 
v(0) = 10,000 we get b = 10,000 and using the points (0, 10,000) and (20, 0), we 
10,000 

compute the slope m — 



-20 



— -500. We then have 
v(t) = -500r + 10,000. 



At time t — 10, u(10) = $5000. Notice that this is considerably more than the 
approximately $900 that exponential depreciation gave us. By time t — 20, however, 
the linear depreciation value of $0 is less than the exponential depreciation value of 
$82.30. The graphs in Figure 8.5 illustrate these comparisons. ■ 



BEYOND FORMULAS 

With a basic understanding of differential equations, you can model a diverse collection 
of physical phenomena arising in economics, science and engineering. Understanding 
the assumptions that go into the model allows you to interpret the meaning of the solu- 
tion in the context of the original problem. Moreover, part of the power of mathematics 
lies in its generality. In this case, a given differential equation may model a collection 
of vastly different phenomena. In this sense, knowing a little bit of mathematics goes 
a long way. Having solved for doubling time in example 1.1, if you are told that the 
value of an investment or the size of a tumor is modeled by the same equation, you do 
not need to re-solve any equations to find the doubling times for the investment or the 
size of the tumor. 



EXERCISES 8.1 



0) 



55 WRITING EXERCISES 



A linear function is characterized by constant slope. If a popula- 
tion showed a constant numerical increase year by year, explain 
why the population could be represented by a linear function. 
If the population showed a constant percentage increase in- 
stead, explain why the population could be represented by an 
exponential function. 

If a population has a constant birthrate and a constant death 
rate (smaller than the birthrate), describe what the population 
would look like over time. In the United States, is the death rate 
increasing, decreasing or staying the same? Given this, why is 
there concern about reducing the birthrate? 

Explain, in monetary terms, why for a given interest rate the 
more times the interest is compounded the more money is in 
the account at the end of a year. 



4. In the growth and decay examples, the constant A turned out to 
be equal to the initial value. In the cooling examples, the con- 
stant A did not equal the initial value. Explain why the cooling 
example worked differently. 



In exercises 1-8, find the solution of the given differential equa- 
tion satisfying the indicated initial condition. 



1. / = 4y,;K0) = 2 
3. / = -3y, y(0) = 5 
5. / = 2y, yd) = 2 
7. y' = y- 50, y(0) = 70 



2. y = 3y, y(0) = -2 

4. y' = -2y, y(0) = -6 

6. ? = -y,y(X) = 2 

8. y = -O.ly - 10, y(0) = 80 
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Exercises 9-14 involve exponential growth. 

9. Suppose a bacterial culture initially has 400 cells. After 1 hour, 
the population has increased to 800. (a) Quickly determine the 
population after 3 hours, (b) Find an equation for the popu- 
lation at any time, (c) What will the population be after 3.5 
hours? 

10. Suppose a bacterial culture initially has 100 cells. After 2 hours, 
the population has increased to 400. (a) Quickly find the pop- 
ulation after 6 hours, (b) Find an equation for the population 
at any time, (c) What will the population be after 7 hours? 

11. Suppose a bacterial culture doubles in population every 4 hours. 
If the population is initially 100, (a) quickly determine when 
the population will reach 400. (b) Find an equation for the 
population at any time, (c) Determine when the population 
will reach 6000. 

12. Suppose a bacterial culture triples in population every 5 hours. 
If the population is initially 200, (a) quickly determine when 
the population will reach 5400. (b) Find an equation for the 
population at any time, (c) Determine when the population 
will reach 20,000. 

13. Suppose that a population of E. coli doubles every 20 minutes. 
A treatment of the infection removes 90% of the E. coli present 
and is timed to accomplish the following. The population 
starts at size 10 8 , grows for T minutes, the treatment is 
applied and the population returns to size 10 s . Find the 
time T. 

14. Research by Meadows, Meadows, Randers and Behrens indi- 
cates that the Earth has 3.2 x 10 9 acres of arable land avail- 
able. The world population of 1950 required 10 9 acres to sus- 
tain it, and the population of 1980 required 2 x 10 9 acres. If 
the required acreage grows at a constant percentage rate, in 
what year will the population reach the maximum sustainable 
size? 



15. Suppose some quantity is increasing exponentially (e.g., the 
number of cells in a bacterial culture) with arowth rate r. Show 

In 2 

that the doubling time is . 

r 

16. Suppose some quantity is decaying exponentially with decay 

In 2 

constant r. Show that the half-life is . What is the dif- 

r 

ference between the half-life here and the doubling time in 
exercise 15? 

Exercises 17-22 involve exponential decay. 

17. Strontium-90 is a dangerous radioactive isotope. Because of 
its similarity to calcium, it is easily absorbed into human 
bones. The half-life of strontium-90 is 28 years. If a certain 
amount is absorbed into the bones due to exposure to a nu- 
clear explosion, what percentage will remain after (a) 84 years? 
(b) 100 years? 

18. The half-life of uranium 235 U is approximately 0.7 x 10 9 years. 
If 50 grams are buried at a nuclear waste site, how much will 
remain after (a) 100 years? (b) 1000 years? 

19. The half-life of morphine in the human bloodstream is 3 
hours. If initially there is 0.4 mg of morphine in the blood- 



stream, find an equation for the amount in the bloodstream 
at any time. When does the amount drop below (a) 0.1 mg? 
(b) 0.01 mg? 

20. Repeat exercise 19 if the half-life is 2.8 hours. 

21. Scientists dating a fossil estimate that 20% of the original 
amount of carbon- 14 is present. Recalling that the half-life 
is 5730 years, approximately how old is the fossil? 

22. If a fossil is 1 million years old, what percentage of its original 
carbon- 14 should remain? 



Exercises 23-28 involve Newton's Law of Cooling. 

23. A bowl of porridge at 200°F (too hot) is placed in a 70°F room. 
One minute later the porridge has cooled to 180°F When will 
the temperature be 120°F (just right)? 

24. A smaller bowl of porridge served at 200°F cools to 160°F in 
1 minute. What temperature (too cold) will this porridge be 
when the bowl of exercise 23 has reached 120°F (just right)? 

25. A cold drink is poured out at 50°F After 2 minutes of sitting 
in a 70°F room, its temperature has risen to 56°F (a) Find the 
drink's temperature at any time t. (b) What will the temperature 
be after 10 minutes? (c) When will the drink have warmed to 
66°F? 

26. Twenty minutes after being served a cup of fast-food coffee, 
it is still too hot to drink at 160°F Two minutes later, the tem- 
perature has dropped to 158°F Your friend, whose coffee is 
also too hot to drink, speculates that since the temperature is 
dropping an average of 1 degree per minute, it was served 
at 180°F (a) Explain what is wrong with this logic, (b) Was 
the actual serving temperature hotter or cooler than 180°F? 
(c) Find the actual serving temperature if room temperature 
is 68°F. 

27. At 10:07 P.M. you find a secret agent murdered. Next to him 
is a martini that got shaken before the secret agent could stir 
it. Room temperature is 70°F The martini warms from 60°F 
to 61°F in the 2 minutes from 10:07 P.M. to 10:09 P.M. If the 
secret agent's martinis are always served at 40°F, what was the 
time of death? 

28. For the cup of coffee in example 1 .3, suppose that the goal is to 
have the coffee cool to 1 20°F in 5 minutes. At what temperature 
should the coffee be served? 



Exercises 29-32 involve compound interest. 

29. If you invest $1000 at an annual interest rate of 8%, compare 
the value of the investment after 1 year under the following 
forms of compounding: annual, monthly, daily, continuous. 

30. Repeat exercise 29 for the value of the investment after 5 years. 

31. Person A invests $ 10,000 in 1990 and person B invests $20,000 
in 2000. (a) If both receive 12% interest (compounded contin- 
uously), what are the values of the investments in 2010? (b) 
Repeat for an interest rate of 4%. (c) Determine the interest 
rate such that person A ends up exactly even with person B. 
(Hint: You want person A to have $20,000 in 2000.) 
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32. One of the authors bought a set of basketball trading cards in 
1985 for $34. In 1995, the "book price" for this set was $9800. 
(a) Assuming a constant percentage return on this investment, 
find an equation for the worth of the set at time t years (where 
t — 0 corresponds to 1985). (b) At this rate of return, what 
would the set have been worth in 2005? (c) The author also 
bought a set of baseball cards in 1985, costing $22. In 1995, 
this set was worth $32. At this rate of return, what would the 
set have been worth in 2005? 



33. Suppose that the value of a $40,000 asset decreases at a con- 
stant percentage rate of 10%. Find its worth after (a) 10 years 
and (b) 20 years. Compare these values to a $40,000 asset that 
is depreciated to no value in 20 years using linear depreciation. 

34. Suppose that the value of a $400,000 asset decreases (depreci- 
ates) at a constant percentage rate of 40%. Find its worth after 
(a) 5 years and (b) 10 years. Compare these values to a $40,000 
asset that is depreciated to no value in 10 years using linear 
depreciation. 



classified as living on rural farms (data from the U.S. Census 
Bureau). 



Year 


1960 


1970 


1980 


1990 


% Pop. Farm 


7.5 


5.2 


2.5 


1.6 



42. Use the method of exercise 39 to fit an exponential model to the 
following data representing percentage of the U.S. population 
classified as living in urban areas (data from the U.S. Census 
Bureau). 



Year 


1960 


1970 


1980 


1990 


% Pop. Urban 


69.9 


73.5 


73.7 


75.2 



43. Show that for any constant c, y = x — \ + ce lx is a solution 
of the differential equation y' + 2y — 2x. 

44. Show that for any constant c, y — \l~ix 1 + c is a solution of 
the differential equation y' — 3x/y. 



Exercises 35-38 involve tax rates. 

35. In 1975, income between $16,000 and $20,000 was taxed at 
28%. In 1988, income between $16,000 and $20,000 was taxed 
at 15%. This makes it seem as if taxes went down considerably 
between 1975 and 1988. Taking inflation into account, briefly 
explain why this is not a valid comparison. 

36. To make the comparison in exercise 35 a little fairer, note that 
income above $30,000 was taxed at 28% in 1988 and assume 
that inflation averaged 5.5% between 1975 and 1988. Adjust 
$16,000 for inflation by computing its value after increasing 
continuously at 5.5% for 13 years. Based on this calculation, 
how do the tax rates compare? 

37. Suppose the income tax structure is as follows: the first $30,000 
is taxed at 15%, the remainder is taxed at 28%. Compute the 
tax 7i on an income of $40,000. Now, suppose that inflation 
is 5% and you receive a cost of living (5%) raise to $42,000. 
Compute the tax T 2 on this income. To compare the taxes, you 
should adjust the tax T\ for inflation (add 5%). 

38. In exercise 37, the tax code stayed the same, but (adjusted for 
inflation) the tax owed did not stay the same. Briefly explain 
why this happened. What could be done to make the tax owed 
remain constant? 



39. Using the bacterial population data at the beginning of this 
section, define x to be time and y to be the natural logarithm 
of the population. Plot the data points (x, y) and comment on 
how close the data are to being linear. Take two representative 
points and find an equation of the line through the two points. 
Then find the population function p(x) — e yix \ 

40. (a) As in exercise 39, find an exponential model for the popu- 
lation data (0, 10), (1, 15), (2, 22), (3, 33) and (4, 49). (b) Find 
an exponential model for the population data (0, 20), (1, 16), 
(2, 13), (3, 11) and (4, 9). 

41. Use the method of exercise 39 to fit an exponential model to the 
following data representing percentage of the U.S. population 



0> APPLICATIONS 

45. An Internet site reports that the antidepressant drug amitripty- 
line has a half-life in humans of 3 1 — 46 hours. For a dosage of 
150 mg, compare the amounts left in the bloodstream after one 
day for a person for whom the half-life is 3 1 hours versus a per- 
son for whom the half-life is 46 hours. Is this a large difference? 

46. It is reported that Prozac® has a half-life of 2 to 3 days but may 
be found in your system for several weeks after you stop taking 
it. What percentage of the original dosage would remain after 
2 weeks if the half-life is 2 days? How much would remain if 
the half-life is 3 days? 

47. The antibiotic ertapenem has a half-life of 4 hours in the human 
bloodstream. The dosage is 1 gm per day. Find and graph the 
amount in the bloodstream / hours after taking it (0 5 f < 24). 

48. Compare your answer to exercise 47 with a similar drug that 
is taken with a dosage of 1 gm four times a day and has a 
half-life of 1 hour. (Note that you will have to do four separate 
calculations here.) 

49. A bank offers to sell a bank note that will reach a maturity 
value of $10,000 in 10 years. How much should you pay for it 
now if you wish to receive an 8% return on your investment? 
(Note: This is called the present value of the bank note.) Show 
that in general, the present value of an item worth $P in t years 
with constant interest rate r is given by $Pe~" . 

50. Suppose that the value of a piece of land t years from now is 
$40,000e 2%/ '. Given 6% annual inflation, find t that maximizes 
the present value of your investment: $40,000e 2v7 ~° 0£ " . 

51. Suppose that a business has an income stream of %P(t) per 
year. The present value at interest rate r of this income for the 
next T years is f 0 P {t)e~ rt dt . Compare the present values at 
5% for three people with the following salaries for 3 years: 
A: P(t) = 60,000; B: P(t) = 60,000 + 3000f; and 
C: Pit) = 60,000e 005 '. 
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52. The future value of an income stream after T years at interest 
rate r is given by f Q P{t)e r<J ~' ) dt . Calculate the future value 
for cases A, B and C in exercise 51. Briefly describe the dif- 
ference between what present value and future value measure. 

53. If you win a "million dollar" lottery, would you be better off 
getting your money in four annual installments of $280,000 
or in one lump sum of $1 million? (a) Assume 8% interest 
and payments made at the beginning of the year. Repeat with 
(b) 6% and (c) 10% interest. 

54. The "Rule of 72" is used by many investors to quickly estimate 
how fast an investment will double in value. For example, at 8% 
the rule suggests that the doubling time will be about ^= = 9 
years. Calculate the actual doubling time. Explain why a 
"Rule of 69" would be more accurate. Give at least one reason 
why the number 72 is used instead. 



^ EXPLORATORY EXERCISES 

1. The amount of carbon-14 in the atmosphere is largely deter- 
mined by cosmic ray bombardment. Living organisms main- 
tain a constant level of carbon-14 through exchanges with 
the environment. At death, the organism no longer takes in 
carbon-14, so the carbon-14 level decreases with the 5730-year 
half-life. Scientists can measure the rate of disintegration of 
carbon-14. (You might visualize a Geiger counter.) If y(t) is 
the amount of carbon-14 remaining at time t, the rate of change 
is y'(t ) = ky(t). We assume that the rate of disintegration at the 
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time of death is the same as it is now for living organisms, and 
call this ky(0). The ratio of disintegration rates is y(t)/y(0). 
In particular, suppose that ky(t) — —2.4 (disintegrations per 
minute) and ky(0) — —6.7 (disintegrations per minute). Solve 
for t. Now, suppose the assumption of constant carbon-14 lev- 
els is wrong. If ky(0) is decreased by 5%, by what percentage 
does the estimate of the time t change? If ky (t ) is decreased by 
5%, by what percentage does the estimate of the time change? 
Roughly, how do errors in the measurements translate to errors 
in the estimate of the time? 

2. Three confused hunting dogs start at the vertices of an equi- 
lateral triangle of side 1 . Each dog runs with a constant speed 
aimed directly at the dog that is positioned clockwise from it. 
The chase stops when the dogs meet in the middle (having 
grabbed each other by their tails). How far does each dog run? 
[Hints: Represent the position of each dog in polar coordinates 
(r, 0) with the center of the triangle at the origin. By symme- 
try, each dog has the same r-value, and if one dog has angle 

2n 

9, then it is aimed at the dog with angle 6 — . (a) Set up a 

differential equation for the motion of one dog and show that 
there is a solution if r'(9) = -s/3r. Use the arc length formula 
L = f^[r'(8)] 2 + [r(8)] 2 d8.] (b) To generalize, suppose 
that there are n dogs starting at the vertices of a regular «-gon 
of side s. If a is the interior angle from the center of the «-gon 

to adjacent vertices, show that the distance run by each dog 

s 

equals . What happens to the distance as n increases 

1 — cos a 

without bound? Explain this in terms of the paths of the dogs. 



8.2 SEPARABLE DIFFERENTIAL EQUATIONS 



NOTES 

Do not be distracted by the letter 
used for the independent variable. 
We frequently use the independent 
variable x, as in equation (2.1). 
Whenever the independent 
variable represents time, we use t 
as the independent variable, in 
order to reinforce this connection, 
as we did in example 1 .2. There, 
the equation describing 
radioactive decay was given as 

y'(t) = ky(t). 



In section 8.1, we solved two different differential equations: 

y'(t) = ky(t) and y'(t) = k[y(t) - T a ], 

using essentially the same method. These are both examples of separable differential equa- 
tions. We will examine this type of equation at some length in this section. First, we consider 
the more general first-order ordinary differential equation 



y' = f(x,y). 



(2.1) 



Here, the derivative y' of some unknown function y(x) is given as a function / of both x 
and y. Our objective is to find some function y(x) (a solution) that satisfies equation (2.1) 
on some interval, /. The equation is first-order, since it involves only the first derivative of 
the unknown function. We will consider the case where the x's and y's can be separated. 
We call equation (2.1) separable if we can separate the variables, i.e., if we can rewrite it 
in the form 

g(y)y' = Kx), 

where all of the .r's are on one side of the equation and all of the y's are on the other side. 



EXAMPLE 2. 1 A Separable Differential Equation 

Determine whether the differential equation 

y' — xy 2 — 2xy 

is separable. 
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Solution Notice that this equation is separable, since we can rewrite it as 

/ = x(y 2 - 2y) 

and then divide by ( y 2 — 2 y) (assuming this is not zero), to obtain 

1 , 

y — x. 



y- - 2y 



EXAMPLE 2.2 An Equation That Is Not Separable 

The equation / = xy 2 — 2x 2 y 

is not separable, as there is no way to separate the x's and the y's. (Try this for 
yourself!) ■ 



Essentially, the x's and y's must be separated by multiplication or division in order for 
a differential equation to be separable. Notice that in example 2.2, you can factor to get 
y' = xy(y — 2x), but the subtraction y — 2x keeps this equation from being separable. 

Separable differential equations are of interest because there is a very simple means of 
solving them. Notice that if we integrate both sides of 

g(y)y'(x) = h(x) 

with respect to x, we get j g(y)y'(x)dx — J h(x)dx. (2.2) 
Since dy = y'(x) dx, the integral on the left-hand side of (2.2) becomes 

J g(y) y'(x)dx - j g(y)dy. 

dy 

Consequently, from (2.2), we have 

J g(y)dy = J h(x)dx. 

So, provided we can evaluate both of these integrals, we have an equation relating x and y, 
which no longer involves y'. 



EXAMPLE 2.3 Solving a Separable Equation 

Solve the differential equation 

, x 2 + Ix + 3 

y = 2 — ■ 

y 2 

Solution Separating variables, observe that we have 

y 2 y' = x 2 + lx + 3. 

Integrating both sides with respect to x, we obtain 

j y 2 y'(x) dx = J (x 2 + Ix + 3) dx 

or j y 2 dy - j (x 2 + Ix + 3)dx. 

Performing the indicated integrations yields 

339 
y x x 
J = Y+ l Y + 3x + c, 

where we have combined the two constants of integration into one on the right-hand 
side. 
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y 

A 

4-- 



c = 0 



-4 



-3 



H — ► X 

2 




FIGURE 8.6 

A family of solutions 



Solving for y, we get 



y 




x 2 + 9x + 3c. 



Notice that for each value of c, we get a different solution of the differential 
equation. This is called a family of solutions (or the general solution) of the 
differential equation. In Figure 8.6, we have plotted a number of the members of this 
family of solutions. ■ 

In general, the solution of a first-order separable equation will include an arbitrary 
constant (the constant of integration). To select just one of these solution curves, we specify a 
single point through which the solution curve must pass, say (xq, yo). That is, we require that 



This is called an initial condition (since this condition often specifies the initial state of 
a physical system). A first-order differential equation together with an initial condition is 
referred to as an initial value problem (IVP). 



Solution In example 2.3, we found that the general solution of the differential 
equation is 



y(xo) = yo- 





From the initial condition, we now have 
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FIGURE 8.7 

r 3 + f * 2 + 9x + 27 



and hence, c — 9. The solution of the IVP is then 



y = J* 3 



21 



x 2 + 9x + 27. 



We show a graph of this solution in Figure 8.7. Notice that this graph would fit above 
the curves shown in Figure 8.6. We'll explore the effects of other initial conditions in 
the exercises. ■ 



We are not always as fortunate as we were in example 2.4. There, we were able to 
obtain an explicit representation of the solution (i.e., we found a formula for y in terms 
of x). Most often, we must settle for an implicit representation of the solution, that is, an 
equation relating x and y that cannot be solved for y in terms of x alone. 



c= 100- 

c = 80' 
c = 60 ' 

c = 40 i 



i 

4- 



L 








1 1 1— ► 


Ifc 


//// 234 



FIGURE 8.8a 

A family of solutions 



H 1 1 1- 



-2 



FIGURE 8.8b 

The solution of the IVP 



EXAMPLE 2.5 



An Initial Value Problem That Has Only 
an Implicit Solution 



Find the solution of the IVP 



9x 2 



y = 



cos y + 5e y 



y(0) = ;r. 



Solution First, note that the differential equation is separable, since we can rewrite 
it as 

(cosy + 5e y )y'(x) — 9x 2 — sinx. 



Integrating both sides of this equation with respect to x, we find 

/(«., + WW^ = /(^-^ 

or J (cosy + 5e y )dy — j (9x 2 — sinx)dx. 

Evaluating the integrals, we obtain 

5e y = 3x 3 



siny 



cos x + c. 



(2.3) 



Notice that there is no way to solve this equation explicitly for y in terms of x. However, 
you can still picture the graphs of some members of this family of solutions by using the 
implicit plot mode on your graphing utility. Several of these are plotted in Figure 8.8a. 
Even though we have not solved for y explicitly in terms of x, we can still use the initial 
condition. Substituting x — 0 and y — tc into equation (2.3), we have 



or 



This leaves us with 



sin v 



n+5e n = 
5e n - 

■ 5e y = 3x 3 



: 0 + cos 0 
1 - c. 



5e M - 1 



as an implicit representation of the solution of the IVP. Although we cannot solve for y 
in terms of x alone, given any particular value for x, we can use Newton's method (or 
some other numerical method) to approximate the value of the corresponding y. This is 
essentially what your CAS does (with many, many points) when you use it to plot a 
graph in implicit mode. We plot the solution of the IVP in Figure 8.8b. ■ 
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HISTORICAL 
NOTES 

Pierre Verhulst (1804-1849) 

A Belgian mathematician who 
proposed the logistic model for 
population growth. Verhulst 
was a professor of mathematics 
in Brussels and did research 
on number theory and social 
statistics. His most important 
contribution was the logistic 
equation (also called the Verhulst 
equation) giving the first realistic 
model of a population with 
limited resources. It is worth 
noting that Verhulst's estimate of 
Belgium's equilibrium population 
closely matches the current 
Belgian population. 



O Logistic Growth 



In section 8.1, we introduced the differential equation 

/ - ky 

as a model of bacterial population growth, valid for populations growing with unlimited 
resources and with unlimited room for growth. Of course, all populations have factors 
that eventually limit their growth. Thus, this particular model generally provides useful 
information only for relatively short periods of time. 

An alternative model of population growth assumes that there is a maximum sustainable 
population, M (called the carrying capacity), determined by the available resources. 
Further, as the population size approaches M (as available resources become more scarce), 
the population growth will slow. To reflect this, we assume that the rate of population growth 
is jointly proportional to the present population level and the difference between the current 
level and the maximum, M. That is, if y(t) is the population at time t, we assume that 

y'(t) = ky(M - y). 

This differential equation is referred to as the logistic equation. 

Two special solutions of this differential equation are apparent. The constant functions 
y — 0 and y — M are both solutions of this differential equation. These are called 
equilibrium solutions since, under the assumption of logistic growth, once a population 
hits one of these levels, it remains there for all time. If y ^ 0 and y ^ M, we can solve the 
differential equation, since it is separable, as 

-/(*) = k. (2.4) 



y{M- y y 

Integrating both sides with respect to t, we obtain 

1 

y(t)dt 



or 



/ 



y(M - y) 
1 



/ 



kdt 



y(M - y) 
Using partial fractions, we can write 

1 _ 1 

y(M - y) My 

From (2.5) we now have 



dy 



/ 



k dt. 



1 



(2.5) 



M(M - y) 



'1 1 

Wy + M(M - y) 
Carrying out the integrations gives us 



/ 



dy 



1 1 

■ln|y| In [M — y| 



/ 



kt 



k dt. 



M M 

Multiplying both sides by M and using the fact that 0 < y < M, we have 

In y - \n(M - y) — kMt + Mc. 

Taking exponentials of both sides, we find 

expflny - ln(M - y)] = e kM,+Mc = e kM 'e Mc . 

Next, using rules of exponentials and logarithms and replacing the constant term e Mc by a 
new constant A, we obtain 

— — — = Ae kMl . 
M-y 

To solve this for y, we first multiply both sides by (M — y) to obtain 

y = Ae kM '{M - y) 

kMt 



AMe - Ae kM 'y 
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FIGURE 8.9 

Several solution curves 




FIGURE 8.10 

35,000e 7 ' 
y ~ 65 + 35e 7 ' 



J.U1 



Combining the two y terms, we find 

y(l + Ae kM ') = AMe K 
which gives us the explicit solution of the logistic equation, 

AMe kM < 



1 + Ae 



kUt 



(2.6) 



In Figure 8.9, we plot a number of these solution curves for various values of A (for the 
case where M — 1000 and k — 0.001), along with the equilibrium solution y — 1000. You 
can see from Figure 8.9 that logistic growth consists of nearly exponential growth initially, 
followed by the graph becoming concave down and then asymptotically approaching the 
maximum, M. 



EXAMPLE 2.6 Solving a Logistic Growth Problem 

Given a maximum sustainable population of M — 1000 (this could be measured in 
millions or tons, etc.) and growth rate k — 0.007, find an expression for the population 
at any time t, given an initial population of y{0) = 350 and assuming logistic growth. 

Solution From the solution (2.6) of the logistic equation, we have kM = 7 and 

lOOOAe 7 ' 



y = 



1 + Ae 1 ' 



From the initial condition, we have 



1000 A 



350 = *0)= 1 + A . 

Solving for A, we obtain A = II, which gives us the solution of the I VP 

35,000e 7 ' 



y = 



65 + 35e 7 



This solution is plotted in Figure 8.10. ■ 

We should note that, in practice, the values of M and k are not known and must be esti- 
mated from a careful study of the particular population. We explore these issues further in the 
exercises. 

In our final example, we consider growth in an investment plan. 



EXAMPLE 2.7 Investment Strategies for Making a Million 

Money is invested at 8% interest compounded continuously. If deposits are made 
continuously at the rate of $2000 per year, find the size of the initial investment needed 
to reach $1 million in 20 years. 

Solution Here, interest is earned at the rate of 8% and additional deposits are 
assumed to be made on a continuous basis. If the deposit rate is %d per year, the amount 
A(r) in the account after t years satisfies the differential equation 

dA 

— = 0.08A + </. 
dt 

This equation is separable and can be solved by dividing both sides by 0.08 A + d and 
integrating. We have 



f " dA = f 

J OMA + d J 



1 dt, 



so that 



0.08 



In |0.08A + d\ = t + c. 
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Using d — 2000, we have 

12.5 In |0.08A + 2000| = t + c. 
Setting t — 0 and taking A(0) = * gives us the constant of integration: 

12.5 In |0.08* +2000| = c, 

so that 

12.5 In |0.08 A + 2000| = t + 12.5 In |0.08* + 2000 1. (2.7) 

To find the value of * such that A(20) = 1,000,000, we substitute t = 20 and 
A = 1,000,000 into equation (2.7) to obtain 

12.5 In |0.08(1,000,000) + 2000| = 20 + 12.5 In |0.08* + 2000| 

or 12.5 In |82, 000| = 20 + 12.5 In |0.08* + 2000 1. 

We can solve this for*, by subtracting 20 from both sides and then dividing by 12.5, 
to obtain 

12.5 In 82,000 -20 

= In |0.08* + 2000| . 

12.5 

Taking the exponential of both sides, we now have 

e (12.5to82,000-20)/12.5 = QMx , 2Q0Q _ 



Solving this for * yields 

^82,000-1.6 _ 2000 



181,943.93. 



0.08 

So, the initial investment needs to be $181,943.93 (slightly less than $200,000) in order 
to be worth $1 million at the end of 20 years. ■ 



To be fair, the numbers in example 2.7 (like most investment numbers) must be in- 
terpreted carefully. Of course, 20 years from now, $1 million likely won't buy as much 
as $1 million does today. For instance, the value of a million dollars adjusted for 8% 
annual inflation would be $l,000,000e~ 008(20) » $201,896, which is not much larger than 
the $181,943 initial investment required. However, if inflation is only 4%, then the value 
of a million dollars (in current dollars) is $449,328. The lesson here is the obvious one: Be 
sure to invest money at an interest rate that exceeds the rate of inflation. 



EXERCISES 8.2 Q) 

^WRITING EXERCISES 

1. Discuss the differences between solving algebraic equations 
(e.g., x 2 — 1 = 0) and solving differential equations. Espe- 
cially note what type of mathematical object you are solving 
for. 

2. A differential equation is not separable if it can't be written 
in the form g(y)y' — h(x). If you have an equation that you 
can't write in this form, how do you know whether it's really 
impossible or you just haven't figured it out yet? Discuss some 
general forms (e.g., x + y and xy) that give you clues as to 
whether the equation is likely to separate or not. 

3. The solution curves in Figures 8.6, 8.8a and 8.9 do not ap- 
pear to cross. In fact, they never intersect. If solution curves 
crossed at the point {x\ , yi), then there would be two solutions 



satisfying the initial condition y(*i) = V|. Explain why this 
does not happen. In terms of the logistic equation as a model 
of population growth, explain why it is important to know that 
this does not happen. 

4. The logistic equation includes a term in the differential equa- 
tion that slows population growth as the population increases. 
Discuss some of the reasons why this occurs in real populations 
(human, animal and plant). 



In exercises 1-4, determine whether the differential equation is 
separable. 

1. (a) y' = (3x + l)cosy (b) y — (3* + y) cos y 

2. (a) y' — 2*(cos y — 1) (b) y' — 2x(y — x) 
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3. (a) y = x 2 y + y cos x 

4. (a) y' = 2x cos y — xy 3 



(b) y' = x 2 y — x cos y 



(b) y 



2x + 1 



) 36. (a) Find the solution of equation (2.4) if y(f) > M . (b) If the 
halibut biomass (see exercise 35) explodes to 3 x 10 8 kg, how 
long will it take for the population to drop back to within 10% 
of the carrying capacity? 



In exercises 5-16, the differential equation is separable. Find 
the general solution, in an explicit form if possible. 



5. y 

7. y 

9. y 

11. y 

13. y 

15. y 



= Or + l)y 

= 2x 2 y 2 
6x 2 

~ yd + * 3 ) 

= ^ 
y 

cosx 



6. y' = 2x(y - 1) 
8. y' = 2(y 2 + 1) 
, 3x 

io. y 
i2. y 



y + i 



•r 



sin y 
*y 
1 +x 2 



x lnx 
14. y' = x cos 2 y 

9 

i6. y 



xy + y 



In exercises 17-20, find the general solution in an explicit form 
and sketch several members of the family of solutions. 



17. y = — xy 

i9. y = - 



is. y = — 

y 

20. y = 1 + y 2 



In exercises 21-28, solve the IVP, explicitly if possible. 



21. y' = 3(x + l) 2 y, y(0) = 1 22. y' 



x - 1 



y(0) = 2 



, 4x 2 
23. y' = , v(0) = 2 

y 



24. / = -,y(0) = -2 

y 



25. y' = y(-2) = 1 26. y' = y(l) = 4 

x + 3 4y + 1 

4x , tan y it 

27. y' = , y(0) = 0 28. / = -, y(l) = - 

cos y xl 



J Exercises 37-40 relate to money investments. 

37. (a) If continuous deposits are made into an account at the rate 
of $2000 per year and interest is earned at 6% compounded 
continuously, find the size of the initial investment needed 
to reach SI million in 20 years. Comparing your answer to 
that of example 2.7, how much difference does interest rate 
make? (b) If $10,000 is invested initially at 6% interest com- 
pounded continuously, find the (yearly) continuous deposit rate 
needed to reach SI million in 20 years. How much difference 
does an initial deposit make? 

38. A house mortgage is a loan that is to be paid over a fixed 
period of time. Suppose $150,000 is borrowed at 8% interest. 
If the monthly payment is $P, then explain why the equation 
A' {t) = 0.08A(r) - 12P, A(0) = 150,000 is a model of the 
amount owed after t years. For a 30-year mortgage, the payment 
P is set so that A(30) = 0. (a) Find P. Then, compute the 
total amount paid and the amount of interest paid, (b) Rework 
part (a) with a 7.5% loan. Does the half-percent decrease in 
interest rate make a difference? (c) Rework part (a) with a 
15-year mortgage. Compare the monthly payments and total 
amount paid, (d) Rework part (a) with a loan of $ 1 25 ,000. How 
much difference does it make to add an additional $25,000 
down payment? 

39. (a) A person contributes $10,000 per year to a retirement fund 
continuously for 10 years until age 40 but makes no initial 
payment and no further payments. At 8% interest, what is the 
value of the fund at age 65? (b) A person contributes $20,000 
per year to a retirement fund from age 40 to age 65 but makes 
no initial payment. At 8% interest, what is the value of the fund 
at age 65? (c) Find the interest rate r at which the investors 
have equal retirement funds. 

40. An endowment is seeded with $ 1 ,000,000 invested with interest 
compounded continuously at 10%. Determine the amount that 
can be withdrawn (continuously) annually so that the endow- 
ment lasts 30 years. 



In exercises 29-34, use equation (2.6) to help solve the IVP. 

29. y' = 3y(2 - y), y(0) = 1 30. y' = y(3 - y), y(0) = 2 

31. y = 2y(5 - y), y(0) = 4 32. y' = y(2 - y), y(0) = 1 



33. y' = y(l - y), y(0) : 



34. y' = y(3 - y), y(0) = 0 



J 35. The logistic equation is sometimes written in the form 
y'(f) = ry(f)(l — y(t)/M). Show that this is equivalent to 
equation (2.4) with r/M — k. Biologists have measured the 
values of the carrying capacity M and growth rate r for a 
variety of fish. Just for the halibut, approximate values are 
r — 0.71 year -1 andM = 8 x 10 7 kg. (a) If the initial biomass 
of halibut is y(0) = 2 x 10 7 kg, find an equation for the 
biomass of halibut at any time, (b) Sketch a graph of the 
biomass as a function of time, (c) Estimate how long it will 
take for the biomass to get within 10% of the carrying capacity. 



J 41. (a) In example 2.3, find and graph the solution passing 

through (0, 0). (b) Notice that the initial value problem is 

, x 2 + 7x + 3 
y = with y(0) = 0. If you substitute y = 0 into 

y 

the differential equation, what is y'(0)? Describe what is hap- 
pening graphically at x = 0. (c) Notice that y'(x) does not 
exist at any x for which y(x) = 0. Given the solution of exam- 
ple 2.4, this occurs if x 3 + ^x 2 + 9x + 3c = 0. Find the 
values c\ and c 2 such that this equation has three real solutions 
if and only if < c < c 2 . 

- 2 + 7x + 3 



1 42. (a) Graph the solution of y' = 



with c = c 2 . (See 



exercise 41.) (b) For c — c 2 in exercise 41, argue that the so- 



lution to y = 



x l + 7x + 3 



with y(0) = y3e2 has two points 



with vertical tangent lines, (c) Estimate the locations of the 
three points with vertical tangent lines in exercise 41 . 
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Exercises 43-46 relate to reversible bimolecular chemical 
reactions, where molecules A and B combine to form two 
other molecules C and D and vice versa. If x(t) and y(t) are 
the concentrations of C and D, respectively, and the initial con- 
centrations of A, B, C and D are a, b, c and d, respectively, then 
the reaction is modeled by 

x'(t) = ki(a + c - x)(b + c - x) - k^x(d - c + x) 

for rate constants ki and k_ u 

43. If ki = 1, = 0.625, a + c = 0.4, b + c = 0.6, c = d and 
x(0) — 0.2, find the concentration x(t). Graph x(t) and find 
the eventual concentration level. 

44. Repeat exercise 43 with (a) x(0) = 0.3 and (b) x(0) = 0.6. 
Briefly explain what is physically impossible about the initial 
condition in part (b). 

45. For the bimolecular reaction with ki — 0.6, &_i = 0.4, 
a + c = 0.5, b + c — 0.6 and c — d, write the differential 
equation for the concentration of C. For x(0) = 0.2, solve for 
the concentration at any time and graph the solution. 

46. For the bimolecular reaction with ki — 1.0, k_i =0.4, 
a + c = 0.6, b + c = 0.4 and d - c = 0.1, write the differ- 
ential equation for the concentration of C. For x(0) = 0.2, 
solve for the concentration at any time and graph the solution. 



Exercises 47-50 relate to logistic growth with harvesting. 
Suppose that a population in isolation satisfies the logistic 
equation y'(t) = ky(M — y). If the population is harvested (for 
example, by fishing) at the rate R, then the population model 
becomes y'(t) = ky(M — y) — R. 

47. Suppose that a species of fish has population in hundreds of 
thousands that follows the logistic model with k = 0.025 
and M = 8. (a) Determine the long-term effect on pop- 
ulation if the initial population is 800,000 [y(0) = 8] 
and fishing removes fish at the rate of 20,000 per year, 
(b) Repeat if fish are removed at the rate of 60,000 per year. 

48. For the fishing model P'(t) = 0.025 P(t)[8 - P(t)] - R, 
the population is constant if P'(t) = P 2 - SP + 40R = 0. 
The solutions are called equilibrium points. Compare the 
equilibrium points for parts (a) and (b) of exercise 47. 

49. Solve the population model 

P'{t) = 0.05P(O[8 - P(t)] - 0.6 
= 0.4P(f)[l - P(f)/8] - 0.6 

with P(0) > 2 and determine the limiting amount lim P(t). 

f->oo 

What happens if P(0) < 2? 

50. The constant 0.4 in exercise 49 represents the natural growth 
rate of the species. Comparing answers to exercises 47 and 49, 
discuss how this constant affects the population size. 



(J5> APPLICATIONS 

51. The resale value r{t) of a machine decreases at a rate pro- 
portional to the difference between the current price and 



the scrap value 5. Write a differential equation for r. If the 
machine sells new for $14,000, is worth $8000 in 4 years and 
has a scrap value of $ 1 000, find an equation for the resale value 
at any time. 

52. A granary is filled with 6000 kg of grain. The grain is shipped 
out at a constant rate of 1000 kg per month. Storage costs 
equal 2 cents per kg per month. Let S(t) be the total storage 
charge for / months. Write a differential equation for 5 with 
0 £ 1 £ 6. Solve the initial value problem for 5(f). What is 
the total storage bill for 6 months? 

53. For the logistic equation y'{t) = ky(M — y), show that a graph 
of i y ' as a function of y produces a linear graph. Given the slope 
m and intercept b of this line, explain how to compute the model 
parameters k and M. Use the following data to estimate k and M 
for a fish population. Predict the eventual population of the fish. 



t 


2 


3 


4 


5 


y 


1197 


1291 


1380 


1462 



54. It is an interesting fact that the inflection point in the solution 
of a logistic equation (see figure) occurs at y = \M. To verify 
this, you do not want to compute two derivatives of equation 
(2.6) and solve y" = 0. This would be quite ugly and would 
give you the solution in terms of f, instead of y. Instead, a 
more abstract approach works well. Start with the differential 
equation y' = ky(M — y) and take derivatives of both sides. 



y 




(Hint: Use the product and chain rules on the right-hand side.) 
You should find that y" = ky'(M - 2y). Then, y" = 0 if and 
only if y' = 0 or y = \M. Rule out y' = 0 by describing how 
the solution behaves at the equilibrium values. 

55. The downward velocity of a falling object is modeled by the 

differential equation — = 9.8 - 0.002i; 2 . If v(0) = Om/s, 
dt 

the velocity will increase to a terminal velocity. The terminal 
velocity is an equilibrium solution where the upward air drag 
exactly cancels the downward gravitational force. Find the 
terminal velocity. 

56. Suppose that/is a function such that f(x) > 0 and fix) < 0 
for x > 0. Show that the area of the triangle with sides 
x = 0, y = 0 and the tangent line to y = f(x) at x = a > 0 
is A(a) = -i{a 2 /'(a) - 2af(a) + [f(a)] 2 /f'(a)}. To find a 
curve such that this area is the same for any choice of a > 0, 

dA 

solve the equation — = 0. 

da 
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^ EXPLORATORY EXERCISES 

1. An object traveling through the air is acted on by gravity 

(acting vertically), air resistance (acting in the direction 

opposite velocity) and other forces (such as a motor). 

An equation for the horizontal motion of a jet plane is 

v' — c — f(v)/m, where c is the thrust of the motor and 

f(v) is the air resistance force. For some ranges of velocity, 

the air resistance actually drops substantially for higher 

velocities as the air around the object becomes turbulent. 

For example, suppose that v' — 32,000 — f(v), where 

,. , f 0.8t> 2 if 0 < v < 100 T , . . , , 
f(v) = { „ „ , .„ „„„ .To solve the initial value 

0.2v if 100 < v 



problem v' = 32,000 - f(v), u(0) = 0, start with the ini- 
tial value problem v' = 32,000 - 0.8u 2 , u(0) = 0. Solve 
this IVP and determine the time t such that v(t) — 100. 
From this time forward, the equation becomes v' — 32,000 — 
0.2v 2 . Solve the IVP v' = 32,000 - 0.2i> 2 , v(0) = 100. Put 
this solution together with the previous solution to piece to- 
gether a solution valid for all time. 

2. Solve the initial value problems = 2(1 — y)(2 — y)(3 — y) 
with (a) y(0) = 0, (b) y(0) = 1.5, (c) y(0) = 2.5 and 
(d) y(0) = 4. State as completely as possible how the limit 
lim y(t) depends on y(0). 



0) 



8.3 DIRECTION FIELDS AND EULER'S METHOD 



In section 8.2, we saw how to solve some simple first-order differential equations, namely, 
those that are separable. While there are numerous other special cases of differential equa- 
tions whose solutions are known (you will encounter many of these in any beginning course 
in differential equations), the vast majority cannot be solved exactly. For instance, the 
equation 



y 



x 2 + y 2 + l 



HISTORICAL 
NOTES 

Leonhard Euler (1707-1783) 

A Swiss mathematician regarded 
as the most prolific mathematician 
of all time. Euler's complete 
works fill over 1 00 large volumes, 
with much of his work being 
completed in the last I 7 years of 
his life after losing his eyesight. 
Euler made important and lasting 
contributions in numerous 
research fields, including calculus, 
number theory, calculus of 
variations, complex variables, 
graph theory and differential 
geometry. Mathematics author 
George Simmons calls Euler, "the 
Shakespeare of mathematics — 
universal, richly detailed and 
inexhaustible." Several excellent 
books about Euler were published 
around 2007, celebrating the 
300th birthday of this giant of 
mathematics. 



is not separable and cannot be solved using our current techniques . Nevertheless, some infor- 
mation about the solution(s) can be determined. In particular, since y' — x 2 + y 2 + 1 > 0, 
we can conclude that every solution is an increasing function. This type of information is 
called qualitative, since it tells us about some quality of the solution without providing any 
specific quantitative information. 

In this section, we examine first-order differential equations in a more general setting. 
We consider any first-order equation of the form 



y' = f(x,y). 



(3.1) 



While we cannot solve all such equations, it turns out that there are many numerical methods 
available for approximating the solution of such problems. In this section, we will study 
one such method, called Euler's method. 

We begin by observing that any solution of equation (3.1) is a function y = y(x) 
whose slope at any particular point (x, y) is given by f(x, y). To get an idea of what a 
solution curve looks like, we draw a short line segment through each of a sequence of 
points (x, y), with slope fix, y), respectively. This collection of line segments is called the 
direction field or slope field of the differential equation. Notice that if a particular solution 
curve passes through a given point (x, y), then its slope at that point is f(x, y). Thus, the 
direction field gives an indication of the behavior of the family of solutions of a differential 
equation. 



EXAMPLE 3.1 Constructing a Direction Field 

Construct the direction field for 

y'= l -y. 
y v 



(3.2) 
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Solution All that needs to be done is to plot a number of points and then through each 
point (x, y), draw a short line segment with slope f(x, y). For example, at the point 
(0, 1), draw a short line segment with slope 

y'(0) = /(0, 1) = |(1) = i. 

Draw corresponding segments at 25 to 30 points. While this is a bit tedious to do by 
hand, a good graphing utility can do this for you with minimal effort. See Figure 8. 1 la 
for the direction field for equation (3.2). Notice that equation (3.2) is separable. We 
leave it as an exercise to produce the general solution 

y = AeK 

We plot a number of the curves in this family of solutions in Figure 8. 1 lb using the 
same graphing window we used for Figure 8.1 la. Notice that if you connected some of 
the line segments in Figure 8.11a, you would obtain a close approximation to the 
exponential curves depicted in Figure 8. 1 lb. It is significant to note that the direction 
field was constructed using only elementary algebra, without ever solving the 
differential equation. That is, by constructing the direction field, we obtain a reasonably 
good picture of how the solution curves behave. Such qualitative information about the 
solution gives us a graphical idea of how solutions behave, but no details, such as the 
value of a solution at a specific point. We'll see later in this section that we can obtain 
approximate values of the solution of an IVP numerically. 
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FIGURE 8.1 la 

Direction field for y' = |y 



FIGURE 8.1 lb 

Several solutions of y' — \y 



As we have already seen, differential equations are used to model a wide variety of 
phenomena in science and engineering. For instance, differential equations are used to find 
flow lines or equipotential lines for electromagnetic fields. In such cases, it is very helpful 
to visualize solutions graphically, so as to gain an intuitive understanding of the behavior 
of such solutions and the physical phenomena they are describing. 



EXAMPLE 3.2 



Using a Direction Field to Visualize the Behavior 
of Solutions 



Construct the direction field for 



y — x 



Solution There's really no trick to this; just draw a number of line segments with the 
correct slope. Again, we let our CAS do this for us and obtained the direction field in 
Figure 8.12a (on the following page). Unlike example 3.1, you do not know how to 
solve this differential equation exactly. Even so, you should be able to clearly see from 
the direction field how solutions behave. For example, solutions that start out in the 
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second quadrant initially decrease very rapidly, may dip into the third quadrant and then 
get pulled into the first quadrant and increase quite rapidly toward infinity. This is quite 
a bit of information to have determined using little more than elementary algebra. In 
Figure 8.12b, we have plotted the solution of the differential equation that also satisfies 
the initial condition y(— 4) = 2. We'll see how to generate such an approximate solution 
later in this section. Note how well this corresponds with what you get by connecting a 
number of the line segments in Figure 8.12a. 
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FIGURE 8.12a 

Direction field for y' = x + e~ y 



FIGURE 8.12b 

Solution of y' = x + e~ y 
passing through (—4, 2) 



You have already seen (in sections 8.1 and 8.2) how differential equation models 
can provide important information about how populations change over time. A model of 
population growth that includes a critical threshold is 

P'{t) = -2[1 - P(fW - P{t)]P(t), 

where P{t) represents the size of a population at time t. 

A simple context in which you might encounter a critical threshold is with the case 
of a sudden infestation of pests. For instance, suppose that you have some method for 
removing ants from your home. As long as the reproductive rate of the ants is lower than 
your removal rate, the ant population will stay under control. However, as soon as your 
removal rate becomes less than the ant reproductive rate (i.e., the removal rate crosses a 
critical threshold), you won't be able to keep up with the extra ants and you will suddenly 
be faced with a big ant problem. We see this type of behavior in example 3.3. 



EXAMPLE 3.3 Population Growth with a Critical Threshold 

Draw the direction field for 

P '(f) = _ 2 [i - P( t )][2 - P{t)]P(t) 
and discuss the eventual size of the population. 

Solution The direction field is particularly easy to sketch here since the right-hand 
side depends on P, but not on t. If P(t) = 0, then P'(t) = 0, also, so that the direction 
field is horizontal. The same is true for P(t) — 1 and P(t) — 2. If 0 < P(t) < 1, then 
P'(t) < 0 and the solution decreases. If 1 < P(t) < 2, then P'(t) > 0 and the solution 
increases. Finally, if P(t ) > 2, then P'(t) < 0 and the solution decreases. Putting all of 
these pieces together, we get the direction field seen in Figure 8.13. The constant 
solutions P(t) — 0, P(t) — 1 and P(t) — 2 are called equilibrium solutions. The 
solution P(t) — 1 is called an unstable equilibrium, since populations that start near 1 
don't remain close to 1. Similarly, the solutions P(t) = 0 and P(t) = 2 are called stable 
equilibria, since populations either rise to 2 or drop to 0 (extinction), depending on 
which side of the critical threshold P(t) = 1 they are on. (Look again at Figure 8.13.) 
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FIGURE 8.14 

Tangent line approximation 



FIGURE 8.13 

Direction field for P'{i) = -2[1 - P(t)][2 - P(t)]P(t) 



In cases where you are interested in finding a specific solution, the numerous arrows 
of a direction field can be distracting. Euler's method, developed below, enables you to 
approximate a single solution curve. The method is quite simple, based essentially on the 
idea of a direction field. Although Euler's method does not provide particularly accurate 
approximations, related and more accurate methods will be explored in the exercises. 

Consider the IVP 

/ = /(*> y). y(xo) = yo- 

Once again, we must emphasize that, assuming there is a solution y = y{x), the differential 
equation tells us that the slope of the tangent line to the solution curve at any point (x, y) is 
given by f(x, y). Remember that the tangent line to a curve stays close to that curve near 
the point of tangency. Notice that we already know one point on the graph of y = y(x), 
namely, the initial point (xn, yo). Referring to Figure 8.14, if we would like to approximate 
the value of the solution at x = x\ [i.e., y(x{)] and if x\ is not too far from xq, then 
we could follow the tangent line at (xq, yo) to the point corresponding to x — x\ and use 
the y-value at that point (call it yi) as an approximation to y{x\). This is virtually the same 
thinking we employed when we devised Newton's method and differential (tangent line) 
approximations in Chapter 3. The equation of the tangent line at x — Xq is 

y = yo + y'(x Q )(x - x 0 ). 

Thus, an approximation to the value of the solution at x — xi is the y-coordinate of the 
point on the tangent line corresponding to x — x\, that is, 

y(x\) &yi = yo + y'(x 0 )(xi - x 0 ). (3.3) 

You have only to glance at Figure 8. 14 to realize that this approximation is valid only when x\ 
is close to xq. In solving an IVR though, we are usually interested in finding the value of the 
solution on an interval [a, b] of the x-axis. With Euler's method, we settle for finding an ap- 
proximate solution at a sequence of points in the interval [a , b] . First, we partition the interval 
[a , b] into n equal-sized pieces (a regular partition; where did you see this notion before?): 
a — xq < xi < X2 < ■ ■ ■ < x n — b, 

where x '+ l ~ x ' ~ 

for all i — 0, 1, ...,«— 1. We call h the step size. From the tangent line approximation 
(3.3), we already have 

y(*i) Rs yi — y 0 + y'(x 0 )(xi - x 0 ) 
— yo + hf(x 0 , yo), 

where we have replaced (xi — xo) by the step size, h, and used the differential equation to 
write y'(xo) = f( x o, yo)- To approximate the value of yfe), we could use the tangent line 
at the point {x\ , y{x{)) to produce a tangent line approximation. 

y(x 2 ) » y(xi) + y'(x l )(x 2 - xi) 

= y(xi) + hf(x u y(xi)), 
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where we have used the differential equation to replace y'(x\) by f{x\ , y(xi)) and used the 
fact that xi — x\ — h. This is not usable, though, since we do not know the value of y(x\). 
However, we can approximate y(x[) by the approximation obtained in the previous step, 
yi, to obtain 

y(x 2 ) » y(xi) + hf(xi, y(xi)) 
^ y\+ hf(x u y{) - y 2 . 
Continuing in this way, we obtain the sequence of approximate values 



EULER'S METHOD 

y(x i+ i) fa y i+ i = y, + hf{x t ,y t ), for / = 0, 1, 2 ... . 



(3.4) 



This tangent line method of approximation is called Euler's method. 




FIGURE 8.15 

Exact solution versus the 
approximate solution (dashed line) 



EXAMPLE 3.4 Using Euler's Method 

Use Euler's method to approximate the solution of the IVP 

/ = y, y(0) = 1. 

Solution You can probably solve this equation by inspection, but if not, notice that 
it's separable and that the solution of the IVP is y — y{x) = e x . We will use this exact 
solution to evaluate the performance of Euler's method. From (3.4) with f(x, y) = y 
and taking h = 1 , we have 

y(xi) » ^ = y 0 + hf(x 0 , y 0 ) 

= ya + hyo = 1 + 1(1) = 2. 
Likewise, for further approximations, we have 

y{x 2 ) » yi — yi + hf(x u vi) 

= y 1 +hy 1 =2+ 1(2) = 4, 

y(x 3 ) w y 3 = y 2 + hf(x 2 , y 2 ) 

— yi + hy 2 
= 4 + 1(4) = 8 

and so on. In this way, we construct a sequence of approximate values of the solution 
function. In Figure 8.15, we have plotted the exact solution (solid curve) against the 
approximate solution obtained from Euler's method (dashed curve). Notice how the 
error grows as x gets farther and farther from the initial point. This is characteristic of 
Euler's method (and other similar methods). This growth in error becomes even more 
apparent if we look at a table of values of the approximate and exact solutions together. 
We display these in the table that follows, where we have used h — 0.1 (values are 
displayed to seven digits). 



X 


Euler 


Exact 


Error = Exact — Euler 


0.1 


1.1 


1.1051709 


0.0051709 


0.2 


1.21 


1.2214028 


0.0114028 


0.3 


1.331 


1.3498588 


0.0188588 


0.4 


1.4641 


1.4918247 


0.0277247 


0.5 


1.61051 


1.6487213 


0.0382113 


0.6 


1.771561 


1.8221188 


0.0505578 


0.7 


1.9487171 


2.0137527 


0.0650356 


0.8 


2.1435888 


2.2255409 


0.0819521 


0.9 


2.3579477 


2.4596031 


0.1016554 


1.0 


2.5937425 


2.7182818 


0.1245393 
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As you might expect from our development of Euler's method, the smaller we make h, 
the more accurate the approximation at a given point tends to be. As well, the smaller 
the value of h, the more steps it takes to reach a given value of x. In the following table, 
we display the Euler's method approximation, the error and the number of steps needed 
to reach x — 1.0. Here, the exact value of the solution is y = e l « 2.718281828459. 



h 


Euler 


Error = Exact — Euler 


Number of Steps 


1.0 


2 


0.7182818 


1 


0.5 


2.25 


0.4682818 


2 


0.25 


2.4414063 


0.2768756 


4 


0.125 


2.5657845 


0.1524973 


8 


0.0625 


2.6379285 


0.0803533 


16 


0.03125 


2.6769901 


0.0412917 


32 


0.015625 


2.697345 


0.0209369 


64 


0.0078125 


2.707739 


0.0105428 


128 


0.00390625 


2.7129916 


0.0052902 


256 



TODAY IN 
MATHEMATICS 



Kay McNulty (1921- ) 

An Irish mathematician who 
became one of the first computer 
software designers. In World 
War II, before computers, she 
approximated solutions of 
projectile differential equations. 
McNulty says, "We did have desk 
calculators at that time, 
mechanical and driven with 
electric motors, that could do 
simple arithmetic. You'd do a 
multiplication and when the 
answer appeared, you had to 
write it down to reenter it into 
the machine to do the next 
calculation. We were preparing a 
firing table for each gun, with 
maybe 1 800 simple trajectories. 
To hand-compute just one of 
these trajectories took 30 or 40 
hours of sitting at a desk with 

paper and a calculator 

Actually, my title working for 
the ballistics project was 

'computer' ENIAC made me, 

one of the first 'computers,' 
obsolete." 



From the table, observe that each time the step size h is cut in half, the error is also cut 
roughly in half. This increased accuracy though, comes at the cost of the additional 
steps of Euler's methods required to reach a given point (doubled each time h 
is halved). ■ 



The point of having a numerical method, of course, is to find meaningful approximations 
to the solution of problems that we do not know how to solve exactly. Example 3.5 is of 
this type. 



EXAMPLE 3.5 Finding an Approximate Solution 

Find an approximate solution of the IVP 



/ = x 2 + y 2 ,y(-l) = 



1 



/ / 
/ / 
/ / 

/ y 
y y 
y y 
y y 
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/ / 



/ / 
/ / 
y y 



/////// 
/////// 
/////// 
y / / / / / / 
y y / / / / / 
yy ///ft 
yyy //ft 
y / / / 



y / / / % 
- y y / / / 7 
y y / / / t t 
y / / / / / / 
/////// 
/////// 
/////// 



y y 
/ / 
/ / 



FIGURE 8.16 



Direction field for y' = x 2 + y 2 

Solution First let's take a look at the direction field, so that we can see how solutions 
to this differential equation should behave. (See Figure 8.16.) Using Euler's method 
with h =0.1, we get 

yOi) » yi = yo + hf(x 0 , y 0 ) 
= y 0 + h(xl + y%) 



0.1 



(-D 2 + 



-0.375 
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and y(x 2 ) » yi — y\ + hf(xi, yi) 

= yi + h(x\ + y\) 

= -0.375 + 0.1[(-0.9) 2 + (-0.375) 2 ] = -0.2799375 
and so on. Continuing in this way, we generate the table of values that follows. 



X 


Euler 


X 


Euler 


X 


Euler 


-0.9 


-0.375 


0.1 


-0.0575822 


1.1 


0.3369751 


-0.8 


-0.2799375 


0.2 


-0.0562506 


1.2 


0.4693303 


-0.7 


-0.208101 


0.3 


-0.0519342 


1.3 


0.6353574 


-0.6 


-0.1547704 


0.4 


-0.0426645 


1.4 


0.8447253 


-0.5 


-0.116375 


0.5 


-0.0264825 


1.5 


1.1120813 


-0.4 


-0.0900207 


0.6 


-0.0014123 


1.6 


1.4607538 


-0.3 


-0.0732103 


0.7 


0.0345879 


1.7 


1.9301340 


-0.2 


-0.0636743 


0.8 


0.0837075 


1.8 


2.5916757 


-0.1 


-0.0592689 


0.9 


0.1484082 


1.9 


3.587354 


0.0 


-0.0579176 


1.0 


0.2316107 


2.0 


5.235265 
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FIGURE 8.17a 

Approximate solution of y' — x 2 + y 2 , 
passing through (— 1 , — |) 
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FIGURE 8.17b 

Approximate solution superimposed 
on the direction field 



In Figure 8.17a, we display a smooth curve connecting the data points in the preceding 
table. Take particular note of how well this corresponds with the direction field in 
Figure 8.16. To make this correspondence more apparent, we show a graph of the 
approximate solution superimposed on the direction field in Figure 8.17b. Since this 
corresponds so well with the behavior you expect from the direction field, you should 
expect that there are no gross errors in this approximate solution. (Certainly, there is 
always some level of round-off and other numerical errors.) ■ 

We can expand on the concept of equilibrium solution, which we introduced briefly in 
example 3.3. More generally, we say that the constant function v = c is an equilibrium 
solution of the differential equation y' — f(t, y) if f(t , c) — 0 for all t. In simple terms, 
this says that y = c is an equilibrium solution of the differential equation y' — f(t, y) if the 
substitution y — c reduces the equation to simply y' = 0. Observe that this, in turn, says 
that y(t) — c is a (constant) solution of the differential equation. In example 3.6, notice that 
finding equilibrium solutions requires only basic algebra. 



EXAMPLE 3.6 Finding Equilibrium Solutions 

Find all equilibrium solutions of (a) y'(t) — k[y(t) - 70] and (b) y'(t) — 2y(t)[4 - y(t)]. 
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FIGURE 8.18a 

Direction field 
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FIGURE 8.18b 

Solution curve starting above 
y = 70 
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FIGURE 8.18c 

Solution curve starting below 
y = 70 
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FIGURE 8.19 

Direction field for y' = 2y(4 — y) 



Solution An equilibrium solution is a constant solution that reduces the equation to 
y'(t) = 0. For part (a), this gives us 

0 = /(f) = k[y(t) - 70] or 0 = y(f) - 70. 
The only equilibrium solution is then y = 70. For part (b), we want 

0 = 2y(f)[4 - y(f)] or 0 = y(f)[4 - y (f)]. 
So, in this case, there are two equilibrium solutions: y — 0 and y = 4. ■ 



There is some special significance to an equilibrium solution, which we describe from 
a sketch of the direction field. Start with the differential equation y'(t) = k[y(t) — 70] for 
some negative constant k. Notice that if y(t) > 70, then y'(t) = k[y(t) — 70] < 0 (since 
k is negative). Of course, y'(t) < 0 means that the solution is decreasing. Similarly, when 
y{t) < 70, we have that y'(t) = k[y{t ) — 70] > 0, so that the solution is increasing. Observe 
that the direction field sketched in Figure 8.18a suggests that y(t) — ► 70 as t —> oo, since 
all arrows point toward the line y = 70. More precisely, if a solution curve lies slightly 
above the line y — 70, notice that the solution decreases, toward y = 70, as indicated in 
Figure 8.18b. Similarly, if the solution curve lies slightly below y = 70, then the solution 
increases toward y = 70, as shown in Figure 8.18c. You should observe that we obtained 
this information without solving the differential equation. 

We say that an equilibrium solution is stable if solutions close to the equilibrium 
solution tend to approach that solution as t — >• oo. Observe that this is the behavior indicated 
in Figures 8.18a to 8.18c, so that the solution y — 70 is a stable equilibrium. Alternatively, 
an equilibrium solution is unstable if solutions close to the equilibrium solution tend to get 
further away from that solution as t —> oo. 

In example 3.6, part (b), we found that y'(t) = 2j(f)[4 — y(t)] has the two equilibrium 
solutions v = 0 and y = 4. We now use a direction field to determine whether these solutions 
are stable or unstable. 



EXAMPLE 3.7 Determining the Stability of Equilibrium Solutions 

Draw a direction field for y'(t) = 2y(t)[4 — y(t)] and determine the stability of all 
equilibrium solutions. 

Solution We determined in example 3.6 that the equilibrium solutions are y — 0 and 
y = 4. We superimpose the horizontal lines y — 0 and y — 4 on the direction field in 
Figure 8.19. 

Observe that the behavior is distinctly different in each of three regions in this 
diagram: y > 4, 0 < y < 4 and y < 0. We analyze each separately. First, observe that if 
y(t) > 4, then y'(t) = 2y(f)[4 — y(t )] < 0 (since 2y is positive, but 4 — y is negative). 
Next, if 0 < y(t) < 4, then y'(t) — 2y(t)[4 - y(t)] > 0 (since 2y and 4 - y are both 
positive in this case). Finally, if y(t) < 0, then y'(t) = 2v(f)[4 — y(t)] < 0. In 
Figure 8. 19, the arrows on either side of the line y — 4 all point toward y = 4. This 
indicates that y = 4 is stable. By contrast, the arrows on either side of y — 0 point away 
from y = 0, indicating that y = 0 is an unstable equilibrium. ■ 



Notice that the direction field in example 3.7 gives strong evidence that if y (0) > 0, then 
the limiting value is lim y(t) = 4. [Think about why the condition y(0) > 0 is needed here.] 



BEYOND FORMULAS 

Numerical approximations of solutions of differential equations are basic tools of the 
trade for modern engineers and scientists. Euler's method, presented in this section, is 
one of the least accurate methods in use today, but its simplicity makes it useful in a 
variety of applications. Since most differential equations cannot be solved exactly, we 
need reliable numerical methods to obtain approximate values of the solution. What 
other types of calculations have you seen that typically must be approximated? 



518 



CHAPTER 8 • • First-Order Differential Equations 



8-28 



EXERCISES 8.3 



0) 



5$ WRITING EXERCISES 



1. For Euler's method, explain why using a smaller step size 
should produce a better approximation. 

2. Look back at the direction field in Figure 8.16 and the Euler's 
method solution in Figure 8.17a. Describe how the direction 
field gives you a more accurate sense of the exact solution. 
Given this, explain why Euler's method is important. (Hint: 
How would you get a table of approximate values of the solu- 
tion from a direction field?) 

3. In the situation of example 3.3, if you only needed to know 
the stability of an equilibrium solution, explain why a qual- 
itative method is preferred over trying to solve the differ- 
ential equation. Discuss the extra information provided by a 
solution. 

4. Imagine superimposing solution curves over Figure 8. 12a. Ex- 
plain why the Euler's method approximation takes you from 
one solution curve to a nearby one. Use one of the exam- 
ples in this section to describe how such a small error could 
lead to very large errors in approximations for large values 
of x. 



In exercises 1-6, construct four of the direction field arrows by 
hand and use your CAS or calculator to do the rest. Describe 
the general pattern of solutions. 



1 1 1 11 u v 

i i i i i i i \ 

i I I i i i w 

I i i i I i i \ 

1 M \\ \ 

. 1 1 \ \ \ \ N - 

VVVV>>>7 



1 1 t 1 it t / 
\ t t 1 1 1 1 / 

till!''/ 
t i i i t r / / 
f f ' t 

t i t i r ; 
I I t i i t I ' 

-5 




~N \ \ \ U 
-Willi 
Willi 
/■Willi 
K W 1 1 1 1 1 

/Willi! 
/•W i i i i i 
1 1 1 1 1 1 1 



FIELD B 



\ \ \ s 
w \ \ 
i i i i 
iiu 
iiu 
1111 
iiii 
iiii 



■// / 



\ \ N 

I V \ 
1 \ \ 
1 u< 



\ 

' /^. 
' / ^ 
' / / 
i ; / 



> t 1 
' 1 t 

> t t 
t t 
t i 

' t 1 

' 1 1 
' 1 I 
I 1 1 



W \ \ 
' r i / 



f> x 



FIELD C 



1. 


y 


= x + Ay 


2. 


y 


= V* 2 + y 2 


3. 


y 


= 2v - y 2 


4. 


y 


= y 3 - 1 


5. 


y 


= 2-tv - y 2 


6. 


y 


= y*-x 



In exercises 7-12, match each differential equation to the correct 
direction field. 



7. y' = 2 - xy 8. y' = 1 + 2xy 
10. y' = y cos 3jc 11. y' = Jx 2 + y 



9. y' — x cos 3 y 
12. y' = ln(x 2 + y 2 ) 
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In exercises 13-20, use Euler's method with h = 0.1 and 
h = 0.05 to approximate y(l) and y(2). Show the first two steps 
by hand. 



13. y = 2xy, y(0) = 1 



15. y = Ay 



y(0) = 1 



17. y = l-y + e-*,y(0) = 3 
19. y = ^¥Ty, y(0) = 1 



14. y = x/y, y(0) = 2 

16. y = x/y 2 ,y(f)) = 2 

18. y' = siny -x 2 , y(0) = 1 

20. y = v 7 * 2 + y 2 , y(0) = 4 



21. Find the exact solutions in exercises 13 and 14, and compare 
y(l) and y(2) to the Euler's method approximations. 

22. Find the exact solutions in exercises 15 and 16, and compare 
y(l) and y(2) to the Euler's method approximations. 

) 23. Sketch the direction fields for exercises 17 and 18, highlight 
the curve corresponding to the given initial condition and com- 
pare the Euler's method approximations to the location of the 
curve at x — 1 and x — 2. 

) 24. Sketch the direction fields for exercises 19 and 20, highlight 
the curve corresponding to the given initial condition and com- 
pare the Euler's method approximations to the location of the 
curve at x — 1 and x — 2. 



32. Given the graph of g, sketch a direction field for y' = g'. 

) 33. Apply Euler's method with h = 0.1 to the initial value prob- 
lem y' = y 2 — 1, y(0) = 3 and estimate y(0.5). Repeat with 
h — 0.05 and h — 0.01. In general, Euler's method is more 
accurate with smaller ^-values. Conjecture how the exact so- 
lution behaves in this example. (This is explored further in 
exercises 34-36.) 



34. Show that f(x) = 



2 + e 2 



is a solution of the initial 



35. 



36. 



value problem in exercise 33. Compute /(0.1), /(0.2), /(0.3), 
/(0.4) and /(0.5), and compare to the approximations in ex- 
ercise 33. 

Graph the solution of y' — y 2 — 1, y(0) = 3, given in exer- 
cise 34. Find an equation of the vertical asymptote. Explain 
why Euler's method would be "unaware" of the existence of 
this asymptote and would therefore provide very unreliable 
approximations. 

In exercises 33-35, suppose that x represents time (in hours) 
and y represents the force (in newtons) exerted on an arm of 
a robot. Explain what happens to the arm. Given this, explain 
why the negative function values in exercise 34 are irrelevant 
and, in some sense, the Euler's method approximations in ex- 
ercise 33 give useful information. 



] 37. Apply Euler's method with (a) h = 1 and (b) h = 0. 1 to 
y' = ^y(8 — y), y(0) = 1. Discuss the behavior of the approx- 
imations and the actual solution as / increases. 

) 38. This exercise develops a continuous Newton's method. (See 
Neuberger's article in the May 2007 issue of American Math- 
ematical Monthly.) Instead of following the tangent line to 
the x-axis, the tangent line is followed an infinitesimally 
small distance, producing a curve (x(t), y{t)) that satisfies 



x'(t) = -f(x(t))/ f(x(t)). (a) For /(x) ; 
show that xit ) — ~J2~- 



: X 2 - 2, X(0) = 1, 

V2. (b) Show that 



e~' and lim x(t) ■■ 

t-*oo 

Euler's method with h — 1 produces Newton's method. 



In exercises 25-30, find the equilibrium solutions and identify 
each as stable, unstable or neither. 



25. y = 2v — y 
27. y = y 2 - y 

29. v' = (1 - yVl + y 



26. y = y - 1 

28. y = e~ y - 1 

30. y = yT^y 



In exercises 39-42, use the direction field to sketch solution 
curves and estimate the initial value y(0) such that the solu- 
tion curve would pass through the given point P. In exercises 
39 and 40, solve the equation and determine how accurate your 
estimate is. In exercises 41 and 42, use a CAS if available to 
determine how accurate your estimate is. 



39. y 



■ 4x + 2, P(3, 0) 



31. Given the graph of g, sketch a direction field for y' — g. 

y 

y = gix) j 




5-y 



Figure for exercises 31 and 32 
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40. y-iLz^Pou) 



an eventual activated-gene level of 0 and white corresponds 
to an eventual activated-gene level of b, show what the zebra 
stripes will look like. 



10 



41. 



-10-* 



: 0.2x + e~ y , P(5, -3) 



44. 



10-- 



-10 



yy s s s s / 

y y / S / / / 

^ s- / s / / / 

y / s / / / 

yy/ /■ / / / 

y y s s / / / 

^ ^ X- / /■ / / 

y y y s / / / 

s s s / / r r r r t 



,yy/sffrr r 

— - ^- s s / f 

— - — z- /■ / / . 

^.^■y y ^ /• /■ / / i 9 

✓» /• /■ / / 

. . /• /■ / / 

_ X" /• /■ / / 

. s s s / f 

_ s / s / / 



42. 



-0.1* - 0.1e^ -2/20 , P(10,4) 



10 



■ N, - 
N \ W 

■ ^ -s. ^ O » * 



APPLICATIONS 



43. Zebra stripes and patterns on butterfly wings are thought to be 
the result of gene-activated chemical processes. Suppose 
is the amount of a gene that is activated at time /. The dif- 

ferential equation g' = — g H has been used to model 

i + r 

the process. Show that there are three equilibrium solutions: 
0 and two positive solutions a and b, with a < b. Show that 
g' > 0 if a < g < b and g' < 0 if 0 < g < a or g > fr. Explain 
why lim could be 0 or b, depending on the initial amount 

r->oo 

of activated gene. Suppose that a patch of zebra skin extends 
from x — 0 to x — An with an initial activated-gene distribu- 
tion g(0) = | + 1 sin x at location x. If black corresponds to 




Many species of trees are plagued by sudden infestations of 
worms. Let x(t ) be the population of a species of worm on a par- 
ticular tree. For some species, a model for population change is 
x' — 0.1x(l — x/k) — x 2 /(l + x 2 ) for some positive constant 
k. If k — 10, show that there is only one positive equilibrium 
solution. If k — 50, show that there are three positive equilib- 
rium solutions. Sketch the direction field for k — 50. Explain 
why the middle equilibrium value is called a threshold. An 
outbreak of worms corresponds to crossing the threshold for a 
large value of k (k is determined by the resources available to 
the worms). 



EXPLORATORY EXERCISES 

In this exercise, we use an alternative form of Euler's 
method to derive a method known as the Improved 
Euler's method. Start with the differential equation 
y'(x) — f(x, y(x)) and integrate both sides from x = x„ to 
x = x„ +1 . Show that j(x„ +1 ) = y(x n ) + f(x, y(x))dx. 
Given y(x„), then, you can estimate y(x„ + i) by estimat- 
ing the integral f*" +l f(x, y(x))dx. One such estimate 
is a Riemann sum using left-endpoint evaluation, given 
by /(x /( , y(x n )) Ax. Show that with this estimate you get 
Euler's method. There are numerous ways of getting better 
estimates of the integral. One is to use the Trapezoidal Rule, 

[" +] 



f(x, y(x))dx 



-Ax. 



The drawback with this estimate is that you know y{x n ) 
but you do not know y(x„ +l ). The way out is to use 
Euler's method; you can approximate y(x n+l ) by 
y(x„ + i) y(x„) + hf(x„, y(x n )). Put all of this together to 
get the Improved Euler's method: 



y»+i 



h 



y„) + f(x„ + h, y„ + hf(x„, y n ))]. 



Use the Improved Euler's method for the IVP y' — y, y(0) — 1 
with h — 0. 1 to compute yi, y2 and y$. Compare to the exact 
values and the Euler's method approximations given in exam- 
ple 3.4. 

As in exercise 1, derive a numerical approximation method 
based on (a) the Midpoint rule and (b) Simpson's rule. 
Compare your results to those obtained in example 3.4 and 
exercise 1. 
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8.4 SYSTEMS OF FIRST-ORDER DIFFERENTIAL EQUATIONS 



In this section, we consider systems of two or more first-order differential equations. Re- 
call that the exponential growth described in example 1 . 1 and the logistic growth shown 
in example 2.6 both model the population of a single organism in isolation. A more real- 
istic model would account for interactions between two species, where such interactions 
significantly impact both populations. For instance, the population of rabbits in a given 
area is negatively affected by the presence of various predators (such as foxes), while the 
population of predators will grow in response to an abundant supply of prey and decrease 
when the prey are less plentiful. We begin with the analysis of such a predator-prey model, 
where a species of predators depends on a species of prey for food. 

O Predator-Prey Systems 

Suppose that the population of the prey (in hundreds of animals) is given by x (t ). This species 
thrives in its environment, except for interactions with a predator, with population y(t) 
(in hundreds of animals). Without any predators, we assume that x(t) satisfies the logistic 
equation x'(t) = bx(t) — c[x{t)] 2 , for positive constants b and c. The negative effect of the 
predator should be proportional to the number of interactions between the species, which 
we assume to be proportional to x(t)y(t), since the number of interactions increases as x(t) 
or y(t ) increases. This leads us to the model 

x'(t) = bx(t) - c[x(t)f - k x x(t)y(t), 

for some positive constant k\. On the other hand, the population of predators depends on 
interactions between the two species to survive. We assume that without any available prey, 
the population y(t) decays exponentially, while interactions between predator and prey have 
a positive influence on the population of predators. This gives us the model 

/(f) = -d y(t) + k 2 x(t)y(t), 

for positive constants d and k 2 . 

Putting these equations together, we have a system of first-order differential equations: 

PREDATOR-PREY EQUATIONS 

x'(f) — bx(t) - c[je(?)] 2 - k\ x{t)y{t) 
y'(t) = -dy(t) + k 2 x(t)y(t). 

A solution of this system is a pair of functions, x(t) and y(t), which satisfy both of the equa- 
tions. We refer to this system as coupled, since we must solve the equations together, as each 
of x'(t) and y'(t) depends on both x(t) and y(t). Although solving such a system is beyond 
the level of this course, we can learn something about the solutions using graphical meth- 
ods. The analysis of this system proceeds similarly to examples 3.6 and 3.7. As before, it is 
helpful to first find equilibrium solutions (solutions for which both x'(t ) = 0 and y'{t) — 0). 

EXAMPLE 4. 1 Finding Equilibrium Solutions of a System of Equations 

Find and interpret all equilibrium solutions of the predator-prey model 

x'(t) = 0.2x(t) - 0.l[x(t)] 2 - 0Ax(t)y(t) 
y'(t) = -0.1y(t) + 0.1x(t)y(t), 

where x and y represent the populations (in hundreds of animals) of a prey and a 
predator, respectively. 

Solution If (x, y) is an equilibrium solution, then the constant functions x(t) = x and 
y(t) = y satisfy the system of equations with x'(t) — 0 and y'(t) = 0. Substituting into 



522 



CHAPTER 8 • • First-Order Differential Equations 



8-32 



the equations, we have 

0 = 0.2x - Q.lx 2 - QAxy 
0 = -O.ly + O.lxy 

This is now a system of two (nonlinear) equations for the two unknowns x and y. There 
is no general method for solving systems of nonlinear algebraic equations exactly. In 
this case, you should solve the simpler equation carefully and then substitute solutions 
back into the more complicated equation. Notice that both equations factor, to give 

0 = 0.1jc(2 - x - Ay) 
0 = O.Ty(-l +x). 

The second equation has solutions y — 0 and x — 1 . We now substitute these solutions 
one at a time into the first equation. 

Taking y — 0, the first equation becomes 0 = 0.1x(2 — x), which has the solutions 
x — 0 and x — 2. This says that (0, 0) and (2, 0) are equilibrium solutions of the system. 
Note that the equilibrium point (0, 0) corresponds to the case where there are no predators 
or prey, while (2, 0) corresponds to the case where there are prey but no predators. 

Taking x = 1, the first equation becomes 0 = 0.2 — 0.1 — 0.4 v, which has the 
solution y — ^ — 0.25. A third equilibrium solution is then (1, 0.25), corresponding to 
having both populations constant, with four times as many prey as predators. 

Since we have now considered both solutions from the second equation, we have 
found all equilibrium solutions of the system: (0, 0), (2, 0) and (1, 0.25). ■ 

Next, we analyze the stability of each equilibrium solution. We can infer from this which 
solution corresponds to the natural balance of the populations. More advanced techniques 
for determining stability can be found in most differential equations texts. For simplicity, 
we use a graphical technique involving a plot called the phase portrait to determine the 
stability. For the system in example 4.1, we can eliminate the time variable, by observing 
that by the chain rule, 

dy _ y'(t) _ -0.lv + 0.1jcv 
~d~x ~ x^it) ~ Q.2x - O.l.r 2 - QAxy ' 

Observe that this is simply a first-order differential equation for y as a function of x. In this 
case, we refer to the xy-plane as the phase plane for the original system. A phase portrait 
is a sketch of a number of solution curves of the differential equation in the xy-plane. We 
illustrate this in example 4.2. 



EXAMPLE 4.2 Using a Direction Field to Sketch a Phase Portrait 

dy -0.lv + 0.lxy 

Sketch a direction field of — = r , and use the resulting phase 

dx 0.2x-0.1jc 2 -0.4.Ty 5F 

portrait to determine the stability of the three equilibrium points (0, 0), (2, 0) and 
(1,0.25). 

Solution The direction field generated by our CAS (see Figure 8.20) is not especially 
helpful, largely because it does not show sufficient detail near the equilibrium points. 

To more clearly see the behavior of solutions near each equilibrium solution, we 
zoom in on each equilibrium point in turn and plot a number of solution curves, as 
shown in Figures 8.21a, 8.21b and 8.21c. 

Since the arrows in Figure 8.21a point away from (0, 0), we refer to (0, 0) as an 
unstable equilibrium. That is, solutions that start out close to (0, 0) move away from 
that point as t — ► oo. Similarly, most of the arrows in Figure 8.21b point away from 
(2, 0) and so, we conclude that (2, 0) is also unstable. Finally, in Figure 8.21c, the 
arrows spiral in toward the point (1, 0.25), indicating that solutions that start out near 
(1, 0.25) tend toward that point as t — »• oo, making this is a stable equilibrium. From 
this, we conclude that the naturally balanced state is for the two species to coexist, with 
4 times as many prey as predators. 
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FIGURE 8.20 

Direction field 




A 

0.1 - - 



0.09--- 



0.08 
0.07 
0.06 -f 
0.05 - 



0.04 
0.03 



0.02 



0.0125 0.025 0.0375 0.05 0.0625 0.075 0.0875 0.1 0.1125 0.12 



H — ► x 



FIGURE 8.21a 

Phase portrait near (0, 0) 
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FIGURE 8.21b 

Phase portrait near (2, 0) 




FIGURE 8.21c 

Phase portrait near (1, 0.25) 
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We next consider a two-species system where the species compete for the same 
resources and/or space. General equations describing this case (where species X has 
population x(t) and species Y has population y(t)) are 

x'(t) — b\x{t) - ci[;t(f)] 2 - ki x(t)y(t) 
/(f) = b 2 y(t) - c 2 [y(t)f - k 2 x(t)y(t), 

for positive constants b\,b 2 ,c\, c 2 , k\ and k 2 . Notice how this differs from the predator-prey 
case. As before, species X grows logistically in the absence of species Y. However, here, 
species Y also grows logistically in the absence of species X. Further, the interaction terms 
k\ x(t)y(t) and k 2 x(t)y(t) are now negative for both species. So, in this case, both species 
survive nicely on their own but are hurt by the presence of the other. As with predator-prey 
systems, our focus here is on finding equilibrium solutions. 

EXAMPLE 4.3 Finding Equilibrium Solutions of a System of Equations 

Find and interpret all equilibrium solutions of the competing species model 

x'(t) = 0.4x(t) - 0.1 [x(t)] 2 - 0.4x(t)y(t) 
y'(t) = 0.3y(f) - 0.2[y(r)] 2 - 0Ax(t)y(t). 

Solution If {x, y) is an equilibrium solution, then the constant functions x(t) = x and 
y(t) = y satisfy the system of equations with x'{t) — 0 and y'(t) = 0. Substituting into 
the equations, we have 

0 = 0.4jt-0.1x 2 -0.4xv 
0 = 0.3v-0.2y 2 -0.1xv. 

Notice that both equations factor, to give 

0 = Q.lx(4 - x - 4y) 
0 = 0.1v(3-2v-x). 

The equations are equally complicated, so we work with both equations simultaneously. 

From the top equation, either x — 0 or x + Ay — A. From the bottom equation, 
either y — 0 or x + 2y — 3. Summarizing, we have 

X = 0 or x + 4 y — 4 
and y — 0 or x + 2y — 3. 

Taking x = 0 from the top line and y — 0 from the bottom gives us the equilibrium 
solution (0, 0). Taking x — 0 from the top and substituting into x + 2 y — 3 on the 
bottom, we get y — | so that (0, j) is a second equilibrium solution. Note that (0, 0) 
corresponds to the case where neither species exists and (0, |) corresponds to the case 
where species Y exists but species X does not. 

Substituting y = 0 from the bottom line into x + Ay = A, we get x — A so that 
(4, 0) is an equilibrium solution, corresponding to the case where species X exists but 
species Y does not. The fourth and last possibility has x + Ay — A and x + 2y = 3. 
Subtracting the equations gives 2y — 1 or y — I. With y — \, x + 2y — 3 gives us 
x — 2. The final equilibrium solution is then (2, |). In this case, both species exist, with 
4 times as many of species X. 

Since we have now considered all combinations that make both equations true, we 
have found all equilibrium solutions of the system: (0, 0), (0, |), (4, 0) and (2, j). ■ 

We explore predator-prey systems and models for competing species further in the 
exercises. 

Systems of first-order differential equations also arise when we rewrite a single higher- 
order differential equation as a system of first-order equations. There are several reasons for 
doing this, notably so that the theory and numerical approximation schemes for first-order 
equations (such as Euler's method from section 8.3) can be applied. 
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A falling object is acted on by two primary forces, gravity (pulling down) and air drag 
(pushing in the direction opposite the motion). In section 5.5, we solved a number of prob- 
lems by ignoring air drag and assuming that the force due to gravity (i.e., the weight) is 
constant. While these assumptions lead to solvable equations, in many important applica- 
tions, neither assumption is valid. Air drag is frequently described as proportional to the 
square of velocity. Further, the weight of an object of constant mass is not constant, but rather, 
depends on its distance from the center of the Earth. In this case, if we take y as the height 
of the object above the surface of the Earth, then the velocity is y' and the acceleration is y". 
The air drag is then c(y') 2 , for some positive constant c (the drag coefficient) and the weight 
mgR 2 

is -, where/? is the radius of the Earth. Newton's second law F — ma then gives us 

_ msR \ +c{ yf = m y". 
(R + y) 2 J ' y 

Since this equation involves y, y' and y" , we refer to this as a second-order differential 
equation. In example 4.4, we see how to write this as a system of first-order equations. 



EXAMPLE 4.4 Writing a Second-Order Equation as a System 
of First-Order Equations 

, , 1600 

Write the equation y = 0.1(v ) , as a system of first-order equations. 

(40 + y) 

Then, find any equilibrium solutions and interpret the result. 

Solution The idea is to define new functions u and v where u — y and v — y' . We 
then have u' — y' — v and 

, , 1600 , 1600 

v' - y" - 0.1(y') 2 r - 0.1?r r. 

y JJ (40 + y) 2 (40 +u) 2 

Summarizing, we have the system of first-order equations 

u' — v 

, 1600 
v' = O.lv 2 



(40 + u) 2 ' 

The equilibrium points are then solutions of 

0 = v 

, 1600 
0 = O.lv 2 



(40 + u) 2 ' 

With v — 0, observe that the second equation has no solution, so that there are no 
equilibrium points. For a falling object, the position (u) is not constant and so, there are 
no equilibrium solutions. ■ 



Some graphing calculators will graph solutions of differential equations, but the equa- 
tions must be written as a single first-order equation or a system of first-order equations. 
With the technique shown in example 4.4, you can use such a calculator to graph solutions 
of higher-order equations. 



EXERCISES 8.4 Qj 

WRITING EXERCISES 

1. Explain why in the general predator-prey model, the interac- 
tion term k t xy is subtracted in the prey equation and k 2 xy is 
added in the predator equation. 

2. In general, explain why you would expect the constants for the 
interaction terms in the predator-prey model to satisfy k t > k 2 . 



3. In example 4.1, the second equilibrium equation is solved to 
get x — 1 and y — 0. Explain why this does not mean that 
(1,0) is an equilibrium point. 

4. If the populations in a predator-prey or other system approach 
constant values, explain why the values must come from an 
equilibrium point. 
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In exercises 1-6, find and interpret all equilibrium points for 
the predator-prey model. 



13. The point (0.5, 0.5) 



2. 



4. 



6. 



: 0.2x - 0.2x 2 - OAxy 
: -O.ly + 0.2xy 

: OAx - O.lx 2 - 0.2xy 
: -0.2y + 0.lxy 

: 0.3* - O.lx 2 - 0.2xy 
: -0.2y + O.lxy 

: O.lx - O.lx 2 - 0.4x>< 
: -O.ly + 0.2xy 

: 0.2x - O.lx 2 - OAxy 
: -0.3y + O.lxy 

: 0.2x - O.lx 2 - 0.4xy 
: -0.2y + O.lxy 



| In exercises 7-10, use direction fields to determine the stability 
of each equilibrium point found in the given exercise. 

7. exercise 1 8. exercise 2 9. exercise 5 10. exercise 6 



0.52 
0.51 
0.50 
0.49 
0.48 



-V4- 



-+- 



+ 



0.48' 0.49 0.50 '0.51 ' 0.'52 



14. The point (1, 0) 



y 

0.1 + 

0.08 
0.06 
0.04 
0.02 



4N — h 



-+- 



■+- 



0 0.96 0.98 1 1.02 1.04 



H ►x 



In exercises 11-14, use the direction fields to determine the sta- 
bility of each point. 

11. The point (0, 0) 



0.1 
0.08 
0.06 
0.04 
0.02 



\ \ s x x N 
\ \ \ x s x 

v \ \ '. . 



H — I 1 — I — I 1 — I — I 1 f— ► X 

0.02 0.04 0.06 0.08 0.1 



In exercises 15-20, find and interpret all equilibrium points for 
the competing species model. (Hint: There are four equilibrium 
points in exercise 15.) 



15. 



17. 



19. 



: 0.3x - 0.2.v 2 - OAxy 
■-O.ly - O.ly 2 - O.lxy 



0.3x - 0.2 r' 
: 0.2y -O.ly 2 



O.lxy 
■ 0.2xy 



: 0.2x - 0.2x 2 - O.lxy 
■■ O.ly -O.ly 2 -O.lxy 



16. 



18. 



20. 



: 0.4x - O.lx^ 



■ O.lxy 



: 0.5v - OAy 2 - O.lxy 

■. OAx - 03x 2 - O.lxy 
■ 03y - O.ly 2 - O.lxy 

O.lx 0.2 v' 0.1 vv 
: 0.3v - O.ly 2 - O.lxy 



12. The point (0.5, 0.5) 

y 

0.52 -- 



0.51 



0.50 -AHr 



0.49 
0.48 



CMS" 0.49 0.50 '0.M - 0v52 

/ - <- — - . , , , 
S -"" >■ * - - » . , , 



Use the following in exercises 21 and 22. The competitive 
exclusion principle in biology states that two species with the 
same niche cannot coexist in the same ecology (as a stable 
equilibrium). 

| 21. Use direction fields to determine the stability of each equilib- 
rium point in exercise 15. Do your results contradict or affirm 
the competitive exclusion principle? 

| 22. Use direction fields to determine the stability of each equilib- 
rium point in exercise 16. Do your results contradict or affirm 
the competitive exclusion principle? 
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J 23. Sketch solutions of the system of exercise 1 with the 
initial conditions (a) x = 1, y = 1; (b) x = 0.2, y — 0.4; (c) 
X = 1, y = 0. 

) 24. Sketch solutions of the system of exercise 15 with the ini- 
tial conditions (a) x = 0.5, y = 0.5; (b) x = 0.2, y = 0.4; 
(c)x =0, y = 0.5. 

In exercises 25-28, write the second-order equation as a system 
of first-order equations. 

25. y" + 2xy' + Ay = Ax 2 26. y" - 3/ + 3Jxy = A 
27. y" - (cos x)y' + xy 2 = 2x 28. xy" + 3(y') 2 = y + 2x 



29. To write a third-order equation as a system of equations, define 
u\ =y,u%= v'andi<3 = y" and compute derivatives as in ex- 
ample 4.4. Write y'" + 2xy" — Ay' + 2y — x 2 as a system of 
first-order equations. 

30. As in exercise 29, write y'" — 2x 2 y' + y 2 — 2 as a system of 
first-order equations. 

31. Write y (4) — 2y"' + xy' — 2 — e x as a system of first-order 
equations. 

32. Write y (4) — 2y"y' + (cos x)y 2 — 0 as a system of first-order 
equations. 

33. Euler's method applied to the system of equations 
*' = fix, y), x(0) = x 0 , y 1 = g(x, y), y(0) = y 0 is given by 

x n+ i = x„ + hf(x„, y„), y„ +] = y„ + hg(x„, y„). 

Use Euler's method with h — 0. 1 to estimate the solution at 
t — 1 for exercise 3 with x(0) = y(0) = 0.2. 

34. Use Euler's method with h — 0. 1 to estimate the solution at 
t — 1 for exercise 15 with x(0) = y(0) = 0.2. 



In exercises 35-38, find all equilibrium points 

36 



35 | *' = ( * 2 " A){yl ~ 9) 
1 y' = x 2 — 2xy 



x' = (x — y)(l — x — y) 
y' = 2x — xy 



37. 



x' = (2 + x)(y - x) 
y' = (4 - x)(x + y) 



38. 



-x + y 
y + x 2 



39. Sketch the x-y phase portrait for 

40. Sketch the x-y phase portrait for 



x'(t ) = cos y 
y'(f) = 2x ' 

x'(f) = cos y 
y'(f ) = sin 2x 



0 



APPLICATIONS 



41. For the predator-prey model 



y = -0.5y + O.lxy 
show that the species cannot coexist. If the death rate 0.5 of 



x' = 0.4x -O.lx 2 -0.2xy 



species Y could be reduced, determine how much it would have 
to decrease before the species can coexist. 

42. In exercise 41, if the death rate of species Y stays constant but 
the birthrate 0.4 of species X can be increased, determine how 
much it would have to increase before the species can coexist. 
Briefly explain why an increase in the birthrate of species X 
could help species Y survive. 



x' = bx — ex" — k\xy 
y' = — dy + k 2 xy 
show that the species can coexist if and only if bk 2 > cd. 



43. For the general predator-prey model 



44. In the predator- prey model of exercise 43, the prey could 
be a pest insect that attacks a farmer's crop and the preda- 
tor, a natural predator (e.g., a bat) of the pest. Assume that 
c — 0 and the coexistence equilibrium point is stable. The 
effect of a pesticide would be to reduce the birthrate b of 
the pest. It could also potentially increase the death rate d 
of the predator. If this happens, state the effect on the co- 
existence equilibrium point. Is this the desired effect of the 
pesticide? 



EXPLORATORY EXERCISES 



1. In this exercise, we expand the predator-prey model of example 
4.1 to a model of a small ecology with one predator and two 
prey. To start, let x and y be the populations of the prey species 
and z the predator population. Consider the model 

x'(0 = btx(f) - fc,x(0z(f) 
y'(f) = b 2 y(t) - k 2 y(t)z(t) 
z'(t) = -dzit) + k 3 x(t)z(t) + k 4 y(t)z(t) 

for positive constants b\, b 2 , d and k l: . . . ,k 4 . Notice that in 
the absence of the predator, each prey population grows ex- 
ponentially. Assuming that the predator population is reason- 
ably large and stable, explain why it might be an acceptable 
simplification to leave out the x 2 and y 2 terms for logistic 
growth. According to this model, are there significant inter- 
actions between the x and y populations? Find all equilib- 
rium points and determine the conditions under which all 
three species could coexist. Repeat this with the logistic terms 
restored. 

x , <t) = b l x(f)-c l [x(f)1 l -k l x(f)z(f) 
y'(0 = b 2 y(t) - c 2 [y(t)] 2 - k 2 y{t)z(t) 
z'(t) = -dzit) + k 3 x(t)z(t) + k 4 y(t)z(t) 

Does it make any difference which model is used? 

2. For the general competing species model 

x'(t) = MM - cdxit)] 2 - hx(t)y{t) 
y'it) = b 2 y(t) - c 2 [y(t)] 2 - k 2 x{t)y(t) 

show that the species cannot coexist under either of the follow- 
ing conditions: 

b\ bj bi b 2 b~, b\ b-, b[ 

(a) — > — and — > — or (b) — > — and — > — . 
k\ c 2 c\ k 2 k 2 c\ c 2 k\ 
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Review Exercises 



^3 WRITING EXERCISES 

The following list includes terms that are defined and theorems 
that are stated in this chapter. For each term or theorem, (1) give 
a precise definition or statement, (2) state in general terms what 
it means and (3) describe the types of problems with which it is 
associated. 

Differential equation Doubling time Half-life 
Newton's Law of Equilibrium solution Stable 

Cooling Logistic growth Euler's method 

Separable equation System of equations 

Direction field Phase portrait 

Predator-prey systems 



fp TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. For exponential growth and decay, the rate of change is 
constant. 

2. For logistic growth, the rate of change is proportional to the 
amount present. 

3. Any separable equation can be solved for y as a function of x. 

4. The direction field of a differential equation is tangent to the 
solution. 

5. The smaller h is, the more accurate Euler's method is. 

6. An equilibrium point of a system of two equations and un- 
known functions x and y is any value of x such that x' — 0 or 

y = o. 

7. A phase portrait shows several solutions on the same graph. 



In exercises 1-6, solve the IVP. 

1. / = 2y, y(0) = 3 

, 2x 
3. y' = — ,y(0) = 2 
y 



2. y = -3y, y(0) = 2 
4. y' = -3xy 2 , y(0) = 4 
6. y = x + y 2 x, y(0) = 1 



7. A bacterial culture has an initial population 10 4 and doubles 
every 2 hours. Find an equation for the population at any time 
t and determine when the population reaches 10 6 . 

8. An organism has population 100 at time t — 0 and population 
140 at time t — 2. Find an equation for the population at any 
time and determine the population at time t — 6. 

9. The half-life of nicotine in the human bloodstream is 2 hours. 
If there is initially 2 mg of nicotine present, find an equation 
for the amount at any time / and determine when the nicotine 
level reaches 0. 1 mg. 



10. If the half-life of a radioactive material is 3 hours, what per- 
centage of the material will be left after 9 hours? 1 1 hours? 

11. If you invest $2000 at 8% compounded continuously, how long 
will it take the investment to double? 

12. If you invest $4000 at 6% compounded continuously, how 
much will the investment be worth in 10 years? 

13. A cup of coffee is served at 180°F in a room with temperature 
68°F After 1 minute, the temperature has dropped to 176°F. 
Find an equation for the temperature at any time and determine 
when the temperature will reach 120°F. 

14. A cold drink is served at 46°F in a room with temperature 70° F. 
After 4 minutes, the temperature has increased to 48°F Find an 
equation for the temperature at any time and determine when 
the temperature will reach 58°F. 



In exercises 15-18, solve each separable equation, explicitly if 
possible. 



15. v' = 2jt 3 3 



17. y' = 



4 



(y 2 + y)(l+* 2 ) 



16. y = - i j = 

18. y' = e* +y 



In exercises 19-22, find all equilibrium solutions and determine 
which are stable and which are unstable. 



19. y' = 3y(2 - y) 
21. y' = -y-v/1 + y 



20. y' = y(l - y 2 ) 

2y 



22. y' = y + 



1 - y 



In exercises 23-26, sketch the direction field. 



23. y' = -x(4 - y) 
25. y = 2xy — y 2 



24. y' = 4x- y 2 
26. y' = 4x - y 



27. Suppose that the concentration x of a chemical in a 
bimolecular reaction satisfies the differential equation 
x'(t) = (0.3 - x)(0.4 - x) - 0.25x 2 . For (a) x(0) = 0.1 and 
(b) x(0) = 0.4, find the concentration at any time. Graph the 
solutions. Explain what is physically impossible about 
problem (b). 

28. For exercise 27, find equilibrium solutions and use a slope 
diagram to determine the stability of each equilibrium. 

29. In the second-order chemical reaction x' = r(a — x)(b — x), 
suppose that A and B are the same (thus, a — b). Identify the 
values of x that are possible. Draw the direction field and de- 
termine the limiting amount lim x(t). Verify your answer by 

r-»oo 

solving for x. Interpret the physical significance of a in this 
case. 

30. In an autocatalytic reaction, a substance reacts with itself. 
Explain why the concentration would satisfy the differential 
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equation*' = rx(l — x). Identify the values of xthat are possi- 
ble. Draw the direction field and determine the limiting amount 
lim x(t). Verify your answer by solving forx. 

t— >oc 

31. Suppose that $100,000 is invested initially and continuous de- 
posits are made at the rate of $20,000 per year. Interest is 
compounded continuously at 10%. How much time will it take 
for the account to reach $1 million? 

32. Rework exercise 3 1 with the $20,000 payment made at the end 
of each year instead of continuously. 

In exercises 33-36, identify the system of equations as a 
predator-prey model or a competing species model. Find and 
interpret all equilibrium points. 



33. 



34. 



35. 



36. 



x' 


= O.lx- O.lx 2 - 


0.2x>> 


y 


= -O.ly + O.lry 




x' 


= 0.2* - O.lx 2 - 


0.2xy 


y 


= 0.1y-0.1j 2 - 


O.lxy 


x' 


= 0.5x - O.lx 2 - 


0.2x> 


y 


= 0.4y-0.1y 2 - 


0.2xy 


x' 


= 0.4x - O.lx 2 - 


0.2xy 


y 


= -0.2v + 0.1xy 





37. 



38. 



39. 



Use direction fields to determine the stability of each equilib- 
rium point in exercise 33. 

Use direction fields to determine the stability of each equilib- 
rium point in exercise 35. 

Write the second-order equation y" — 4x 2 / + 2y = 4xy ■ 
as a system of first-order equations. 



1 



40. If you have a CAS that can solve systems of equations, sketch 
solutions of the system of exercise 33 with the initial conditions 
(a)x = 0.4, y = 0.1; (b) x = 0.1, y = 0.4. 



EXPLORATORY EXERCISES 



1. In this exercise, we compare two models of the vertical veloc- 
ity of a falling object. Forces acting on the object are gravity 
and air drag. From experience, you know that the faster an 



object moves, the more air drag there is. But, is the drag force 
proportional to velocity v or the square of velocity u 2 ? It turns 
out that the answer depends on the shape and speed of the 
object. The goal of this exercise is to explore how much dif- 
ference it makes which model is used. Define the following 
models for a falling object with u < 0 (units of meters and 
seconds): 



Model 1: 



dv 
~dt 
dv 



-9.8 + 0.7w 



Model 2: — = -9.8 + 0.05ir. 
dt 

Solve each equation with the initial condition v(Q) — 0. Graph 
the two solutions on the same axes and discuss similarities and 
differences. Show that in both cases the limiting velocity is 
lim v(t) — 14 m/s. In each case, determine the time required 

t—>oo 

to reach 4 m/s and the time required to reach 13 m/s. Summa- 
rizing, discuss how much difference it makes which model you 
use. 

In this exercise, we compare the two drag models for objects 
moving horizontally. Since gravity does not affect horizontal 
motion, if v > 0, the models are 



Model 1: 



Model 2: 



dv 
It 
dv 
dt 



-CiV 



-CjV 



for positive constants c\ and q. Explain why the negative signs 
are needed. If v < 0, how would the equations change? For a 
pitched baseball, physicists find that the second model is more 
accurate. The drag coefficient is approximately c 2 — 0.0025 
if v is measured in ft/s. For comparison purposes, find the 
value of ci such that c { v — c 2 v 2 for u = 132 ft/s (this is a 
90-mph pitch). Then solve each equation with initial condi- 
tion v(0) — 132. Find the time it takes the ball to reach home 
plate 60 feet away. Find the velocity of the ball when it reaches 
home plate. How much difference is there in the two models? 
For a tennis serve, use the second model with c 2 — 0.003 to 
estimate how much a 140-mph serve has slowed by the time it 
reaches the service line 60 feet away. Both baseball and tennis 
use radar guns to measure speeds. Based on your calculations, 
does it make much of a difference at which point the speed of 
a ball is measured? 
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Everywhere we look today, we are surrounded by digital technologies. 
For instance, music and video are now routinely delivered digitally, while 
digital still and video cameras are now the standard. An essential ingre- 
dient in this digital revolution has been the use of Fourier analysis, a 
mathematical idea that is introduced in this chapter. 

The key to these digital technologies is the ability to transform various 
kinds of information into a digital format. For instance, the music made 
by a saxophone might be initially represented as a series of notes on sheet 
music, but the musician brings her own special interpretation to the music. 
Such an individual performance can then be recorded, to be copied and 
replayed later. While this is easily accomplished with conventional analog 
technology, the advent of digital technology has allowed recordings with a 
previously unknown fidelity. To do this, the music is broken down into its 
component parts, which are individually recorded and then reassembled 



on demand to recreate the original sound. So, the complex rhythms and intonations 
generated by the saxophone reed and body are converted into a stream of digital 
bits (zeros and ones), which are then turned back into music. 




In this chapter, we learn how calculators can quickly approximate a quantity 
like sin 1.234567, but we'll also see how music synthesizers work. The mathe- 
matics of these two modern marvels is surprisingly similar. Quite significantly, we 
see how to express a wide range of functions in terms of much simpler functions, 
opening up a new world of important applications. 



532 CHAPTER 9 •• Infinite Series 



9-2 



I SEQUENCES OF REAL NUMBERS 



The mathematical notion of sequence is not much different from the common English usage 
of the word. For instance, to describe the sequence of events that led up to a traffic accident, 
you'd not only need to list the events, but you'd need to do so in the correct order. In 
mathematics, the term sequence refers to an infinite collection of real numbers, written in 
a specific order. 

We have already seen sequences several times now. For instance, to find approximate 
solutions to nonlinear equations such as tan x — x = 0, we began by first making an initial 
guess, xo and then using Newton's method to compute a sequence of successively improved 
approximations, X\, %i, . . . , x n , 



DEFINITION OF SEQUENCE 

A sequence is any function whose domain is the set of integers starting with some 
integer no (often 0 or 1). For instance, the function a(n) — -, for n — 1 , 2, 3, ... , 
defines the sequence 

1111 

T' 2' 3' 4""' 

Here, \ is called the first term, \ is the second term and so on. We call a(n) — - the 
general term, since it gives a (general) formula for computing all the terms of the 
sequence. Further, we use subscript notation instead of function notation and write a„ 
instead of a(n). 



EXAMPLE I.I The Terms of a Sequence 

Write out the first four terms of the sequence whose general term is given by a„ = 
for n — 1, 2, 3, ... . 



n + 1 



Solution We have the sequence 



1 + 1 



ai - 



ai = 



fl4 = 



0.12- 



0.08- 



0.04- 



to 



15 



20 



FIGURE 9.1 

1 



We often use set notation to denote a sequence. For instance, the sequence with general 
1 

term a n — — , for n — 1 , 2, 3, . . . , is denoted by 



- t nJ„=l 



1 



or equivalently, by listing the terms of the sequence: 

111 1 

1' 22' 32'"" «2" 

To graph this sequence, we plot a number of discrete points, since a sequence is a function 
defined only on the integers. (See Figure 9.1.) Note that as n gets larger and larger, the 

1 

terms of the sequence, a n — — , get closer and closer to zero. In this case, we say that the 

n 

sequence converges to 0 and write 



lim a n 

n— toe 



1 



lim — = 0. 

n—>oo fi 

In general, we say that the sequence {a„}°°_, converges to L (i.e., lim a„ — L) if we 

n->oc 

can make a„ as close to L as desired, simply by making n sufficiently large. Notice that this 
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language parallels that used in the definition of the limit lim f(x) = L for a function of a 

X— ¥00 

real variable x (given in section 1.6). The only difference is that n can take on only integer 
values, while x can take on any real value (integer, rational or irrational). 

When we say that we can make a„ as close to L as desired (i.e., arbitrarily close), just 
how close must we be able to make a„ to LI Well, if you pick any (small) real number, 
e > 0, you must be able to make a„ within a distance e of L, simply by making n sufficiently 
large. That is, we need \a n — L\ < s. 

We summarize this in Definition 1.1. 



DEFINITION I.I 

The sequence {a n }^L n converges to L if and only if given any number e > 0, there is 
an integer N for which 

\a„ — L\ < s, for every n > N . 
If there is no such number L, then we say that the sequence diverges. 



We illustrate Definition 1.1 in Figure 9.2. Notice that the definition says that the se- 
quence converges to L if given any number e > 0, we can find an integer N so that 
the terms of the sequence stay between L — s and L + s for all values of n > TV. 



L + E 
L 

L - s 



i i i i I 
1 2345 



iV 



FIGURE 9.2 

Convergence of a sequence 

In example 1.2, we show how to use Definition 1.1 to prove that a sequence converges. 



EXAMPLE 1.2 Proving That a Sequence Converges 



Use Definition 1 . 1 to show that the sequence 



converges to 0. 



1 



Solution Here, we must show that we can make — as close to 0 as desired, 

just by making n sufficiently large. So, given any e > 0, we must find N sufficiently 
large so that for every n > N, 



1 



0 



1 

< e or — < e. 
n 2 



(1.1) 



Since n 2 and e are positive, we can divide both sides of (1.1) by e and multiply by n 2 , 
to obtain 

1 2 

- < n . 



Taking square roots gives us J - < n. 

[I 

Working backwards now, observe that if we choose ,/V to be an integer with N > J -, 

1 V e 

then n > N implies that — < e, as desired. 

«2 ■ 
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Most of the usual rules for computing limits of functions of a real variable also apply 
to computing the limit of a sequence, as we see in Theorem 1.1. 



■+- 



-t— 

10 



-t— 

15 



— I ►/! 

20 



FIGURE 9.3 

a„ 



3n-5 



REMARK I.I 



If you (incorrectly) apply 
l'Hopital's Rule in example 1.3, 
you get the right answer. (Go 
ahead and try it; nobody's 
looking.) Unfortunately, you 
will not always be so lucky. It's 
a lot like trying to cross a busy 
highway: while there are times 
when you can successfully cross 
with your eyes closed, it's not 
generally recommended. 
Theorem 1.2 describes how you 
can safely use l'Hopital's Rule. 



THEOREM I.I 

Suppose that {a„}J51„ 0 and {b n }^ both converge. Then 

(i) lim (a„ + b n ) — lim a„ + lim b n , 

(ii) lim (a„ — b n ) — lim a„ — lim b n , 

n— >oc n—>oc n^oo 

(iii) lim (a n b„) — ( lim a„)( lim b„) and 

a Iim a » 

(iv) lim — = (assuming lim b„ ^ 0). 

«->oo b„ lim b„ «-»oo 



The proof of Theorem 1.1 is virtually identical to the proof of the corresponding 
theorem about limits of a function of a real variable (see Theorem 3.1 in section 1.3 and 
Appendix A) and is omitted. 

To find the limit of a sequence, you should work largely the same as when computing 
the limit of a function of a real variable, but keep in mind that sequences are defined only 
for integer values of the variable. 



EXAMPLE 1.3 Finding the Limit of a Sequence 

5« + 7 



Evaluate lim 

H-^OO 3M 



oo 

Solution This has the indeterminate form — . The graph in Figure 9.3 suggests that 
the sequence tends to some limit around 2. Note that we cannot apply rHopital's Rule 
here, since the functions in the numerator and the denominator are defined only for 
integer values of n and hence, are not differentiable. Instead, simply divide numerator 
and denominator by the highest power of n in the denominator. We have 



5« + 7 
lim 

«^oo 3n — 5 



(5n + 7)(i) 5 
lim Ml = lim - 



(3n-5)(i) 



In example 1.4, we see a sequence that diverges by virtue of its terms tending to +oo. 



12- 
10- 



2- 



EXAMPLE 1.4 A Divergent Sequence 

" hi 



Evaluate lim 



6 - 9 »* Solution Again, this has the indeterminate form — , but from the graph in Figure 9.4, 

4 __ b> » the sequence appears to be increasing without bound. Dividing top and bottom by n (the 

highest power of n in the denominator), we have 



5 10 15 20 
FIGURE 9.4 

a„ 



lim = lim ^— — lim 



n 



n->oo 2m — 3 n->oc (2n — 3)(y : ) n~*oo 2 — - 

f« 2 +ll°° 

n + 1 and so, the sequence \ \ diverges. 

2n-3 1 2n — 3 J n=1 m 
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In example 1.5, we see that a sequence doesn't need to tend to ±oo in order to diverge. 



EXAMPLE 1.5 A Divergent Sequence Whose Terms Do Not Tend to oo 

Determine the convergence or divergence of the sequence {(— 1)"}^. 

Solution If we write out the terms of the sequence, we have 

{-1,1,-1,1,-1,1,...}. 

That is, the terms of the sequence alternate back and forth between — 1 and 1 and so, 
the sequence diverges. To see this graphically, we plot the first few terms of the 
sequence in Figure 9.5. Notice that the points do not approach any limit (a horizontal 



1.2- 
1.0- 
0.8- 
0.6- 
0.4- 
0.2- 



10 



15 



—I — ► « 

20 



FIGURE 9.7a 

a„ — cos(27rn) 




FIGURE 9.7b 

y = cos(27rx) 



10 



H — " 
15 



FIGURE 9.5 

«» = (-!)" 




1 — ► » 



FIGURE 9.6 

a„ — f(n), where f(x) — > 2, 
as x — >■ oo 



You can use an advanced tool like l'HopitaFs Rule to find the limit of a sequence, but 
you must be careful. Theorem 1 .2 says that if fix) — ► L as x — ► oo through all real values, 
then /(«) must approach L, too, as n — >■ oo through integer values. (See Figure 9.6 for a 
graphical representation of this.) 



THEOREM 1.2 

Suppose that lim f(x) = L. Then, lim f(n) = L, also. 



REMARK 1.2 



The converse of Theorem 1.2 is false. That is, if lim f(n) = L, it need not be true 

n— too 

that lim f(x) = L. This is clear from the following observation. Note that 

X— too 

lim cos(27rn) = 1, 

n— >oo 

since cos(2;rn) = 1 for every integer n. (See Figure 9.7a.) However, 

lim cos(27rx) does not exist, 

X— ¥OQ 

since as x — > oo, cos(2^jc) oscillates between —1 and 1. (See Figure 9.7b.) 



EXAMPLE 1 .6 Applying L'Hopital's Rule to a Related Function 



Evaluate lim 

n— too 



OO 

Solution This has the indeterminate form — , but the graph in Figure 9.8 (on the 
following page) suggests that the sequence converges to 0. However, there is no obvious 
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way to resolve this, except by l'Hopital's Rule (which does not apply to limits of 
sequences). So, we instead consider the limit of the corresponding function of a real 
variable to which we may apply l'Hopital's Rule. (Be sure you check the hypotheses.) 
We have 



0.8 

0.6 4- d 



0.4- 
0.2- 



I »« »«♦««««♦»«««♦ 

5 10 15 20 

FIGURE 9.8 



, + 1 dx (X + 1) 1 
lim = lim — = lim — = 0. 

x—^co e x x— >oo d x x— >oo e x 

dx 

From Theorem 1 .2, we now have 

n + 1 

lim = 0, also. 



n + 1 

a„ = For many sequences (including infinite series, which we study in the remainder of this 

chapter), we don't even have an explicit formula for the general term. In such cases, we 
must test for convergence in some indirect way. Our first indirect tool corresponds to the 
result (of the same name) for limits of functions of a real variable presented in section 1.3. 



THEOREM 1.3 (Squeeze Theorem) 

Suppose {a n }^_ and {b n }^ are convergent sequences, both converging to the limit 
L. If there is an integer ri\ > «n such that for all n > n\, a n < c n <b n , then {c„}^ )lQ 
converges to L, too. 



In example 1.7, we demonstrate how to apply the Squeeze Theorem to a sequence. 
Observe that the trick here is to find two sequences, one on each side of the given sequence 
(i.e., one larger and one smaller) that have the same limit. 



«„ 



0.25- 
0.20- 
0.15- 
0.10- 
0.05- 

-0.05 - 



5 10 15 20 



FIGURE 9.9 

sin « 



a„ 



EXAM PLE 1.7 Applying the Squeeze Theorem to a Sequence 



Determine the convergence or divergence of 



sin n 



Solution From the graph in Figure 9.9, the sequence appears to converge to 0, despite 
the oscillation. Further, note that you cannot compute this limit using the rules we have 
established so far. (Try it!) However, since 



-1 < sinn < 1, for all n, 



dividing through by n 2 gives us 



- 1 sin n 1 

< — — < — . for all n > 1. 



Finally, since 



lim 



1 1 

- = 0 = lim — 



the Squeeze Theorem gives us that lim 



also. 



= 0, 



The following useful result follows immediately from Theorem 1.3. 



COROLLARY I.I 

If lim \a n \ — 0, then lim a„ = 0, also. 

n— >oc n— »oo 
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Notice that for all n, ~\ a n \ < a„ < \a n[ . 



Further, lim \a n \ — 0 and lim (— \a„\) — — lim \a„\ — 0. 

n— >oo n— >oo n— too 

So, from the Squeeze Theorem, lim a n — 0, too. ■ 

Corollary 1 . 1 is particularly useful for sequences with both positive and negative terms, 
as in example 1.8. 



0.5- 



5 . «10» • ft ' *20 



-0.5- 



EXAMPLE 1.8 A Sequence with Terms of Alternating Signs 

(-1)" 

Determine the convergence or divergence of 

Solution The graph of the sequence in Figure 9. 10 suggests that although the 
sequence oscillates, it still may be converging to 0. Since (—1)" oscillates back and 

(-1)" 

forth between — 1 and 1 , we cannot compute lim directly. However, notice that 



(-D" 



l 

n 



FIGURE 9.10 

(-D" 



and 



lim - = 0. 



From Corollary 1.1, we get that lim 



(-D" 



- 0, too. 



n— too fl 



We remind you of the following definition, which we use throughout the chapter. 



DEFINITION 1.2 

For any integer n > 1, the factorial nl is defined as the product of the first n positive 
integers, 



n\ = 1 -2-3 n. 



We define 0! = 1. 



1.0- 
0.8- 
0.6- 
0.4- 
0.2- 



10 15 20 



FIGURE 9.1 I 



H — ► n 



Example 1.9 shows a sequence whose limit would be extremely difficult to find without 
the Squeeze Theorem. 



EXAMPLE 1 .9 A Proof of Convergence by the Squeeze Theorem 



Investigate the convergence of 



Solution First, notice that we have no means of computing lim — directly. 

n— ¥oo yi n 

(Try this!) From the graph of the sequence in Figure 9.1 1, it appears that the sequence 
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is converging to 0. Notice that the general term of the sequence satisfies 

n! 1-2-3 n 

0 < — = 

n" n ■ n ■ n n 

^ v J 

n factors 

/ 1\ 2-3 n ( 1 \ 1 

= (-) < - (!)=-■ (1.2) 

\n / n • n • ■ ■ ■ ■ n \n ) n 

n — 1 factors 

From the Squeeze Theorem and (1.2), we have that since 

1 

lim - = 0 and lim 0 = 0, 

n — > oo fi n—>oo 

n\ 

then lim — =0, also. 



Just as we did with functions of a real variable, we need to distinguish between 
sequences that are increasing and decreasing. The definitions are straightforward. 



DEFINITION 1.3 

(i) The sequence {fl,,}^! is increasing if 

a\ < a 2 < ■ ■ ■ < a„ < a n+x <■■■ . 

(ii) The sequence {a n }™ =l is decreasing if 

a\ > a 2 > • • • > a„ > fl„+i > • • • . 
If a sequence is either increasing or decreasing, it is called monotonic. 



There are several ways to show that a sequence is monotonic. Regardless of which 
method you use, you will need to show that either a„ < a n+ \ for all n (increasing) or 
an+i < o-n for all n (decreasing). We illustrate two very useful methods in examples 1.10 
and 1.11. 



EXAMPLE 1. 10 An Increasing Sequence 



Investigate whether the sequence 



1 



is increasing, decreasing or neither. 



I n=l 

Solution From the graph in Figure 9. 12, it appears that the sequence is increasing. 

However, you should not be deceived by looking at the first few terms of a sequence. 

n 

a„ More generally, we look at the ratio of two successive terms. Defining a n — , we 

ii n + l 

n + 1 

1.0 -- have a„ + i — and so, 

n + 2 

0.8-' 
0.6- 
0.4- 
0.2- 



a n +\ 



n + 1 



n 2 + In + 1 1 
-+-►« = — - — = 1+ - - > 1. (1.3) 



5 10 15 20 n 2 + 2n n 2 + In 

FIGURE 9. 12 Multiplying both sides of (1.3) by a n > 0, we obtain 

n 

a„ = 



n + 1 a n+ \ > On, 
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for all n and so, the sequence is increasing. Alternatively, consider the function 



/(*) 



1 



(of the real variable x) corresponding to the sequence. Observe that 



/'(*) 



Qc + 1) - x 
(x + l) 2 



1 



(x + l) 2 



> 0, 



which says that the function f(x) is increasing. From this, it follows that the 

n 

corresponding sequence a„ = is also increasing. 

n + 1 ■ 



EXAMPLE I.I I A Sequence That Is Increasing for n > 2 



Investigate whether the sequence 



is increasing, decreasing or neither. 



Solution From the graph of the sequence in Figure 9.13, it appears that the sequence 

n\ (n+1)! 
is increasing (and rather rapidly, at that). Here, for a„ — — , we have a n +\ — 

e" 

so that 



t>n+\ 



a„ 



(n + 1)! 



e 



n+1 



(n + l)n\e n 



(n + 1)! <?" 
e" +1 n\ 



n + 1 



> 1, for«>2. Since (n + 1)! = («+!). nl (1.4) 



and e" + 



e(e")n\ 

Multiplying both sides of (1.4) by a„ > 0, we get 

a n+ \ > a n , for n > 2. 

Notice that in this case, although the sequence is not increasing for all n, it is increasing 
for n > 2. Keep in mind that it doesn't really matter what the first few terms do, 
anyway. We are only concerned with the behavior of a sequence as n —> oo. ■ 



We need to define one additional property of sequences. 



DEFINITION 1.4 

We say that the sequence {a n }™ =no is bounded if there is a number M > 0 (called a 
bound) for which \a„ \ < M, for all n. 



It is important to realize that a given sequence may have any number of bounds (for 
instance, if \a n \ < 10 for all «, then \a n \ < 20, for all n, too). 



EXAMPLE 1.12 A Bounded Sequence 



Show that the sequence 



3-4« 2,0 ° 



is bounded. 



» 2 +l J„=i 

Solution We use the fact that 4« 2 — 3 > 0, for all n > 1, to get 



\a„\ 



3 - 4« 2 



1 



4« 2 - 3 An 2 An 1 

< — ; < — ir — 4. 



1 



1 



So, this sequence is bounded by 4. (We might also say in this case that the sequence is 
bounded between —4 and 4.) Further, note that we could also use any number greater 
than 4 as a bound. ■ 
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1.0 
0.8 
0.6 
0.4 
0.2 



10 



15 



— I — ► » 

20 



FIGURE 9.14a 

. bounded and increasing 
sequence 



4-- 



10 



15 



— I — *-n 

20 



FIGURE 9.14b 

A bounded and decreasing 
sequence 



2.0 



1.5 



1.0 



0.5 



-+> 



H — ► » 



5 10 15 20 

FIGURE 9.15 

2" 

a„ = — 
n 



n 


2" 

a„ = — 
«! 


2 


2 


4 


0.666667 


6 


0.088889 


8 


0.006349 


10 


0.000282 


12 


0.0000086 


14 


1.88 x 10~ 7 


16 


3.13 x 10" 9 


18 


4.09 x 10-" 


20 


4.31 x 10" 13 



Theorem 1.4 provides a powerful tool for the investigation of sequences. 



THEOREM 1.4 

Every bounded, mono tonic sequence converges. 



A typical bounded and increasing sequence is illustrated in Figure 9.14a, while a 
bounded and decreasing sequence is illustrated in Figure 9. 14b. In both figures, notice that 
a bounded and monotonic sequence can't oscillate or increase/decrease without bound and 
consequently, must converge. The proof of Theorem 1.4 is rather involved and we leave it 
to the end of the section. 

Theorem 1 .4 says that if we can show that a sequence is bounded and monotonic, then 
it must also be convergent, although we may have little idea of what its limit might be. Still, 
once we establish that a sequence converges, we can approximate its limit by computing a 
sufficient number of terms, as in example 1.13. 



EXAMPLE 1.13 A Bounded, Monotonic Sequence 



Investigate the convergence of the sequence 



2" 



2" 



Solution First, note that we do not know how to compute lim — . This has the 

ii — ^oo n ! 

indeterminate form — , but we cannot use FHopital's Rule here directly or indirectly. 
(Why not?) The graph in Figure 9.15 suggests that the sequence converges to 0. To 
confirm this suspicion, we first show that the sequence is monotonic. We have 



a n +\ 



"I 



(n + l)\ 



2" 



2" +1 n\ 
(n+ 1)! 2" 



2(2" )n\ 
(n + 1)«!2" 



1 



< 1, for n > 1. 



Since 2" + =2-2" and 
(n + 1)! = (n + !)-»!. 



(1.5) 



Multiplying both sides of (1.5) by a„ > 0 gives us a n+l < a„ for all n and so, the 
sequence is decreasing. Next, since the sequence is decreasing, we have that 

2" 2 1 
Kl = r — tt = 2, 
n\ 1 ! 

for n > 1 (i.e., the sequence is bounded by 2). Since the sequence is both bounded and 
monotonic, it must be convergent, by Theorem 1 .4. We display a number of terms of the 
sequence in the accompanying table, from which it appears that the sequence is 
converging to approximately 0. We can make a slightly stronger statement, though. 
Since we have established that the sequence is decreasing and convergent, we have 
from our computations that 

0 < a„ < a 20 » 4.31 x KT 13 , for « > 20. 

Further, the limit L must also satisfy the inequality 

0 < L < 4.31 x 1(T 13 . 

We can confirm that the limit is 0, as follows. From (1.5), 

2 

L — lim a„+\ — lim 



so that 



-'n+l . 

n— too n-^oo \ Jl -\- [ 



L — ( lim — ^— } ( lim a„) = 0 • L = 0. 

yi^oo n + 1 / Kn-too I 
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REMARK 1.3 



Do not underestimate the 
importance of Theorem 1.4. 
This indirect way of testing a 
sequence for convergence takes 
on additional significance when 
we study infinite series (a 
special type of sequence that is 
the topic of the remainder of 
this chapter). 



Proof of Theorem 1.4 

Before we can prove Theorem 1.4, we need to state one of the properties of the real number 
system. 



THE COMPLETENESS AXIOM 

If a nonempty set S of real numbers has a lower bound, then it has a greatest lower 
bound. Equivalently, if it has an upper bound, it has a least upper bound. 



This axiom says that if a nonempty set S has an upper bound, that is, a number M such 

that 

x < M, for all x G S, 

then there is an upper bound L, for which 

L < M for all upper bounds, M, 

with a corresponding statement holding for lower bounds. 

The Completeness Axiom enables us to prove Theorem 1 .4. 



4 

1.0 



PROOF 

a „ (Increasing sequence) Suppose that {a,,}^ )l0 is increasing and bounded. This is illustrated 

in Figure 9.16, where you can see an increasing sequence bounded by 1. We have 



0.8-|- a\ < a 2 < fl3 < ■ • • < a„ < a n+ \ < 

0.6 



0.4- 

0.2- 



and for some number M > 0, \a„\ < M for all n. This is the same as saying that 

—M < a„ < M, for all n. 

Now, let She the set containing all of the terms of the sequence, S = {a\, aq., . . . , a n , . . .}. 
10 15 20 Notice that M is an upper bound for the set S. From the Completeness Axiom, S must have 

a least upper bound, L. That is, L is the smallest number for which 

FIGURE 9.16 

Bounded and increasing a n < L, for all n. (1.6) 

Notice that for any number e>0, L — e < L and so, L — e is not an upper bound, since 
L is the least upper bound. Since L — s is not an upper bound for S, there is some element, 
a^, of S for which 

L — E < fl/y. 

Since {a„} is increasing, we have that for n > N , a^ < a„. Finally, from (1.6) and the fact 
that L is an upper bound for S and since e > 0, we have 

L — e <o/v < ci„ < L < L + e, 

or more simply L — s < a„ < L + e, 

for n > N. This is equivalent to 

\a n — L\ < e, forn > Af, 

which says that {a,,} converges to L. The proof for the case of a decreasing sequence is 
similar and is left as an exercise. ■ 
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BEYOND FORMULAS 

The essential logic behind sequences is the same as that behind much of the calculus. 
When evaluating limits (including limits of sequences and those that define derivatives 
and integrals), we are frequently able to compute an exact answer directly, as in example 
1 .3. However, some limits are more difficult to determine and can be found only by using 
an indirect method, as in example 1.13. Such indirect methods prove to be extremely 
important (and increasingly common) as we expand our study of sequences to those 
defining infinite series in the rest of this chapter. 



EXERCISES 9.1 



0) 



^) WRITING EXERCISES 



1. Compare and contrast lim shi7rx and lim sin7rn. Indicate 

x— »oo n— »oo 

the domains of the two functions and how they affect the 
limits. 

2. Explain why Theorem 1.2 should be true, taking into account 
the respective domains and their effect on the limits. 

3. In words, explain why a decreasing bounded sequence must 
converge. 

4. A sequence is said to diverge if it does not converge. The word 
"diverge" is well chosen for sequences that diverge to oo, but is 
less descriptive of sequences such as {1, 2, 1, 2, 1,2,.. .} and 
(1,2, 3, 1,2, 3, ...}. Briefly describe the limiting behavior of 
these sequences and discuss other possible limiting behaviors 
of divergent sequences. 



In exercises 1-4, write out the terms aj,a 2 , . . . , at of the given 
sequence. 

2n-l 3 



1. a„ 
3. a„ 



4 
n! 



2. a„ 
4. fl„ 



n 4-4 
(-1)" 



n 4- 1 



In exercises 5-8, (a) find the limit of each sequence, (b) use the 
definition to show that the sequence converges and (c) plot the 
sequence on a calculator or CAS. 



5. a„ — 



7. a n = 



1 



6. a. = 



n 4- 1 



8. a„ = 



2n 4- 1 



In exercises 11-24, determine whether the sequence converges 
or diverges. 



11. CL 



13. a,. 



3n 2 + 1 
2n 2 - 1 

n 2 + 1 



n + 1 



12. a„ 



14. a„ 



5n 3 - 1 
2« 3 4- 1 

n 2 4- 1 



n 3 + 1 



15. a n = (-1)" 
17. a„ = (-!)" 



n 4- 2 
3n - 1 

n + 2 
n 2 4-4 



16. «„=(-!)" 



n + 4 



n + 1 



19. a„ = ire'" 

e" + 2 

21. a, 
23. a 



18. a n — cos mi 
20. a„ 



COS77 



e 2 " - 1 



22. a n 
24. a„ 



3" 



e" + 1 



it '. 

2" 



In exercises 25-30, evaluate each limit. 



25. lim n sin - 

n->oo fl 



26. lim ( V n 2 + n — n I 

n — >oo \ / 



27. lim [ln(2rc 4- 1) - ln(n)] 28. lim cos 

II — >■ OO 

n 1 + 1 



nn I 2n — 1 



29. lim 



30. lim 



2 I n + 2 
ln(n) 



»- >00 V« + 1 



In exercises 31-34, use the Squeeze Theorem and Corol- 
lary 1.1 to prove that the sequence converges to 0 (given that 



lim i = lim ^ = 0). 

n— »oo n n— >oo n 



9. Plot each sequence in exercises 5-8 and illustrate the 
convergence. 

nn nn v 



/ nn nn \ n 

10. Plot the sequence a n — I sin h cos — I 

V 2 2 / n 4- 1 

describe the behavior of the sequence. 



and 



31. a„ 



33. fl„ = (-1)"- 



32. a„ 



34. fl„ = (-1)" 



, Inn 



9-13 
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In exercises 35-38, determine whether the sequence is increas- 
ing, decreasing or neither. 



35. a„ — 
37. a n — 



n + 3 
n + 2 

e" 
n 



36. a„ 
38. a n — 



n - 1 
n + 1 

3" 

(n+2)! 



In exercises 39^12, show that the sequence is bounded. 

3n 2 - 2 .„ 6/1-1 



39. a„ 
41. a n 



n 2 + 1 
sin(rc 2 ) 
n + 1 



40. a„ 

42. a„ = e 



n + 3 

l/n 



In exercises 43-46, write a formula that produces the given terms 
of the sequence. 

-1 



43. a. 



1 



, a 2 



1 

ill = — , Oa 

4 2 



■1, fl5 = 2 



1111 

44. fli = 1, fl? = -> A3 = Ti «4 = -. OS — - 

3 5 7 9 

3 5 7 9 

45. a y = 1, a 2 = -, as = -, a 4 = jg, a s = — 

1 - 2 3 ~ 4 5 

46. ai = -, a 2 = — , fll = — , Oi = — , as = — 

4 9 16 25 36 



47. Prove Theorem 1.4 for a decreasing sequence. 

48. Define the sequence a„ with a\ = V3 and a„ = -J3 + 2a„_i 
for n > 2. Show that {a,,} converges and estimate the limit of 
the sequence. 

) 49. (a) Numerically estimate the limits of the sequences 
a n — (l + -) and b n — (l — -) . Compare the answers 
to e 2 and e~ 2 . 

(b) Giventhat lim (l + i)" = e, showthat lim (l + -)" = e r 
for any constant r. (Hint: Make the substitution n — m/r.) 

)50. (a) Suppose that a\ — 1 and a„ +l — j(a„ + £-\ Show 
numerically that the sequence converges to 2. To find this 
limit analytically, let L = lim a n+ \ — lim a n and solve 

n— >oo n— ^oo 

the equation L — ^(L + 
(b) Determine the limit of the sequence defined by «i = 1, 
a n+ i — | ^o„ + ^ for f > 0 and a„ > 0. 

) 51. Define the sequence a„ with a\ = V5 and a„ = y2 + lja^-\ 
for n > 2. Show that {a,,} is increasing and bounded by 2. 
Evaluate the limit of the sequence by estimating the appropri- 
ate solution of x — yj2 + -Jx. 



52. (a) Find all values of p such that the sequence a„ — 

converges. 

(b) Find all values of p such that the sequence a„ = -y 
converges. 

53. Define a n — \ + \ + • • • + \ . Evaluate the sum using a 
formula from section 4.2 and show that the sequence converges. 
By thinking of a„ as a Riemann sum, identify the definite in- 
tegral to which the sequence converges. 



54. Define a„ — V . 

*=i n + k 



By thinking of a„ as a Riemann sum, 



55. 



identify the definite integral to which the sequence converges. 

Start with two circles C\ and C2 of radius r\ and rj, re- 
spectively, that are tangent to each other and each tangent 
to the x-axis. Construct the circle C3 that is tangent to 
Ci , C2 and the x-axis. (See the accompanying figure.) (a) If 
the centers of C\ and C2 are (c'i,n) an d (£2,^2)^ respec- 
tively, show that (c'2 — C[) 2 + (r 2 — ri) 2 — (ri + r^) 2 and then 
\c 2 — ci I = 2^/r\r2- (b) Find similar relationships for circles 
C\ and C3 and for circles C2 and C3. (c) Show that the radius 



r 3 of C 3 is given by ^frl = 




(d) Construct a sequence of circles where C4 is tangent to 
Cj, C3 and the x-axis; then C5 is tangent to C3, C4 and the x- 
axis. If you start with unit circles r\ = r 2 = 1, find a formula 
for the radius r„ in terms of F„ , the nth term in the Fibonacci se- 
quence of exercises 61 and 62. (Suggested by James Albrecht.) 

56. (a) Let C be the circle of radius r inscribed in the parabola 
y — x 2 . (See the figure.) Show that the y-coordinate c of 
the center of the circle equals c — | + r 2 . 




(b) Let C\ be the circle of radius r\ — 1 inscribed in y — x 2 . 
Construct a sequence of circles C 2 , C3 and so on, where 
each circle C„ rests on top of the previous circle C„_i (that 
is, C„ is tangent to C„_i) and is inscribed in the parabola. 
If r„ is the radius of circle C„ , find a (simple) formula for 
r„. (Suggested by Gregory Minton.) 

) 57. Archimedes showed that if S„ is the length of an n-gon 



S 2 .lfS 6 = l,find 



inscribed in a circle, then Sin : 

and show that 545^ — . 

n\ 1 n\ 
— < - and prove that lim — =0. Nevertheless, 



58. Showthat 



n" 



n 



show numerically that lim 



ln(n!) 



n^oo n 



n-t-oo ln(n n ) 
erty of lnx explains this? 



1 . What graphical prop- 
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(|5 APPLICATIONS 

59. A packing company works with 12" square boxes. Show 
that forn = 1, 2, 3, . . . , a total of rr circular disks of diameter 
— fit into the bottom of a box. Let a„ be the wasted area in 
the bottom of a box with n 2 disks. Compute a„ . 

60. The pattern of a sequence can't always be determined from the 
first few terms. Start with a circle, pick two points on the circle 
and connect them with a line segment. The circle is divided 
into «! = 2 regions. Add a third point, connect all points and 
show that there are now a 2 — 4 regions. Add a fourth point, 
connect all points and show that there are 03 = 8 regions. Is 
the pattern clear? Show that a 4 — 16 and then compute 05 for 
a surprise! 

61. A different population model was studied by Fibonacci, an 
Italian mathematician of the thirteenth century. He imagined a 
population of rabbits starting with a pair of newborns. For one 
month, they grow and mature. The second month, they have 
a pair of newborn baby rabbits. We count the number of pairs 
of rabbits. Thus far, ao = 1, «i = 1 and a 2 — 2. The rules are: 
adult rabbit pairs give birth to a pair of newborns every month, 
newborns take one month to mature and no rabbits die. Show 
that «3 = 3, 04 = 5 and in general a„ — a„_i + a„^ 2 . This 
sequence of numbers, known as the Fibonacci sequence, 
occurs in an amazing number of applications. 

62. In this exercise, we visualize the Fibonacci sequence (see 
exercise 61). Start with two squares of side 1 placed next to 
each other (see Figure A). Place a square on the long side of 
the resulting rectangle (see Figure B); this square has side 2. 
Continue placing squares on the long sides of the rectangles: 



a square of side 3 is added in Figure C, then a square of side 5 
is added to the bottom of Figure C, and so on. 



FIGURE A FIGURE B FIGURE C 

Argue that the sides of the squares are determined by the 
Fibonacci sequence of exercise 61. 

^ EXPLORATORY EXERCISES 

1. (a) If a\ = 3 and a n+ \ — a„ + sina„ for n > 2, show nu- 
merically that {a,,} converges to it. With the same relation 
a n+ \ — a„ + sina„, try other starting values a\. (Hint: Try 
a\ — —3, a\ — ±6, a\ — ±9, a\ — ±12 and other values.) and 
state a general rule for the limit of the sequence as a func- 
tion of the starting value, (b) If a t —6 and a„ +] = a„ — sina„ 
for n > 2, numerically estimate the limit of {a„ } in terms of 
71. Then try other starting values and state a general rule for 
the limit of the sequence as a function of the starting value, 
(c) State a general rule for the limit of the sequence with 
a„ +l — a„ + cos a n as a function of the starting value ci\ . 

2. Let a\ = 0, a 2 — 1 and a n — for n > 3. Find a 

general formula for \a„ — a„_i| and prove that the sequence 
2 1 1 _, 

converges. Show that a„ — - + an£ ^ tne 'i™' 

of the sequence. Generalize to a t — a,a 2 — b. 



9.2 INFINITE SERIES 



Recall that we write the decimal expansion of | as the repeating decimal I — 0.33333333, 
where we understand that the 3's in this expansion go on forever. Alternatively, we can 
think of this as 

- = 0.3 + 0.03 + 0.003 + 0.0003 + 0.00003 + ■ • • 
3 

= 3(0.1) + 3(0.1) 2 + 3(0.1) 3 + 3(0.1) 4 + • ■ • + 3(0.1)* + • • • . (2.1) 

For convenience, we write (2.1) using summation notation as 

j 00 

J k=l 

Since we can't add together infinitely many terms, we need to carefully define the infinite 
sum indicated in (2.2). Equation (2.2) means that as you add together more and more terms, 
the sum gets closer and closer to | . 

In general, for any sequence (a* suppose we start adding the terms together. We 
define the partial sums Si, S2 S„, . . . by 

51 — ay, 

52 = a\ + a 2 — S\ + fib, 
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53 = a\ + ai + 03 = ^2 + fl3 , 

s 2 

54 — Cl\ + CI2 + 03 + CI4 — S3 + 04, 

S3 

S„ — a\ + a 2 + h a„_i + a n — S„_i + a„ (2.3) 



and so on. Note that each partial sum S„ is the sum of two numbers: the nth term, a n , and 
the previous partial sum, S„_i, as indicated in (2.3). 

1 I 00 

\ , consider the partial sums 

I k=l 



For instance, for the sequence 



2 k 



1 113 
5l = 2' * 2= 2 + 2^ = 4' 

3 17 7 1 15 

S'l — h — — — , Sa — h — 7 — — 

4 2 3 8 8 2 4 16 

3 1 

and so on. Look at these carefully and you might notice that S2 — - — I — 

7 1 15 1 1 

— - — I -, Sa — — = 1 r and so on, so that S„ — 1 , for each 

8 2 3 16 2 4 2" 

n = 1,2, . . . . Observe that the sequence {S„}'^ =1 of partial sums converges, since 

lim S„ — lim (1 } = 1. 



This says that as we add together more and more terms of the sequence 
sums are drawing closer and closer to 1 . In view of this, we write 



, the partial 



00 j 
k=i z 

It's very important to understand what's going on here. This new mathematical object, 

00 j 

y] — , is called a series (or infinite series). It is not a sum in the usual sense of the word, 

but rather, the limit of the sequence of partial sums. Equation (2.4) says that as we add 
together more and more terms, the sums are approaching the limit of 1 . 
In general, for any sequence, {ak\f =l , we can write down the series 

a\ + a 2 H h at + • • ■ = ^ fl* ■ 

k=\ 



DEFINITION 2.1 

n 

If the sequence of partial sums S n — YJ au converges (to some number S), then we 

k=l 

00 

say that the series YJ a* converges (to 5) and write 

k=l 

00 n 

EOk — lim y^flA- = lim S n — S. (2.5) 
n— >oo ^ — ' «— ?-cxj 
fc=l fc=l 

In this case, we call S the sum of the series. Alternatively, if the sequence of partial 
sums {S„}°° =] diverges (i.e., lim S„ does not exist), then we say that the series 
diverges. 
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EXAMPLE 2.1 A Convergent Series 

oo j 

Determine whether the series ^ —r converges or diverges. 

A-=i 2' 

Solution From our work on the introductory example, observe that 



^ 1 ^ / 1 \ 

> —r— lim > ai — lim I 1 1 = 1. 

^—'2* n^oo^—> n->oo V 2") 

k=\ k=\ \ / 



k=\ k=\ 

In this case, we say that the series converges to 1. 



In example 2.2, we examine a simple divergent series. 



EXAMPLE 2.2 A Divergent Series 

oo 

Investigate the convergence or divergence of the series ^ k 2 . 

k=\ 

Solution Here, the nth partial sum is 

n 

S„ = J]£ 2 = l 2 + 2 2 + • ■ • + n 2 

k=\ 

and lim S„ = lim (l 2 + 2 2 H h n 2 ) = oo. 



n— > oo /i— > oo 



Since the sequence of partial sums diverges, the series diverges also. 



1.0 
0.8 
0.6 
0.4 
0.2 



H — ►« 



10 



15 20 



FIGURE 9.17 



E 



i 



=f k(k+l) 



n 


1 

5 " £ m + 1) 


10 


0.90909091 


100 


0.99009901 


1000 


0.999001 


10,000 


0.99990001 


100,000 


0.99999 


1 x 10 6 


0.999999 


1 x 10 7 


0.9999999 



Determining the convergence or divergence of a series is only rarely as simple as it was 
in examples 2.1 and 2.2. 



EXAMPLE 2.3 A Series with a Simple Expression for the Partial Sums 



Investigate the convergence or divergence of the series V . 

k=l k(k + 1) 



Solution In Figure 9.17, we have plotted the first 20 partial sums. In the 
accompanying table, we list a number of partial sums of the series. 

From both the graph and the table, it appears that the partial sums are approaching 
1, as n —>■ oo. However, we must urge caution. It is extremely difficult to look at a graph 
or a table of any partial sums and decide whether a given series converges or diverges. 
In the present case, we can find a simple expression for the partial sums. The partial 
fractions decomposition of the general term of the series is 



1 



1 



1 



k(k + 1) k k+\ 
Now, consider the nth partial sum. From (2.6), we have 

Sn = 5 *(* + 1) = S G ~ *+t) 



(2.6) 



1 1 

r ~ 2 



1 1 

2 ~ 3 



1 1 

3 ~ 4 



n — 1 n 



n + 1 
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Notice how nearly every term in the partial sum is canceled by another term in the 
sum (the next term). For this reason, such a sum is referred to as a telescoping sum 
(or collapsing sum). We now have 



and so, 



S„ = 1 



lim S„ = lim I 1 



1 



n + 1 
1 



n + 1 



- 1. 



This says that the series converges to 1, as suggested by the graph and the table. 



NOTES 

A geometric series is any series 
that can be written in the form 

oo 

^ ar k for nonzero constants a 

k=o 

and r. In this case, each term in 
the series equals the constant r 
times the previous term. 



It is relatively rare that we can find the sum of a convergent series exactly. Usually, we 
must test a series for convergence using some indirect method and then approximate the sum 

oo 1 

by calculating some partial sums. The series we considered in example 2.1, V — , is an 

k=\ 2 k 

example of a geometric series, whose sum is known exactly. We have the following result. 



THEOREM 2.1 

oo a 

For a ^ 0, the geometric series afk converges to if \r \ < 1 and diverges if 

k=o 1 - r 

\ r \ > 1- (Here, r is referred to as the ratio.) 



PROOF 



The proof relies on a clever observation. Since the first term of the series corresponds to 
k — 0, the nth partial sum (the sum of the first n terms) is 



S n — a + ar l + ar 2 + • • ■ + ar"~ l . 
Multiplying (2.7) by r, we get 

rS„ — ar 1 + ar 2 + ar 3 + • ■ • + ar" . 

Subtracting (2.8) from (2.7), we get 

(1 - r )S„ — (a + ar 1 + ar 2 H h ar"' 1 ) - {ar 1 + ar 2 + ar 3 

= a-ar" = a(l - r"). 



(2.7) 



(2.8) 



ar") 



Dividing both sides by (1 - r) gives us 



S n = 



a(l -r") 
\-r 



If M < 1, notice that r" — >• 0 as n — >• oo and so, 

a{\ - r") a 



lim S„ = lim 

n— >oo n— >oo 1 — f \ — f 



We leave it as an exercise to show that if \r\ > 1, lim S n does not exist. 



EXAMPLE 2.4 A Convergent Geometric Series 

oo , 

Investigate the convergence or divergence of the series ^ 5( |) . 

k=2 
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Solution The first 20 partial sums are plotted in Figure 9.18. It appears from the 
graph that the sequence of partial sums is converging to some number around 0.8. 
Further evidence is found in the following table of partial sums. 



1.0 
0.8 
0.6 
0.4 
0.2 



10 



15 



FIGURE 9.18 



"+ 1 /l 
S„=£5(r 

k=2 V J 



—I ►« 

20 



n 


*-£*(i) 


6 


0.83219021 


8 


0.83320632 


10 


0.83331922 


12 


0.83333177 


14 


0.83333316 


16 


0.83333331 


18 


0.83333333 


20 


0.83333333 



While the table suggests that the series converges to approximately 0.83333333, we 
must urge caution. Some sequences and series converge (or diverge) far too slowly to 
observe graphically or numerically. You must always confirm your suspicions with 
careful mathematical analysis. In the present case, note that the series is geometric, as 
follows: 



£5 

k=2 



= 5 



= 5 



k=0 



2 



You can now see that this is a geometric series with ratio r = | and a = 5(|) 
Further, since 

1 

r\ = - < 1, 
1 1 3 

we have from Theorem 2.1 that the series converges to 



5(i) 2 (I) 5 



0.83333333, 



l-r 1-(I) (?) 6 
which is consistent with the graph and the table of partial sums. 



EXAMPLE 2.5 A Divergent Geometric Series 

00/7 

Investigate the convergence or divergence of the series 2Z 6 I — 

k=0 V 2 

Solution A graph showing the first 20 partial sums (see Figure 9.19) is not 
particularly helpful, until you look at the vertical scale. The following table showing a 
number of partial sums is more revealing. 
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0.5 X 10 11 

-0.5 X 10 11 

-1.0 X 10 11 

-1.5 X 10 u 



H — ► « 



5 10 15 20 



FIGURE 9.19 

"-' / 7\* 



n 


Sn= E6 (--) 


11 


1.29 x 10 6 


12 


-4.5 x 10 6 


13 


1.6 x 10 7 


14 


-5.5 x 10 7 


15 


1.9 x 10 8 


16 


-6.8 x 10 s 


17 


2.4 x 10 9 


18 


-8.3 x 10 9 


19 


2.9 x 10 10 


20 


-1 x 10" 



Note that while the partial sums are oscillating back and forth between positive and 
negative values, they are growing larger and larger in absolute value. We can confirm 
our suspicions by observing that this is a geometric series with ratio r — — |. Since 



7 

= > 1, 
2 _ 



the series is divergent, as we suspected. 



The following simple observation provides us with a very useful test. 



THEOREM 2.2 

CO 

If J] ak converges, then lim cik — 0. 



k=\ 



k—>oo 



PROOF 

oo 

Suppose that ^ o-k converges to some number L. This means that the sequence of partial 

k=\ n 

sums defined by S n — ^ also converges to L. Notice that 

n n—\ 



S„ = ~^2,ak — ~^2, a k + a„ — S„-\ + a„. 



k=\ k=\ 

Subtracting 5„_i from both sides, we have 

ci n — S n S n —\. 

This gives us 

lim a n — lim (S„ — S„_i) = lim S„ — lim 5„_i = L — L — 0, 
as desired. ■ 

The following very useful test follows directly from Theorem 2.2. 



kth-Term Test for Divergence 



If lim cik ^ 0, then the series ^ diverges. 



k— >oo 



k = ] 
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20 



15 



10 



H — ►« 



10 



15 20 



FIGURE 9.20 

" k 

REMARK 2.1 



The converse of Theorem 2.2 

is false. That is, having 

lim di — 0 does not guarantee 

k->oo 

oo 

that the series E aj. converges. 

k=l 

Be very clear about this point. 
This is a very common 
misconception. 



10 



15 



— I — ►« 

20 
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" 1 
S " = E k 

k=\ 



n 


" 1 

S n = Et 
*=i * 


11 


3.01988 


12 


3.10321 


13 


3.18013 


14 


3.25156 


15 


3.31823 


16 


3.38073 


17 


3.43955 


18 


3.49511 


19 


3.54774 


20 


3.59774 



The /.Ih-term test is so simple, you should use it to test every series you run into. It says 
that if the terms don't tend to zero, the series is divergent and there's nothing more to do. 
However, as we'll soon see, if the terms do tend to zero, the series may or may not converge 
and additional testing is needed. 



EXAMPLE 2.6 A Series Whose Terms Do Not Tend to Zero 

oo k 

Investigate the convergence or divergence of the series > . 

*=i k + 1 

Solution A graph showing the first 20 partial sums is shown in Figure 9.20. The 
partial sums appear to be increasing without bound as n increases. Further, 



lim 



1#0. 



k^oo k + 1 

So, by the feth-term test for divergence, the series must diverge. 



Example 2.7 shows an important series whose terms tend to 0 as k — ► oo, but that diverges, 
nonetheless. 



EXAMPLE 2.7 The Harmonic Series 

oo J 

Investigate the convergence or divergence of the harmonic series: Yl J- 

k=l k 

Solution In Figure 9.21, we see the first 20 partial sums of the series. In the table, we 
display several partial sums. The table and the graph suggest that the series might 
converge to a number around 3.6. As always with sequences and series, we need to 
confirm this suspicion. First, note that 

1 

lim ak — lim - = 0. 

k— >oo »oo k 

Be careful: once again, this does not say that the series converges. If the limit had been 
nonzero, we would have concluded that the series diverges. In the present case, where 
the limit is 0, we can conclude only that the series may converge, but we will need to 
investigate further. 

The following clever proof provides a preview of things to come. Consider the «th 
partial sum 



, 1 111 

k=\ 



Note that S„ corresponds to the sum of the areas of the n rectangles superimposed on 
the graph of y — as shown in Figure 9.22 for the case where n — 1. 

Since each of the indicated rectangles lies partly above the curve, we have 



S n ' Sum of areas of n rectangles 

en+l -y 



■ dx 



(2.9) 



> Area under the curve 

n+l 

= In M =ln(w+l). 
t 

However, the sequence {ln(« + diverges, since 

lim ln(« + 1) = oo. 



Since S n > ln(n + 1), for all n [from (2.9)], we must also have that lim S„ — oo, from 

n— >oo 

« 1 1 

which it follows that the series, 2^ - diverges, too, even though lim - = 0. 

k= l k &->oo k g 
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We conclude this section with several unsurprising results. 




THEOREM 2.3 

oo oo oo 

(i) If ^2 &k converges to A and ^ bk converges to B, then the series ]T (at ± bk) 

k=\ k=l k=l 

oo 

converges to A ± B and ^(ca,;) converges to cA, for any constant c. 

oo oo oo 

(ii) If a k converges and YJ bk diverges, then YJ( fl /t ± bk) diverges. 

k=l k=\ k=l 



FIGURE 9.22 

1 



The proof of the theorem is left as an exercise. 



BEYOND FORMULAS 

The harmonic series illustrates one of the most counterintuitive facts in calculus. A 
full understanding of this particular infinite series will help you recognize many of 
the subtle issues that arise in later mathematics courses. The general result may be 

oo 

stated this way: in the case where lim ay_ — 0, the series ^ might diverge or might 

*-oo 

converge, depending on how fast the sequence a k approaches zero. Keep thinking about 
why the harmonic series diverges and you will develop a deeper understanding of how 
infinite series in particular and calculus in general work. 



EXERCISES 9.2 



^V) WRITING EXERCISES 



1. Suppose that your friend is confused about the difference 
between the convergence of a sequence and the convergence 
of a series. Carefully explain the difference between conver- 

k 

gence or divergence of the sequence a k = and the series 

y k 
hk+l 



k+l 



2. Explain in words why the Mi-term test for divergence is 

oo 

valid. Explain why it is not true that if lim at — 0 then J] a k 

necessarily converges. In your explanation, include an impor- 
tant example that proves that this is not true and comment 
on the fact that the convergence of a k to 0 can be slow or 
fast. 

oo 

3. In Theorems 2.2 and 2.3, the series start at k — 1, as in a k . 

k=\ 

Explain why the conclusions of the theorems hold if the series 
start at k — 2, k — 3 or at any positive integer. 

4. We emphasized in the text that numerical and graphical ev- 
idence for the convergence of a series can be misleading. 
Suppose your calculator carries 14 digits in its calculations. 

Explain why for large enough values of n, the term - will be 



" 1 

too small to change the partial sum J] - . Thus, the calculator 

k=i k 

would incorrectly indicate that the harmonic series converges. 



In exercises 1-24, determine whether the series converges or 
diverges. For convergent series, find the sum of the series. 



A-=0 V J / 



3-E 



1 / 1 



2 V 3 



5- E & 



1L E 



OO i 



4- E 4 



6. £(-D* 



2* 



8-E — 

f^k(k + 2) tt k + 2 

9.£^ io. E — 



12. V 



13 y' lk+l , 4 

■ y k\k + l) 2 ■ f£ k(k + 1)(* + 3)(* + 4) 
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15. XX 



17 - E 



i i 



2* k+l 



i6. x;^ 



18. e 

/,=() 

OO 

20- E 



1 1 

2* ~ 3* 

1 1 s 

k ~ 4*. 



fc 2 + 1 



39. (a) Write 0.99999 = 0.9 + 0.09 + 0.009 + • • • and sum the 
geometric series to prove that 0.99999 = 1. (b) Prove that 
0.199999 = 0.2. 

40. (a) Write 0.181818 as a geometric series and then write the 
sum of the geometric series as a fraction, (b) Write 2.134134 
as a fraction. 

OO OO 

41. Give an example where Y a k and Y b k both diverge but 

oo A-=l k=\ 

Y^( a k + b k ) converges. 

k=l 



23. ^sin 



24. ^tarT 1 *: 



In exercises 25-28, determine all values of c such that the series 
converges. 

2 



25. J2 3(2c + *)* 

OO 

27. y — 



26. Y- 



ifc=0 vC 3) 
2 



28. y^— 



42. If J] dk converges and Yl b k diverges, is it necessarily true that 

k=0 k=0 

OO 

Y,(a k + b k ) diverges? 

k=0 

43. Prove that the sum of a convergent geometric series 
1 + r + r 2 + • • ■ must be greater than | . 

OO OO J 

44. Prove that if the series Y, a k converges, then the series Y^, — 
diverges. *=° *=° a * 

) 45. Show that the partial sum S„ = l + ^ + | + -- -+ ^ does not 
equal an integer for any prime n < 100. Is the statement true 
for all integers n > 1 ? 



| In exercises 29-32, use graphical and numerical evidence to 
conjecture the convergence or divergence of the series. 



29- E 

k=\ 

OO 

31- E 



1 



k\ 



OO i 

30 - E4= 

oo 0 t 

32. V- 

k\ 



33. (a) Prove that if Yl a* converges, then Yl a k converges for any 

k=l k=m 

OO 

positive integer m. In particular, if Y^, a k converges to L, what 

k=l 

OO OO 

does Y, a k converge to? (b) Prove that if Yl a k diverges, then 

k=m k=\ 

oo 

Yl Ck diverges for any positive integer m. 

k=m 

34. Explain why the partial fractions technique of example 2.3 does 

OO j 

not work for > . 

tt Kk + 1/2) 

35. Prove Theorem 2.3 (i). 36. Prove Theorem 2.3 (ii). 

" 1 

37. LetS„ = Yl ~- Show that Si = landS2 = \. Since \ > |,we 

k=\ k 

have | + I > | + \ = i. Therefore, S 4 > | + \ = 2. Simi- 
larly, i + i + ^ + 5>| + | + | + | = 5,soS 8 > f . Show 
that Si6 > 3 and S32 > \. For which n can you guarantee that 
S„ > 4? S„ > 5? For any positive integer m, determine n such 
that S„ > m. Conclude that the harmonic series diverges. 

38. Compute several partial sums S„ of the series 
1 + 1 — 1 + 1 — 1 + 1 — 1H . Prove that the series 



diverges. Find the Cesaro sum of this series: lim 



-±4 



46. The Cantor set is one of the most famous sets in mathemat- 
ics. To construct the Cantor set, start with the interval [0, 1]. 
Then remove the middle third, (1 |). This leaves the set 
[0, |] U [|, ll. For each of the two subintervals, remove the 
middle third; in this case, remove the intervals (^, |) and 
|). Continue in this way, removing the middle thirds of 
each remaining interval. The Cantor set is all points in [0, 1] 
that are not removed. Argue that 0, 1 , | and | are in the Cantor 
set, and identify four more points in the set. It can be shown 
that there are an infinite number of points in the Cantor set. On 
the other hand, the total length of the subintervals removed is 
I + 2 (i) + • • • . Find the third term in this series, identify the 
series as a convergent geometric series and find the sum of the 
series. Given that you started with an interval of length 1, how 
much "length" does the Cantor set have? 



47. For 0 < x < 1, show that 1 + x + x 2 H h x" < 

this inequality hold for — 1 < x < 0? 



: . Does 



48. For any positive integer n, show that 2 > 1 + | + • • ■ + 



> 1 + { + 



1 



and 



> 1 + 5 + ' 



> I + 5 + 



2 -r t 2 „ , 
j^-. Use these 
1 1 1 1 



+ 



5 

3 1 1 3" 4 

facts to show that 2 • | • ~ -^-r 

2 4 p— 1 

where p is the largest prime that is less than n. Conclude that 
there are an infinite number of primes. 



APPLICATIONS 



49. Suppose you have n boards of length L. Place the first board 
with length i hanging over the edge of the table. Place the 
next board with length 2 ^_ n hanging over the edge of the first 
board. The next board should hang ,. over the edge of the 

0 2(n— 2) 0 

second board. Continue on until the last board hangs j over 
the edge of the (n — l)st board. Theoretically, this stack will 
balance (in practice, don't use quite as much overhang). With 
n — 8, compute the total overhang of the stack. Determine the 
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number of boards n such that the total overhang is greater than 
L. This means that the last board is entirely beyond the edge of 
the table. What is the limit of the total overhang as n — »■ oo? 




50. Have you ever felt that the line you're standing in moves more 
slowly than the other lines? In An Introduction to Probabil- 
ity Theory and Its Applications, William Feller proved just 
how bad your luck is. Let N be the number of people who 
get in line until someone waits longer than you do (you're 
the first, so N > 2). The probability that N — k is given by 

p(k) — -j-^ j-. Prove that the total probability equals 1; 

oo 

that is, V = 1. From probability theory, the average 

k=i k(k-l) 

(mean) number of people who must get in line before someone 

oo 

has waited longer than you is given by Yl k ■ Prove 

k=2 k(k - 1) 

that this diverges to oo. Talk about bad luck! 

51. To win a deuce tennis game, one player or the other must 
win the next two points. If each player wins one point, the 
deuce starts over. If you win each point with probability 
p, the probability that you win the next two points is p 2 . 
The probability that you win one of the next two points is 
2p(l — p). The probability that you win a deuce game is then 
p 2 + 2p(l - p)p 2 + [2p{\ - p)fp 2 + [2p(\ - p)] 3 p 2 +■■■. 
Explain what each term represents, explain why the geometric 
series converges and find the sum of the series. If p — 0.6, 
you're a better player than your opponent. Show that you are 
more likely to win a deuce game than you are a single point. 
The slightly strange scoring rules in tennis make it more likely 
that the better player wins. 

52. On an analog clock, at 1 :00, the minute hand points to 12 and 
the hour hand points to 1. When the minute hand reaches 1, 
the hour hand has progressed to 1 + -k , When the minute hand 
reaches 1 + , the hour hand has moved to 1 + + ■ Find 
the sum of a geometric series to determine the time at which 
the minute hand and hour hand are in the same location. 

53. A dosage d of a drug is given at times t = 0, 1, 2, 

The drug decays exponentially with rate r in the blood- 
stream. The amount in the bloodstream after n + 1 doses is 
d + de~ r + de~ 2r + ■ ■ • + de~" r . Show that the eventual level 

of the drug (after an "infinite" number of doses) is If 

1 — e~'~ 

r = 0.1, find the dosage needed to maintain a drug level of 2. 

54. Two bicyclists are 40 miles apart, riding toward each other at 
20 mph (each). A fly starts at one bicyclist and flies toward the 
other bicyclist at 60 mph. When it reaches the bike, it turns 
around and flies back to the first bike. It continues flying back 
and forth until the bikes meet. Determine the distance flown on 



each leg of the fly's journey and find the sum of the geometric 
series to get the total distance flown. Verify that this is the right 
answer by solving the problem the easy way. 

55. Suppose $100,000 of counterfeit money is introduced into the 
economy. Each time the money is used, 25% of the remaining 
money is identified as counterfeit and removed from circula- 
tion. Determine the total amount of counterfeit money success- 
fully used in transactions. This is an example of the multiplier 
effect in economics. Suppose that a new marking scheme on 
dollar bills helps raise the detection rate to 40%. Determine the 
reduction in the total amount of counterfeit money successfully 
spent. 

56. In this exercise, we will find the present value of a plot of 
farmland. Assume that a crop of value $c will be planted in 
years 1, 2, 3 and so on, and the yearly inflation rate is r. The 
present value is given by 

p = ce - r + ce~ 2r + ce~ 3r H . 

Find the sum of the geometric series to compute the present 
value. 

57. Suppose you repeat a game at which you have a probability 
p of winning each time you play. The probability that your 
first win comes in your nth game is p(l — p) . Compute 

oo 

Y p(\ — and state in terms of probability why the 

n=l 

result makes sense. 

58. In general, the total time it takes for a ball to complete its 

2v 00 

bounces is — Yl yk an d the total distance the ball moves is 

8 k=o 

,i2 oo 



,.2k 



where r is the coefficient of restitution of the ball. 



8 k=o 

Assuming 0 < r < 1, find the sums of these geometric series. 

59. (a) Here is a magic trick (from Art Benj amin) . Pick any positive 
integer less than 1000. Divide it by 7, then divide the answer 
by 1 1, then divide the answer by 13. Look at the first six digits 
after the decimal of the answer and call out any five of them 
in any order and the magician will tell what the other digit is. 
The "secret" knowledge used by the magician is that the sum 
of the six digits will equal 27. Try this! (b) Let x be a pos- 

x 999 - x 

itive integer less than 1000, and let c — 1 . 

6 1000 1,000.000 
c c c 
Show thatc -\ 1 H H 



1,000,000 LOOO.OOO 2 1,000,000 3 
x + 1 

converges to — — . (c) Explain why part (b) implies that the 

decimal expansion of the fraction in part (a) will repeat ev- 
ery six digits, with the first three digits being one less than 
the original number and the remaining three digits being the 
9's-complement of the first three digits. 



EXPLORATORY EXERCISES 



1. Infinite products are also of great interest to mathemati- 
cians. Numerically explore the convergence or divergence 
of the infinite product (l - - |)(l - ±) (l - ±) ■ ■ ■ = 

II — Note that the product is taken over the prime 

p = prime 

numbers, not all integers. Compare your results to the number 
6 
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2. In example 2.7, we showed that 1 + 2 + 3+ ''' + ^ > m ( n + 
1). Superimpose the graph of f(x) = -^j onto Figure 9.22 and 
show that j + I H h ± < ln(rc). Conclude thatln(« + 1) < 



!+!+!+■ 



< 1 + ln(fj).Euler's constant is defined 



by 



: lim 



1 1 

2 3 



+ 



ln(n) 



Look up the value of y. (Hint: Use your CAS.) Use 
" 1 

y to estimate V - for n = 10,000 and n = 100,000. 



2 " 1 

Investigate whether the sequence a„ = - converges or 
diverges. 

) 3. Define ai = 1, a 2 — 1 — | — | and 

2»-l J 

a n = a„_i + (— 1)" 1 J] - for n > 2. Illustrate numerically 

fc=2»— 1 ^ 

that the sequence diverges, alternating between two values with 
lim \a n — a„_i| = In 2. Explore the sequence with b\ — 1 

n->oo 

3"-l J 

and b„ = Z>„_] + (-1)"~> J] -. (Chris Davis and David 

fc=3™— 1 * 

Taylor have extended these results from base 2 and base 
3 to any base b > 1.) 



0) 



9.3 THE INTEGRAL TEST AND COMPARISON TESTS 



We need to test most series for convergence in some indirect way that does not result 
in finding the sum of the series. In this section, we will develop several such tests for 
convergence of series. The first of these is a generalization of the method we used in section 

9.2 to show that the harmonic series is divergent. 

00 

For a given series a^, suppose that there is a function / for which 

k=l 

f(k) — ai , for k — 1,2,..., 

where / is continuous and decreasing and f(x) > 0 for all x > 1 . We consider the nth partial 
sum 










(« 













1 2 3 4 n 

FIGURE 9.23a 

(n — 1) rectangles, lying 
beneath the curve 



k=\ 



S„ — 2_^, a k - 



■ «2 



In Figure 9.23a, we show (n — 1) rectangles constructed on the interval [1,«], each of 
width 1 and with height equal to the value of the function at the right-hand endpoint of 
the subinterval on which it is constructed. Notice that since each rectangle lies completely 
beneath the curve, the sum of the areas of the (n — 1) rectangles shown is less than the area 
under the curve from x = 1 to x = n. That is, 

f" 

0< Sum of areas of (« — 1) rectangles < Area under the curve = / f(x)dx. (3.1) 

Note that the area of the first rectangle is length x width = (1)(«2), the area of the second 
rectangle is (l)(fl3) and so on. We get that the sum of the areas of the (n — 1) rectangles 
shown is 



■ «4 ■ 



O-n — S n — a\. 



a-2 + a 3 

Together with (3.1), this gives us 

0 < Sum of areas of (n — 1) rectangles 
= 5„ — ci\ < Area under the curve 



f(x)dx. 



(3.2) 



have 



Now, suppose that the improper integral f(x) dx converges. Then, from (3.2), we 



/n roo 
f(x)dx < J f(x)dx. 
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(n - l,a„_i) 



FIGURE 9.23b 

(n — 1) rectangles, partially 
above the curve 



HISTORICAL 
NOTES 



Colin Maclaurin (1698-1746) 

Scottish mathematician who 
discovered the Integral Test. 
Maclaurin was one of the founders 
of the Royal Society of Edinburgh 
and was a pioneer in the 
mathematics of actuarial studies. 
The Integral Test was introduced 
in a highly influential book that 
also included a new treatment of 
an important method for finding 
series of functions. Maclaurin 
series, as we now call them, are 
developed in section 9.7. 



S, 
A 

2.5- 

2.0 

1.5 

1.0 

0.5 



10 



15 20 



FIGURE 9.24 

n-l j 



Adding a\ to all the terms gives us 

/oo 
f(x)dx, 

so that the sequence of partial sums {S,,}^ is bounded. Since {5„}^_] is also monotonic 

oo 

(why is that?), {S n }'£L 1 is convergent by Theorem 1.4 and so, the series ^ a*, is also 
convergent. 

In Figure 9.23b, we show (n — 1) rectangles constructed on the interval [1, n], each 
of width 1 , but with height equal to the value of the function at the left-hand endpoint of 
the subinterval on which it is constructed. In this case, the sum of the areas of the (n — 1) 
rectangles shown is greater than the area under the curve. That is, 

r 

0 < Area under the curve = / f(x) dx 
< Sum of areas of (n — 1) rectangles. (3.3) 

Further, note that the area of the first rectangle is length x width = (l)(ai), the area of 
the second rectangle is (l)(tf2) an d so on. We get that the sum of the areas of the (n — 1) 
rectangles indicated in Figure 9.23b is 



fli + a 2 H h a„_i = S„_i. 

Together with (3.3), this gives us 

r 

0 < Area under the curve = / f(x) dx 

< Sum of areas of (n — 1) rectangles = S„_i. (3.4) 

Now, suppose that the improper integral f(x) dx diverges. Since f(x) > 0, this says 
that lim f" f(x) dx = oo. From (3.4), we have that 



f(x)dx < 5„_i. 



This says that 



lim S„-i — oo, 

n— >-oo 



also. So, the sequence of partial sums {S„}^ =1 diverges and hence, the series ^ diverges, 



too. 



k=l 



We summarize the results of this analysis in Theorem 3.1. 



THEOREM 3.1 (Integral Test) 

If f(k) = aic for all k — 1, 2, . . . , / is continuous and decreasing, and fix) > 0 for 

oo 

x > 1, then Jj fix) dx and ^ either both converge or both diverge. 

k=\ 



Note that while the Integral Test might say that a given series and improper integral 
both converge, it does not say that they will converge to the same value. In fact, this is 
generally not the case, as we see in example 3.1. 



EXAMPLE 3. 1 Using the Integral Test 



Investigate the convergence or divergence of the series V — . 

k=o k 2 + 1 

Solution The graph of the first 20 partial sums shown in Figure 9.24 suggests that the 
series converges to some value around 2. In the accompanying table, we show some 
selected partial sums. Based on this, it is difficult to say whether the series is converging 
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n 


„-i i 


10 


1.97189 


50 


2.05648 


100 


2.06662 


200 


2.07166 


500 


2.07467 


1000 


2.07567 


2000 


2.07617 



very slowly to a limit around 2.076 or whether the series is instead diverging very 
slowly. To determine which is the case, we must test the series further. Define 
1 

f(x) — — r . Note that f is continuous and positive everywhere and 

x 1 + 1 

1 

f{k) — ^ 2 — - = ah, for all k > 1. Further, 

/'(x) = (-l)(.r 2 +ir 2 (2x)<0, 

for x e (0, oo), so that/ is decreasing. This says that the Integral Test applies to this 
series. So, we consider the improper integral 



r°° i r R l 

/ — dx — lim / — dx — lim 

J Q X 2 + 1 R ->°°J0 X 2 + 1 R^oc 



tan x 



o 



- lim (tan" 1 R - tan" 1 0) = - - 0 = 

R^oo 2 2 

The Integral Test says that since the improper integral converges, the series must 
converge, also. Now that we have established that the series is convergent, our earlier 
calculations give us the estimated sum 2.076. Notice that this is not the same as the 

TC 

value of the corresponding improper integral, which is — w 1.5708. 



In example 3.2, we discuss an important type of series. 



EXAMPLE 3.2 The p-Series 



Determine for which values of p the series V — (a p-series) converges. 

*=i kP 

Solution First, notice that for p = 1, this is the harmonic series, which diverges. For 

p > 1, define f(x) = — = x~ p . Notice that for x > 1, / is continuous and positive. 

xP 

Further, 

/'(*) = -px~ p - 1 < 0, 
so that/ is decreasing. This says that the Integral Test applies. We now consider 



/>oo /> R 

I x~ p dx — lim / 

J i R^ooJi 



x p dx — lim 



r-p+i 



lim 

R—>OG 



R -p+l 



«->oo — p + 1 

1 



-1 



Since p > 1 implies 



-p + l -p + lj -p+l that-P+l<0. 

In this case, the improper integral converges and so too, must the series. We leave it as 
an exercise to show that the series diverges when p < 1 . ■ 



We summarize the result of example 3.2 as follows. 



oo 



p-SERIES 



The /j-series V — converges if p > 1 and diverges if p < 1. 



Notice that in each of examples 3.1 and 3.2, we were able to use the Integral Test to 
establish the convergence of a series. While you can use the partial sums of a convergent 
series to estimate its sum, it remains to be seen how precise a given estimate is. First, if 
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FIGURE 9.25 

Estimate of the remainder 



we estimate the sum s of the series ^ cik by the «th partial sum S„ — ^ we define the 

k=\ k=\ 

remainder R„ to be 



R„ 



Sn 



^fl* - = y, ak- 

k=n+\ 



k=l 



Notice that this says that the remainder R n is the error in approximating s by S n . For any 
series shown to be convergent by the Integral Test, we can estimate the size of the remainder, 
as follows. From Figure 9.25, observe that R n corresponds to the sum of the areas of the 
indicated rectangles. Further, under the conditions of the Integral Test, this is less than the 
area under the curve y = f(x) on the interval [n, oo). (Recall that this area is finite, since 
Jj f(x)dx converges.) This gives us the following result. 



THEOREM 3.2 (Error Estimate for the Integral Test) 

Suppose that f(k) = for all k — 1,2, ... , where/ is continuous and decreasing, 
and f(x) > 0 for all x > 1. Further, suppose that f(x) dx converges. Then, the 
remainder R„ satisfies 



<Rn= Uk - ■ 

k=n+\ J" 



f(x)dx. 



Whenever the Integral Test applies, we can use Theorem 3.2 to estimate the error in 
using a partial sum to approximate the sum of a series. 



EXAMPLE 3.3 Estimating the Error in a Partial Sum 

Estimate the error in using the partial sum Sim to approximate the sum of the series 

oo ^ 



k = \ 



Solution First, recall that in example 3.2, we used the Integral Test to show that this 
series (a p-series, with p — 3) is convergent. From Theorem 3.2, the remainder satisfies 

r i r* i / i \ s 

0 < Rwo < -^dx= hm / — dx = lim -— j 

J m X s R^-ooJ m X i R^oo\ 2x z J m 



( "I 1 

lim I — r- H 

R^oo \2R 2 2(100) 2 



5 x 1(T 5 . 



A more interesting and far more practical question related to example 3 . 3 is to determine 
the number of terms of the series necessary to obtain a given accuracy. 



EXAMPLE 3.4 Finding the Number of Terms Needed 
for a Given Accuracy 

Determine the number of terms needed to obtain an approximation to the sum of the 

oo j 

series V — correct to within 10 -5 . 

k=\ k 3 

Solution Again, we already used the Integral Test to show that the series in question 
converges. Then, by Theorem 3.2, we have that the remainder satisfies 

f°° 1 f R 1 / 1 \ s 
0 < R„ < / -r dx = hm / -r dx = lim 

Jn X i R^^Jn X 3 R^oo\ 2x 2 ) n 



( -1 1 

= lim I — - H 

«^oo V 2R 2 2n 2 



1 

In 2 ' 
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So, to ensure that the remainder is less than 10 5 , we require that 

0< R n < < 10- 5 . 
Solving this last inequality for n yields 




= 100V5 « 223.6. 



So, taking n > 224 will guarantee the required accuracy and consequently, we have 

00 l 224 I 

V — r V — 1.202047, which is correct to within 10~ 5 , as desired. 

tiV tiki a 



O Comparison Tests 

We next present two results that allow us to compare a given series with one that is already 
known to be convergent or divergent, much as we did with improper integrals in section 7.7. 



THEOREM 3.3 (Comparison Test) 

Suppose that 0 < <bu, for all k. 

00 00 

(i) If Y bk converges, then Y converges, too. 

k=\ k=\ 

00 00 

(ii) If }^ cik diverges, then bk diverges, too. 

k=\ k=\ 



Intuitively, this theorem should make abundant sense: if the "larger" series converges, 
then the "smaller" one must also converge. Likewise, if the "smaller" series diverges, then 
the "larger" one must diverge, too. 



PROOF 

Given that 0 < au < bk for all k, observe that the nth partial sums of the two series satisfy 
0 < S„ — ai + a 2 H h a„ < b x + £> 2 H V b„ . 

00 

(i) If bk converges (say to B), this says that 

k=l 

00 

0 < S„ = a x + a 2 + ■ ■ • + a n < b x + b 2 + • • ■ + b„ < ^ b k = B, (3.5) 

k=l 

00 

for all n > 1. From (3.5), the sequence {5'„} ) t ^ =1 of partial sums of Y a k is bounded. 

k=i 

Notice that {S n }^ =l is also increasing. (Why?) Since every bounded, monotonic sequence 

00 

is convergent (see Theorem 1 .4), we get that Y a k is convergent, too. 

k=l 

00 

(ii) If Y a k is divergent, we have (since all of the terms of the series are nonnegative) that 

k=\ 

lim (b\ + bi H + b n ) > lim (ai + az H + a n ) — 00. 

00 

Thus, Y bk must be divergent, also. ■ 
k=\ 
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You can use the Comparison Test to test the convergence of series that look similar 
to series that you already know are convergent or divergent (notably, geometric series or 
/^-series). 



EXAMPLE 3.5 Using the Comparison Test for a Convergent Series 

oo J 

Investigate the convergence or divergence of V — 5 . 



Solution The graph of the first 20 partial sums shown in Figure 9.26 suggests that 
°- 3_ " the series converges to some value near 0.3. To confirm such a conjecture, we must 

••* carefully test the series. Note that for large values of k, the general term of the series 

0 2 -[■ looks like , since when k is large, k is much larger than 5k. This observation is 

oo j 

significant, since we already know that — is a convergent p-series (p = 3 > 1). 

k=l k 

01 f Further, observe that 



—\ 1 h 

5 10 15 20 



1 1 

0 < < — . 

i »„ k 3 +5k k 3 



oo 1 oo J 

for all k > 1. Since ^ — converges, the Comparison Test says that ^ 



FIGURE 9.26 ~ k %k 3 b v J £ x k 3 +5k 

^ _ 1 converges, too. As with the Integral Test, although the Comparison Test tells us that 

f-{ k 3 + 5k both series converge, the two series need not converge to the same sum. A quick 

oo j 

calculation of a few partial sums should convince you that ^ — r converges to 

k=l k 

oo ^ 

approximately 1.202, while V — converges to approximately 0.2798. (Note that 

k=\ k 3 + 5k 

this is consistent with what we saw in Figure 9.26.) ■ 



S, 

2.0 X 10 s 
1.5 X 10 s 
1.0 X 10 8 
0.5 X 10 8 -- 



h 



10 15 20 



FIGURE 9.27 

5* + 1 
2 k - 1 



E 



EXAMPLE 3.6 

Investigate the convergence or divergence of YJ 



Using the Comparison Test for a Divergent Series 

5* + 1 

=i 2* - r 



Solution From the graph of the first 20 partial sums seen in Figure 9.27, it appears 
that the partial sums are growing very rapidly. On this basis, we would conjecture that 
the series diverges. Of course, to verify this, we need further testing. Notice that for k 

5 k /5' " 



large, the general term looks like 



geometric series 



r\ = - > 1 
1 2 



2 k \2 
Further. 



and we know that ^ (§) is a divergent 



1 



By the Comparison Test, Y^ 



2 k - 1 

oo 5 * 



2 k 



5 k 5 k 
> — 

1 _ 2 k 



> 0. 



1 



k = l 



2 k - 1 



diverges, too. 



There are plenty of series whose general term looks like the general term of a familiar 
series, but for which it is unclear how to get the inequality required for the Comparison Test 
to go in the right direction. 



EXAMPLE 3.7 A Comparison That Does Not Work 

oo ^ 

Investigate the convergence or divergence of the series ^ — . 

k=3 k 5 - 5k 
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0.16 



0.12 



0.08 



0.04 



Solution Note that this is nearly identical to example 3.5, except that there is a "— " 
sign in the denominator instead of a "+" sign. The graph of the first 20 partial sums seen 
in Figure 9.28 looks somewhat similar to the graph in Figure 9.26, except that the series 
appears to be converging to about 0.12. In this case, however, we have the inequality 

1 1 

> -r > 0, for all k > 3. 



k 3 - 5k ~ k 3 



1 



—i 1 1 1 — 

5 10 15 20 

FIGURE 9.28 

n+2 J 



Unfortunately, this inequality goes the wrong way: we know that ^ — r is a convergent 

k=3 k 

oo J 

^ n p-series, but since ^ — - — — is "larger" than this convergent series, the Comparison 



A =3 



yt 3 - 5k 



Test says nothing. 



k=3 



Think about what happened in example 3.7 this way: while you might observe that 

k 2 > -r > 0, for all Jt > 1 

k 3 



and you know that V — - is convergent, the Comparison Test says nothing about the "larger" 

k=i k 3 

oo 

series ^ k 2 . In fact, we know that this last series is divergent (by the /cth-term test for 

k=l 

divergence, since lim k 2 — oo ^ 0). To resolve this difficulty for the present problem, we 

k— >-oo 

will need to either make a different comparison or use the Limit Comparison Test, which 
follows. 



NOTES 



Ok 



When we say lim — = L > 0, 

we mean that the limit exists and 

is positive. In particular, we mean 

Ok 

that lim — oo. 

A->oo b]< 



THEOREM 3.4 (Limit Comparison Test) 



a* 



Suppose that , > 0 and that for some (finite) value, L , lim — = L > 0. Then, 

k^oo bk 

oo oo 

either ^ and bk both converge or they both diverge. 

k=i k=\ 



PROOF 

If lim — = L > 0, this says that we can make — as close to L as desired. So, in particular, 

*^oo bk bk 

Qk L 

we can make — within distance — of L. That is, for some number N > 0, 
b k 2 

L at L 

L < — <L + -, for all k >N 

2 b k 2 



or 



L ak 3L 
— < — < — . 
2 b k 2 



(3.6) 



Multiplying inequality (3.6) through by bk (since bk > 0), we get 

L 3L 

0 < -b k < a k < -^b k , for k > N. 



Note that this says that if J] ak converges, then the "smaller" series ^ I — bk 1 = — bk 
k=\ k=i V 2 / 2 k=l 

oo 

must also converge, by the Comparison Test. Likewise, if ^ diverges, the "larger" 

k=l 

oo / 3^ \ T^J^ 00 oo 

series ^ j — bk I = — X! must also diverge. In the same way, if ^ bk converges, 

k=\ \ 2 ) 2 k=\ k=\ 
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oo / 3^ \ oo oo 

then I — bk I converges and so, too, must the "smaller" series a k- Finally, if ^ bk 

k=\ V 2 / k=\ k=\ 

diverges, then ^ I —^1 diverges and hence, the "larger" series must diverge, 

also. ■ *=i V 2 / fc=i 



We can now use the Limit Comparison Test to test the series from example 3.7 whose 
convergence we have so far been unable to confirm. 



EXAMPLE 3.8 Using the Limit Comparison Test 

oo J 

Investigate the convergence or divergence of the series V — r . 

k=3 k 3 - 5k 

Solution Recall that we had already observed in example 3.7 that the general term 

1 1 
ak — — ; "looks like" bk — — 7, for k large. We then consider the limit 

k 3 — 5k k 3 

a k ( 1 \ 11 1 
lim — = lim I cik — I = lim — ; — r- = lim =- = 1 > 0. 

*->oo b k i-^oo \ b k J k-i-oo (k 3 — 5k) / j_ \ k-xx 1 — A 



k 1 



00 j 

Since V — - is a convergent /7-series (p = 3 > 1), the Limit Comparison Test says that 
k=i k 3 

00 j 

V is also convergent, as we had originally suspected. ■ 

k=3 k 3 - 5fc 

The Limit Comparison Test can be used to resolve convergence questions for a great 
many series. The first step in using this (like the Comparison Test) is to find another series 
(whose convergence or divergence is known) that "looks like" the series in question. 



EXAMPLE 3.9 Using the Limit Comparison Test 

Investigate the convergence or divergence of the series 

^ k 2 -2k + l 

f-' k 5 + 5k 4 - 3k 3 + 2k - 1 ' 

K= 1 

Solution The graph of the first 20 partial sums in Figure 9.29 suggests that the series 
converges to a limit of about 1.61. The accompanying table of partial sums supports this 
conjecture. 

k 2 1 

Notice that for k large, the general term looks like — = — (since the terms with the 

5 5 k 5 k 3 

largest exponents tend to dominate the expression, for large values of A:). From the Limit 

Comparison Test, for b k — p, we have 

,. a k ,. k 2 -2k + 7 1 

hm — = lim 



a-^oo b k a->oo k 5 + 5k 4 - 3k 3 + 2k - 1 (± 



k K-+0O K, h JK 1 — JK" -f Z/C — 1 ( J_\ 

(k 2 - 2k + 7) k 3 



lim 



= lim 



k^oc (k5 + 5k 4 -3k 3 + 2k-l) 1 

(k 5 - 2k 4 + 7k 3 ) (g) 

(A) 

1-2 + 1 

lim = 1 £ r = 1 > 0. 

^ k k 2 k 4 k 5 



k^oc (k 5 + 5k 4 - 3k 3 + 2k-l) 
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oo 

Since V — - is a convergent p-series (p — 3 > 1), the Limit Comparison Test says that 

k=\ V 
°° k 2 -2k + l 

> — j = converges, also. Finally, now that we have established 

ti k 5 + 5k 4 -3k 3 + 2k-l B y 

that the series is, in fact, convergent, we can use our table of computed partial sums to 
approximate the sum of the series as 1.61457. ■ 



BEYOND FORMULAS 

Keeping track of the many convergence tests arising in the study of infinite series can 
be somewhat challenging. We need all of these convergence tests because there is not 
a single test that works for all series (although more than one test may be used for a 
given series). Keep in mind that each test works only for specific types of series. As a 
result, you must be able to distinguish one type of infinite series (such as a geometric 
series) from another (such as a p-series), in order to determine the right test to use. 



EXERCISES 9.3 



0) 



^) WRITING EXERCISES 



1. Notice that the Comparison Test doesn't always give us infor- 
mation about convergence or divergence. If a k < b k for each k 

oo 

and Y b k diverges, explain why you can't tell whether or not 

k=\ 

oo 

Y a k diverges. 

k=l 

2. Explain why the Limit Comparison Test works. In particular, 

a k 

if lim — = 1 , explain how a k and b k compare and conclude 

£->oo b k 

oo oo 

that Y a k and Y bk either both converge or both diverge. 



a k ™ 

3. In the Limit Comparison Test, if lim — =0 and Y a k 

*-»oo b k k=l 

oo 

converges, explain why you can't tell whether or not Y b k 

k=\ 

converges. 

4. A p-series converges if p > 1 and diverges if p < 1. 
What happens for p — 17 If your friend knows that 
the harmonic series diverges, explain an easy way to 
remember the rest of the conclusion of the p-series 
test. 



In exercises 1-20, determine convergence or divergence of the 
series. 



Ma, S« 

'7V : 

2. (a) 



(b) J^k 



9/10 



1/10 



(b) E 



-ZVk 



■sr^ k + 1 \[k 
3. (a) V - — (b) V 



4. (a; 

5. (a; 

6. (a 

7. (a 

8. (a 

9. (a 

10. (a 

11. (a 

12. (a 

13. (a 

14. (a 

15. (a 

16. (a 



^ 4 

k=s z + 

oo 

E 



4k 



kink 



yk 2k 



E 



k 2 



Y — 

^ 2k 2 



to y/k? + \ 

k 
T 2 



tan" 1 k 
^ 1 + 1 

k=l T 



E^ 

^ — ' rns- 



k=l 



cos 2 k 



^ lnfc 

k=2 K 

^ k 4 + 2k - 1 
h k 5 + 3k 2 + 1 



h^ + 2 



T — 

oo 

E 



Ak) 2 



k(\nk) 2 



y% k 2 + 1 

hi k 3 + 3k + : 



4~i k 2 



^ 4 + . 

fc=i T 

OO 

y — 

Stx/A: 2 + 4 
y% fc 2 +l 

^ sin-^l/fc) 

*=1 * 

y^ e l ' k + 1 



E 



2 + cos k 



k=l 

y, fc 3 + 2k + 3 

A: 4 + 2k 2 + 4 



y> VFTT 



E 
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17. (a) £ 



1 



k*/k + kjk + 1 



2k + 1 



18. (a) Y^ke- 

oo , 



oo p 



k-Jk + k 2 s/k~+l 



k=5 



oo 



i 



ln(lnfc) 



(c) V - 

{-! ln(Hnit) 



(d)E 



1 



ln(A!) 



20. (a) E tan_1,t 

a=i 

^ tan" 1 k 



tan k 
W E^" 



(d)E 



sec 1 A- 
k 2 y/l - l/k 2 



In exercises 21-24, determine all values of p for which the series 
converges. 



oo , 

2i. y — — 

4-i k(\nk)P 



23. E 



Ink 

~k~P 



OO j 

22. > , a > 0, b > 0 

^ (a + bky 

OO 

24. E^""'^'' 



In exercises 25-30, estimate the error in using the indicated 
partial sum S„ to approximate the sum of the series. 



25. 5ioo, 

A=i 

oo 

27. 5 50 ,E 



26. 5 10 o, E 



k 1 



k« 



28 - 58o 'Eftt 



29. S^E^ 



30 



• 5200 'Ett 



tarT 1 A 



A- 2 



In exercises 31-34, determine the number of terms needed to 
obtain an approximation accurate to within 10" 6 . 



31. e 



A- 4 



33. Y^ke" 



32. E 

k=\ 

oo 

34 - E 



A 2 



k s 



In exercises 35 and 36, answer with "converges" or "diverges" 
or "can't tell." Assume that a k > 0 and b k > 0. 

oo 

35. Assume that Y a k converges and fill in the blanks. 



(a) If b k > a k for k > 10, then Y b k . 

k=\ 

(b) If lim — = 0, then T b k 

k-^oo a k k=i 

oo 

(c) If b k < a k for k > 6, then Y b k _ 

k=l 

bk ^ 

(d) If lim — = oo, then Y b k 

*-*•<» a k k=l 



36. Assume that Y a k diverges and fill in the blanks. 



(a) If b k > a k for k > 10, then Y b k . 

k = \ 



(b) If lim — = 0, then Y b k 

A^oo a k A = | 



(c) If b k < a k for k > 6, then J] fc s . 

a=i 



(d) If lim — = oo, then Y bk - 

A^oo a k t=l 



37. Prove the following extensions of the Limit Comparison Test: 

a k 00 00 

(a) if lim — =0 and Y b k converges, then Y a k converges. 

A^oo b k k= i k=] 

a k 00 00 

(b) if lim — = oo and Y b k diverges, then Y a k diverges. 

*- >00 b k k =i k=i 

oo oo 

38. If a k > 0 and Y a k converges, prove that Y a \ converges. 



k=\ 



A=l 



39. Prove that if Y a \ ant ^ converge, then Y \ a kbk\ 
converges. 1=1 A=1 k=[ 

oo oo ak 

40. Prove that for a k > 0, Y a k converges if and only if Y 

A=I ^ A=l 1 + a k 

converses. (Hint: Ifx < l,thenx < . | 

5 V 1 +x ) 

41. Prove that the every-other-term harmonic series 1 + | + | + 

oo 

= + ■ ■ • diverges. (Hint: Write the series as V and use 

k=0 2k + 1 

the Limit Comparison Test.) 

42. Would the every-third-term harmonic series 1 + 4 + ^ + 

i H diverge? How about the every-fourth-term harmonic 

series l+c + s + ^r + - *-? Make as general a statement as 



5 1 9 1 13 

possible about such series 



43. Show that Y 



1 



=2 (In fc) h 
1 



and Y 



1 



=2 (Ink)' 



both converge. 



44. Show that V diverges for any integer n > 0. Compare 

k=2 (Ink)" 

this result to exercise 43. 

oo 

45. Use your CAS to evaluate Y lb for P = 2 , 4, 6, 8 and 10. Can 



your CAS evaluate the sum for odd values of pi 



46. The Riemann-zeta function is defined by t (x) = V — 

for x > 1. Explain why the restriction x > 1 is neces- 
sary. Leonhard Euler, considered to be one of the greatest 
mathematicians ever, proved the remarkable result that 

?(*)= n 



i 



47. (a) Explain why the Trapezoidal Rule approximation of /„" x" dx 
will be larger than the integral, for any integer n > 1 . 

(b) Show that the Trapezoidal Rule approximation, with h — 1 
equals 1" + 2" + ••• + (« - 1)" + l -n". 

\" + 2" + h n n 3n + 1 

(c) Conclude that > . 

n" 2n + 2 
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and 



oo J oo 

48. Numerically investigate the p-series V) and Y) ~n 

*=i k k =i k lA 

for other values of p close to 1 . Can you distinguish convergent 

from divergent series numerically? 



6 



APPLICATIONS 



49. Suppose that you toss a fair coin until you get heads. How 
many times would you expect to toss the coin? To answer this, 
notice that the probability of getting heads on the first toss is 
\, getting tails then heads is (5) , getting two tails then heads 

3 00 k 

is (|)~ and so on. The mean number of tosses is Yl k (§) • 

k=\ 

Use the Integral Test to prove that this series converges and 
estimate the sum numerically. 

50. The series Y^, k (i) can be visualized as the area shown in 

k=l 

the figure. In columns of width one, we see one rectangle 
of height |, two rectangles of height |, three rectangles of 
height ^ and so on. Start the sum by taking one rectangle 
from each column. The combined area of the first rectangles 
is I + | + g + • • • . Show that this is a convergent series with 
sum 1 . Next, take the second rectangle from each column that 
has at least two rectangles. The combined area of the second 
rectangles is j + 4 + A + • • • . Show that this is a convergent 
series with sum |. Next, take the third rectangle from each 
column that has at least three rectangles. The combined area 

from the third rectangles is I + A + A 4 . Show that this 

is a convergent series with sum 1 . Continue this process and 
show that the total area of all rectangles is 1 + | + | + ■ • • . 
Find the sum of this convergent series. 



0.5 
0.375 
0.25 
0.125 



0 12 3 4 

51. The coupon collectors' problem is faced by collectors of trad- 
ing cards. If there are n different cards that make a complete set 
and you randomly obtain one at a time, how many cards would 
you expect to obtain before having a complete set? (By random, 
we mean that each different card has the same probability of - 
of being the next card obtained.) In exercises 5 1-53, we find the 
answer for n — 10. The first step is simple; to collect one card 
you need to obtain one card. Now, given that you have one card, 
how many cards do you need to obtain to get a second (differ- 
ent) card? If you're lucky, the next card is it (this has probability 
-^). But your next card might be a duplicate, then you get anew 
card (this has probability i • Or you might get two dupli- 



cates and then a new card (this has probability 
so on. The mean is 1 



_i_ j_ 

10 ' 10 10 

i. +2- i- - i- 4-3. JL. i. - ± 

10 ~ 10 IO T 10 10 10 



); and 
+ ... 



9k 



or T, k iTo) k ' (jo) = £ 77^- Usin g the same trick as in 

A=l k=l io 

exercise 50, show that this is a convergent series with 
10 

sum — . 
9 



52. In the situation of exercise 51, if you have two different cards 

out of ten, the average number of cards to get a third distinct 

~ U2 k ~ [ 
card is 2^ 

10 

sum — . 



10* 



show that this is a convergent series with 



53. (a) Extend the results of exercises 5 1 and 52 to find the average 

number of cards you need to obtain to complete the set of 
ten different cards, 
(b) Compute the ratio of cards obtained to cards in the set. That 
is, for a set of 10 cards, on the average you need to obtain 
times 10 cards to complete the set. 

54. (a) Generalize exercise 53 in the case of n cards in the set 

(n > 2). 

(b) Use the divergence of the harmonic series to state the un- 
fortunate fact about the ratio of cards obtained to cards in 
the set as n increases. 



EXPLORATORY EXERCISES 



1. In this exercise, you explore the convergence of the infinite 
product P — 2 1/4 3 1/9 4 I/16 • • • . This can be written in the form 

oo n 

P = Yl k l/k ~. For the partial product P„ = f \ k [/k ~, use the 

k=2 k=2 

natural logarithm to write 



p - glnPn _ e ln[2'/ 4 3 1 /94 1 / 16 . ■,,'/»-] _ gS „ 

s" = ]n[2V«3 1/9 4 1 /"...»V« 1 ] 



where 



111 1 

= -ln2 4- - In 3 4 ln4 4 h -rlnrc. 

4 9 16 n 2 

By comparing to an appropriate integral and showing that the 
integral converges, show that {5,,} converges. Show that {P„} 
converges to a number between 2.33 and 2.39. Use a CAS or 
calculator to compute P„ for large and see how accurate the 
computation is. 

2. Define a function f(x) in the following way for 0 < x < 1. 
Write out the binary expansion of x. That is, 

CL\ fl2 

x — 1 1 1 

2 4 8 

where each a, is either 0 or 1. Prove that this infinite series 
converges. Then f(x) is the corresponding ternary expansion, 
given by 

ci i a-, cir> 
f( x ) = — 4- — 4- — 4- ■ • • 
J 3 9 27 

Prove that this series converges. There is a subtle issue here 
of whether the function is well defined or not. Show that | 
can be written with ai — 1 and a k — 0 for k > 2 and also with 
fli = 0 and ak — 1 for k > 2. Show that you get different val- 
ues of f(x) with different representations. In such cases, we 
choose the representation with as few l's as possible. Show 
that/(2x) = 3/(jc)and/(je + |) = f + /WfbrO < x < \. 
Use these facts to compute /„' f(x)dx. Generalize the result 
for any base n conversion 



a i a~> a-i 
— + — + — + ■ 

I ,1 I 



m 

where n is an integer greater than 1 
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9.4 ALTERNATING SERIES 



So far, we have focused our attention on positive-term series, that is, series for which all 
the terms are positive. In this section, we examine alternating series, that is, series whose 
terms alternate back and forth from positive to negative. 
An alternating series is any series of the form 



i.o 

0.8 
0.6 
0.4 
0.2 



10 



15 



— I — ► « 

20 



FIGURE 9.30 

Sn = E 



n 


" (-1)* +1 
S n = E —r — 
*=1 k 


1 


1 


2 


0.5 


3 


0.83333 


4 


0.58333 


5 


0.78333 


6 


0.61667 


7 


0.75952 


8 


0.63452 


9 


0.74563 


10 


0.64563 


11 


0.73654 


12 


0.65321 


13 


0.73013 


14 


0.65871 


15 


0.72537 


16 


0.66287 


17 


0.7217 


18 


0.66614 


19 


0.71877 


20 


0.66877 



E 

k=i 

where a k > 0, for all k 



(-l) k+l a k = ai 



a2 + a^ — a4 + a$ — a& 



EXAMPLE 4. 1 The Alternating Harmonic Series 

Investigate the convergence or divergence of the alternating harmonic series 

.11111 



E 

k=\ 



1 



Solution The graph of the first 20 partial sums seen in Figure 9.30 suggests that the 
series might converge to about 0.7. We now calculate the first few partial sums by hand. 
Note that 



s 3 

S 5 



1, 
1 

2 + 
7 
12 



47 
60' 



S 2 

s 6 





1 


1 


1 - 






2 ~ 


2' 


5 


1 


7 


6 ~ 


" 4 ~ 


12' 


47 


1 


37 


60 


~ 6 


~ 60' 



and so on. We have plotted the first 8 partial sums on the number line shown in 
Figure 9.31. 



S 2 

-4- 



0.5 



5 4 S 6 S s 



0.6 



• • i — • 



5, 

— I — ► 



0.7 



o.: 



0.9 



FIGURE 9.31 

oo 

Partial sums of E 

Notice that the partial sums are bouncing back and forth, but seem to be zeroing in on 
some value. This should not be surprising, since each new term that is added or 
subtracted is less than the term added or subtracted to get the previous partial sum. You 
should notice this same zeroing-in process in the accompanying table displaying the 
first 20 partial sums of the series. Based on the behavior of the partial sums, it is 
reasonable to conjecture that the series converges to some value between 0.66877 and 
0.7 1877. We can resolve the question of convergence definitively with Theorem 4. 1 . ■_ 



THEOREM 4.1 (Alternating Series Test) 

Suppose that lim a^ — 0 and 0 < a^+\ < a^ for all k > 1. Then, the alternating 



series E( — 1) 

k=l 



k+i 



a k converges. 



Before considering the proof of Theorem 4. 1 , make sure that you have a clear idea what 
it is saying. In the case of an alternating series satisfying the hypotheses of the theorem, 
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we start with 0 and add ci\ > 0 to get the first partial sum S\. To get the next partial sum, 
S2, we subtract ai from Si, where ai < a\. This says that S2 will be between 0 and Si. We 
illustrate this situation in Figure 9.32. 

a i 

4— a 2 

\ — -* 

I 1 1 1 1 1 1 

0 5*2 ^4 ^6 ^5 ^3 1 

FIGURE 9.32 

Convergence of the partial sums of an alternating series 

Continuing in this fashion, we add 03 to S2 to get S3. Since 03 < a 2 , we must have that 
Si < S3 < Si. Referring to Figure 9.32, notice that 

S 2 < S 4 < S 6 < • • ■ < S 5 < S 3 < Si. 

In particular, this says that a// of the odd-indexed partial sums (i.e., S2„+i,forw = 0, 1, 2, . . .) 
are larger than all of the even-indexed partial sums (i.e., Sin, for n = 1, 2, . . .)■ As the 
partial sums oscillate back and forth, they should be drawing closer and closer to some 
limit S, somewhere between all of the even-indexed partial sums and the odd-indexed 
partial sums, 

Si < S 4 < S 6 < • • • < S < ■ ■ ■ < S 5 < S3 < Si. (4.1) 

PROOF 

Notice from Figure 9.32 that the even- and odd-indexed partial sums seem to behave 
somewhat differently. First, we consider the even-indexed partial sums. We have 

Si — a\ — fib > 0 

and S4 = Si + («3 — an) > Si, 

since (03 — 04) > 0. Likewise, for any n, we can write 

Sin — Sln-1 + (ai n -\ — ai n ) > Sl„-l, 

since (02,1-1 — «2«) > 0. This says that the sequence of even-indexed partial sums {S2„}^i 
is increasing (as we saw in Figure 9.32). Further, observe that 

0 < S 2n — a\ + {~ai + a 3 ) + (-a 4 + a 5 ) H h (— « 2 »-2 + «2«-i) - «2« < fli, 

for all n, since every term in parentheses is negative. Thus, { S2,, } n a = x is both bounded (by a \ ) 
and monotonic (increasing). By Theorem 1.4, {Si n }™ =x must be convergent to some number, 
say L. 

Turning to the sequence of odd-indexed partial sums, notice that we have 

S2h+1 — Sl„ +Clln+l- 

From this, we have 

lim S 2 „+i = lim (S 2 „ + a 2 „+i) = Km S 2 „ + lim a 2 «+i = L + 0 = L, 

n— >oo n— >oo n— >-oo n— too 

since lim a n — 0. Since both the sequence of odd-indexed partial sums {S2„+i }?ln and the 
sequence of even-indexed partial sums ^nl^i converge to the same limit, L, we have that 

lim S„ — L, 

n— >so 

also. ■ 
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EXAMPLE 4.2 Using the Alternating Series Test 

oo 

Reconsider the convergence of the alternating harmonic series ^ . 

k=\ k 



Solution Notice that 



lim at — lim - = 0. 

k—>oo k—>oo k 



Further, 



1 1 

0 < cik+i — < - = ak, for all k > 1. 

k + 1 k 



By the Alternating Series Test, the series converges. (The calculations from example 4.1 
give an approximate sum. An exact sum is found in exercise 45.) ■ 



The Alternating Series Test is straightforward, but you will sometimes need to work a 
bit to verify the hypotheses. 



EXAMPLE 4.3 Using the Alternating Series Test 

~ (-lf(k + 3) 

Investigate the convergence or divergence of the alternating series > . 

k=\ k(k+l) 

Solution The graph of the first 20 partial sums seen in Figure 9.33 suggests that the 
series converges to some value around —1.5. The following table showing some select 
partial sums suggests the same conclusion. 



n 


_ • (-l)*(*+3) 
" h Kk + 1) 


50 


-1.45545 


100 


-1.46066 


200 


-1.46322 


300 


-1.46406 


400 


-1.46448 



n 


v ^(-l)*(*+3) 
A " h k(k+l) 


51 


-1.47581 


101 


-1.47076 


201 


-1.46824 


301 


-1.46741 


401 


-1.46699 



We can verify that the series converges by first checking that 

L 

lim 



v (^ + 3) p 

lim Uh — lim r - 

k(k + 1) p k^oo i 



l - + 4 



< 1, 



Next, consider the ratio of two consecutive terms: 

a k+i _ (k + 4) k(k+l) _ k 2 + 4k 
~Ok~ ~ (k + l)(k + 2) (k + 3) _ k 2 + 5k + 6 

for all k > 1. From this, it follows that a^+i < a*, for all k > 1 and so, by the 
Alternating Series Test, the series converges. Finally, from the preceding table, we can 
see that the series converges to a sum between —1.46448 and —1.46699. (How can you 
be sure that the sum is in this interval?) ■ 



EXAMPLE 4.4 A Divergent Alternating Series 

~ (-l) k k 

Determine whether the alternating series > converges or diverges. 

t=3 k + 2 

Solution First, notice that 

k 

lim ak = lim = 1^0. 

k— >oo k—>oo k + 2 

So, this alternating series is divergent, since by the &th-term test for divergence, the terms 
must tend to zero in order for the series to be convergent. ■ 
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O Estimating the Sum of an Alternating Series 

So far, we have found approximate sums of convergent series by calculating a number of 
partial sums of the series. As was the case for positive-term series to which the Integral Test 
applies, we can say something very precise for alternating series. First, note that the error 
in approximating the sum S by the nth partial sum S„ is S — S n . 

Look back at Figure 9.32 and observe that all of the even-indexed partial sums S„ of the 

oc 

convergent alternating series ^ (— lie below the sum S, while all of the odd-indexed 

k=l 

partial sums lie above S. That is [as in (4.1)], 



S 2 < S 4 < S 6 < ■ ■ ■ < S < ■ ■ ■ < S 5 < S 3 < Sl 



This says that for n even, S n < S < S n+ i. 



Subtracting S„ from all terms, we get 



0 < S — S„ < S n+ \ — S„ = a n+ \. 



Since a n+ \ > 0, we have — a n+x < 0 < S — S n < a„ +l , 



or \S — S„\<a n+ i, for n even. (4.2) 



Similarly, for n odd, we have that S n+ \ < S < S„. 



Again subtracting S„, we get 



—Cln+l = Sn+l — S n < S — S„ < 0 < Cl n+ \ 



or 1 5 — S n \ < a n+ i, for n odd. (4.3) 

Since (4.2) and (4.3) (called error bounds) are the same, we have the same error bound 
whether n is even or odd. This establishes the following result. 



THEOREM 4.2 

Suppose that lim — 0 and 0 < a^+i < cik for all k > 1. Then, the alternating 

k— >-oo 

oc 

series ^ (— l) k+l ak converges to some number S and the error in approximating S by 

k=l 

the «th partial sum S„ satisfies 

\S-S n \<a n+l . (4.4) 



Theorem 4.2 says that the absolute value of the error in approximating S by S„ does 
not exceed a„ + \ (the absolute value of the first neglected term). 



EXAMPLE 4.5 Estimating the Sum of an Alternating Series 

Approximate the sum of the alternating series V : — by the 40th partial sum and 

k=i k 4 

estimate the error in this approximation. 
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Solution We leave it as an exercise to show that this series is convergent. We then 
approximate the sum by 

S ~ S40 » 0.9470326439. 
From our error estimate (4.4), we have 

IS-S40I <ciai = ^ « 3.54 x 10- 7 . 

This says that our approximation S 0.9470326439 is off by no more than 
±3.54 x 10~ 7 . ■ 



A much more interesting question than the one asked in example 4.5 is the following. 
For a given convergent alternating series, how many terms must we take, in order to obtain 
an approximation with a given accuracy? We illustrate this in example 4.6. 



EXAMPLE 4.6 Finding the Number of Terms Needed 
for a Given Accuracy 

For the convergent alternating series ^ — , how many terms are needed to 

k=\ k 

guarantee that S„ is within 1 x 10" 10 of the actual sum 5? 

Solution In this case, we want to find the number of terms n for which 

\S-S„\ < 1 x 10" 10 . 

1 



From (4.4), we have that | S — S n \ < a n 



+ 1 



(n + l) 4 
1 _ m 

So, we look for n such that < 1 x 10 . 

(n + l) 4 - 

Solving for n, we get 10 10 < (n + l) 4 , 

so that y/l0 w < n + 1 

or n> a/Io 1 "- 1 w 315.2. 

So, if we take n > 316, we will guarantee an error of no more than 1 x 10~ 10 . Using 
the suggested number of terms, we get the approximate sum 

S « 5 3 i6 » 0.947032829447, 

which we now know to be correct to within 1 x 10~ 10 . ■ 



BEYOND FORMULAS 

When you think about infinite series, you must understand the interplay between se- 
quences and series. Our tests for convergence involve sequences and are completely 
separate from the question of finding the sum of the series. It is important to keep 
reminding yourself that the sum of a convergent series is the limit of the sequence 
of partial sums. Often, the best we can do is to approximate the sum of a series by 
adding together a number of terms. In this case, it becomes important to determine the 
accuracy of the approximation. For alternating series, this is found by examining the 
first neglected term. When finding an approximation with a specified accuracy, you first 
use the error bound in Theorem 4.2 to find how many terms you need to add. You then 
get an approximation with the desired accuracy by adding together that many terms. 
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EXERCISES 9.4 

^WRITING EXERCISES 



1. lfa k > 0 and lim a k — 0, explain in terms of partial sums why 



In exercises 1-24, determine whether the series is convergent or 
divergent. 

OO q OO ri 

1. £(-D*^ 2. V>tf| 

k=l K k=l K 

4 ™ k 2 

4 . y -±- 



5 - S'-"'^ 



2fe- 1 



7. £(-D* 
9. £(-1)* 



2' 



6 - B-D^ 

OO 

8. £(-1/ 



fe 2 



io. £(-iy 



fe4-2 
4* 



ii. y — 

f-24-fe 



2* 



13. £(-1)' 



► 3 



k=3 Vk+i 

2 



15. £(-1)' 



fe! 



14. £(-iy 

£=4 

16. £(-1/ 



fe-t-1 

fe 3 



17 y 4fe is y 

' f^<fe 2 4-2fe4-2 ' £-(fe 4 4-2fe4-2 

OO OO 

19. Vj(-l)*+ 1 2 e -* 20. y^i-lf+^e 1 " 1 

k=5 k=6 

oo oo i 

21. £(-l)*lnfe 22. B-D^w 



t=3 

4fe 2 



*1 
3* 



23. £(-1)* 



2* 



24. £(-!)*+' 2* 



25. £(-1) 



l)* +1 a* is more likely to converge than J] a k . 

k=\ k=\ 

2. Explain why in Theorem 4.2 we need the assumption that 
tik+\ S a k . That is, what would go wrong with the proof if 

ttk+i > a*? 

3. The Alternating Series Test was stated for the series 

oo oo 

'2~2(—l) k+1 a k . Explain the difference between ^{—\) k a k and 

k=l k=l 

oo 

XX— l)* +1 a* and explain why we could have stated the fheo- 

k=l 

oo 

rem for ^{—\) k a k . 

£=1 oo 

4. A common mistake is to think that if lim a k — 0, then a k 31. 

converges. Explain why this is not true for positive-term se- 
ries. This is also not true for alternating series unless you add 
one more hypothesis. State the extra hypothesis. (Exercise 43 
shows why it is needed.) 



J In exercises 25-32, estimate the sum of each convergent series 
to within 0.01. 



k+l 



fe 3 



k=3 * 
oo o 

29. 



A' 4 



26. £(-1)* 

£=1 

OO 

28. £(-1)* 

/t=4 
oo 

30. £(-1)* 

A=0 

oo 

32. £(-!)< 



fe 3 



10* 



fe! 



fe 5 



| In exercises 33-36, determine how many terms are needed to 
estimate the sum of the series to within 0.0001. 

OO 9 OO r. k 

33. Y.(-D k+i T 34. v>ir 



it! 



oo 1r U: 

*=0 



36. VJ(-1)» 



,fe! 
fe* 



In exercises 37-40, explain why Theorem 4.1 does not directly 
apply. Conjecture the convergence or divergence of the series. 



37. y^{-i) k e- k &\nk 

k = i 

l + (-l)* 



39. £(-1)* 



Vk 



38. £(-iy 

k=2 
oo 

40. j^-l) 5 



| sin(Jbr/2)| 



, sin fe 



A- 2 



lnfe 



41. In the text, we showed you one way to verify that a sequence 
is decreasing. As an alternative, explain why if a k — /(fe) and 
/'(fe) < 0, then the sequence a k is decreasing. Use this method 

fe 

to prove that a k = — is decreasing. 

00 1 111 

42. Verify that the series V) (- 1)* = 1 1 1 

k=0 2fe 4- 1 3 5 7 

71 

converges. It can be shown that the sum of this series is — . 

Given this result, we could use this series to obtain an approxi- 
mation of it . How many terms would be necessary to get eight 
digits of 7r correct? 

43. In this exercise, you will discover why the Alternating Series 

f 1/fe if fe is odd 
Test requires that a k +, < a k . II a k — { , ' , . , 
H k+i - k k | l ^ j< 2 lfkls even - 

oo 

argue that VJ(— l) k+l a k diverges to oo. Thus, an alternating 

k=\ 

series can diverge even if lim a k — 0. 
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44. (a) Find a counterexample to show that the following state- 

oo oo 

ment is false (not always true). If Y, a k and Yl bk converge, 

A-=l k=\ 

oo 

then Yl a kbk converges, (b) Find assumptions that can be made 

k=\ 

(for example, a k > 0) that make the statement in part (a) true. 

45. For the alternating harmonic series, show that 

In 1 " 1 « 1 1 n 1 

^=E r Er = E- r = -E T-rr- Identify 
t=i k k=l k k=l n + k n k=1 1 + k/ n 

this as a Riemann sum and show that the alternating harmonic 
series converges to In 2. 

oo i 

46. Find all values of p such that the series Y(~ 1) A — converges. 

t=i kP 

Compare your result to the p-series of section 9.3. 



(|5 APPLICATIONS 

47. A person starts walking from home (at x — 0) toward a friend's 
house (at x = 1). Three-fourths of the way there, he changes 
his mind and starts walking back home. Three-fourths of the 
way home, he changes his mind again and starts walking back 
to his friend's house. If he continues this pattern of indecision, 
always turning around at the three-fourths mark, what will be 
the eventual outcome? A similar problem appeared in a national 
magazine and created a minor controversy due to the ambigu- 
ous wording of the problem. It is clear that the first turnaround 
is at x = | and the second turnaround is at | — | (|) = ^. 
But is the third turnaround three-fourths of the way to x — 1 
or x = |? The magazine writer assumed the latter. Show that 
with this assumption, the person's location forms a geometric 
series. Find the sum of the series and state where the person 
ends up. 



48. If the problem of exercise 47 is interpreted differently, a 
more interesting answer results. As before, let x\ — | and 
X2 = fg. If the next turnaround is three-fourths of the way 
from x 2 to 1, then x 3 = ^ + | (l - ^) = | + \x 2 = §. 
Three-fourths of the way back to x — 0 would put us at 
x 4 = x 3 — |x 3 = |x 3 = Show that if n is even, then 
x„ + i — \ + \x„ and x„ +2 = jx„ + i . Show that the person ends 
up walking back and forth between two specific locations. 



^ EXPLORATORY EXERCISES 

1. In this exercise, you will determine whether or not the 
improper integral f 0 sin(l/x)rfx converges. Argue that 

fi/ ? sin(l/x)dx, flj* n) sin(l/x)rfx, sin(l/x)rfx, . . . 

exist and that (if it exists), 

I sin(l/x)rfx = / sin(l/x)rfx+ / sin(l/x)<ix 

J0 Jl/n Jl/Qji) 

/•1/(2jt) 

+ / sin(l/x) dx + • • • . 

Verify that the series is an alternating series and show that the 
hypotheses of the Alternating Series Test are met. Thus, the 
series and the improper integral both converge. 

oo -^k 

2. Consider the series XX - — , where x is a constant. Show 

k=i k 

that the series converges for x = 1/2; x = —1/2; any x such 
that — 1 < x < 1 . Show that the series diverges if x = — 1 , 
x < — 1 or x > 1. We see in exercise 5 of section 8.7 that 
when the series converges, it converges to ln(l + x). Verify 
this numerically for x = 1/2 and x = — 1/2. 



0) 



9.5 ABSOLUTE CONVERGENCE AND THE RATIO TEST 



Outside of the Alternating Series Test presented in section 9.4, our other tests for conver- 
gence of series (i.e., the Integral Test and the two comparison tests) apply only to series all 
of whose terms are positive. So, what do we do if we're faced with a series that has both 
positive and negative terms, but that is not an alternating series? For instance, the series 

^sinfc 1 1 1 

> — — = sin 1 H — sin 2 H sin 3 H sin 4 + ■ • • 

frt k 3 8 27 64 

has both positive and negative terms, but the terms do not alternate signs. (Calculate the 

oo 

first five or six terms of the series to see this for yourself.) For any such series ^ ak, we 

k=l 

oo 

check whether the series of absolute values \ a k \ 1S convergent. When this happens, we 

k=l 

oo 

say that the original series ^ a k is absolutely convergent (or converges absolutely). Note 

k=\ 

oo 

that to test the convergence of the series of absolute values ^ \a k \ (all of whose terms are 

k=l 

positive), we have all of our earlier tests for positive-term series available to us. 



Series 
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EXAMPLE 5. 1 Testing for Absolute Convergence 

Determine whether ^ — is absolutely convergent. 

k=\ 2 

Solution It is easy to show that this alternating series converges to approximately 
0.35. (See Figure 9.34.) To determine absolute convergence, we need to check whether 
or not the series of absolute values is convergent. We have 



oo / j-yfc+l oo 2 00 / 1 



k=\ 



2* t—i \ 2 



k 



which you should recognize as a convergent geometric series (|r \ — | < 1). This says 

oo 

that the original series V : converges absolutely. 

2 k m 



k = ] 



We'll prove shortly that every absolutely convergent series is also convergent. How- 
ever, the reverse is not true; there are many series that are convergent, but not absolutely 
convergent. These are called conditionally convergent series. Can you think of an example 
of such a series? If so, it's probably the example that follows. 



EXAMPLE 5.2 A Conditionally Convergent Series 

oo 

Determine whether the alternating harmonic series ^ is absolutely convergent. 

k=\ k 

Solution In example 4.2, we showed that this series is convergent. To test this for 
absolute convergence, we consider the series of absolute values, 

~ (_!)*+! _ ~ 1 
2—i lr ~ 2—, h 



k=\ 



oo 

(the harmonic series), which diverges. This says that J] converges conditionally 

k=\ k 

(i.e., it converges, but does not converge absolutely). ■ 



THEOREM 5.1 

oo oo 

If \°k \ converges, then a k converges. 

k=l k=\ 



This result says that if a series converges absolutely, then it must also converge. Because 
of this, when we test series, we first test for absolute convergence. If a series converges 
absolutely, then we need not test any further to establish convergence. 



PROOF 

Notice that for any real number, x, we can say that — \x\ < x < \x\. So, for any k, we have 

-\ak\ <a k < \a k \. 

Adding |a* | to all the terms, we get 

0 < a k + \a k \ < 2\a k \. (5.1) 

oo oo oo 

Since \ a k\ is convergent, we have that £^ 2|a^| = 2 ^2 \ a k\ i s convergent. Define 

k=l k=\ k=\ 

h — a k + \a k \. From (5.1), 

0<b k <2\a k \ 
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oo 

and so, by the Comparison Test, ^ is convergent. Observe that we may write 



k=\ 



oo oo 



oo oo 



k=\ 



k=\ 



k=\ k=\ 



Since the two series on the right-hand side are convergent, it follows that must also 



be convergent. 



k=\ 



0.98- 
0.94- 
0.90- 
0.86- 



H — ► » 



5 10 15 

FIGURE 9.35 

" sink 

s n — J2 —j~r 



20 



EXAMPLE 5.3 Testing for Absolute Convergence 

£2, sin A; 

Determine whether 2^ — r— is convergent or divergent. 

k=\ k 

Solution Notice that while this is not a positive-term series, neither is it an 
alternating series. Because of this, our only choice is to test the series for absolute 
convergence. From the graph of the first 20 partial sums seen in Figure 9.35, it appears 
that the series is converging to some value around 0.94. To test for absolute 

52, sin A: 

convergence, we consider the series of absolute values, 2^ 



k=\ 



k 3 



Notice that 



sin A; 



sinAI 1 

< — 

k 3 ~ A 3 



(5.2) 



1 



since |sin A| < 1, for all A. Of course, V — r is a convergent /^-series (p = 3 > 1). By 

^ A: 3 



k=\ 

sin A: 



A 3 



the Comparison Test and (5.2), ^ 

k=\ 

52, sin A 

series 2^ , converges absolutely and hence, converges 



converges, too. Consequently, the original 



A 3 



O The Ratio Test 

We next introduce a very powerful tool for testing a series for absolute convergence. This 
test can be applied to a wide range of series, including the extremely important case of 
power series, which we discuss in section 9.6. As you'll see, this test is remarkably easy to 
use. 



THEOREM 5.2 (Ratio Test) 






oo 

Given ^ o-k, with ai ^ 0 for all k, suppose that 

k=\ 


lim 


Ck+l 


= L. 


k— >oo 


Ok 




Then, 






(i) if L < 1, the series converges absolutely, 


(ii) if L > 1 (or L — oo), the series diverges and 


(iii) if L = 1, there is no conclusion. 
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PROOF 

(i) For L < 1 , pick any number r with L < r < 1 . Then, we have 



lim 

k—>oo 



ak+i 



L < r. 



For this to occur, there must be some number N > 0, such that for k > N, 

dk+1 



a k 

Multiplying both sides of (5.3) by \ay\ gives us 

|ajt+i| < r\a k \. 

In particular, taking k — N gives us 

I«jv+iI < r\a N \ 

and taking k = N + 1 gives us 

Wn+i\ < r\a N +i\ < r 2 \a N \ 



(5.3) 



Likewise, 



\a N+i \ < r\a N+2 \ < r \a N \ 



and so on. We have \a N+k \ < r \a N \, for k = 1, 2, 3, . . . . 

oo oo 

Notice that ^ lajvlr* = \a^\ ]T r k is a convergent geometric series, since 0 < r < 1. By 



k=\ 



k=\ 



the Comparison Test, it follows that ^ law+ztl = converges, too. This says that 

k=l n=N+\ 

oo 

^2 a„ converges absolutely. Finally, since 

n=N+l 



;i=l «=1 



;i=/V+l 



we also get that a„ converges absolutely. 
«=i 

(ii) For L > 1 , we have 



lim 



Ok+l 



= L>1. 



This says that there must be some number N > 0, such that for k > N, 



ak 



> 1. 



(5.4) 



Multiplying both sides of (5.4) by \a k \, we get 

\a k+ i | > |a*| > 0, for all & > iV . 
Notice that if this is the case, then 

lim a k ^ 0. 



By the £th-term test for divergence, we now have that ^ a k diverges. 

A = l 
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A 

2.0- 
1.5 
1.0 + 
0.5 



-+- 



-+- 



-+- 



H — ►« 



5 10 15 20 

FIGURE 9.36 
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EXAMPLE 5.4 Using the Ratio Test 

°° (-Ifk 
Test 2^ 7 — for convergence. 

k=\ 2 

OO £ 

Solution The graph of the first 20 partial sums of the series of absolute values, —r, 

k=\ - 

seen in Figure 9.36, suggests that the series of absolute values converges to about 2. From 
the Ratio Test, we have 



1 



lim 

k— >oo 



Ok 



2 k+\ 



lim 



k+l2 k 1 k 
lim — — : = - lim — 

£->oo 2 + k 2 k-*oo 



F 1 1 j Since 



and so, the series converges absolutely, as expected from Figure 9.36. 



The Ratio Test is particularly useful when the general term of a series contains an 
exponential term, as in example 5.4, or a factorial, as in example 5.5. 



2 X 10 s 



-2 X 10 s 
-4 X 10 s 
-6 X 10 s 



H — *-n 



10 15 20 



FIGURE 9.37 
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EXAMPLE 5.5 Using the Ratio Test 

°° (-1)**! 
Test }. 1 — f° r convergence. 

k=o e 

Solution The graph of the first 20 partial sums of the series seen in Figure 9.37 suggests 
that the series diverges. We can confirm this suspicion with the Ratio Test. We have 

(*+D! 

(k+ 1)! e k 



lim 

k— >oo 



a k + \ 



Ok 



— lim 

k— >oo 



ok+l 
IT 



— lim 



/t^oo e k+1 kl 



,. (ik+l)Jk! 1. k+\ 
— lim = - lim = 

k— >oo ek\ e k^oo 1 

By the Ratio Test, the series diverges, as we suspected. 



Since (* + 1)! = (k + 1) • kl 



Recall that in the statement of the Ratio Test, we said that if 



HISTORICAL 
NOTES 

Srinivasa Ramanujan 
(1887-1920) Indian 
mathematician whose incredible 
discoveries about infinite series 
still amaze mathematicians. 
Largely self-taught, Ramanujan 
filled notebooks with conjectures 
about series, continued fractions 
and the Riemann-zeta function. 
Ramanujan rarely gave a proof or 
even justification of his results. 
Nevertheless, the famous English 
mathematician G. H. Hardy said, 
"They must be true because, if 
they weren't true, no one would 
have had the imagination to invent 
them." (See exercise 6 1 .) 



lim 

k— >oo 



Ctk+l 



= 1, 



then the Ratio Test yields no conclusion. By this, we mean that in such cases, the series 
may or may not converge and further testing is required. 



EXAMPLE 5.6 A Divergent Series for Which the Ratio Test 
Is Inconclusive 

Use the Ratio Test for the harmonic series V - . 
Solution We have 



lim 



Ok+l 



cik 



k+ 1 



lim 

k— >oo 1 



lim 

k^oo k + 1 



In this case, the Ratio Test yields no conclusion, although we already know that the 
harmonic series diverges. ■ 
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TODAY IN 
MATHEMATICS 



Alain Connes ( 1 947- ) 

A French mathematician who 
earned a Fields Medal in 1983 for 
his spectacular results in the 
classification of operator algebras. 
As a student, Connes developed a 
very personal understanding of 
mathematics. He has explained, 
"I first began to work in a very 
small place in the mathematical 

geography I had my own 

system, which was very strange 
because when the problems the 
teacher was asking fell into my 
system, then of course I would 
have an instant answer, but when 
they didn't — and many problems, 
of course, didn't fall into my 
system — then I would be like an 
idiot and I wouldn't care." As 
Connes' personal mathematical 
system expanded, he found more 
and more "instant answers" to 
important problems. 



EXAMPLE 5.7 A Convergent Series for Which the Ratio Test 
Is Inconclusive 

oo J 

Use the Ratio Test to test the series ^ — . 

k=o k 



Solution Here, we have 



lim 

k— >oo 



lim 



1 



k 2 



lim 



k 2 



k^oo (k + l) 2 1 k^oo k 2 + 2k+l 



1. 



So again, the Ratio Test yields no conclusion, although we already know that this is a 
convergent p-series (p = 2 > 1). ■ 



Carefully examine examples 5.6 and 5.7 and you should recognize that the Ratio Test 
will be inconclusive for any p-series. 

O The Root Test 

We now present one final test for convergence of series. 



THEOREM 5.3 (Root Test) 

oo 

Given ^ a^, suppose that lim kj\ak \ — L. Then, 
k=\ *-►«> 

(i) if L < 1, the series converges absolutely, 

(ii) if L > 1 (or L — oo), the series diverges and 

(iii) if L = 1, there is no conclusion. 



Notice how similar the conclusion is to the conclusion of the Ratio Test. The proof is 
also similar to that of the Ratio Test and we leave this as an exercise. 



EXAMPLE 5.8 Using the Root Test 

~ /2k + 4 

Use the Root Test to determine the convergence or divergence of the series 2^ I 

k=i \5k — 1 



Solution In this case, we consider 



lim yiaitl = li m 

>oo k—>oo 



2k + 4 



5k- 1 

By the Root Test, the series is absolutely convergent 



2k + 4 2 

lim = - < 1 . 

k^oo 5k - 1 5 



O Summary of Convergence Tests 

By this point in your study of series, it may seem as if we have thrown at you a dizzying 
array of different series and tests for convergence or divergence. Just how are you to keep 
all of these straight? The best suggestion we have is that you work through many problems. 
We provide a good assortment in the exercise set that follows this section. Some of these 
require the methods of this section, while others are drawn from the preceding sections (just 
to keep you thinking about the big picture). For the sake of convenience, we summarize our 
convergence tests in the table that follows. 
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Test 



When to Use 



Conclusions 



Geometric Series 



/,=(! 



Converges to if | r \ < 1 ; 

1 — r 

diverges if \r\ > 1. 



/tth-Term Test 



All series 



If lim at ^ 0, the series diverges. 

jt-*oo 



Integral Test 



E a k where f(k) = a k , 

k=l 

f is continuous and decreasing and f(x) > 0 



oo r°o 

E a k and / / (•*) dx 

k=\ J I 

both converge or both diverge. 



p-series 



k=i ki' 



Converges for p > 1 ; diverges for p < 1 . 



Comparison Test 



E <*k and E bk , where 0 < ak < bk 

k=l k=\ 



If E bk converges, then E a k converges. 

k=l *=1 

oo oo 

If E a k diverges, then E bk diverges. 

k=l k=l 



Limit Comparison Test 



E cik an d E bk, where 

k=\ k=\ 

a k 

&k, bk > 0 and lim — = L > 0 

&-»oo bk 



E a k and E b k 

k=\ /t=l 

both converge or both diverge. 



Alternating Series Test 



E (-\) k+l a k where a k > 0 for all k 

k=\ 



If lim ak = 0 and ak + \ < cik for all k, 

k—>oc 

then the series converges. 



Absolute Convergence 



Series with some positive and some 
negative terms (including alternating series) 



If E \ a k \ converges, then 

*=i 

oo 

E a-k converges absolutely. 



Ratio Test 



Any series (especially those involving 
exponentials and/or factorials) 



For lim 

k— »oo 



a k+\ 



if L < 1 , E a k converges absolutely 

k=\ 

oo 

if L > 1, E a k diverges, 
if L = 1, no conclusion. 



Root Test 



Any series (especially those involving 
exponentials) 



For lim tf\ok\ = L, 

&->-oo 

oo 

if L < 1 , E a k converges absolutely 

oo 

if L > 1 , E a k diverges, 

k=\ 

if L = 1, no conclusion. 
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1. Suppose that a k > 0, lim ak — 0, lim b k — 0 and {bk} con- 

£->oo A-*oo 

oo 

tains both positive and negative terms. Explain why E is 

oo 

more likely to converge than E a k- In light of this, explain 

k=\ 

why Theorem 5.1 is true. 



2. In the Ratio Test, if lim 



Ck+l 



ak 



> 1, which is (eventually) big- 



ger, \a k+ i\ or | a k |? Explain why this implies that the series E a k 
diverges. 



3. In the Ratio Test, if lim 



a k+l 



a k 



L < 1, which is bigger, 



|a,t + i| or This inequality could also hold if L — 1. 

Compare the relative sizes of \a k+ i \ and \a k \ if L — 0.8 versus 
L = 1. Explain why L = 0.8 would be more likely to corre- 
spond to a convergent series than L — 1 . 

4. In many series of interest, the terms of the series involve 
powers of k (e.g., k 2 ), exponentials (e.g., 2 k ) or factorials (e.g., 
k\). For which type(s) of terms is the Ratio Test likely to pro- 
duce a result (i.e., a limit different from 1)? Briefly explain. 
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In exercises 1-40, determine whether the series is absolutely 
convergent, conditionally convergent or divergent. 



CO 

k=0 


k 3 


oo 
fc=0 


(-1)*2* 


oo 

s-E 

k=l 


( D* +1 * 

k 2 + 1 


oo 

7 -E 

fc=3 


3* 

(-D - 


oo 

»-E 


( * 

2A + 1 


oo 

n - E 


. £2* 



4k 



i3. y 

fcr V5^ + 1 

^ -2 

15 -E^ 



oo / 2 



sin A: 



COS A;T 



oo 3* 

21 -E^ 

00 

2 3-E , 

OO 

^•E 

fc=l " 
27- E 

00 

29- E 

00 



00 (-1)* 



In A 

(-1)*' 



k=2 

00 i \\k 



k=i W* 
3 

*=3 



33. J] (-1) 

oo 

35. 

oo Ti* 

37 - E " 



4* 

A'° 
(2ky. 

(-2f(A+ 1) 



k=U 



v COSlA 

39- E^ 



cos(A7r/5) 
i 



2. £(-iy 

/,=o 

00 

4. £(-!)' 



^ A 2 4- 1 

6 . £(-!)*+' ^tl 

oo 1f) A 

Sr=4 " ■ 

^ 4 
10. y(-l)* +1 — -— 
2^4-1 

oo ,2r!k 

12- E(-d^ 



14 - E 



1 - 3A 
4A 



^ 4 
16 S^ 



oo /T oo i 

i7. y -^l is. y(-i) A+1 -^ 



20. £a 

A = l 

00 

22- E 



24- E 



A- 2 
cos A 



^ tan" 1 k 

26 - E^— 



28. £ 



00 (-1)* 



A In A 



oo 

2A 

/,=« 



30- E 

A = l 

00 

32- E 3 , 



34. £(-1)* 

k=4 
oo 

36. Y(-if^- 
tt (2A + 1)! 



l k 2 4 k 

~aT 

4'- 



k=0 

oo / ^k 



A 2 4* 



40. ^(l + l/Jfc)* 



In exercises 41-60, name the method by identifying a test that 
will determine whether the series converges or diverges. 



41 - E 



oo 



A! 



43. £>iy 

A =2 
OO 

45. £ k ~ 4,s 

t=3 

» t 2 . 



1 + 1/* 



42. V — 
44- E 



^(2+1/A)* 
k 2 + 5 



47- E 



it=0 



A 2 + 1 



OO 

49. 52 av* 3 

U \3 + 2k) 



to VF+2 

OO 

46. 52 (-4/5/ 
48. £<-l)*L 

OO 

so. 52 av* 2 



2A 



53- E 

00 

55- E 



In A 2 

"A 1 " 

cos A: 
"A 2 " 



54- E 

k=2 

00 



A 2 



t=2 VFTT 

COS A7T 

A- 1 



57- E 



A Vln A + 1 



58. 52(-l)*ln(2+ 1/A) 



OO 

60. y- 



61. (a) In the 1910s, the Indian mathematician Srinivasa 

Ramanujan discovered the formula 

1 _ n/8 (4A) 1(1103 + 26, 390A) 
n ~ 9801 ^ (A!) 4 396 4 * ' 

Approximate the series with only the A = 0 term and show 
that you get 6 digits of jr correct. Approximate the series 
using the A = 0 and A = 1 terms and show that you get 14 
digits of it correct. In general, each term of this remarkable 
series increases the accuracy by 8 digits, 
(b) Prove that Ramanujan's series in part (a) converges. 
00 A! 

62. To show that V — converges, use the Ratio Test and the fact 

k=\ A* 



that 



/ a + 1 \ / r 

lim J = lim 1 + - | — e. 

k->oo \ k I k^oo \ k , 



63. (a) Find all values of p such that — converges. 

k=\ k 
oo pk 

(b) Find all values of p such that — converges. 

k=i k 1 



64. Determine whether Y] 

ti 1 • 3 • 5 • •• (2k - 1) 

diverges. 



converges or 
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EXPLORATORY EXERCISES 



1. One reason that it is important to distinguish absolute from con- 
ditional convergence of a series is the rearrangement of series, 

oo 

to be explored in this exercise. Show that the series Y2 — - — 

t=o 2* 

is absolutely convergent and find its sum S. Find the sum 5+ 
of the positive terms of the series. Find the sum S_ of the neg- 
ative terms of the series. Verify that S — S + + S-. However, 
you cannot separate the positive and negative terms for condi- 

oo 

tionally convergent series. For example, show that Y2 

k=o k + 1 

converges (conditionally) but that the series of positive terms 
and the series of negative terms both diverge. Thus, the order 
of terms matters for conditionally convergent series. Amaz- 
ingly, for conditionally convergent series, you can reorder the 
terms so that the partial sums converge to any real number. To 

(-1/ 



illustrate this, suppose we want to reorder the series Yl 

k=ok+l 

so that the partial sums converge to j. Start by pulling out 
positive terms (l + | + 5 + • • •) sucn that the partial sum is 
within 0.1 of |. Next, take the first negative term (—5) and 



positive terms such that the partial sum is within 0.05 of |. 
Then take the next negative term (— j) and positive terms such 
that the partial sum is within 0.01 of |. Argue that you could 
continue in this fashion to reorder the terms so that the partial 
sums converge to |. (Especially explain why you will never 
"run out of" positive terms.) Then explain why you cannot do 

~ (-1)* 

the same with the absolutely convergent series V, — ; — • 

In this exercise, you show that the Root Test is more 
general than the Ratio Test. To be precise, show that if 



lim 


a n + l 




«->oo 


a„ 




lim In 








a n 



and lim In \a„\ 



1/" 



1 



by considering 



Inter- 



lim - Yl In 

>oo n k=l a k 

pret this result in terms of how likely the Ratio Test or Root Test 
is to give a definite conclusion. Show that the result is not "if 
and only if " by finding a sequence for which lim la,,!'/" < 1 



but lim 



does not exist. In spite of this, give one reason 



why the Ratio Test might be preferable to the Root Test. 



9.6 POWER SERIES 



We now expand our discussion of series to the case where the terms of the series are 
functions of the variable x. Pay close attention, as the primary reason for studying series is 
that we can use them to represent functions. This opens up numerous possibilities for us, 
from approximating the values of transcendental functions to calculating derivatives and 
integrals of such functions, to studying differential equations. As well, defining functions as 
convergent series produces an explosion of new functions available to us, including many 
important functions, such as the Bessel functions. We take the first few steps in this section. 
As a start, consider the series 




FIGURE 9.38 

— and the first three partial 



sums of Yl ( x 

k=0 



2)* 



- 2f = 1 + (x ~ 2) + (x - 2) 2 + (x- 2) 3 



k=0 

Notice that for each fixed x, this is a geometric series with r — (x — 2), which will converge 
whenever \r\ = \x — 2| < 1 and diverge whenever |r| = \x — 2| > 1. Further, for each x 
with \x — 2| < 1 (i.e., 1 < x < 3), the series converges to 

a 1 1 



1 - r 1 - (x - 2) 
That is, for each x in the interval (1, 3), we have 



k=0 



For all 

/(*) = 



other values of x, the series diverges. In Figure 9.38, we show a graph of 
1 

, along with the first three partial sums P„ of this series, where 

3 — x 

n 

P„(x) = ]T(x - 2) k = 1 + (x - 2) + (x - 2f + ■ ■ ■ + (x - 2)\ 

k=Q 

on the interval [0, 3]. Notice that as n gets larger, P„{x) appears to get closer to f(x), for 
any given x in the interval (1, 3). Further, as n gets larger, P„(x) tends to stay close to f(x) 
for a larger range of x-values. 
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Here, we noticed that a series is equivalent to (i.e., it converges to) a known function on a 
certain interval. Alternatively, imagine what benefits you would derive if for a given function 
(one that you don't know much about) you could find an equivalent series representation. 
This is precisely what we do in section 9.7. For instance, we will show that for all x, 



oo k ^> 3 4 

■r-^ X X X X 

e* = V— = l+x + — + — + — + ■••. (6.1) 
f^kl 2! 3! 4! 

As one immediate use of (6.1), suppose that you wanted to calculate e L234567 . Using (6.1), 
for any given x, we can compute an approximation to e x , simply by summing the first few 
terms of the equivalent power series. This is easy to do, since the partial sums of the series 
are simply polynomials. 

In general, any series of the form 



POWER SERIES 

CO 

h(x - cf = b Q + b x (x - c) + b 2 (x - cf + b 3 (x - c) 3 



k=0 



is called a power series in powers of (x — c). We refer to the constants b^, k — 0, 1,2, ... , 
as the coefficients of the series. The first question is: for what values of x does the series 

oo 

converge? Saying this another way, the power series ^ b^ix — c) k defines a function of 

k=0 

x and its domain is the set of all x for which the series converges. The primary tool for 
investigating the convergence or divergence of a power series is the Ratio Test. 



EXAMPLE 6. 1 Determining Where a Power Series Converges 

°° k , 

Determine the values of x for which the power series > — ; — T x converges. 

Solution Using the Ratio Test, we have 

(k+ l)x k+l 3 k+l 



lim 




— lim 


k— too 


a k 


k— >oo 



3 k+2 kx k 

(ft +l)|x| |x| k 
— lim = — lim 



Since x k+1 ■■ 



k^oo 3k 3 k-±oc k and 3*+ 2 = 3 t+1 -3 1 . 

— < 1, 

3 

for |x| < 3 or — 3 < x < 3. So, the series converges absolutely for — 3 < x < 3 and 
diverges for |jc| > 3 (i.e., for x > 3 or x < —3). Since the Ratio Test gives no 
conclusion for the endpoints x = ±3, we must test these separately. 
For x — 3, we have the series 

OO 7 OO i OO 7 

E——x k - V -——3* - \^ K 
T.k+1 Z—,q.k+l -J" 

k=0 J k=0 J k=0 J 

k 

Since lim - = oo ^ 0, 

k— »oo 3 

the series diverges by the feth-term test for divergence. The series diverges when 

x — —3, for the same reason. Thus, the power series converges for all x in the interval 

(—3, 3) and diverges for all x outside this interval. ■ 



Observe that in example 6.1, as well as in our introductory example, the series have 

oo 

the form ^ bk(x — c) k and there is an interval of the form (c — r, c + r) on which the 

k=0 

series converges and outside of which the series diverges. (In the case of example 6.1, 
notice that c — 0.) This interval on which a power series converges is called the interval of 
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convergence. The constant r is called the radius of convergence (i.e., r is half the length 
of the interval of convergence). As we see in the following result, there is such an interval 
for every power series. 



NOTES 

In part (iii) of Theorem 6.1, the 
series may converge at neither, 
one or both of the endpoints 
x = c — r and x = c + r. 
Because the interval of 
convergence is centered at x = c, 
we refer to c as the center of the 
power series. 



THEOREM 6.1 

oo 

Given any power series, ^ bk{x — c) , there are exactly three possibilities: 

k=0 

(i) The series converges absolutely for all x e (— oo, oo) and the radius of 

convergence is r — oo; 

(ii) The series converges only for x — c (and diverges for all other values of x) 
and the radius of convergence is r — 0; or 

(iii) The series converges absolutely for x € (c — r, c + r) and diverges for 
x < c — r and for x > c + r, for some number r with 0 < r < oo. 



The proof of the theorem can be found in Appendix A. 



EXAMPLE 6.2 Finding the Interval and Radius of Convergence 

Determine the interval and radius of convergence for the power series 



k=0 



Solution From the Ratio Test, we have 

10 k+ \x - 1)* +1 



lim 




— lim 


k— too 


a k 


k— >oo 






= I0\x 






= 101* 



Id 



(k + iy. \o k (x-i) k 



Since [x - l) t+l = (x - \f(x - l) 1 



(k+l)k\ and(*+l)! = (* + l)*!. 
1 

0 < 1, 



k^oo k + 1 

for all x. This says that the series converges absolutely for all x. Thus, the interval of 
convergence for this series is (— oo, oo) and the radius of convergence is r — oo. ■ 



The interval of convergence for a power series can be a closed interval, an open interval 
or a half-open interval, as in example 6.3. 



EXAMPLE 6.3 A Half-Open Interval of Convergence 

OO 

Determine the interval and radius of convergence for the power series ^ —r. 

k=\ *4 

Solution From the Ratio Test, we have 



lim 

k—>-oc 



dk+1 


= lim 

k— >oc 




x k+l 


k4 k 


ak 


(* 


+ 1)4*+! 


x k 




= — lim 

4 i'^oo 


k 

k+l 


\x\ 
4 



So, we are guaranteed absolute convergence for \x\ < 4 and divergence for \x\ > 4. It 
remains only to test the endpoints of the interval: x = ±4. For x — 4, we have 

oo k 00 Ak oo -, 

EX ^ — \ H ^ — > 1 



k=\ 



k4 k 



k=\ 
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which you will recognize as the harmonic series, which diverges. For x — —4, we have 

00 -J- 00 { A\k oo I i\/t 



E__ — \ " ; ' — \ " 
k4 k ~ f-f k4 k ~ f-f 

k=\ k=\ k=l 



which is the alternating harmonic series, which we know converges conditionally. (See 
example 5.2.) So, in this case, the interval of convergence is the half-open interval 
[—4, 4) and the radius of convergence is r — 4. ■ 



NOTES 

In example 6.3, the series for the 
endpoints of the interval of 
convergence are closely related. 
One is a positive term series of the 

oo 

form Yl a k ' while the other is the 

A-l 

corresponding alternating series 

oo 

£(— This is a common 

k=\ 

occurence. 



Notice that (as stated in Theorem 6.1) every power series ^ a^x — c) k converges at 

,t=o 

least for x — c since for x — c, we have the trivial case 



aic(x — c) k — a^c — c) k = an + ak® k — «o + 0 = ao- 



k=0 



k=Q 



k=\ 



EXAMPLE 6.4 A Power Series That Converges at Only One Point 

oo 

Determine the radius of convergence for the power series ^ kl(x — 5)*. 

k=0 

Solution From the Ratio Test, we have 



lim 


OA+1 


— lim 


k— >oo 


a k 


k— »oo 



(* + !)!(* -5) 



/- + ! 



lim 

k— »oo 



k\(x - 5) k 
(k+l)k\\x-5\ 
k\ 



= lim [(it + 1)|* -5| 



0, ifx = 5 
oo, if x ^ 5 



Thus, this power series converges only for x — 5 and so, its radius of convergence is 
r = 0. ■ 



Suppose that the power series ^) b^x — c) k has radius of convergence r > 0. Then the 

k=0 

series converges absolutely for all x in the interval (c — r, c + r) and so, defines a function 
/ on the interval (c — r,c + r), 



= H bk ( x ~ c ^ = bo + b x (x-c) + b 2 (x - cf + b 3 (x - c) 3 



k=0 



It turns out that such a function is continuous and differentiable, although the proof is 
beyond the level of this course. In fact, we differentiate exactly the way you might expect, 



Differentiating a power series 



/'(*) = "H^o + h(x - c) + b 2 (x - c) 2 + b 3 (x - c) 1 + ■■■] 
ax 

oo 

= h + 2b 2 (x -c) + 3b 3 (x — c) 2 H = b k k(x - c) 

k=\ 



k—\ 



where the radius of convergence of the resulting series is also r. Since we find the deriva- 
tive by differentiating each term in the series, we call this term-by-term differentiation. 
Likewise, we can integrate a convergent power series term-by-term, 
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Integrating a power series 




where the radius of convergence of the resulting series is again r and where K is a constant 
of integration. The proof of these two results can be found in a text on advanced calculus. 
It's important to recognize that these two results are not obvious. They are not simply an 
application of the rule that a derivative or integral of a sum is the sum of the derivatives or 
integrals, respectively, since a series is not a sum, but rather, a limit of a sum. Further, these 
results are true for power series, but are not true for series in general. 



EXAMPLE 6.5 A Convergent Series Whose Series 
of Derivatives Diverges 

~ sin(£r 3 x) 

Find the interval of convergence of the series > — and show that the series of 

k=\ k 2 

derivatives does not converge for any x. 



Solution Notice that 



sin(A: x) 



k 2 



< — , for all x , 
~ k 2 



1 



since |sin(A: 3 x)| < 1. Since ^ — is a convergent p-series (p — 2 > 1), it follows from 

k=\ k 
°° sin(A: 3 x) 

the Comparison Test that 2^ 5 — converges absolutely, for all x. On the other hand, 

k=0 k 

the series of derivatives (found by differentiating the series term-by-term) is 



E 

k=\ 



dx 



sin(fc 3 x) 
k 2 



^ k 3 cos(k 3 x) ^ , 
k=\ k k=\ 



which diverges for all x, by the Mi-term test for divergence, since the terms do not tend 
to zero as k — >• 00, for any x. m 



Keep in mind that ^ r — is not a power series. (Why not?) The result of example 

fc=i k 2 

6.5 (a convergent series whose series of derivatives diverges) cannot occur with any power 
series with radius of convergence r > 0. 

In example 6.6, we find that once we have a convergent power series representation for 
a given function, we can use this to obtain power series representations for any number of 
other functions, by substitution or by differentiating and integrating the series term -by-term. 



EXAMPLE 6.6 Differentiating and Integrating a Power Series 

00 11 

Use the power series V (— \) k x k to find power series representations of , 

*=o (l+x) 2 l+x 2 

and tan -1 x. 
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Solution Notice that 1) x — ^(—x) is a geometric series with ratio r — —x. 

k=0 k=0 

This series converges, then, whenever \r\ = \—x\ = \x\ < 1, to 

a 1 1 



1 - r 1 - i-x) 1 + x 

That is, for -1 < x < 1, = Y^-l)***. (6.2) 

1 + x f— ^ 



Differentiating both sides of (6.2), we get 



I oo 

— r = y^(-l) k kx k -\ for -1 < x < 1. 



d + ,=o 

Multiplying both sides by —1 gives us a new power series representation: 

I oo 

-J2(-l)^kx k -\ 



(l+x) 2 



valid for —1 < x < 1. Notice that we can also obtain a new power series from (6.2) by 
substitution. For instance, if we replace x with x 2 , we get 

i oo oo 

_L_ = ]T(-i)V)* = Ec-dv*, < 6 - 3 ) 

valid for — 1 < x 2 < 1 (which is equivalent to having x 2 < 1 or — 1 < x < 1). 
Integrating both sides of (6.3) gives us 

{-\) k x 2k+l 



(6.4) 



*=o ^ it=o 2A: + 1 

You should recognize the integral on the left-hand side of (6.4) as tan^ 1 x. That is 

(-l) k x 2k+1 
x — > 

.=o 2k + 1 

Taking x = 0 gives us 

- ln=V (-D^ + 1 
,=o 2k + 1 

so that c — tan -1 0 = 0. Equation (6.5) now gives us a power series representation for 
tan" 1 x, namely: 



he, for — 1 <x < 1. (6.5) 



' 0 = 5^ — 



(-l)* x 2*+l i i , 

tan x — > = x x H — x x + ■ ■ ■ , for — 1 < x < 1 . 



2A:+1 3 5 7 

In this case, the series also converges at the endpoint x — 1 . 

Notice that working as in example 6.6, we can produce power series representations 
of any number of functions. In section 9.7, we present a systematic method for producing 
power series representations for a wide range of functions. 



BEYOND FORMULAS 

x 

You should think of a power series as a different form for writing functions. Just as — 

e x 

can be rewritten as xe~ x , many functions can be rewritten as power series. In general, 
having another alternative for writing a function gives you one more option to consider 
when trying to solve a problem. Further, power series representations are often easier 
to work with than other representations and have the advantage of having derivatives 
and integrals that are easy to compute. 
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EXERCISES 9.6 



0) 



WRITING EXERCISES 



1. Power series have the form a kix — c ) k ■ Explain why the 

k=0 

farther x is from c, the larger the terms of the series are and the 
less likely the series is to converge. Describe how this general 
trend relates to the radius of convergence. 

oo 

2. Applying the Ratio Test to Y a ki x — cf requires you to eval- 

*=o 

k+l -(x — c) . As x 5^ c increases or decreases, 



uate lim 



\x — c\ increases. If the series has a finite radius of convergence 
r > 0, what is the value of the limit when \x — c\ =r1 Ex- 
plain how the limit changes when \x — c\ < r and \x — c\ > r 
and how this determines the convergence or divergence of the 
series. 



10* 



As shown in example 6.2, Y, (x 

If jc = 1001, the value of (x — 1) = 1000* gets very large very 
fast, as k increases. Explain why, for the series to converge, the 
value of k\ must get large faster than 1000*. To illustrate how 
fast the factorial grows, compute 50!, 100! and 200! (if your 
calculator can). 



4. In a power series representation of -Jx + 1 about c — 0, 
explain why the radius of convergence cannot be greater than 
1. (Think about the domain of *fx + 1.) 



In exercises 1-16, determine the radius and interval of 
convergence. 



OO } 



2 -E 



fe! 



4- E4* 



k=0 



fc=1 



k=0 

°° (-_!)*+' 
k4 k 



k=l 



7. J^kKx + lf 



2k+l 



oo 



9. ^](fc + 3) 2 (2x - 3)* 



8. E^-D 

k=i K 

OO i 

10. J2^ 3x + 2 ^ 



k=2 

oo 4 (; 



k=4 

°° (-1)* 



— k 2 k 2 



13. E^ + 2 )' 



i4. E ^ x+iy 



| In exercises 17 and 18, graph partial sums P^ix), P 9 (x) and 
Pu(x). Discuss the behavior of the partial sums both inside and 
outside the radius of convergence. 



17. exercise 3 



18. exercise 5 



In exercises 19-24, determine the interval of convergence and 
the function to which the given power series converges. 



19. ym + 2 ? 

k=0 
oo 

21. E( 2x - !)* 



20. EX* - 3 )* 

oo 

22. E(3jc + 1)* 



00 /x\* 

1)* converges for all x. 23. E^ -1 ^ ( ^ J 



24. 



OO t 

S 3 © 



In exercises 25-32, find a power series representation of /(x) 
about c = 0 (refer to example 6.6). Also, determine the radius 
and interval of convergence, and graph fix) together with the 



3 6 

■k nnd V" „ 



partial sums Y a kX k and Y a k x 

k=0 *=0 



25. /(x) = 

27. /(x) = 

29. /(*) = 

31. /(x) = 



1 - X 

3 

1 +x 2 

2x 
1 -x 3 

2 

4 + x 



26. /(x) = 

28. /(x) = 

30. /(x) = 

32. /(x) = 



X - 1 

2 

3x 
1 +x 2 
3 

6 — x 



In exercises 33-38, find a power series representation and 
radius of convergence by integrating or differentiating one of 
the series from exercises 25-32. 



33. /(x) = 3tan" 1 x 



35. f(x) 



2a 



(1 - x 2 ) 2 



37. f(x) = ln(l +x 2 ) 



34. f(x) = 21n(l -x) 

36. fix) = — - 

J (x - l) 2 

38. fix) =ln(4+x) 



In exercises 39-42, find the interval of convergence of the (non- 
power) series and the corresponding series of derivatives. 



39. E 



cos(fc 3 x) 

k 2 



40. E 



cos(x/fc) 
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43. For any constants a and b > 0, determine the interval and 

» {x - af 

radius of convergence of Y : . 

k=o b k 

oo 

44. Prove that if Y a kX k has radius of convergence r, with 

ifc=0 

oo 

0 < r < oo, then Y a k x 2k has radius of convergence -Jr. 

k=0 



term-by-term, (a) f(x) = £(-1)***; (b) f(x) = Y Vkx k ; 

k=0 k=0 

oo I 

(c) f(x) = Y -x k . Based on the examples in this exercise, 

does integration make it more or less likely that the series will 
converge at the endpoints? 



45. If Y a k x has radius of convergence r, with 0 < r < oo, 

k=Q 

oo 

determine the radius of convergence of Y a k(x — c) k for any 

k=0 

constant c. 

oo 

46. If Y a kX k has radius of convergence r, with 0 < r < oo, deter- 

k=0 

oo /x\ k 

mine the radius of convergence of Y a k I — I for an y constant 

k=o K b/ 

x + 1 T^ + l 

47. Show that f(x) = = has the power se- 

(1 — x) 2 1 — x 

ries representation f(x) — 1 + 3x + 5x 2 + 7x 3 + 9x 4 + ■ ■ ■ . 

Find the radius of convergence. Set x — and discuss the 

1000 
. 1,001,000 

interesting decimal representation of . 

998,001 



APPLICATIONS 

55. A discrete random variable that assumes value k with proba- 

oo 

bility p k for k — 1, 2, • • • , has expected value Y kpk- A gen- 

k=l 

oo 

erating function for the random variable is F(x) — Y PxX k . 

k=l 

Show that F'(l) equals the expected value. 

56. An electric dipole consists of a charge q at x = 1 and a 
charge — q at x — — 1. The electric field at any x > 1 is given 

by E(x) = 



(x - l) 2 (x + l) 2 
power series representation for E(x) 



, for some constant k. Find a 



48. Show that the long division algorithm produces 

1 j , 

I + x + x~ + x +•■■. Explain why this equation 



1 -x 
is not valid for all x. 



49. Define /(. 



f x 2t 



dt. Find a power series for / and 



determine its radius of convergence. Graph /. 

r 2 

50. Define fix) — I -dt. Find a power series for f and 

Jo l + « 4 

determine its radius of convergence. Graph /. 
f 1 l+x 2 

51. Evaluate J — - — -dx by (a) integrating a power series and 

(b) rewriting the integrand as 

1 1 

+ 



1 + (1 - V2x) 2 1 + (1 + V2x) 2 



52. Even great mathematicians can make mistakes. Leon- 

x x 

hard Euler started with the equation 1 = 0, 

H x-l 1 - x 

1 x 

rewrote it as 1 = 0, found power 

1 - l/x 1 - x 
series representations for each function and concluded that 

1 1 , 
h-H h 1 + x + x l -\ = 0. Substitute x = 1 to 

X 2 X 

show that the conclusion is false, then find the mistake in 
Euler's derivation. 



53. For 0 < p < 1, evaluate Y k(k — l)p k 



and 



OO OO / i \ 

Y k(k -l)(k- 2)p k -\ Generalize to Y ( „ ) P k ~" for 

k=3 k=n > ' 

positive integers n. 

54. For each series /(x), compare the intervals of convergence 
of /(x) and f f(x)dx, where the antiderivative is taken 



EXPLORATORY EXERCISES 

Note that the radius of convergence in each of exercises 25-29 
is 1. Given that the functions in exercises 25, 26, 28 and 29 
are undefined at x = 1 , explain why the radius of convergence 
can't be larger than 1. The restricted radius in exercise 27 can 
be understood using complex numbers. Show that 1 + x 2 = 0 
for x = ±i, where i — ■sf—l. In general, a complex number 
a + b i is associated with the point (a, b). Find the "distance" 
between the complex numbers 0 and ( by finding the 
distance between the associated points (0, 0) and (0, 1 ). Discuss 
how this compares to the radius of convergence. Then use the 
ideas in this exercise to quickly conjecture the radius of 
convergence of power series with center c = 0 for the func- 

4 2 2 

tions /(x) = , /(x) = — — and /(x) = — — -. 

l + 4x 4 + x 4 + x 2 

Let lfk(x)} be a sequence of functions defined on a set E. 

The Weierstrass M-test states that if there exist constants 

oo 

Mk such that |/t(x)| < M* for each x and Y Mk converges, 



then Y fk(x) converges (uniformly) for each x in E. Prove 

A-=l ' 

oo J oo 

that Y ~i n an d x 2 e converge (uniformly) for all 

t . =1 fc 2 + x 2 k= i 

x. "Uniformly" in this exercise refers to the rate at which the 
infinite series converges to its sum. A precise definition can be 
found in an advanced calculus book. We explore the main idea 
of the definition in this exercise. Explain why you would expect 

oo 

the convergence of the series Y ~^ r t0 be slowest at x =0. 

k= i k 2 +x 2 

Now, numerically explore the following question. Defining 
~ 1 " 1 

fix) = Y k 2 +x 2 alld = £ k 2 +x 2 ' 1S there an mte " 

ger N such that if n > N then \f(x) - S„(x)\ < 0.01 forallx? 
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Q) 9 - 7 



TAYLOR SERIES 



Taylor Series Expansion 
of f{x) about x — c 



O Representation of Functions as Power Series 

In this section, we develop a compelling reason for considering series. They are not merely 
a mathematical curiosity, but rather, are an essential means for exploring and computing 
with transcendental functions (e.g., sinx, cosx, lnx, e x , etc.). 

oo 

Suppose that the power series ^ bk(x — cf has radius of convergence r > 0. As we've 

(fc=0 

observed, this means that the series converges absolutely to some function / on the interval 
(c — r,c + r). We have 

oo 

/(*) = h(x - cf = b 0 + h(x -c) + b 2 (x - cf + b 3 (x - cf + b A (x - cf + • • • , 

k=0 

for each x e (c — r, c + r). Differentiating term-by-term, we get that 



fix) = hk{x - c) k ~ l =h + 2b 2 (x -c) + 3b 3 (x - cf + 4b 4 (x - cf 



k=0 

again, for each x e (c — r, c + r). Likewise, we get 



f"(x) = b kKk - l)(x - cf~ 2 = 2b 2 + 3- 2b 3 (x - c) + 4 ■ 3b 4 (x - cf + ■ ■ ■ 

k=0 

oo 

and /'"OO = bkk{ - k ~ _ 2)(x " c) *~ 3 = 3 • 2/? 3 + 4 • 3 ■ 2b 4 (x - c) + ■ ■ ■ 

k=0 

and so on (all valid for c — r < x < c + r). Notice that if we substitute x — c in each of 
the above derivatives, all the terms of the series drop out, except one. We get 

f(c) = b Q , 
f'(c) = b u 
f"(c) = 2b 2 , 
f"'(c) = 3! b 3 

and so on. Observe that in general, we have 

f ik \c) = k\b k . (7.1) 

Solving (7.1) for bk, we have 

b k = J - — — , for£ = 0, 1,2, .... 
kl 

oo 

To summarize, we found that if ^ b k (x — cf is a convergent power series with radius of 

k=0 

convergence r > 0, then the series converges to some function / that we can write as 

oo oo f(k)( c \ 

fix) = J2 b ^ x - = E ~r^ {x ~ c)k ' f °* x e ( c - r > c + '•)• 

*=() k=0 

Now, think about this problem from another angle. Instead of starting with a series, 
suppose that you start with an infinitely differentiable function, / (i.e., / can be differentiated 
infinitely often). Then, we can construct the series 



k=0 



called a Taylor series expansion for/ (See the historical note on Brook Taylor in section 
6.2.) There are two important questions we need to answer. 



• Does a series constructed in this way converge and, if so, what is its radius of 
convergence? 

• If the series converges, it converges to a function. Does it converge to/? 
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REMARK 7.1 



The special case of a Taylor 
series expansion about x — 0 
is often called a Maclaurin 
series. (See the historical note 
about Colin Maclaurin in 
section 9.3.) That is, the series 

x k is the Maclaurin 

k=o k\ 

series expansion for/. 



Taylor polynomial 




FIGURE 9 

y — e* and y - 



39a 



We can answer the first of these questions on a case-by-case basis, usually by applying 
the Ratio Test. The second question will require further insight. 



EXAMPLE 7. 1 Constructing a Taylor Series Expansion 

Construct the Taylor series expansion for f(x) = e x , about x — 0 (i.e., take c = 0). 
Solution Here, we have the extremely simple case where 

f'(x) = e x , f"(x) = e x and so on, f k \x) = e x , for k = 0, 1, 2 

This gives us the Taylor series 



y ^-^(x - o)* = y -jc* = y - 



From the Ratio Test, we have 



lim 

k— »oo 



|x|* +I A:! 
lim - = kl lim 



kl 



k^oo (k+ 1)! 1*1* 

1 

x lim 



k^oo k + 1 



x|(0) = 0<l, for all x. 



So, the Taylor series J2 ~ x>c converges absolutely for all real numbers x. At this point, 



k=0 



though, we do not know the function to which the series converges. (Could it be e x l) 

Before we present any further examples of Taylor series, let's see if we can determine 
the function to which a given Taylor series converges. First, notice that the partial sums of 
a Taylor series (like those for any power series) are simply polynomials. We define 

P, lW = y^(*- C )* 



k=0 



/(c) + f'(c)(x -c)+ ^{x - cf + 



fW(c) 



2! 



Observe that P n (x) is a polynomial of degree n, as 



(x-c)". 



kl 



is a constant for each k. We refer 



to P„ as the Taylor polynomial of degree n for/ expanded about x — c. 



EXAMPLE 7.2 Constructing and Graphing Taylor Polynomials 

For fix) — e* , find the Taylor polynomial of degree n expanded about x — 0. 

Solution As in example 7.1, we have that f (k \x) = e x , for all k. So, we have that the 
nth-degree Taylor polynomial is 



Pn(x) 



» /«(0) 

k=0 



k\ 



o)* = £ 



E 

k=0 



1 



X 

2! 



kl 
3\ 



Since we established in example 7.1 that the Taylor series for f(x) = e x about x — 0 
converges for all x, this says that the sequence of partial sums (i.e., the sequence of 
Taylor polynomials) converges for all x. In an effort to determine the function to which 
the Taylor polynomials are converging, we have plotted P\{x), P2W, P-i{x) and Pa,{x), 
together with the graph of f(x) = e x in Figures 9.39a-d, respectively. 

Notice that as n gets larger, the graphs of P„(x) appear (at least on the interval 
displayed) to be approaching the graph of f(x) = e x . Since we know that the Taylor 
series converges and the graphical evidence suggests that the partial sums of the series 
are approaching f(x) — e x , it is reasonable to conjecture that the series converges to e x . 
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FIGURE 9.39b FIGURE 9.39c FIGURE 9.39d 

y — e x and y — Piix) y — e x and y — Pi(x) y — e x and y — P${x) 



This is, in fact, exactly what is happening, as we can prove using Theorems 7.1 
and 7.2. ■ 



THEOREM 7.1 (Taylor's Theorem) 






Suppose that/ has (n + 1) derivatives on the interval (c — r, c + 


r), for some r 


> 0. 


Then, for x e (c — r, c + r), fix) ^ P n (x) and the error in usinj 


• P„ix) to 




approximate fix) is 






R„(x) = fix) - P„ix) = J ) ix - c)' H 
in + 1)! 


1 


(7.2) 


for some number z between x and c. 







REMARK 7.2 



Observe that for n — 0, Taylor's 
Theorem simplifies to a very 
familiar result. We have 



Roix) = f(x) - Poix) 



fit) 



ix - c) 



0+1 



(0+ 1)! 

Since Poix) — /(c), we have 
simply 

fix) - fic) = f'iz)ix - c). 
Dividing by (x — c), gives us 
fix) ~ fic) , . 

= / (z), 

x — c 

which is the conclusion of the 
Mean Value Theorem. In this 
way, observe that Taylor's 
Theorem is a generalization of 
the Mean Value Theorem. 



The error term R„ix) in (7.2) is often called the remainder term. Note that this term 
looks very much like the first neglected term of the Taylor series, except that is 
evaluated at some (unknown) number z between x and c, instead of at c. This remainder 
term serves two purposes: it enables us to obtain an estimate of the error in using a Taylor 
polynomial to approximate a given function and, as we'll see in Theorem 7.2, it gives us 
the means to prove that a Taylor series for a given function/ converges to/. 

The proof of Taylor's Theorem is somewhat technical and so we leave it for the end of 
the section. 

Note: If we could show that 

lim R„ix) = 0, for all x in (c — r, c + r), 

n— >oo 

then we would have that 

0 = lim R„ix) = lim [/(*) - />„(*)] = fix) - lim P„(x) 

n — ^00 n — > 00 «— » 00 

or lim P n ix) — fix), for all x e (c — r, c + r). 

n— *-oo 

That is, the sequence of partial sums of the Taylor series (i.e., the sequence of Taylor 
polynomials) converges to fix) for each x e ic — r, c + r). We summarize this in Theorem 
7.2. 
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THEOREM 7.2 

Suppose that/ has derivatives of all orders in the interval (c — r, c + r), for some 
r > 0 and lim R„(x) = 0, for all x in (c — r, c + r). Then, the Taylor series for/ 

n— >oo 

expanded about x — c converges to f(x), that is, 
for all x in (c — r, c + r). 



We now return to the Taylor series expansion of f(x) = e x about x — 0, constructed 
in example 7. 1 and investigated further in example 7.2 and prove that it converges to e x , as 
we had suspected. 



EXAMPLE 7.3 Proving That a Taylor Series Converges 
to the Desired Function 

Show that the Taylor series for f(x) — e x expanded about x — 0 converges to e x . 

OO j 

Solution We already found the indicated Taylor series, / — x k in example 7.1. 

k=0 

Here, we have f^ k \x) = e x , for all k = 0, 1, 2, This gives us the remainder term 



i?„( x ) = I ^±{ X - 0)" +1 = x"+\ (7.3) 

(«+ 1)! («+ 1)! 

where z is somewhere between x and 0 (and depends also on the value of n). We first 
find a bound on the size of e z . Notice that if x > 0, then 0 < z < x and so, 

e < e x . 

If x < 0, then x < z < 0, so that 

e*<e°=l. 

We define M to be the larger of these two bounds on e z . That is, we let 

M — max{e v , 1}. 

Then, for any x and any «, we have 

e z < M. 

Together with (7.3), this gives us the error estimate 

]R " (x)] = r^^7 |x| " +1 - M ~r^- (7 - 4) 

(n + 1)! (« + 1)! 



To prove that the Taylor series converges to e x , we want to use (7.4) to show that 
lim R„(x) = 0, for all x. However, for any given x, we cannot compute lim 



x| n+1 



n^oo (n + 1)! 

directly. Instead, we use the following indirect approach. We test the series > 

using the Ratio Test. We have 



lim 



\x\"+ 2 (n+ 1)1 1 
= lim — — = \x\ lim = 0 < 1, 

n^oo(n+2)! b-mk n + 2 



00 + 1 

for all x. This says that the series V converges absolutely for all x. By the 

n =o (n + 1)! 

£th-term test for divergence, it then follows that the general term must tend to 0 as 
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n — > oo, for all x. That is, 



\n+\ 



lim 



0 



n->oo (n + 1)! 

and so, from (7.4), lim R n (x) — 0, for all x. From Theorem 7.2, we now conclude that 

n—>oo 

the Taylor series converges to e x for all x. That is, 



OO i 

e * = y l^l^- 




3 4 


x 2 


X X 




-v.- 


y. • 4! ••••• 



(7.5) 



When constructing a Taylor series expansion, first accurately calculate enough deriva- 
tives for you to recognize the general form of the nth derivative. Then, show that 
Rn(x) — >■ 0, as n — > oo, for all x, to ensure that the series converges to the function you are 
expanding. 

One of the reasons for calculating Taylor series is that we can use their partial sums to 
compute approximate values of a function. 





M I 


M 








5 


2.716666667 


10 


2.718281801 


15 


2.718281828 


20 


2.718281828 



EXAMPLE 7.4 Using a Taylor Series to Obtain an Approximation of e 

Use the Taylor series for e x in (7.5) to obtain an approximation to the number e. 
Solution We have 

OO -. OO -i 

e = e 1 = Y±l k = Y±. 



jfc=0 jfc=0 

We list some partial sums of this series in the accompanying table. From this we get the 
very accurate approximation 

e » 2.718281828. ■ 



EXAMPLE 7.5 A Taylor Series Expansion of sin x 

Find the Taylor series for fix) — sinx, expanded about x = j and prove that the series 
converges to sin x for all x. 

Solution In this case, the Taylor series is 

OO f(k) jw\ k 

First, we compute some derivatives and their value at x = \ . We have 



fix) = 


sinx 


/(f) = 


1. 


fix) = 


cosx 


/'(!) = 


0. 


fix) = 


—sinx 


/"(!) = 


-1, 


fix) = 


— cosx 


f'"(i) = 


0. 


f (4 \x) = 


sinx 


/( 4) (f) = 


1 



and so on. Recognizing that every other term is zero and every other term is ±1, we see 
that the Taylor series is 

£^-l)'-^-^(<-f) 4 4(*-7) 6 +--- 



to w v 2 



2k 



2/ 
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To test this series for convergence, we consider the remainder term 



\R n (x)\ 



(n + 1) 



(7.6) 



for some z between x and f . From our derivative calculation, note that 



/ («+D (z) 



± cos z, if n is even 
± sinz, if n is odd 



From this, it follows that \f {n+l \z)\ < 1, 

for every n. (Notice that this is true whether n is even or odd.) From (7.6), we now have 



\R«(x)\ = 



f" +1) (z) 



(n + 1)! 



n+l 



1 



(n + l)! 



0. 



as n — >■ oo, for every x, as in example 7.3. This says that 



sinx 



=E^(--r=i- i (--) 2 + i (---) 4 

(2k)\ \ 2 J 2\ 2/ 4! V 2/ 



for all x. In Figures 9.40a-d, we show graphs of f(x) = sinx together with the Taylor 
polynomials Pjix), Pa{x), P(,(x) and P%(x) (the first few partial sums of the series). 
Notice that the higher the degree of the Taylor polynomial is, the larger the interval is 
over which the polynomial provides a close approximation to f(x) = sinx. 



y = P 2 (x) 



\ 1 1 — 




FIGURE 9.40a 

y = sinx and y — P 2 (x) 



, 1- 


y = P4x) 
<■ — 1 1 — ft— h/h — i — ► 


— 1 HH — ) 

-2 \ / 


2 \ 4 / 6 




— 1 ^/ 

y = sin x 



FIGURE 9.40b 

y = sinx and y — Pn{x) 



\ — I — I — *-x 



y — sm x 




FIGURE 9.40c 

y — sinx and y — P(,{x) 



y = W 




FIGURE 9.40d 

y — sinx and y — P%(x) 



In example 7.6, we illustrate how to use Taylor's Theorem to estimate the error in using 
a Taylor polynomial to approximate the value of a function. 
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EXAMPLE 7.6 Estimating the Error in a Taylor 
Polynomial Approximation 

Expand fix) — lnx in a Taylor series about a convenient point and use a Taylor 
polynomial of degree 4 to approximate the value of ln(l.l). Then, estimate the error in 
this approximation. 

Solution First, note that since In 1 is known exactly and 1 is close to 1 . 1 (why would 
this matter?), we expand fix) — hue in a Taylor series about x = 1. We compute an 
adequate number of derivatives so that the pattern becomes clear. We have 



f(x) = In* 


/(D = o 


fix) = x~ l 


/'(I) = 1 


f"{x) = -x- 2 


/"(l) = -1 


fix) = 2x" 3 


/'"(I) = 2 


fW(x) = -3 ■ 2x~ 4 


f 4 \l) = -3! 


f 5 \x) = 4! x- 5 


/ (5) (D = 4! 


f k \x) = {-\f+\k- l)\x~ k 





We get the Taylor series 



£ 

k=0 



k\ 



f(k)(1) ix - If 

ix - 1) - Ux - l) 2 + l(x - l) 3 + ■ • • + (-1)*+ 



i (*-!)» 



(x - If + 




y = W 



FIGURE 9.41 

}> = lnx and y = /^(x) 



We leave it as an exercise to show that the series converges to fix) = lnx, for 
0 < x < 2. The Taylor polynomial P 4 (x) is then 



1 , 1 , 1 

(x-l)--(x-l) 2 +-(x-l) 3 -- 



(x - l) 4 



We show a graph of y — lnx and y — P^x) in Figure 9.41. Taking x = 1.1 gives us the 
1 — ► a" approximation 

ln(l.l) « P 4 (l.l) = 0.1 - ^(O-l) 2 + ^(O- 1 ) 3 - ^(O- 1 ) 4 ^ 0.095308333. 
We can use the remainder term to estimate the error in this approximation. We have 
\Error\ = |ln(l.l) - P 4 (l.l)| = \R 4 ilA)\ 



f i4+l) (z) 



(4+1)! 



(1.1-1) 



4+1 



4!lz|- 5 



(0-D 5 , 



5! 



where z is between 1 and 1.1. This gives us the following bound on the error: 

0.000002, 



. (0.1) 5 (0.1) 5 
\trror\ — r < 



1 1 

since 1 < z < 1 . 1 implies that - < - 

z 1 

ln(l.l) » 0.095308333 is off by no more than ±0.000002. 



5z 5 5(1 5 ) 

1 . This says that the approximation 
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A better question related to example 7.6 is to determine how many terms of the Taylor 
series are needed in order to guarantee a given accuracy. We use the remainder term to 
accomplish this in example 7.7. 



{ — 




FIGURE 9.42 

: In x and y — Pg(x) 



EXAMPLE 7.7 



Finding the Number of Terms Needed 
for a Given Accuracy 



Find the number of terms in the Taylor series for f(x) = In x expanded about x — 1 
that will guarantee an accuracy of at least 1 x 10~ 10 in the approximation of (a) ln(l.l) 
and(b)ln(1.5). 

Solution (a) From our calculations in example 7.6 and (7.2), we have that for some 
number z between 1 and 1.1, 

f {n+x \z), 



1^,(1-1)1 = 



(n + 1)! 

!l„|-n-l 



(1.1-1) 



n+l 



n]\z 



-(0.1)" +1 = 



(n + 1) 



(0.1) 



n+l 



(0.1) 



n+l 



(n + l)z 



n+l 



1 



Further, since we want the error to be less than 1x10 10 , we require that 



(0 1V +1 

|i?„(l.l)| < - < 1 x 10-'°. 
n + l 

You can solve this inequality for n by trial and error, to find that n — 9 will guarantee 
the required accuracy. Notice that larger values of n will also guarantee this accuracy, 
(0.1)" +1 

is a decreasing function of n. We then have the approximation 



since 



+ 1 

9 (-l) i+1 
\n{l.Y)* P 9 {\.\) = Y J -^— (1-1 

1 



1/ 



(0.1) - -(0.1) 2 + -(0.1) 3 - -(0.1) 4 



:(0.1) 5 



- Vd 6 

6 



-(0.1) 7 - -(0.1) 8 + -(0.1) 9 
7 8 9 



« 0.095310179813, 

which from our error estimate we know is correct to within ±1 x 10~ 10 . We show a 
graph of y — hue and y = Pg(x) in Figure 9.42. In comparing Figure 9.42 with 
Figure 9.41, observe that while Pg(x) provides an improved approximation to P^ix) 
over the interval of convergence (0, 2), it does not provide a better approximation 
outside of this interval. 

(b) Similarly, notice that for some number z between 1 and 1.5, 



1^(1-5)1 



f (n+l Kz) 



yi+l 



(n + 1)! 

(0.5)" +1 
(n + l)z 



(1.5-1) 

(0.5)" +1 
n + l 



n\ z 



(n + l) 



-(0.5) 



n+l 



n+l 



1 1 

since 1 < z < 1.5 implies that — < — = 1. So, here we require that 

z 1 



I /?„(!. 5)| < 



(0.5) 



n+l 



1 



< 1 x 10" 



Solving this by trial and error shows that n — 28 will guarantee the required accuracy. 
Observe that this says that to obtain the same accuracy, many more terms are needed to 
approximate /(1.5) than for /(l .1). This further illustrates the general principle that the 
farther away x is from the point about which we expand, the slower the convergence of 
the Taylor series will be. ■ 
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For your convenience, we have compiled a list of common Taylor series in the following 
table. 



Taylor Series 


Interval of 
Convergence 


Where to Find 


00 1 111 

e* = Y-x l = l+x+-x 2 +-x 3 +-x 4 + -.. 

2 3! 4! 


(—00, 00) 


examples 7.1 and 7.3 


sinx^y x 2 * +I = * *x 3 + *x 5 1 x 7 + .-. 
Jq^ (2A: + 1)! 3! 5! 7! 


(—00, 00) 


exercise 2 


f 1)* 2A 1 1 ? , 1 4 1 6 , 
cosx = > x =1 x H x x + • • • 

(2fc)! 2 4! 6! 


(—00, 00) 


exercise 1 


^(-1)* / Tt\ lk , 1 / JtV 1 / 7T\ 4 

sin x = > x I =1 x I H x I — ••• 

^ (2*)! V 2; 2V 2; 4! V 2 J 


(—00, 00) 


example 7.5 


lnx = V (x - 1)* = {x - 1) - -(x - l) 2 + -(x - l) 3 - • • • 
k=i k Li 


(0, 2] 


examples 7.6, 7.7 


°° (—^'\ k 1 1 1 
tan-'x = y ( ' x 2 *+> = x x 3 + x 5 x 7 + • • ■ 
2fc + 1 3 5 7 


(-1. 1) 


example 6.6 



Notice that once you have found a Taylor series expansion for a given function, you 
can find any number of other Taylor series simply by making a substitution. 



EXAMPLE 7.8 Finding New Taylor Series from Old Ones 

Find Taylor series in powers of x for e 2x , e x and e~ 2x . 

Solution Rather than compute the Taylor series for these functions from scratch, recall 
that we had established in example 7.3 that 

e> = Y -t k = 1 + t + -t 2 + -t 3 + -t 4 +-.., (7.7) 
£—1 ]A 2 3 4' 

for all t e (—00, 00). Taking t = 2x in (7.7), we get the new Taylor series: 

00 1 00 r,k 92 o3 

e 2x = y -{2xf = y -x k = 1 + 2x + -x 2 + -x 3 + ■ • ■ . 
"it' "it' 2' 3' 

Similarly, setting t — x 2 in (7.7), we get the Taylor series 

00 1 00 1 11 

e x = y -{x 2 f = T - x 2k = 1 + x 2 + -x 4 +-x 6 + ---. 

it 1 2' 3' 

k=o K - k=o J - 

Finally, taking t — — 2x in (7.7), we get 

e - 2r = y -(-2x) k = y ( -^-2 k x k = \-2x + -x 2 - -x 3 + ■■■. 
" it' y i—i £! 2 3 

Notice that all of these last three series converge for all x e (—00, 00). (Why is that?) ■_ 



O Proof of Taylor's Theorem 

Recall that we had observed that the Mean Value Theorem is a special case of Taylor's 
Theorem. As it turns out, the proof of Taylor's Theorem parallels that of the Mean Value 
Theorem, as both make use of Rolle's Theorem. As with the proof of the Mean Value 
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Theorem, for a fixed x e (c — r, c + r), we define the function 

g(t) = f{x) - f{t) - f'it)ix -t)- ^ f"it)ix - tf - j/"{t)ix - tf 
I ( x _ 

f ( "\t)ix - t)" - RJx) —r, 

nV V A ' " V ' ix-c) n + l 
where R„ix) is the remainder term, R„ix) = fix) — P„ix). If we take t — x, notice that 

gix) = fix) - fix) - 0- 0 0 = 0 

and if we take f = c, we get 

gic) = fix) - fic) - f'ic)ix - c) - ^f"ic)ix - cf - i/"'(c)(x - cf 



2!' 



1 ,™ , „ , s (x ~ c)" +l 



:f w ic)ix - cf - R n ix) '— 

n\ ix — c)" +1 

= fix) - P n ix) - RJX) = R n ix) - R n ix) = 0. 

By Rolle's Theorem, there must be some number z between x and c for which g'iz) — 0. 
Differentiating our expression for git) (with respect to f), we get (beware of all the product 
rules!) 

g'it) = 0 - fit) - /'(f)(-D - f"it)ix - o - i/"(0(2)(* - OC-D 

- 0 2 -^/ W (0(n)(* " O^'C-D 

2 «! 

1 r„ A n „ in + l)ix - t)"i-l) 

f n+1 \t)ix - ty - R„ix) K - 



n\ J (x-c)" +1 

= -^ +1 \m x -tr + R n i X ) in + l)ix - tr 



ix - c)" +1 ' 

after most of the terms cancel. So, taking t — z, we have that 

0 = ^z) = -I/(«+')( z )(x - Z )« + R n {x) {n ^ m ~f . 

n\ ix — c)" +l 

Solving this for the term containing R„ix), we get 



(x — c)" +1 

and finally, 



1 c r _ r l"+ 1 

Rnix )=l 7 f^) iz)ix _ zT ^ ^ 



(n + 1) 
as we had claimed. 



nl in + l)ix-z) n 

ix-c) n+ \ 



BEYOND FORMULAS 

You should think of this section as giving a general procedure for finding power series 
representations, where section 9.6 solves that problem only for special cases. Further, 
if a function is the sum of a convergent power series, then we can approximate the 
function with a partial sum of that series . Taylor's Theorem provides us with an estimate 
of the error in a given approximation and tells us that (in general) the approximation is 
improved by taking more terms. 
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EXERCISES 9.7 



0) 



5) WRITING EXERCISES 



1. Describe how the Taylor polynomial of degree n = 1 compares 
to the linear approximation. (See section 3.1.) Give an analo- 
gous interpretation of the Taylor polynomial of degree n — 2. 
How do various graphical properties (position, slope, concav- 
ity) of the Taylor polynomial compare with those of the func- 
tion fix) at x — c? 

2. Briefly discuss how a computer might use Taylor polynomi- 
als to compute sin(l .2). In particular, how would the computer 
know how many terms to compute? How would the number of 
terms necessary to compute sin(1.2) compare to the number 
needed to compute sin(lOO)? Describe a trick that would make 
it much easier for the computer to compute sin(lOO). (Hint: 
The sine function is periodic.) 

3. Taylor polynomials are built up from a knowledge of 
/( c )> /'( c )i /"(c) and so on. Explain in graphical terms why 
information at one point (e.g., position, slope, concavity, etc.) 
can be used to construct the graph of the function on the entire 
interval of convergence. 

4. If /(c) is the position of an object at time t — c, then f'(c) 
is the object's velocity and /"(c) is the object's acceleration 
at time c. Explain in physical terms how knowledge of these 
values at one time [plus /'"(c), etc.] can be used to predict the 
position of the object on the interval of convergence. 

5. Our table of common Taylor series lists two different series for 
sin x. Explain how the same function could have two differ- 
ent Taylor series representations. For a given problem (e.g., 
approximate sin 2), explain how you would choose which 
Taylor series to use. 

6. Explain why the Taylor series with center c = 0 of 
fix) — x 1 — 1 is simply x 2 — 1. 



In exercises 1-8, find the Maclaurin series (i.e., Taylor series 
about c = 0) and its interval of convergence. 



1. f(x) — cosx 

3. f{x) = e 2 * 

5. f(x) = ln(l +x) 

7. /(x) = 1/(1 +x) 2 



2. fix) — sinx 

4. f(x) — cos 2x 

6. f(x) = e- x 

8. f{x) = 1/(1 - x) 



In exercises 9-14, find the Taylor series about the indicated 
center and determine the interval of convergence. 



9. f(x) = e x - [ ,c= 1 
11. f(x) — lnx, c — e 

13. /(*)= -,c=l 
x 



10. f{x) — COSX, C = — 7T/2 

12. f{x) = e*,c = 2 



14. /(*) = 



1 



x + 5 



,c = 0 



In exercises 15-20, graph fix) and the Taylor polynomials for 
the indicated center c and degree n. 

15. fix) = -y/x, c — 1, n — 3; n = 6 
1 



16. fix): 



0, n = 4; n = 8 



1+x 

17. fix) = e", c = 2,n = 3;n = 6 

18. fix) — cosx, c = 7r/2, n — 4; n — 8 

19. fix) = sin" 1 x, c = 0, n = 3; n = 5 
2 



20. fix): 



6, n — 4; n — 8 



In exercises 21-24, prove that the Taylor series converges to / (x) 
by showing that R n ix) — > 0 as n — > oo . 

_2t+l 



k=0 



21. sinx = V(-l)*^— 

fcr (2k+iy. 



22. cosx = V(-l)* — 



(2k) I 



23. lnx = V (-1)* +1 ( JLJl, 1 < x < 2 



24. e-* = 



| In exercises 25-28, (a) use a Taylor polynomial of degree 4 to 
approximate the given number, (b) estimate the error in the 
approximation and (c) estimate the number of terms needed in 
a Taylor polynomial to guarantee an accuracy of 10" 10 . 



25. ln(1.05) 
27. VTTT 



26. ln(0.9) 
28. J\2 



In exercises 29-34, use a known Taylor series to find the Taylor 
series about c = 0 for the given function and find its radius of 
convergence. 

e* - 1 



29. fix) = e~ 3 * 
31. /(x) = xe-* 2 
33. fix) — x sin2x 



30. /(x) = 

X 

32. fix) — sinx 2 
34. fix) = cosx 3 



In exercises 35-38, use a Taylor series to verify the given 
formula. 



2* 



35. y - = 



37. yt}L 



JT 

4 



36. y ( 1)77 = 0 

38 . £izi^= ln2 

*=i * 
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In exercises 39-42, name the method by stating the 
best method (geometric series, substitution, differentiation/ 
antidifferentiation, Taylor series) for finding a power series rep- 
resentation of the function. 



39. (a) /(*) = (!-*)- 



(b) /(*) = 



x + x 2 

40. (a) /(x) = cos(x 3 ) (b) /(x) = cos 3 x 



41. (a) /(x) = tanh" 1 x 



42. (a) /(x) = 



(b) /(x) = tan" 1 * 



(b) f(x) = e 



43. You may have wondered why it is necessary to show that 
lim R„(x) — 0 to conclude that a Taylor series converges 

' ' . Show that 

0, if x = 0 

e -i/A 2 

/'(0) = f'(0) = 0. (Hint: Use the fact that lim = 0 

h->0 h" 

for any positive integer n.) It turns out that / <n) (0) = 0 for 
all n. Thus, the Taylor series of /(x) about c — 0 equals 0, a 
convergent "series" that does not converge to /(x). 

44. In many applications, the error function 

2 r* _ 2 

erf(x) = — — / e " du is important. Compute and graph 
the fourth-order Taylor polynomial for erf(x) about c = 0. 



53. Find the first five terms in the Taylor series about c = 0 for 
f{x) — e* sin* and compare to the product of the Taylor 
polynomials about c = 0 of e x and sinx. 

54. Find the first five terms in the Taylor series about c — 0 
for /(*) = tanx and compare to the quotient of the Taylor 
polynomials about c = 0 of sinx and cosx. 

55. Find the first four nonzero terms in the Maclaurin series of 

"^i, x^O 



/(*) = 
for sinx. 



x = 0 



and compare to the Maclaurin series 



56. Find the Taylor series of /(*)=* In* about c — 1. Compare 
to the Taylor series for lnx about c = 1. 

57. Find the Maclaurin series of /(x) = coshxand/(x) = sinhx. 
Compare to the Maclaurin series of cosx and sinx. 

58. Use the Maclaurin series for tan x and the result of exercise 57 
to conjecture the Maclaurin series for tanhx. 



Determine how 



59. We have seen that sin 1 = 1 - i + i + ■ 
many terms are needed to approximate sin 1 to within 10 -5 . 
Show that sin 1 = f Q cosxdx. Determine how many points 
are needed for Simpson's Rule to approximate this integral to 
within 10 -5 . Compare the efficiency of Maclaurin series and 
Simpson's Rule for this problem. 

60. As in exercise 59, compare the efficiency of Maclaurin series 
and Simpson's Rule in estimating e to within 10 -5 . 



Exercises 45-48 involve the binomial expansion. 

45. Show that the Maclaurin series for (1+x)' is 

r(r-l)---(r-fc+l) t 
1 + > x , tor any constant r. 

k=\ *' 

46. Simplify the series in exercise 45 for r — 2; r — 3; r is a pos- 
itive integer. 

47. Use the result of exercise 45 to write out the Maclaurin series 
for /(*) = 

48. Use the result of exercise 45 to write out the Maclaurin series 
for /(*) = (1 +x) 3/2 . 



49. Find the Taylor series of /(*) = |x| with center c = 1. Argue 
that the radius of convergence is oo. However, show that the 
Taylor series of /(x) does not converge to /(*) for all x. 

50. Find the Maclaurin series of /(*) = \/a 2 + x 2 — \/a 2 — x 2 
for some nonzero constant a. 

51. Prove that if / and g are functions such that /"(*) 

and g"(x) exist for all x and lim ^ — ^— - = 0, then 

x — >a (x — CI) 

f(a) = g(a), f'(a) = g'(a) and f"(a) = g"(a). What does 
this imply about the Taylor series for /(*) and g(x)? 

52. Generalize exercise 5 1 by proving that iff and g are functions 
such that for some positive integer n, f ( "\x) and g ( "'(x) exist 

for all x and lim ~ _ 0j then f {k) (a) = g {k) (a) for 
x-*a (x — a) n 

0 < k < n. 



Q EXPLORATORY EXERCISES 

1. Almost all of our series results apply to series of complex num- 
bers. Defining ( = \J— 1, show that i 2 — — 1, i 3 = —i, i 4 = 1 
and so on. Replacing x with ix in the Maclaurin series for 
e J , separate terms containing i from those that don't contain i 
(after the simplifications indicated above) and derive Euler's 
formula: e' x — cosx + i sinx. Show that cosO'x) = coshx 
and sin(/x) = i sinhx. That is, the trig functions and their 
hyperbolic counterparts are closely related as functions of 
complex variables. 

2. The method used in examples 7.3, 7.5, 7.6 and 7.7 does not 
require us to actually find R n (x), but to approximate it with 
a worst-case bound. Often this approximation is fairly close 
to R„(x), but this is not always true. As an extreme example 
of this, show that the bound on R„(x) for /(x) = lnx about 
c = 1 (see exercise 23) increases without bound for 0 < x < |, 
Explain why this does not necessarily mean that the actual error 
increases without bound. In fact, R„{x) — > OforO < x < | but 
we must show this using some other method. Use integration of 

~ t , , (x - 1)* 

an appropriate power series to show that 2_^(~ 1) 

converges to In x for 0 < * < |. 

3. Verify numerically that if a\ is close to n, the sequence 
a n+ \ — a„ + sinfl,, converges to it. (In other words, if a„ is 
an approximation of ji , then a„ + sin a„ is a better approxima- 
tion.) To prove this, find the Taylor series for sin x about c — it . 
Use this to show that if it < a„ < 2n, then n < a n+ \ < a„. 
Similarly, show that if 0 < a„ < it, then a„ < a n+] < jz. 



9-69 



SECTION 9.8 •• Applications of Taylor Series 



599 



0) 



9.8 APPLICATIONS OF TAYLOR SERIES 



In this section, we expand on our earlier presentation of Taylor series, by giving a few 
examples of how these are used to approximate the values of transcendental functions, 
evaluate limits and integrals and define important new functions. These represent but a 
small sampling of the important applications of Taylor series. 

First, consider how calculators and computers might calculate values of transcendental 
functions, such as sin( 1.234567). We illustrate this in example 8.1. 



EXAMPLE 8.1 Using Taylor Polynomials to Approximate 
a Sine Value 

Use a Taylor series to approximate sin(l. 234567) accurate to within 10 -11 . 

Solution In section 9.7, we left it as an exercise to show that the Taylor series 
expansion for f(x) = sinx about x — 0 is 

E( — 1)* 2k+\ 1 3 , 1 5 * 7 , 
x — x x H x x + • • • , 
_ Q (2k+l)l 3! 5! 7! 

where the interval of convergence is (—00, oo). Taking x = 1.234567, we have 

00 (— l) k 

sin 1.234567 = > — — (1.234567) 2 * +1 , 

which is an alternating series. We can use a partial sum of this series to approximate the 

desired value, but how many terms will we need for the desired accuracy? Recall that 

for alternating series, the error in a partial sum is bounded by the absolute value of the 

first neglected term. (Note that you could also use the remainder term from Taylor's 

Theorem to bound the error.) To ensure that the error is less than 10~", we must find an 

1.234567 2 * +1 ,, 
integer k such that < 10 .By trial and error, we find that 



(2k +1)1 
1.234567 17 



1.010836 x 10~ 13 < KT 11 , 



17! 

so that k — 8 will do. This says that the first neglected term corresponds to k — 8 and 
so, we compute the partial sum 

(-If 



sin 1.234567 « V — — (1.234567) 2 * +1 

1.234567 3 1. 234567 s 1.234567 7 1.234567 15 

= 1.234567 1 1 

3! 5! 7! 15! 

0.94400543137. 

Check your calculator or computer to verify that this matches your calculator's estimate. 



In example 8.1, while we produced an approximation with the desired accuracy, we 
did not do this in the most efficient fashion, as we simply grabbed the most handy Taylor 
series expansion of f(x) — sinx. We illustrate a more efficient choice in example 8.2. 



EXAMPLE 8.2 Choosing a More Appropriate Taylor Series Expansion 

Repeat example 8.1, but this time, make a more appropriate choice of the Taylor series. 

Solution Recall that Taylor series converge much faster close to the point about 
which you expand, than they do far away. Given this and the fact that we know the exact 
value of sin x at only a few points, you should quickly recognize that a series expanded 
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about x = j 1.57 is a better choice for computing sin 1.234567 than one expanded 
about x — 0. (Another reasonable choice is the Taylor series expansion about x = ? .) 
In example 7.5, recall that we had found that 



sinx = — (x V =1 (x ^ H (x ^ — • ■ 

{2k)\ V 2/ 2 V 2/ 4! V 2/ 

where the interval of convergence is (— oo, oo). Taking x — 1.234567 gives us 



(-1)* / n\ lk 
sin 1.234567 = > - — - ( 1.234567 ) 



1 / 7T\ 2 1 / 7T\ 4 

1 - - (1.234567 - -J + — (1.234567 - -J 



which is again an alternating series. Using the remainder term from Taylor's Theorem 
to bound the error, we have that 

2n+2 



\R„(l. 234567) | = 



(2n + 2)! 
1.234567 



1.234567- - 
2 

w \ 2n+2 



(2n + 2)1 

(Note that we get the same error bound if we use the error bound for an alternating 
series.) By trial and error, you can find that 

1 1.234567 - ^ 1 2 " +2 

< 10" 11 



(2m + 2)! 

for n — 4, so that an approximation with the required degree of accuracy is 
sin 1.234567 ~ 



T^- (1.234567 -^Y 
(2kV. V 2/ 



, =0 (2k)\ V 2, 

1 / 7T\2 1 / 7T\4 

= 1 -- (1.234567 ) + — (1.234567 ) 

2 \ 2/4!V 2/ 



-(1.234567--) +-(1.234567--) 



6! 

~ 0.94400543137. 

Compare this result to example 8.1, where we needed many more terms of the Taylor 
series to obtain the same degree of accuracy. ■ 



We can also use Taylor series to quickly conjecture the value of difficult limits. Be 
careful, though: the theory of when these conjectures are guaranteed to be correct is 
beyond the level of this text. However, we can certainly obtain helpful hints about certain 
limits. 



EXAMPLE 8.3 Using Taylor Polynomials to Conjecture 
the Value of a Limit 

3 3 

sin.T — x 

Use Taylor series to conjecture lim 5 . 

Solution Again recall that the Maclaurin series for sin x is 

sin.T = - - — x 2k+x — x - —x 3 + —x 5 - —x 1 H , 

£o(2*+D! 3! 5! 7! 

where the interval of convergence is (— oo, oo). Substituting x 3 for x gives us 

oo ( _ u k 9 „1S 

{^{2k+\)\ y 3! 5! 
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This gives us 



v" x 9 3! 5! 

and so, computing the limit as x — »• 0 of the above polynomial, we conjecture that 

sinx 3 — x 3 1 1 

lim r = = — . 

a—o x 9 3! 6 



You can verify that this limit is correct using l'Hopital's Rule (three times, simplifying 
each time). ■ 

Since Taylor polynomials are used to approximate functions on a given interval and 
since polynomials are easy to integrate, we can use a Taylor polynomial to obtain an 
approximation of a definite integral. It turns out that such an approximation is often better 
than that obtained from the numerical methods developed in section 4.7. We illustrate this 
in example 8.4. 



EXAMPLE 8.4 Using Taylor Series to Approximate a Definite Integral 

Use a Taylor polynomial with n — 8 to approximate cos(x 2 ) dx. 

Solution Since we do not know an antiderivative of cos(x 2 ), we must rely on a 
numerical approximation of the integral. Since we are integrating on the interval 
(— 1, 1), a Maclaurin series expansion (i.e., a Taylor series expansion about x = 0) is a 
good choice. We have 

cosx = y tll x 2k = ! _ I x 2 + 1,4 _ 1,6 + . 

to 2 4! 6! 

which converges on all of (— oo, oo). Replacing x by x 2 gives us 

cos(x 2 ) = V ( -^x 4k = 1 - -x 4 + -x* - -x 12 + ■ ■ ■ , 
(2k)\ 2 4! 6! 



2 1 4 1 

so that cos(x ) 1 x H x 

2 4! 

This leads us to the approximation 



j cos(x 2 )cfx « j |l - ^x 4 + ^j* 8 ^ dx 



5 9 
X X 



x=l 

977 

= « 1.809259. 

540 

Our CAS gives us cos(x 2 )a'x 1.809048, so our approximation appears to be very 
accurate. ■ 



You might reasonably argue that we don't need Taylor series to obtain approximations 
like those in example 8.4, as you could always use other, simpler numerical methods like 
Simpson's Rule to do the job. That's often true, but just try to use Simpson's Rule on the 
integral in example 8.5. 
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EXAMPLE 8.5 Using Taylor Series to Approximate 
the Value of an Integral 



Use a Taylor polynomial with n — 5 to approximate 



sinx 



dx. 



Further, while the 



Solution Note that you do not know an antiderivative of - 

x 

integrand is discontinuous at x — 0, this does not need to be treated as an improper 



integral, since lim 



sinx 



= 1. (That is, the integrand can be extended to a continuous 



x->0 x 

function g, with g(0) = 1.) From the first few terms of the Maclaurin series for 
f(x) ' sinx, we have the Taylor polynomial approximation 



sinx 



3! 5! 



so that 



sinx 



x 
3! 



x 
5\ 



/ sinx f 1 ( x 2 x 4 \ 
dx f« I II — + I dx 
-i x J_ t V 6 120 7 



X X \ 

18 + 600 J 



120, 

x=l 



x=-\ 



= 1 



1 

Is 



1 

600 



- -1 



1 1 
18 ~ 600 



1703 
~900~ 



1.89222. 



Our CAS gives us 



/ 1 sin; 
-l x 



dx ^ 1.89216, so our approximation is quite good. On the 



other hand, if you try to apply Simpson's Rule or Trapezoidal Rule, the algorithm will 



not work, as they will attempt to evaluate 



sin x 



at x 



0. 



While you have now calculated Taylor series expansions of many familiar functions, 
many other functions are actually defined by a power series. These include many functions in 
the very important class of special functions that frequently arise in physics and engineering 
applications. One important family of special functions are the Bessel functions, which 
arise in the study of fluid mechanics, acoustics, wave propagation and other areas of applied 
mathematics. The Bessel function of order p is defined by the power series 

00 (—l) k x 2k +P 

7(x) = V— f — — , (8.1) 

f^ 0 2 2k +i'k\{k + p)\ 

for nonnegative integers p. Bessel functions arise in the solution of the differential equa- 
tion x 2 y" + xy' + (x 2 — p 2 )y — 0. In examples 8.6 and 8.7, we explore several interesting 
properties of Bessel functions. 



EXAMPLE 8.6 The Radius of Convergence of a Bessel Function 

Find the radius of convergence for the series defining the Bessel function Jo(x). 
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Solution From equation (8.1) with p — 0, we have Jq(x) — ^ . The Ratio 



Test gives us 



,to 2 2 *(£!) 2 



lim 




— lim 


k— too 


a k 


k— >oo 



x 2k+2 2 2k (k\) 2 



2 2k + 2 [(k+ l)!] 2 x 2k 



lim 

k—>oo 



4(k + l) 2 



0 < 1, 



for all x. The series then converges absolutely for all x and so, the radius of convergence 
is oo. ■ 



In example 8.7, we explore an interesting relationship between the zeros of two Bessel 
functions. 




FIGURE 9.43 

y — Jo(x) and y — J\{x) 



EXAMPLE 8.7 The Zeros of Bessel Functions 

Verify graphically that on the interval [0, 10], the zeros of Jq(x) and Ji(x) alternate. 

Solution Unless you have a CAS with these Bessel functions available as built-in 
functions, you will need to graph partial sums of the defining series: 



J 0 (x) « 



k v 2k 



k=0 



(-Ifx 
2 2k (k\) 2 



and J\(x) ~ 2_. 



k=0 



(-l) k X 2k+l 

2 2k + l k\(k+l)\ 



Before graphing these, you must first determine how large n should be in order to 
produce a reasonable graph. Notice that for each fixed x > 0, both of the defining series 
are alternating series. Consequently, the error in using a partial sum to approximate the 
function is bounded by the first neglected term. That is, 



J 0 (x) - J2 



(-If* 



k„2k 



k=Q 



2 2k (k\) 2 



r 2n+2 



and 



(-l) k x 2k+l 



£ 2 2k+l k\(k+ 1)! 



with the maximum error in each occurring at x 
that 



2 2 "+ 2 [(n + l)!] 2 
x 2 "+ 3 

2 2«+3 (n+ i)i(„_|_ 2)f 
= 10. Notice that for n - 



12, we have 



/„(*) - £ 



k„2k 



k=0 



2 2k (k\) 2 



r 2(12)+2 



10 



2d 



- 2 2 < 12 >+ 2 [(12+ l)!] 2 _ 2 26 (13!) 2 



< 0.04 



and 
h{x) 



E 

k=0 



(-Ifx 



k v 2k+l 



2 2k + 1 kl(k+ 1)! 



,2(12)+3 



10 



27 



22(i2)+3( 12+ 1)1(12 + 2)! ~ 2 27 (13!)(14!) 



< 0.04. 



So, in either case, using a partial sum with n — 12 results in an approximation that is 
within 0.04 of the correct value for each x in the interval [0, 10]. This is plenty of 
accuracy for our present purposes. Figure 9.43 shows graphs of partial sums with 
n — 12 for Jq(x) and J\(x). 

Notice that J\ (0) = 0 and in the figure, you can clearly see that Jo(x) — 0 at about 
x = 2.4, Ji(x) — 0 at about x — 3.9, Jo(x) = 0 at about x = 5.6, Ji(x) — 0 at about 
x = 7.0 and Jn(x) = 0 at about x — 8.8. From this, it is now apparent that the zeros of 
Jq(x) and J\(x) do indeed alternate on the interval [0, 10]. ■ 



It turns out that the result of example 8.7 generalizes to any interval of positive numbers 
and any two Bessel functions of consecutive order. That is, between consecutive zeros of 
J p (x) is a zero of J p+ \(x) and between consecutive zeros of J p+1 (x) is a zero of J p (x). We 
explore this further in the exercises. 
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O The Binomial Series 



You are already familiar with the Binomial Theorem, which states that for any positive 
integer n, 



(a + bf = a" + na"- l b + - — - a"- 2 b 2 



nab n - x + b". 



We often write this as (a + b)" = ^ a"- k b k , 



where we use the shorthand notation y ^ j to denote the binomial coefficient, defined by 

n(n — 1) 



= 1, 



and 



n(n-l)---(n-k + 1) 
k\ ' 



fork > 3. 



For the case where a — 1 and b — x, the Binomial Theorem simplifies to 



k=0 \ / 



Newton discovered that this result could be extended to include values of n other than 
positive integers. What resulted is a special type of power series known as the binomial 
series, which has important applications in statistics and physics. We begin by deriving the 
Maclaurin series for f(x) — (1 + x) n , for some constant n ^ 0. Computing derivatives and 
evaluating these at x — 0, we have 



f(x) = (l+x) n 
f'{x) = «(1 +x)"~ l 

f"{x) = n(n - 1)(1 +x)"~ 2 



/(0) = 1 
/'(0) = n 
/"(0) = n(n - 1) 



f k \x) =n(n-l)---(n-k + 1)(1 + xT~ k f (k) (0) = n(n - 1) • ■ ■ (n - k + 1). 
We call the resulting Maclaurin series the binomial series, given by 



y f w (0) xk 

k=0 



1 + nx + n(n — 1) 



2! 



■ n(n — !)•••(« 



1) 



fe! 



k=0 

From the Ratio Test, we have 

n(n - 1) • • • (n - k + l)(n - k)x k+l 



lim 




— lim 


k— >oo 


a k 


k— >oo 



kl 



(k + iy. 



n(n — !)••■(« 



\n-k\ 
= \x\ lim = |x| 

i^oo + 1 



so that the binomial series converges absolutely for [jc| < 1 and diverges for \x\ > 1. By 
showing that the remainder term Rk(x) tends to zero as k — > oo, we can confirm that the 
binomial series converges to (1 + x)" for |x| < 1. We state this formally in Theorem 8.1. 



THEOREM 8. 1 (Binomial Series) 

For any real number r, (1 + x) r = ^(^1-**, for — 1 < x < 1. 

k=o \ k 
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As seen in the exercises, for some values of the exponent r, the binomial series also 
converges at one or both of the endpoints x = ±1. 



EXAMPLE 8.8 Using the Binomial Series 

Using the binomial series, find a Maclaurin series for f(x) = ~J\ + x and use it to 



approximate V 17 accurate to within 0.000001. 
Solution From the binomial series with r — \, we have 



yrT^ = (i+x)'/ 2 = £ 



k=0 



k 2 2 3! 



1 + - 



1 , , 1 3 

-x H x 

8 16 



128 



for —1 < x < 1. To use this to approximate V 17, we first rewrite it in a form involving 
Vl + x, for — 1 < x < 1 . Observe that we can do this by writing 



17 



16 



17 



4J1 



1 

16 V 16 V ' 16' 
Since x — ^ is in the interval of convergence, —1 < x < 1, the binomial series gives us 

1 



17 = 4, 1 



1 



16 



= 4 



- - 

16 V 16 



-( L 

128 V 16 



Since this is an alternating series, the error in using the first n terms to approximate the 
sum is bounded by the first neglected term. So, if we use only the first three terms of the 
series, the error is bounded by ± (^) « 0.000015 > 0.000001. However, if we use 
the first four terms of the series to approximate the sum, the error is bounded by 
m (re) 4 ^ 0.0000006 < O.OOOOOl, as desired. So, we can achieve the desired 
accuracy by summing the first four terms of the series: 



17 



-(- 

16 V 16 



4.1231079, 



where this approximation is accurate to within the desired accuracy. 



EXERCISES 9.8 



($) WRITING EXERCISES 



1. In example 8.2, we showed that an expansion about x = \ is 
more accurate for approximating sin 1.234567 than an expan- 
sion about x — 0 with the same number of terms. Explain why 
an expansion about x = 1.2 would be even more efficient, but 
is not practical. 

2. Assuming that you don't need to rederive the Maclaurin series 
for cos x, compare the amount of work done in example 8.4 to 
the work needed to compute a Simpson's Rule approximation 
with n — 16. 

3. In equation (8.1), we defined the Bessel functions as 
series. This may seem like a convoluted way of defining a 
function, but compare the levels of difficulty doing the 
following with a Bessel function versus sinx: computing 
/(0), computing /(1.2), evaluating f(2x), computing f'(x), 
computing f f(x)dx and computing L f{x)dx. 



4. Discuss how you might estimate the error in the approximation 
of example 8.4. 



| In exercises 1-6, use an appropriate Taylor series to approxi- 
mate the given value, accurate to within 10" 11 . 



1. sin 1.61 
4. cos 3.04 



2. sin 6.32 
5. e-°- 2 



3. cos 0.34 
6. e 0A 



In exercises 7-12, use a known Taylor series to conjecture the 
value of the limit. 



7. lim 



8. lim 
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9. lim 



lnx - (x - 1) 



11. lim 

x^O X 



(X - 1)2 

e" - 1 



10. lim 

.V->0 



12. lim- 

.V->0 



In exercises 13-18, use a known Taylor polynomial with n 
nonzero terms to estimate the value of the integral. 

f 1 sinx , 

13. / dx,n — 3 14. / cosx dx,n — A 

J-i * J-jw 

15. j e~ x2 dx,n = 5 16. J tan -1 x dx, n = 5 

17. ^ \nxdx,n = 5 18. jf e VI tfx,n = 4 



19. Find the radius of convergence of Ji(x). 

20. Find the radius of convergence of J2&). 

1 21. Find the number of terms needed to approximate J 2 (x) within 
0.04 for x in the interval [0, 10]. 

1 22. Show graphically that the zeros of J\ (x) and JjCjc) alternate on 
the interval (0, 10]. 



In exercises 23-26, use the Binomial Theorem to find the first 
five terms of the Maclaurin series. 



23. /(x) = 



25. f{x) = — 



•^1 + 3x 



24. fix) = ^1 + 2x 
26. fix) = il+x 2 f /s 



In exercises 27 and 28, use the Binomial Theorem to approxi- 
mate the value to within 10 -6 . 

2 

27. (a) V26 (b) n/24 28. (a) — (b) v^l7 

v 9 



29. Apply the Binomial Theorem to (x + 4) 3 and (1 — 2x) 4 . Deter- 
mine the number of nonzero terms in the binomial expansion 
for any positive integer n. 

30. If n and k are positive integers with n > k, show that 
' n \ n\ 



k) k\in-k)\' 



31. Use exercise 23 to find the Maclaurin series for 
use it to find the Maclaurin series for sin" x. 



s/T^x 2 



and 



32. Use the Binomial Theorem to find the Maclaurin series for 
(1 + 2x) 4/3 and compare this series to that of exercise 24. 



0 



APPLICATIONS 



33. Einstein's theory of relativity states that the mass of an ob- 
ject traveling at velocity v is m(ii) = m a /y/\ — v 2 /c 2 , where 
m 0 is the rest mass of the object and c is the speed of light. 



/ m 0 \ , 

(a) Show that m « nio + J v ■ 0>) Use this approxima- 
tion to estimate how large v would need to be to increase the 
mass by 10%. (c) Find the fourth-degree Taylor polynomial 
expanded about v — 0. Use it to repeat part (b). 

mt 1 



34. Show that 



-Jm-c 1 + t 2 



-t for small t . 



35. The weight (force due to gravity) of an object of mass m 
and altitude x miles above the surface of the earth is io(x) = 

mgR 2 

, where R is the radius of the earth and s is the accel- 

iR + x) 2 ' S 
eration due to gravity, (a) Show that m(x) ^ mgi\ — 2x/R). 
(b) Estimate how large x would need to be to reduce the weight 
by 10%. (c) Find the second-degree Taylor polynomial ex- 
panded about x = 0 for u)(x). Use it to repeat part (b). 

36. (a) Based on your answers to exercise 35, is weight significantly 
different at a high-altitude location (e.g., 7500 ft) compared to 
sea level? (b) The radius of the earth is up to 300 miles larger 
at the equator than it is at the poles. Which would have a larger 
effect on weight, altitude or latitude? 

In exercises 37-40, use the Maclaurin series expansion 
tanh x = x — |* 3 + ]|* s — 

37. The tangential component of the space shuttle's velocity during 

reentry is approximately u(f) = v c tanh ( —t + tanh" 1 — 

\v c v c 

where ii 0 is the velocity at time 0 and v c is the terminal veloc- 
ity (see Long and Weiss, The American Mathematical Monthly, 

_, Vn 1 1 

February 1999). If tanh — = -, show that vit) ^ gt + -v c . 

v c 2 2 
Is this estimate of vit) too large or too small? 

38. Show that in exercise 37, vit) —> v c ast —> 00. Use the approx- 
imation in exercise 37 to estimate the time needed to reach 90% 
of the terminal velocity. 

39. The downward velocity of a sky diver of mass m is vit) — 

s 2 .3 



y/40mg tanh ( J ' ) ■ Show that vit) ' 



gt- 



120m 



40. The velocity of a water wave of length L in water of depth h 

, gL 2nh . 

satisfies the equation v = — tanh . Show that v » \/gh. 



41. The energy density of electromagnetic radiation at wave- 
length A from a black body at temperature T (degrees 
Kelvin) is given by Planck's law of black body radiation: 
%jihc 

fiK) — — — — , where /; is Planck's constant, c is 

A 5 (e* c A* r - 1) 

the speed of light and k is Boltzmann's constant. To find the 
wavelength of peak emission, maximize fiX) by minimizing 
giX) — x 5 ie hclxkT — 1). Use a Taylor polynomial for e x with 
n — 7 to expand the expression in parentheses and find the crit- 
ical number of the resulting function. (Hint: Use 4f ^ 0.014.) 



Compare this to Wien's law: X n 



0.002898 



. Wien's law is 



accurate for small X. Discuss the flaw in our use of Maclaurin 
series. 

42. Use a Taylor polynomial for e x to expand the denominator in 

%itkT 

Planck's law of exercise 41 and show that fiX) ss — - — . State 

A 

whether this approximation is better for small or large wave- 
lengths X. This is known in physics as the Rayleigh- Jeans law. 
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43. The power of a reflecting telescope is proportional to 
the surface area S of the parabolic reflector, where 

+ 1) "I 



3 



16^ 



Here, d is the diameter 



of the parabolic reflector, which has depth k with c ■ 



4k 



Expand the term I + 1 

1 6c 2 



and show that if is 

16c 2 



small, then 5 : 



ltd 2 



44. A disk of radius a has a charge of constant density a. Point 
P lies at a distance r directly above the disk. The electrical 
potential at point P is given by V = 2jr(r(vV 2 + a 2 - r). 
Ttara 

Show that for large r, V « . 



EXPLORATORY EXERCISES 



1. The Bessel functions and Legendre polynomials are examples 
of the so-called special functions. For nonnegative integers n, 
the Legendre polynomials are defined by 



[n/2] 



P n (x) = 2-" £ 



(-1)*(2« - 2k)l 



(n - k)\k\(n - 2k)\ 



Here, [n/2] is the greatest integer less than or equal to 
n/2 (for example, [1/2] = 0 and [2/2] = 1). Show that 
P 0 (x) = l,P 1 (x) = x and P 2 (x) = \x 2 - \. Show that for 
these three functions, 



P m (x)P n (x) dx — 0, form^M. 



This fact, which is true for all Legendre polynomials, is called 
the orthogonality condition. Orthogonal functions are com- 
monly used to provide simple representations of complicated 
functions. 

Suppose that p is an approximation of it with \p — ji\ < 0.001. 
Explain why p has two digits of accuracy and has a decimal 
expansion that starts p = 3.14. . . . Use Taylor's Theorem to 
show that p + sin p has six digits of accuracy. In general, if p 
has n digits of accuracy, show that p + sin p has 3n digits of 
accuracy. Compare this to the accuracy of p — tan p. 
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77" A 


3n 
1 2 1 




_V — sin x \ 





FIGURE 9.44 

y — sinx and y — Pn{x) 



Many phenomena we encounter in the world around us are periodic in nature. That is, 
they repeat themselves over and over again. For instance, light, sound, radio waves and x- 
rays are all periodic. For such phenomena, Taylor polynomial approximations have inherent 
shortcomings. Recall that as x gets farther away from c (the point about which you expanded), 
the difference between the function and a given Taylor polynomial grows. Such behavior is 
illustrated in Figure 9.44 for the case of f(x) = sinx expanded about x = f . 

Because Taylor polynomials provide an accurate approximation only in the vicinity 
of c, we say that they are accurate locally. In many situations, notably in communications, 
we need to find an approximation to a given periodic function that is valid globally (i.e., 
for all x). For this reason, we construct a different type of series expansion for periodic 
functions, one where each of the terms in the expansion is periodic. 

Recall that we say that a function / is periodic of period T > 0 if f(x + T) = f(x), 
for all x in the domain of /. The most familiar periodic functions are sin x and cos x, which 
are both periodic of period 2tt, Further, sin(2x), cos(2x), sin(3x), cos(3x) and so on are all 
periodic of period 2jt . In fact, 

sin(&x) and cos(kx), fork— 1, 2, 3, . . . 

are all periodic of period 27r, as follows. For any integer k, let fix) — sin(£x). We then 
have 



f(x + 2it) = sin[A:(x + 2jr)] = sin(A;x + 2kn) — sin(A:x) = f(x). 



Likewise, you can show that cos(£x) has period 27r. 

So, if you wanted to expand a periodic function of period 2n in a series, you might 
consider a series each of whose terms has period 2jt, for instance, 
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FOURIER SERIES 

oo 

h > [a k cos(kx) + b k &m{kx)], 

2 *=i 



called a Fourier series. Notice that if the series converges, it will converge to a periodic 
function of period 2n, since every term in the series has period 2n. The coefficients of 
the series, ao, a\ , d2, . . . and b\, bi, ■ ■ ■ , are called the Fourier coefficients. You may have 
noticed the unusual way in which we wrote the leading term of the series (^^j- We did this 
in order to simplify the formulas for computing these coefficients, as we'll see later. 
There are a number of important questions we must address. 

• What functions can be expanded in a Fourier series? 

• How do we compute the Fourier coefficients? 

• Does the Fourier series converge? If so, to what function does the series converge? 

We begin our investigation much as we did with power series. Suppose that a given 
Fourier series converges on the interval [— n, n]. It then represents a function / on that 
interval, 

oo 

do ^ — > 

f(x) = — + 2_[a k cos(kx) + b k sm(fcr)] , (9.1) 
1 k=\ 

where / must be periodic outside of [— n, n]. Although some of the details of the proof 
are beyond the level of this course, we want to give you some idea of how the Fourier 
coefficients are computed. If we integrate both sides of equation (9.1) with respect to x on 
the interval [— n, tt], we get 



f(x)dx— I — dx + I [a k cos{kx) + b k sin(A:.r)] dx 

-7Z J— IT ^ J — 7T k= \ 

— dx + a k I cos(kx)dx + b k I 



sin(£x) dx 



(9.2) 



HISTORICAL 
NOTES 

Jean Baptiste Joseph Fourier 
(1768-1830) French 
mathematician who invented 
Fourier series. Fourier was 
heavily involved in French politics, 
becoming a member of the 
Revolutionary Committee, serving 
as scientific advisor to Napoleon 
and establishing educational 
facilities in Egypt. Fourier held 
numerous offices, including 
secretary of the Cairo Institute 
and Prefect of Grenoble. Fourier 
introduced his trigonometric 
series as an essential technique 
for developing his highly original 
and revolutionary theory of heat. 



dssuming we can interchange the order of integration and summation. [In general, the order 
may not be interchanged (this is beyond the level of this course), but for many Fourier 
series, doing so is permissible.] Observe that for every k — 1, 2, 3, . . . , we have 



and 



J —j 

f 

J —71 



1 

cos(kx)dx — -sin(kx) 
k 



sin(kx)dx — — cos(kx) 
k 



1 

= -[sin(£jr) — sin(— kit)] — 0 
k 



— — [cos(£tt) — cos(— kit)] = 0. 
k 



This reduces equation (9.2) to simply 

r r ao 

I fix) dx — I — dx — do tc. 

J— 71 J — JT 2 

Solving this for an> we h ave 

i r 

— / fix)dx. 



«0 



(9.3) 
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Fourier coefficients 



Similarly, if we multiply both sides of equation (9.1) by cos(nx) (where n is an integer, 
n > 1) and then integrate with respect to x on the interval [—it, tt], we get 



/' 

J —J 



f(x)cos(nx)dx 



r 

J —7 



do 

— cos(rcjf) dx 
2 



/n oo 
[ak cos{kx) cos(nx) + bk sin(fcx) cos(«x)] dx 
k=l 

— I cos(nx)dx 
2 J-n 

(9.4) 



+ I cos(kx) cos(nx) dx + I sin(kx) cos(nx) d 

k=\ L J —71 J —71 

again assuming we can interchange the order of integration and summation. Next, recall that 

cos(wx) dx — 0, for all n — 1, 2 

It's a straightforward, yet lengthy exercise to show that 

sin(A:.T) cos(wx) dx — 0, for all n — 1,2,... and for all k — 1,2,... 



J —1 



f 

J —7 



and that / cos(^x) cos(nx) dx = 



J —71 



0, if n^k 
n. if n = k 



Notice that this says that every term in the series in equation (9.4) except one (the term 
corresponding to k — n) is zero and equation (9.4) reduces to simply 



J —; 



f(x)cos(nx) dx = a n ir. 
This gives us (after substituting k for n) 

i r 

flj = — / f(x) cos(kx) dx, for k = 1, 2, 3 (9.5) 



Similarly, multiplying both sides of equation (9.1) by sin(nx) and integrating from — tt to 
tt leads us to 



i r 71 

Tt J -71 



f(x) sinikx) dx, for k = 1, 2, 3 (9.6) 



Equations (9.3), (9.5) and (9.6) are called the Euler-Fourier formulas. Notice that equation 
(9.3) is the same as (9.5) with k — 0. (This was the reason we chose the leading term of the 

flO 

series to be — , instead of simply ciq.) 

To summarize what we've done so far, we have observed that if a Fourier series 
converges on the interval [—Tt, Tt], then it converges to a function / where the Fourier 
coefficients satisfy the Euler-Fourier formulas (9.3), (9.5) and (9.6). 

Certainly, given many functions/, we can compute the coefficients in (9.3), (9.5) and 
(9.6) and write down a Fourier series. But, will the series converge and if it does, to what 
function will it converge? We'll answer these questions shortly. For the moment, we simply 
compute a Fourier series to see what we can observe. 
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TODAY IN 
MATHEMATICS 



Ingrid Daubechies (1954- ) 

A Belgian physicist and 
mathematician who pioneered 
the use of wavelets, which extend 
the ideas of Fourier series. In a 
talk on the relationship between 
algorithms and analysis, she 
explained that her wavelet 
research was of a type 
"stimulated by the requirements 
of engineering design rather than 
natural science problems, but 
equally interesting and possibly 
far-reaching." To meet the needs 
of an efficient image compression 
algorithm, she created the 
first continuous wavelet 
corresponding to a fast algorithm. 
The Daubechies wavelets are 
now the most commonly used 
wavelets in applications and were 
instrumental in the explosion of 
wavelet applications in areas as 
diverse as FBI fingerprinting, 
magnetic resonance imaging 
(MRI) and digital storage formats 
suchasJPEG-2000. 



EXAMPLE 9. 1 Finding a Fourier Series Expansion 

Find the Fourier series corresponding to the square-wave function 

0, if-7T<A<0 



/(*) = 



1 , if 0 < x < it 



where/ is assumed to be periodic outside of the interval [— n, it]. (See the graph in 
Figure 9.45.) 



-\ h 



0.5 



-2-7T — 77 



H h 



H 1 +x 



77 2 77 



FIGURE 9.45 

Square-wave function 

Solution Even though On satisfies the same formula as for k > 1, we must always 
compute ao separately from the rest of the a^s. From equation (9.3), we get 



i r i r° i r it 

- f(x)dx=- 0dx+- \dx = 0+ - = \. 

It J-x Tl IT Jo TT 



From (9.5), we also have that for k > 1, 
fljt = — J f(x)cos(kx)dx — 



i r° 
~ / ( 

J-n 



i r 

~ / ( 

n Jo 



1 

= — sin(£x) 
nk 



1 



- — [sin(/br) - sin(0)] = 0. 



nk 



Finally, from (9.6), we have 

i r 

bk — — I f(x)sin(kx)dx 

* J-n 



* J-n 



(0) sin(A:x) dx 



i r 

x Jo 



(1) sin(kx)dx 



1 

jtk 



cos(kx) 



1 



1 



= -[cos(/br) - cos(0)] = r [(-lr - 1] 



nk 



nk 



0, if k is even 
2 



nk ' 



if k is odd 



Notice that we can write the even- and odd-indexed coefficients separately as b2k = 0, 

2 

for k — 1,2,... and b^k-x — , for k — 1,2,.... We then have the Fourier 



(2k - l)jr 



series 

ao 
2 



oo ^ oo ^ oo 

[cik cos(kx) + bk sin(kx)] = — h bk sin(£x) = — h sin[(2^: — l)x] 



k=l 



E 

k=l 



k = \ 



(2k - 1)7T 



sin[(2^ - l)x] 



2 it 



2 2 2 
sin.y + - — sin(3x) H sin(5x) ■ 



3tt 



5jt 
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Unfortunately, none of our existing convergence tests apply to this series. Instead, we 
consider the graphs of the first few partial sums of the series defined by 

1 " 2 

FJx) = - + V sin[(2Jk - l)x]. 

2 £f (2k - l)7i 

In Figures 9.46a-d, we graph a number of these partial sums. 




1 -ft/WwW\/ 



0.5- 



FIGURE 9.46a 

y = F 4 (x) and y = f(x) 



1 l^vvdwA^J 1 I^va*^ ► 

FIGURE 9.46b 

y = F s (x) and y = f(x) 



-lit 



I*— H 1-1*— H 



0.5 



2tt 



y 

1 - Urn 



0.5 



H 



^ — h 



2 77 



FIGURE 9.46c 

y = F 20 (x) and y = f(x) 



FIGURE 9.46d 

y = F 50 (x) and y = f(x) 



Notice that as n gets larger and larger, the graph of F n (x) appears to be approaching the 
graph of the square-wave function f(x) shown in red and seen in Figure 9.45. Based on 
this, we might conjecture that the Fourier series converges to the function f(x). As it 
turns out, this is not quite correct. We'll soon see that the series converges to f(x) 
everywhere, except at points of discontinuity. ■ 



Next, we give an example of constructing a Fourier series for another common 
waveform. 



EXAMPLE 9.2 



A Fourier Series Expansion 

for the Triangular-Wave Function 



Find the Fourier series expansion of f(x) = \x\, for —it < x < tt, where/ is assumed 
to be periodic, of period 2jt, outside of the interval [—tt, it]. 

Solution In this case, / is the triangular-wave function graphed in Figure 9.47 
(on the following page). From the Euler-Fourier formulas, we have 



— — I \x\dx — — I —x dx H / x dx 

X J-JT * J-JT * JO 



If! 

TT 2 



1 x 1 
nil 



TT 
2 



Similarly, for each k > 1, we get 

i r n 

dk — — I \x\ cos(kx) dx - 

* J-TZ 



l f 0 



(—x) cos(kx) dx 



i r 

x Jo 



x cos(kx) dx. 
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-477 — 3w — 2tt — it 



it Itt 3tt 4tt 



FIGURE 9.47 

Triangular-wave function 

Both integrals require the same integration by parts. We let 

u — x dv — cos(kx) dx 
1 

du — dx v — - sin(kx) 
k 



so that 



1 


L 


TT 




1 


X 


TT 


k 


1 






0 


TT 






1 



x cos(/cx) dx 



-lO 



sin(£x) 



1 Z" 1 

W Jo 



X COS(fex)fi?JC 



0 1 

sin(kx)dx H 



sin(A:jr) 



Jo 



i r 

itk J 0 



sin(A:x) dx 



TT 



r/v 2 



cos(Aix) 



sin(jr&) — 0 



^mce sin n 



ik 1 



k = 0 



cos(kx) 



= 0 rfcosO — cos(— kit)] + 0 H t-[cos(^7t) — cosO] 



0, if A: is even 



rk 2 



[cos(£jt) — 1] 



Since cos(£jr) = 1 when k is even, and 



r.k 2 ' 



if & is odd cos(Z.*7r) = — 1 when £ is odd. 



Writing the even- and odd-indexed coefficients separately, we have a-^ = 0, for 

-4 

k — 1,2,... and a2k-\ — , , for k — 1,2,.... We leave it as an exercise to 



show that 



n(2k- l) 2 ' 

b k = 0, for aU k. 



This gives us the Fourier series 



TT TT 

y^[flt cos(£x) + sin(&x)] = — h cos(£x) = h fl2H cos[(2A: — \)x] 



k=\ 



TT 

2 



£ 

k=\ 



k=i 



n{2k - l) 2 



cos[(2£ — l)x] 



TT 4 4 4 
= cosx cos(3.r) cos(5x) — • • • 

2 7T 97T 257T 

You can show that this series converges absolutely for all x, by using the Comparison 
Test, since 



m\ = 



it {2k- 1) : 



cos(2£ — 1).T 



7t{2k - l) 2 
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converges. (Hint: Compare this last series to the 



and the series V 

ti n{2k - l) 2 
oo j 

convergent /^-series V — , using the Limit Comparison Test.) To get an idea of the 

function to which the series converges, we plot several of the partial sums of the 
series, 



TT ^ — v 



-Air —377 — 2ir — 77 



FIGURE 9.48a 

y = Fi(jc)and y = f(x) 



-Air —377 —277 



FIGURE 9.48c 

y = F 4 (x) and y = f(x) 



2 it(2k - l) 2 



- cos[(2fe - l)x]. 




TT 277 377 477 




"477 —377 —277 —77 



77 277 377 477 



FIGURE 9.48b 

y = F 2 (x) and y = f(x) 




277 377 477 




FIGURE 9.48d 

y = F s (x) and y = f(x) 



See if you can conjecture the sum of the series by looking at Figures 9.48a-d. Notice 
how quickly the partial sums of the series appear to converge to the triangular- wave 
function/ (shown in red; also see Figure 9.47). We'll see later that the Fourier series 
converges to f(x) for all x. There's something further to note here: the accuracy of the 
approximation is fairly uniform. That is, the difference between a given partial sum and 
f(x) is roughly the same for each x. Take care to distinguish this behavior from that of 
Taylor polynomial approximations, where the farther you get away from the point about 
which you've expanded, the worse the approximation tends to get. ■ 



O Functions of Period Other Than 2n 

For a function/ that is periodic of period T ^ 2n, we want to expand / in a series of simple 



functions of period T. First, define / = j and notice that 



cos 



kjtx 



and sin 



kicx 
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are periodic of period T — 21, for each k — 1,2,.... The Fourier series expansion off of 
period 21 is then 



2 



knx \ ( knx 

cik cos I I + bi sin 



/ 



/ 



We leave it as an exercise to show that the Fourier coefficients in this case are given by the 
Euler-Fourier formulas: 



1 f' fknx\ 
i = jj /(x)cosl —j-\dx, for& = 0, 1,2 

1 f l (knx\ 
— — J f(x) sin I — — ) dx, for k — 1, 2, 3, 



and 



Notice that (9.3), (9.5) and (9.6) are equivalent to (9.7) and (9.8) with I = n. 



(9.7) 



(9.8) 



EXAMPLE 9.3 A Fourier Series Expansion for a Square-Wave Function 

Find a Fourier series expansion for the function 



fix) 



-2, if -1 < x < 0 
2, if 0 < jc < 1 



where / is defined so that it is periodic of period 2 outside of the interval [—1, 1]. 

Solution The graph off is the square wave seen in Figure 9.49. From the 
Euler-Fourier formulas (9.7) and (9.8) with / = 1, we have 



fl 0 



1 f l f° /•' 

- J ^ f(x)dx = J (-2)dx + 



2 dx - 0. 



Likewise, we get 



1 f 1 (knx\ 
= -J /(x)cos( — \dx = 0, foryt= 1,2,3, 



i 1 



-3i -2i 



FIGURE 9.49 

Square wave 



Finally, we have 



i r 1 /kitx\ r° /•' 

-J f(x) sin I - I dx — J (—2)sm(k7tx)dx + J 



2 sin(k7Tx) dx 



— — cos(kjrx) 
kn 



kir 



cos{kjix) 



— — [cos 0 — cos(£jr)] 



kit 



— — [1 — cos(A:7r)] = 
kit 



0. 

8 

kit 



if k is even 
if k is odd 



Since cos(£jr) = 1 when k is even, 
and cos(£7t) = — 1 when k is odd. 
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This gives us the Fourier series 

oo oo oo 

[a/i cosiknx) + bk sin(A:7rx)] = sin(^7rx) = &2*-i sin[(2£ — l)7rx] 



2 



> sin[(2£ — \)ttx]. 

Since bik — 0 and bik- 



(2k - l)jr 



Although we as yet have no tools for determining the convergence or divergence of this 
series, we graph a few of the partial sums of the series, 

F n (x) - 2_, 7^7 — 7— sin[(2* - 1)jtx] 
k=i ^ 

in Figures 9.50a-d. From the graphs, it appears that the series is converging to the 
square-wave function/, except at the points of discontinuity, x = 0, ±1, ±2, ±3, .... 
At those points, the series appears to converge to 0. You can easily verify this by 
observing that the terms of the series are 

8 

sin[(2A: — 1)ttx] — 0, for integer values of x. 



(2k - \)tt 



Since each term in the series is zero, the series converges to 0 at all integer values 
of x. You might think of this as follows: at the points where/ is discontinuous, the 
series converges to the average of the two function values on either side of the 
discontinuity. As we will see, this is typical of the convergence of Fourier series. 



Ml JM 



2 3 



FIGURE 9.50a 

y = F 4 (x) and y = f(x) 
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FIGURE 9.50c 

y = F 20 {x) and y = f(x) 



J A* . .* A I 

n [vwvvy 
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FIGURE 9.50b 

y = Fz(x) and y = f(x) 



i* 



y 

2-- 



2 3 



»» " 



FIGURE 9.50d 

y = F 5Q (x) and y = f(x) 
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We now state the following major result on the convergence of Fourier series. 



THEOREM 9.1 (Fourier Convergence Theorem) 

Suppose that / is periodic of period 21 and that / and /' are continuous on the interval 
[— /, I], except for at most a finite number of jump discontinuities. Then,/ has a 
convergent Fourier series expansion. Further, the series converges to f(x), when/ is 
continuous at x and to 

~ lim /(f) + lim f(t) 

Z t->-x+ t-*-x~ 

at any points x where / is discontinuous. 



REMARK 9.1 



The Fourier Convergence 
Theorem says that a Fourier 
series may converge to a 
discontinuous function, even 
though every term in the 
series is continuous (and 
differentiable) for all x. 



The proof of the theorem is beyond the level of this text and can be found in texts on 
advanced calculus or Fourier analysis. 



EXAMPLE 9.4 Proving Convergence of a Fourier Series 

Use the Fourier Convergence Theorem to prove that the Fourier series expansion of 
period 2jt, 

w 00 A 

9~ ~~ 



k = ] 



(2k - Xfn 



cos[(2A: — l)x], 



derived in example 9.2, for f(x) = \x\, for —jt < x < jt and periodic outside of 
[—71, jt], converges to f{x) everywhere. 



Solution First, note that/ is continuous everywhere. (See Figure 9.47.) We also have 
that since 

—x, if — 7T < x < 0 
x, if 0 < x < jt 



f(x)=\x\ -- 
and is periodic outside [—jt, jt], then 

/'(*) = 



— 1, — JT < X < 0 
1, 0 < X < TV 



So, /' is also continuous on [—jt, jt], except for jump discontinuities at x — 0 and 
x — ±jt. From the Fourier Convergence Theorem, we now have that the Fourier series 
converges to f(x) everywhere (since/ is continuous everywhere). Because of this, we 
write 

JT \ ^ 4 



^ (2k - \y-jT 



cos(2£ — l)x, 



for all x. 



As you can see from the Fourier Convergence Theorem, Fourier series do not always 
converge to the function you are expanding. 



EXAMPLE 9.5 Investigating Convergence of a Fourier Series 

Use the Fourier Convergence Theorem to investigate the convergence of the Fourier series 



> sin[(2& — l)7rx], 

{r[{2k-l)jT 



derived as an expansion of the square-wave function 

-2, if -1 < x < 0 
2, if 0 < x < 1 



fix) 



where/ is taken to be periodic outside of [—1, 1]. (See example 9.3.) 
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Solution First, note that / is continuous, except for jump discontinuities at 
x = 0, ±1, ±2, .... Further, 



/'(*) = 



0, if — 1 < x < 0 
0, if 0 < x < 1 



and is periodic outside of [—1, 1]. Thus, /' is also continuous everywhere, except at 
integer values of x where /' is undefined. From the Fourier Convergence Theorem, 
the Fourier series will converge to f(x) everywhere, except at the discontinuities, 
x — 0, ±1, ±2, . . . , where the series converges to the average of the one-sided limits, 
that is, 0. A graph of the function to which the series converges is shown in Figure 9.51. 
Since the series does not converge to / everywhere, we cannot say that the function and 
the series are equal. In this case, we usually write 



/(*)-£ 



k=\ 



(2k - l)7t 



sin[(2& — 1)jtx] 



to indicate that the series corresponds to/ (but is not necessarily equal to/). In the 
context of Fourier series, this says that the series converges to f(x) at every x where / is 
continuous and to the average of the one-sided limits at any jump discontinuities. Notice 
that this is the behavior seen in the graphs of the partial sums of the series seen in 
Figures 9.50a-d. 



-o 26 



l- 



H • h 



H • 1 • 1 
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-1 
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FIGURE 9.51 



k=l (2k - \)it 



sin[(2A: — \)tix] 




FIGURE 9.52 

Saxophone waveform 



O Fourier Series and Music Synthesizers 

Fourier series are widely used in engineering, physics, chemistry and so on. We give you a 
sense of how they are used with the following brief discussion of music synthesizers and a 
variety of exercises. 

A pure tone can be modeled by A sin cot, where the amplitude A determines the volume 
and the frequency co determines the pitch. For a music synthesizer to mimic a saxophone, 
it must match the saxophone's characteristic waveform. (See Figure 9.52.) The shape of 
the waveform affects the timbre of the tone, a quality most humans readily discern. (A 
saxophone sounds different than a trumpet, doesn't it?) 

Given a waveform such as the one shown in Figure 9.52, can you add together several 
pure tones of the form A sin cot to approximate the waveform? Note that if the pure tones are 
of the form b\ sin t, £>2 sin 2t, bj sin 3t and so on, this is essentially a Fourier series problem. 
That is, we want to approximate a given wave function f(t) by a sum of these pure tones, 
as follows: 



f(t) b\ sin t + £>2 sin 2t + sin 3f 



b„ sin«f. 
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FIGURE 9.53 

A graphic equalizer 



Although the cosine terms are all missing, notice that this is the partial sum of a Fourier 
series. (Such series are called Fourier sine series and are explored in the exercises.) For 
music synthesizers, the Fourier coefficients are simply the amplitudes of the various har- 
monics in a given waveform. In this context, you can think of the bass and treble controls on a 
stereo as manipulating the amplitudes of different terms in a Fourier series. Cranking up the 
bass emphasizes low-frequency terms (i.e., increases the coefficients of the first few terms 
of the Fourier series), while turning up the treble emphasizes the high-frequency terms. An 
equalizer (see Figure 9.53) gives you more direct control of individual frequencies. 

In general, the idea of analyzing a wave phenomenon by breaking the wave down into 
its component frequencies is essential to much of modern science and engineering. This 
type of spectral analysis is used in numerous scientific disciplines. 



BEYOND FORMULAS 

Fourier series provide an alternative to power series for representing functions. Which 
representation is more useful depends on the specifics of the problem you are solving. 
Fourier series and its extensions (including wavelets) are used to represent wave phe- 
nomena such as sight and sound. In our digital age, such applications are everywhere. 



EXERCISES 9.9 



0) 



55 WRITING EXERCISES 

1. Explain why the Fourier series of fix) =1 + 3 cos x — sin 2x 
on the interval [— jt, it] is simply 1 + 3 cosx — sin2x. (Hint: 
Explain what the goal of a Fourier series representation is and 
note that in this case no work needs to be done.) Would this 
change if the interval were [—1, 1] instead? 

2. Polynomials are built up from the basic operations of arith- 
metic. We often use Taylor series to rewrite an awkward func- 
tion (e.g., sinx) into arithmetic form. Many natural phenomena 
are waves, which are well modeled by sines and cosines. Dis- 
cuss the extent to which the following statement is true: Fourier 
series allow us to rewrite algebraic functions (e.g., x 2 ) into a 
natural (wave) form. 

3. Theorem 9.1 states that a Fourier series may converge to a 
function with jump discontinuities. In examples 9.1 and 9.3, 
identify the locations of the jump discontinuities and the values 
to which the Fourier series converges at these points. In what 
way are these values reasonable compromises? 

4. Carefully examine Figures 9.46 and 9.50. For which x's does 
the Fourier series seem to converge rapidly? Slowly? Note that 
for every n, the partial sum F n (x) passes exactly through the 
limiting point for jump discontinuities. Describe the behavior 
of the partial sums near the jump discontinuities. This 
overshoot/undershoot behavior is referred to as the Gibbs 
phenomenon. 

) In exercises 1-8, find the Fourier series of the function on the 
interval [— 7r, it]. Graph the function and the partial sums F 4 (x) 
and F$(x) on the interval [— 2ir, 2tt]. 



1. /(*) = * 
3. f(x) = 2\x\ 



2. f{x) = x 2 
4. f(x) = 3x 



5. /(*) = 



6. fix) 



, if — n < x < 0 
T . if 0 < x < 71 



1, if — 7t < x < 0 



[0, if0<JC<7T 

7. f(x) = 3sin2x 



8. f(x) = 2 sin 3x 



In exercises 9-14, find the Fourier series of the function on the 
given interval. 

9. f(x) = -x, [-1, 1] 10. f(x) = \x\, [-1, 1] 

11. f(x) = x 2 , [-1, 1] 12. f(x) = 3x, [-2, 2] 

(0, if — 1 < x < 0 



13. fix) 

14. fix) 



x, if 0 < x < 1 

0, if-l<x<0 
1— x, if 0 < x < 1 



In exercises 15-20, do not compute the Fourier series, but graph 
the function to which the Fourier series converges, showing at 
least three full periods. 



15. fix) = x, [-2,2] 
17. fix) 



16. fix) = x 2 , [-3, 3] 



— x, if —1 < x < 0 
0, if 0 < x < 1 



18. fix) 



19. f(x) = 



if -2 < x < 0 
if 0 < x < 2 



-1, if-2<x<-l 

0, if — 1 < x < 1 

1, if 1 < x < 2 
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12, if-2<*<-l 
-2, if — 1 < x < 1 
0, if 1 < x < 2 



21. Substitute x = 1 into the Fourier series formula of exercise 1 1 

°° 1 TV 2 

to prove that — = — . 

k=i k 2 6 

22. Use the Fourier series of example 9.1 to prove that 
~ sin(2fc - 1) _ n 

h 2k - 1 4' 

23. Use the Fourier series of example 9.2 to prove that 

~ 1_ = 7T 2 

a (2k - 1) 2 8 • 

OO | 

24. Combine the results of exercises 21 and 23 to find V -. 

(2k) 2 



In exercises 25-28, use the Fourier Convergence Theorem to 
investigate the convergence of the Fourier series in the given 
exercise. 



25. exercise 5 
27. exercise 9 



26. exercise 7 
28. exercise 17 



29. You have undoubtedly noticed that many Fourier series consist 
of only cosine or only sine terms. This can be easily understood 
in terms of even and odd functions. A function / is even if 
/(— x) — f(x) for all x. A function is odd if f(—x) — — f(x) 
for all x. Show that cos x is even, sin x is odd and cos x + sin x 
is neither. 

30. If / is even, show that g(x) — /(x)cosx is even and 
h(x) — f(x) sin x is odd. 

31. If / is odd, show that g(x) — /(x)cosx is odd and 
h(x) — f(x) sin x is even. Iff and g are even, what can you 
say about/g? 

32. Iff is even and g is odd, what can you say about /g? If / and 
g are odd, what can you say about/g? 

33. Prove the general Euler-Fourier formulas (9.7) and (9.8). 

34. If g is an odd function (see exercise 29), show that 
f_. g(x) dx — 0 for any (positive) constant /. [Hint: Compare 

g(x) dx and f' g(x) dx. You will need to make the change 
of variable t — —x in one of the integrals.] Using the results of 
exercise 30, show that if / is even, then b k — 0 for all k and the 
Fourier series of /(x) consists only of a constant and cosine 
terms. If / is odd, show that a k — 0 for all k and the Fourier 
series of f(x) consists only of sine terms. 

In exercises 35-38, use the even/odd properties of f(x) to 
predict (don't compute) whether the Fourier series will contain 
only cosine terms, only sine terms or both. 

35. /(x) = x 3 36. /(x) = x 4 
37. f(x) = e* 38. f(x) = \x\ 



-.r. rr,, r, n I — 1 , if— 2<X<0 . 

39. The function /(*)=< is neither even 

[3, if 0 < x < 2 

nor odd, but can be written as f(x) — g(x) + 1 where 

g(x) = J . ^' ^ < X *t ^ . Explain why the Fourier 
[2, if 0 < x < 2 

series of f(x) will contain sine terms and the constant 1, but 

no cosine terms. 

40. Suppose that you want to find the Fourier series of 
f(x) — x + x 2 . Explain why to find b k you would need only 
to integrate x sin (^p) and to find a k you would need only to 
integrate x 2 cos (^). 



APPLICATIONS 



Exercises 41-42 are adapted from the owner's manual of a 
high-end music synthesizer. 

41. A fundamental choice to be made when generating a new 
tone on a music synthesizer is the waveform. The options 
are sawtooth, square and pulse. You worked with the 
sawtooth wave in exercise 9. Graph the limiting function for 
the function in exercise 9 on the interval [—4, 4]. Explain why 
"sawtooth" is a good name. A square wave is shown in Figure 
9.49. A pulse wave of period 2 with width l/n is generated 
-2, if l/n < \x\ < 1 
2, if |x| < l/n 
width 1/3 and 1/4 on the interval [-4, 4]. 



by f(x) = 



Graph pulse waves of 



42. The harmonic content of a wave equals the ratio of 
integral harmonic waves to the fundamental wave. To under- 
stand what this means, write the Fourier series of exercise 9 as 
-(— sin7rx + ^ sin27rx — \ sin37rx + \ sin47rx — •••)• The 
harmonic content of the sawtooth wave is - . Explain how this 
relates to the relative sizes of the Fourier coefficients. The har- 
monic content of the square wave is - with even-numbered 
harmonics missing. Compare this description to the Fourier 
series of example 9.3. The harmonic content of the pulse wave 
of width | is - with every third harmonic missing. Without 
computing the Fourier coefficients, write out the general form 

-2, if 1/3 < |x| < 1 



of the Fourier series of f(x) = 



2, if|x|<l/3 



43. Piano tuning is relatively simple, due to the phenomenon 
studied in this exercise. Compare the graphs of sin 8f + sin 8.2f 
and 2 sin 8/. Note especially that the amplitude of sin8r + 
sin8.2r appears to slowly rise and fall. In the trigonomet- 
ric identity sin 8? + sin 8.2? = [2cos(0.2f)] sin(8.1f), think of 
2cos(0.2f) as the amplitude of sin(8.1f) and explain why the 
amplitude varies slowly. Piano tuners often start by striking a 
tuning fork of a certain pitch (e.g., sin 8f ) and then striking the 
corresponding piano note. If the piano is slightly out-of-tune 
(e.g., sin8.2f), the tuning fork plus piano produces a 
combined tone that noticeably increases and decreases in 
volume. Use your graph to explain why this occurs. 

44. The function sin8;r/ represents a 4-Hz signal (1 Hz equals 1 
cycle per second) if t is measured in seconds. If you received 
this signal, your task might be to take your measurements of the 
signal and try to reconstruct the function. For example, if you 
measured three samples per second, you would have the data 
/(0) = 0, /(1/3) = V3/2, /(2/3) = -V3/2 and /(l) = 0. 
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Knowing the signal is of the form A sin Bt , you would use the 
data to try to solve for A and B. In this case, you don't have 
enough information to guarantee getting the right values for 
A and B. Prove this by finding several values of A and B with 
B 8ji that match the data. A famous result of H. Nyquist 
from 1928 states that to reconstruct a signal of frequency / you 
need at least 2/ samples. 

45. The energy of a signal f(x) on the interval [—n, it] is 
defined by E — — f_ [f(x)] 2 dx. If f(x) has a Fourier 

series f(x) = \- 2_^[a k cos kx + b k sin kx], show that 

2 *=o 

E = Al + A] + A\ H , where A k = yjal + b\. The se- 
quence {A k } is called the energy spectrum of f(x). 

46. Carefully examine the graphs in Figure 9.46. There is a Gibbs 
phenomenon at x — 0. Does it appear that the size of the 
Gibbs overshoot changes as the number of terms increases? We 
examine that here. For the partial sum F„(x) as defined in 
example 9. 1 , it can be shown that the absolute maximum occurs 

IT ( 7t \ 

at — . Evaluate F„ I — for n = 4, n = 6 and n — 8. Show 
2n \2n) 

that for large n, the size of the bump is |f„ ^— ^ — / ^ — ^| 

0.09. Gibbs showed that, in general, the size of the bump at a 

jump discontinuity is about 0.09 times the size of the jump. 

47. Some fixes have been devised to reduce the Gibbs phe- 

'kn" 



nomenon. Define the er-factors by a k 



kir 



for 



k = \,2,...,n and consider the modified Fourier sum 

a 0 " 

h 22[a k cr k cos kx + b k a k sin to]. For example 9.1, plot the 

2 k=o 

modified sums for n — 4 and n — 8 and compare to Figure 

r. ,s r, s 1 1> < * < 0 , . . , 

9.46: j(x) — | , F2„-i has critical point 



at 



n/2n and lim F 2 „_, (i) = - / — rfx « 1, 



18. 



EXPLORATORY EXERCISES 



1. Suppose that you wanted to approximate a waveform with sine 
functions (no cosines), as in the music synthesizer problem. 
Such a Fourier sine series will be derived in this exercise. You 
essentially use Fourier series with a trick to guarantee sine 
terms only. Start with your waveform as a function defined on 
the interval [0, /], for some length /. Then define a function g(x) 
that equals f(x) on [0, 1] and that is an odd function. Show that 
f(x), if0<x</ 
-f(-x), if-/<x<0 
Fourier series expansion of g(x) on [— /, I] would contain sine 
terms only. This series is the sine series expansion of f{x). 
Show the following helpful shortcut: the sine series coefficients 
are 



works. Explain why the 



1 f' (kit 



Then compute the sine series expansion of f(x) — x 2 on 
[0, 1] and graph the limit function on [—3, 3], Analogous to 



the above, develop a Fourier cosine series and find the cosine 
series expansion of f(x) — x on [0, 1]. 

2. Fourier series are a part of the field of Fourier analysis, which 
is central to many engineering applications. Fourier analysis 
includes the Fourier transforms (and the FFT or Fast Fourier 
Transform) and inverse Fourier transforms, to which you will 
get a brief introduction in this exercise. Given measurements 
of a signal (waveform), the goal is to construct the Fourier 
series of a function. To start with a simple version of the prob- 
lem, suppose the signal has the form f(x) — y + ai cos it x + 
02 cos 2nx + b\ sin nx + b 2 sin 27rx and you have the mea- 
surements /(-l) = 0, /(-|) = 1, /(0) = 2, /(A) = 1 and 
/(l) = 0. Substituting into the general equation for f(x), show 
that/(-l) = 22 - ai + a 2 = 0. Similarly, » - a 2 -b x = 1, 
a + a, + a 2 = 2, f - a 2 + b, = 1, and f - ai + a 2 = 0. 
Note that the first and last equations are identical and that 
bi never appears in an equation. Thus, you have four equa- 
tions and four unknowns. Solve the equations. You should con- 
clude that f{x) = 1 + cos tzx + b 2 sinnx, with no informa- 
tion about b 2 . Fortunately, there is an easier way of determining 
the Fourier coefficients. Recall that a k — f_ l f(x) cos knx dx 
and bk = f(x) sin knx dx. You can estimate the in- 
tegral using function values at x = — 1/2, x = 0, x = 1/2 
and x = 1. Find a version of a Riemann sum ap- 
proximation that gives a 0 = 2, a\ = 1, a 2 = 0 and b { — 0. 
What value is given for b 2 7 Use this Riemann sum 
rule to find the appropriate coefficients for the data 

/(-!) = i>/H)= s. /(-?)= ?./(0) = o, /d)= -i, 

/(|) = -5. /(!) = -! and /(1) = -1. Compare to the 
Fourier series of exercise 9. 

3. Fourier series have been used extensively in processing 
digital information, including digital photographs as well as 
music synthesis. A digital photograph stored in "bitmap" for- 
mat can be thought of as three functions fn(x, y), fa(x, y) 
and /b(x, y). For example, /r(x, y) could be the amount of 
red content in the pixel that contains the point (x, y). Briefly 
explain what /g(x, y) and fs(x, y) would represent and how 
the three functions could be combined to create a color pic- 
ture. A sine series for a function f(x) on the interval [0, L] is 

oo 

YJ b k sin (^) where b k = f f 0 f(x) sin (*f*) dx. Describe 

k=l 

what a sine series for a function f(x, y) with 0 < x < L and 
0 < y < M would look like. If possible, take your favorite 
photograph in bitmap format and write a program to find 
Fourier approximations. The accompanying images were cre- 
ated in this way. The first three images show Fourier approxi- 
mations with 2,10 and 50 terms, respectively. Notice that while 
the 50-term approximation is fairly sharp, there are some rip- 
ples (or "ghosts") outlining the two people; the ripples are more 
obvious in the 10-term image. Briefly explain how these ripples 
relate to the Gibbs phenomenon. 




2 terms 



10 terms 



50 terms 
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In exercise 47, a a -correction is introduced that reduces the 
Gibbs phenomenon. The next three images show the same 
picture using ct -corrected Fourier approximations with 2, 10 
and 50 terms, respectively. Describe how the correction of the 
Gibbs phenomenon shows up in the images. Based on these 
images, how does the rate of convergence for Fourier series 
compare to <7 -corrected Fourier series? 




2 terms 



10 terms 



50 terms 
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WRITING EXERCISES 



The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Sequence 
Infinite series 
Series diverges 
Harmonic series 
Comparison Test 
Conditional 

convergence 
Ratio Test 
Radius of 

convergence 
Taylor's Theorem 



Limit of sequence 
Partial sum 
Geometric series 
Integral Test 
Limit Comparison 
Test 

Absolute convergence 
Root Test 
Taylor series 
Fourier series 



Squeeze Theorem 
Series converges 
£th-term test for 

divergence 
p-Series 

Alternating Series Test 
Alternating harmonic 

series 
Power series 
Taylor polynomial 



fp TRUE OR FALSE 

State whether each statement is true or false, and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. An increasing sequence diverges to infinity. 

2. As n increases, n \ increases faster than 10". 

oo 

3. If the sequence a„ diverges, then the series Y a k diverges. 

k=\ 

oo 

4. If a k decreases to 0 as k — >• oo, then Y a k diverges. 



5. If Jj 00 f(x) dx converges, then Y a k converges for a k = f(k). 

k=l 

6. If the Comparison Test can be used to determine the conver- 
gence or divergence of a series, then the Limit Comparison 
Test can also determine the convergence or divergence of the 
series. 

7. Using the Alternating Series Test, if lim a k ^ 0, then you can 

ifc-»oo 

oo 

conclude that Y a k diverges. 

k=i 



8. The difference between a partial sum of a convergent 
series and its sum is less than the first neglected term in the 
series. 

9. If a series is conditionally convergent, then the Ratio Test will 
be inconclusive. 

10. A series with all negative terms cannot be conditionally 
convergent. 

oo oo 

11. If Y \ a k\ diverges, then Y a k diverges. 

k=i k=\ 

12. A series may be integrated term-by-term and the interval of 
convergence will remain the same. 

13. A Taylor series of a function/ is simply a power series repre- 
sentation of/. 

14. The more terms in a Taylor polynomial, the better the approx- 
imation. 

15. The Fourier series of x 2 converges to x 2 for all x. 



In exercises 1-8, determine whether the sequence converges or 
diverges. If it converges, give the limit. 



1. a„ 



3 + n 



2. a„ 



3n 
1 +n 



3. a n = (-1)" 



4" 



n 2 + 4 



4. «„ = (-!)" 



n + 4 



5. a n 

7. a„ = cos Tin 



6. a n 
8. a„ 



n" 

cos nit 
n 



In exercises 9-18, answer with "converges," "diverges" or 
"can't tell." 



9. If lim a k — 1 , then Y a k 



10. If lim a k — 0, then Y a k 
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11. If lim 

k—>OQ 



12. If lim 

k— >oo 



a k+l 



'Ik 



— 1 , then Yl a k - 

k=l 
oo 

= 0, then Yl a k - 



13. If lim a k — - , then ]T] 

t^oo 2 A . =1 



14. If lim 



a k+l 



- , then £ a* 

2 k=\ 



15. If lim ^1^1 = -, then £ a* 
*-*■» 2 t=1 



16. If lim /t 2 a,t = 0, then £ "k 



17. If p > 1, then Y — 

k=i k p 



18. Ifr > 1, then £>r* 

k=\ 



In exercises 19-22, find the sum of the convergent series. 



»-f>(0" 

OO 

2i. £v* 



20. y — 

fcf + 2) 



22. £](-!)' 



4* 



37. y 38. y 



k\nk 



39. y 



k\ 
3* 



/< 2 



42 - E 



yt Vln fc + 1 



J^. A k 



/, = ! 



44. > — 

f-r f + 3fe + 1 



In exercises 45-48, determine whether the series converges 
absolutely, converges conditionally or diverges. 



45 ' S'-"'PTT 



sin A: 



OO o 

48. yvi)* +i ^^ 

t"f lni + 



In exercises 49 and 50, find all values of p for which the series 
converges. 



49. y 



so. y, 



In exercises 23 and 24, estimate the sum of the series to within 
0.01. 



23. yVi)*_L_ 



24. y(-if 



k\ 



In exercises 51 and 52, determine the number of terms necessary 
to estimate the sum of the series to within 10~ 6 . 



si. y(-\f 



k 2 



52. £(-!)' 



In exercises 25-44, determine whether the series converges or 
diverges. 



25. V — 

OO 

27. ^(-1)* 



VkTT 



-7/8 



29. 



31. y 

OO Ak 

33. y { -xt A - 

k=i *• 

OO / , 

35. £(-l)*ln^l + ~ 



26. y(-if 

k=Q 

00 

28. x; 



2k 
k + 3 



30. ]T2r 



8/7 



32. 



34. £(-!)* 



36. y 



COS fc7T 



In exercises 53-56, find a power series representation for the 
function. Find the radius of convergence. 



53. 



55. 



1 



4 + x 

3 

3-V7 2 



54. 



56. 



6 — x 
2 

1 +4x 2 



In exercises 57 and 58, use the series from exercises 53 and 54 
to find a power series and its radius of convergence. 



57. ln(4 + x) 



58. ln(6-x) 



In exercises 59-66, find the interval of convergence. 

OO OO 

59. ^(-1)*2** 60. y(-l) k (2x) 1 ' 



k=0 



6i. y ( -i) k \x k 



OO o /, 
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63 . £ ( ,_ 2? 

k=0 /t - 

oo 

65. 3 *(* - 2 >* 



64. ]T/t 2 (x + 3)* 

OO 1 

66 - E^ + d' 



In exercises 67 and 68, derive the Taylor series of fix) about the 
center x = c. 



67. f{x) — sinx, c = 0 



68. /(*)= ~,c=l 
x 



In exercises 69 and 70, find the Taylor polynomial Pn(x). Graph 
/(*) and P 4 (x). 



69. f{x) = lnx, c = 1 



70. /(*)= -=,c=l 



In exercises 71 and 72, use the Taylor polynomials from exer- 
cises 69 and 70 to estimate the given values. Determine the order 
of the Taylor polynomial needed to estimate the value to within 

io- 8 . 



71. In 1.2 



72. 



1 



In exercises 73 and 74, use a known Taylor series to find a Taylor 
series of the function and find its radius of convergence. 



73. e' 



74. sin4x 



In exercises 75 and 76, use the first five nonzero terms of a known 
Taylor series to estimate the value of the integral. 



75. 



Jo 



tan x dx 



76. 



dx 



In exercises 77 and 78, derive the Fourier series of the function. 

77. fix) = x, -2 < x < 2 

0, if -7i < x < 0 



78. /(*) = 



1, if 0 < x < n 



In exercises 79-82, graph at least three periods of the function 
to which the Fourier series converges. 



79. fix) = x 2 , -1 < x < 1 

80. fix) = 2x, -2 < x < 2 
-1, if — 1 < x < 0 



81. /(*) = 

82. /(*) = 



1, if 0 < x < 1 
0, if-2<x<0 



x. 



if 0 < x < 2 



83. Suppose you and your friend take turns tossing a coin. The 
first one to get a head wins. Obviously, the person who goes 
first has an advantage, but how much of an advantage is it? 
If you go first, the probability that you win on your first toss 
is |, the probability that you win on your second toss is i, 
the probability that you win on your third toss is g and so 
on. Sum a geometric series to find the probability that you 
win. 

84. In a game similar to that of exercise 83, the first one to roll a 
4 on a six-sided die wins. Is this game more fair than the pre- 
vious game? The probabilities of winning on the first, second 
and third roll are | , ^ and yp^g , respectively. Sum a geometric 
series to find the probability that you win. 

Recall the Fibonacci sequence defined by a 0 — 1, 
ai — I, a 2 — 2 and a„ +1 = a„ + a„_i. Prove the following 
fl„ +1 1 + V5 



85. 



fact: lim 



(This number, known to the 



«->oo a„ 2 
ancient Greeks, is called the golden ratio.) (Hint: Start with 

n+l — a„ + a n -\ and divide by a„. If r — lim " + , argue 



>oo a „ 



1 



86. 



@n — 1 * 

that lim = - and then solve the equation r = 1 + - .) 

n^oo a n r r 

The Fibonacci sequence can be visualized with the follow- 
ing construction. Start with two side-by-side squares of side 1 
(Figure A). Above them, draw a square (Figure B), which will 
have side 2. To the left of that, draw a square (Figure C), which 
will have side 3 . Continue to spiral around, drawing squares that 
have sides given by the Fibonacci sequence. For each bound- 
ing rectangle in Figures A-C, compute the ratio of the sides 
of the rectangle. (Hint: Start with j and then |.) Find the limit 
of the ratios as the construction process continues. The Greeks 
proclaimed this to be the most "pleasing" of all rectangles, 
building the Parthenon and other important buildings with these 
proportions. (See The Divine Proportion by H. E. Huntley.) 



FIGURE A 



FIGURE B 



FIGURE C 



J 87. Another type of sequence studied by mathematicians is the 
continued fraction. Numerically explore the sequence 1 H — , 
1 1 

1 H r , 1 + j — and so on. Show that the limit L 



1 + 



1 + 



satisfies the equation L 



1 



1 + — . Show that the limit equals 

the golden ratio! Viscount Brouncker, a seventeenth-century 

l 2 

English mathematician, showed that the sequence 1 + — , 

l 2 l 2 4 
1 H — , 1 H ^ — and so on, converges to — . (See 



2 + 



3 2 



2 + 



3 2 

2+3; 



A History of Pi by Petr Beckmann.) Explore this sequence 
numerically. 
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88. For the power series 



i 



= C\ + C 2 X + C 3 X + • 



show that the constants c; are the Fibonacci numbers. Sub- 
stitute x — -t-tt to find the interesting decimal representation 



for 



1000 
1,000,000 

998,999 ' 



89. If 0 < r < |, show that 

1 + 2r + Ar 2 + ■ • ■ 4- (2r)" 4- ■ • • = 



1 -2r 



Replace r with 



1 



1000 



and discuss what's interesting about the decimal repre- 



sentation of 



500 
499' 



EXPLORATORY EXERCISES 



1. The challenge here is to determine V] 

k=l k(k + 1) 



as completely 



as possible. Start by finding the interval of convergence. Find 
the sum for the special cases (a) x = 0 and (b) x = 1. For 
0 < x < 1, do the following: (c) Rewrite the series using the 

partial fractions expansion of ^ — — . (d) Because the series 
converges absolutely, it is legal to rearrange terms. Do so and 



rewrite the series as x + 



Identify the series in brackets as 



■]• (e) 



dx, evaluate the 



series and then integrate term-by-term, (f) Replace the term in 
brackets in part (d) with its value obtained in part (e). (g) The 
next case is for — 1 < x < 0. Use the technique in parts (c)-(f) 
to find the sum. (h) Evaluate the sum at x = — 1 using the fact 
that the alternating harmonic series sums to In 2. (Used by per- 
mission of the Virginia Tech Mathematics Contest. Solution 
suggested by Gregory Minton.) 

» 1 7t 2 

You have used Fourier series to show that > — = — . Here, 

you will use a version of Vieta's formula to give an alternative 
derivation. Start by using a Maclaurin series for sin x to derive a 



series for fix) — 



«Jx 



. Then find the zeros of fix). Vieta's 



formula states that the sum of the reciprocals of the zeros of 
fix) equals the negative of the coefficient of the linear term in 
the Maclaurin series of fix) divided by the constant term. Take 
this equation and multiply by n 2 to get the desired formula. 
Use the same method with a different function to show that 



tx i2k 



1 



D 2 




Parametric Equations 
and Polar Coordinates 



CHAPTER 





You are all familiar with sonic booms, those loud crashes of noise caused by 
aircraft flying faster than the speed of sound. You may have even heard a sonic 
boom, but you have probably never seen one. The remarkable photograph 
here shows water vapor outlining the surface of a shock wave created by an 
F-18 jet flying supersonically. (Note that there is also a small cone of water 
vapor trailing the back of the cockpit.) 

You may be surprised at the apparently conical shape, but a mathematical 
analysis verifies that the shape of the shock waves is indeed conical. (You 
will have an opportunity to explore this in the exercises in section 10.1.) To 
visualize how sound waves propagate, imagine an exploding firecracker. If 
you think of this in two dimensions, you'll recognize that the sound waves 
propagate in a series of ever-expanding concentric circles that reach everyone 
standing a given distance away from the firecracker at the same time. 

In this chapter, we extend the concepts of calculus to curves described by 
parametric equations and polar coordinates. For instance, to describe the motion 
of an object such as an airplane in two dimensions, we would need to describe the 
object's position (x, y) as a function of the parameter t (time). That is, we write 
the position in the form (x,y) = (x(t), y(t)), where x(t) and y(t) are functions to 
which our existing techniques of calculus can be applied. The equations x — x(t) 
and y = y(t) are called parametric equations. Additionally, we'll explore how to 
use polar coordinates to represent curves, not as a set of points (x, y), but rather, 
by specifying the points by the distance from the origin to the point, together 
with an angle corresponding to the direction from the origin to the point. Polar 
coordinates are especially convenient for describing circles, such as those that 
occur in propagating sound waves. 

These alternative descriptions of curves bring us needed flexibility for attack- 
ing many problems. Often, even very complicated looking curves have a simple 
description in terms of parametric equations or polar coordinates. 



10.1 PLANE CURVES AND PARAMETRIC EQUATIONS 



We often find it convenient to describe the location of a point (x, y) in the plane in 
terms of a parameter. For instance, for a moving object, we would naturally give 
its location in terms of time. In this way, we not only specify the path the object 
follows, but we also know when it passes through each point. 

Given any pair of functions x(t) and y{t) defined on the same domain D, the 
equations 

x = x(t), y = y(t) 
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FIGURE 10.2 

Path of projectile 



are called parametric equations. Notice that for each choice of t, the parametric equations 
specify a point (x, y) = (x(t), y(/)) in the xy-plane. The collection of all such points is 
called the graph of the parametric equations. In the case where x(t) and y(t) are continuous 
functions and D is an interval of the real line, the graph is a curve in the xy-plane, referred 
to as a plane curve. 

The choice of the letter t to denote the independent variable (called the parameter) 
should make you think of time, which is often what the parameter represents. In fact, you 
might recall that in section 5.5, we used a pair of equations of this type to describe two- 
dimensional projectile motion. In general, a parameter can be any quantity that is convenient 
for describing the relationship between x and y. In example 1 . 1 , we simplify our discussion 
by eliminating the parameter. 



EXAMPLE I.I Graphing a Plane Curve 

Sketch the plane curve defined by the parametric equations x — 6 — t 2 , y — t/2, for 
-2 < t < 4. 

Solution In the accompanying table, we list a number of values of the parameter t and 
the corresponding values of x and y. We have plotted these points and connected them 
with a smooth curve in Figure 10.1. You might also notice that we can easily eliminate 
the parameter here, by solving for t in terms of y. We have t — 2y, so that x — 6 — 4y 2 . 
The graph of this last equation is a parabola opening to the left. However, the plane 
curve we're looking for is the portion of this parabola corresponding to —2 < t < 4. 
From the table, notice that this corresponds to — 1 < y < 2, so that the plane curve is 
the portion of the parabola indicated in Figure 10.1. 
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FIGURE 10.1 

n 1 

x = 6 - r, y = -, -2 < t < 4 
2 ~ ~ 



You probably noticed the small arrows drawn on top of the plane curve in Figure 10. 1. 
These indicate the orientation of the curve (i.e., the direction of increasing t). If t represents 
time and the curve represents the path of an object, the orientation indicates the direction 
followed by the object as it traverses the path, as in example 1.2. 



EXAMPLE 1.2 The Path of a Projectile 

Find the path of a projectile thrown horizontally with initial speed of 20 ft/s from a 
height of 64 feet. 

Solution Following our discussion in section 5.5, the path is defined by the 
parametric equations 

x - 20/, y = 64 - 16f 2 , for 0 < t < 2, 

where t represents time (in seconds). This describes the plane curve shown in Figure 10.2. 
Note that in this case, the orientation indicated in the graph gives the direction of motion. 
If we eliminate the parameter, as in example 1.1, the corresponding x-y equation 



10-3 



SECTION 10. 1 •• Plane Curves and Parametric Equations 



627 



y — 64 — 16(^r) describes the path followed by the projectile. However, the 
parametric equations provide us with additional information, as they also tell us when 
the object is located at a given point and indicate the direction of motion. ■ 



Graphing calculators and computer algebra systems sketch a plane curve by plotting 
points corresponding to a large number of values of the parameter t and then connecting 
the plotted points with a curve. The appearance of the resulting graph depends greatly on 
the graphing window used and also on the particular choice of f-values. This can be seen 
in example 1.3. 



H — I — h 



H — I — I >X 



FIGURE 10.3a 

x — 2 cos t , y — 2 sin / 




FIGURE 10.3b 

= 2cosf, y — 2 sin? 



REMARK I.I 



To sketch a parametric graph on 
a CAS, you may need to write 
the equations in vector format. 
For instance, in the case of 
example 1.3, instead of entering 
x = 2 cos t and y — 2 sin you 
would enter the ordered pair of 
functions (2 cos t , 2 sin t ). 



EXAMPLE 1 .3 Parametric Equations Involving Sines and Cosines 

Sketch the plane curve defined by the parametric equations 

x = 2cosf, y = 2sinf, for (a) 0 < t < 2n and (b) 0 < t < it. 



(1.1) 



Solution (a) The default graph produced by most graphing calculators looks 
something like the curve shown in Figure 10.3a (where we have added arrows indicating 
the orientation). We can improve this sketch by noticing that since x — 2 cos t, x ranges 
between —2 and 2. Similarly, y ranges between —2 and 2. Changing the graphing 
window to —2.1 < x < 2.1 and —2.1 < y < 2.1 produces the curve shown in 
Figure 10.3b. The curve looks like an ellipse, but with some thought we can identify it 
as a circle. Rather than eliminate the parameter by solving for t in terms of either x or y, 
instead notice from (1.1) that 

x 2 + y 2 — 4 cos 2 1 + 4 sin 2 t — 4(cos 2 1 + sin 2 1) — 4. 

So, the plane curve lies on the circle of radius 2 centered at the origin. It's not hard to 
see that this is the entire circle, traversed counterclockwise. [Simply plot some points, 
or better yet, recognize that t corresponds to the angle measured from the positive 
x-axis to the line segment joining (x, y) to the origin, noting that t ranges from 0 to 2tt.] 
A "square" graphing window (one with the same scale on the x- and y-axes, though not 
necessarily the same x and y ranges) gives us the circle seen in Figure 10.3c. 

(b) Since we've identified t as the angle as measured from the positive x-axis, 
limiting the domain to 0 < t < n will give the top half of the circle, as shown in 
Figure 10.3d. 




1 — 




FIGURE 10.3c 

A circle 



FIGURE 10.3d 

Top semicircle 



Simple modifications to the parametric equations in example 1.3 will produce a variety 
of circles and ellipses. We explore this in example 1.4 and the exercises. 



EXAMPLE 1.4 



More Circles and Ellipses Defined 
by Parametric Equations 



Identify the plane curves (a) x = 2 sin t , y — 3 cos t , (b) x = 2 + 4 cos t, 
y — 3 + 4 sin t and (c) x = 3 cos 2t, y — 3 sin2f, all for 0 < t < 2n. 
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REMARK 1.2 



Look carefully at the plane 
curves in examples 1.3 and 1.4 
until you can identify the roles 
of each of the constants in the 
equations x — a + b cos ct , 
y(t) — d + e sincf. These 
interpretations are important in 
applications. 



Solution A computer-generated sketch of (a) is shown in Figure 10.4a. Observe that 
this is not a circle, since the parametric equations produce jf-values between —2 and 2 
and y- values between —3 and 3. To verify that this is an ellipse, observe that 



x 

T 



y 



2 4 sin 2 1 9 cos 2 t 



sin" t 



cos 2 t 



1. 



A computer-generated sketch of (b) is shown in Figure 10.4b. You should verify 
that this is the circle (x — 2) 2 + (y — 3) 2 = 16, by eliminating the parameter. Finally, a 
computer sketch of (c) is shown in Figure 10.4c. You should verify that this is the circle 
x 2 + y 2 = 9, but what is the role of the 2 in the argument of cosine and sine? If you 
sketched this on a calculator, you may have noticed that the circle was completed long 
before the calculator finished graphing. Because of the 2, a complete circle corresponds 
to 0 < 2t < 2n or 0 < t < jr. With the domain 0 < t < 2ir, the circle is traced out 
twice. You might say that the factor of 2 in the argument doubles the speed with which 
the curve is traced. 




FIGURE 10.4a 

x — 2s'mt, y — 3 cos t 



REMARK 1.3 



There are infinitely many 
choices of parameters that 
produce a given curve. For 
instance, you can verify that 

x = -2 + 3t, y = -3 + 5f, 
for 1 < / < 2 



and 



1+5/ 



for 1 < t < 4 

both produce the line segment 
from example 1.5. We say that 
each of these pairs of parametric 
equations is a different 
parameterization of the curve. 





FIGURE 10.4b 

x — 2 + 4 cos t , v = 3 + 4 sin t 



FIGURE 10.4c 

x — 3 cos 2t, y = 3 sin 2t 



In example 1.5, we see how to find parametric equations for a line segment. 



EXAMPLE 1.5 Parametric Equations for a Line Segment 

Find parametric equations for the line segment joining the points (1,2) and (4, 7). 

Solution For a line segment, notice that the parametric equations can be chosen to be 
linear functions. That is, 



a + bt, 



y 



dt, 



for some constants a, b, c and d. (Eliminate the parameter t to see why this generates a 
line.) The simplest way to choose these constants is to have / = 0 correspond to the 
starting point (1,2). Note that if / = 0, the equations reduce to x — a and v = c. To 
start our segment at x = 1 and y — 2, we set a — 1 and c — 2. Taking f = 1 to 
correspond to the endpoint (4, 7), we have a + b — 4 and c + d — 7. Since a — 1 and 
c — 2, we get b — 3 and d — 5, so that 

x = 1 + 3t, y = 2 + 5t, for 0 < t < 1 

is a pair of parametric equations describing the line segment. ■ 



In general, for parametric equations of the form x — a + bt , y = c + dt, notice that you 
can always choose a and c to be the x- and y-coordinates, respectively, of the starting point 
(since x — a, y — c corresponds to t — 0). In this case, b is the difference in .r-coordinates 
(endpoint minus starting point) and d is the difference in y-coordinates. With these choices, 
the line segment is always sketched out for 0 < t < 1. 
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y 




FIGURE 10.5a 

y = (x + l) 2 - 2 



y 




FIGURE 10.6b 

x = f 3 - f , y = f 4 - 5r 2 + 4 



As we illustrate in example 1.6, every equation of the form y — f(x) can be simply 
expressed using parametric equations. 



EXAMPLE 1 .6 Parametric Equations from an x-y Equation 

Find parametric equations for the portion of the parabola y — x 2 from (—1, 1) 
to (3, 9). 

Solution Any equation of the form y = f{x) can be converted to parametric form 
simply by defining t = x. Here, this gives us y = x 2 = t 2 , so that 

x — t, y — t 2 , for -1 < t < 3, 

is a parametric representation of the curve. ■ 

Besides indicating an orientation, parametric representations of curves often also 
carry with them a built-in restriction on the portion of the curve included, as we see in 
example 1.7. 



EXAMPLE 1.7 Parametric Representations of a Curve 
with a Subtle Difference 

Sketch the plane curves (a) x — t — 1, y — t 2 — 2 and (b) x — t 2 — 1, y — t A — 2. 

Solution Since there is no restriction placed on f , we can assume that t can be any 
real number. Eliminating the parameter in (a), we get t — x + 1 , so that the parametric 
equations in (a) correspond to the parabola y — (x + l) 2 — 2, shown in Figure 10.5a. 
Notice that the graph includes the entire parabola, since t and hence, x = t — 1 can be 
any real number. (If your calculator sketch doesn't show both sides of the parabola, 
adjust the range of r-values in the plot.) The importance of this check is shown by (b). 
When we eliminate the parameter, we get t 2 — x + 1 and so, y — (x + l) 2 — 2. This 
gives the same parabola as in (a). However, the initial computer sketch of the parametric 
equations shown in Figure 10.5b shows only the right half of the parabola. To verify that 
this is correct, note that since x — t 2 — 1, we have that x > —1 for every real number t. 
Therefore, the curve is only the right half of the parabola y — (x + l) 2 — 2, as shown. 
Note that we do not indicate an orientation here, since the curve is traversed in one 
direction for t > 0 and the opposite direction for t < 0. ■ 

Many plane curves described parametrically are unlike anything you've seen so far in 
your study of calculus. Many of these are difficult to draw by hand, but can be easily plotted 
with a graphing calculator or CAS. 



EXAMPLE 1.8 Some Unusual Plane Curves 

Sketch the plane curves (a) x — t 2 — 2, y — t 3 — t and (b) x — f 3 — t, 

y = t 4 -5t 2 + 4. 

Solution A sketch of (a) is shown in Figure 10.6a. From the vertical line test, this is 
not the graph of any function. Further, converting to an x-y equation here is messy and 
not particularly helpful. (Try this to see why.) However, note that x — t 2 — 2 > —2 for 
all t and y — t 3 — t has no maximum or minimum. (Think about why.) 

A computer sketch of (b) is shown in Figure 10.6b. Again, this is not a familiar 
graph. To get an idea of the scope of the graph, note that x — f 3 — t has no maximum or 
minimum. To find the minimum of y — f 4 — 5f 2 + 4, note that critical numbers are at 

t — 0 and t — ±y| with corresponding function values 4 and — |, respectively. You 

should conclude that y > — |, as indicated in Figure 10.6b. ■ 

You should now have some idea of the flexibility of parametric equations. Quite 
significantly, a large number of applications translate simply into parametric equations. 
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Bear in mind that parametric equations communicate more information than do the 
corresponding x-y equations. We illustrate this with example 1.9. 




100 200 300 400 500 



FIGURE 10.7a 

Missile flight paths 




100 200 300 400 500 



FIGURE 10.7b 

Missile flight paths 



EXAMPLE 1.9 Intercepting a Missile in Flight 

Suppose that a missile is fired toward your location from 500 miles away and follows a 
flight path given by the parametric equations 

x = lOOf, y = m - I6t 2 , for 0 < t < 5. 

Two minutes later, you fire an interceptor missile from your location following the flight 
path 

x = 500 — 200(? — 2), y = 80(r - 2) - 16(f - 2) 2 , for 2 < t < 7. 

Determine whether the interceptor missile hits its target. 

Solution In Figure 10.7a, we have plotted the flight paths for both missiles 
simultaneously. The two paths clearly intersect, but this does not necessarily mean that 
the two missiles collide. For that to happen, they need to be at the same point at the 
same time. To determine whether there are any values of t for which both paths are 
simultaneously passing through the same point, we set the two x-values equal: 

100? = 500 - 200(7 - 2) 

and obtain one solution: t — 3. Note that this simply says that the two missiles have the 
same x-coordinate when t — 3. Unfortunately, the y-coordinates are not the same here, 
since when t — 3, we have 



m - I6t 2 = 96 but 80(r - 2) - I6(t - if 



64. 



You can see this graphically by plotting the two paths simultaneously for 0 < t < 3 
only, as we have done in Figure 10.7b. From the graph, you can clearly see that the two 
missiles pass one another without colliding. So, by the time the interceptor missile 
intersects the flight path of the incoming missile, it is long gone! Another very nice way 
to observe this behavior is to plot the two sets of parametric equations on your graphing 
calculator in "simultaneous plot" mode. With this, you can animate the flight paths and 
watch the missiles pass by one another. ■ 



BEYOND FORMULAS 

When thinking of parametric equations, it is often helpful to think of t as representing 
time and the graph as representing the path of a moving particle. However, it is important 
to realize that the parameter can be anything. For example, in equations of circles and 
ellipses, the parameter may represent the angle as you rotate around the oval. Allowing 
the parameter to change from problem to problem gives us incredible flexibility to 
describe the relationship between x and y in the most convenient way possible. 



EXERCISES I 0.1 

^WRITING EXERCISES 

1. Interpret in words the roles of each of the constants in the 

1x = a,\ + b\ cos(cf) 
y — a 2 + »2 sin(cf) 

2. An algorithm was given in example 1 .5 for finding parametric 
equations of a line segment. Discuss the advantages that this 
method has over the other methods presented in remark 1.3. 



3. As indicated in remark 1.3, a given curve can be described by 
numerous sets of parametric equations. Explain why several 
different equations can all be correct. (Hint: Emphasize the 
fact that t is a dummy variable.) 

4. In example 1.9, you saw that missiles don't collide even 
though their paths intersect. If you wanted to determine the 
intersection point of the graphs, explain why you would 
need to solve for values .? and t (possibly different) such 
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that 100? = 500 - 200(s - 2) and 80/ - 16f 2 = 80(s - 2) 
16(i - 2) 2 . 



31. /i = 10m,u=2 m/s, (a) 9 = 0° (b) 9 = 8° down 

32. h = 40 m, v = 8 m/s, (a) 0 = 0° (b) 0 = 6° up 



In exercises 1-12, sketch the plane curve defined by the given 
parametric equations and find an x-y equation for the curve. 



1. 
3. 
5. 
7. 
9. 
11. 



j In exercises 13-20, use a graphing calculator to sketch the plane 
curves defined by the parametric equations. 



x — 2 cos / 


2 -l 


[ x = 1 + 2 cos / 


y = 3 sin t 


1 y = —2 + 2 sin ? 


x = -1 +2t 


-1 


\x = 4+3f 


y = 3t 


[ y = 2 - 4* 


x = 1 + t 


'■1 


[ x = 2 - r 


y = t 2 + 2 


[ y = f 2 + 1 


x = r 2 - 1 


,| 


[ x = f 2 - 1 


y — 2t 


[ y = t 2 + i 


x — sin~' t 


-I 


[ x = tan -1 1 


y — sinf 


[ y = 4/Vf + 1 


x = VhTr 
y = i/< 


-1 


[ x = e< 
[ y = e~ 2 ' 



13. 
15. 
17. 



x = f 3 - 2f 
y = t 2 - 3 

x = cos 2? 
y = sin7f 

x = 3 cos2f + sin 5/ 
y = 3 sin 2f + cos 5/ 



14. 
16. 
18. 



x = f 3 - 2f 
y = t 2 - 3f 

x = cos 2f 
y = sinTr; 

x = 3 cos 2t + sin 6f 
y = 3 sin 2t + cos 6f 



fx = (2- ?/Vf 2 TT)cos32f fx = 8f cos4f/-s/? 2 + 1 

' j y = (1 + f/Vf 2 TT)sin32? ' j y = 8f sin4?/Vf 2 + 1 



In exercises 21-28, find parametric equations describing the 
given curve. 

21. The line segment from (0, 1) to (3, 4) 

22. The line segment from (3, 1) to (1, 3) 

23. The line segment from (—2, 4) to (6, 1) 

24. The line segment from (4, —2) to (2, —1) 

25. The portion of the parabola y = x 2 + 1 from (1, 2) to (2, 5) 

26. The portion of the parabola y = 2 — x 2 from (2, —2) to (0, 2) 

27. The circle of radius 3 centered at (2, 1), counterclockwise 

28. The circle of radius 5 centered at (—1, 3), counterclockwise 



In exercises 29-32, find parametric equations for the path of a 
projectile launched from height h with initial speed v at angle 
9 from the horizontal. 

29. h = 16', v = 12 ft/s, (a) 6 = 0° (b) 9 = 6° up 

30. h = 100', v = 24 ft/s, (a) 0 = 0° (b) 9 = 4° down 



33. Rework example 1.9 with the interceptor missile following 
the flight path x = 500 - 500(f - 2) and y = 208(7 - 2) - 
16(f - 2) 2 . 

34. Rework example 1 .9 with the interceptor missile following the 
flight path x = 500 - 100« and y = 80/ - 16r 2 . 

35. In example 1.9 and exercise 33, explain why the 2 in the term 
t — 2 represents the time delay between the launches of the 
two missiles. For the equations in example 1.9, find a value of 
the time delay such that the two missiles do collide. 

36. Explain why the missile path in exercise 34 must produce a 
collision (compare the y-equations) but is unrealistic. 

In exercises 37-40, find all points of intersection of the two 
curves. 

37. { X = t f2 , and | X = ! + * 

y = r 2 -l I y = 4 - s 



38. and \ X = 2 + S 

y = t + 1 1 y = 1 - s 



39. \ X = ' 2 +3 and \ x = \ + S 
\y = t 2 I y = 2 - s 

x — 2 + s 
y — 1 — s 



40. 



x = t 2 + 3 
y = t 3 + / 



and 



41. Conjecture the difference between the graphs of 



x = cos 2t 



y — sin kt 

where k is an integer compared to when k is an irrational 
number. (Hint: Try k = 3, k = </3, = 5, = V5 and other 
values.) 

42. Compare the graphs of j X _ °° S ^ f° r k = l,k = 2, 

k — 3, k — 4 and k — 5, and describe the role that k plays in 
the graph. 



43. Compare the graphs of 



x = cos t — \ cos kt 



for & = 2, 



y = sin / — | sin fef 
£ = 3, £ = 4 and k — 5, and describe the role that A; plays in 
the graph. 



and then describe how to sketch the graph of 



44. Describe the role that r plays in the graph of 
x — r cos t 
y — r sin t 

X — t cos t 
y — t sin t 

* - ^ , , r \ x = cos 2; , f x = cos t 

45. Compare the graphs ol { and < . „ . Use 

v b v | y = sinf I y = sin 2/ 

the identities cos 2f = cos 2 f — sin 2 1 and sin 2t — 2 cos / sin f 
to find x-y equations for each graph. 
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J 46. Determine parametric equations for the curves defined 
by x 2 " + y 2n — r 2 " for integers n. [Hint: Start with n = 1, 
x 2 + y 2 — r 2 , then think of the general equation as (x") 2 + 
(y") 2 — r 2 ".] Sketch the graphs for n — 1, n = 2 and n — 3, 
and predict what the curve will look like for large values of n. 

In exercises 47-52, match the parametric equations with the cor- 
responding plane curve displayed in Figures A-F. Give reasons 
for your choices. 



47. 



49. 



51. 



t l -\ 
t 4 

t 2 -l 
sinf 

cos 3t 
sin2f 



48. 



50. 



52. 



x = t - 1 

y = < 3 

x = t 2 -\ 
y — sin2f 

x — 3cosf 
y — 2 sin t 






FIGURE E 



FIGURE A 





FIGURE B 



FIGURE F 




APPLICATIONS 

Exercises 53 and 54 explore the sound barrier problem discussed 
in the chapter introduction. Define 1 unit to be the distance trav- 
eled by sound in 1 second. 

53. (a) Suppose a sound wave is emitted from the origin at time 0. 
After t seconds (t > 0), explain why the position in units of 
the sound wave is modeled by x = t cos 6 and y — t sin 9, 
where the dummy parameter 6 has range 0 < 8 < 2it . 

\ — >x 

(b) Find parametric equations for the position at time t seconds 
(t > 0) of a sound wave emitted at time c seconds from the 
point (a, b). 
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54. 



(c) Suppose that a jet has speed 0.8 unit per second (i.e., 
Mach 0.8) with position function x(t) — 0.8f and y(t) — 0. 
To model the position at time / = 5 seconds of various 
sound waves emitted by the jet, do the following on one set 
of axes. (1) Graph the position after 5 seconds of the sound 
wave emitted from (0, 0); (2) graph the position after 4 sec- 
onds of the sound wave emitted from (0.8, 0); (3) graph the 
position after 3 seconds of the sound wave emitted from 
(1 .6, 0); (4) graph the position after 2 seconds of the sound 
wave emitted from (2.4, 0); (5) graph the position after 
1 second of the sound wave emitted from (3.2, 0); (6) mark 
the position of the jet at time t — 5. 

(d) Repeat part (c) for a jet with speed 1.0 unit per second 
(Mach 1). The sound waves that intersect at the jet's loca- 
tion are the "sound barrier" that must be broken. 

(e) Repeat part (c) for a jet with speed 1.4 units per second 
(Mach 1.4). 

(f) In part (e), the sound waves intersect each other. The in- 
tersections form the "shock wave" that we hear as a sonic 
boom. Theoretically, the angle 9 between the shock wave 
and the x-axis satisfies the equation sin 9 — —, where m 
is the Mach speed of the jet. Show that for m — 1.4, 
the theoretical shock wave is formed by the lines x(t) — 
7 - V096f, y(t) = t and x(t) = 7 - V096?, y(t) = -t. 
Superimpose these lines onto the graph of part (e). 

(g) In part (f), the shock wave of a jet at Mach 1 .4 is modeled by 
two lines. Argue that in three dimensions, the shock wave 
has circular cross sections. Describe the three-dimensional 
figure formed by revolving the lines in part (f) about the 
x-axis. 

If a pebble is dropped into water, a wave spreads out in an 
expanding circle. Let v be the speed of the propagation of the 
wave. If a boat moves through this water with speed 1 Av, argue 
that the boat's wake will be described by the graphs of part (f) 
of exercise 53. Graph the wake of a boat with speed 1.6u, 




Exercise 55 shows that a celestial object can incorrectly appear 
to be moving faster than the speed of light 

55. (a) A bright object is at position (0, D) at time 0, where D is 
a very large positive number. The object moves toward the 
positive A-axis with constant speed v < c at an angle 9 from 
the vertical. Find parametric equations for the position of 
the object at time t. 



(b) Let s(t) be the distance from the object to the origin at time 

s(t) 

t. Then L(t) = gives the amount of time it takes for 

c 

light emitted by the object at time t to reach the origin. 

1 v 2 t — Dv cos 9 

Show that L'(f ) = . 

c s(t) 

(c) An observer stands at the origin and tracks the horizontal 
movement of the object. Light received at time T was emit- 
ted by the object at time t, where T — t + L(t). Similarly, 
light received at time T + AT was emitted at time t + dt, 
where typically dt ^ AT. The apparent x-coordinate of the 
object at time T is x a (T) — x(t). The apparent horizontal 
speed of the object at time T as measured by the observer 

x a (T + AT) - x a (T) 

is h(T) = hm . Tracing back to 

Ar^o Ar 
time f, show that 



h(t) = lim 

dt->0 



x(t + dt) — x(t) v sin t 



AT 



T'(t) 1 + L'(t) 



(d) Show that /i(0) = . 

c — v cos 9 

(e) Show that for a constant speed v, the maximum apparent 

horizontal speed h(0) occurs when the object moves at an 
v 

angle with cos 9 = -. Find this speed in terms of v and 

c 

1 

y ~ 7i-« 2 a- 2 ' 

(f) Show that as v approaches c, the apparent horizontal speed 
can exceed c, causing the observer to measure an object 
moving faster than the speed of light! As v approaches 
c, show that the angle producing the maximum appar- 
ent horizontal speed decreases to 0. Discuss why this is 
paradoxical. 

v 

(g) If - > 1, show that h(0) has no maximum. 

c 

56. Let r E and r M model the paths of Earth and Mars, re- 

X — COS 27T/ 



spectively, around the Sun, where r E = 



and 



''a; 



y = sin2:rrf 
According to this model, how do the 



x — 1.5 cos Jit 
y — 1.5 shurf 

radii and periods of the orbits compare? How accurate is this? 
The orbit of Mars relative to Earth is modeled by r M — r E - 
Graph this and identify the retrograde motion of Mars as seen 
from Earth. 



EXPLORATORY EXERCISES 

Many carnivals have a version of the double Ferris wheel. A 
large central arm rotates clockwise. At each end of the central 
arm is a Ferris wheel that rotates clockwise around the arm. As- 
sume that the central arm has length 200 feet and rotates about 
its center. Also assume that the wheels have radius 40 feet 
and rotate at the same speed as the central arm. Find paramet- 
ric equations for the position of a rider and graph the rider's 
path. Adjust the speed of rotation of the wheels to improve the 
ride. 
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2. The Flying Zucchini Circus Troupe has a human cannon- 
ball act, shooting a performer from a cannon into a spe- 
cially padded seat of a turning Ferris wheel. The Ferris 
wheel has a radius of 40 feet and rotates counterclockwise at 
one revolution per minute. The special seat starts at ground 
level. Carefully explain why parametric equations for the 

(x = 40cos(fj/-f) 
seat are { . The cannon is located 

| y = 40 + 40sin(ir - f) 



200 feet left of the Ferris wheel with the muzzle 10 feet 
above ground, (a) The performer is launched 35 seconds after 
the wheel starts turning with an initial velocity of 100 ft/s 
at an angle of -J above the horizontal. Carefully explain 
why parametric equations for the human cannonball are 

x = (100 cos - 35) - 200 

5 , (f>35). 
y = -16(f- 35) 2 + (100sinf)<7-35)+10 

Determine whether the act is safe or the Flying Zucchini comes 
down squash, (b) Rework part (a) with initial velocity 135 ft/s, 
launch angle 30° and a 27-second delay. How close does the 
Flying Zucchini get to the special seat? Given that a Ferris 
wheel seat actually has height, width and depth, do you think 
that this is close enough? (c) Repeat with initial velocity 75 ft/s, 
launch angle 47° and 47.25-second delay; (d) initial velocity 
118 ft/s, launch angle 35° and 28-second delay, (e) Develop 
criteria for a safe and exciting human cannonball act. Consider 
each of the following: Should the launch velocity be large or 
small? Should the seat be high or low when the cannonball 
lands? Should the human have a positive or negative vertical 
velocity at landing? How close (vertically and horizontally) 
does the human need to get to the center of the seat? 



0) 



10.2 CALCULUS AND PARAMETRIC EQUATIONS 



REMARK 2.1 



Be careful how you interpret 
equation (2.1). The primes on 
the right side of the equation 
refer to derivatives with respect 
to the parameter t. We 
recommend that you (at least 
initially) use the Leibniz 
notation, which also gives you a 
simple way to accurately 
remember the chain rule. 



Our initial aim in this section is to find a way to determine the slopes of tangent lines to curves 
that are defined parametric ally. First, recall that for a differentiable function y = f(x), 
the slope of the tangent line at the point x — a is given by f'(a). Written in Leibniz 

dy 

notation, the slope is —(a). In the case of a curve defined parametrically, both x and y are 

dx 

functions of the parameter t. Notice that if x = x(t) and y — y(t) both have derivatives that 
are continuous at t — c, the chain rule gives us 



dy 
dt 



dy dx 
dx dt 



dx 

As long as — (c) ^ 0, we then have 
dt 




(2.1) 



where a — x(c). In the case where x'(c) = y'(c) = 0, we define 



dy 

d y , s ,. dt y /(') 

— (a) — hm -^j— — hm , 

dx t^c dx t^c x '(t) 

It 



(2.2) 



provided the limit exists. 
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CAUTION 



Look carefully at (2.3) and 
convince yourself that 

^2, 



dx 2 



~y 
dt 2 

d 2 x 
~dt 2 



Equating these two expressions 
is a common error. You should 
be careful to avoid this trap. 




FIGURE 10.8a 

The Scrambler 




\ — ► * 



FIGURE 10.8b 

Path of a Scrambler rider 




FIGURE 10.9 

Tangent lines to the 
Scrambler path 



We can use (2.1) to calculate second (as well as higher order) derivatives. Notice that 

dy 

if we replace y by — , we get 

dx 



d 2 y 
dx 1 



d 

dx 



dy\ 
dx J 



d 
dt 



dy\ 
dx ) 



dx 
dt 



(2.3) 



The Scrambler is a popular carnival ride consisting of two sets of rotating arms. (See 
Figure 10.8a.) If the inner arms have length 2 and rotate counterclockwise, we can de- 
scribe the location (x,, y, ) of the end of one of the inner arms by the parametric equations 
x, = 2 cos t , y, = 2 sin t. At the end of each inner arm, a set of outer arms rotate clockwise 
at roughly twice the speed. If the outer arms have length 1, parametric equations describing 
the outer arm rotation are x„ = sin2f, y„ = cos 2?. Here, the reversal of sine and cosine 
terms indicates that the rotation is clockwise and the factor of 2 inside the sine and cosine 
terms indicates that the speed of the rotation is double that of the inner arms. The position 
of a person riding the Scrambler is the sum of the two component motions; that is, 

x — 2 cos t + sin It , y = 2 sin t + cos 2t. 

The graph of these parametric equations is shown in Figure 10.8b. 



EXAMPLE 2. 1 Slopes of Tangent Lines to a Parametric Curve 

Find the slope of the tangent line to the Scrambler path described by 

x —2 cos t + sin 2t , y = 2 sin t + cos 2t at (a) t = 0 and (b) the point (0, —3). 



Solution (a) First, note that 

-2 sin t + 2 cos 2t and 



dx 
dt 



dy 
dt 



2 cos t — 2 sin 2t. 



From (2.1), the slope of the tangent line at t — 0 is then 

dy 



dy 
dx 



dt 



(0) 



(=0 



dx 
~dt 



(0) 



2 cos 0 — 2 sin 0 
—2 sinO + 2 cos 0 



1. 



(b) To determine the slope at the point (0, —3), we must first determine a value of t that 
corresponds to the point. In this case, notice that t — 3jt/2 gives x — 0 and y — —3. 
Here, we have 



dx ( 3jt 
lit IT 



) dt( 



3tt 

T 

dy 



= 0 



and consequently, we must use (2.2) to compute — — . Since the limit has the 

dx 

indeterminate form S, we use l'Hopital's Rule, to get 



dy 
dx 



3tt 

T 



lim 

^3tt/2 



2 cos t — 2 sin 2t 
-2 sinf + 2 cos 2t 



lim 

»-*-3jt/2 



-2 sint — 4 cos 2t 
-2 cos t — 4 sin2f ' 



which does not exist, since the limit in the numerator is 6 and the limit in the 
denominator is 0. This says that the slope of the tangent line at t — 3n /2 is undefined. 
In Figure 10.9, we have drawn in the tangent lines at t — 0 and 3tt/2. Notice that the 
tangent line at the point (0, —3) is vertical. ■ 



Finding slopes of tangent lines can help us identify many points of interest. 
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FIGURE 10.10 

x — cos 2f , y — sin 3/ 



EXAMPLE 2.2 



Finding Vertical and Horizontal Tangent Lines 

cos It, y = sin 3t has a horizontal or 



Identify all points at which the plane curve x 
vertical tangent line. 

Solution The sketch of the curve shown in Figure 10.10 suggests that there are two 

locations (the top and bottom of the bow) with horizontal tangent lines and one point 

(the far right edge of the bow) with a vertical tangent line. Recall that horizontal tangent 

dy dy y'(t) 

lines occur where — = 0. From (2.1), we then have — = — = 0, which can occur 



only when 



dx 



dx x'(t) 



0 = /(r) = 3cos3f, 



provided that x'(t ) = — 2 sin 2t ^ 0 for the same value of t. Since cos 6 — 0 only 
when 6 is an odd multiple of j, we have that y'{t) — 3 cos 3t = 0, only when 

31 ~ 2 ' 2 

are then 



3jt 5jt 
2 ' 



and so, t = 



3jt 5jt 
6 ' 6 • 



The corresponding points on the curve 

(KI)^(l)) = ( co 4' si 4) = G' 1 )' 

(-1,-1), 



• y 



3tt 



3tt 



and 



7tt 

9it 
~6 



In 
~6 



COS 7T, sin ■ 



77T 77T 

cos — , sin — 
3 2 

— cos 3tt, sin — 



= (-1,1). 



j- reproduce the first and third points, respectively, and 



Note that t — and t = ±^ 
so on. The points (|, 1) and (|, —1) are on the top and bottom of the bow, respectively, 
where there clearly are horizontal tangents. The points (—1, —1) and (—1, 1) should not 
seem quite right, though. These points are on the extreme ends of the bow and certainly 
don't look like they have vertical or horizontal tangents. In fact, they don't. Notice that 



at both t — | and t 



=y , we have x'(t) = y'(t) — 0 and so, the slope must be 



computed as a limit using (2.2). We leave it as an exercise to show that the slopes at 
t = j and t — =j- are \ and — =[, respectively. 

To find points where there is a vertical tangent, we need to see where x'(t) = 0 but 
y'(t) ^ 0. Setting 0 = x'{t) — —2 sin2f, we get sin2f = 0, which occurs if 2t — 0, Jt, 
. The corresponding points are 



lit, . . . or t = 0, |, it 



W0), y(0)) 
(x(tt), y(n)) 



(cosO, sin0) = (l,0), 
(cos 2jt, sin 3tt) = (1,0) 



and the points corresponding to t = | and t = which we have already discussed 
(where y'{t) = 0, also). Since y'{t) — 3 cos 3f ^ 0, for t — 0 or t — jt, there is a 
vertical tangent line only at the point (1,0). ■ 



Theorem 2.1 generalizes what we observed in example 2.2. 



THEOREM 2.1 

Suppose that x'{t) and y'(t) are continuous. Then for the curve defined by the 
parametric equations x = x{t) and y = y(t), 

(i) if v' (c) = 0 and x'(c) ^ 0, there is a horizontal tangent line at the point 

(x(c), y(c)); 

(ii) if x'(c) = 0 and y'(c) ^ 0, there is a vertical tangent line at the point (x(c), y(c)). 
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PROOF 



FIGURE 1 0.1 1 

Horizontal and vertical components 
of velocity and speed 



The proof depends on the calculation of derivatives for parametric curves and is left as an 
exercise. ■ 



An interesting question about the Scrambler is whether or not the rider ever comes to 
a complete stop. To answer this question, we need to be able to compute velocities. Recall 
that if the position of an object moving along a straight line is given by the differentiable 
function f(t), the object's velocity is given by f'{t). The situation with parametric equations 
is completely analogous. If the position is given by (x(t), y(t)), for differentiable functions 
x(t) and y(t), then the horizontal component of velocity is given by x'(t) and the vertical 
component of velocity is given by /(?)■ (See Figure 10.11.) We define the speed to be 
y/[x'(t)] 2 + [y'(t)] 2 . From this, note that the speed is 0 if and only if x'(t) — /(f) — 0. In 
this event, there is no horizontal or vertical motion. 



EXAMPLE 2.3 Velocity of the Scrambler 

For the path of the Scrambler x — 2 cos t + sin 2t , y — 2 sin t + cos 2t , find the 
horizontal and vertical components of velocity and speed at times t — 0 and t — | , and 
indicate the direction of motion. Also determine all times at which the speed is zero. 

dx 

Solution Here, the horizontal component of velocity is — = —2 sin t + 2 cos 2t and 

dy dt 
the vertical component is — — 2 cos t — 2 sin 2t . At t — 0, the horizontal and vertical 
dt 

components of velocity both equal 2 and the speed is V4 + 4 = V8. The rider is 
located at the point (x(0), y{0)) = (2, 1) and is moving to the right [since x'(Q) > 0] and 
up [since y'(0) > 0]. At / = |, the velocity has components —4 (horizontal) and 0 
(vertical) and the speed is Vl6 + 0 = 4. At this time, the rider is located at the point 
(0, 1) and is moving to the left [since x' (| ) < 0]. 

In general, the speed s(t) of the rider at time t is given by 




s(t) = / — + — = V(-2sinr + 2cos2r) 2 + (2cosr - 2sin2r) 2 



- V4sin 2 r - 8sinf cos 2t + 4cos 2 2f + 4cos 2 f - 8cosf sin2f + 4sin 2 2f 

- V8 — 8 sin t cos 2t — 8 cos t sin 2t 

- V8 - 8sin3f, 

using the identities sin 2 t + cos 2 t — 1 , cos 2 2? + sin 2 2t — 1 and 

sin t cos 2t + sin 2t cos t — sin 3t. So, the speed is 0 whenever sin 3t — 1. 

This occurs when 3f = |,^,^,...,or?=|-,^,^,.... The corresponding points 

on the curve are (,(f), y(|)) = (§73, |), (x( 5 f ), y( 5 f )) = (-§^3, 1) and 

(x(^f-)i y(ir)) = — You can easily verify that these points are the three tips of 

the path seen in Figure 10.8b.« 



We just showed that riders in the Scrambler of Figure 10.8b actually come to a brief 
stop at the outside of each loop. As you will explore in the exercises, for similar Scrambler 
paths, the riders slow down but have a positive speed at the outside of each loop. This is 
true of the Scrambler at most carnivals, for which a more complicated path makes up for 
the lack of stopping. 

Note that any curve that begins and ends at the same point will enclose an area. Finding 
the area enclosed by such a curve is a straightforward extension of our original development 
of integration. Recall that for a continuous function/ defined on [a, b], where f(x) > 0 on 
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[a, b], the area under the curve y = f(x) for a < x < b is given by 

r-b r b 



pD /»£> 

— I f(x)dx — I ydx. 

J a J a 



Now, suppose that this same curve is described parametrically by x — x(t) and y = y(t), 
where the curve is traversed exactly once for c < t < d. We can then compute the area 
by making the substitution x = x(t). It then follows that dx — x'{t) dt and so, the area is 
given by 



pb pd 

— I y dx — I y{t)x'{t)dt, 

J a *~ v ' ^ v ^ J c 



y(l) X'(t)dt 

where you should notice that we have also changed the limits of integration to match the 
new variable of integration. We generalize this result in Theorem 2.2. 



THEOREM 2.2 (Area Enclosed by a Curve Defined Parametrically) 

Suppose that the parametric equations x — x(t) and y = y(t), with c < t < d, 
describe a curve that is traced out clockwise exactly once and where the curve does 
not intersect itself, except that the initial and terminal points are the same [i.e., 
x(c) = x(d) and y(c) = y(d)]. Then the enclosed area is given by 

r-d 

A 



/d pd 

y(t)x'(t)dt = - x(t)y'(t)dt. (2.4) 

If the curve is traced out counterclockwise, then the enclosed area is given by 

/d nd 

y(t)x'(t)dt = J x(t)y'(t)dt. (2.5) 



PROOF 

This result is a special case of Green's Theorem, which we will develop in section 15.4. ■ 

The new area formulas given in Theorem 2.2 turn out to be quite useful, as we illustrate 
in example 2.4. 



EXAMPLE 2.4 Finding the Area Enclosed by a Curve 

Find the area enclosed by the path of the Scrambler x — 2 cos t + sin2r, 
y — 2 sin? + cos2f. 

Solution Notice that the curve is traced out counterclockwise once for 0 < t < 2it. 
From (2.5), the area is then 

pin [*2tz 

A— x(t)y'(t)dt— I (2cosf + sin2r)(2cosf - 2sin2f) dt 
Jo Jo 

(4 cos 2 t - 2 cos t sin 2t -2 sin 2 2t ) dt = 2jr, 



-L 

where we evaluated the integral using a CAS 



In example 2.5, we use Theorem 2.2 to derive a formula for the area enclosed by 
an ellipse. Pay particular attention to how much easier this is to do with parametric equations 
than it is to do with the original x-y equation. 
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EXAMPLE 2.5 Finding the Area Enclosed by an Ellipse 



Find the area enclosed by the ellipse 



b 2 



— 1 (for constants a, b > 0). 



Solution One way to compute the area is to solve the equation for y to obtain 
- and then integrate: 



y = ±bJ 1 



J —a 



Wl 



-bJl 



dx. 



You can evaluate this integral by trigonometric substitution or by using a CAS, but a 
simpler, more elegant way to compute the area is to use parametric equations. Notice 
that the ellipse is described parametrically by x — a cos t,y — b sin t, for 0 < t < 2jt. 
The ellipse is then traced out counterclockwise exactly once for 0 < t < 2jt, so that the 
area is given by (2.5) to be 

p 2tz t* 7.71 /*2tt 

A — —I y(t)x' (t) dt — — I (b sin f)(— a sin t) dt — ab I sin 2 1 dt — abn, 
Jo Jo Jo 

where this last integral can be evaluated by using the half-angle formula: 

1 



cos 2t). 

We leave the details of this calculation as an exercise. I 



sin t = -(1 



BEYOND FORMULAS 

Many of the formulas in this section are not new, but are simply modifications of 
the well-established rules for differentiation and integration. If you think of them this 
way, they are not complicated memorization exercises, but instead are old standards 
expressed in a slightly different way. 



EXERCISES 10.2 



0) 



53 WRITING EXERCISES 



1. In the derivation of parametric equations for the Scrambler, 
we used the fact that reversing the sine and cosine functions 

1x — sinf . , , , , , . 

causes the circle to be traced out clockwise. 
y — cos t 

Explain why this is so by starting at t — 0 and following the 
graph as t increases to 2it. 

2. Explain why Theorem 2.1 makes sense. (Hint: If y'( c ) = 0, 
what does that say about the change in ^-coordinates on the 
graph? Why do you also need x'(c) ^ 0 to guarantee a hori- 
zontal tangent?) 

3. Imagine an object with position given by x(t) and y(t). If a 
right triangle has a horizontal leg of length x'(t) and a vertical 
leg of length y'{t), what would the length of the hypotenuse 
represent? Explain why this makes sense. 

4. Explain why the sign (±) of J* y(t)x'(t) dt in Theo- 
rem 2.2 is different for curves traced out clockwise and 
counterclockwise. 



In exercises 1-6, find the slopes of the tangent lines to the given 
curves at the indicated points. 



1. 



5. 



x = t 2 - 2 
y = t 3 — t 

x = t 3 -t 

y = t 4 -5t 2 + 4 

x — 2cosf 
y — 3 sin t 

x — cos 2t 
y — sin At 

X — t cos t 
y — t sin t 

x = Vt T -VT 

y — sinf 



(a) f = -1 (b) t = 1 (c) (-2,0) 

(a) t = -l (b) t = \ (c) (0,4) 

(a) t = f (b) t = | (c) (0, 3) 

(a) t= | (b) t= | (c) ,l) 



(a) t = 0 (b) t = f (c) (it, 0) 



(a) t = -it (b) t = n (c) (0, 0) 
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| In exercises 7 and 8, sketch the graph and find the slope of the 
curve at the given point. 



x = t 2 - 2 
y = t 3 - t 



at (-1,0) 



8 - K=;«:W 4 at(o > o) 



In exercises 9-14, identify all points at which the curve has 
(a) a horizontal tangent and (b) a vertical tangent. 



x = cos 2t 
y — sin4f 



11. 



13. 



1 

4r 



x — 2 cos t + sin 2t 
y — 2 sin t + cos 2t 



10. 



12. 



14. 



x = cos 2t 
y — sin 7/ 



1 

4t 2 



x — 2 cos 2t + sin t 
y — 2sin2f + cos? 



In exercises 15-20, parametric equations for the position of an 
object are given. Find the object's velocity and speed at the given 
times and describe its motion. 



15. 



16. 



x — 2 cos t 
y — 3 sin t 



— 2 sin 2t 

— 3 cos 2? 



17 \ X = 20 ' 

' = 30-21- I6t 2 



(a) t = 0 (b) t = f 
(a) t = 0 (b) t = | 
(a) f = 0 (b) f = 2 



= 40f + 5 

2 (a) r = 0 (b) t = 2 



18 I ~ 

' I y = 20 + 3t - 16f 

„ 1 x = 2 cos 2? + sin 5? 

19. , . 0f I . (a) t = 0 (b) ; = f 
[ y = 2sin2f + cos 5? z 

( x = 3 cos r + sin 3/ 

20. ! " (a) t = 0 (b) t = § 

1 = 3 sin f + cos it 1 



In exercises 21-28, find the area enclosed by the given curve. 



21. 



23. 



x = 3 cos / 
y = 2 sin f 

x = \ cos f — I cos 2f 
y = | sin f — | sin 2? 



22. 



24. 



A" = b cos f 



y = 2 sin / 

x = 2 cos 2/ + cos 4t 
y = 2 sin 2t + sin 4f 



„_ f x = cos t n 3n 
25. { .„,—<*< — 
y = sin It 2 ~ ~ 2 



I jc = / sinf Tt it 

26. { , <t<- 

[ y = t cos / 2 2 

\ x = t 3 -4t 

27. 2 , , -2 < * < 2 

~„ \ x = t 3 -4t 

28. L = t 4_! ■ -2<^<2 



In exercises 29 and 30, find the speed and acceleration of the 
object each time it crosses the x-axis. 



29. 



x = 2 cos 2 1 + 2 cos f — 1 
y = 2(1 — cos t) sinf 



30. 



x = 6 cos t + 6 cos 3 / 
y = 6 sin t — 6 sin 3 / 



d'y r- 

31. Suppose that x = 2cosr and y = 2sinf. Compare — -(V3) 

dx 2 

Sct/6) 



and 



rf 2 



and show that they are not equal. 



32. For x = at 2 and y = bx 2 for nonzero constants a and b, 
determine whether there are any values of / such that 

d 2 y. 



d 2 y 
dx 



(0 



W) 



33. Suppose you are standing at the origin watching an object 
that has position (x(t), y(t)) at time t. Show that, from your 

s/ise if i - I < 0 



perspective, the object is moving clockwise if 



and is moving counterclockwise if 



ise. if ( 



\x(t)J 



\x(t) 



> 0. 



34. In the Ptolemaic model of planetary motion, the earth was at 
the center of the solar system and the sun and planets orbited 
the earth. Circular orbits, which were preferred for aesthetic 
reasons, could not account for the actual motion of the plan- 
ets as viewed from the earth. Ptolemy modified the circles 
into epicycloids, which are circles on circles similar to the 
Scrambler of example 2.1. Suppose that a planet's motion is 



given by 



x = 10 cos \6itt + 20cos47r/ 



y 



lOsin I6nt + 20 sin47rf 



Using the result of 



exercise 33, find the intervals in which the planet rotates 
clockwise and the intervals in which the planet rotates 
counterclockwise. 

35. Find parametric equations for the path traced out by a spe- 
cific point on a circle of radius r rolling from left to right at a 
constant speed v > r. Assume that the point starts at (r, r) at 
time t = 0. (Hint: First, find parametric equations for the center 
of the circle. Then, add on parametric equations for the point 
going around the center of the circle.) Find the minimum and 
maximum speeds of the point and the locations where each 
occurs. Graph the curve for v = 3 and r = 2. This curve is 
called a cycloid. 

36. Find parametric equations for the path traced out by a specific 
point inside the circle as the circle rolls from left to right. (Hint: 
If r is the radius of the circle, let d < r be the distance from the 
point to the center.) Find the minimum and maximum speeds of 
the point and the locations where each occurs. Graph the curve 
for v = 3, r = 2 and d = 1. This curve is called a trochoid. 

37. A hypocycloid is the path traced out by a point on a smaller 
circle of radius b that is rolling inside a larger circle of ra- 
dius a > b. Find parametric equations for the hypocycloid and 
graph it for a = 5 and b = 3. Find an equation in terms of the 
parameter t for the slope of the tangent line to the hypocycloid 
and determine one point at which the tangent line is vertical. 
What interesting simplification occurs if a = 2bl 
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1 43. Find parametric equations for a Scrambler that is the same as in 
example 2. 1 except that the outer arms rotate three times as fast 
as the inner arms. Sketch a graph of its motion and determine 
its minimum and maximum speeds. 

) 44. Find parametric equations for a Scrambler that is the same as in 
example 2. 1 except that the inner arms have length 3. Sketch a 
graph of its motion and determine its minimum and maximum 
speeds. 



Figure for exercise 37 



Figure for exercise 38 



38. An epicycloid is the path traced out by a point on a smaller 
circle of radius b that is rolling outside a larger circle of ra- 
dius a > b. Find parametric equations for the epicycloid and 
graph it for a — 8 and b — 5. Find an equation in terms of the 
parameter t for the slope of the tangent line to the epicycloid 
and determine one point at which the slope is vertical. What 
interesting simplification occurs if a — 2b? 



APPLICATIONS 



39. Suppose an object follows the path 



x = sin4r 



Show that 



y = — cos4f 

its speed is constant. Show that, at any time f, the tangent 
line is perpendicular to a line connecting the origin and the 
object. 

40. A Ferris wheel has height 100 feet and completes one revolu- 
tion in 3 minutes at a constant speed. Compute the speed of a 
rider in the Ferris wheel. 



41. A modification of the Scrambler in example 2. 1 is 

1x = 2 cos 3f + sin 5f T , , . 

„ . „ n . In example 2.1, the ratio ot the speed 

v = 2 sin 3t + cos 5f 

of the outer arms to the speed of the inner arms is 2-to-l. What 

is the ratio in this version of the Scrambler? Sketch a graph 

showing the motion of this new Scrambler. 

42. Compute the speed of the Scrambler in exercise 41. Using 
trigonometric identities as in example 2.3, show that the speed 
is at a minimum when sin 8f = 1 but that the speed is never 
zero. Show that the minimum speed is reached at the outer 
points of the path. 



EXPLORATORY EXERCISES 



the Scrambler to 



for positive constants 



1. By varying the speed of the outer arms, the Scrambler of exam- 

I x = 2cos? + s'mkt 
pie 2.1 can be generalized to { „ . lor some 

r ° [ y = 2smt 4-cosfcJ 

positive constant k. Show that the minimum speed for any such 

Scrambler is reached at the outside of a loop. Show that the 

only value of k that actually produces a speed of 0 is k — 2. 

By varying the lengths of the arms, you can further generalize 

x — r cos / + sin kt 

y — r sin t + cos kt 

r > 1 and k. Sketch the paths for several such Scramblers and 

determine the relationship between r and k needed to produce a 

speed of 0. Find the "best" Scrambler as judged by complexity 

of path and variation in passenger speed. 

2. Bezier curves are essential in almost all areas of modern en- 
gineering design. (For instance, Bezier curves were used for 
sketching many of the figures for this book.) One version of a 
Bezier curve starts with control points at (a, y a ), (b, yb), (c, y c ) 
and (d, yj). The Bezier curve passes through the points (a,y a ) 
and (d, y d ). The tangent line at x — a passes through (b, y b ) 
and the tangent line at x — d passes through (c, y c ). Show that 
these criteria are met, for 0 S t < 1 , with 

x = (a + b-c - d)t 3 + (2d-2b + c- a)t 2 

+ (b - a)t + a 
y = (y„ + yb- y c - yd)t 3 + (2y d - 2y h + y c - y a )t 2 
+ (yb - y„)t + y a 

Use this formula to find and graph the Bezier curve with con- 
trol points (0, 0), (1, 2), (2, 3) and (3, 0). Explore the effect of 
moving the middle control points, for example, moving them 
up to (1, 3) and (2, 4), respectively. 



0) 



10.3 ARC LENGTH AND SURFACE AREA 
IN PARAMETRIC EQUATIONS 



In this section, we investigate arc length and surface area for curves defined paramet- 
rically. Along the way, we explore one of the most famous and interesting curves in 
mathematics. 

Let C be the curve defined by the parametric equations x — x{t) and y = y(t), for 
a <t <b (see Figure 10.12a), where x, x', y and y' are continuous on the interval [a, b~\. 
We further assume that the curve does not intersect itself, except possibly at a finite number 
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(x(b),y(b)) 



(x(a),y(a)) 



FIGURE 10. 12a 

The plane curve C 




FIGURE 10. 12b 

Approximate arc length 



of points. Our goal is to compute the length of the curve (the arc length). Once again, we 
begin by constructing an approximation and then improve the approximation. 
First, we divide the f -interval [a, b] into n subintervals of equal length, At: 



where f,- — U-\ 



At 



a — to < t\ < ?2 < 
b — a 



< t„ 



b. 



-, for each i = 1, 2, 3, . . . , n. For each subinterval [f,-i, f,], 



we approximate the arc length s, of the portion of the curve joining the point (x(r,_ i), i )) 
to the point (x(ti), y(tj)) with the length of the line segment joining these points, as shown 
in Figure 10.12b for the case where n — 4. We have 

St » d{(x(ti-i), y(ti-i)), (x(ti), y(f,))} 
= y/[x(ti) - *(?,„i)] 2 + [v(r,) - y{t^)]\ 

Recall that from the Mean Value Theorem (see section 2.8 and make sure you know why 
we can apply it here), we have that 

x(ti) - x(f,-_i) - x'(Ci)(ti - f,-_i) - x'(Ci)At 

and y(U) - y(t { _i) = y'(di)(ti - f,_i) = y'(dd At, 

where c, and d\ are some points in the interval (f,_i, tf). This gives us 

Si « y/Wff) - x(f,_!)] 2 + [y(tj) - y(r,_i)] 2 

= y/[x'(.Ci)At] 2 + [y'(di)tol 2 

= y/[x'(c i )] 2 + [y'(d i )] 2 to. 

Notice that if At is small, then c, and dj are close together. So, we can make the further 
approximation 



for each i — 1,2, 



si « V[x'(c ; )] 2 +[y(c,)] 2 Af, 
, n. The total arc length is then approximately 

n 

s « ^V[x'(c,)] 2 + [v'( Ci )] 2 Ar. 



Taking the limit as « — >• oo then gives us the exact arc length, which you should recognize 
as an integral: 

s = lim V V[x'(c,)] 2 + [/(c,-)] 2 At = f y/[x'{t)f + [y'{t)fdt. 

! = 1 



We summarize this discussion in Theorem 3.1. 



THEOREM 3. 1 (Arc Length for a Curve Defined Parametrically) 

For the curve defined parametrically by x — x(t), y = y(t), a < t < b, if x' and y' 
are continuous on [a, b] and the curve does not intersect itself (except possibly at a 
finite number of points), then the arc length s of the curve is given by 



J a 



(t)Y + [y'(t)] 2 dt 



dxY 
~dt) 



dt. 



(3.1) 



In example 3.1, we illustrate the use of (3.1) to find the arc length of the Scrambler 
curve from example 2.1. 
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FIGURE 10.13 

x — 2 cos? 4- sin2f, 
y = 2 sin; 4- cos It, 
0 < t < 2n 




FIGURE 10.14 

A Lissajous curve 



EXAMPLE 3. 1 Finding the Arc Length of a Plane Curve 

Find the arc length of the Scrambler curve x = 2 cos t + sin 2t , y — 2 sin t + cos 2t, for 
0 < t < 2n. Also, find the average speed of the Scrambler over this interval. 

Solution The curve is shown in Figure 10.13. First, note that x, x', y and y' are all 
continuous on the interval [0, 2jt]. From (3.1), we then have 

-2jt 




Jo 



■2 sin t + 2 cos 2t) 2 + (2 cos t - 2 sin 2t) 2 dt 



t — 8 sin t cos 2t + A cos 2 2t + 4 cos 2 t — 8 cos t sin 2t + 4 skr 2t dt 



2.T 



V8 — 8 sin t cos 2t — 8 cos t sin 2t dt 



/ V8^ 

Jo 



8 sin 3t dt « 16, 



since sin 2 1 + cos 2 1 — 1 , cos 2 2t + sin 2 2t — 1 and sin f cos 2? + sin 2t cos ? = sin 3f 
and where we have approximated the last integral numerically. To find the average 
speed over the given interval, we simply divide the arc length (i.e., the distance 
traveled), by the total time, 2tc, to obtain 

. 16 

2?T 



2.5. 



We want to emphasize that Theorem 3.1 allows the curve to intersect itself at a finite 
number of points, but not to intersect itself over an entire interval of values of the parameter 
t. To see why this requirement is needed, notice that the parametric equations x — cos t , 
v = sin r, for 0 < t < An, describe the circle of radius 1 centered at the origin. However, 
the circle is traversed twice as t ranges from 0 to An . If you were to apply (3 . 1 ) to this curve, 
you'd obtain 




p4x 

= VI- 

JO 



sinr) 2 + cos 2 1 dt — An, 



which corresponds to twice the arc length (circumference) of the circle. As you can see, if 
a curve intersects itself over an entire interval of values of t , the arc length of such a portion 
of the curve is counted twice by (3.1). 



EXAMPLE 3.2 Finding the Arc Length of a Complicated Plane Curve 

Find the arc length of the plane curve x — cos 5t, y — sin7f, for 0 < t < 2n. 

Solution This unusual curve (an example of a Lissajous curve) is sketched in 
Figure 10.14. We leave it as an exercise to verify that the hypotheses of Theorem 3.1 
are met. From (3.1), we then have that 




) + (^) dt = L ^ (_5sin5f)2 + ( 7cos7f ) 2 dt » 36.5, 



where we have approximated the integral numerically. This is a long curve to be 
confined within the rectangle — 1 < x < 1,-1 < y < 1! ■ 



The arc length formula (3.1) should seem familiar to you. Parametric equations for 
a curve y = f(x) are x — t , y — f(t) and from (3.1), the arc length of this curve for 
a < x < b is then 




J Q 



l + [f'(t)] 2 dt, 



which is the arc length formula derived in section 5.4. Thus, the formula developed in 
section 5.4 is a special case of (3.1). 
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Observe that the speed of the Scrambler calculated in example 2.3 and the 
length of the Scrambler curve found in example 3.1 both depend on the same 

quantity: J ( — J + ( — J . Observe that if the parameter t represents time, then 




' d \ ^ 

— 1 represents speed and from Theorem 3.1, the arc length (i.e., the dis- 
tance traveled) is the integral of the speed with respect to time. 

Arc length is a key ingredient in a famous problem called the brachistochrone prob- 
• lem. We state this problem in the context of a ski slope consisting of a tilted plane, where a 

skier wishes to get from a point A at the top of the slope to a point B down the slope (but not 
directly beneath A) in the least time possible. (See Figure 10.15.) Suppose the path taken 
' \ by the skier is given by the parametric equations x — x(u) and y — y(u),0 <u< 1, where 

x and y determine the position of the skier in the plane of the ski slope. (For simplicity, we 
orient the positive v-axis so that it points down. Also, we name the parameter u since u will, 
in general, not represent time.) 
• To derive a formula for the time required to get from point A to point B, start with the 

familiar formula distance = rate • time. As seen in the derivation of the arc length formula 
FIGURE 1 0. 1 5 (3-1), for a small section of the curve, the distance is approximately y/[x'(u)] 2 + [y'(u)] 2 du. 

Downhill skier The rate is harder to identify since we aren't given position as a function of time. For 

simplicity, we assume that the only effect of friction is to keep the skier on the path and that 
y(t) > 0. In this case, using the principle of conservation of energy, it can be shown that 

■s/y{u) 

the skier's speed is given by — for some constant k > 0. Putting the pieces together, 

k 

the total time from point A to point B is given by 



/' 

Jo 



T [*W + [/(»)]» ^ (3 . 2) 

y(u) 



Your first thought might be that the shortest path from point A to point B is along a straight 
line. If you're thinking of short in terms of distance, you're right, of course. However, if 
you think of short in terms of time (how most skiers would think of it), this is not true. In 
example 3.3, we show that the fastest path from point A to point B is, in fact, not along a 
straight line, by exhibiting a faster path. 



EXAMPLE 3.3 Skiing a Curved Path That Is Faster Than Skiing 
a Straight Line 

If point A in our skiing example is (0, 0) and point B is (jt, 2), show that skiing along the 
cycloid defined by 

X — tcu — sin7TM, y—l— COS TCU 

is faster than skiing along the line segment connecting the points. Explain the result in 
physical terms. 

Solution First, note that the line segment connecting the points is given by x = jtu, 
y = 2m, for 0 < u < 1. Further, both curves meet the endpoint requirements that (x(Q), 
;y(0)) = (0, 0) and (jc(1), .y(l)) = (jt, 2). For the cycloid, we have from (3.2) that 



, W(u)] 2 + [y'(u)f 

Time = / kj du 

y{u) 



f (jt — it cos ttu) 2 + (ir sin7rw) 2 

— k I J du 

Jo y 1 — COS JT u 

r f 1 1 1 — COS JTU 

— ky/2jT I J du 

Jo V 1 — COS JTU 



kyfljT. 
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Similarly, for the line segment, we have that 



FIGURE 10.16 

Two skiing paths 



HISTORICAL 
NOTES 



Jacob Bernoulli (1654-1705) 
and Johann Bernoulli 
(1667-1748) Swiss 
mathematicians who were 
instrumental in the development 
of the calculus. Jacob was the 
first of several generations of 
Bernoullis to make important 
contributions to mathematics. He 
was active in probability, series 
and the calculus of variations and 
introduced the term "integral." 
Johann followed his brother into 
mathematics while also earning a 
doctorate in medicine. Johann 
first stated I'Hopital's Rule, one 
of many results over which he 
fought bitterly (usually with his 
brother, but, after Jacob's death, 
also with his own son Daniel) to 
receive credit. Both brothers 
were sensitive, irritable, 
egotistical (Johann had his 
tombstone inscribed, "The 
Archimedes of his age") and 
quick to criticize others. Their 
competitive spirit accelerated 
the development of calculus. 




Circular cross 
sections 

FIGURE 10.17 

Surface of revolution 



Time 



L 



\ WW] 2 



y(u) 



du 



r 1 1 *2 + 22 

Jo V 2u 



d u 



= W2 



Notice that the cycloid route is faster since it < ~Jjt 2 +4. The two paths are shown in 
Figure 10. 16. Observe that the cycloid is very steep at the beginning, which would allow 
a skier to go faster following the cycloid than following the straight line. As it turns 
out, the greater speed of the cycloid more than compensates for the longer distance of 
its path. ■ 



We will ask you to construct some skiing paths of your own in the exercises. However, it 
has been proved that the cycloid is the plane curve with the shortest time (which is what the 
Greek root words for brachistochrone mean). In addition, we will give you an opportunity 
to discover another remarkable property of the cycloid, relating to another famous problem, 
the tautochrone problem. Both problems have an interesting history focused on brothers 
Jacob and Johann Bernoulli, who solved the problem in 1697 (along with Newton, Leibniz 
and l'Hopital) and argued incessantly about who deserved credit. 

Much as we did in section 5.4, we can use our arc length formula to find a formula for 
the surface area of a surface of revolution. Recall that if the curve y — f(x) forc<x<d 
is revolved about the .Y-axis (see Figure 10.17), the surface area is given by 

Surface Area = / In \f(x)\ y/l + [/'(*)P dx. 

Jc 1 " . ' 

radius arc length 

Let C be the curve defined by the parametric equations x = x(t) and y = y{t) with 
a <t <b, where x,x',y and y' are continuous and where the curve does not intersect 
itself for a < t < b. We leave it as an exercise to derive the corresponding formula for 
parametric equations: 

nb 

Surface Area = / In \y{t)\ vV(0P + [/(OP dt. 

J a — v — ^ v J 

radius arc length 

More generally, we have that if the curve is revolved about the line y — c, the surface area 
is given by 

nb 

Surface Area = J In \y{t) - c\ vV(0P + [/(OP dt. (3.3) 

radius arc length 

Likewise, if we revolve the curve about the line x — d, the surface area is given by 

nb 

Surface Area = J 2n\x(t) - d\ Vt*'(0P + [/(OP dt. (3.4) 



radius 



arc length 



Look carefully at what all of the surface area formulas have in common. That is, in each 
case, the surface area is given by 



SURFACE AREA 



Surface Area : 



f 



27r(radius)(arc length) dt. 



(3.5) 
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Look carefully at the graph of the curve and the axis about which you are revolving, to see 
how to fill in the blanks in (3.5). As we observed in section 5.4, it is very important that you 
draw a picture here. 




FIGURE 10.18 



EXAMPLE 3.4 Finding Surface Area with Parametric Equations 

Find the surface area of the surface formed by revolving the half-ellipse 

2 1 

x y 

h : — = 1, y > 0, about the x-axis. (See Figure 10.18.) 

9 t 4 s 

Solution It would truly be a mess to set up the integral for y — f(x) = 2-y/l — x 2 /9. 
(Think about this!) Instead, notice that you can represent the curve by the parametric 
equations x — 3 cos t, y — 2 sin t, for 0 < t < n . From (3.3), the surface area is then 
given by 

/•n 

Surface Area = / 2tt (2 sin t) V(-3 sin t) 2 + (2 cos t) 2 dt 
Jo " — - — " » ' 

radius arc length 



= 4jt f sin t V 9 sin 2 t + 4 cos 2 t dt 
Jo 

9ygjn-V573)+ 10 

= 47T « 67.7, 

5 



where we used a CAS to evaluate the integral. 




FIGURE 10.19 

= sin 2?, v = cos 3? 



EXAMPLE 3.5 Revolving About a Line Other Than a Coordinate Axis 

Find the surface area of the surface formed by revolving the curve x = sin2f, 
y - cos 3f, for 0 < t < jt/3, about the line x — 2. 

Solution A sketch of the curve is shown in Figure 10.19. Since the x-values on the 
curve are all less than 2, the radius of the solid of revolution is 2 — x — 2 — sin 2t and 
so, from (3.4), the surface area is given by 

Surface Area = / 2n (2 - sin 2t) v / [2cos2f] 2 + [-3sin3r] 2 dt «a 20.1 , 

radius arc length 

where we have approximated the value of the integral numerically. ■ 



In example 3.6, we model a physical process with parametric equations. Since the 
modeling process is itself of great importance, be sure that you understand all of the steps. 
Also, see if you can find an alternative approach to this problem. 




FIGURE 10.20 

Ladder sliding down a wall 



EXAMPLE 3.6 Arc Length for a Falling Ladder 

An 8-foot-tall ladder stands vertically against a wall. The bottom of the ladder is pulled 
along the floor, with the top remaining in contact with the wall, until the ladder rests flat 
on the floor. Find the distance traveled by the midpoint of the ladder. 

Solution We first find parametric equations for the position of the midpoint of the 
ladder. We orient the x- and y-axes as shown in Figure 10.20. 

Let x denote the distance from the wall to the bottom of the ladder and let y denote 
the distance from the floor to the top of the ladder. Since the ladder is 8 feet long, observe 

V64" 



that x 2 + y 2 



64. Defining the parameter t — x, we have y 



t 2 . The midpoint 
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of the ladder has coordinates (§, §) and so, parametric equations for the midpoint are 

[y(f)= iV64^72' 

When the ladder stands vertically against the wall, we have x — 0 and when it lies flat 
on the floor, x — 4. So, 0 < t < 8. From (3.1), the arc length is then given by 

f* l / 64 1 / f~ 

=/„ 2V64^* = y„ 2ii=m dt - 

t 1 

Substituting u = - gives us = - dt or dt — Sdu. For the limits of integration, note 

8 8 
that when t — 0, u = 0 and when £ = 8, u — 1. The arc length is then 




Since this is a rare arc length integral that can be evaluated exactly, you might be 
suspicious that there is an easier way to find the arc length. We explore this in the 
exercises. ■ 



EXERCISES 10.3 Q> 

^WRITING EXERCISES 

1. In the derivation preceding Theorem 3.1, we justified the 
equation 

g(.t i )-g(t i ^) = g'(c i )At. 

Thinking of g(f) as position and g'(t) as velocity, explain why 
this makes sense. 

2. The curve in example 3.2 was a long curve contained within 
a small rectangle. What would you guess would be the maxi- 
mum length for a curve contained in such a rectangle? Briefly 
explain. 

3. In example 3.3, we noted that the steeper initial slope of the 
cycloid would allow the skier to build up more speed than 
the straight-line path. The cycloid takes this idea to the limit 
by having a vertical tangent line at the origin. Explain why, 
despite the vertical tangent line, it is still physically possible 
for the skier to stay on this slope. (Hint: How do the two di- 
mensions of the path relate to the three dimensions of the ski 
slope?) 

4. The tautochrone problem discussed in exploratory exercise 2 
involves starting on the same curve at two different places and 
comparing the times required to reach the end. For the cy- 
cloid, compare the speed of a skier starting at the origin versus 
one starting halfway to the bottom. Explain why it is not clear 
whether starting halfway down would get you to the bottom 
faster. 



| In exercises 1-8, find the arc length of each curve; compute one 
exactly and approximate the other numerically. 



1. (a 

2. (a 
(b 

3. (a 

4. (a 
(b 

5. (a 
(b 

6. (a 
(b 



: 2 COS t 

■ 4 sin t 



(b) 



x = 1 — 2 cos t 
y — 2 + 2 sin t 



r 



■3 ' 

47 

3f ' 



-2 < t < 2 



-2 < t < 2 



cos4f 
sin At 

■ t cos ; 
: r sin ; 

t 2 cos / 



(b) 



X = COS It 

y — sin 1 1/ 



■1 < t < 1 



-1< t < 1 



sin t cos t 

, , 0 < t < tt/2 
sin t ~ ~ 

sin4f cos t 



= sin At sin t 



, 0 < t < tt/2 



sinf 
sin jr/ 

sinf 
it sin t 



, 0 < t < it 



0 < t < 71 
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7. (a) 
(b) 

8. (a) 
(b) 



x = e" 
y — At 



,0 < t < A 



,0 < t < 4 



r 
At 

V^+4 

36t + 2 

f 3 + 3/r 



1 < r < 2 



, 1 £ t < 2 



21. The figure shown here is called Cornu's spiral. It is de- 
fined by the parametric equations x — L cos ns 2 ds and 
v = / 0 ' sin^i 2 <ii. Each of these integrals is important in the 
study of Fresnel diffraction. Find the arc length of the spi- 
ral for (a) — 27r < t < 2n and (b) general a < t < b. Use this 
result to discuss the rate at which the spiraling occurs. 



In exercises 9-12, (a) show that the curve starts at the origin 
at t = 0 and reaches the point (n, 2) at t = 1. (b) Use the time 
formula (3.2) to determine how long it would take a skier to take 
the given path, (c) Find the slope at the origin and the arc length 
for the curve in the indicated exercise. 



X — Tit 

y = 2ft 



11. 



x — — ^7r(cos Tit — 
y = 2t + s'mTit 



1) 



10. 



12. 



X — Tit 

y = 2ift 

x — Tit — 0.6sin7rf 
y = 2t + 0.4sin7rf 




In exercises 13-18, compute the surface area of the surface ob- 
tained by revolving the given curve about the indicated axis. 



13. 



14 



15. 



16. 



17. 



18. 



I 



x 

y 

X 

J = 

X 

.y 



t 2 - 


1 


t 3 - 


At 


t 2 - 


1 


t 3 - 


At 


t 3 - 


At 


t 2 - 


3 


4t 




Jt 2 


+ 4 


2t 





, -2 < t < 0 



0 < t < 2 



,0<t<2 



1 < t < 2 



y — 2 cost 



,0 St < 



= lnf 



, , 1 £ t < 2 



a) about the x-axis 

b) about x — — 1 

a) about the x-axis 

b) about x — 3 

a) about the v-axis 

b) about y — 2 

a) about the x-axis 

b) about x — A 

a) about the y-axis 

b) about y — 3 

a) about the x-axis 

b) about y-axis 



APPLICATIONS 

19. An 8-foot-tall ladder stands vertically against a wall. The top 
of the ladder is pulled directly away from the wall, with the 
bottom remaining in contact with the wall, until the ladder 
rests on the floor. Find parametric equations for the position 
of the midpoint of the ladder. Find the distance traveled by the 
midpoint of the ladder. 

20. The answer in exercise 19 equals the circumference of a 
quarter-circle of radius 4. Discuss whether this is a coinci- 
dence or not. Compare this value to the arc length in example 
3.6. Discuss whether or not this is a coincidence. 



22. A cycloid is the curve traced out by a point on a circle as the 
circle rolls along the x-axis. Suppose the circle has radius 4, 
the point we are following starts at (0, 8) and the circle rolls 
from left to right. Find parametric equations for the cycloid 
and find the arc length as the circle completes one rotation. 



EXPLORATORY EXERCISES 

7] 1. For the brachistochrone problem, two criteria for the fastest 
curve are: (1) steep slope at the origin and (2) concave down 
(note in Figure 10.16 that the positive y-axis points down- 
ward). Explain why these criteria make sense. Identify other 
reasonable criteria. Then find parametric equations for a curve 
(different from the cycloid or those of exercises 9-12) that meet 
all the criteria. Use the formula of example 3.3 to find out how 
fast your curve is. You can't beat the cycloid, but get as close 
as you can! 

7] 2. The tautochrone problem is another surprising problem that 
was studied and solved by the same seventeenth-century 
mathematicians as the brachistochrone problem. (See Journey 
Through Genius by William Dunham for a description of this 
interesting piece of history, featuring the brilliant yet combat- 
ive Bernoulli brothers.) Recall that the cycloid of example 3.3 
runs from (0, 0) to (jr, 2). It takes the skier k\[2~Ti — n/g sec- 
onds to ski the path. How long would it take the skier starting 
partway down the path, for instance, at (7r/2 — 1, l)?Findthe 
slope of the cycloid at this point and compare it to the slope at 
(0, 0). Explain why the skier would build up less speed start- 
ing at this new point. Graph the speed function for the cycloid 
with 0 < u < 1 and explain why the farther down the slope you 
start, the less speed you'll have. To see how speed and distance 
balance, use the time formula 



g J a 



-J COS Tl a — COS Till 



du 



for the time it takes to ski the cycloid starting at the point 
(na — sin7ra, 1 — cos;ra), 0 < a < 1. What is the remark- 
able property that the cycloid has? 
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10.4 POLAR COORDINATES 




The familiar x-y coordinate system is often referred to as a system of rectangular coordi- 
nates, because a point is described in terms of its horizontal and vertical distances from the 
origin. (See Figure 10.21.) 

An alternative description of a point in the xy-plane consists of specifying the distance 
r from the point to the origin and an angle 9 (in radians) measured from the positive 
x-axis counterclockwise to the ray connecting the point and the origin. (See Figure 10.22.) 
We describe the point by the ordered pair (r, 9) and refer to r and 9 as polar coordinates 
for the point. For convenience, we allow r to be negative, with the understanding that in 
this case, the point is in the opposite direction from that indicated by the angle 9. 



FIGURE 10.21 

Rectangular coordinates 




FIGURE 10.22 

Polar coordinates 



EXAMPLE 4. 1 Plotting Points in Polar Coordinates 

Plot the points with the indicated polar coordinates (r, 9) and determine the corresponding 
rectangular coordinates (x, y) for: (a) (2, 0), (b) (3, §), (c) (-3, f ) and (d) (2, it). 

Solution (a) Notice that the angle 9 = 0 locates the point on the positive x-axis. 
At a distance of r — 2 units from the origin, this corresponds to the point (2, 0) in 
rectangular coordinates. (See Figure 10.23a.) 

(b) The angle 9 = § locates points on the positive y-axis. At a distance of r — 3 
units from the origin, this corresponds to the point (0, 3) in rectangular coordinates. 
(See Figure 10.23b.) 

(c) The angle is the same as in (b), but a negative value of r indicates that the point 
is located 3 units in the opposite direction, at the point (0, —3) in rectangular 
coordinates. (See Figure 10.23b.) 

(d) The angle 9 — n corresponds to the negative x-axis. The distance of r — 2 
units from the origin gives us the point (—2, 0) in rectangular coordinates. (See 
Figure 10.23c.) 



-I 1 h 



(2, 0) 
H ♦ 1 — ►JT 



FIGURE 10.23a 

The point (2, 0) in polar 
coordinates 



3< 



H h 



-3< 



H 1 1 — ►.v 



(-3.1) 

FIGURE 10.23b 

The points ^3, — ^ and ^— 3, — ^ 
in polar coordinates 



(2, Tf) 
H * h 



H 1 1 — *-x 



FIGURE 10.23c 

The point (2, jt) in 
polar coordinates 



EXAMPLE 4.2 Converting from Rectangular 
to Polar Coordinates 

Find a polar coordinate representation of the rectangular point (1, 1). 

Solution From Figure 10.24a (on the following page), notice that the point lies on the 
line y = x, which makes an angle of j with the positive x-axis. From the distance 
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formula, we get that r — a/1 2 + l 2 = \/2. This says that we can write the point as 
(a/2, j) in polar coordinates. Referring to Figure 10.24b, notice that we can specify the 
same point by using a negative value of r, r — — a/2, with the angle (Think about 
this some.) Notice further, that the angle ^ = | + 2it corresponds to the 



V2, 



FIGURE 10.24a 

Polar coordinates for the point (1,1) 







— ► 






1 



FIGURE 10.24b 

An alternative polar 
representation of (1, 1) 




FIGURE 10.24c 

Another polar representation 
of the point (1,1) 




x = r cos 6 



FIGURE 10.25 

Converting from polar to 
rectangular coordinates 



REMARK 4.1 



As we see in example 4.2, each 
point (x, y) in the plane has 
infinitely many polar coordinate 
representations. For a given 
angle 6, the angles 9 ± 2n, 
9 ±4it and so on, all 
correspond to the same ray. For 
convenience, we use the 
notation 9 + 2nit (for any 
integer n) to represent all of 
these possible angles. 



same ray shown in Figure 10.24a. (See Figure 10.24c.) In fact, all of the polar points 
(a/2, j + 2mt) and (— a/2, ^f- + 2nn) for any integer n correspond to the same point in 
the xy-plane. ■ 



Referring to Figure 10.25, notice that it is a simple matter to find the rectangular coor- 
dinates {x, y) of a point specified in polar coordinates as (r, 9). From the usual definitions 
for sin 9 and cos 9, we get 



x — r cos 6 and y 



(4.1) 



From equations (4.1), notice that for a point (x, y) in the plane, 



and forx ^ 0, 



2,2 2 2 

x + y — r cos 



■ r 2 sin 2 6 — r 2 (cos 2 



sin 2 6) = r 2 



r sin( 



sinfr 
cos 8 



tan£. 



That is, every polar coordinate representation (r, 9) of the point (x, y), where x ^ 0 must 
satisfy 



2 2 

r = x 



and tan 6 



y 



(4.2) 



Notice that since there's more than one choice of r and 6, we cannot actually solve equa- 
tions (4.2) to produce formulas for r and 9. In particular, while you might be tempted to 
write 9 — tan^ 1 (^), this is not the only possible choice. Remember that for (r, 9) to be 
a polar representation of the point (x, y), 9 can be any angle for which tan 6* = ^, while 
tan -1 (j-) gives you an angle 9 in the interval (— f , f )■ Finding polar coordinates for a 
given point is typically a process involving some graphing and some thought. 



EXAMPLE 4.3 Converting from Rectangular to Polar Coordinates 

Find all polar coordinate representations for the rectangular points (a) (2, 3) and 
(b) (-3, 1). 

Solution (a) With x — 2 and y — 3, we have from (4.2) that 

r 2 = x 2 + y 2 = 2 2 + 3 2 = 13, 
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REMARK 4.2 



Notice that for any point (x , y) 
specified in rectangular 
coordinates (x ^ 0), we can 
always write the point in polar 
coordinates using either of the 
polar angles tan -1 (-) or 
tan -1 ( + Jr. You can deter- 
mine which angle corresponds 
to r = ^Jx 2 + y 2 and which 
corresponds to r = —^jx 2 + y 2 
by looking at the quadrant in 
which the point lies. 



(-3, 1) 



0=tan"'(-f) 



FIGURE 10.27 

The point (-3, 1) 



so that r = ± V 1 3 . Also, 



tan£ = - = -. 

x 2 



One angle is then 9 — tan _1 (g) 0.98 radian. To determine which choice of r 
corresponds to this angle, note that (2, 3) is located in the first quadrant. (See Figure 
10.26a.) Since 0.98 radian also puts you in the first quadrant, this angle corresponds to 
the positive value of r, so that (vl3, tan -1 (|) ) is one polar representation of the point. 
The negative choice of r corresponds to an angle one half-circle (i.e., 7r radians) away 
(see Figure 10.26b), so that another representation is (— V13, tan" 1 ( |) + jt). Every 
other polar representation is found by adding multiples of 2it to the two angles used 
above. That is, every polar representation of the point (2, 3) must have the form 
(\/l3, tan" 1 (|) + 2n jr) or (— VO, tan" 1 (|) + 7T + 2m jt), for some integer choice of n. 





FIGURE 10.26a 

The point (2, 3) 



FIGURE 10.26b 

Negative value of r 



(b) For the point (—3, 1), we have x — —3 and y = 1. From (4.2), we have 



2 2 

r = x ■ 



y 2 = (-3) 2 ■ 



v - 10, 



1 



so that r — ±V 10. Further, 

tanfJ = - = 

x -3 

so that the most obvious choice for the polar angle is 6 — tan" 1 (— |) ^ —0.32, which 
lies in the fourth quadrant. Since the point (—3, 1) is in the second quadrant, this choice 
of the angle corresponds to the negative value of r. (See Figure 10.27.) The positive 
value of r then corresponds to the angle 6 — tan" 1 (— s) + 7t. Observe that all polar 
coordinate representations must then be of the form ( — VlO, tan" 1 (— |) + 2njr) or 
(^l0, tan" 1 (— I) + jt + 2«7r), for some integer choice of n. ■ 



The conversion from polar coordinates to rectangular coordinates is completely 
straightforward, as seen in example 4.4. 



EXAMPLE 4.4 Converting from Polar to Rectangular Coordinates 

Find the rectangular coordinates for the polar points (a) (3, |J and (b) (—2, 3). 
Solution For (a), we have from (4.1) that 



x = r cos 6 = 3 cos — = 

6 2 



and 



y = r sin ( 

f 3V3 3 > 



3 sin 



3 

6 2' 

The rectangular point is then (=^p, §)• For (b), we have 

x — r cos 0 — — 2 cos 3 & 1 .98 
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and 



FIGURE 10.28a 

The circle r — 2 




FIGURE 10.28b 

The line 9=% 



I I I 



H — h 



-I— I- 




FIGURE 10.29 



y 2 = 9 



y — r sin 9 — —2 sin 3 



-0.28. 



The rectangular point is then (—2 cos 3, —2 sin 3), which is located at approximately 
(1.98, -0.28). ■ 



The graph of a polar equation r — f(9) is the set of all points (x, y) for which 
x — rcos.6, y — rsind and r = f(6). In other words, the graph of a polar equation is 
a graph in the xy-plane of all those points whose polar coordinates satisfy the given equa- 
tion. We begin by sketching two very simple (and familiar) graphs. The key to drawing the 
graph of a polar equation is to always keep in mind what the polar coordinates represent. 



EXAMPLE 4.5 Some Simple Graphs in Polar Coordinates 

Sketch the graphs of (a) r — 2 and (b) 9 — tt/3. 

Solution For (a), notice that 2 = r — ^Jx 2 + y 2 and so, we want all points whose 
distance from the origin is 2 (with any polar angle 9). Of course, this is the definition of 
a circle of radius 2 with center at the origin. (See Figure 10.28a.) For (b), notice that 
9 — tt/3 specifies all points with a polar angle of jt/3 from the positive x-axis (at any 
distance r from the origin). Including negative values for r, this defines a line with slope 
tan tt/3 = V3. (See Figure 10.28b.) ■ 



It turns out that many familiar curves have simple polar equations. 



EXAMPLE 4.6 



Converting an Equation from Rectangular 
to Polar Coordinates 



Find the polar equation(s) corresponding to the hyperbola x 2 
10.29.) 



y 



9. (See Figure 



Solution From (4.1), we have 



2 2 2 2, 

= x — y — r cos ( 



r 2 sin 2 9 



2/ 2 

= r (cos - i 



sin 2 0) = r 2 cos26>. 



Solving for r, we get 



so that 



9 



cos 29 



9 sec 29, 



r = ±3V sec 29. 



Notice that in order to keep sec 29 > 0, we can restrict 29 to lie in the interval 
— j < 29 < |, so that —j<9<^. Observe that with this range of values of 9, the 
hyperbola is drawn exactly once, where r — 3Vsec 29 corresponds to the right branch 
of the hyperbola and r — — 3Vsec2f9 corresponds to the left branch. ■ 




FIGURE 10.30a 

y — sin x plotted in rectangular 
coordinates 



EXAMPLE 4.7 A Surprisingly Simple Polar Graph 

Sketch the graph of the polar equation r — sin 9. 

Solution For reference, we first sketch a graph of the sine function in rectangular 
coordinates on the interval [0, 2n~\. (See Figure 10.30a.) Notice that on the interval 
0 < 9 < | , sin 9 increases from 0 to its maximum value of 1. This corresponds to a 
polar arc in the first quadrant from the origin (r — 0) to 1 unit up on the y-axis. Then, on 
the interval j < 9 < jt, sin9 decreases from 1 to 0, corresponding to an arc in the 
second quadrant, from 1 unit up on the y-axis back to the origin. Next, on the interval 
x < & < M~ , sin 9 decreases from 0 to its minimum value of — 1 . Since the values of r 
are negative, remember that this means that the points are plotted in the opposite 
quadrant (i.e., the first quadrant), tracing out the same curve in the first quadrant as 
we've already drawn for 0 < 9 < | . Likewise, taking 9 in the interval 
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FIGURE 10.30b 

The circle r — sin 9 




FIGURE 10.31 

The spiral r = 9, 9 > 0 



=y < 9 < 2n retraces the portion of the curve in the second quadrant. Since sin 9 is 
periodic of period 2jt, taking further values of 9 simply retraces portions of the curve 
that we have already drawn. A sketch of the polar graph is shown in Figure 10.30b. We 
now verify that this curve is actually a circle. Multiplying the polar equation through by 
r, we get 

r 2 — rsinO. 

From (4.1) and (4.2) we have that y = r sin9 and r 2 — x 2 + y 2 , which gives us the 
rectangular equation 



2 , 2 

x + y 



y 



Completing the square, we get 

0 : 



x + [y - y + 



l 

4 



and adding j to both sides, we get 



This is the rectangular equation for the circle of radius \ centered at the point (0, |), 
which is what we see in Figure 10.30b. ■ 



The graphs of many polar equations are not the graphs of any functions of the form 
y = f(x), as in example 4.8. 



EXAMPLE 4.8 An Archimedian Spiral 

Sketch the graph of the polar equation r — 9, for 9 > 0. 

Solution Notice that here, as 9 increases, so too does r. That is, as the polar angle 
increases, the distance from the origin also increases accordingly. This produces the 
spiral (an example of an Archimedian spiral) seen in Figure 10.31. ■ 



The graphs shown in examples 4.9, 4.10 and 4.11 are all in the general class known 
as li m aeons. This class of graphs is defined by r — a ±£>sin£> or r = a±bcos9, 
for positive constants a and b. If a — b, the graphs are called cardioids. 




FIGURE 10.32 

y — 3 + 2 cos x in rectangular 
coordinates 



EXAMPLE 4.9 A Limagon 

Sketch the graph of the polar equation r = 3 + 2 cos 9. 

Solution We begin by sketching the graph of y = 3 + 2 cos x in rectangular 
coordinates on the interval [0, 2n], to use as a reference. (See Figure 10.32.) Notice that 
in this case, we have r — 3 + 2 cos 9 > 0 for all values of 9. Further, the maximum 
value of r is 5 (corresponding to when cos 9 — 1 at 9 — 0, 2n, etc.) and the minimum 
value of r is 1 (corresponding to when cos 9 — — 1 at 9 — it, 3n, etc.). In this case, the 
polar graph is traced out with 0 < 9 < 2jt. We summarize the intervals of increase and 
decrease for r in the following table. 



Interval 


COS0 


r = 3 + 2cos6» 


[o, f] 


Decreases from 1 to 0 


Decreases from 5 to 3 


[f.»] 


Decreases from 0 to — 1 


Decreases from 3 to 1 


[*.¥] 


Increases from — 1 to 0 


Increases from 1 to 3 




Increases from 0 to 1 


Increases from 3 to 5 
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In Figures 10.33a-10.33d, we show how the sketch progresses through each interval 
indicated in the table, with the completed figure (called a liinacon) shown in 
Figure 10.33d. 





\ — >x 



FIGURE 10.34 

2 — 2 sin x in rectangular 
coordinates 



EXAMPLE 4. 1 0 The Graph of a Cardioid 

Sketch the graph of the polar equation r — 2 — 2 sin 6. 

Solution As we have done several times now, we first sketch a graph of 

y = 2 — 2 sinx in rectangular coordinates, on the interval [0, 2jt], as in Figure 10.34. 

We summarize the intervals of increase and decrease in the following table. 



Interval 




r = 2 - 2 sin 6 


[o.f] 


Increases from 0 to 1 


Decreases from 2 to 0 


[!■*] 


Decreases from 1 to 0 


Increases from 0 to 2 


[*. f] 


Decreases from 0 to — 1 


Increases from 2 to 4 




Increases from — 1 to 0 


Decreases from 4 to 2 



Again, we sketch the graph in stages, corresponding to each of the intervals indicated in 
the table, as seen in Figures 10.35a-10.35d. 



-1 



-1- 
-2H 

-3- 
-4- 
-5- 



FIGURE 10.35a 

o < e < i 



FIGURE 10.35b 

o < e < 7T 
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The completed graph appears in Figure 10.35d and is sketched out for 0 < 9 < 2jt. You 
can see why this figure is called a cardioid ("heartlike"). ■ 




FIGURE 10.36 

1 — 2 sin x in rectangular 
coordinates 



EXAMPLE 4. 1 I The Graph of a Limacon with a Loop 

Sketch the graph of the polar equation r — 1 — 2 sin 9. 

Solution We again begin by sketching a graph of y — 1 — 2 sin x in rectangular 
coordinates, as in Figure 10.36. We summarize the intervals of increase and decrease in 
the following table. 



Interval 


sin 6 


r = 1 - 2 sin 0 


[o.f] 


Increases from 0 to 1 


Decreases from 1 to — 1 


[!■-] 


Decreases from 1 to 0 


Increases from — 1 to 1 


[*. f] 


Decreases from 0 to — 1 


Increases from 1 to 3 


[¥.2*] 


Increases from — 1 to 0 


Decreases from 3 to 1 



Notice that since r assumes both positive and negative values in this case, we need to 
exercise a bit more caution, as negative values for r cause us to draw that portion of the 
graph in the opposite quadrant. Observe that r — 0 when 1 — 2 sin 9 — 0, that is, when 
sin 6* = i. This will occur when 9 — | and when 9 — For this reason, we expand 
the above table, to include more intervals and where we also indicate the quadrant 
where the graph is to be drawn, as follows: 



Interval 


sin 6 


r = 1 - 2 sin 6 


Quadrant 


[o, f] 


Increases from 0 to \ 


Decreases from 1 to 0 


First 


[f.f] 


Increases from | to 1 


Decreases from 0 to — 1 


Third 


[f.f] 


Decreases from 1 to \ 


Increases from — 1 to 0 


Fourth 


[¥>-] 


Decreases from \ to 0 


Increases from 0 to 1 


Second 


[*. f] 


Decreases from 0 to — 1 


Increases from 1 to 3 


Third 




Increases from — 1 to 0 


Decreases from 3 to 1 


Fourth 



We sketch the graph in stages in Figures 10.37a-10.37f (on the following page), 
corresponding to each of the intervals indicated in the table. 
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y y y 




FIGURE I0.37d FIGURE I0.37e FIGURE I0.37f 

0 < (9 <ji 0 < 0 < ^ 0 < (9 <2n 



The completed graph appears in Figure 10.37f and is sketched out for 0 < 9 < 2tt. You 
should observe from this the importance of determining where r — 0, as well as where r 
is increasing and decreasing. ■ 




EXAMPLE 4. 1 2 A Four-Leaf Rose 

Sketch the graph of the polar equation r — sin 29. 

Solution As usual, we will first draw a graph of y = sin 2x in rectangular coordinates 
on the interval [0, 2tt], as seen in Figure 10.38. Notice that the period of sin 29 is only 
7i. We summarize the intervals on which the function is increasing and decreasing in the 
following table. 



FIGURE 10.38 

y — sin 2x in rectangular 
coordinates 



Interval 


r = sin 26 


Quadrant 


[0.5] 


Increases from 0 to 1 


First 


[f.f] 


Decreases from 1 to 0 


First 


[f.¥] 


Decreases from 0 to — 1 


Fourth 




Increases from — 1 to 0 


Fourth 




Increases from 0 to 1 


Third 




Decreases from 1 to 0 


Third 




Decreases from 0 to — 1 


Second 




Increases from — 1 to 0 


Second 
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We sketch the graph in stages in Figures 10.39a-10.39h, corresponding to the intervals 
indicated in the table, where we have also indicated the lines y = ±.r, as a guide. 

This is an interesting curve known as a four-leaf rose. Notice again the significance 
of the points corresponding to r — 0, or sin 29 = 0. Also, notice that r reaches a 
maximum of 1 when 29 = j,^-,...ot6=j,^?-,... and r reaches a minimum of — 1 
when 26 = =y,^,...ot6 = =j-,?j-,.... Again, you must keep in mind that when r is 
negative, we draw the graph in the opposite quadrant. 




FIGURE I0.39g FIGURE I0.39h 

0<6 < 7 f 0<6 <2jt 



Note that in example 4.12, even though the period of the function sin 29 is it , it took 
0-values ranging from 0 to 2jt to sketch the entire curve r — sin 29. By contrast, the period 
of the function sin0 is 2tt, but the circle r — sin# in example 4.7 was completed with 
0 < 9 < jr. To determine the range of values of 9 that produces a graph, you need to 
carefully identify important points as we did in example 4.12. The Trace feature found on 
graphing calculators can be very helpful for getting an idea of the 9 -range, but remember 
that such Trace values are only approximate. 

You will explore a variety of other interesting graphs in the exercises. 
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BEYOND FORMULAS 

The graphics in Figures 10.35, 10.37 and 10.39 provide a good visual model of how 
to think of polar graphs. Most polar graphs r — f(6) can be sketched as a sequence 
of connected arcs, where the arcs start and stop at places where r — 0 or where a 
new quadrant is entered. By breaking the larger graph into small arcs, you can use the 
properties of/ to determine where each arc starts and stops. 



EXERCISES 10.4 Q) 

WRITING EXERCISES 

1. Suppose a point has polar representation (r, 9). Explain why 
another polar representation of the same point is (— r, 9 + it). 

2. After working with rectangular coordinates for so long, the idea 
of polar representations may seem slightly awkward. However, 
polar representations are entirely natural in many settings. For 
instance, if you were on a ship at sea and another ship was ap- 
proaching you, explain whether you would use a polar repre- 
sentation (distance and bearing) or a rectangular representation 
(distance east-west and distance north-south). 

3. In example 4.7, the graph (a circle) of r — sin 9 is completely 
traced out with 0 < 9 < jr. Explain why graphing r — sin 9 
with it < 9 < 2jt would produce the same full circle. 

4. Two possible advantages of introducing a new coordinate sys- 
tem are making previous problems easier to solve and allowing 
new problems to be solved. Give two examples of graphs for 
which the polar equation is simpler than the rectangular equa- 
tion. Give two examples of polar graphs for which you have 
not seen a rectangular equation. 



In exercises 19-26, sketch the graph of the polar equation and 
find a corresponding x-y equation. 

19. r = 4 20. r = V3 21. 9 = n/6 

22.9 = 3ir/4 23.r = cos9 24. r = 2cos6> 

25. r = 3 sine 26. r = 2sin# 



In exercises 27-40, sketch the graph and identify all values of 6 
where r = 0 and a range of values of 0 that produces one copy 
of the graph. 



27. 


r 


— cos 29 


28. 


r 


— cos 39 


29. 


r 


— sin 39 


30. 


r 


— sin 29 


31. 


r 


= 3 + 2 sin6» 


32. 


r 


— 2 — 2cos# 


33. 


r 


= 2-4sin6» 


34. 


r 


= 2 + 4cos6> 


35. 


r 


= 2 + 2 sin 9 


36. 


r 


= 3 — 6 cos 9 


37. 


r 




38. 


r 


= e »/4 


39. 


V 


= 2cos(<9 - it/4) 


40. 


r 


= 2 sin(3# — 7i ) 



In exercises 1-6, plot the given polar points (r, 6) and find their 
rectangular representation. 



1. (2,0) 
4. (-3, f ) 



2. (2,;r) 
5. (3,-jt) 



3. (-2,7i) 
6. (5,-|) 



In exercises 7-12, find all polar coordinate representations of 
the given rectangular point. 

7. (2,-2) 8. (-1, 1) 9. (0,3) 

10. (2,-1) 11. (3,4) 12. (-2, -s/5) 



In exercises 13-18, find rectangular coordinates for the given 
polar point. 



13. (2,-f) 
16. (3, |) 



14. (-1, |) 
17. (4, i) 



15. (0,3) 
18. (-3, 1) 



j In exercises 41-50, sketch the graph and identify all values of 0 
where r = 0. 



41. r — cos 9 + sin 9 

43. r = tan" 1 29 

45. r = 2 + 4cos36> 

47. r = 

49. r = 



1 + sin 9 

2 

1 +cos6> 



42. r = cos 9 + sin 29 
44. r = 9/V9 2 + 1 
46. r = 2-4sin40 

48. r = 
50. r = 



1 - sing 
3 

1 — cos( 



In exercises 51-56, find a polar equation corresponding to the 
given rectangular equation. 



51. y- - x 2 = 4 
53. x 2 + y 2 = 16 
55. v = 3 



52. x 2 + y 2 = 9 
54. x 2 + y 2 = x 
56. x = 2 



10-35 



SECTION 10.4 Polar Coordinates 



659 



In exercises 57-62, sketch the graph for several different values 
of a and describe the effects of changing a. 



57. r = a cos 9 
59. r = cos(a6>) 
61. r — 1 + a cost 



58. r = a sin 8 
60. r — sin(a(9) 
62. r — 1 + a sin t 



63. Graph r = 4 cos 6 sin 8 and explain why there is no curve to 
the left of the y-axis. 

| 64. Graph r = 6 cos 8 for — 2n < 8 < lit. Explain why this is 
called the Garfield curve. 




APPLICATIONS 

69. To make a putt, a golfer tries to control distance and direc- 
tion. Suppose a putter is d feet from the hole, which has radius 

* - 

(a) Show that the path of the ball will intersect the hole if 
the angle A in the figure satisfies — sin" (h/d) < A < 
sia-\h/d). 




GARFIELD ©2005 Paws, Inc. Reprinted with permission 
of UNIVERSAL PRESS SYNDICATE. All rights reserved. 

65. Sketch the graph of r = cos first for 0 £ 8 < n, then 
for 0 < 8 < 27r, then for 0 < 8 < 3n, . . . , and finally for 
0 S 8 S 24n. Discuss any patterns that you find and predict 
what will happen for larger domains. 

j 66. Sketch the graph of r = cosnd first for 0 < 9 < 1, then for 
0 S 8 < 2, thenforO < 8 < 3, . . . and finally for 0 < 8 < 20. 
Discuss any patterns that you find and predict what will happen 
for larger domains. 

In exercises 67 and 68, use the graph of y = / (x) to sketch a 
graph of r = f(0). 

67. 




68. 



(b) The ball must reach the front of the hole. In rectangu- 
lar coordinates, the hole has equation (x — d) 2 + y 2 — h 2 



so the left side of the hole is x — d — ^ — y- 
that this converts in polar coordinates to r — d cos 8 — 
^Jd 2 cos 2 8 — (d 2 — h 2 ). (Hint: Substitute for x and y, iso- 
late the square root term, square both sides, combine r 2 
terms and use the quadratic formula.) 
(c) The ball will not go in the hole if it is hit too hard. Sup- 
pose that the putt would go r = d + c feet if it did not 
go in the hole (c > 0). For a putt hit toward the center of 
the hole, define b to be the largest value of c such that the 
putt goes in (i.e., if the ball is hit more than b feet past the 
hole, it is hit too hard). Experimental evidence (see Dave 
Pelz's Putt Like the Pros) shows that at other angles A, the 

A 

distance r must be less than d + b \ 



'(h/d) 



The results of parts (a)-(c) define limits for the angle A and 
distance r of a successful putt. Identify the functions r\ (A) 
and ri(A) such that r\(A) < r < r%(A) and constants A[ 
and A 2 such that A t < A < A 2 . 
(d) Take the general result of part (c) and apply it to a putt of 
d — 15 feet with a value of b — 4 feet. Visualize this by 
graphing the region 



15 cose - V^Scos 2 ^ - (225 - 1/36) 

8 

< r < 15 + 4 1 



sin" 1 (1/90) 



with - sin" 1 (1/90) < 8 < sin" 1 (1/90). A good choice of 
graphing windows is 13.8 £ x < 19 and —0.5 S y S 0.5. 



^ EXPLORATORY EXERCISES 

^ 1. In this exercise, you will explore the roles of the constants 
a, b and c in the graph of r — af(bd + c). To start, sketch 
r — sin 8 followed by r — 2 sin 8 and r — 3 sin 8 . What does 
the constant a affect? Then sketch r — sin(0 + 7r/2) and 
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r — sin(# — jt/4). What does the constant c affect? Now for 
the tough one. Sketch r — sin 26 and r — sin 39. What does 
the constant b seem to affect? Test all of your hypotheses 
on the base function r — 1 + 2 cos 0 and several functions of 
your choice. 

2. The polar curve r — ae b0 is an equiangular curve. Sketch the 
dr 

curve and then show that — = br. A somewhat complicated 

dr 

geometric argument shows that — — r cot a, where a is the 

65 d9 

angle between the tangent line and the line connecting the point 
on the curve to the origin. Comparing equations, conclude that 
the angle a is constant (hence "equiangular"). To illustrate this 
property, compute a for the points at 6 — 0 and 0 — it for 
r — e e . This type of spiral shows up often in nature, includ- 
ing shellfish (shown here is an ammonite fossil from about 
350 million years ago) and the florets of the common daisy. 
Other examples, including the connection to sunflowers, the 



Fibonacci sequence and the musical scale, can be found in 
H. E. Huntley's The Divine Proportion. 




0) 



10.5 CALCULUS AND POLAR COORDINATES 



Having introduced polar coordinates and looked at a variety of polar graphs, our next step 
is to extend the techniques of calculus to the case of polar coordinates. In this section, 
we focus on tangent lines, area and arc length. Surface area and other applications will be 
examined in the exercises. 

Notice that you can think of the graph of the polar equation r — f(6) as the graph of the 
parametric equations x — /(f) cos t, y(t) = /(f) sin/ (where we have used the parameter 
t = 0), since from (4.2) 



x — r cos 6 — f{6) cos 6 



(5.1) 



and 



rsin£ = /(0)sin0. 



(5.2) 



In view of this, we can now take any results already derived for parametric equations and 
extend these to the special case of polar coordinates. 

In section 10.2, we showed that the slope of the tangent line at the point corresponding 
to 6 — a is given [from (2.1)] to be 



(5.3) 




as long as %(a) ^ 0. From the product rule, (5.1) and (5.2), we have 



dx 



f (6) sine + f(8) cos 6 



and 



dx 



f (9) cos 6 - /(0)sin( 



Putting these together with (5.3), we get 



dy_ 
dx 



f'(a) sin a + f(a) cos a 



B= a /'(a) cos a — /(a) sina 
as long as the denominator is nonzero. 



(5.4) 
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FIGURE 10.40a 

Three-leaf rose 




FIGURE 10.40b 

The tangent line at 8 — 




FIGURE I0.4la 

y — 3 cos 3x sin x + sin 3x cos x 



EXAMPLE 5.1 



Finding the Slope of the Tangent Line 
to a Three-Leaf Rose 



Find the slope of the tangent line to the three-leaf rose r — sin 36 at 6 — j . 
Solution A sketch of the curve is shown in Figure 10.40a. From (4.1), we have 



y — r sin ( 



and 



Using (5.3), we have 



= sin 36 sin( 
- sin 36 cos I 



dy 
dx 

Taking 6 = f gives us 



dy 

dd_ 
dx 

d~6 



(3 cos 36>) sin 6 + sin 3£(cos 6) 
(3 cos 36) cos 6 — sin 36(sin 6) 



dy 
dx 



3 cos 



3n 



3jt 



sin 



sin 



( COS ?) 



e=7i/4 



3 cos 



3tt 



3jt 



( SiD i) 



In Figure 10.40b, we show the section of r 
tangent line at 6 — j. m 



sin 36 forO < 



< y , along with the 



For polar graphs, it's important to find places where r has reached a maximum or 
minimum, but these may or may not correspond to a horizontal tangent line. We explore 
this idea further in example 5.2. 



EXAMPLE 5.2 Polar Graphs and Horizontal Tangent Lines 

For the three-leaf rose r — sin 36, find the locations of all horizontal tangent lines. Also, 
at the three points where \r\ is a maximum, show that the tangent line is perpendicular 
to the line segment connecting the point to the origin. 

Solution From (5.3) and (5.4), we have 



dy 
dx 



dy 

d6_ 
dx 

d6 



/'(<?) sin d + f(G) cos 6 
f'(6) cos 6 - f {6) sind' 



Here, f(6) = sin 36 and so, to have 

dy 



dy 
dx 



0, we must have 



0 = — = 3 cos 36 sin ( 
dd 



sin 36 cos ( 



From the graph of /(x) = 3cos3jc sinx+ sin3x cosx withO < x < it (in Figure 10.41a), 
observe that there appear to be five solutions. Three of the solutions can be found 



and i 



7i. You can find the remaining two numerically: 

,2 q _ 3 



exactly: 6 — 0,6 

6 ~ 0.659 and 6 2.48. (You can also use trig identities to arrive at sin 2 6 = |.) The 
corresponding points on the curve r — sin 36 (specified in rectangular coordinates) are 
(0, 0), (0.73, 0.56), (0, -1), (-0.73, 0.56) and (0, 0). The point (0, -1) lies at the 
bottom of a leaf. This is the familiar situation of a horizontal tangent line at a local (and 
in fact, absolute) minimum. The tangent lines at these points are shown in Figure 10.41b 
(on the following page). Note that these points correspond to points where the 
y-coordinate is a maximum. However, the tips of the leaves represent the extreme points 
of most interest. Notice that the tips are where \r \ is a maximum. For r = sin 36, this 
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FIGURE 1 0.4 lb 

Horizontal tangent lines 



y 




FIGURE I0.4lc 

The tangent line at the tip of a leaf 



occurs when sin 36 = ±1, that is, where 36 = §, ^, ^, . . . , or 6 = §, §, ^f, 
From (5.4), the slope of the tangent line to the curve at 6 — ? is given by 



dy 
dx 



3 cos — I sin h sin — (cos — ) 

6/ 6 6V 6/ 2 



/ 37r\ 7T 3:T / 7T\ 

' 3 cos — cos sin — sin — 

V 6 J 6 6 V 6/ 

The rectangular point corresponding to 6 — \ is given by 



-V3. 




7T 7T 

1 cos — , 1 sin — 
6 6 



The slope of the line segment joining this point to the origin is then 4=, making this line 
segment perpendicular to the tangent line, since the product of the slopes is — 1 . This is 
illustrated in Figure 10.41c. Similarly, the slope of the tangent line at 6 — ^ is s/3, 
which again makes the tangent line at that point perpendicular to the line segment from 

the origin to the point ( — Finally, we have already shown that the slope of the 

tangent line at 6 — f is 0 and a horizontal tangent line is perpendicular to the vertical 
line from the origin to the point (0, —1). ■ 




FIGURE 10.42 

Circular sector 



Next, for polar curves like the three-leaf rose seen in Figure 10.40a, we would like to 
compute the area enclosed by the curve. Since such a graph is not the graph of a function of 
the form y = f(x), we cannot use the usual area formulas developed in Chapter 5. While 
we can convert our area formulas for parametric equations (from Theorem 2.2) into polar 
coordinates, a simpler approach uses the following geometric argument. 

Observe that a sector of a circle of radius r and central angle 6, measured in radians 



(see Figure 10.42) contains a fraction I — I of the area of the entire circle. So, the area of 

\2ttJ 

the sector is given by 

9 6 1 9 

A = Ttr — = -r 6. 
2n 2 

Now, consider the area enclosed by the polar curve defined by the equation r — f{6) and the 
rays 6 — a and 6 — b (see Figure 10.43a), where/ is continuous and positive on the interval 
a < 6 < b. As we did when we defined the definite integral, we begin by partitioning the 
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a — 6o < 0\ < 62 < ■ ■ ■ < 0„ — b. 

b — a 

The width of each of these subintervals is then A.0 — 9, — f?,_i = . (Does this look 

n 

familiar?) On each subinterval [9i-\, 0j](i — 1, 2, . . . , ri), we approximate the curve with 
the circular arc r — f(0i). (See Figure 10.43b.) The area Aj enclosed by the curve on this 
subinterval is then approximately the same as the area of the circular sector of radius /(#,) 
and central angle A0: 

At « \r 2 A9= 1 -[f(0 i )] 2 A0. 

The total area A enclosed by the curve is then approximately the same as the sum of the 
areas of all such circular sectors: 

1=1 1=1 

As we have done numerous times now, we can improve the approximation by making n 
larger. Taking the limit as n — > oo gives us a definite integral: 



Area in polar coordinates 



A= lim Thf(0i)] 2 A0= f 1 -[f(0)fd0. 



(5.5) 



0.5 



H 1 — 

- 1 -0.5 



-0.5 




\ 1 — ► x 

0.5 1 



EXAMPLE 5.3 The Area of One Leaf of a Three-Leaf Rose 

Find the area of one leaf of the rose r = sin 30. 

Solution Notice that one leaf of the rose is traced out with 0 < 0 < | . (See 
Figure 10.44.) From (5.5), the area is given by 



- \ -(smW) 2 d0 - - / sin 2 

i r w/3 



30 d0 



FIGURE 10.44 

One leaf of r — sin 36 



i r 



-cos60)d0 = - \ G- ^sin6f9 



.T/3 



7T 

12' 



where we have used the half-angle formula sin 2 a — j(l — cos 2a) to simplify the 
integrand. ■ 



Often, the most challenging part of finding the area of a polar region is determining the 
limits of integration. 
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FIGURE 10.45 

r = 2 — 3 sin 6 




FIGURE 

= 3 + 2 cos 



10.46a 

? and r — '. 




FIGURE 



10.46b 



EXAMPLE 5.4 The Area of the Inner Loop of a Limacon 

Find the area of the inner loop of the limacon r — 2 — 3 sin 9 . 

Solution A sketch of the limacon is shown in Figure 10.45. Starting at 9 — 0, the 
curve starts at the point (2, 0), passes through the origin, traces out the inner loop, 
passes back through the origin and finally traces out the outer loop. Thus, the inner loop 
is formed by 0-values between the first and second occurrences of r — 0 with 9 > 0. 
Solving r — 0, we get sin6< = |. The two smallest positive solutions are 9 — sin" 1 (|) 
and 9 — jt — sin" 1 (|). Numerically, these are approximately equal to 9 — 0.73 and 
9 = 2.41. From (5.5), the area is approximately 



/•2.4 
J0.73 

2 Jo. 



1 



-(2 - 3sin9) 2 d9 



1 f 2Al 

/ JQJ3 



(4- 12sin<9 + 9sin 2 6V<9 



4- 12 sin0 + -(1 - cos 29) 



d9 « 0.44, 



where we have used the half-angle formula sin 2 1 
integrand. ■ 



^(1 — cos 29) to simplify the 



When finding the area lying between two polar graphs, we use the familiar device 
of subtracting one area from another. Although the calculations in example 5.5 aren't too 
messy, finding the points of intersection of two polar curves often provides the greatest 
challenge. 



EXAMPLE 5.5 Finding the Area Between Two Polar Graphs 

Find the area inside the limagon r — 3 + 2 cos 9 and outside the circle r — 2. 

Solution We show a sketch of the two curves in Figure 10.46a. Notice that the limits 
of integration correspond to the values of 9 where the two curves intersect. So, we must 
first solve the equation 3 + 2 cos 9 — 2. Notice that since cos 9 is periodic, there are 
infinitely many solutions of this equation. Consequently, it is essential to consult the 
graph to determine which solutions you need. In this case, we want the least negative 
and the smallest positive solutions. (Look carefully at Figure 10.46b, where we have 
shaded the area between the graphs corresponding to 9 between ^ and the first two 
positive solutions. This portion of the graphs corresponds to the area outside the 
limagon and inside the circle!) With 3 + 2 cos 9 — 2, we have cos 9 = — i, which 
occurs at 9 — — ^ and 9 = ?p From (5.5), the area enclosed by the portion of the 
limagon on this interval is given by 

2jt/3 



i 



-(3 + 2 cos 9yd9 



33V3 + 447T 



2tt/3 



Similarly, the area enclosed by the circle on this interval is given by 

"2n/3 t gjr 



/ZJT/j ^ 
-2jt/3 2 



(2Y d9 
2 3 

The area inside the limacon and outside the circle is then given by 



r2jr/3 2 



-(3 + 2 cos (9) 2 d9 



/•27T/3 1 

J-27T/3 



-(2) 2 d9 



33V3 + 44tt 



8tt 

T 



33V3 + 28tt 



6 3 6 

Here, we have left the (routine) details of the integrations to you. 



24.2. 



In cases where r takes on both positive and negative values, finding the intersection 
points of two curves is more complicated. 
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y 



2 




-2- 



FIGURE 10.47a 

r — 1 — 2 cos 6 and r — 2 sin 9 



y 




FIGURE 10.47b 

Rectangular plot: 
y = 1 — 2cosx, y — 2 sinx, 
0 < x < 71 



y 




FIGURE 10.47c 

Rectangular plot: y = 1 — 2cosx, 
y — 2 sinx, 0 < x < 2n 




FIGURE 10.48a 

A cylindrical oil tank 



EXAMPLE 5.6 Finding Intersections of Polar Curves Where r 
Can Be Negative 

Find all intersections of the limacon r — 1 — 2 cos 9 and the circle r — 2 sin 9. 

Solution We show a sketch of the two curves in Figure 10.47a. Notice from the 
sketch that there are three intersections of the two curves. Since r — 2 sin 9 is 
completely traced with 0 < 9 < it , you might reasonably expect to find three solutions 
of the equation 1—2 cos 9 = 2 sin 9 on the interval 0 < 9 < n . However, if we draw a 
rectangular plot of the two curves y — I — 2 cos x and y — 2 sinx, on the interval 
0 < x < 7i (see Figure 10.47b), we can clearly see that there is only one solution in 
this range, at approximately 9 ~ 1.99. (Use Newton's method or your calculator's 
solver to obtain an accurate approximation.) The corresponding rectangular point is 
(r cos 9, r sm9) s=a (—0.74, 1.67). Looking at Figure 10.47a, observe that there is 
another intersection located below this point. From a rectangular plot of the two curves 
corresponding to an expanded range of values of 9, (see Figure 10.47c). Notice that 
there is a second solution of the equation 1—2 cos 9 — 2 sin 9, near 9 = 5.86, which 
corresponds to the point (—0.74, 0.34). Note that this point is on the inner loop of 
r — 1 — 2 cos 9 and corresponds to a negative value of r. Finally, there appears to be a 
third intersection at or near the origin. Notice that this does not arise from any solution of 
the equation 1—2 cos 9 — 2 sin 9. This is because, while both curves pass through the 
origin (You should verify this!), they each do so for different values of 9. (Keep in mind 
that the origin corresponds to the point (0, 9), in polar coordinates, for any angle 9.) 
Notice that 1 - 2 cos 9 — 0 for 9 — | and 2 sin 9 — 0 for 9 — 0. So, although the 
curves intersect at the origin, they each pass through the origin for different values 
of (9. ■ 

REMARK 5.1 



To find points of intersection of two polar curves r — f(9) and r — g(9), you must 
keep in mind that points have more than one representation in polar coordinates. In 
particular, this says that points of intersection need not correspond to solutions of 
f(0) = g{9). 



In example 5.7, we see an application that is far simpler to set up in polar coordinates 
than in rectangular coordinates. 

EXAMPLE 5.7 Finding the Volume of a Partially Filled Cylinder 

A cylindrical oil tank with a radius of 2 feet is lying on its side. A measuring stick shows 
that the oil is 1.8 feet deep. (See Figure 10.48a.) What percentage of a full tank is left? 

Solution Notice that since we wish to find the percentage of oil remaining in the tank, 
the length of the tank has no bearing on this problem. (Think about this some.) We need 
only consider a cross section of the tank, which we represent as a circle of radius 2 
centered at the origin. The proportion of oil remaining is given by the area of that 
portion of the circle lying beneath the line y = —0.2, divided by the total area of the 
circle. The area of the circle is An, so we need only find the area of the shaded region in 
Figure 10.48b (on the following page). Computing this area in rectangular coordinates 
is a mess (try it!), but it is straightforward in polar coordinates. First, notice that the line 
y — —0.2 corresponds to r sin 6* = —0.2 or r — —0.2 esc 9. The area beneath the line 
and inside the circle is then given by (5.5) as 

r8 2 j r-8 2 J 

Area= / -(2) 2 d9 - - (-0.2 esc 9) 2 d9, 
Je, 2 Je, 2 
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\ 1 ►.v 



FIGURE 10.48b 

Cross section of tank 



where Q\ and 62 are the appropriate intersections of r = 2 and r — —0.2 esc 9. Using 
Newton's method, the first two positive solutions of 2 = —0.2 esc 9 are 9\ » 3.242 and 
62 ^ 6.183. The area is then 

Area = / ~{2) 2 d9 - \ -(-0.2 esc 9) 2 d9 
Je, 2 jg x 2 

= {20 + 0.02 cot 9) I * » 5.485. 

The fraction of oil remaining in the tank is then approximately 5.485/47T ~ 0.43648 or 
about 43.6% of the total capacity of the tank. ■ 



We close this section with a brief discussion of arc length for polar curves. Recall 
that from (3.1), the arc length of a curve defined parametrically by x — x{t), y = y{t), for 
a < t < b, is given by 



dt. 



(5.6) 



Once again thinking of a polar curve as a parametric representation (where the parameter 
is 6), we have that for the polar curve r = f{8), 



x — r cos 6 — f{6) cos 9 and y — r sin# = f{6) sin 6*. 



This gives us 



dx\ 2 / dv^ ' 



d6 \dd 



= [f'{9) cos 9 - f{9) sinf3] 2 + [f'{9) sin 9 + f{9) cos 9] 2 

= [/'(0)] 2 (cos 2 9 + sin 2 9) + f'{9)f{9){-2 cos 9 sin 9 + 2 sin 9 cos 0) 

+ [/(0)] 2 (cos 2 (9 + sin 2 <9) 
= WW)] 2 + [f{9)f. 



From (5.6), the arc length is then 



Arc length in polar coordinates 



J a 



{9)] 2 + [f{9)] 2 d9. 



(5.7) 




FIGURE 10.49 

r — 2 — 2 cos 6 



EXAMPLE 5.8 Arc Length of a Polar Curve 

Find the arc length of the cardioid r — 2 — 2 cos 9. 

Solution A sketch of the cardioid is shown in Figure 10.49. First, notice that the 
curve is traced out with 0 < 9 < 2it. From (5.7), the arc length is given by 



J a 

Jo 



[f(9)] 2 d9 



Jo 



sin 9) 2 + {2 -2 cos 9) 2 d9 



I A sin 2 



■4-8cosf? + 4cos 2 f?c/0 



/ V8" 

Jo 



8cos9d9 = 16, 



where we leave the details of the integration as an exercise. (Hint: Use the half-angle 
formula sin 2 x — ^(1 — cos 2x) to simplify the integrand. Be careful: remember that 



x 2 = |x|!) 



10-43 



SECTION 10. 5 •• Calculus and Polar Coordinates 



667 



EXERCISES 10.5 Q> 

IS) WRITING EXERCISES 

1. Explain why the tangent line is perpendicular to the radius line 
at any point at which r is a local maximum. (See example 5.2.) 
In particular, if the tangent and radius are not perpendicular at 
(r, 9), explain why r is not a local maximum. 

2. In example 5.5, explain why integrating from =y to -? would 
give the area shown in Figure 10.46b and not the desired area. 

3. Referring to example 5.6, explain why intersections can oc- 
cur in each of the cases f{9) — g(9), f{9) — —g(9 + n) and 

m) = g(e 2 ) = o. 

4. In example 5.7, explain why the length of the tank doesn't 
matter. If the problem were to compute the amount of oil left, 
would the length matter? 



In exercises 1-6, find the slope of the tangent line to the polar 
curve at the given point. 



1. 


r — sin 39 at 


(a) ( 


? = f 


(b) ( 


?=f 


2. 


r — cos 26 at 


(a) ( 




(b) ( 


?=f 


3. 


r — 3 sin 9 at 


(a) ( 


) = 0 


(b) ( 


? = § 


4. 


r — sin 46 at 


(a) ( 


» = f 


(b) ( 


? = - 

16 


5. 


r - e 2e at 


(a) 1 




(b) ( 


? = 1 


6. 


r = In 9 at 


(a) ( 


J = e 


(b) ( 


? = 4 



© 20. Outer loop of r = 2 + 3 sin 30 

21. Inside of r = 3 + 2 sin 0 and outside of r — 2 

22. Inside of r — 2 and outside of r — 2 — 2 sin 9 

23. Inside of r — 2 and outside of both loops of r — 1 + 2 sin# 

24. Inside of r — 2 sin 29 and outside r — 1 

25. Inside of both r = 1 + cos 6 and r = 1 

26. Inside of both r = 1 + sin 0 and r = 1 + cos 0 



In exercises 27-30, find the area of the indicated region 
formed by r = 1, r = 2cos0 and r = 2sin0. (Suggested by 
Tim Pennings.) 

27. Ai 28. A 2 29. A 3 30. A 4 



v 




In exercises 7-10, (a) find all points at which \r \ is a maximum 
and show that the tangent line is perpendicular to the radius 
connecting the point to the origin. ©)(b) Find all points 
at which there is a horizontal tangent and determine the con- 
cavity of the curve at each point. 



7. r = sin 36> 

9. r = 2-4sin2<9 



8. r — cos 49 
10. r = 2 + 4sin26» 



| In exercises 31-34, find all points at which the two curves 
intersect. 

31. r — 1 — 2 sin 9 and r — 2 cos 6 

32. r — 1 + 3 cos 9 and r — — 2 + 5 sin 9 

33. r — 1 + sin 9 and r — 1 + cos 9 

34. r = 1 + V3 sin 0 and r = 1 + cos # 



In exercises 11-26, find the area of the indicated region. 



11. 


One leaf of r — 


cos 39 


12. 


One leaf of r — 


sin 49 


13. 


Bounded by r - 


- 2cos0 


14. 


Bounded by r - 


= 2 — 2 cos 9 


15. 


Small loop of r 


= 1 + 2sin20 


16. 


Large loop of r 


= 1 + 2sin20 


@17. 


Inner loop of r 


= 3-4sin0 


©18- 


Inner loop of r 


= 1 - 3 cos 9 


©19- 


Inner loop of r 


= 2 + 3sin36» 



| In exercises 35-40, find the arc length of the given curve. 

35. r — 2 — 2 sin 9 36. r — 3 — 3 cos 9 

37. r = sin 30 38. r = 2 cos 39 

39. r = 1 + 2 sin 26 40. r = 2 + 3 sin 39 

41. Repeat example 5.7 for the case where the oil stick shows a 
depth of (a) 1.4 (b) 2.4. 

42. Repeat example 5.7 for the case where the oil stick shows a 
depth of (a) 1.0 (b) 2.6. 

43. The problem of finding the slope of r — sin 39 at the point 
(0, 0) is not a well-defined problem. 
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(a) To see what we mean, show that the curve passes through 
the origin at 9 — 0, 9 — | and 9 — and find the slopes 
at these angles. 

(b) For each of the three slopes, illustrate with a sketch 
of r = sin 39 for ^-values near the given values (e.g., 
-f <6» < | to see the slope at 9 - 0). 

| 44. Find and illustrate all slopes of r = 2 — 3 sin 9 at the origin. 

45. If the polar curve r — f(9), a <9 < b, has length L, show that 
r — cf(9), a < 9 < b, has length \c\L for any constant c. 

46. If the polar curve r — f(9), a < 0 < b, encloses area A, show 
that for any constant c, r — cf(9), a < 9 < b, encloses area 
c 2 A. 



47. 



A logarithmic spiral is the graph of r — ae M for positive con- 
stants a and b. The accompanying figure shows the case where 
a — 2 and b — | with 9 < 1 . Although the graph never reaches 
the origin, the limit of the arc length from 9 — d to a given point 
with 9 — c, as d decreases to — oo, exists. Show that this total 

arc length equals R , where R is the distance from the 

b 

starting point to the origin. 




48. 



For the logarithmic spiral of exercise 47, if the starting point 
P is on the x-axis, show that the total arc length to the origin 
equals the distance from P to the y-axis along the tangent line 
to the curve at P. 



EXPLORATORY EXERCISES 



1. In this exercise, you will discover a remarkable property about 
the area underneath the graph of y = -. First, show that a 
polar representation of this curve is r 2 — A $ g - We will 
find the area bounded by y — - , v = mx and y = 2mx for 



x > 0, where m is a positive constant. Sketch graphs for 
m — 1 (the area bounded by y — -, y — x and y — 2x) and 
m — 2 (the area bounded by y = y = 2x and y — Ax). 
Which area looks larger? To find out, you should integrate. 
Explain why this would be a very difficult integration in 
rectangular coordinates. Then convert all curves to polar co- 
ordinates and compute the polar area. You should discover 
that the area equals \ In 2 for any value of m. (Are you 
surprised?) 

2. In the study of biological oscillations (e.g., the beating of heart 
cells), an important mathematical term is limit cycle. A sim- 
ple example of a limit cycle is produced by the polar coor- 

dr 

dinates initial value problem — = ar(l — r), r(0) = r 0 and 

dt 

d9 

— = 27r, 9(0) = 9q. Here, a is a positive constant. In section 
dt 

8.2, we showed that the solution of the initial value problem 
dr 

— = ar(l — r), r(0) = r 0 is 
dt 



r(t) 



'0 



ro - (To - l)e-"< 



and it is not hard to show that the solution of the initial value 

d9 

problem — = 2n, 9(0) = 0 0 is 9(t) — 2nt + 9 0 . In rectan- 
dt 

gular coordinates, the solution of the combined initial value 
problem has parametric equations x(t) — r(t) cos 9 (t) and 
y(t) — r(t)sm9(t). Graph the solution in the cases 
(a) a = 1, r 0 = \,9 a = 0; (b) a = 1, r 0 = §, 9 0 = 0; (c) your 
choice of a > 0, your choice of r 0 with 0 < r 0 < 1, your choice 
of 9 0 ; (d) your choice of a > 0, your choice of r 0 with r 0 > 1, 
your choice of 9q. As / increases, what is the limiting behav- 
ior of the solution? Explain what is meant by saying that this 
system has a limit cycle of r = 1 . 




10.6 CONIC SECTIONS 



Among the most important curves you will encounter are the conic sections, which we 
explore here. The conic sections include parabolas, ellipses and hyperbolas, which are 
undoubtedly already familiar to you. In this section, we focus on geometric properties that 
are most easily determined in rectangular coordinates. 

We visualize each conic section as the intersection of a plane with a right circular cone. 
(See Figures 10.50a-10.50c.) Depending on the orientation of the plane, the resulting curve 
can be a parabola, an ellipse or a hyperbola. 

O Parabolas 

We define a parabola (see Figure 10.51) to be the set of all points that are equidistant from 
a fixed point (called the focus) and a line (called the directrix). A special point on the 
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Directrix 

FIGURE 10.51 

Parabola 



i 

(0, 2) . 


i 




y=-2 


r 









FIGURE 10.52 

The parabola with focus 
at (0, 2) and directrix y — —2 



FIGURE 10.50a 

Parabola 



FIGURE 10.50b 

Ellipse 



FIGURE 10.50c 

Hyperbola 



parabola is the vertex, the midpoint of the perpendicular line segment from the focus to the 
directrix. 

A parabola whose directrix is a horizontal line has a simple rectangular equation. 



EXAMPLE 6. 1 Finding the Equation of a Parabola 

Find an equation of the parabola with focus at the point (0, 2) whose directrix is the line 

y = -2. 

Solution By definition, any point (x, y) on the parabola must be equidistant from the 
focus and the directrix. (See Figure 10.52.) From the distance formula, the distance 
from (x , y) to the focus is given by -y/x 2 + (y — 2) 2 and the distance to the directrix is 

Iv — 

Setting these equal and squaring both sides, we get 
x 2 + (y - 2) 2 = (y + 2) 2 . 
Expanding this out and simplifying, we get 

x 2 + y 2 - Ay + A = y 2 + Ay + A 

OT y = -x 2 . 



In general, the following relationship holds. 



THEOREM 6.1 

The parabola with vertex at the point (b, c), focus at (b, c 
the line y 



= c — ^ is described by the equation y — a(x — b) 



4- ) and directrix given by 

,2 , „ 




j-) and directrix y 



PROOF 

Given the focus (b, c 

(See Figure 10.53.) For any point (x, y) on the parabola, its distance to the focus is given 
by yj(x — b) 2 + (y — c — ^) 2 , while its distance to the directrix is given by \y 
Setting these equal and squaring as in example 6.1, we have 

(x - b) 2 + (y - c - -M : 



j-, the vertex is the midpoint (b, c). 



±1 

4a 1 



1 



Aa 



FIGURE 10.53 

Parabola 



Expanding this out and simplifying, we get the more familiar form of the equation: 
y — a(x — b) 2 + c, as desired. ■ 
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FIGURE 10.54 

Parabola with focus at (— |. 
directrix x — — \ 



0)and 




\ — ► * 



FIGURE 10.55 

Parabola with focus at (3, 2) and 
directrix y — 6 




Focus 



FIGURE 10.56 

Reflection of rays 




FIGURE 10.57 

The reflective property 



We simply reverse the roles of x and y to obtain the following result, whose proof is 
left as an exercise. 



THEOREM 6.2 

The parabola with vertex at the point (c, b), focus at (c + 4-, b) and directrix given by 
the line x — c — r- is described by the equation x — a(y — b) 2 + c. 



We illustrate Theorem 6.2 in example 6.2. 



EXAMPLE 6.2 A Parabola Opening to the Left 

For the parabola Ax + 2 v 2 + 8 = 0, find the vertex, focus and directrix. 

Solution Solving forx, we have x — — \y 1 — 2. The vertex is then at (—2, 0). The 
focus and directrix are shifted left and right, respectively from the vertex by ^ = — i . 



1 0) = (— 4 , 0) and the directrix at x — 



This puts the focus at (—2 
We show a sketch of the parabola in Figure 10.54 



-2-(-i) = H 



EXAMPLE 6.3 Finding the Equation of a Parabola 

Find an equation relating all points that are equidistant from the point (3, 2) and the line 
y = 6. 

Solution Referring to Figure 10.55, notice that the vertex must be at the point (3, 4) 
(i.e., the midpoint of the perpendicular line segment connecting the focus to the 
directrix) and the parabola opens down. From the vertex, the focus is shifted vertically 
by ^ = —2 units, so that a — — ~ \- An equation is then 



y = 



i 



-(x - 3) 2 + 4. 



You see parabolas nearly every day. A very useful property of parabolas is their re- 
flective property. This can be seen as follows. For the parabola x — ay 2 indicated in 
Figure 10.56, draw a horizontal line that intersects the parabola at the point A. Then, one 
can show that the acute angle a between the horizontal line and the tangent line at A is 
the same as the acute angle ft between the tangent line and the line segment joining A to 
the focus. You may already have recognized that light rays are reflected from a surface in 
exactly the same fashion (since the angle of incidence must equal the angle of reflection). In 
Figure 10.56, we indicate a number of rays (you can think of them as light rays, although they 
could represent other forms of energy) traveling horizontally until they strike the parabola. 
As indicated, all rays striking the parabola are reflected through the focus of the parabola. 

Due to this reflective property, satellite dishes are usually built with a parabolic shape 
and have a microphone located at the focus to receive all signals. (See Figure 10.57.) 
This reflective property works in both directions. That is, energy emitted from the focus 
will reflect off the parabola and travel in parallel rays. For this reason, flashlights utilize 
parabolic reflectors to direct their light in a beam of parallel rays. 



EXAMPLE 6.4 Design of a Flashlight 

A parabolic reflector for a flashlight has the shape x — 2y 2 . Where should the 
lightbulb be located? 

Solution Based on the reflective property of parabolas, the lightbulb should be 
located at the focus of the parabola. The vertex is at (0, 0) and the focus is shifted to 
the right from the vertex r- = s units, so the lightbulb should be located at the point 

(i.o)- . 
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O Ellipses 

We define an ellipse to be the set of all points for which the sum of the distances to two fixed 
points (called foci, the plural of focus) is constant. This definition is illustrated in Figure 
10.58a. We define the center of an ellipse to be the midpoint of the line segment connecting 
the foci. 

The familiar equation of an ellipse can be derived from this definition. For convenience, 
we assume that the foci lie at the points (c, 0) and (— c, 0), for some positive constant c 
(i.e., they lie on the x-axis, at the same distance from the origin). For any point (x, y) on 
the ellipse, the distance from (x, y) to the focus (c, 0) is y/(x — c) 2 + y 2 and the distance 
to the focus (— c, 0) is y/(x + c) 2 + y 2 . The sum of these distances must equal a constant 
that we'll call k. We then have 

y/(x -c) 2 + y 2 + y/(x + c) 2 + y 2 = k. 

Subtracting the first square root from both sides and then squaring, we get 

(y/(x + c) 2 + y 2 f = (k- y/(x - c) 2 + y 2 f 

or x 2 + lex + c 2 + y 2 — k 2 - 2ky/(x - c) 2 + y 2 + x 2 - lex + c 2 + y 2 . 

Now, solving for the remaining term with the radical and squaring gives us 
[2ky/(x - c) 2 + y 2 ] 2 = (k 2 - 4cx) 2 , 

so that 4k 2 x 2 - 8k 2 cx + 4k 2 c 2 + 4k 2 y 2 = k 4 - 8k 2 cx + 16c 2 x 2 

or (4k 2 - I6c 2 )x 2 + 4k 2 y 2 = k A - 4k 2 c 2 . 

Setting k = 2a, we obtain 

(16a 2 - 16c 2 )x 2 + \6a 2 y 2 = 16a 4 - 16a 2 c 2 . 

Notice that since 2a is the sum of the distances from (x, y) to (c, 0) and from (x, y) 
to (— c, 0) and the distance from (c, 0) to (— c, 0) is 2c, we must have 2a > 2c, so 
that a > c > 0. Dividing both sides of the equation by 16 and defining b 2 — a 2 — c 2 , 
we get 

b 2 x 2 + a 2 y 2 = a 2 b 2 . 
Finally, dividing by a 2 b 2 leaves us with the familiar equation 




In this equation, notice that x can assume values from —a to a and y can assume values 
from — b to b. The points (a, 0) and (—a, 0) are called the vertices of the ellipse. (See 
Figure 10.58b.) Since a > ft, we call the line segment joining the vertices the major axis 
and we call the line segment joining the points (0, b) and (0, —b) the minor axis. Notice 
that the length of the major axis is 2a and the length of the minor axis is 2b. 
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THEOREM 6.3 

The equation 

(x - x 0 ) 2 (y - y 0 ) 2 



b 2 



1 (6.1) 



with a > b > 0 describes an ellipse with foci at (xn — c, yo) and (xo + c, yo), where 
c — \l a 1 — b 2 . The center of the ellipse is at the point (xq, yo) and the vertices are 
located at (xq ± a, yo) on the major axis. The endpoints of the minor axis are located 
at O 0 , yo ± b). 
The equation 

(x - xq) 2 (y - y 0 ) 2 



b 1 - 



= 1 (6.2) 



with a > b > 0 describes an ellipse with foci at (xo, yo — c) and (xo, yo + c) where 
c — y/a 2 — b 2 . The center of the ellipse is at the point (xo, yo) and the vertices are 
located at (xo, yo ± a) on the major axis. The endpoints of the minor axis are located 
at (x 0 ± b, y 0 ). 



y 

4-- 

2 





H — ►JC 



-2 
-4 
-6 

FIGURE 10.59 

(* - 2) 2 (y + l) 2 



25 



In example 6.5, we use Theorem 6.3 to identify the features of an ellipse. 



EXAMPLE 6.5 



Identifying the Features of an Ellipse 

(x-2) 2 , (y 



Identify the center, foci and vertices of the ellipse 



I) 2 



- 1. 



4 25 

Solution From (6.2), the center is at (2, —1). The values of a 2 and b 2 are 25 and 4, 
respectively, so that c — °J2\. Since the major axis is parallel to the y-axis, the foci are 
shifted c units above and below the center, at (2, —1 — V2~T) and (2, —1 + V21). 
Notice that in this case, the vertices are the intersections of the ellipse with the line 
x = 2. With x = 2, we have (y + l) 2 = 25, so that y = — 1 ± 5 and the vertices are 
(2, —6) and (2, 4). Finally, the endpoints of the minor axis are found by setting y = — 1. 
We have (x — 2) 2 = 4, so that x = 2 ± 2 and these endpoints are (0, —1) and (4, —1). 
The ellipse is sketched in Figure 10.59. ■ 



Focus 



Focus 



J 



EXAMPLE 6.6 Finding an Equation of an Ellipse 

Find an equation of the ellipse with foci at (2, 3) and (2, 5) and vertices (2, 2) and (2, 6). 

Solution Here, the center is the midpoint of the foci, (2, 4). You can now see that the 
foci are shifted c — 1 unit from the center. The vertices are shifted a — 2 units from the 
center. From c 2 — a 2 — b 2 , we get b 2 — 4 — 1 — 3. Notice that the major axis is parallel 
to the y-axis, so that a 2 — 4 is the divisor of the y-term. From (6.2), the ellipse has the 
equation 

(x - 2) 2 (y - 4) 2 , 



FIGURE 10.60 

The reflective property of ellipses 



Much like parabolas, ellipses have some useful reflective properties. As illustrated in 
Figure 10.60, a line segment joining one focus to a point A on the ellipse makes the same 
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acute angle with the tangent line at A as does the line segment joining the other focus to 
A. Again, this is the same way in which light and sound reflect off a surface, so that a 
ray originating at one focus will always reflect off the ellipse toward the other focus. A 
surprising application of this principle is found in the so-called "whispering gallery" of the 
U.S. Senate. The ceiling of this room is elliptical, so that by standing at one focus you can 
hear everything said on the other side of the room at the other focus. (You probably never 
imagined how much of a role mathematics could play in political intrigue.) 



EXAMPLE 6.7 A Medical Application of the Reflective 
Property of Ellipses 

A medical procedure called Shockwave lithotripsy is used to break up kidney stones 
that are too large or irregular to be passed. In this procedure, Shockwaves emanating 
from a transducer located at one focus are bounced off of an elliptical reflector to the 
kidney stone located at the other focus. Suppose that the reflector is described by the 



equation 



+ y - 
112 48 

Solution In this case, 



1 (in units of inches). Where should the transducer be placed? 



Ja 2 -b 2 = VH2-48 



so that the foci are 16 inches apart. Since the transducer must be located at one focus, 
it should be placed 16 inches away from the kidney stone and aligned so that the line 
segment from the kidney stone to the transducer lies along the major axis of the 
elliptical reflector. ■ 




FIGURE 10.61 

Definition of hyperbola 



O Hyperbolas 



We define a hyperbola to be the set of all points such that the difference of the distances 
between two fixed points (called the foci) is a constant, as illustrated in Figure 10.61 . Notice 
that it is nearly identical to the definition of the ellipse, except that we subtract the distances 
instead of add them. 

The familiar equation of the hyperbola can be derived from the definition. The 
derivation is almost identical to that of the ellipse, except that the quantity a 2 — c 1 is 
now negative. We leave the details of the derivation of this as an exercise. An equation 
of the hyperbola with foci at (±c, 0) and parameter 2a (equal to the difference of the 
distances) is 




FIGURE 10.62 

Hyperbola, shown with its 
asymptotes 



2 2 
~a^~ b 2 



1. 



where b = cr — a . For the hyperbola — = 1, notice that y — — r — b , so that 

a 2 b 2 a 2 



lim 



lim 



b 2 b 2 



„2' 



y 1 b 2 v 
That is, as x — »■ ±oo, — — >■ , so that — 

x 2 a 2 x 

totes, as shown in Figure 10.62. 



b b 
±— and so, y = ±— x are the (slant) asymp- 
a a 
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FIGURE 10.63 

(y - I) 2 _ (* + iy 
9 16 



= 1 



THEOREM 6.4 

The equation 



(x - x 0 ) 2 (y - yof 



= 1 (6.3) 



c, yo) and (xq + c, yo), where 



describes a hyperbola with foci at the points (xo 
c — \l a 1 + b 2 . The center of the hyperbola is at the point (xo, yo) and the vertices 

b 

are located at (xo ± a, yo). The asymptotes are y — ±— (x — xq) + yo. 

a 

The equation 



(y - yo) (x - x 0 f 



l 



a 2 b 2 

describes a hyperbola with foci at the points (xq, yo — c) and (xo, yo + c), where 
c — \l a 2 + b 2 . The center of the hyperbola is at the point (xq, yo) and the vertices 



(6.4) 



a 



are located at (xo, yo ± a). The asymptotes are y = ±— (x — xo) ■ 

b 



yo- 



In example 6.8, we use Theorem 6.4 to identify the features of a hyperbola. 



EXAMPLE 6.8 Identifying the Features of a Hyperbola 

(y - l) 2 (x + l) 2 



For the hyperbola 
asymptotes. 



16 



1, find the center, vertices, foci and 



Solution Notice that from (6.4), the center is at (—1, 1). Setting x = —1, we find that 
the vertices are shifted vertically by a — 3 units from the center, to (—1, —2) and 
(—1,4). The foci are shifted vertically by c = Vfl 2 + b 2 — V25 = 5 units from the 
center, to (—1, —4) and (—1, 6). The asymptotes are y = ±|(x + 1) + 1. A sketch of 
the hyperbola is shown in Figure 10.63. ■ 




FIGURE 10.64 

The reflective property of 
hyperbolas 



EXAMPLE 6.9 Finding the Equation of a Hyperbola 

Find an equation of the hyperbola with center at (—2, 0), vertices at (—4, 0) and (0, 0) 
and foci at (-5,0) and (1,0). 

Solution Notice that since the center, vertices and foci all lie on the x-axis, the 
hyperbola must have an equation of the form of (6.3). Here, the vertices are shifted 
a — 2 units from the center and the foci are shifted c — 3 units from the center. Then, 
we have b 2 — c 2 — a 2 — 5. Following (6.3), we have the equation 

5 ■ 



(x + 2) 2 



Much like parabolas and ellipses, hyperbolas have a reflective property that is useful 
in applications. It can be shown that a ray directed toward one focus will reflect off the 
hyperbola toward the other focus, as illustrated in Figure 10.64. 



EXAMPLE 6. 1 0 An Application to Hyperbolic Mirrors 

A hyperbolic mirror is constructed in the shape of the top half of the hyperbola 



(v + 2) 2 



1 . Toward what point will light rays following the paths y = kx 



reflect (where A: is a constant) 1 ; 
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Solution For the given hyperbola, we have c — \/a 2 + b 2 — Vl + 3 = 2. Notice 
that the center is at (0, —2) and the foci are at (0, 0) and (0, —4). Since rays of the 
form y — kx will pass through the focus at (0, 0), they will be reflected toward 
the focus at (0, -4). ■ 



A clever use of parabolic and hyperbolic mirrors in telescope design is illustrated in 
Figure 10.65, where a parabolic mirror to the left and a hyperbolic mirror to the right are 
arranged so that they have a common focus at the point F. The vertex of the parabola is 
located at the other focus of the hyperbola, at the point E, where there is an opening for the 
eye or a camera. Notice that light entering the telescope from the right (and passing around 
the hyperbolic mirror) will reflect off the parabola directly toward its focus at F. Since F is 
also a focus of the hyperbola, the light will reflect off the hyperbola toward its other focus 
at E. In combination, the mirrors focus all incoming light at the point E. 




Hyperbola 



Parabola 



FIGURE 10.65 

A combination of parabolic and hyperbolic mirrors 



EXERCISES 10.6 



0) 



0 WRITING EXERCISES 



1. Each fixed point referred to in the definitions of the conic sec- 
tions is called a focus. Use the reflective properties of the conic 
sections to explain why this is an appropriate name. 

2. A hyperbola looks somewhat like a pair of parabolas facing op- 
posite directions. Discuss the differences between a parabola 
and one half of a hyperbola (recall that hyperbolas have 
asymptotes). 

3. Carefully explain why in example 6.6 (or for any other ellipse) 
the sum of the distances from a point on the ellipse to the two 
foci equals 2a. 

4. Imagine playing a game of pool on an elliptical pool table with 
a single hole located at one focus. If a ball rests near the other 
focus, which is clearly marked, describe an easy way to hit the 
ball into the hole. 



In exercises 1-12, find an equation for the indicated conic 
section. 

1. Parabola with focus (0, —1) and directrix y = 1 

2. Parabola with focus (1,2) and directrix y — —2 



3. Parabola with focus (3, 0) and directrix x = 1 

4. Parabola with focus (2, 0) and directrix x — —2 

5. Ellipse with foci (0, 1) and (0, 5) and vertices (0, —1) and 
(0, 7) 

6. Ellipse with foci (1,2) and (1,4) and vertices (1,1) and 
(1,5) 

7. Ellipse with foci (2, 1) and (6, 1) and vertices (0, 1) and 
(8, 1) 

8. Ellipse with foci (3, 2) and (5, 2) and vertices (2, 2) and 
(6, 2) 

9. Hyperbola with foci (0, 0) and (4, 0) and vertices (1,0) and 
(3,0) 

10. Hyperbola with foci (—2, 2) and (6, 2) and vertices (0, 2) and 
(4, 2) 

11. Hyperbola with foci (2, 2) and (2, 6) and vertices (2, 3) and 
(2,5) 

12. Hyperbola with foci (0, —2) and (0, 4) and vertices (0, 0) and 
(0, 2) 
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In exercises 13-24, identify the conic section and find each 
vertex, focus and directrix. 

13. y = 2(x + l) 2 - 1 

14. y = -2(x + 2) 2 - 1 

(x - l) 2 (y - If 

15. + = 1 



16. ^ + ^ = 1 

16 4 

(x - l) 2 y 2 

17. - — = 1 

9 4 

is. ^±i>!_o^)! = 1 



19 ( - v + I) 2 _ (* + 2) 2 = j 
16 4 

20. = ! 

4 9 

21. (x - 2) 2 + 9y 2 = 9 

22. 4x 2 + (y + l) 2 = 16 

23. (jc + l) 2 - 4(y - 2) = 16 

24. 4(x + 2) - (y - l) 2 = -4 



In exercises 25-30, graph the conic section and find an equation. 

25. All points equidistant from the point (2, 1) and the line 

y = -3 

26. All points equidistant from the point (—1,0) and the line 
y = 4 

27. All points such that the sum of the distances to the points (0, 2) 
and (4, 2) equals 8 

28. All points such that the sum of the distances to the points (3,1) 
and (—1, 1) equals 6 

29. All points such that the difference of the distances to the points 
(0, 4) and (0, -2) equals 4 

30. All points such that the difference of the distances to the points 
(2, 2) and (6, 2) equals 2 



31. A parabolic flashlight reflector has the shape x — Ay 2 . Where 
should the lightbulb be placed? 

32. A parabolic flashlight reflector has the shape x — ^y 2 . Where 
should the lightbulb be placed? 

33. A parabolic satellite dish has the shape y = 2x 2 . Where should 
the microphone be placed? 

34. A parabolic satellite dish has the shape y = 4x 2 . Where should 
the microphone be placed? 

x 2 y 2 

35. In example 6.7, if the shape of the reflector is 1 = 1, 

F F 124 24 

how far from the kidney stone should the transducer be 

placed? 



2 2 

x y 

36. In example 6.7, if the shape of the reflector is 1 = 1, 

F F 44 125 

how far from the kidney stone should the transducer be 

placed? 

37. If a hyperbolic mirror is in the shape of the top half of 

, x 2 

(y + 4) — — = 1, to which point will light rays following 
the path y = cx (y < 0) reflect? 

38. If a hyperbolic mirror is in the shape of the bottom half of 



(y - 3) 2 



1, to which point will light rays following 



the path y = cx (y > 0) reflect? 

39. If a hyperbolic mirror is in the shape of the right half of 

X - 

— — y = 1, to which point will light rays following the path 
y — c(x — 2) reflect? 

40. If a hyperbolic mirror is in the shape of the left half of 

2 

y 2 = 1, to which point will light rays following the path 

8 

y = c(x + 3) reflect? 



APPLICATIONS 

x 2 y 2 

41. If the ceiling of a room has the shape 1 = 1 , where 

400 100 

should you place the desks so that you can sit at one desk and 
hear everything said at the other desk? 

i i 
x y 

42. If the ceiling of a room has the shape h - — = 1, where 

900 100 

should you place two desks so that you can sit at one desk and 
hear everything said at the other desk? 

43. A spectator at the 2000 Summer Olympic Games throws 
an object. After 2 seconds, the object is 28 meters from 
the spectator. After 4 seconds, the object is 48 meters from 
the spectator. If the object's distance from the spectator is 
a quadratic function of time, find an equation for the posi- 
tion of the object. Sketch a graph of the path. What is the 
object? 

44. Halley's comet follows an elliptical path with a — 17.79 Au 
(astronomical units) and b — 4.53 (Au). Compute the distance 
the comet travels in one orbit. Given that Halley's comet com- 
pletes an orbit in approximately 76 years, what is the average 
speed of the comet? 



EXPLORATORY EXERCISES 



1. All of the equations of conic sections that we have seen so 
far have been of the form Ax 2 + Cy 2 + Dx + Ey + F — 0. 
In this exercise, you will classify the conic sections for dif- 
ferent values of the constants. First, assume that A > 0 and 
C > 0. Which conic section will you get? Next, try A > 0 and 
C < 0. Which conic section is it this time? How about A < 0 
and C > 0? A < 0 and C < 0? Finally, suppose that either 
A or C (not both) equals 0; which conic section is it? In all 



10-53 



SECTION 10.7 •• Conic Sections in Polar Coordinates 



677 



cases, the values of the constants D, E and F do not affect the 
classification. Explain what effect these constants have. 

2. In this exercise, you will generalize the results of exercise 1 
by exploring the equation Ax 2 + Bxy + Cy 2 + Dx + Ey + 
F — 0. (In exercise 1, the coefficient of xy was 0.) You will 
need to have software that will graph such equations. Make up 



several examples with B 2 — 4 AC — 0 (e.g., B = 2, A = 1 and 
C = 1). Which conic section results? Now, makeup several ex- 
amples with B 2 - 4AC < 0 (e.g., B = 1, A = 1 and C = 1). 
Which conic section do you get? Finally, make up several ex- 
amples with B 2 - 4AC > 0 (e.g., B = 4, A = 1 and C = 1). 
Which conic section is this? 




10.7 CONIC SECTIONS IN POLAR COORDINATES 



An alternative definition of the conic sections utilizes an important quantity called eccen- 
tricity and is especially convenient for studying conic sections in polar coordinates. We 
introduce this concept in this section and review some options for parametric representa- 
tions of conic sections. 

For a fixed point P (the focus) and a fixed line / not containing P (the directrix), 
consider the set of all points whose distance to the focus is a constant multiple of their 
distance to the directrix. The constant multiple e > 0 is called the eccentricity. Note that 
if e — 1, this is the usual definition of a parabola. For other values of e, we get the other 
conic sections, as we see in Theorem 7.1. 



THEOREM 7.1 

The set of all points whose distance to the focus is the product of the eccentricity e 
and the distance to the directrix is 

(i) an ellipse if 0 < e < 1, 

(ii) a parabola if e — 1 or 

(iii) a hyperbola if e > 1. 



PROOF 




FIGURE 10.66 

Focus and directrix 



We can simplify the algebra greatly by assuming that the focus is located at the origin 
and the directrix is the line x — d > 0. (We illustrate this in Figure 10.66 for the case of a 
parabola.) For any point (x, y) on the curve, observe that the distance to the focus is given 
by y/x 2 + y 2 and the distance to the directrix is d — x. We then have 



V ' x 2 + y 2 — e(d — x). 



(7.1) 



Squaring both sides gives us 



x 2 + y 2 = e 2 (d 2 - 2dx + x 2 ). 



Gathering together the like terms, we get 



x 2 (l - e 2 ) + 2de 2 x + y 2 = e 2 d z . 



(7.2) 



Note that (7.2) has the form of the equation of a conic section. In particular, if e = 1, 
(7.2) becomes 

2dx + y 2 = d 2 , 

which is the equation of a parabola. If 0 < e < 1, notice that (1 — e 2 ) > 0 and so, (7.2) is 
the equation of an ellipse (with center shifted to the left by the x-term). Finally, if e > 1, 
then (1 — e 2 ) < 0 and so, (7.2) is the equation of a hyperbola. ■ 
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Notice that the original form of the defining equation (7.1) of these conic sections 
includes the term y/x 2 + y 2 , which should make you think of polar coordinates. Recall that 
in polar coordinates, r — ^Jx 1 + y 2 and x — r cos 6. Equation (7.1) now becomes 

r — e{d — r cos 6). 

Solving for r, we have 



ed 



which is the polar form of an equation for the conic sections with focus and directrix oriented 
as in Figure 10.66. As you will show in the exercises, different orientations of the focus and 
directrix can produce different forms of the polar equation. We summarize the possibilities 
in Theorem 7.2. 



THEOREM 7.2 

The conic section with eccentricity e > 0, focus at (0, 0) and the indicated directrix 
has the polar equation 

ed 

(i) r — , if the directrix is the line x = d > 0, 

e cos 6 + 1 

ed 

(ii) r — , if the directrix is the line x = d < 0, 

e cos 6 — 1 

ed 

(iii) r — , if the directrix is the line y — d > 0 or 

e sin 6 + 1 

ed 

(iv) r — , if the directrix is the line y — d < 0. 

e sin 6 — 1 



Notice that we proved part (i) above. The remaining parts are derived in similar fashion 
and are left as exercises. In example 7.1, we illustrate how the eccentricity affects the graph 
of a conic section. 



EXAMPLE 7. 1 The Effect of Various Eccentricities 

Find polar equations of the conic sections with focus (0, 0), directrix x = 4 and 
eccentricities (a) e ~ 0.4, (b) e — 0.8, (c) e — 1, (d) e = 1.2 and (e) e — 2. 

Solution By Theorem 7.1, observe that (a) and (b) are ellipses, (c) is a parabola and 
(d) and (e) are hyperbolas. By Theorem 7.2, all have polar equations of the form 

4e 1.6 3.2 

r — . The graphs of the ellipses r — and r — 

e cos 61 + 1 O.4cos0+1 0.8 cos (9 + 1 

are shown in Figure 10.67a. Note that the ellipse with the smaller eccentricity is much 

more nearly circular than the ellipse with the larger eccentricity. Further, the ellipse 

with e = 0.8 opens up much farther to the left. In fact, as the value of e approaches 1, 

the ellipse will open up farther to the left, approaching the parabola with e — 1 , 

4 

r — , also shown in Figure 10.67a. For values of e > 1, the graph is a 

cos 6 + 1 

hyperbola, opening up to the right and left. For instance, with e — 1 .2 and e — 2, we 

4.8 8 

have the hyperbolas r — and r — (shown in Figure 10.67b), 

1 .2 cos 6 + 1 2 cos 6 + 1 

where we also indicate the parabola with e — 1 . Notice how the second hyperbola 

approaches its asymptotes much more rapidly than the first. 
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EXAMPLE 7.2 The Effect of Various Directrixes 

Find polar equations of the conic sections with focus (0, 0), eccentricity e = 0.5 and 
directrix given by (a) y — 2, (b) y — —3 and (c) x — —2. 

Solution First, note that with an eccentricity of e — 0.5, each of these conic sections 

1 

is an ellipse. From Theorem 7.2, we know that (a) has the form r — . A 

0.5 sin 9 + 1 

sketch is shown in Figure 10.68a. 

-1.5 

For (b), we have r — and show a sketch in Figure 10.68b. For (c), the 

0.5 sin9 — 1 

-1 

directrix is parallel to the .r-axis and so, from Theorem 7.2, we have r — . 

0.5 cos 9 — 1 

A sketch is shown in Figure 10.68c. 




The results of Theorem 7.2 apply only to conic sections with a focus at the origin. 
Recall that in rectangular coordinates, it's easy to translate the center of a conic section. 
Unfortunately, this is not true in polar coordinates. 

In example 7.3, we see how to write some conic sections parametrically. 
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1 — ►* 




FIGURE 10.69a 

(x - l) 2 | (y + 2) 2 = 




I — ►.v 



FIGURE 10.69b 

(* + 2) 2 _ (y - 3) 2 = 

9 16 



EXAMPLE 7.3 Parametric Equations for Some Conic Sections 

(x-1) 2 , (y + 2) 2 



Find parametric equations of the conic sections (a) - — ^— ^ — h — ^ = 1 and 

(x+2) 2 (y-3) 2 

(b) = 1. 

9 16 

Solution Notice that the curve in (a) is an ellipse with center at (1, —2) and major axis 
parallel to the y-axis. Parametric equations for the ellipse are 



x — 2 cos t + 1 
y = 3 sin t — 2 



with 0 < t < 2jt. 



We show a sketch in Figure 10.69a. 

You should recognize that the curve in (b) is a hyperbola. It is convenient 
to use hyperbolic functions in its parametric representation. The parameters are 
a 2 — 9 (a — 3) and b 2 = 16 (b — 4) and the center is (—2, 3). Parametric equations are 

x — 3 cosh t — 2 
y — 4 sinh t + 3 ' 

for the right half of the hyperbola and 

x — — 3 cosh t — 2 
y — 4 sinh t + 3 

for the left half. We leave it as an exercise to verify that this is a correct 
parameterization. We sketch the hyperbola in Figure 10.69b. ■ 



In 1543, the astronomer Copernicus shocked the world with the publication of his 
theory that the Earth and the other planets revolve in circular orbits about the Sun. This 
stood in sharp contrast to the age-old belief that the Sun and other planets revolved around 
the Earth. By the early part of the seventeenth century, Johannes Kepler had analyzed 
20 years worth of painstaking observations of the known planets made by Tycho Brahe 
(before the invention of the telescope). He concluded that, in fact, each planet moves in an 
elliptical orbit, with the Sun located at one focus. About 100 years later, Isaac Newton used 
his newly created calculus to show that Kepler's conclusions follow directly from Newton's 
universal law of gravitation. Although we must delay a more complete presentation of 
Kepler's laws until Chapter 12, we are now in a position to illustrate one of these. Kepler's 
second law states that, measuring from the Sun to a planet, equal areas are swept out in 
equal times. As we see in example 7.4, this implies that planets speed up and slow down as 
they orbit the Sun. 



EXAMPLE 7.4 Kepler's Second Law of Planetary Motion 

2 

Suppose that a planet's orbit follows the elliptical path r — with the Sun 

sin 9 + 2 

located at the origin (one of the foci), as illustrated in Figure 10.70a. Show that roughly 
equal areas are swept out from 9 — 0 to 9 — n and from 6 — =j- to 0 — 5.224895. 
Then, find the corresponding arc lengths and compare the average speeds of the planet 
on these arcs. 

Solution First, note that the area swept out by the planet from 6 — 0 to 9 — jt is the 

2 

area bounded by the polar graphs r — f(6) — , 9 — 0 and 9 — jt. (See 

sin 9 + 2 

Figure 10.70b.) From (5.5), this is given by 

If 1 r M ( 2 \ 2 

A = - / [f(9)] 2 d9 = - / — — - d9 « 0.9455994. 
2 Jo 2 Jo \sm9 + 2J 
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FIGURE 10.70a 

Elliptical orbit 





FIGURE 10.70b 

Area swept out by the orbit 
from 6 - 0 to 6 = it 



Similarly, the area swept out from 6 
given by 

i p 5.224895 

A= 2 / 



FIGURE 10.70c 

Area swept out by the orbit 
from0 = 3 f to 6 = 5.224895 

^ to 6 = 5.224895 (see Figure 10.70c) is 



sin 6* 



dO « 0.9455995. 



From (5.7), the arc length of the portion of the curve on the interval from i 
6 — 7t is given by 



Oto 



= f Vumf 

Jo 

= /" 

Jo 



umYde 



4 cos 2 i 



-dO « 2.53, 



, 0 y(sin<9 + 2) 4 (sin<9 + 2) 2 

while the arc length of the portion of the curve on the interval from 9 — =f- 
6 = 5.224895 is given by 



to 



*2 



Jin/l 



5.224895 



4 cos 2 



(sin6? + 2) 4 (sinf 



2) 2 



dB « 1.02. 



Since these arcs are traversed in the same time, this says that the average speed on the 
portion of the orbit from 0 — 0 to 9 — it is roughly two-and-a-half times the average 



speed on the portion of the orbit from i 



in 



to 



5.224895. 
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3. 


Directrix x 


= 2,e = 


1 


1. Based on Theorem 7.1, we might say that parabolas are the 


4. 


Directrix x 


= 2,e = 


2 


rarest of the conic sections, since they occur only for e = 1 


5. 


Directrix y 


= 2,e = 


0.6 


exactly. Referring to Figure 10.50, explain why it takes a fairly 






precise cut of the cone to produce a parabola. 


6. 


Directrix y 


= 2,e = 


1.2 


2. Describe how the ellipses in Figure 10.67a "open up" into a 


7. 


Directrix y 


= 2,e = 


1 


parabola as e increases to e = 1 . What happens as e decreases 


8. 


Directrix y 


= 2,e = 


2 


to e = 0? 








9. 


Directrix x 


= -2,e 


= 0.4 


In exercises 1-16, find polar equations for and graph the conic 


10. 


Directrix x 


= -2, e 


= 1 


section with focus (0, 0) and the given directrix and eccentricity. 


11. 


Directrix x 


= -2,e 


= 2 


1. Directrix x — 2, e — 0.6 


12. 


Directrix x 


= -2,e 


= 4 


2. Directrix x = 2, e = 1.2 


13. 


Directrix y 


= -2, e 


= 0.4 
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14. Directrix y = -2,e = 0.9 

15. Directrix y — —2, e — 1 

16. Directrix y — —2, e = 1.1 



In exercises 17-22, graph and interpret the conic section. 

4 



17. r 

18. r 

19. r 

20. r 

21. r 

22. r 



2cos(0 


- it /(>) + 1 




4 


4 sin(6» 


- 71 /6) + 1 




-6 


sin(<9 - 


7T/4) - 2 




-4 


cos(# - 


- jt/4) _ 4 




-3 


2cos(# 


+ 7T/4) - 2 




3 



2cos(0 + jr/4) + 2 



In exercises 23-28, find parametric equations of the conic 
sections. 

23 ( - + 1)2 | (y - 1)2 = 1 24 (* ~ 2) 2 (v + I) 2 = t 



16 



25. ^±I>!_z! = 1 

16 9 



27. — + y = 1 
4 



26. — + y 1 = 1 
4 



28. x - — = 1 
4 



29. Repeat example 7.4 with O<0<fand^<0< 4.953. 

30. Repeat example 7.4 with § < 6 < n and 4.471 < 6 < 

31. Prove Theorem 7.2 (ii). 

32. Prove Theorem 7.2 (iii). 

33. Prove Theorem 7.2 (iv). 



EXPLORATORY EXERCISES 



1. Earth's orbit is approximately elliptical with the Sun at one 
focus, a minor axis of length 93 million miles and eccentricity 
e — 0.017. Find a polar equation for Earth's orbit. 

2. If Neptune's orbit is given by 

1.82 x 10 14 



343 cos(6> -0.77) + 40,000 
and Pluto's orbit is given by 

5.52 x 10 13 



2481cos(0 - 3.91)+ 10,000 



show that Pluto is sometimes closer and sometimes farther 
from the Sun than Neptune. Based on these equations, will the 
planets ever collide? 

3. Vision has proved to be one of the biggest challenges for build- 
ing functional robots. Robot vision either can be designed to 
mimic human vision or can follow a different design. Two pos- 
sibilities are analyzed here. In the diagram to the left, a camera 
follows an object directly from left to right. If the camera is 
at the origin, the object moves with speed 1 m/s and the line 
of motion is at y — c, find an expression for 9' as a function 
of the position of the object. In the diagram to the right, the 
camera looks down into a curved mirror and indirectly views 

1 - sin 8 

the object. Assume that the mirror has equation r — — . 

2 cos 2 8 

Show that the mirror is parabolic and find its focus and direc- 
trix. With x — r cosd, find an expression for 8' as a function 
of the position of the object. Compare values of 9' at x — 0 
and other x-values. If a large value of 6' causes the image to 
blur, which camera system is better? Does the distance y — c 
affect your preference? 





Review Exercises 



1$) WRITING EXERCISES 



The following list includes terms that are defined in this chapter. For 
each term, (1) give a precise definition, (2) state in general terms 
what it means and (3) describe the types of problems with which it 
is associated. 

Parametric equations Velocity Focus 



Polar coordinates Arc length Vertex 

Slope in parametric equations Surface area Directrix 

Slope in polar coordinates Parabola Eccentricity 

Area in parametric equations Ellipse Kepler's laws 

Area in polar coordinates Hyperbola 
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@ TRUE OR FALSE 



State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to make a new statement that is true. 

1. For a given curve, there is exactly one set of parametric equa- 
tions that describes it. 

2. In parametric equations, circles are always sketched counter- 
clockwise. 

3. In parametric equations, the derivative equals slope and 
velocity. 

4. If a point has polar coordinates (r, 6), then it also has polar 
coordinates (— r, 9 + it ). 

5. Iff is periodic with fundamental period 2n, then one copy of 
r — f(6) is traced out with 0 < 0 <2n. 

6. In polar coordinates, you can describe circles but not lines. 

7. To find all intersections of polar curves r — f(6)andr — g(6), 
solve f(6) = g(8). 

8. The focus, vertex and directrix of a parabola all lie on the same 
line. 

9. The equation of any conic section can be written in the form 

ed 




4 








-i 





ecosO + 1 



FIGURE B 



In exercises 1-4, sketch the plane curve defined by the para- 
metric equations and find a corresponding x-y equation for the 
curve. 



x — — 1 + 3cosf 
y — 2 + 3 sin t 

x = t 2 + 1 
y = t* 



2-t 
1 + 3/ 



x 

y 

X = cos t 
y — cos 2 



| In exercises 5-8, sketch the plane curves defined by the para- 



metric equations. 

)x — cos 2t 
y = sin 6? 



7. 



x = cos 2t cos t 
y — cos 2t sin t 



6. 



8. 



x — cos 6t 
y — sin 2/ 

x — cos 2t cos 3f 
y — cos 2t sin 3? 



In exercises 9-12, match the parametric equations with the cor- 
responding plane curve. 



9. 



11. 



x — 
y = t 



t 2 - 1 

3 



x = cos 2t cos t 
y — cos 2t sin t 



10. 



12. 



x = r 
y = e - 1 

x — cos(f + cos t) 
y — cos(f + sinf) 




FIGURE C 




FIGURE D 
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In exercises 13 and 14, find parametric equations for the given 
curve. 

13. The line segment from (2, 1) to (4, 7) 

14. The portion of the parabola y — x 2 + 1 from (1, 2) to (3, 10) 



In exercises 15 and 16, find the slopes of the curves at the points 
(a) t = 0, (b) t = 1 and (c) (2, 3). 



15. 



x = / 3 - 3f 
y = t 2 - t + 1 



16. 



x = r - 2 
v = t + 2 



In exercises 17 and 18, parametric equations for the position of 
an object are given. Find the object's velocity and speed at time 
t = 0 and describe its motion. 



17. 



x = t 1 - 3t 
y = t 2 + 2t 



18. 



x = r - 3t 
y = t 2 + 2 



In exercises 19-22, find the area enclosed by the curve. 
19. 



3 sinf 
2 cos t 



20. 



21. 



22. 



4sin3f 
3 cos 3t 

cos 2t 
sin7rf 



K t < 1 



-1< t < 1 



| In exercises 23-26, find the arc length of the curve (approximate 
numerically, if needed). 



23. 



24. 



25. 



26. 



cos 2? 
sin7rr ' 

t 2 - 1 
f 3 -At 

cos4f 
sin5f 

sin 10/ 
t 2 - 1 



■1 < t < 1 



-1 < f < 1 



-7T < t < 7T 



| In exercises 27 and 28, compute the surface area of the surface 
obtained by revolving the curve about the indicated axis. 



27. 



28. 



X 


= ? 3 


-At 


y 


= r 4 


-At 


X 


= r 3 


-At 


y 


= r 4 


-At 



- 1 < t < 1, about the x-axis 



■1 < t < 1, about v = 2 



In exercises 29 and 30, sketch the graph of the polar equation 
and find a corresponding x-y equation. 



29. r — 3 cos ( 



30. r = 2 sec ( 



In exercises 31-38, sketch the graph and identify all values of 6 
where r = 0 and a range of values of 0 that produces one copy 
of the graph. 



31. r = 2sin# 
33. r — 2 — 3 sin ( 
35. f 2 = 4sin26> 

37.,: 



1 + 2 sin 0 



32. r = 2 - 2 sin 9 

34. r = cos 30 + sin 29 

36. r 

38. r 



1 + 2 cos ( 



In exercises 39 and 40, find a polar equation corresponding to 
the rectangular equation. 



39. x 2 + y 2 = 9 



40. (jc - 3) 2 + y 2 = 9 



In exercises 41 and 42, find the slope of the tangent line to the 
polar curve at the given point. 



41. r = cos 39 at ( 



42. r = 1 - sin 9 at I 



0 



In exercises 43-48, find the area of the indicated region. 

43. One leaf of r — sin 59 

44. One leaf of r — cos 29 

45. Inner loop of r — 1 — 2 sin 9 

46. Bounded by r — 3 sin 9 

47. Inside of r — 1 + sin 9 and outside of r — 1 + cos 0 

48. Inside of r — 1 + cos 0 and outside of r — 1 + sin 9 

| In exercises 49 and 50, find the arc length of the curve. 

49. r = 3 - 4sin<9 50. r = sin40 



In exercises 51-53, find an equation for the conic section. 

51. Parabola with focus (1,2) and directrix y — 0 

52. Ellipse with foci (2, 1) and (2, 3) and vertices (2, 0) and (2, 4) 

53. Hyperbola with foci (2, 0) and (2, 4) and vertices (2, 1) and 
(2, 3) 

In exercises 54-58, identify the conic section and find each ver- 
tex, focus and directrix. 



54. 



3(x - 2) 2 + 1 



55. fr+^+C^-i 
9 25 
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56. 



(y + 2) 2 



= l 



9 4 

57. (x - l) 2 + y = 4 

58. (*~ l) 2 +4y 2 = 4 



59. A parabolic satellite dish has the shape y = |x 2 . Where should 
the microphone be placed? 

60. If a hyperbolic mirror is in the shape of the top half of 

, x 2 

(y + 2) — — = 1, to which point will light rays following 
the path y — cx (y < 0) reflect? 

In exercises 61-64, find a polar equation and graph the conic 
section with focus (0, 0) and the given directrix and eccentricity. 

61. Directrix x = 3, e = 0.8 

62. Directrix y = 3, e — 1 



63. Directrix y = 2, e — 1.4 

64. Directrix x — 1 , e = 2 



In exercises 65 and 66, find parametric equations for the conic 
sections. 

(* + D 2 , (y-3) 2 

65. = 1 

9 25 

66. X 4~^ = l 
9 4 



EXPLORATORY EXERCISE 



1. Sketch several polar graphs of the form r = 1 + a cos 8 and 
r — 1 + a sin 9 using some constants a that are positive and 
some that are negative, greater than 1, equal to 1 and less than 
1 (for example, a — —2, a — — 1, a — — 1/2, a — 1/2, a = 1 
and a — 2). Discuss all patterns you find. 
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Vectors and the Geometry ch 
of Space ^fl 




Auto racing at all levels has become a highly technological competition. 
Formula One race cars are engineered with large wings on the back and 
with undersides shaped like upside-down airplane wings, to use the air 
flow to help hold the cars to the track even at speeds up to 200 mph. 
The engineering of stock cars is less obvious to the untrained eye, but 
is no less important. Stock car racers are challenged by, among other 
things, intricate rules that severely limit the extent to which the cars can 
be modified. Nevertheless, at the Bristol Motor Speedway, the track is an 
oval only 0.533 mile in length and racers regularly exceed 120 miles per 
hour, completing a lap in just over 15 seconds. These speeds would be unsafe if the 
track were not specially designed for high-speed racing. In particular, the Bristol 
track is steeply banked, with a 16-degree bank on straightaways and a spectacular 
36-degree bank in the corners. 

As you will see in the exercises in section 11.3, the banking of a road changes 
the role of gravity. In effect, part of the weight of the car is diverted into a force that 
helps a car make its turn safely. In this chapter, we introduce vectors and develop 

the calculations needed to resolve 
vectors into components. This is 
a fundamental tool for engineers 
designing race cars and racetracks. 

This chapter represents a 
crossroads from the primarily two- 
dimensional world of first-year 
calculus to the three-dimensional 
world of many important scien- 
tific and engineering problems. 
The rest of the calculus we develop 
in this book builds directly on the 
basic ideas developed here. 
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I VECTORS IN THE PLANE 



Q (terminal point) 



PQ 



P (initial point) 



FIGURE I I.I 

Directed line segment 



To describe the velocity of a moving object, we must specify both its speed and the direction 
in which it's moving. Acceleration and force also have both a size (e.g., speed) and a 
direction. We represent such a quantity graphically as a directed line segment, that is, a line 
segment with a specific direction (indicated by an arrow). 

We denote the directed line segment extending from the point P (the initial point) to 
the point Q (the terminal point) by PQ. (See Figure 11.1.) We refer to the length of PQ 
as its magnitude, denoted [|P(2I|- Mathematically, we consider all directed line segments 
with the same magnitude and direction to be equivalent, regardless of the location of their 
initial point and we use the term vector to describe any quantity that has both a magnitude 
and a direction. We should emphasize that the location of the initial point is not relevant; 
only the magnitude and direction matter. In other words, if PQ is the directed line segment 
from the initial point P to the terminal point Q, then the corresponding vector v represents 
PQ as well as every other directed line segment having the same magnitude and direction 
as PQ. In Figure 1 1 .2, we indicate three vectors that are all considered to be equivalent, 
even though their initial points are different. In this case, we write 




FIGURE I 1.2 

Equivalent vectors 



It is often helpful to think of vectors as representing some specific physical quantity. 
For instance, when you see the vector PQ, you might imagine moving an object from the 
initial point P to the terminal point Q. In this case, the magnitude of the vector would 
represent the distance the object is moved and the direction of the vector would point from 
the starting position to the final position. 

In this text, we usually denote vectors by boldface characters such as a, b and c, as 
seen in Figure 11.2. Since you will not be able to write in boldface, you should use the 
arrow notation (e.g., a ). When discussing vectors, we refer to real numbers as scalars. 
It is very important that you begin now to carefully distinguish between vector and scalar 
quantities. This will save you immense frustration both now and as you progress through 
the remainder of this text. 

Look carefully at the three vectors shown in Figure 11.3 a. If you think of the vector 
AB as representing the displacement of a particle from the point A to the point B, notice 
that the end result of displacing the particle from A to B (corresponding to the vector AB), 
followed by displacing the particle from B to C (corresponding to the vector BC) is the 
same as displacing the particle directly from A to C, which corresponds to the vector AC 
(called the resultant vector). We call AC the sum of AB and BC and write 



AC = AB + BC. 

To add two vectors, we locate the initial point of one at the terminal point of the other 
and complete the parallelogram, as indicated in Figure 11.3b. The vector lying along the 
diagonal, with initial point at A and terminal point at C is the sum 

AC = AB + AD. 




D 



AD i 



AC 



AB 



BC 



FIGURE I 1.3a 

Resultant vector 



FIGURE I 1.3b 

Sum of two vectors 
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A second basic arithmetic operation for vectors is scalar multiplication. If we multiply 
a vector u by a scalar (a real number) c > 0, the resulting vector will have the same 
direction as u, but will have magnitude e||u||. On the other hand, multiplying a vector u by 
a scalar c < 0 will result in a vector with opposite direction from u and magnitude |c| |u| . 
(See Figure 11.4.) 



y 




FIGURE I 1.4 FIGURE I 1.5 

Scalar multiplication Position vector a = {a t , a 2 ) 



Since the location of the initial point is irrelevant, we typically draw vectors with their 
initial point located at the origin. Such a vector is called a position vector. Notice that the 
terminal point of a position vector will completely determine the vector, so that specifying 
the terminal point will also specify the vector. For the position vector a with initial point at 
the origin and terminal point at the point A{a\ , a 2 ) (see Figure 11.5), we denote the vector by 



OA 



y 

A 



We call a\ and a 2 the components of the vector a; ay is the first component and a 2 is 
the second component. Be careful to distinguish between the point {a\, a 2 ) and the position 
vector (ai, a 2 ). Note from Figure 11.5 that the magnitude of the position vector a follows 
C(a { + b b a 2 + b 2 ) directly from the Pythagorean Theorem. We have 



A(a h a 2 ) 




FIGURE I 1.6 

Adding position vectors 



a = 



■ a?. 



Magnitude of a vector 



(1.1) 



Notice that it follows from the definition that for two position vectors a = {a\, a 2 ) and 
b = (b\ , b 2 ) , a = b if and only if their terminal points are the same, that is if a\ — b\ and 
a 2 — b 2 . In other words, two position vectors are equal only when their corresponding 
components are equal. 

To add two position vectors, OA — (ai, a 2 ) and OB — (b\, b 2 ), we draw the position 
vectors in Figure 11.6 and complete the parallelogram, as before. From Figure 1 1 .6, we have 



OA + OB = OC. 

Writing down the position vectors in their component form, we take this as our definition 
of vector addition: 



(ai,a 2 ) 



(bub 2 



■ b\ , a 2 



Vector addition (1.2) 



So, to add two vectors, we simply add the corresponding components. For this reason, we 
say that addition of vectors is done componentwise. Similarly, we define subtraction of 
vectors componentwise, so that 



\a\, a 2 ) 



(bub 2 



{a\ — b\, ao 



Vector subtraction ( 1 .3) 
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C(ci([, ca 2 ) 




FIGURE I 1.7a 

Scalar multiplication (c > 1) 



We give a geometric interpretation of subtraction later in this section. 

Recall that if we multiply a vector a by a scalar c, the result is a vector in the same 
direction as a (for c > 0) or the opposite direction as a (for c < 0), in each case with 
magnitude |c| ||a||. We indicate the case of a position vector a = (a\, aq) and scalar multiple 
c > 1 in Figure 11. 7a and for 0 < c < 1 in Figure 1 1 .7b. The situation for c < 0 is illustrated 
in Figures 11.7c and 11. 7d. 

For the case where c > 0, notice that a vector in the same direction as a, but with 
magnitude \c\ ||a||, is the position vector {ca\, ca2), since 



| (cay , ccti) || = V (c«i) 2 + (c«2) 2 " ^J~c^af + 



? 2 



■ aX = c la . 




>.v 



FIGUREII.7b FIGURE 1 1.7c FIGURE 1 1. 7d 

Scalar multiplication (0 < c < 1) Scalar multiplication (c < —1) Scalar multiplication (—1 < c < 0) 



Similarly, if c < 0, you can show that (ca\ , cao) is a vector in the opposite direction from a, 
with magnitude | c \ \\ a || . For this reason, we define scalar multiplication of position vectors by 



Scalar multiplication 



c\a\, ai) — (cai, cao) 



(1.4) 



for any scalar c. Further, notice that this says that 



ca = c a . 



(1.5) 



EXAMPLE I.I Vector Arithmetic 

For vectors a = (2, 1) and b = (3, —2), compute (a) a + b, (b) 2a, (c) 2a + 3b, 
(d) 2a- 3b and (e) ||2a-3b||. 

Solution (a) From (1.2), we have 

a + b = (2, 1) + (3, -2) = (2 + 3, 1 -2) = (5, -1). 

(b) From (1.4), we have 

2a = 2(2, 1) = (2-2,2- 1) = (4,2). 

(c) From (1.2) and (1.4), we have 

2a + 3b = 2(2, 1) + 3(3, -2) = (4, 2) + (9, -6) = (13, -4). 
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(d) From (1.3) and (1.4), we have 

2a - 3b = 2(2, 1) - 3(3, -2) = (4, 2) - (9, -6) = (-5, 8). 

(e) Finally, from ( 1 . 1 ), we have 

||2a - 3b|| = || (-5, 8) || = V25 + 64 = V89. ■ 

Observe that if we multiply any vector (with any direction) by the scalar c = 0, we get 
a vector with zero length, the zero vector: 

0= (0,0). 

Further, notice that this is the only vector with zero length. (Why is that?) The zero vector 
also has no particular direction. Finally, we define the additive inverse —a of a vector a in 
the expected way: 

-a = -(oi, a 2 ) = (-l)(fli, a 2 ) = {-a u -a 2 ). 
Notice that this says that the vector —a is a vector with the opposite direction as a and since 

||— a|| = || ( — 1 ) (a i , «2> || = |— l|||a|| = ||a||, 
—a has the same length as a. 



DEFINITION I.I 

Two vectors having the same or opposite direction are called parallel. The zero 
vector is considered parallel to every vector. 



It then follows that two (nonzero) position vectors a and b are parallel if and only if 
b = ca, for some scalar c. In this event, we say that b is a scalar multiple of a. 



EXAMPLE 1 .2 Determining When Two Vectors Are Parallel 

Determine whether the given pair of vectors is parallel: (a) a = (2, 3) and b = (4, 5), 
(b)a= (2,3) andb= (-4, -6). 

Solution (a) Notice that from (1.4), we have that if b = ca, then 

(4,5) =c(2,3) = (2c, 3c>. 

For this to hold, the corresponding components of the two vectors must be equal. That 
is, 4 = 2c (so that c — 2) and 5 = 3c (so that c = 5/3). This is a contradiction and so, a 
and b are not parallel. 

(b) Again, from (1.4), we have 

(-4, -6) = c(2, 3) = (2c, 3c). 

In this case, we have —4 = 2c (so that c = —2) and —6 = 3c (which again leads us to 
c = —2). This says that —2a = (—4, —6) = b and so, (2, 3) and (—4, 6) are parallel. ■ 

We denote the set of all position vectors in two-dimensional space by 

V 2 = [{x,y)\x,y gR}. 
You can easily show that the rules of algebra given in Theorem 1.1 hold for vectors in V 2 . 
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For any vectors a, b and c in V 2 , and any scalars d and e in M, the following hold: 


(i) a + b = b + a 


(commutativity) 


(ii) a + (b + c) = (a + b) - 


- c (associativity) 


(iii) a + 0 = a 


(zero vector) 


(iv) a + (-a) = 0 


(additive inverse) 


(v) d{a + b) = da + db 


(distributive law) 


(vi) (d + e)a — da + ea 


(distributive law) 


(vii) (l)a = a 


(multiplication by 1 ) and 


(viii) (0)a = 0 


(multiplication by 0). 



la - b 



FIGURE I 1.8 

b + (a - b) = a 



B(x 2 , y 2 ) 




>yi- y-i 



FIGURE I 1.9 

Vector from A to B 



PROOF 

We prove the first of these and leave the rest as exercises. By definition, 

a + b = (ci , a 2 ) + (bi , b 2 ) = (01 + bi , a 2 + b 2 ) Since addition of real 

, . . . . numbers is commutative. 

= (b\ + a\ , b 2 + a 2 ) — b + a. ■ 

Notice that using the commutativity and associativity of vector addition, we have 

b + (a - b) = (a - b) + b = a + (-b + b) = a + 0 = a. 

From our graphical interpretation of vector addition, we get Figure 11.8. Notice that this 
now gives us a geometric interpretation of vector subtraction. 

For any two points A{x t , y{) and B{x 2 , y 2 ), observe from Figure 11.9 that the vector 
AB corresponds to the position vector (x 2 — x\, y 2 — y\) . 



EXAMPLE 1.3 Finding a Position Vector 

Find the vector with (a) initial point at A(2, 3) and terminal point at B(3, —1) and 
(b) initial point at B and terminal point at A. 

Solution (a) We show this graphically in Figure 11.10a. Notice that 
AB = (3 -2, -1 - 3) = (1, -4). 



y 



H h 



A(2, 3) 




(-1,4)1 



i 1 \H ►* 



A(2, 3) 



BO, -1) 



\(l -4) 



-2- 




B(3,-l) 



FIGURE I 1.10a 

AB = (1. -4) 



FIGURE I 1. 1 Ob 

BA = (-1,4) 
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1 

FIGURE 11.11 

Standard basis 



(b) Similarly, the vector with initial point at B(3, —1) and terminal point at A(2, 3) is 
given by 

BA= (2-3,3-(-l)> = (2-3,3 + 1) = (-1,4). 
We indicate this graphically in Figure 1 1.10b. ■ 



We often find it convenient to write vectors in terms of some standard vectors. We 
define the standard basis vectors i and j by 



= (1,0) and j = (0, 1>. 



(See Figure 1 1.1 1.) Notice that i = ||j|| = 1 . Any vector a with ||a|| — 1 is called a unit 
vector. So, i and j are unit vectors. 

Finally, we say that i and j form a basis for V%, since we can write any vector a e V2 
uniquely in terms of i and j, as follows: 



(ai,a 2 ) 



All 



A2j- 



We call a 1 and a 2 the horizontal and vertical components of a, respectively. 

As we see in Theorem 1.2, for any nonzero vector, we can always find a unit vector 
with the same direction. 



THEOREM 1.2 (Unit Vector) 

For any nonzero position vector a = {a\ , 02), a unit vector having the same direction 
as a is given by 

1 

u = ——a. 



The process of dividing a nonzero vector by its magnitude is sometimes called normal- 
ization. (A vector's magnitude is sometimes called its norm.) As we'll see, some problems 
are simplified by using normalized vectors. 



PROOF 



First, notice that since a ^ 0, ||a|| > 0 and so, u is a positive scalar multiple of a. This says 

1 

that u and a have the same direction. To see that u is a unit vector, notice that since is 

|| a. || 

a positive scalar, we have from (1.5) that 



u = 



1 



1 

Hall 



lall = 1. 



EXAMPLE 1.4 Finding a Unit Vector 

Find a unit vector in the same direction as a = (3, —4). 
Solution First, note that 

||a|| = || (3, -4) || = V3 2 + (-4) 2 = V25 
A unit vector in the same direction as a is then 



1 



1 



:<3,-4) 



3 4 
5' ~5 



It is often convenient to write a vector explicitly in terms of its magnitude and direction. 
For instance, in example 1.4, we found that the magnitude of a = (3, —4) is a = 5, 
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FIGURE I 1.12 

Polar form of a vector 



while its direction is indicated by the unit vector 



Notice that we can now write 



Graphically, we can represent a as a position vector. (See Figure 11.12.) 



Notice also that if 9 is the angle between the positive x-axis and a, then 



a = 5 (cos ( 



sinf 



where 0 — tan -1 (— |) ~ —0.93. This representation is called the polar form of the vector 
a. Note that this corresponds to writing the rectangular point (3, —4) as the polar point 
(r, 8), where r — ||a||. 

We close this section with two applications of vector arithmetic. Whenever two or more 
forces are acting on an object, the net force acting on the object (often referred to as the 
resultant force) is simply the sum of all of the force vectors. That is, the net effect of two 
or more forces acting on an object is the same as a single force (given by the sum) applied 
to the object. 




FIGURE I 1.13 

Forces on a sky diver 



EXAMPLE 1.5 Finding the Net Force Acting on a Sky Diver 

At a certain point during a jump, there are two principal forces acting on a sky diver: 
gravity exerting a force of 180 pounds straight down and air resistance exerting a force of 
180 pounds up and 30 pounds to the right. What is the net force acting on the sky diver? 

Solution We write the gravity force vector as g = (0, — 180) and the air resistance 
force vector as r = (30, 180) . The net force on the sky diver is the sum of the two 
forces, g + r = (30, 0). We illustrate the forces in Figure 11.13. Notice that at this point, 
the vertical forces are balanced, producing a "free-fall" vertically, so that the sky diver 
is neither accelerating nor decelerating vertically. The net force is purely horizontal, 
combating the horizontal motion of the sky diver after jumping from the plane. ■ 



When flying an airplane, the effect of the velocity of the air can be quite significant. For 
instance, if a plane flies at 200 mph (its airspeed) and the air in which the plane is moving 
is itself moving at 35 mph in the same direction (i.e., there is a 35 mph tailwind), then the 
effective speed of the plane is 235 mph. Conversely, if the same 35 mph wind is moving in 
exactly the opposite direction (i.e., there is a 35 mph headwind), then the plane's effective 
speed is only 165 mph. If the wind is blowing in a direction that's not parallel to the plane's 
direction of travel, we need to add the velocity vectors for the airplane and the wind to get 
the effective velocity. We illustrate this in example 1.6. 



EXAMPLE 1.6 Steering an Aircraft in a Headwind and a Crosswind 








An airplane has an airspeed of 400 mph. Suppose that the wind velocity is given by the 
vector w = (20, 30). In what direction should the airplane head in order to fly due west 
(i.e., in the direction of the unit vector — i = (—1, 0))? 

Solution We illustrate the velocity vectors for the airplane and the wind in 
Figure 11.14. We let the airplane's velocity vector be v = (x, y). The effective 
velocity of the plane is then v + w, which we set equal to (c, 0), for some negative 
constant c. Since 

v + w= (x + 20, y + 30) = (c,0), 



FIGURE I 1.14 

Forces on an airplane 



we must have x + 20 = c and y + 30 = 0, so that y = —30. Further, since the plane's 
airspeed is 400 mph, we must have 400 = ||vj| = y/x 2 + y 2 = ~J x 2 + 900. Squaring 
this gives us x 2 + 900 = 160,000, so that x — -^159,100. (We take the negative 
square root so that the plane heads westward.) Consequently, the plane should head in 
the direction of v = (— V159,100, —30), which points left and down, or southwest, at 
an angle of tan _1 (30/V159,100) 4° below due west. ■ 
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BEYOND FORMULAS 

It is important to understand vectors in both symbolic and graphical terms. Much 
of the notation introduced in this section is used to simplify calculations. However, 
the visualization of vectors as directed line segments is often the key to solving a 
problem. For example, notice in example 1.6 that Figure 11.14 leads directly to an 
equation, which is more easily solved than the corresponding trigonometric problem 
suggested by Figure 11.14. What are some of the ways in which symbolic and graphical 
representations reinforce each other in one-variable calculus? 



EXERCISES I I.I 



0) 



f0 WRITING EXERCISES 



Discuss whether each of the following is a vector or a scalar 
quantity: force, area, height, temperature, wind velocity. 

Some athletes are blessed with "good acceleration." In calcu- 
lus, we define acceleration as the rate of change of velocity. 
Keeping in mind that the velocity vector has magnitude (i.e., 
speed) and direction, discuss why the ability to accelerate 
rapidly is beneficial. 

The location at which a vector is drawn is irrelevant. Using the 
example of a velocity vector, explain why we want to focus 
on the magnitude of the vector and its direction, but not on the 
location at which it is drawn. 

Describe the changes that occur when a vector is multiplied 
by a scalar c 0. In your discussion, consider both positive 
and negative scalars, discuss changes both in the components 
of the vector and in its graphical representation, and consider 
the specific case of a velocity vector. 



In exercises 9-14, determine whether the vectors a and b are 
parallel. 

9. a = (2, 1), b = (-4, -2) 10. a = (1, -2), b = (2, 1) 
11. a = (-2, 3), b = (4, 6) 12. a = (1, -2), b = (-4, 8) 

13. a = i + 2j, b = 3i + 6j 14. a = -2i + j, b = 4i + 2j 

In exercises 15-18, find the vector with initial point A and 
terminal point B. 

15. A = (2, 3), B = (5, 4) 16. A = (4, 3), B = (1, 0) 

17. A = (-1,2), S = (l,-1) 18. A = (1, 1), B = (—2, 4) 

In exercises 19-24, (a) find a unit vector in the same direction 
as the given vector and (b) write the given vector in polar form. 

19. (4,-3) 20. (3,6) 

21. 2i-4j 22. 4i 

23. from (2, 1) to (5, 2) 24. from (5, - 1) to (2, 3) 



In exercises 1 and 2, sketch the vectors 2a, — b, a + b and 2a — b. 





In exercises 3-6, compute a + b, a — 2b, 3a and ||5b — 2a||. 

3. a = (2, 4), b = (3, -1) 4. a = (3, -2), b = (2, 0) 

5. a = i + 2j, b = j - 3i 6. a = -2i + j, b = 3i 



7. For exercise 3, illustrate a + b and a — b graphically. 

8. For exercise 4, illustrate a + b and a — b graphically. 



In exercises 25-30, find a vector with the given magnitude in 
the same direction as the given vector. 



25. magnitude 3, v = 3i + 4j 
27. magnitude 29, v = (2, 5) 
29. magnitude 4, v = (3, 0) 



26. magnitude 4, v = 2i — j 
28. magnitude 10, v = (3, 1) 
30. magnitude 5, v = (0, —2) 



In exercises 31-34, find the vector with the given polar form. 



31. r = 4, 6 = 



33. r = y/2,9 = 



2n 



32. r = 2, 9 = 



34. r = V3, 6 = 



5n 



In exercises 35-38, sketch a, b and c with initial points at the ori- 
gin. Sketch a parallelogram with diagonal c and sides parallel 
to a and b to write c in the form cja + c 2 b. 



35. a= (2, l),b= (l,3),c= (7, 11) 

36. a= (l,2),b= (-l,2),c= (1, 10) 



696 



CHAPTER II • • Vectors and the Geometry of Space 



I I - 1 0 



37. a= (1,2), b= (-3, l),c = (8,2) 

38. a = (1, 2), b = (-3, -1), c = (-9, -8) 



39. If vector a has magnitude ||a|| = 3 and vector b has magnitude 
||b|| = 4, what is the largest possible magnitude for the vector 
a + b? What is the smallest possible magnitude for the vector 
a + b? What will be the magnitude of a + b if a and b are 
perpendicular? 

40. Use vectors to show that the points (1, 2), (3, 1), (4, 3) and 
(2, 4) form a parallelogram. 

41. Prove the associativity property of Theorem 1.1. 

42. Prove the distributive laws of Theorem 1.1. 

43. (a) For vectors a = (2, 3) and b = (1, 4), compare ||a + b|| 

and ||a|| + ||b||. Repeat this comparison for two other 
choices of a and b. Use the sketch in Figure 1 1 .6 to explain 
why ||a + b|| < ||a|| + ||b|| for any vectors a and b. 

(b) To prove that ||a + b|| < ||a|| + ||b|| for a =(01,02) 
and b—{bi,b 2 ), start by showing that 2aia 2 b[b2 < 
a\b\ + a\ti\. [Hint: Compute (ajZ?2 — fl 2^i) 2 -] Then, show 
that a\b\ + 02^2 < ~Jo\ + a\\lb\ + til. Finally, compute 
||a + b|| 2 — (||a|| + ||b||) 2 and use the previous inequality 
to show that this is less than or equal to 0. 

(c) Use the geometric interpretation of Figure 11.6 to conjec- 
ture the circumstances under which ||a + b|| = || a || + ||b||. 

44. Use a geometric interpretation to determine circumstances in 
which I a + b|| 2 = ||a|| 2 + ||b|| 2 . Determine all circumstances 
in which ||a + b|| 2 < ||a|| 2 + ||b|| 2 ; ||a + b|| 2 > ||a|| 2 + ||b|| 2 . 



(|5 APPLICATIONS 

45. Suppose that there are two forces acting on a sky diver: gravity 
at 150 pounds down and air resistance at 140 pounds up and 
20 pounds to the right. What is the net force acting on the sky 
diver? 

46. Suppose that there are two forces acting on a sky diver: gravity 
at 200 pounds down and air resistance at 220 pounds up and 
40 pounds to the right. What is the net force acting on the sky 
diver? 

47. Suppose that there are two forces acting on a sky diver: gravity 
at 200 pounds down and air resistance. If the net force is 10 
pounds down and 30 pounds to the left, what is the force of air 
resistance acting on the sky diver? 

48. Suppose that there are two forces acting on a sky diver: gravity 
at 180 pounds down and air resistance. If the net force is 20 
pounds down and 20 pounds to the left, what is the force of air 
resistance acting on the sky diver? 

49. In the accompanying figure, two ropes are attached to a large 
crate. Suppose that rope A exerts a force of (—164, 115) pounds 
on the crate and rope B exerts a force of (177, 177) pounds on 
the crate. If the crate weighs 275 pounds, what is the net force 
acting on the crate? Based on your answer, which way will the 
crate move? 




50. Repeat exercise 49 with forces of ( — 131,92) pounds from 
rope A and (92, 92) from rope B. 

51. The thrust of an airplane's engines produces a speed of 
300 mph in still air. The wind velocity is given by (30, —20). 
In what direction should the airplane head to fly due west? 
Give your answer as an angle from due west. 

52. The thrust of an airplane's engines produces a speed of 
600 mph in still air. The wind velocity is given by (—30, 60). 
In what direction should the airplane head to fly due north? 
Give your answer as an angle from due north. 

53. The thrust of an airplane's engines produces a speed of 
400 mph in still air. The wind velocity is given by (—20, 30). 
In what direction should the airplane head to fly due south? 
Give your answer as an angle from due south. 

54. The thrust of an airplane's engines produces a speed of 
300 mph in still air. The wind velocity is given by (50, 0) . 
In what direction should the airplane head to fly due east? 
Give your answer as an angle from due east. 

55. A paperboy is riding at 10 ft/s on a bicycle and tosses a paper 
over his left shoulder at 25 ft/s. If the porch is 50 ft off the road, 
how far up the street should the paperboy release the paper to 
hit the porch? 

56. A papergirl is riding at 12 ft/s on a bicycle and tosses a paper 
over her left shoulder at 48 ft/s. If the porch is 40 ft off the 
road, how far up the street should the papergirl release the 
paper to hit the porch? 

57. (a) A person is paddling a kayak in a river with a current of 

1 ft/s. The kayaker is aimed at the far shore, perpendicular 
to the current. The kayak's speed in still water would be 4 
ft/s. Find the kayak's actual speed and the angle between 
the kayak's direction and the far shore, 
(b) Find the angle from the near shore at which the kayaker 
must paddle to go straight across the river. How does this 
angle compare to the angle found in part (a)? 

58. (a) The water from a fire hose exerts a force of 200 pounds on 

the person holding the hose. The nozzle of the hose weighs 
20 pounds. What force is required to hold the hose horizon- 
tal? At what angle to the horizontal is this force applied? 
(b) Repeat with the hose at a 45° angle to the horizontal. 



^ EXPLORATORY EXERCISES 

1. The figure shows a foot striking the ground, exerting a force 
of F pounds at an angle of 9 from the vertical. The force 
is resolved into vertical and horizontal components F„ and 
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F/,, respectively. The friction force between floor and foot is 
Fy, where ||Fy|| = m||F„|| for a positive constant /j, known 
as the coefficient of friction. Explain why the foot will slip 
if ||F;, || > ||F/|| and show that this happens if and only if 




tan 9 > fi. Compare the angles 9 at which slipping occurs for 
coefficients fi — 0.6, fi — 0.4 and fi — 0.2. 

2. The vectors i and j are not the only basis vectors that can be 
used. In fact, any two nonzero and nonparallel vectors can be 
used as basis vectors for two-dimensional space. To see this, 
define a = (1, 1) and b = (1, —1). To write the vector (5, 1) 
in terms of these vectors, we want constants c\ and c% such that 
(5, 1) = C[a + c^b. Show that this requires that C\ + c 2 — 5 
and c\ — C2 = 1, and then solve for c\ and c%. Show that any 
vector (x, y) can be represented uniquely in terms of a and b. 
Determine as completely as possible the set of all vectors v 
such that a and v form a basis. 



1 1.2 VECTORS IN SPACE 



We now extend several ideas from the two-dimensional Euclidean space, R 2 , to the 
three-dimensional Euclidean space, K 3 . We specify each point in three dimensions by 
an ordered triple (a, b, c), where the coordinates a, b and c represent the (signed) dis- 
tance from the origin along each of three coordinates axes (x, y and z), as indicated in 
Figure 11.15a. This orientation of the axes is an example of a right-handed coordinate 
system. That is, if you align the fingers of your right hand along the positive x-axis and then 
curl them toward the positive v-axis, your thumb will point in the direction of the positive 
z-axis. (See Figure 11.15b.) 



HISTORICAL 
NOTES 

William Rowan Hamilton 
(1805-1865) 

Irish mathematician who first 
defined and developed the theory 
of vectors. Hamilton was an 
outstanding student who was 
appointed Professor of 
Astronomy at Trinity College 
while still an undergraduate. After 
publishing several papers in the 
field of optics, Hamilton 
developed an innovative and 
highly influential approach to 
dynamics. He then became 
obsessed with the development 
of his theory of "quaternions," in 
which he also defined vectors. 
Hamilton thought that 
quaternions would revolutionize 
mathematical physics, but vectors 
have proved to be his most 
important contribution to 
mathematics. 




FIGURE I 1. 15a 

Coordinate axes in R 3 




FIGURE I 1. 15b 

Right-handed system 



To locate the point (a, b, c) e Mr, where a, b and c are all positive, first move along 
the x-axis a distance of a units from the origin. This will put you at the point (a, 0, 0). 
Continuing from this point, move parallel to the y-axis a distance of b units from (a, 0, 0). 
This leaves you at the point (a, b, 0). Finally, continuing from this point and moving c units 
parallel to the z-axis leaves you at the point (a, b, c). (See Figure 11.16.) 
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EXAMPLE 2. 1 Plotting Points in Three Dimensions 

Plot the points (1, 2, 3), (3, -2, 4) and (-1, 3, -2). 

Solution Working as indicated above, we see the points plotted in Figures 1 1. 17a, 
11.17b and 11.17c, respectively. 




Recall that in R 2 , the coordinate axes divide the xv-plane into four quadrants. In a similar 
fashion, the three coordinate planes in R 3 (the xy-plane, the vz-plane and the xz-plane) divide 
space into eight octants. (See Figure 1 1.18 on the following page.) The first octant is the 
one with x > 0, y > 0 and z > 0. We do not usually distinguish among the other seven 
octants. 

We can compute the distance between two points in R 3 by thinking of this as essentially 
a two-dimensional problem. For any two points P\{x\,y\,z{) and ^2(^2, yi, Zz) in R 3 , first 
locate the point Pj,(x 2 , y 2 , Z\) and observe that the three points are the vertices of a right 
triangle, with the right angle at the point P 3 . (See Figure 11.19.) The Pythagorean Theorem 
then says that the distance between P\ and Pi, denoted d{P\, P2}, satisfies 

d{P u P 2 } 2 = d{P u P 3 } 2 + d{P 2 , P 3 } 2 . (2.1) 

Notice that P 2 lies directly above P3 (or below, if zi < Zi), so that 



d{Pi, Pi] — d{(x 2 , y 2 , Zi), (x 2 , y 2 , zi)} = \zz - Zil- 
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Jtz-plane 



yz-plane 



xy-plane 



FIGURE 11.18 

The coordinate planes 




^3(^2. y2» zi) 



FIGURE I 1.19 

Distance in K 3 



Distance in ] 



Since Pi and P3 both lie in the plane z = Zi, we can ignore the third coordinates of these 
points (since they're the same!) and use the usual two-dimensional distance formula: 

d{P u Pi] = d{(x u y u zi), (x 2 , y 2 , zi)} = Vfe - xtf + (y 2 - yi) 2 . 
From (2.1), we now have 

d{PuP 2 } 2 = d{P 1 ,P 3 } 2 + d{P2,P 3 } 2 

= y(x2-x l ) 2 + (y 2 -y 1 ) 2 ] 2 + \zi - zil 2 
= (x 2 - x,) 2 + (v 2 - yif + (zi - zi) 2 . 
Taking the square root of both sides gives us the distance formula for R 3 : 



d{{x\, y\,z\), (x 2 , y%, Z2)} = v 7 (x 2 - xi) 2 + (y 2 - yi) 2 + (z 2 - Zi) 2 , 



(2.2) 



which is a straightforward generalization of the familiar formula for the distance between 
two points in the plane. 



EXAMPLE 2.2 Computing Distance in R 3 

Find the distance between the points (1, —3, 5) and (5, 2, —3). 
Solution From (2.2), we have 

d{(l, -3, 5), (5, 2, -3)} = 7(5 - l) 2 + [2 - (-3)] 2 + (-3 - 5) 2 
- V4 2 + 5 2 + (-8) 2 = 7105. ■ 



O Vectors in R 3 

As in two dimensions, vectors in three-dimensional space have both direction and magni- 
tude. We again visualize vectors as directed line segments joining two points. A vector v 
is represented by any directed line segment with the appropriate magnitude and direction. 
The position vector a with terminal point at A(a\ , a 2 , a?,) (and initial point at the origin) is 
denoted by (a\, a 2 , 03) and is shown in Figure 11.20a (on the following page). 
We denote the set of all three-dimensional position vectors by 



V 3 = {(x,y,z)\x,y,z&~m. 
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The magnitude of the position vector a = {a\, 02, 03) follows directly from the distance 
formula (2.2). We have 



Magnitude of a vector 



I a || = || (a 1 , ci2, 03) || = J a\ + a\ + a |- 



(2.3) 



Note from Figure 1 1.20b that the vector with initial point at P(ci\ , 02, aj) and terminal point 
at Q{b\, £>2, ^3) corresponds to the position vector 

PQ = (fcj - a u b 2 - a 2 , b 3 - a 3 ). 

We define vector addition in V3 just as we did in V2, by drawing a parallelogram, as in 
Figure 1 1 .20c. 




FIGURE 1 1.20a 

Position vector in K 3 



Q(b h b 2 , b 3 ) 




FIGURE 1 1.20b 

Vector from P to Q 



A(a { , a 2 , a 3 ) 




FIGURE I 1.20c 

Vector addition 



Notice that for vectors a = (a\, 02, 03) and b = (b\, £>2, b^}, we have 



Vector addition 



a + b = (a\,a 2 , 03) + (b\,b2, £3} = («i «2 + b%, 03 



That is, as in V 2 , addition of vectors in V3 is done componentwise. Similarly, subtraction is 
done componentwise: 



Vector subtraction 



a — b = (a\, 02, 03} — (b\, b 2 , bj) — {a\ — b\, (X2 — b2, 03 — bj 



Again as in Vz, for any scalar c e R, ca is a vector in the same direction as a when c > 0 
and the opposite direction as a when c < 0. We have 



Scalar multiplication 



ca = c{a l , a 2 , 03) = {ca\, cci2, CCI3) 



Further, it's easy to show using (2.3), that 

||ca|| = |c|||a||. 

We define the zero vector 0 to be the vector in V3 of length 0: 

0= (0, 0, 0). 

As in two dimensions, the zero vector has no particular direction. As we did in V2, we define 
the additive inverse of a vector a e V3 to be 



-a = -(ai,a 2 , 03} = (-a u -a 2 , -03). 
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The rules of algebra established for vectors in Vi hold verbatim in V3, as seen in 
Theorem 2.1. 



THEOREM ~) 1 

1 ncui\cn z. i 




For any vectors a, b and c in V3 


, and any scalars d and e in R, the following hold: 


(i) a + b = b + a 


(commutativity) 


(ii) a + (b + c) = (a + b) + 


c (associativity) 


(iii) a + 0 = a 


(zero vector) 


(iv) a + (-a) = 0 


(additive inverse) 


(v) d(a + b) = Ja + </b 


(distributive law) 


(vi) (d + e) a = da + ea 


(distributive law) 


(vii) (l)a = a 


(multiplication by 1) and 


(viii) (0)a = 0 


(multiplication by 0). 




FIGURE I 1.21 

Standard basis for V3 



Unit vector 



We leave the proof of Theorem 2. 1 as an exercise. 

The standard basis in V3 consists of three unit vectors, each lying along one of the three 
coordinate axes. We define these as a straightforward generalization of the standard basis 
for V2 by 



= (1,0,0), j = (0,1,0) and k= (0,0,1) 



as depicted in Figure 11.21. As in V%, these basis vectors are unit vectors, since 
i = ||j|| = ||k|| = 1. Also as in V2, it is sometimes convenient to write position vec- 
tors in V3 in terms of the standard basis. This is easily accomplished, as for any a G V3, we 
can write 



a — (oi , «2, 03) = aii 



do] + 03k. 



If you're getting that deja vu feeling that you've done all of this before, you're not imagining 
it. Vectors in V3 follow all of the same rules as vectors in V2. As a final note, observe that 
for any a = (ai , a%, #3) ^ 0, a unit vector in the same direction as a is given by 



1 



(2.4) 



The proof of this result is identical to the proof of the corresponding result for vectors in 
Vi, found in Theorem 1.2. Once again, it is often convenient to normalize a vector (i.e., 
produce a vector in the same direction, but with length 1). 



EXAMPLE 2.3 Finding a Unit Vector 

Find a unit vector in the same direction as (1, —2, 3) and write (1, —2, 3) as the 
product of its magnitude and a unit vector. 

Solution First, we find the magnitude of the vector: 

||(1,-2,3>|| = Vl 2 + (-2) 2 + 3 2 = Vu. 

From (2.4), we have that a unit vector having the same direction as (1 , —2, 3) is given by 



1 



Further, 



'14 
(1,-2,3) = 



1,-2,3) 



1 



14 V14 V14 
1 -2 3 



714' TIT VU 



702 



CHAPTER II • • Vectors and the Geometry of Space 



I 1-16 



Of course, going from two dimensions to three dimensions gives us a much richer 
geometry, with more interesting examples. For instance, we define a sphere to be the set of 
all points whose distance from a fixed point (the center) is constant. 

EXAMPLE 2.4 Finding the Equation of a Sphere 

Find the equation of the sphere of radius r centered at the point (a, b, c). 

Solution The sphere consists of all points (x, y, z) whose distance from (a, b, c) is r, 
as illustrated in Figure 11.22. This says that 

y/(x - a) 2 + (y - b) 2 + (z - c) 2 = d{(x, y, z), (a, b, c)} = r. 
Squaring both sides gives us 

(X - a) 2 + (y - bf + (z - cf = r 2 , 

the standard form of the equation of a sphere. ■ 

You will occasionally need to recognize when a given equation represents a common 
geometric shape, as in example 2.5. 

EXAMPLE 2.5 Finding the Center and Radius of a Sphere 

Find the geometric shape described by the equation: 

0 = x 2 + y 2 + z 2 - 4-x + 8y - lOz + 36. 

Solution Completing the squares in each variable, we have 

0 = (x 2 - Ax + 4) - 4 + (y 2 + 8y + 16) - 16 + (z 2 - lOz + 25) -25 + 36 
= (jc - 2) 2 + (y +4) 2 + (z - 5) 2 - 9. 

Adding 9 to both sides gives us 

3 2 = (x-2) 2 + (y+4) 2 + (z-5) 2 , 

which is the equation of a sphere of radius 3 centered at the point (2, —4, 5). ■ 




FIGURE I 1.22 

Sphere of radius r centered at 

(a,b,c) 



EXERCISES I 1.2 

(0 WRITING EXERCISES 

1. Visualize the circle x 2 + y 2 — 1 in the xy-plane. With three- 
dimensional axes oriented as in Figure 11.15a, describe how 
to sketch this circle in the plane z — 0. Then, describe how 
to sketch the parabola y — x 2 in the plane z — 0. In general, 
explain how to translate a two-dimensional curve into a three- 
dimensional sketch. 

2. It is difficult, if not impossible, for most people to visualize 
what points in four dimensions would look like. Nevertheless, 
it is easy to generalize the distance formula to four dimensions. 
Describe what the distance formula looks like in general 
dimension n, for n > 4. 

3. It is very important to be able to quickly and accurately 
visualize three-dimensional relationships. In three dimensions, 
describe all lines that are perpendicular to the unit vector i. 
Describe all lines that are perpendicular to i and that pass 
through the origin. In three dimensions, describe all planes 



that are perpendicular to the unit vector i. Describe all planes 
that are perpendicular to i and that contain the origin. 

4. Explain why the distance from the point (x, y, z) to the xy- 
plane is | z \ ■ Identify the distance from (x, y , z) to the y z-plane; 
the xz-plane. 



In exercises 1 and 2, plot the indicated points. 

1. (a) (2,1,5) (b) (3,1,-2) (c) (-1,2,-4) 

2. (a) (-2, 1,2) (b) (2, -3,-1) (c) (3, -2, 2) 



In exercises 3-6, find the distance between the given points. 

3. (2, 1, 2), (5, 5, 2) 4. (1,2, 0), (7, 10, 0) 

5. (-1,0,2), (1,2, 3) 6. (3, 1,0), (1,3, -4) 
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In exercises 7-10, compute a + b, a — 3b and || 4a + 2b || . 

7. a= (2, l,-2),b= (1,3,0) 

8. a= (-l,0,2),b = (4,3,2) 

9. a = 3i - j + 4k, b = 5i + j 

10. a = i - 4j - 2k, b = i - 3j + 4k 

In exercises 11-16, (a) find two unit vectors parallel to the given 
vector and (b) write the given vector as the product of its mag- 
nitude and a unit vector. 

11. (3, 1,2) 12. (2, -4,6) 
13. 2i-j + 2k 14. 4i-2j + 4k 

15. From (1, 2, 3) to (3, 2, 1) 16. From (1, 4, 1) to (3, 2, 2) 

In exercises 17-20, find a vector with the given magnitude and 
in the same direction as the given vector. 

17. Magnitude 6, v = (2, 2, -1) 

18. Magnitude 10, v = (3, 0, -4) 

19. Magnitude 4, v = 2i - j + 3k 

20. Magnitude 3, v = 3i + 3j - k 

In exercises 21-24, find an equation of the sphere with radius r 
and center (a,b,c). 

21. r = 2,(a,b,c) = (3, 1,4) 

22. r = 3, (a,b, c) = (2,0, 1) 

23. r = */5, (a,b, c) = (n, 1,-3) 

24. r = <Jl, (a,b, c) = (l,3,4) 

In exercises 25-30, identify the geometric shape described by 
the given equation. 

25. (x - l) 2 + y 2 + (z + 2) 2 = 4 

26. x 2 + (y - l) 2 + (z - 4) 2 = 2 

27. x 2 - 2x + y 2 + v - 4z = 0 

28. x 2 + x + y 2 -y + z 2 =l 

29. (x + l) 2 + (y - 2) 2 + z 2 = 0 

30. x 2 -2x + y 2 + z 2 + 4z + 4 = 0 

In exercises 31 and 32, sketch the third axis to make xyz a 
right-handed system. 



In exercises 33-36, sketch a graph in jryz-space and identify the 
plane as parallel to the jcy-plane, xz-plane oryz-plane and sketch 
a graph. 



31. 



32. z 



33. y 

35. Z : 



34. x 
36. z = 



In exercises 37-40, give an xyz equation (e.g., z = 0) for the 
indicated figure. 



37. xz-plane 
39. yz-plane 



38. xy-plane 
40. x-axis 



41. (a) Prove the commutative property of Theorem 2.1. 
(b) Prove the associative property of Theorem 2.1. 

42. (a) Prove the distributive properties of Theorem 2.1. 
(b) Prove the multiplicative properties of Theorem 2.1. 

43. Find the displacement vectors PQ and QR and deter- 
mine whether the points P — (2, 3, 1), Q — (4, 2, 2) and 
R — (8, 0, 4) are colinear (on the same line). 

44. Find the displacement vectors PQ and QR and deter- 
mine whether the points P — (2, 3, 1), Q — (0, 4, 2) and 
R — (4, 1, 4) are colinear (on the same line). 

45. Use vectors to determine whether the points (0, 1,1), (2, 4, 2) 
and (3, 1,4) form an equilateral triangle. 

46. Use vectors to determine whether the points (2, 1, 0), (4, 1, 2) 
and (4, 3, 0) form an equilateral triangle. 

47. Use vectors and the Pythagorean Theorem to determine 
whether the points (3, 1, -2), (1, 0, 1) and (4, 2, -1) form 
a right triangle. 

48. Use vectors and the Pythagorean Theorem to determine 
whether the points (1, —2, 1), (4, 3, 2) and (7, 1, 3) form a 
right triangle. 

49. Use vectors to determine whether the points (2, 1, 0), 
(5, —1, 2), (0, 3, 3) and (3, 1, 5) form a square. 

50. Use vectors to determine whether the points (1, —2, 1), 
(—2, —1,2), (2, 0, 2) and (—1, 1,3) form a square. 

In exercises 51-58, you are asked to work with vectors of dimen- 
sion higher than three. Use rules analogous to those introduced 
for two and three dimensions. 

51. (2, 3, 1,5) +2(1, -2, 3,1) 

52. 2(3, -2, 1,0) - (2, 1, -2, 1) 

53. (3, -2, 4, 1, 0, 2) - 3(1,2, -2, 0, 3, 1) 

54. (2, 1, 3, -2, 4, 1, 0, 2) + 2(3, 1, 1, 2, -2, 0, 3, 1) 

55. ||a|| fora= (3, 1,-2,4, 1) 

56. ||a|| for a = (1,0, -3, -2,4, 1) 

57. ||a + b|| fora= (1,-2,4, 1) and b = (-1,4,2, -4) 

58. ||a- 2b || for a = (2, 1, -2,4, 1) and b = (3, -1,4,2, -4) 
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59. (a) Take four unit circles and place them tangent to the x- and 
y-axes as shown. Find the radius of the inscribed circle 
(shown in the accompanying figure in red). 

y 
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1 — 
2 s 
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-2- 









(b) Extend to three dimensions by finding the radius of the 
sphere inscribed by eight unit spheres that are tangent to 
the coordinate planes. 

(c) Generalize the results to n dimensions. Show that for 
n > 10, the inscribed hypersphere is actually not contained 
in the "box" —2 < x < 2, —2 < y < 2 and so on, that con- 
tains all of the individual hyperspheres. 

60. Letr = (x,y,z) andr 0 = {x 0 , y 0 , zo) be such that | |r — r 0 || —2. 
Describe the set of points (x, y, z). 



(J5 APPLICATIONS 

61. In the accompanying figure, two ropes are attached to a 
500-pound crate. Rope A exerts a force of (10, —130, 200) 
pounds on the crate, and rope B exerts a force of 
(—20, 180, 160) pounds on the crate. If no further ropes are 
added, find the net force on the crate and the direction it will 
move. If a third rope C is added to balance the crate, what force 




must this rope exert on the crate? Find the tension (magnitude 
of force) in each rope. 

62. For the crate in exercise 6 1 , suppose that the crate weighs only 
300 pounds and the goal is to move the crate up and to the right 
with a constant force of (0, 30, 20) pounds. If a third rope is 
added to accomplish this, what force must the rope exert on 
the crate? Find the tension in each rope. 

63. The thrust of an airplane's engine produces a speed of 600 
mph in still air. The plane is aimed in the direction of (2, 2, 1) 
and the wind velocity is (10, —20, 0) mph. Find the velocity 
vector of the plane with respect to the ground and find the 
speed. 

64. The thrust of an airplane's engine produces a speed of 700 mph 
in still air. The plane is aimed in the direction of (6,-3, 2) but 
its velocity with respect to the ground is (580, —330, 160) mph. 
Find the wind velocity. 

65. Given O = (0, 0), A = (2, 1) and B = (4, 5), graph 0%, 

OA + -~AB, OA + -AB, OA + -AB and OA + AB and 

4 2 4 

explain how these vectors could be used to animate the move- 
ment of a virtual object. 

66. A unit cube has vertex (0, 0, 0) and sides parallel to (1, 1,0), 
(1,-1,0) and (0, 0, 1) such that if (x,y, z) is inside the cube 
then x > 0 and z > 0. Explain why the process of exercise 
65 (applied to each vertex) would not be used to animate the 
rotation of the cube 45° about the z-axis. 



^ EXPLORATORY EXERCISES 

1. Find an equation describing all points equidistant from 
A = (0, 1,0) and B = (2, 4, 4) and sketch a graph. Based on 
your graph, describe the relationship between the displacement 
vector AB = (2, 3, 4) and your graph. Simplify your equation 
for the three-dimensional surface until 2, 3 and 4 appear as co- 
efficients of x, y and z- Use what you have learned to quickly 
write down an equation for the set of all points equidistant from 
A = (0, l,0)andC = (5,2, 3). 

2. In this exercise, you will try to identify the three- 
dimensional surface defined by the equation a(x — 1) + 
b(y — 2) + c(z — 3) = 0 for nonzero constants a, b and c. First, 
show that ( 1 , 2, 3) is one point on the surface. Then, show that 
any point that is equidistant from the points (1 + a,2 + b, 3 + 
c) and (1 — a, 2 — b, 3 — c) is on the surface. Use this geo- 
metric fact to identify the surface. Determine the relationship 
between (a, b, c) and the surface. 
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11.3 THE DOT PRODUCT 



In sections 11.1 and 11.2, we defined vectors in K 2 and R 3 and examined many of the 
properties of vectors, including how to add and subtract two vectors. It turns out that two 
different kinds of products involving vectors have proved to be useful: the dot product 
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(or scalar product) and the cross product (or vector product). We introduce the first of these 
two products in this section. 



DEFINITION 3.1 

The dot product of two vectors a = (a\ , a 2 , a 3 ) andb = (b\, b 2 ,b 3 ) in V3 is defined by 
ab = (a l ,a 2 ,a i ) ■ (bi,b 2 ,b 3 ) = a\b\ + a 2 b 2 + a 3 b 3 . (3.1) 
Likewise, the dot product of two vectors in V 2 is defined by 

a • b = (ai, a 2 ) ■ {bi, b 2 ) — a\b\ + a 2 b 2 . 

Be sure to notice that the dot product of two vectors is a scalar (i.e., a number, not a 
vector). For this reason, the dot product is also called the scalar product. 



EXAMPLE 3. 1 Computing a Dot Product in M 3 

Compute the dot product a • b for a = (1, 2, 3) and b = (5, —3, 4). 
Solution We have 

a-b= (1,2,3) ■ (5,-3,4) = (1)(5) + (2)(-3) + (3)(4) = 11. ■ 

Certainly, dot products are very simple to compute, whether a vector is written in 
component form or written in terms of the standard basis vectors, as in example 3.2. 



EXAMPLE 3.2 Computing a Dot Product in K 2 

Find the dot product of the two vectors a = 2i — 5j and b = 3i + 6j. 
Solution We have 

a b = (2)(3) + (-5)(6) = 6 - 30 = -24. ■ 

The dot product in V 2 or V3 satisfies the following simple properties. 

REMARK 3.1 



Since vectors in V 2 can be 
thought of as special cases 
of vectors in V3 (where the third 
component is zero), all of the 
results we prove for vectors in V 3 
hold equally for vectors in V2. 



PROOF 

We prove (i) and (v) for a, b e V3. The remaining parts are left as exercises, 
(i) For a = (a\, a 2 , a 3 ) and b = (b\, b 2 , b 3 ), we have from (3.1) that 

a • b = {a\,a 2 , a 3 ) ■ {b\, b 2 , b 3 ) — a\b\ + a 2 b 2 + a 3 b 3 
= b\a\ + b 2 a 2 + b 3 a 3 — b • a, 

since multiplication of real numbers is commutative, 
(v) For a = (a\, a 2 , a 3 ) , we have 

a • a = {a\, a 2 , a 3 ) ■ {a x , a 2 , a 3 ) — a\ + a\ + a\ — ||a|| 2 . ■ 

Notice that properties (i)-(iv) of Theorem 3.1 are also properties of multiplication of 
real numbers. This is why we use the word product in dot product. However, there are some 



THEOREM 3.1 

For vectors a, b and c and any scalar d, the following hold: 

(i) a • b = b • a (commutativity) 

(ii) a-(b + c) = a- b + a- c (distributive law) 

(iii) (da) b = d(a b) = a (db) 

(iv) 0 a = 0and 

(v) a • a = ||a|| 2 . 
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FIGURE 1 1.23a 

The angle between two vectors 



properties of multiplication of real numbers not shared by the dot product. For instance, we 
will see that a • b = 0 does not imply that either a = 0 or b = 0. 

For two nonzero vectors a and b in V$, we define the angle 9 (0 < 9 < it) between 
the vectors to be the smaller angle between a and b, formed by placing their initial points 
at the same point, as illustrated in Figure 1 1.23a. 

Notice that if a and b have the same direction, then 9 — 0. If a and b have opposite 
directions, then 9 — it. We say that a and b are orthogonal (or perpendicular) if 9 = f . 
We consider the zero vector 0 to be orthogonal to every vector. The general case is stated 
in Theorem 3.2. 



THEOREM 3.2 

Let 9 be the angle between nonzero vectors a and b. Then, 

a • b — llall llbll cos#. 



(3.2) 




FIGURE 1 1.23b 

The angle between two vectors 



PROOF 

We must prove the theorem for three separate cases. 

(i) If a and b have the same direction, then b = ca, for some scalar c > 0 and the angle 
between a and b is 9 — 0. This says that 

a • b = a ■ (ca) = ca • a = c||a|| 2 . 



Further, 

||a|| ||b|| cos 9 — ||a|||c|||a|| cosO = c||a|| 
since for c > 0, we have Id — c. 



a b, 



(ii) If a and b have the opposite direction, the proof is nearly identical to case (i) above 
and we leave the details as an exercise. 

(iii) If a and b are not parallel, then we have that 0 < 9 < it, as shown in Figure 1 1.23b. 
Recall that the Law of Cosines allows us to relate the lengths of the sides of triangles 
like the one in Figure 1 1 .23b. We have 



2||a|| llbll cos ( 



(3.3) 



Now, observe that 



||a — b|| — \\{a\ — b\, a 2 — b 2 , a^ — b-i)\\ 

= (aj - b x f + (oa - b 2 ) 2 + (flj - b 3 f 

— (a\ — 2a\b\ + £>j) + (a\ — 2a 2 b 2 + &|) + — 2«3&3 + b^) 

— (a 2 + a\ + of) + (b\ + b\ + b\) - 2{a\b\ + a 2 b 2 + 03^3) 
= ||a|| 2 + ||b|| 2 - 2a -b 

Equating the right-hand sides of (3.3) and (3.4), we get (3.2), as desired. ■ 

We can use (3.2) to find the angle between two vectors, as in example 3.3. 



(3.4) 



EXAMPLE 3.3 Finding the Angle Between Two Vectors 

Find the angle between the vectors a = (2, 1, — 3) and b = (1, 5, 6). 
Solution From (3.2), we have 

a-b -11 



14V62 
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It follows that 9 — cos 1 { ; , ) 1.953 (radians) 

(or about 1 12°), since 0 < 9 < it and the inverse cosine function returns an angle in this 
range. ■ 

The following result is an immediate and important consequence of Theorem 3.2. 



COROLLARY 3.1 

Two vectors a and b are orthogonal if and only if a • b = 0. 



PROOF 

First, observe that if either a or b is the zero vector, then a • b = 0 and a and b are orthogonal, 
as the zero vector is considered orthogonal to every vector. If a and b are nonzero vectors 
and if 9 is the angle between a and b, we have from Theorem 3.2 that 

||a||||b|| cos# = a ■ b = 0 

if and only if cos 6 = 0 (since neither a nor b is the zero vector). This occurs if and only if 
9 = j, which is equivalent to having a and b orthogonal and so, the result follows. ■ 

EXAMPLE 3.4 Determining Whether Two Vectors Are Orthogonal 

Determine whether the following pairs of vectors are orthogonal: (a) a = (1,3, —5) and 
b = (2, 3, 10) and (b) a = (4, 2, -1) and b = (2, 3, 14). 

Solution For (a), we have: 

a • b = 2 + 9 - 50 = -39 ^ 0, 

so that a and b are not orthogonal. 
For (b), we have 

a-b = 8 + 6-14 = 0, 
so that a and b are orthogonal, in this case. ■ 



The following two results provide us with some powerful tools for comparing the 
magnitudes of vectors. 



THEOREM 3.3 (Cauchy-Schwartz Inequality) 




For any vectors a and b, 




|a-b| < ||a||||b||. 


(3.5) 



PROOF 

If either a or b is the zero vector, notice that (3.5) simply says that 0 < 0, which is certainly 
true. On the other hand, if neither a nor b is the zero vector, we have from (3.2) that 

|a • b| = ||a|| ||b|| | cos0| < ||a|| ||b||, 

since |cos0| < 1 for all values of 9. m 

One benefit of the Cauchy-Schwartz Inequality is that it allows us to prove the following 
very useful result. If you were going to learn only one inequality in your lifetime, this is 
probably the one you would want to learn. 
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FIGURE I 1.24 

The Triangle Inequality 



THEOREM 3.4 (The 


Triangle Inequality) 




For any vectors a and b, 








l|a + b|| < ||a|| + ||b||. 


(3.6) 



Before we prove the theorem, consider the triangle formed by the vectors a, b and 
a + b, shown in Figure 1 1 .24. Notice that the Triangle Inequality says that the length of the 
vector a + b never exceeds the sum of the individual lengths of a and b. 



PROOF 

From Theorem 3.1 (i), (ii) and (v), we have 

||a + b|| 2 = (a + b)(a + b) = aa + ab + ba + bb 

= ||a|| 2 + 2a-b + ||b|| 2 . 

From the Cauchy-Schwartz Inequality (3.5), we have a ■ b < |a ■ b| < ||a|| ||b|| and so, we 
have 



||a + b|| 2 = ||a|| 2 + 2a-b + ||b|| 2 
< II a II 

Taking square roots gives us (3.6) 



< ||a|| 2 + 2||a||||b|| + ||b|| 2 = (||a|| + ||b||) 2 . 



O Components and Projections 



TODAY IN 
MATHEMATICS 



Lene Hau (1959- ) 

A Danish mathematician and 
physicist known for her 
experiments to slow down and 
stop light. Although neither of her 
parents had a background in 
science or mathematics, she says 
that as a student, "I loved 
mathematics. I would rather do 
mathematics than go to the 
movies in those days. But after 
awhile, I discovered quantum 
mechanics and I've been hooked 
ever since." Hau credits a culture 
of scientific achievement with her 
success. "I was lucky to be a 
Dane. Denmark has a long 
scientific tradition that included 

the great Niels Bohr In 

Denmark, physics is widely 
respected by laymen as well as 
scientists and laymen contribute 
to physics." 



Think about the case where a vector represents a force. Often, it's impractical to exert a 
force in the direction you'd like. For instance, in pulling a child's wagon, we exert a force in 
the direction determined by the position of the handle, instead of in the direction of motion. 
(See Figure 1 1.25.) An important question is whether there is a force of smaller magnitude 
that can be exerted in a different direction and still produce the same effect on the wagon. 
Notice that it is the horizontal portion of the force that most directly contributes to the 
motion of the wagon. (The vertical portion of the force only acts to reduce friction.) We 
now consider how to compute such a component of a force. 




FIGURE I 1.25 

Pulling a wagon 



For any two nonzero position vectors a and b, let 6 be the angle between the vectors. 
If we drop a perpendicular line segment from the terminal point of a to the line containing 
the vector b, then from elementary trigonometry, the base of the triangle (in the case where 
Q<6 < y) has length given by ||a|| cos 6. (See Figure 1 1.26a.) 
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On the other hand, notice that if | < 6 < jr, the length of the base is given by 
— 1| a || cos 6. (See Figure 1 1.26b.) In either case, we refer to ||a|| cos0 as the component of 
a along b, denoted compb a. Using (3.2), observe that we can rewrite this as 

l|a||||b|| 

comp h a — a cos 6 — cos 6 

Pb ||b|| 

= — ||a|| ||b|| cos 9 = —a-b 
llbll ||b|| 



Component of a along b or 



comp b a 



a I) 



(3.7) 



Notice that comph a is a scalar and that we divide the dot product in (3.7) by || b || and not 
by || a || . One way to keep this straight is to recognize that the components in Figures 1 1 .26a 
and 1 1 .26b depend on how long a is but not on how long b is. We can view (3.7) as the dot 

product of the vector a and a unit vector in the direction of b, given by . 

||b|| 

Once again, consider the case where the vector a represents a force. Rather than the 
component of a along b, we are often interested in finding a force vector parallel to b having 
the same component along b as a. We call this vector the projection of a onto b, denoted 
projb a, as indicated in Figures 11.27a and 11.27b. Since the projection has magnitude 



|comp b a| and points in the direction of b, for 0 < 
we have from (3.7) that 



and opposite b, for 



P r ojb a = ( com Pb a )-MTTT = 
b 



a b 

libF 



Projection of a onto b Of 



where 




(3.8) 



FIGURE I 1.27a 

projb a, for 0 < 0 < | 



FIGURE I 1.27b 

projb a, for | < 0 < n 
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In example 3.5, we illustrate the process of finding components and projections. 



CAUTION 



Be careful to distinguish 
between the projection of a 
onto b (a vector) and the 
component of a along b (a 
scalar). It is very common to 
confuse the two. 



EXAMPLE 3.5 Finding Components and Projections 

For a = (2, 3) and b = (—1,5), find the component of a along b and the projection of a 
onto b. 

Solution From (3.7), we have 

a b (2, 3) -(-1,5) 



comp b a = 

ii u I 

Similarly, from (3.8), we have 
projb a = 



■1,5>| 



-2+15 

7T+^ 



13 



26 



a b\ b 

TbT/ lib! 



13 



1,5) 



13 

26< 



■1,5) 



-1,5) 



26 

1 5 

T 2 



We leave it as an exercise to show that, in general, comp b a ^ comp a b and 
proj b a 7^ P ro Ja b- O ne reason for needing to consider components of a vector in a given 
direction is to compute work, as we see in example 3.6. 



40 pound: 




FIGURE I 1.28 

Pulling a wagon 



EXAMPLE 3.6 Calculating Work 

You exert a constant force of 40 pounds in the direction of the handle of the wagon 
pictured in Figure 11.28. If the handle makes an angle of j with the horizontal and you 
pull the wagon along a flat surface for 1 mile (5280 feet), find the work done. 

Solution First, recall from our discussion in Chapter 5 that if we apply a constant 
force F for a distance d, the work done is given by W — Fd. In this case, the force 
exerted in the direction of motion is not given. However, since the magnitude of the 
force is 40, the force vector must be 

F = 40|cos^,sin^ = 40/^, = (20V2, 20V2). 

The force exerted in the direction of motion is simply the component of the force along 
the vector i (that is, the horizontal component of F) or 20 V2. The work done is then 

W = Fd = 20^2(5280) ~ 149,341 foot-pounds. 

More generally, if a constant force F moves an object from point P to point Q, we refer 
to the vector d = PQ as the displacement vector. The work done is the product of the 
component of F along d and the distance: 

W - comp d F||d|| 
F d 



lldll =F-d. 



Here, this gives us 



W = (20V2, 20V2) ■ (5280, 0) - 20V2(5280), as before. 
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BEYOND FORMULAS 

The dot product gives us a shortcut for computing components and projections. The 
dot product test for perpendicular vectors follows directly from this interpretation. In 
general, components and projections are used to isolate a particular portion of a larger 
problem for detailed analysis. This sort of reductionism is central to much of modern 
science. 



EXERCISES I 1.3 

WRITING EXERCISES 

1. Explain in words why the Triangle Inequality is true. 

2. The dot product is called a "product" because the properties 
listed in Theorem 3.1 are true for multiplication of real num- 
bers. Two other properties of multiplication of real numbers 
involve factoring: (1) if ab — ac (a ^ 0) then b — c and (2) if 
ab — 0 then a — 0 or b — 0. Discuss the extent to which these 
properties are true for the dot product. 

3. To understand the importance of unit vectors, identify the sim- 
plification in formulas for finding the angle between vectors 
and for finding the component of a vector, if the vectors are unit 
vectors. There is also a theoretical benefit to using unit vectors. 
Compare the number of vectors in a particular direction to the 
number of unit vectors in that direction. (For this reason, unit 
vectors are sometimes called direction vectors.) 

4. It is important to understand why work is computed using only 
the component of force in the direction of motion. Suppose 
you push on a door to close it. If you are pushing on the edge 
of the door straight at the door hinges, are you accomplishing 
anything useful? In this case, the work done would be zero. 
If you change the angle at which you push very slightly, what 
happens? As the angle increases, discuss how the component 
of force in the direction of motion changes and how the work 
done changes. 



In exercises 1-6, compute a • b. 



1. 


a 


(3,l),b=<2,4) 


2. 


a = 


3i+j,b = -2i + 3j 


3. 


a = 


(2, -l,3),b = (0, 2,-4) 


4. 


a 


(3,2, 0),b = (-2,4,3) 


5. 


a = 


2i - k, b = 4j - k 


6. 


a = 


3i + 3k, b= -2i + j 



In exercises 7-10, compute the angle between the vectors. 

7. a = 3i-2j,b = i + j 

8. a= (2,0,-2),b = (0,-2,4) 



9. a = 3i + j - 4k, b = -2i + 2j + k 
10. a = i + 3j-2k, b = 2i - 3k 



In exercises 11-14, determine whether the vectors are 
orthogonal. 

11. a= (2,-l),b= (2,4) 

12. a = 6i + 2j, b = -i + 3j 

13. a = 3i,b = 6j-2k 

14. a= (4,-1, l),b = (2,4,4) 



In exercises 15-18, (a) find a 3-dimensional vector perpendicu- 
lar to the given vector and (b) find a vector of the form {a, 2, — 3) 
that is perpendicular to the given vector. 

15. (2,-1,0) 16. (4,-1, 1) 

17. 6i + 2j-k 18. 2i-3k 



In exercises 19-24, find comp b a and projb a. 



19. 


a = 


(2,l),b=(3,4) 


20. 


a = 


3i + j,b = 4i-3j 


21. 


a = 


(2,-l,3),b= (1,2, 2) 


22. 


a 


(1,4, 5>,b= (-2, 1,2) 


23. 


a = 


(2, 0, -2),b = (0,-3,4) 


24. 


a = 


(3,2, 0),b = (-2,2, 1) 



25. Repeat example 3.6 with an angle of | with the horizontal. 

26. Repeat example 3.6 with an angle of | with the horizontal. 

27. Explain why the answers to exercises 25 and 26 aren't the 
same, even though the force exerted is the same. In this 
setting, explain why a larger amount of work corresponds to a 
more efficient use of the force. 

28. Find the force needed in exercise 25 to produce the same 
amount of work as in example 3.6. 
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29. A constant force of (30, 20) pounds moves an object in a 
straight line from the point (0, 0) to the point (24, 10). Compute 
the work done. 

30. A constant force of (60, —30) pounds moves an object in 
a straight line from the point (0, 0) to the point (10, —10). 
Compute the work done. 

31. Label each statement as true or false. If it is true, briefly explain 
why; if it is false, give a counterexample. 

(a) If a • b = a • c, then b = c. 

(b) If b = c, then a • b = a • c. 

(c) a a = ||a|| 2 . 

(d) If ||a|| > ||b|| thena-c > b c. 

(e) If || a || = ||b|| thena = b. 

<4, 1) 



32. To compute a • b, where a = (2, 5) and b : 



you can 



first compute (2, 5) ■ (4, 1) and then divide the result (13) by 
•s/T7. Which property stated in Theorem 3.1 is being used? 

In exercises 33 and 34, use the figure to sequence a • b, a • c and 
b • c in increasing order. 

a 



33. a . 




34. 




35. If a = (2, 1), find a vector b such that (a) comp b a = 1; 
(b) comp a b = — 1 . 

36. If a = (4, —2), find a vector b such that (a) proj b a = (4, 0); 
(b)proj a b=(4,-2). 

37. Find the angles in the triangle with vertices (1, 2, 0), (3, 0, —1) 
and(l, 1, 1). 

38. Find the angles in the quadrilateral ABCD with vertices 
A = (2, 0, 1), B = (2, 1,4), C = (4, -2, 5) and£> = (4, 0, 2). 

39. The distance from a point P to a line L is the length of the 
line segment connecting P to L at a right angle. Show that 
the distance from (xi , vi) to the line ax + by + c = 0 equals 
\axi + byi + c| 

Va 2 + b- 

40. Prove that the distance between lines ax + by + c — 0 and 

\d - c\ 

ax + by + d — 0 equals . . 

Va 2 + b 2 

41. (a) Find the angle between the diagonal of a square and an 
adjacent side, (b) Find the angle between the diagonal of a 
cube and an adjacent side, (c) Extend the results of parts (a) 
and (b) to a hypercube of dimension n > 4. 

42. Provethat||a + b|| 2 + ||a-b|| 2 = 2||a|| 2 + 2||b|| 2 . State this 
result in terms of properties of the parallelogram formed by 
vectors a and b. 

Exercises 43-54 involve the Cauchy-Schwartz and Triangle 
Inequalities. 

43. By the Cauchy-Schwartz Inequality, |a • b| < ||a||||b||. What 
relationship must exist between a and b to have 
|a-b| = ||a||||b||? 



44. By the Triangle Inequality, ||a + b|| < ||a|| + ||b||. What 
relationship must exist between a and b to have 
||a + b|| = ||a|| + ||b||? 

45. Use the Triangle Inequality to prove that 
||a-b|| > ||a||-||b||. 

46. Prove parts (ii) and (iii) of Theorem 3.1. 

47. For vectors a and b, use the Cauchy-Schwartz Inequality to 
find the maximum value of a • b if ||a|| = 3 and ||b|| = 5. 

48. Find a formula for a in terms of b if ||a|| = 3, ||b|| = 5 and 
a ■ b is maximum. 

49. Use the Cauchy-Schwartz Inequality in n dimensions to show 
that (£\a k b k \) < (X>A (X>?Y If both f>2 and 

\Jt=l / \t=l / \k=l / k=\ 

oo 

£ b\ converge, what can be concluded? Apply the result to 

k=\ 

a-k = \ wAb k = i. 

II II II OO 

50. Show that £ \a k b k \ < \ £ 4 + \ £ b\. If both £ a\ and 

k=l " k=\ ' k=\ 4=1 

£ b\ converge, what can be concluded? Apply the result to 

k=\ 

a k = | and b k — p. Is this bound better or worse than the 
bound found in exercise 49? 

51. (a) Use the Cauchy-Schwartz Inequality in n dimensions to 

ii / n \ '/2 

show that £ \a k \ < I £ a\ \ . (b) If p u p 2 p n are 

k=\ \k=l / 

" 1 

nonnegative numbers that sum to 1, show that £ pi > -. 

k=\ n 

(c) Among all sets of nonnegative numbers p\, P2, ■ ■ ■ , Pn that 
sum to 1, find the choice of p it p 2 , . . . , p„ that minimizes 

tvl 

k=\ 

52. Use the Cauchy-Schwartz Inequality in /; dimensions to show 

ii / n \ l l 1 / n \ '/ 2 

that£|a t | < £K| 2/3 £ I a* 1 4/3 

k=\ \k=l J \k=i 

53. Show that £ a\b\ < ( £ a 2 ) ( £ b\ ) and then 

k=\ \k=\ ) \k=\ 

ZakbkCk) 2 s(±a 2 ) (±b 2 )(±c 2 



54. Showthat,/ X + y + y + Z + / X+Z <V6. 



x+y+z yx+y+z \x+y+z 



55. Prove that comp c (a + b) = comp c a + comp c b for any 
nonzero vectors a, b and c. 

56. The orthogonal projection of vector a along vector b is de- 
fined as orthb a = a — proj b a. Sketch a picture showing vec- 
tors a, b, proj b a and orth b a, and explain what is orthogonal 
about orth b a. 

57. Write the given vector as a + b, where a is parallel to ( 1 , 2, 3) 
and b is perpendicular to (1,2,3), for (a) (3,-1,2) and 
(b) (0,4,2). 

58. (a) For the Mandelbrot set and associated Julia sets, functions 
of the form f(x) — x 2 — c are analyzed for various constants c. 
The iterates of the function increase if \x 2 — c\ > \x\. 
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Show that this is true if |x| > ~ + J \ + c. (b) Show that the 
vector analog of part (a) is also true. For vectors x, x 2 and c, if 
Uxll > |+yi + Mand ||x 2 || = ||x|| 2 ,then||x 2 -c|| > ||x||. 



(J$l APPLICATIONS 

59. In a methane molecule (CH 4 ), a carbon atom is surrounded by 
four hydrogen atoms. Assume that the hydrogen atoms are at 
(0, 0, 0), ( 1 , 1 , 0), ( 1 , 0, 1 ) and (0, 1 , 1 ) and the carbon atom is at 

^, ^). Compute the bond angle, the angle from hydrogen 
atom to carbon atom to hydrogen atom. 

60. Suppose that a beam of an oil rig is installed in a direction 
parallel to (10, 1, 5). (a) If a wave exerts a force of (0, —200, 0) 
newtons, find the component of this force along the beam, 
(b) Repeat with a force of (13, —190, —61) newtons. The 
forces in parts (a) and (b) have nearly identical magnitudes. 
Explain why the force components are different. 

61. In the diagram, a crate of weight w pounds is placed on a ramp 
inclined at angle 9 above the horizontal. The vector v along the 
ramp is given by v = (cos#, sin$) and the normal vector by 
n = (—sin 9, cos 9). (a) Show that v and n are perpendicular. 
Find the component of w = (0, —w) along v and the compo- 
nent of w along n. 



63. A car makes a turn on a banked road. If the road is banked at 
10°, show that a vector parallel to the road is (cos 10°, sin 10°). 
(a) If the car has weight 2000 pounds, find the component of 
the weight vector along the road vector. This component of 
weight provides a force that helps the car turn. Compute 
the ratio of the component of weight along the road to the 
component of weight into the road. Discuss why it might 
be dangerous if this ratio is very small or very large. 




v 




1 rw 



(b) If the coefficient of static friction between the crate and 
ramp equals fi s , the crate will slide down the ramp if the com- 
ponent of w along v is greater than the product of fi s and the 
component of w along n. Show that this occurs if the angle 9 
is steep enough that 9 > tan~' fi s . 

62. A weight of 500 pounds is supported by two ropes that exert 
forces of a = (-100, 200) pounds and b = (100, 300) pounds. 
Find the angles a, /3 and 9 between the ropes. 




(b) Repeat part (a) for a 2500-pound car on a 15° bank. 

64. The racetrack at Bristol, Tennessee, is famous for its short 
length and its steeply banked curves. The track is an oval of 
length 0.533 mile and the corners are banked at 36°. Circular 
motion at a constant speed v requires a centripetal force of 

mv 2 

F — , where r is the radius of the circle and m is the mass 

r 

of the car. For a track banked at angle A, the weight of the car 
provides a centripetal force of mg sin A, where g is the grav- 
is 2 

itational constant. Setting the two equal gives — = gsinA. 

r 

Assuming that the Bristol track is circular (it's not really) and 
usingg = 32ft/s 2 , find the speed supported by the Bristolbank. 
Cars actually complete laps at over 120 mph. Discuss where 
the additional force for this higher speed might come from. 

65. Suppose a small business sells three products. In a given month, 
if 3000 units of product A are sold, 2000 units of product B 
are sold and 4000 units of product C are sold, then the sales 
vector for that month is defined by s = (3000, 2000, 4000). If 
the prices of products A, B and C are $20, $15 and $25, re- 
spectively, then the price vector is defined by p = (20, 15,25). 
Compute s ■ p and discuss how it relates to monthly revenue. 

66. Suppose that in a particular county, ice cream sales (in thou- 
sands of gallons) for a year is given by the vector s = (3,5, 12, 
40, 60, 100, 120, 160, 110, 50, 10, 2). That is, 3000 gallons 
were sold in January, 5000 gallons were sold in February, 
and so on. In the same county, suppose that murders for the 
year are given by the vector m = (2, 0, 1, 6, 4, 8, 10, 13, 8, 2, 
0, 6). Show that the average monthly ice cream sales is 
s — 56,000 gallons and that the average monthly number 
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of murders is m = 5. Compute the vectors a and b, 
where the components of a equal the components of 
s with the mean 56 subtracted (so that a = (—53, —51, 
—44,...)) and the components of b equal the compo- 
nents of m with the mean 5 subtracted. The correla- 
tion between ice cream sales and murders is defined as 
a b 

p = . Often, a positive correlation is incorrectly 

l|a||||b|| 

interpreted as meaning that a "causes" b. (In fact, correlation 
should never be used to infer a cause-and-effect relationship.) 
Explain why such a conclusion would be invalid in this case. 



Take a cube and spin it around a diagonal. 



EXPLORATORY EXERCISES 



1. This exercise develops a basic principle used in computer 
graphics. In the drawing, an artist traces the image of an object 
onto a pane of glass. Explain why the trace will be distorted 
unless the artist keeps the pane of glass perpendicular to the 
line of sight. The trace is thus a projection of the object onto the 
pane of glass. To make this precise, suppose that the artist is at 
the point (100, 0, 0) and the point Pi = (2, 1, 3) is part of the 
object being traced. Find the projection p[ of the position vec- 
tor (2, 1, 3) along the artist's position vector (100, 0, 0). Then 
find the vector qi such that (2, 1, 3) = Pi + qi- Which of the 
vectors pi and q! does the artist actually see and which one 
is hidden? Repeat this with the point P 2 — (—2, 1, 3) and find 
vectors p 2 and q 2 such that (—2, 1,3) = p 2 + q 2 . The artist 
would plot both points Pi and P 2 at the same point on the 
pane of glass. Identify which of the vectors pi , qi , p 2 and q 2 
correspond to this point. From the artist's perspective, one of 
the points Pi or P 2 is hidden behind the other. Identify which 
point is hidden and explain how the information in the vec- 
tors Pi , qi , p 2 and q 2 can be used to determine which point is 
hidden. 





If you spin it rapidly, you will see a curved outline appear in 
the middle. (See the figure below.) How does a cube become 
curved? This exercise answers that question. Suppose that the 
cube is a unit cube with 0 < x < 1, 0 < y < 1 and 0 S z S 1, 
and we rotate about the diagonal from (0, 0, 0) to ( 1 , 1 , 1 ). Spin- 
ning the cube, we see the combination of points on the cube at 
their maximum distance from the diagonal. The points on the 
edge of the cube have the maximum distance. If (x, y, z) is a 
point on an edge of the cube, define h to be the component of 
the vector (x , y , z) along the diagonal ( 1 , 1 , 1 ) . The distance d 
from (x, y, z) to the diagonal is then d — y|| {x, y, z) || 2 — h 2 , 
as in the diagram below. The curve is produced by the edge 
from (0, 0, 1) to (0, 1, 1). Parametric equations for this seg- 
ment are x = 0, y = t and z — 1, for 0 < t < 1. For the vector 
(0, r, 1), compute h and then d. Graph d(t). You should see a 
curve similar to the middle of the outline shown below. Show 
that this curve is actually part of a hyperbola. Then find the 
outline created by other sides of the cube. Which ones produce 
curves and which produce straight lines? 




x 



0) 



11.4 THE CROSS PRODUCT 



In this section, we define a second type of product of vectors, the cross product or vector 
product, which has many important applications, from physics and engineering mechanics 
to space travel. We first need a few definitions. 
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DEFINITION 4.1 

The determinant of a 2 x 2 matrix of real numbers is defined by 



a\ a 2 
b\ b 2 

2x2 matrix 



= a x b 2 - a 2 b x 



(4.1) 



EXAMPLE 4. 1 Computing a 2 x 2 Determinant 

Evaluate the determinant 



1 2 
3 4 



Solution From (4.1), we have 

1 2 
3 4 



= (1)(4) - (2)(3) - -2. 



DEFINITION 4.2 

The determinant of a 3 x 3 matrix of real numbers is defined as a combination of 
three 2x2 determinants, as follows: 



a\ a 2 a 3 
b\ b 2 b 3 
C\ c 2 c 3 





b 2 


b 3 




b\ 


b 3 




b\ 


b 2 


= a\ 






- a 2 






+ a 3 








C2 


C 3 


c\ 


C 3 


C] 


C2 



(4.2) 



3x3 matrix 



Equation (4.2) is referred to as an expansion of the determinant along the first row. 
Notice that the multipliers of each of the 2x2 determinants are the entries of the first row 
of the 3x3 matrix. Each 2x2 determinant is the determinant you get if you eliminate 
the row and column in which the corresponding multiplier lies. That is, for the first term, 
the multiplier is a\ and the 2x2 determinant is found by eliminating the first row and first 
column from the 3x3 matrix: 



1 «2 0$ 

i b 2 b 3 
c 2 c 3 



b 2 b 3 

c 2 c 3 



Likewise, the second 2x2 determinant is found by eliminating the first row and the second 
column from the 3x3 determinant: 



$2r 

2 
C'2 



C3 



b\ b 3 

d c 3 



Be certain to notice the minus sign in front of this term. Finally, the third determinant is 
found by eliminating the first row and the third column from the 3x3 determinant: 



^4 ^2 0f 



b\ b 2 

c\ c 2 



b\ b 2 
c\ c 2 
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EXAMPLE 4.2 Evaluating a 3 x 3 Determinant 



Evaluate the determinant 



2 4 

3 1 
-2 5 



Solution Expanding along the first row, we have: 



2 4 

3 1 
-2 5 



(1) 



3 1 
-2 5 



(2) 



-3 1 
3 5 



(4) 



= (1)[(3)(5) - (l)(-2)] - (2)[(-3)(5) - (1)(3)] 

+ (4)[(-3)(-2) - (3)(3)] 
= 41. ■ 



We use determinant notation as a convenient device for defining the cross product, as 
follows. 



DEFINITION 4.3 

For two vectors a = a 2 , a i) an d b = (£>i , b 2 , bj,) in V3, we define the cross 
product (or vector product) of a and b to be 



a x b 



j k 

b 2 b 3 



a 2 


&} 




A] 


CI3 


j + 




«2 


b 2 


b 3 




/'1 




61 


b 2 



(4.3) 



Notice that a x b is also a vector in V3. To compute a x b, you must write the com- 
ponents of a in the second row and the components of b in the third row; the order is 
important! Also note that while we've used the determinant notation, the 3x3 determinant 
indicated in (4.3) is not really a determinant, in the sense in which we defined them, since 
the entries in the first row are vectors instead of scalars. Nonetheless, we find this slight 
abuse of notation convenient for computing cross products and we use it routinely. 



REMARK 4.1 



The cross product is defined 
only for vectors in V3. There is 
no corresponding operation for 
vectors in \A- 



EXAMPLE 4.3 Computing a Cross Product 

Compute (1,2,3) x (4,5,6). 
Solution From (4.3), we have 



(1,2,3) x (4,5,6) 



.) 

2 
5 



2 


3 




1 


3 


J + 


1 


2 


5 


6 




4 


6 


4 


5 



-3i + 6j-3k= (-3,6,-3). 



THEOREM 4.1 

For any vector ae V3,axa = 0 and a x 0 = 0. 
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PROOF 

We prove the first of these two results. The second, we leave as an exercise. For 
a = {at, a 2 , a 3 ), we have from (4.3) that 



a x a = 



i j k 

d\ a 2 a 3 
a\ a 2 <23 



fl2 


d 3 




Cl\ 


#3 


j + 


<2] 


«2 


fl2 


a 3 




U\ 


«3 




«2 



= (a2«3 — 0302)1 — (oi fl 3 — fl 30i)j + (aifl2 — a2«i)k = 0. ■ 
Let's take a brief look back at the result of example 4.3. There, we saw that 
(1,2,3) x (4,5,6) - (-3,6,-3). 
There is something rather interesting to observe here. Note that 

(1,2,3) ■ (-3,6, -3) =0 
and (4,5,6) ■ (-3,6,-3) = 0. 

That is, both (1,2,3) and (4, 5, 6) are orthogonal to their cross product. As it turns out, this 
is true in general, as we see in Theorem 4.2. 



THEOREM 4.2 

For any vectors a and b in V 3 , a x b is orthogonal to both a and b. 



PROOF 



HISTORICAL 
NOTES 

josiah Willard Gibbs 
(1839-1903) 

American physicist and 
mathematician who introduced 
and named the dot product and 
the cross product. A graduate of 
Yale, Gibbs published important 
papers in thermodynamics, 
statistical mechanics and the 
electromagnetic theory of light. 
Gibbs used vectors to determine 
the orbit of a comet from only 
three observations. Originally 
produced as printed notes for his 
students, Gibbs' vector system 
greatly simplified the original 
system developed by Hamilton. 
Gibbs was well liked but not 
famous in his lifetime. One 
biographer wrote of Gibbs that, 
"The greatness of his intellectual 
achievements will never 
overshadow the beauty and 
dignity of his life." 



Recall that two vectors are orthogonal if and only if their dot product is zero. Now, using 
(4.3), we have 



a • (a x b) = (a\, a 2 , 03) 





«2 


«3 






«3 




b 2 


b 3 




b] 


b 3 



,! 



a\ a 2 
b\ b 2 



a 2 
b 2 

a\[a 2 b 3 
a x a 2 b 3 - 
0, 



«2 



by 



«3 

b 3 



- c/3 



(*Q. 

bo 



- a 3 b 2 ] - a 2 [cnb 3 
a.\a 3 b 2 — a\a 2 b 3 ■ 



■ a 3 bi] -f 
a 2 a 3 b\ 



a 3 [a\b 2 - 
h ct\a 3 b 2 



a 2 b\\ 
- a 2 a 3 b\ 



so that a and (a x b) are orthogonal. We leave it as an exercise to show that b • (a x b) = 0, 
also. ■ 

Notice that for nonzero and nonparallel vectors a and b, since a x b is orthogonal to 
both a and b, it is also orthogonal to every vector lying in the plane containing a and b. 
(We also say that a x b is orthogonal to the plane, in this case.) But, given a plane, out of 
which side of the plane does a x b point? We can get an idea by computing some simple 
cross products. 

Notice that 



x J = 



i j k 

1 0 0 
0 1 0 



0 0 




1 0 


j + 


1 0 


1 0 




0 0 


0 1 



k = k. 



Likewise, 



j x k 



These are illustrations of the right-hand rule: If you align the fingers of your right hand 
along the vector a and bend your fingers around in the direction of rotation from a toward 
b (through an angle of less than 180°), your thumb will point in the direction of a x b, 
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a X b 




FIGURE 1 1.29a 

a x b 




b x a 



FIGURE 1 1.29b 

b x a 



as in Figure 1 1 .29a. Now, following the right-hand rule, b x a will point in the direction 
opposite a x b. (See Figure 1 1.29b.) In particular, notice that 







j 


k 




j x i = 


0 


1 


0 


- -k 




1 


0 


0 





We leave it as an exercise to show that 

j x k = i, 
k x i = j 



and 



kxj = 
i x k = 



J 



Take the time to think through the right-hand rule for each of these cross products. 
There are several other unusual things to observe here. Notice that 

i x j = k ^ -k = j x i, 

which says that the cross product is not commutative. Further, notice that 

(i x j) x j = k x j = -i, 
while i x (j x j) = i x 0 = 0, 

so that the cross product is also not associative. That is, in general, 

(axb)xc/ax(bxc). 

Since the cross product does not follow several of the rules you might expect a product to 
satisfy, you might ask what rules the cross product does satisfy. We summarize these in 
Theorem 4.3. 



THEOREM 4.3 

For any vectors a, b and c in V3 and any scalar d, the following hold: 

(i) a x b = — (b x a) (anticommutativity) 

(ii) (da) x b = d(a x b) = a x (db) 

(iii) ax(b + c) = axb + axc (distributive law) 

(iv) (a + b)xc = axc + bxc (distributive law) 

(v) a • (b x c) = (a x b) • c (scalar triple product) and 

(vi) a x (b x c) = (a • c)b — (a • b)c (vector triple product). 



PROOF 



We prove parts (i) and (iii) only. The remaining parts are left as exercises, 
(i) For a = (a\, a 2 , 03) and b = (b\, b 2 , b 3 ), we have from (4.3) that 



a x b = 



i j k 

CL\ Cl 2 «3 

b\ b 2 b 3 

b 2 b 3 
a 2 a 3 





d 3 




a 1 a 3 


j + 


a\ a 2 


b 2 


b 3 




b\ b 3 


b\ b 2 



b\ b 3 
a\ a 3 



b\ b 2 
a\ a 2 



-(b x a), 



since swapping two rows in a 2 x 2 matrix (or in a 3 x 3 matrix, for that matter) changes 
the sign of its determinant. 

(iii) For c = (c\, c 2 , c 3 ), we have 

b + c= (b\ +ci,b 2 + c 2 ,b 3 + c 3 ) 

k 



and so, 



a x (b + c) 



1 J 

a\ a 2 a 3 

b\ + c\ b 2 + c 2 £>3 + C3 
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Looking only at the i component of this, we have 

a 2 (b3 + c 3 ) - a 3 (Z> 2 + c 2 ) 



a 2 

b2 + C 2 



«3 

b-i + c 3 



(a 2 &3 - a 3 b 2 ) + (a 2 c 3 - a 3 c 2 ) 





Cl 2 03 


+ 


til 


"3 




b 2 b 3 




C2 


c 3 


which you should note is also the i component of a x 


b4 


a x 



that the j and k components also match, which establishes the result. ■ 

Always keep in mind that vectors are specified by two things: magnitude and direction. 
We have already shown that a x b is orthogonal to both a and b. In Theorem 4.4, we make 
a general (and quite useful) statement about ||a x b||. 



THEOREM 4.4 

For nonzero vectors a and b in V 3 , if 9 is the angle between a and b (0 < 6 < it), then 

||a x b|| — ||a|| ||b|| sin#. (4.4) 



PROOF 

From (4.3), we get 

||a x b|| 2 = [a 2 b 3 — aib 2 ] 2 + [a\b 3 — a 3 b\\ 2 + [a\b 2 — a 2 b\] 2 

22 ^22^ 22 

= a 2 b 3 — 2a 2 a 3 b 2 b 3 + a^b 2 + a 1 b^ — 2a\a 3 b\b 3 + a 3 b l 

+ a\b\ — 2a\a 2 b\b 2 + a\ b\ 
= (a\ + a\ + afj {b{ +bj + bf) - {a x b x + a 2 b 2 + a 3 b 3 ) 2 
= ||a|| 2 ||b|| 2 -(a-b) 2 

= ||a|| 2 ||b|| 2 — ||a|| 2 ||b|| 2 COS 2 C? From Theorem 3.2 

= ||a|| 2 ||b|| 2 (l -cos 2 t9) 
= ||a|| 2 ||b|| 2 sin 2 0. 
Taking square roots, we get 

||a x b|| = ||a|| ||b|| sin0, 

since sind > 0, for 0 < 6 < n. ■ 

The following characterization of parallel vectors is an immediate consequence of 
Theorem 4.4. 



COROLLARY 4.1 

Two nonzero vectors a, b e V 3 are parallel if and only if a x b = 0. 



PROOF 

Recall that a and b are parallel if and only if the angle 8 between them is either 0 or n . In 
either case, sin 6 — 0 and so, by Theorem 4.4, 

||a x b || = ||a||||b|| sin 6 = ||a|| ||b||(0) = 0. 

The result then follows from the fact that the only vector with zero magnitude is the zero 
vector. ■ 



720 CHAPTER I I •• Vectors and the Geometry of Space 11-34 




FIGURE I 1.30 

Parallelogram 



Theorem 4.4 also provides us with the following interesting geometric interpretation of 
the cross product. For any two nonzero vectors a and b, as long as a and b are not parallel, 
they form two adjacent sides of a parallelogram, as seen in Figure 11.30. Notice that the 
area of the parallelogram is given by the product of the base and the altitude. We have 



Area = (base)(altitude) 

= llbll llall sin0 = ||a x b| 



(4.5) 



from Theorem 4.4. That is, the magnitude of the cross product of two vectors gives the area 
of the parallelogram with two adjacent sides formed by the vectors. 




FIGURE I 1.31 

Distance from a point to a line 



|comp aXb c 




FIGURE I 1.32 

Parallelepiped formed by the 
vectors a, b and c 



EXAMPLE 4.4 



Finding the Area of a Parallelogram Using 
the Cross Product 



Find the area of the parallelogram with two adjacent sides formed by the vectors 
a= (1,2,3) andb = (4,5,6). 



Solution First notice that 
a x b 



i J k 

1 2 3 
4 5 6 



2 


3 




1 


3 




1 


2 


5 


6 


-J 


4 


6 


+ k 


4 


5 



-3,6, -3). 



From (4.5), the area of the parallelogram is given by 

||a x b|| = || (-3, 6, -3) || = V54 » 7.348. 



We can also use Theorem 4.4 to find the distance from a point to a line in K 3 , as follows. 
Let d represent the distance from the point Q to the line through the points P and R. From 
elementary trigonometry, we have that 

d= \\PQ\\ sin0, 

where 6 is the angle between PQ and PR. (See Figure 11.31.) From (4.4), we have 
\\PQ x PR\\ = \\PQ\\ \\PR\\ sin0 = \\PR\\(d). 
\\PQxPR\\ 



Solving this for d, we get 



d - 



\PR\\ 



(4.6) 



EXAMPLE 4.5 Finding the Distance from a Point to a Line 

Find the distance from the point Q(l, 2, 1) to the line through the points P(2, 1, —3) 
and ^(2, -1,3). 

Solution First, the position vectors corresponding to PQ and PR are 

PQ= (-1,1,4) and PR = (0,-2,6), 







i j 


k 




and 


(-1, 1,4) x (0, -2,6) = 


-1 1 


4 


= (14,6,2) 






0 -2 


6 





We then have from (4.6) that 

\\~PQ x PR\\ 



\PR\\ 



ll(14,6,2)|| 
|(0,-2,6)| 



/236 



40 



2.429. 



For any three nonzero and noncoplanar vectors a, b and c (i.e., three vectors that do not 
lie in a single plane), consider the parallelepiped formed using the vectors as three adjacent 
edges. (See Figure 1 1.32.) Recall that the volume of such a solid is given by 

Volume = (Area of base)(altitude). 
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Further, since two adjacent sides of the base are formed by the vectors a and b, we know 



that the area of the base is given by ||a x b| 
altitude is given by 



|comp a 



xb 



c = 



Referring to Figure 11.32, notice that the 



|c-(axb)| 



laxbll 



from (3.7). The volume of the parallelepiped is then 

|c-(ax b)| 



Volume = lla x b| 



laxbl 



|c-(axb)| 



The scalar c • (a x b) is called the scalar triple product of the vectors a, b and c. It turns 
out that we can evaluate the scalar triple product by computing a single determinant, as 
follows. Note that for a = (a l: a 2 , 03), b = {b\, b 2 , b 3 ) and c = (cr, c 2 , c 3 ), we have 



c • (a x b) = c 



J k 

b 2 £> 3 



(Cl, c 2 , c 3 ) 



a 2 a 3 
b 2 bi 



b\ b 3 



a\ a 2 
b\ b 2 



a 2 «3 
b 2 £>3 



c 2 



a\ 03 
b\ h 



C3 



CL\ a 2 
b\ b 2 



Cl c 2 c 3 
a\ a 2 03 
b\ b 2 b 3 



(4.7) 




FIGURE I 1.33 

Torque, r 



EXAMPLE 4.6 



Finding the Volume of a Parallelepiped Using 
the Cross Product 



Find the volume of the parallelepiped with three adjacent edges formed by the vectors 
a = (l,2,3),b= (4,5,6) andc = (7,8,0). 



Solution First, note that Volume = |c ■ (a x b)|. From (4.7), we have that 

7 8 0 
c • (a x b) = 1 2 3 =7 
4 5 6 



2 3 
5 6 



1 3 
4 6 



0 



7(-3) - 8(-6) = 27. 



So, the volume of the parallelepiped is Volume = |c • (a x b)| = |27| = 27. ■ 

Consider the action of a wrench on a bolt, as shown in Figure 1 1 .33. In order to tighten 
the bolt, we apply a force F at the end of the handle, in the direction indicated in the figure. 
This force creates a torque r acting along the axis of the bolt, drawing it in tight. Notice 
that the torque acts in the direction perpendicular to both F and the position vector r for the 
handle as indicated in Figure 11.33. In fact, using the right-hand rule, the torque acts in the 
same direction as r x F and physicists define the torque vector to be 



r = r x F. 



In particular, this says that 



(4.8) 



from (4.4). There are several observations we can make from this. First, this says that the 
farther away from the axis of the bolt we apply the force (i.e., the larger ||r|| is), the greater 
the magnitude of the torque. So, a longer wrench produces a greater torque, for a given 
amount of force applied. Second, notice that sin# is maximized when 9 = %, so that from 
(4.8) the magnitude of the torque is maximized when 9 — | (when the force vector F is 
orthogonal to the position vector r). If you've ever spent any time using a wrench, this 
should fit well with your experience. 
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EXAMPLE 4.7 Finding the Torque Applied by a Wrench 

If you apply a force of magnitude 25 pounds at the end of a 15-inch-long wrench, at an 
angle of j to the wrench, find the magnitude of the torque applied to the bolt. What is 
the maximum torque that a force of 25 pounds applied at that point can produce? 



Solution From (4.8), we have 



(§) 



25 sin 



25 



V3 



27.1 foot-pounds. 



Further, the maximum torque is obtained when the angle between the wrench and the 
force vector is f. This would give us a maximum torque of 



|t|| — llrll IIFII sin# — 



25 (1) = 31.25 foot-pounds. 




FIGURE I 1.34 

Spinning ball 




FIGURE 1 1.35a 

Backspin 




FIGURE 1 1.35b 

Topspin 



In many sports, the action is at least partially influenced by the motion of a spinning 
ball. For instance, in baseball, batters must contend with pitchers' curveballs and in golf, 
players try to control their slice. In tennis, players hit shots with topspin, while in basketball, 
players improve their shooting by using backspin. The list goes on and on. These are all 
examples of the Magnus force, which we describe below. 

Suppose that a ball is spinning with angular velocity &>, measured in radians per second 
(i.e., ca is the rate of change of the rotational angle). The ball spins about an axis, as shown 
in Figure 11.34. We define the spin vector s to have magnitude a> and direction parallel to 
the spin axis. We use a right-hand rule to distinguish between the two directions parallel 
to the spin axis: curl the fingers of your right hand around the ball in the direction of the 
spin, and your thumb will point in the correct direction. Two examples are shown in Figures 
1 1 .35a and 1 1 .35b. The motion of the ball disturbs the air through which it travels, creating 
a Magnus force F m acting on the ball. For a ball moving with velocity v and spin vector s, 
F„, is given by 

F„, = c(s x v), 

for some positive constant c. Suppose the balls in Figure 11.35a and Figure 11.35b are 
moving into the page and away from you. Using the usual sports terminology, the first 
ball has backspin and the second ball has topspin. Using the right-hand rule, we see that 
the Magnus force acting on the first ball acts in the upward direction, as indicated in 
Figure 1 1 .36a. This says that backspin (for example, on a basketball or golf shot) produces 
an upward force that helps the ball land more softly than a ball with no spin. Similarly, the 
Magnus force acting on the second ball acts in the downward direction (see Figure 1 1 .36b), 
so that topspin (for example, on a tennis shot or baseball hit) produces a downward force 
that causes the ball to drop to the ground more quickly than a ball with no spin. 



FIGURE 1 1.36a 

Magnus force for a ball with 
backspin 



FIGURE 1 1.36b 

Magnus force for a ball with 
topspin 
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FIGURE 1 1.37a 

Right-hand curveball 



EXAMPLE 4.8 Finding the Direction of a Magnus Force 

The balls shown in Figures 1 1.37a and 1 1.37b are moving into the page and away from 
you with spin as indicated. The first ball represents a right-handed baseball pitcher's 
curveball, while the second ball represents a right-handed golfer's shot. Determine the 
direction of the Magnus force and discuss the effects on the ball. 

Solution For the first ball, notice that the spin vector points up and to the left, so that 
s x v points down and to the left as shown in Figure 1 1.38a. Such a ball will curve to 
the left and drop faster than a ball that is not spinning, making it more difficult to hit. 
For the second ball, the spin vector points down and to the right, so s x v points up and 
to the right. Such a ball will move to the right (a "slice") and stay in the air longer than a 
ball that is not spinning. (See Figure 1 1.38b.) 



FIGURE 1 1.37b 

Right-hand golf shot 





FIGURE 1 1.38a 

Magnus force for a right-handed 
curveball 



FIGURE 1 1.38b 

Magnus force for a right-handed 
golf shot 



EXERCISES I 1.4 

53 WRITING EXERCISES 

1. In this chapter, we have developed several tests for geometric 
relationships. Briefly describe how to test whether two vec- 
tors are (a) parallel; (b) perpendicular. Briefly describe how to 
test whether (c) three points are colinear; (d) four points are 
coplanar. 

2. The flip side of the problems in exercise 1 is to con- 
struct vectors with desired properties. Briefly describe how to 
construct a vector (a) parallel to a given vector; (b) perpendic- 
ular to a given vector, (c) Given a vector, describe how to con- 
struct two other vectors such that the three vectors are mutually 
perpendicular. 

3. In example 4.7, how would the torque change if the force F 
were replaced with the force — F? Answer both in mathematical 
terms and in physical terms. 

4. Sketch a picture and explain in geometric terms why k x i = j 
and k x j = — i. 



In exercises 1-4, compute the given determinant. 





2 


0 


-1 




0 


2 


-1 


1. 


1 


1 


0 


2. 


1 


-1 


2 




-2 


-1 


1 




1 


1 


2 




2 


3 


-1 




-2 


2 


-1 


3. 


0 


1 


0 


4. 


0 


3 


-2 




-2 


-1 


3 




0 


1 


2 



In exercises 5-10, compute the cross product a x b. 

5. a= <l,2,-l),b = (1,0,2) 

6. a= (3,0,-l),b= (1,2,2) 

7. a= (0, l,4),b= (-1,2,-1) 

8. a= (2, -2,0),b= (3,0, 1) 
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9. a = 2i - k, b = 4j + k 
10. a = -2i + j - 3k, b = 2j - k 



In exercises 11-16, find two unit vectors orthogonal to the two 
given vectors. 



11. 


a 


(l,0,4),b = (1, -4, 2) 


12. 


a 


(2,-2, l),b = (0, 0, -2) 


13. 


a 


(2,-l,0),b= (1,0, 3) 


14. 


a 


(0, 2, l),b= (1,0,-1) 


15. 


a 


3i-j,b = 4j + k 


16. 


a = 


-2i + 3j - 3k, b = 2i - 



In exercises 17-20, find the distance from the point Q to the 
given line. 

17. Q = (1,2, 0), line through (0, 1, 2) and (3, 1, 1) 

18. Q = (2, 0, 1), line through (1, -2, 2) and (3, 0, 2) 

19. Q = (3, -2, 1), line through (2, 1, -1) and (1, 1, 1) 

20. Q = (1, 3, 1), line through (1, 3, -2) and (1, 0, -2) 



In exercises 21-26, find the indicated area or volume. 

21. Area of the parallelogram with two adjacent sides formed by 
(2, 3) and (1,4) 

22. Area of the parallelogram with two adjacent sides formed by 
(-2, 1) and (1, 3) 

23. Area of the triangle with vertices (0, 0, 0), (2, 3, —1) and 
(3,-1,4) 

24. Area of the triangle with vertices (1, 1, 0), (0, —2, 1) and 
(1,-3,0) 

25. Volume of the parallelepiped with three adjacent edges formed 
by (2, 1,0), (-1,2, 0) and (1, 1,2) 

26. Volume of the parallelepiped with three adjacent edges formed 
by (0, -1,0), (0,2, -1) and (1,0, 2) 



27. If you apply a force of magnitude 20 pounds at the end of an 
8-inch-long wrench at an angle of \ to the wrench, find the 
magnitude of the torque applied to the bolt. 

28. If you apply a force of magnitude 40 pounds at the end of an 
1 8-inch-long wrench at an angle of | to the wrench, find the 
magnitude of the torque applied to the bolt. 

29. Use the torque formula t = r x F to explain the positioning 
of doorknobs. In particular, explain why the knob is placed as 
far as possible from the hinges and at a height that makes it 
possible for most people to push or pull on the door at a right 
angle to the door. 

30. In the diagram, a foot applies a force F vertically to a bicycle 
pedal. Compute the torque on the sprocket in terms of 9 and 
F. Determine the angle 0 at which the torque is maximized. 
When helping a young person to learn to ride a bicycle, most 



people rotate the sprocket so that the pedal sticks straight out 
to the front. Explain why this is helpful. 




In exercises 35-40, label each statement as true or false. If it is 
true, briefly explain why. If it is false, give a counterexample. 

35. If a x b = a x c, then b = c. 

36. a x b = — b x a 

37. a x a = ||a|| 2 

38. a • (b x c) = (a ■ b) x c 

39. If the force is doubled, the torque doubles. 

40. If the spin rate is doubled, the Magnus force is doubled. 
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In exercises 41-44, use the cross product to determine the angle 
9 between the vectors, assuming that 0 < 6 < |. 

41. a= (1,0,4), b = (2,0, 1) 

42. a =(2, 2, l),b = (0,0,2) 

43. a = 3i + k, b = 4j + k 

44. a = i + 3j + 3k, b = 2i + j 



In exercises 45-50, draw pictures to identify the cross product 
(do not compute!). 



45. i x (3k) 
47. i x (j x k) 
49. j x (j x i) 



46. k x (2i) 
48. j x (j x k) 
50. (j x i) x k 



In exercises 51-54, use the parallelepiped volume formula to 
determine whether the vectors are coplanar. 

51. (2,3, 1), (1,0, 2) and (0,3, -3) 

52. (1,-3, 1), (2, -1,0) and (0,-5, 2) 

53. (1,0, -2), (3,0, 1) and (2, 1,0) 

54. (1, 1, 2), (0, -1,0) and (3,2,4) 



55. Show that II a x bll 



(a • b) 2 . 



56. Show that (a - b) x (a + b) = 2(a x b) 

57. Show that (a x b) ■ (c x d) = 



a • c be 
ad b d 



58. Prove parts (ii), (iv), (v) and (vi) of Theorem 4.3. 

59. In each of the situations shown here, ||a|| = 3 and ||b|| = 4. In 
which case is ||a x b|| larger? What is the maximum possible 
value for II a x b||? 





FIGURE A 



FIGURE B 



60. In Figures A and B, if the angles between a and b are 50° and 
20°, respectively, find the exact values for ||a x b||. Also, state 
whether a x b points into or out of the page. 

61. Identify the expressions that are undefined. 

(a) a ■ (b x c) (b) a x (b • c) 

(c) a • (b ■ c) (d) a x (b x c) 

62. Explain why each equation is true. 

(a) a • (a x b) = 0 (b) b • (a x a) = 0 



APPLICATIONS 

In exercises 63-70, a sports situation is described, with the typ- 
ical ball spin shown in the indicated exercise. Discuss the effects 
on the ball and how the game is affected. 

63. Baseball overhand fastball, spin in exercise 3 1(a) 

64. Baseball right-handed curveball, spin in exercise 33(a) 

65. Tennis topspin groundstroke, spin in exercise 34(a) 

66. Tennis left-handed slice serve, spin in exercise 32(b) 

67. Football spiral pass, spin in exercise 34(b) 

68. Soccer left-footed "curl" kick, spin in exercise 3 1(b) 

69. Golf "pure" hit, spin in exercise 3 1 (a) 

70. Golf right-handed "hook" shot, spin in exercise 33(b) 



EXPLORATORY EXERCISES 



1. Devise a test that quickly determines whether 
||axb|| < |a-b|,||axb|| > |a-b| or ||a x b|| = |a ■ b|. 
Apply your test to the following vectors: (a) (2, 1, 1) and 
(3, 1,2), (b) (2, 1, -1) and (-1, -2, 1) and (c) (2, 1, 1) and 
(—1, 2, 2). For randomly chosen vectors, which of the three 
cases is the most likely? 

2. In this exercise, we explore the equation of motion for a gen- 
eral projectile in three dimensions. Newton's second law is 
¥ — ma. Three forces that could affect the motion of the pro- 
jectile are gravity, air drag and the Magnus force. Orient the 
axes such that positive z is up, positive x is right and positive y 
is straight ahead. The force due to gravity is weight, given by 

= (0, 0, —mg). Air drag has magnitude proportional to the 
square of speed and direction opposite that of velocity. Show 
that if v is the velocity vector, then F,/ = — ||v||v satisfies both 
properties. The Magnus force is proportional to s x v, where s 
is the spin vector. The full model is then 



clt 



= (0, 0, -g) -Q||v||v + c m (sx v), 



for positive constants c d and c m . With v = {v x , v y , v z ) and 
s = {s x , s y , s z ), expand this equation into separate differential 
equations for u, , v y and v z . We can't solve these equations, but 
we can get some information by considering signs. For a golf 
drive, the spin produced could be pure backspin, in which case 
the spin vector is s = {co, 0, 0) for some large w > 0. (A golf 
shot can have spins of 4000 rpm.) The initial velocity of a good 
shot would be straight ahead with some loft, v(0) = (0, b, c) 
for positive constants b and c. At the beginning of the flight, 
show that v' < 0 and thus, v y decreases. If the ball spends 
approximately the same amount of time going up as coming 
down, conclude that the ball will travel farther downrange while 
going up than coming down. Next, consider the case of a ball 
with some sidespin, so that s x > 0 and s y > 0. By examining 
the sign of v[, determine whether this ball will curve to the 
right or left. Examine the other equations and determine what 
other effects this sidespin may have. 
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11.5 LINES AND PLANES IN SPACE 



p&u yi 




FIGURE I 1.39 

Line in space 



In the xy-plane, we specify a line by selecting either two points on the line or a single 
point on the line and its direction, as indicated by the slope of the line. In three dimensions, 
specifying two points on a line will still determine the line. An alternative is to specify 
a single point on the line and its direction, which is determined by a vector parallel to 
the line. 

Let's look for the line that passes through the point Pi(xi ,y\,z{) and that is parallel to 
the position vector a = (d\, ci2, 03). (See Figure 11.39.) For any other point P(x, y, z) on 
the line, observe that the vector Pi P will be parallel to a, so that 



P A P = ta, 



(5.1) 



for some scalar t. The line then consists of all points P(x, y, z) for which (5.1) holds. Since 

P\ P = (x - xi, y - yi, z - zi>, 

we have from (5.1) that 

{x — xi, y — y\, z — Zi) — ta — t(a\, 02, 03). 
Finally, since two vectors are equal if and only if all of their components are equal, we have 



Parametric equations of a line 



Symmetric equations of a line 



x — Xi — ait, y — yi = ci2t and z — Zi = a^t. 



(5.2) 



We call (5.2) parametric equations for the line, where t is the parameter. As in the two- 
dimensional case, a line in space can be represented by many different sets of parametric 
equations. Provided none of ci\ , 02 or 03 are zero, we can solve for the parameter in each of 
the three equations, to obtain 



x - xi y — yi z - zi 



«2 



(5.3) 



We refer to (5.3) as symmetric equations of the line. 




FIGURE I 1.40 

The line x = 1 + 4t, y = 5 + 3t, 
z = 2 + 7f 



EXAMPLE 5. 1 Finding Equations of a Line Given a Point and a Vector 

Find equations for the line through the point (1, 5, 2) and parallel to the vector (4, 3, 7). 
Also, determine where the line intersects the yz-plane. 

Solution From (5.2), parametric equations for the line are 

x - 1 = At, y - 5 = 3t and z - 2 = It. 

From (5.3), symmetric equations of the line are 

x~l = y_~l = z~2 
4 3 7 V 

We show the graph of the line in Figure 1 1 .40. Note that the line intersects the yz-plane 
where x — 0. Setting x — 0 in (5.4), we solve for y and z to obtain 

17 1 
y — — and z — -. 
4 4 

Alternatively, observe that we could solve x — \ — At for t (again where x — 0) and 
substitute this into the parametric equations for y and z. So, the line intersects the 
yz-plane at the point (0, |). a 
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I 1.41 

y-2 



Z+l 




FIGURE I 1.42 

Skew lines 



Given two points, we can easily find the equations of the line passing through them, as 
in example 5.2. 



EXAMPLE 5.2 Finding Equations of a Line Given Two Points 

Find equations for the line passing through the points P(l, 2, —1) and Q(5, —3, 4). 
Solution First, a vector that is parallel to the line is 

PQ= (5- 1, -3 - 2,4 - (-1)> = (4, -5,5). 

Picking either point will give us equations for the line. Here, we use P, so that parametric 
equations for the line are 



x — 1 = 4f, y — 2= —5t and z 
Similarly, symmetric equations of the line are 

x - 1 y-2 z + l 



1 = 5t. 



4 -5 
We show the graph of the line in Figure 1 1 .41 . 



Since we have specified a line by choosing a point on the line and a vector with the 
same direction, Definition 5.1 should be no surprise. 



DEFINITION 5.1 

Let /] and h be two lines in K 3 , with parallel vectors a and b, respectively, and let i 
be the angle between a and b. 

(i) The lines l\ and fa are parallel whenever a and b are parallel. 

(ii) If l\ and li intersect, then 

(a) the angle between l\ and fa is 6 and 

(b) the lines /[ and fa are orthogonal whenever a and b are orthogonal. 



In two dimensions, two lines are either parallel or they intersect. This is not true in 
three dimensions, as we see in example 5.3. 



EXAMPLE 5.3 



Show that the lines 



Showing Two Lines Are Not Parallel 
but Do Not Intersect 



l\ : x —2 — —t, y — 1 = 2t and z — 5 = 2t 
and fa '• x — 1 = s, y — 2 — —s and z — 1 = 3s 

are not parallel, yet do not intersect. 

Solution Notice immediately that we have used different letters (t and s) as 
parameters for the two lines. In this setting, the parameter is a dummy variable, so the 
letter used is not significant. However, solving the first parametric equation of each line 
for the parameter in terms of x, we get 



and 



x- 1, 



respectively. This says that the parameter represents something different in each line; so 
we must use different letters. Notice from the graph in Figure 1 1.42 that the lines are 
most certainly not parallel, but it is unclear whether or not they intersect. (Remember, 
the graph is a two-dimensional rendering of lines in three dimensions and so, while the 
two-dimensional lines drawn do intersect, it's unclear whether or not the 
three-dimensional lines that they represent intersect.) 

You can read from the parametric equations that a vector parallel to l\ is 
ai = (—1, 2, 2), while a vector parallel to fa is a2 = (1, —1, 3). Since ai is not a scalar 
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multiple of a2, the vectors are not parallel, confirming that the lines l\ and fa are not 
parallel. The lines intersect if there's a choice of the parameters s and t that produces the 
same point, that is, that produces the same values for all of x, y and z. Setting the 
.v-values equal, we get 

2 - f = 1 + 

so that s — 1 — t. Setting the v-values equal and setting s = 1 — t, we get 

1 + 2? = 2- 5 = 2- (1 - f) = 1 + f. 

Solving this for t yields t — 0, which further implies that s = 1 . Setting the 
z-components equal gives 

5 + 2f = 3s + 1, 

but this is not satisfied when t — 0 and s — 1. So, l\ and U are not parallel, yet do not 
h intersect. ■ 



DEFINITION 5.2 




Nonparallel, nonintersecting lines are called skew lines. 



Note that it's fairly easy to visualize skew lines. Draw two planes that are parallel and 
FIGURE I 1 .43 draw a line in each plane (so that it lies completely in the plane). As long as the two lines 

Skew lines are not parallel, these are skew lines. (See Figure 1 1.43.) 

O Planes in R 3 

Think about what information you might need to specify a plane in space. As a simple 
example, observe that the yz-plane is a set of points in space such that every vector connecting 
two points in the set is orthogonal to i. However, every plane parallel to the yz-plane satisfies 
this criterion. (See Figure 1 1 .44.) In order to select the one that corresponds to the vz-plane, 
you also need to specify a point through which it passes (any one will do). 




FIGURE I 1.44 FIGURE I 1.45 

Parallel planes Plane in K 3 

In general, a plane in space is determined by specifying a nonzero vector a = (a i , «2 , «3 } 
that is normal to the plane (i.e., orthogonal to every vector lying in the plane) and a point 
Pi(x u y\, z\) lying in the plane. (See Figure 11.45.) In order to find an equation of the 
plane, let P(x, y, z) represent any point in the plane. Then, since P and Pi are both points 

in the plane, the vector P\P — (x — x\, y — y\, z — Z\) lies in the plane and so, must be 
orthogonal to a. By Corollary 3.1, we have that 

0 = a ■ P\P — (fli, a 2 , «3> ■ (x - xi, y - y u z - zi) 
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Equation of a plane Or 



0 = ai(x - x{) + a 2 (y - yi) + a 3 (z - Zi). 



(5.5) 



Equation (5.5) is an equation for the plane passing through the point (x\ , y\ , zi) with normal 
vector (ci\ , a 2 , a 3 ). It's a simple matter to use this to find the equation of any particular plane. 
We illustrate this in example 5.4. 




FIGURE I 1.46 

The plane through (8, 0, 0), 
(0, f ,0) and(0, 0, f ) 



EXAMPLE 5.4 The Equation and Graph of a Plane Given a Point 
and a Normal Vector 

Find an equation of the plane containing the point (1,2, 3) with normal vector (4, 5,6), 
and sketch the plane. 



Solution From (5.5), we have the equation 



0 = 4(x - 1) + 5(y - 2) + 6(z - 3). 



(5.6) 



To draw the plane, we locate three points lying in the plane. In this case, the simplest 
way to do this is to look at the intersections of the plane with each of the coordinate 
axes. When y — z — 0, we get from (5.6) that 

0 = A(x - 1) + 5(0 - 2) + 6(0 - 3) = Ax - 4 - 10 - 18, 

so that Ax — 32 or x — 8. The intersection of the plane with the jc-axis is then the point 
(8, 0, 0). Similarly, you can find the intersections of the plane with the y- and z-axes: 
(0, y, 0) and (0, 0, y), respectively. Using these three points, we can draw the plane 
seen in Figure 1 1.46. We start by drawing the triangle with vertices at the three points; 
the plane we want is the one containing this triangle. Notice that since the plane 
intersects all three of the coordinate axes, the portion of the plane in the first octant is 
the indicated triangle and its interior. ■ 



Note that if we expand out the expression in (5.5), we get 

0 = a\(x - x\) + a 2 (y - yi) + a 3 (z - Zi) 
= a\X + a 2 y + a 3 z + {-a\x x - a 2 y { — a 3 zi) - 

constant 

We refer to this last equation as a linear equation in the three variables x, y and z. In 
particular, this says that every linear equation of the form 

0 = ax + by + cz + d, 

where a, b, c and d are constants, is the equation of a plane with normal vector {a, b, c). 

We observed earlier that three points determine a plane. But, how can you find an 
equation of a plane given only three points? If you are to use (5.5), you'll first need to find 
a normal vector. We can easily resolve this, as in example 5.5. 



EXAMPLE 5.5 Finding the Equation of a Plane Given Three Points 

Find the plane containing the three points P(l, 2, 2), Q(2, —1, 4) and R(3, 5, —2). 

Solution First, we'll need to find a vector normal to the plane. Notice that two vectors 
lying in the plane are 

Pg=(l,-3,2) and QR = (1,6,-6). 
Consequently, a vector orthogonal to both of PQ and QR is the cross product 

j 



PQ x QR 



k 

1 -3 2 
1 6 -6 



(6,8,9). 
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FIGURE I 1.47 

Plane containing three points 




FIGURE I 1.48 

Angle between planes 



UO, 3, 0) 



0) 



y 



FIGURE I 1.49 

The planes y — 3 and y — 8 



Since PQ and QR are not parallel, PQ x QR must be orthogonal to the plane, as well. 
(Why is that?) From (5.5), an equation for the plane is then 

0 = 6(x- l) + 8(y-2) + 9(z-2). 

In Figure 1 1.47, we show the triangle with vertices at the three points. The plane in 
question is the one containing the indicated triangle. ■ 



In three dimensions, two planes are either parallel or they intersect in a straight line. 
(Think about this some.) Suppose that two planes having normal vectors a and b, 
respectively, intersect. Then the angle between the planes is the same as the angle between 
a and b. (See Figure 11.48.) With this in mind, we say that the two planes are parallel 
whenever their normal vectors are parallel and the planes are orthogonal whenever their 
normal vectors are orthogonal. 



EXAMPLE 5.6 The Equation of a Plane Given a Point and a Parallel Plane 

Find an equation for the plane through the point (1,4, —5) and parallel to the plane 
defined by 2x — 5y + 7z = 12. 

Solution First, notice that a normal vector to the given plane is (2, —5,7). Since the 
two planes are to be parallel, this vector is also normal to the new plane. From (5.5), we 
can write down the equation of the plane: 

0 = 2(x - 1) - 5(y - 4) + 7(z + 5). ■ 



It's particularly easy to see that some planes are parallel to the coordinate planes. 



EXAMPLE 5.7 Drawing Some Simple Planes 

Draw the planes y — 3 and y = 8. 

Solution First, notice that both equations represent planes with the same normal 
vector, (0, 1,0) = j. This says that the planes are both parallel to the xz-plane, the first 
one passing through the point (0, 3, 0) and the second one passing through (0, 8, 0), as 
seen in Figure 1 1.49. ■ 



In example 5.8, we see how to find an equation of the line of intersection of two 
nonparallel planes. 



EXAMPLE 5.8 Finding the Intersection of Two Planes 

Find the line of intersection of the planes x + 2y + z — 3 and x — Ay 
Solution Solving both equations for x, we get 



3z = 5. 



x — 3 — 2y — z and x — 5 + 4y — 3z. 
Setting these expressions for x equal gives us 

3-2y-z = 5+4y-3z. 

Solving this for z gives us 

2z = 6y + 2 or z = 3y + l. 
Returning to either equation in (5.7), we can solve for x (also in terms of y). We have 
x = 3 - 2y - z = 3 - 2y - (3y + 1) = -5y + 2. 



(5.7) 
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FIGURE I 1.50 

Intersection of planes 



comp a P,P 0 | 



a 



FIGURE I 1.51 

Distance from a point to a plane 




Taking y as the parameter (i.e., letting y = t), we obtain parametric equations for the line 
of intersection: 

x = -5t + 2, y = t and z = 3* + l. 

You can see the line of intersection in the computer-generated graph of the two planes 
seen in Figure 1 1 .50. ■ 



Observe that the distance from the plane ax + by + cz + d = 0 to a point Pn(xn, yo, zo) 
not on the plane is measured along a line segment connecting the point to the plane that 
is orthogonal to the plane. (See Figure 1 1 .5 1 .) To compute this distance, pick any point 

Pi(xi, y\, Zi) lying in the plane and let a = (a, b, c) denote a vector normal to the plane. 

> 

From Figure 11.51, notice that the distance from P 0 to the plane is simply |comp a Pi Pol, 
where 



Pi P 0 = (x 0 - X\ , yo - yi, Zo - Zi). 



From (3.7), the distance is 



comp a Pi P 0 



PiPo 



(x 0 - xi,y 0 - y u zo - zi 
a(x 0 -x{) + b(y Q 



(a, b, c) 



{a, b, c)\ 
yi) + c(zo - zi)| 



V« 2 + b 2 + c 2 
\axQ + byo + czo — {ax\ + by x + czi)\ 



-J a 2 + b 2 
\axo + byo + czo + d\ 



Vfl 2 + b 2 ■ 

since (x\,y\,zi) lies in the plane and ax + by 
plane. 



■ cz 



(5.8) 

— d, for every point (x, y, z) in the 



EXAMPLE 5.9 Finding the Distance Between Parallel Planes 

Find the distance between the parallel planes: 

P 1 :2x-3y + z = 6 
and P 2 : 4x - 6y + 2z — 8. 

Solution First, observe that the planes are parallel, since their normal vectors 
(2, —3, 1} and (4, —6, 2) are parallel. Further, since the planes are parallel, the distance 
from the plane Pi to every point in the plane P2 is the same. So, pick any point in P2, 
say (0, 0, 4). (This is certainly convenient.) The distance D from the point (0, 0, 4) to the 
plane Pi is then given by (5.8) to be 

D ^ |(2)(0)-(3)(0) + (l)(4)-6| = 2 

V2 2 + 3 2 + l 2 714' . 



BEYOND FORMULAS 

Both lines and planes are defined in this section in terms of a point and a vector. To avoid 
confusing the equations of lines and planes, focus on understanding the derivations of 
these equations. Parametric equations of a line simply express the line in terms of a 
starting point and a direction. The equation of a plane is simply an expanded version 
of the dot product equation for the normal vector being perpendicular to the plane. 
Hopefully, you have discovered that a formula is easier to memorize if you understand 
the logic behind the result. 
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EXERCISES I 1.5 



0) 



^WRITING EXERCISES 



1. Explain how to shift back and forth between the parametric 
and symmetric equations of a line. Describe one situation in 
which you would prefer to have parametric equations to work 
with and one situation in which symmetric equations would be 
more convenient. 

2. Lines and planes can both be specified with a point and 
a vector. Discuss the differences in the vectors used, and 
explain why the normal vector of the plane specifies an entire 
plane, while the direction vector of the line merely specifies 
a line. 

3. If c — 0 in the equation ax + by + cz + d — 0 of a plane, you 
have an equation that could describe a line in the xy-plane. 
Describe how this line relates to the plane. 

4. Our hint about visualizing skew lines was to place the lines in 
parallel planes. Discuss whether every pair of skew lines must 
necessarily lie in parallel planes. (Hint: Discuss how the cross 
product of the direction vectors of the lines would relate to the 
parallel planes.) 



In exercises 1-10, find (a) parametric equations and (b) sym- 
metric equations of the line. 

1. The line through (1, 2, -3) and parallel to (2, -1, 4) 

2. The line through (3, —2, 4) and parallel to (3, 2, —1) 

3. The line through (2,1,3) and (4, 0, 4) 

4. The line through (0, 2, 1) and (2, 0, 2) 

5. The line through (1, 2, 1) and parallel to the line x — 2 — 3t, 
y = 4, z = 6 + t 

6. The line through (—1,0,0) and parallel to the line 
x + 1 y 

7. The line through (2, 0, 1) and perpendicular to both (1, 0, 2) 
and (0, 2, 1) 

8. The line through (—3,1,0) and perpendicular to both 
(0,-3, 1) and (4, 2,-1) 

9. The line through (1,2,-1) and normal to the plane 
2x - y + 3z = 12 

10. The line through (0, —2, 1) and normal to the plane y + 3z — 4 



In exercises 11-14, determine whether the lines are paral- 
lel, skew or intersect. If they intersect, find the point of 
intersection. 



11. 



x = 4 + t 

y = 2 

z = 3 + 2t 



and 




12. 



13. 



14. 



■-3 + t 
■- 3 + 3t 
4-t 

: 1 +2t 

■- 3 

-1 -At 



x = 1 - 2t 
y = 2t 
Z = 5-t 



and 



and 



and 



■-2-s 

■-1-2S 

6 + 2s 

■-2-s 
■- 2 

3 + 2s 

■-3 + 2s 
■- -2 

3 + 2.s 



In exercises 15-24, find an equation of the given plane. 

15. The plane containing the point (1, 3, 2) with normal vector 
(2,-1,5) 

16. The plane containing the point (—2, 1, 0) with normal vector 
(-3,0, 2) 

17. The plane containing the points (2,0,3), (1,1,0) and 
(3,2,-1) 

18. The plane containing the points (1,-2,1), (2,-1,0) and 
(3, -2, 2) 

19. The plane containing the points (a, 0, 0), (0, b, 0) and (0, 0, c), 
where a, b and c are nonzero constants. 

20. The plane containing the points (xi,yi,0), fe, 0, zi) and 

(0, y 3 ,z 3 ). 

21. The plane containing the point (0, —2, —1) and parallel to the 
plane — 2x + 4y — 3 

22. The plane containing the point (3, 1,0) and parallel to the plane 
-3x - 3y + 2z = 4 



23. The plane containing the point (1,2, 1) and perpendicular to 
the planes x + y — 2 and 2x + y — z — 1 

24. The plane containing the point (3, 0,-1) and perpendicular to 
the planes x + 2y — z — 2 and 2x — z — 1 



In exercises 25-34, find all intercepts and sketch the given plane. 

25. x + y + z = 4 26. 2x - y + 4z = 4 

27. 3x + 6y - z = 6 28. 2x + y + 3z = 6 

29. x = 4 30. y = 3 

31. z = 2 32. x + y = 1 

33. 2x - z = 2 34. y = x + 2 

In exercises 35-38, find the intersection of the planes. 

35. 2x — y — z = 4 and 3x — 2 y + z = 0 

36. 3x + y — z = 2 and 2x — 3y + z = — 1 



I 1-47 



SECTION I 1.5 •• Lines and Planes in Space 733 



37. 3x + Ay = 1 and x + y - z = 3 

38. x — 2y + z = 2 and x + 3y — 2z = 0 



In exercises 39^14, find the distance between the given objects. 

39. The point (2, 0, 1) and the plane 2x - y + 2z = 4 

40. The point (1,3,0) and the plane 3x + y — 5z = 2 

41. The point (2, —1,-1) and the plane x — y + z — 4 

42. The point (0, —1, 1) and the plane 2x — 3y = 2 

43. The planes 2x — y — z — 1 and 2x — y — z — 4 

44. The planes x + 3 y — 2z — 3 and x + 3y — 2z — 1 



In exercises 55-62, state whether the statement is true or false 
(not always true). If it is false, modify it to make a true statement. 

55. Two planes either are parallel or intersect. 

56. The set of points common to two planes is a line. 

57. The set of points common to three planes is a point. 

58. Lines that lie in different parallel planes are skew. 

59. The set of all lines perpendicular to a given line forms a plane. 

60. There is exactly one line perpendicular to a given plane. 

61. The set of all points equidistant from two different fixed points 
forms a plane. 

62. The set of all points equidistant from two given planes forms 
a plane. 



In exercises 45-50, state whether the lines are parallel or 
perpendicular and find the angle between the lines. 



45. 



46. 



47. 



48. 



49. 



50. 



x = l-3t 




x = l + 2s 


y = 2 + At 


and 


y = 2 — 2s 


Z = -6 + t 




z — — 6 + s 


x=A-2t 




x — 4 + s 


y = 3t 


and 


y = — 2s 


z = -l + 2t 




z = -1+3* 


x = \ + 2t 




x — 2 — s 


y = 3 


and 


y = 8 + 5s 


z = -l + t 




z = 2 + 2s 


x = 1 - 2t 




x — 3 + 2s 


y = 2t 


and 


y = -2 - 2s 


z = 5-t 




z = 6 + s 


x = - 1 + 2t 




X — — 1 — s 


y = 3 + At 


and 


y = 3 — 2s 


z = -6t 




z — 3s 


x = 3 - t 




x = 1 + 2s 


y = 4 


and 


y = 7 - 3s 


z = -2 + 2t 




z = -3 + s 



51. Show that the distance between planes ax + by + cz — d\ and 

■ l I , ■ ■ h \di-d l \ 
ax + by + cz — is given by . . 

Va 2 + b 2 + c 2 

52. Find an equation of the plane containing the lines 



x = 4 + t 

y=2 

z = 3 + 2t 



and 



x = 2 + 2s 
y — 2s 

Z = -1+4,5 



53. Find an equation for the intersection of 
" x — 2 + t 

and x — y + 2z — 3 . 



y=3-t 
z = 2t 



54. Find numbers a, b and c such that 
x — 1 + at 

y — 2 + bt is perpendicular to 2x + y — 3z — 1 . 
z = 3 + ct 



In exercises 63-66, determine whether the given lines or planes 
are the same. 

63. x = 3 - 2t , y = 3?, z = / - 2 and x = 1 + At, y = 3 - 6t, 
z = -1 -2t 

64. x = 1 + At , y = 2 - 2t , z = 2 + 6t and x = 9 - 2t, 
y = -2 + 1, z = 8 - 3t 

65. 2(x - 1) - (y + 2) + (z - 3) = 0 and 4x - 2y + 2z = 2 

66. 3Qc + 1) + 2(y - 2) - 3(z + 1) = 0 and 
6(x - 2) + 4(y + 1) - 6z = 0 



67. Describe the family of planes and the role of the parameter c. 
(a) x + y + cz = 2 (b) x + y + 2z = c 

(c) 2(x - c) + y - z = 4 (d) jc + 2y - 3z = 1 + 3c 



68. Suppose two airplanes fly paths described by the parametric 
ix = 3 

equations Pi : y — 6 — 2t and Pi : 
z = 3t + 1 

Describe the shape of the flight paths. If t — s represents 
time, determine whether the paths intersect. Determine if the 
planes collide. 



x = 1 + 2s 
y = 3 + s 
z = 2 + 2s 



EXPLORATORY EXERCISES 



1. Compare the equations that we have developed for the dis- 
tance between a (two-dimensional) point and a line and for a 
(three-dimensional) point and a plane. Based on these equa- 
tions, hypothesize a formula for the distance between the 
(four-dimensional) point (jci, yi, zi, w\) and the hyperplane 
ax + by + cz + dw + e — 0. 

2. In this exercise, we will explore the geometrical object deter- 

Ix = 2s + 3t 
y — 3s + 2t . Given that 
z = s + t 

there are two parameters, what dimension do you expect the 
object to have? Given that the individual parametric equations 
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are linear, what do you expect the object to be? Show that the 
points (0, 0, 0), (2, 3, 1) and (3, 2, 1) are on the object. Find an 
equation of the plane containing these three points. Substitute 



in the equations for x, y and z and show that the object 
lies in the plane. Argue that the object is, in fact, the entire 
plane. 



1 1.6 SURFACES IN SPACE 




FIGURE I 1.52 

Right circular cylinder 




FIGURE 1 1.53a 

z = y 2 




Now that we have discussed lines and planes in Mr, we explore more complicated objects 
in three dimensions. Don't expect a general theory like we developed for two-dimensional 
graphs. Drawing a two-dimensional image that represents an object in three dimensions or 
even correctly interpreting computer-generated graphics is something of an art. Our goal 
here is not to produce artists, but rather to leave you with the ability to deal with a small 
group of surfaces in three dimensions. In countless problems, taking a few extra minutes to 
draw a better graph will result in a huge savings of time and effort. 



O Cylindrical Surfaces 



We begin with a simple type of three-dimensional surface. When you see the word 
cylinder, you probably think of a right circular cylinder. For instance, consider the graph 
of the equation x 2 + y 2 — 9 in three dimensions. While the graph of x 2 + y 2 — 9 in two 
dimensions is the circle of radius 3, centered at the origin, what is its graph in three dimen- 
sions? Consider the intersection of the surface with the plane z — k, for some constant k. 
Since the equation has no z's in it, the intersection with every such plane (called the trace 
of the surface in the plane z — k) is the same: a circle of radius 3, centered at the origin. 
Think about it: the intersection of this surface with every plane parallel to the xy-plane is a 
circle of radius 3, centered at the origin. This describes a right circular cylinder, in this case 
one of radius 3, whose axis is the z-axis. (See Figure 11.52.) 

More generally, the term cylinder is used to refer to any surface whose traces in every 
plane parallel to a given plane are the same. With this definition, many surfaces qualify as 
cylinders. 



y EXAMPLE 6.1 Sketching a Surface 

Draw a graph of the surface z — y 2 in R 3 . 

Solution Since there are no x's in the equation, the trace of the graph in the plane 
x — k is the same for every k. This is then a cylinder whose trace in every plane parallel 
to the yz-plane is the parabola z — y 2 ■ To draw this, we first draw the trace in the 
yz-plane and then make several copies of the trace, locating the vertices at various 
points along the jt-axis. Finally, we connect the traces with lines parallel to the x-axis to 
give the drawing its three-dimensional look. (See Figure 1 1.53a.) A computer-generated 
wireframe graph of the same surface is seen in Figure 11.53b. Notice that the wireframe 
consists of numerous traces for fixed values of x or y. ■ 



FIGURE 1 1.53b 



EXAMPLE 6.2 Sketching an Unusual Cylinder 

Draw a graph of the surface z — sin i in K . 

Solution In this case, there are no y's in the equation. Consequently, traces of the 
surface in any plane parallel to the xz-plane are the same; they all look like the 
two-dimensional graph of z — sin x. We draw one of these in the .rz-plane and then 
make copies in planes parallel to the xz-plane, finally connecting the traces with 
lines parallel to the v-axis. (See Figure 1 1.54a.) In Figure 1 1.54b, we show a 
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FIGURE I 1.55 

Sphere 



TODAY IN 
MATHEMATICS 



Grigori Perelman (1966- ) 

A Russian mathematician whose 
work on a famous problem 
known as Poincare's conjecture is 
described in Masha Gessen's book 
Perfect Rigor. Perelman showed 
his mathematical prowess as a 
high school student, winning a 
gold medal at the 1 982 
International Mathematical 
Olympiad. Eight years of isolated 
work produced a proof of a deep 
result known as Thurston's 
Geometrization Conjecture, 
which is more general than the 
1 00-year-old Poincare conjecture. 
Perelman's techniques have 
already enabled other researchers 
to make breakthroughs on less 
famous problems and are 
important advances in our 
understanding of the geometry of 
three-dimensional space. 



computer-generated wireframe plot of the same surface. In this case, the cylinder looks 
like a plane with ripples in it. 





FIGURE 1 1.54a 

The surface z — sin x 



FIGURE I 1.54b 

Wireframe: z — sinx 



O Quadric Surfaces 

The graph of the equation 

ax 2 + by 2 + cz 2 + dxy + eyz + fxz 



gx + hy + jz + k — 0 



in three-dimensional space (where a, b, c, d, e, f, g, h, j and k are all constants and at least 
one of a, b, c, d, e or/ is nonzero) is referred to as a quadric surface. 
The most familiar quadric surface is the sphere 

(x - a) 2 + (y - b) 2 + {z- c) 2 = r 2 

of radius r centered at the point (a, b, c). To draw the sphere centered at (0, 0, 0), first 
draw a circle of radius r, centered at the origin in the yz-plane. Then, to give the surface its 
three-dimensional look, draw circles of radius r centered at the origin, in both the xz- and 
xy-planes, as in Figure 11.55. Note that due to the perspective, these circles will look like 
ellipses and will be only partially visible. (We indicate the hidden parts of the circles with 
dashed lines.) 

A generalization of the sphere is the ellipsoid: 

(x - a) 2 (y - b) 2 (z - c) 2 



(Notice that when d — e 



d 2 e 2 f 2 

/, the surface is a sphere.) 



= 1. 



EXAMPLE 6.3 

Graph the ellipsoid 



Sketching an Ellipsoid 



1 



y 

T 



= l. 



Solution First draw the traces in the three coordinate planes. (In general, you may 
need to look at the traces in planes parallel to the three coordinate planes, but the traces 
in the three coordinate planes will suffice, here.) In the yz-plane, x = 0, which gives us 
the ellipse 



L, 



shown in Figure 1 1.56a (on the following page). Next, add to Figure 1 1.56a the traces in 
the xy- and xz-planes. These are 



— 1 and 



14 19 
respectively, which are also ellipses. (See Figure 11.56b.) 



- 1, 
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NOTES 

We normally start by drawing a 
trace in the plane x = 0. With 
axes oriented as in Figure 11.56a, 
this trace is viewed 'head-on', 
with little distortion. The trace in 
the plane z = 0 often adds enough 
depth to a drawing to make the 
surface recognizable. The trace in 
the plane y = 0 further clarifies 
the drawing. 



CASs and many graphing calculators produce three-dimensional plots when given 
z as a function of x and y. For the problem at hand, notice that we can solve for z and 

plot the two functions z — 3^/l — x 2 — ^- and z — —3^1 — x 2 — Such graphs 
often fail to connect the two halves of the ellipsoid. To correctly interpret such a graph, 
you must mentally fill in the gaps. This requires an understanding of how the graph 
should look, which we obtained drawing Figure 1 1.56b. 2 ^2 

As an alternative, many CASs enable you to graph the equation x 2 + — + — = 1 
using implicit plot mode. In this mode, the CAS numerically solves the equation for 
the value of z corresponding to each one of a large number of sample values of x and y 
and plots the resulting points. The graph obtained in Figure 1 1.56c shows some details 
not present in Figure 1 1.56b, but doesn't show the elliptical traces that we used to 
construct Figure 1 1 .56b. 

The best option, when available, is often a parametric plot. In three dimensions, 
this involves writing each of the three variables x, y and z in terms of two parameters, 
with the resulting surface produced by plotting points corresponding to a sample of 
values of the two parameters. (A more extensive discussion of the mathematics of 
parametric surfaces is given in section 12.6.) As we develop in the exercises, parametric 
equations for the ellipsoid are x — sin s cos t , y — 2 sin s sin t and z — 3 cos s, with the 
parameters taken to be in the intervals 0 < s < 2n and 0 < t < 2n . Notice how 
Figure 11.56d shows a nice smooth plot and clearly shows the elliptical traces. 





FIGURE 1 1.56c 

Wireframe ellipsoid 



FIGURE I l.56d 

Parametric plot 
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EXAMPLE 6.4 Sketching a Paraboloid 

Draw a graph of the quadric surface 

2 , 2 

x + y — z. 

Solution To get an idea of what the graph looks like, first draw its traces in the three 
coordinate planes. In the yz-plane, we have x — 0 and so, y 2 — z (a parabola). In the 
xz-plane, we have y — 0 and so, x 1 = z (a parabola). In the xy-plane, we have z — 0 and 
so, x 2 + y 2 — 0 (a point — the origin). We sketch the traces in Figure 1 1.57a. Finally, 
since the trace in the xy-plane is just a point, we consider the traces in the planes z — k 
(for k > 0). Notice that these are the circles x 2 + y 2 = k, where for larger values of z 
(i.e., larger values of k), we get circles of larger radius. We sketch the surface in Figure 
11.57b. Such surfaces are called paraboloids and since the traces in planes parallel to 
the xy-plane are circles, this is called a circular paraboloid. 

Graphing utilities with three-dimensional capabilities generally produce a graph 
like Figure 11.57c for z — x 2 + y 2 . Notice that the parabolic traces are visible, but not 
the circular cross sections we drew in Figure 1 1 .57b. The four peaks visible in Figure 
11.57c are due to the rectangular domain used for the plot (in this case, —5 < x < 5 and 
-5 < y < 5). 

We can improve this by restricting the range of the z-values. With 0 < z < 15, 
you can clearly see the circular cross section in the plane z — 15 in Figure 1 1.57d. 

As in example 6.3, a parametric surface plot is even better. Here, we have 
x — s cos t, y — s sin t and z = s 2 , with 0 < s < 5 and 0 < t < 2tt. Figure 11.57e 
clearly shows the circular cross sections in the planes z — k, for k > 0. 



z z z 




FIGURE 1 1.57a FIGURE 1 1.57b FIGURE 1 1.57c 

Traces Paraboloid Wireframe paraboloid 




FIGUREII.57d FIGUREII.57e 

Wireframe paraboloid for 0 S z S 15 Parametric plot paraboloid 
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Notice that in each of the last several examples, we have had to use some thought 
to produce computer-generated graphs that adequately show the important features of 
the given quadric surface. We want to encourage you to use your graphing calculator or 
CAS for drawing three-dimensional plots, because computer graphics are powerful tools 
for visualization and problem solving. However, be aware that you will need a basic 
understanding of the geometry of quadric surfaces to effectively produce and interpret 
computer-generated graphs. 



EXAMPLE 6.5 Sketching an Elliptic Cone 



Draw a graph of the quadric surface 




FIGURE 1 1.58a 

Trace in yz-plane 



r 

4 



— z 



Solution While this equation may look a lot like that of an ellipsoid, there is a 
significant difference. (Look where the z 2 term is!) Again, we start by looking at the 
traces in the coordinate planes. For the vz-plane, we have x — 0 and so, <y — z 2 or 
y 2 = 4z 2 , so that y = ±2z. That is, the trace is a pair of lines: y — 2z and y = — 2z. We 
show these in Figure 1 1.58a. Likewise, the trace in the xz-plane is a pair of lines: 
x — ±z. The trace in the .ry-plane is simply the origin. (Why?) Finally, the traces in the 
planes z — k (k ^ 0), parallel to the xy-plane, are the ellipses x 2 + 4- = k 2 . Adding 
these to the drawing gives us the double-cone seen in Figure 1 1.58b. 

Since the traces in planes parallel to the xy-plane are ellipses, we refer to this as an 
elliptic cone. One way to plot this with a CAS is to graph the two functions 

z — yj x 2 + ^- and z — — Jx 2 + In Figure 1 1.58c, we restrict the z-range to 
— 10 < z < 10 to show the elliptical cross sections. Notice that this plot shows a gap 
between the two halves of the cone. If you have drawn Figure 1 1.58b yourself, this 
plotting deficiency won't fool you. Alternatively, the parametric plot shown in 
Figure 11.58d, with x — V^cosf, y — 2v^sinf and z — s, with —5 < s < 5 and 
0 < t < 2jt, shows the full cone with its elliptical and linear traces. 




EXAMPLE 6.6 Sketching a Hyperboloid of One Sheet 

Draw a graph of the quadric surface 
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Solution The traces in the coordinate plane are as follows: 



(see Figure 11.59a), 



yz-plane(x = 0): y = 1 (hyperbola) 



xy-plane (z — 0): — + y — 1 (ellipse) 




FIGURE 1 1.59a 

Trace in yz-plane 



and 



xz-plane (y — 0): 



x z 
~4 ~ 2 

Further, notice that the trace of the surface in each plane z 
is also an ellipse: 

,2 k 2 



1 (hyperbola). 

k (parallel to the xy-plane) 



1. 



Finally, observe that the larger k is, the larger the axes of the ellipses are. Adding this 
information to Figure 1 1 .59a, we draw the surface seen in Figure 1 1 .59b. We call this 
surface a hyperboloid of one sheet. 



To plot this with a CAS, you could graph the two functions z — J + y 2 — l) 
and z — -J2(j + y 2 — l). (See Figure 1 1.59c, where we have restricted the z-range 



to — 10 < z < 10, to show the elliptical cross sections.) Notice that this plot looks more 
like a cone than the hyperboloid in Figure 1 1.59b. However, if you have drawn Figure 
1 1.59b yourself, this plotting deficiency won't fool you. 




FIGURE 1 1.59b 

Hyperboloid of one sheet 





FIGURE 1 1.59c 

Wireframe hyperboloid 



FIGURE I l.59d 

Parametric plot 



Alternatively, the parametric plot seen in Figure 1 1 .59d, with x = 2 cos s cosh t, 
y — sin s cosh t and z — y/2 sinh t, with 0 < s < 2n and — 5 < t < 5, shows the full 
hyperboloid with its elliptical and hyperbolic traces. ■ 



EXAMPLE 6.7 Sketching a Hyperboloid of Two Sheets 

Draw a graph of the quadric surface 

2 2 

4 y 2 

Solution Notice that this is the same equation as in example 6.6, except for the sign 
of the y-term. As we have done before, we first look at the traces in the three coordinate 
planes. The trace in the yz-plane (x = 0) is defined by 

-,>-5! = i. 

y 2 
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Since it is clearly impossible for two negative numbers to add up to something positive, 
this is a contradiction and there is no trace in the yz-plane. That is, the surface does not 
intersect the yz-plane. The traces in the other two coordinate planes are as follows: 

xy-plane (z = 0): v 2 = 1 (hyperbola) 



and 




FIGURE 1 1.60a 

Traces in xy- and xz-planes 



xz-plane (y = 0): — — — — 1 (hyperbola). 



We show these traces in Figure 11.60a. Finally, notice that for x — k, we have that 

2 ; 2 

k~ 



y 2 + 



l. 



so that the traces in the plane x — k are ellipses for k 2 > 4. It is important to notice here 

that if k 2 < 4, the equation y 2 + — = — — 1 has no solution. (Why is that?) So, for 

—2 < k < 2, the surface has no trace at all in the plane x — k, leaving a gap that 
separates the hyperbola into two sheets. Putting this all together, we have the surface 
seen in Figure 1 1 .60b. We call this surface a hyperboloid of two sheets. 



We can plot this on a CAS by graphing the two functions z = J2(j — y 2 — l) and 



z = — J — y 2 — l). (See Figure 11.60c, where we have restricted the z-range to 
— 10 < z < 10, to show the elliptical cross sections.) Notice that this plot shows large 
gaps between the two halves of the hyperboloid. However, if you have drawn Figure 
1 1.60b yourself, this plotting deficiency won't fool you. 






FIGURE I 1.60b 

Hyperboloid of two sheets 



FIGURE 1 1.60c 

Wireframe hyperboloid 



FIGURE I l.60d 

Parametric plot 



Alternatively, the parametric plot with x — 2 cosh s, y — sinhs cos t and 
z = yfl sinh s sin f , for —4 < s < 4 and 0 < t < 2tt, produces the left half of the 
hyperboloid with its elliptical and hyperbolic traces. The right half of the hyperboloid 
has parametric equations x — —2 cosh s, y — sinh s cos t and z = ~J2 sinh s sin t , with 
—4 < s < 4 and 0 < t < 2jt. We show both halves in Figure 1 1.60d. ■ 

As our final example, we offer one of the more interesting quadric surfaces. It is also 
one of the more difficult surfaces to sketch. 



EXAMPLE 6.8 Sketching a Hyperbolic Paraboloid 

Sketch the graph of the quadric surface defined by the equation 
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Solution We first consider the traces in planes parallel to each of the coordinate 
planes: 

parallel to xy-plane (z = k): 2y 2 — x 2 — k (hyperbola, for k ^ 0), 
parallel to xz-plane (y — k): z — —x 2 + 2k 2 (parabola opening down) 

and parallel to jz-plane (x — k): z — 2y 2 — k 2 (parabola opening up). 

We begin by drawing the traces in the xz- and yz-planes, as seen in Figure 1 1.61a. Since 
the trace in the xy-plane is the degenerate hyperbola 2 y 2 — x 2 (two lines: x — ±-s/2y) ! 
we instead draw the trace in several of the planes z — k. Notice that for k > 0, these are 
hyperbolas opening toward the positive and negative y-direction and for k < 0, these are 
hyperbolas opening toward the positive and negative ^-direction. We indicate one of 
these for k > 0 and one for k < 0 in Figure 1 1.61b, where we show a sketch of the 
surface. We refer to this surface as a hyperbolic paraboloid. More than anything else, 
the surface resembles a saddle. In fact, we refer to the origin as a saddle point for this 
graph. (We'll discuss the significance of saddle points in Chapter 13.) 




y 



FIGURE I 1. 61a FIGURE I 1. 61b FIGURE I 1 .6 Ic 

Traces in the xz- and yz-planes The surface z — 2y 2 — x 2 Wireframe plot of z — 2y 2 — x 2 



A wireframe graph of z — 2y 2 — x 2 is shown in Figure 1 1.61c (with — 5 < x < 5 
and — 5 < v < 5 and where we limited the z-range to — 8 < z < 12). Note that only the 
parabolic cross sections are drawn, but the graph shows all the features of Figure 1 1.61b. 
Plotting this surface parametrically is fairly tedious (requiring four different sets of 
equations) and doesn't improve the graph noticeably. ■ 



O An Application 

You may have noticed the large number of paraboloids around you. For instance, radio- 
telescopes and even home television satellite dishes have the shape of a portion of a para- 
boloid. Reflecting telescopes have parabolic mirrors that again, are a portion of a paraboloid. 
There is a very good reason for this. It turns out that in all of these cases, light waves or radio 
waves striking any point on the parabolic dish or mirror are reflected toward one point, the 
focus of each parabolic cross section through the vertex of the paraboloid. This remarkable 
fact means that all light waves or radio waves end up being concentrated at just one point. 
In the case of a radiotelescope, placing a small receiver just in front of the focus can take 
a very faint signal and increase its effective strength immensely. (See Figure 1 1 .62 on the 
following page.) The same principle is used in optical telescopes to concentrate the light 
from a faint source (e.g., a distant star). In this case, a small mirror is mounted in a line 
from the parabolic mirror to the focus. The small mirror then reflects the concentrated light 
to an eyepiece for viewing. (See Figure 1 1.63.) 
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The following table summarizes the graphs of quadric surfaces. 




Continued 
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EXERCISES I 1.6 

^WRITING EXERCISES 

1. In the text, different hints were given for graphing cylinders as 
opposed to quadric surfaces. Explain how to tell from the equa- 
tion whether you have a cylinder, a quadric surface, a plane or 
some other surface. 

2. The first step in graphing a quadric surface is identifying traces. 
Given the traces, explain how to tell whether you have an el- 
lipsoid, elliptical cone, paraboloid or hyperboloid. (Hint: For 
a paraboloid, how many traces are parabolas?) 

3. Suppose you have identified that a given equation represents 
a hyperboloid. Explain how to determine whether the hyper- 
boloid has one sheet or two sheets. 

4. Circular paraboloids have a bowl-like shape. However, the 
paraboloids z — x 2 + y 2 , z — 4 — x 2 — y 2 , y — x 2 + z 2 and 
x — y 2 + z 2 all open up in different directions. Explain why 
these paraboloids are different and how to determine in which 
direction a paraboloid opens. 



In exercises 1-40, sketch the appropriate traces, and then sketch 
and identify the surface. 



1. 


Z = x 2 


2. 


Z = 4 - y 2 


3. 


2 y 2 z 2 , 

x + - — I = 1 

9 4 


4. 


2 2 2 

x y z 

— + — + — = 1 

4 4 9 


5. 


z = Ax 1 + Ay 2 


6. 


z = x 2 + Ay 2 


7. 


z 2 = Ax 2 + y 2 


8. 


2 2 

z 2 =-+ y - 
4 9 


9. 


Z = x 2 -y 2 


10. 


2 2 

z = y - x 


11. 


x 2 -y 2 + z 2 = \ 


12. 


x 2 + ^-z 2 =l 
A 



13. 




14. 


7 2 

2 2 <■ i 

x — y = 1 

y A 


15. 


z — cosx 


16. 


Z = Jx 2 + Ay 2 


17. 


z — A — x 2 — y 2 


18. 


1 i 2 
x = y- + z 


19. 


z = y 3 


20. 


Z = A-x 2 


21. 


z = Jx'- + f- 


22. 


z — sin y 


23. 


2 

y — x 


24. 


x = 2-y 2 


25. 


y = x 2 + z 2 


26. 


z = 9-x 2 - y 2 


27. 


x 2 + Ay 2 +l6z 2 = 16 


28. 


2x-z = A 


29. 


4x 2 - y - z 2 = 0 


30. 


-x 2 - y 2 + 9z 2 = 9 


31. 


4x 2 + y 2 - z 2 = A 


32. 


x 2 + 9y 2 - z 2 = 9 


33. 


-Ax 2 + y 2 - z 2 = 4 


34. 


x 2 - Ay 2 + z = 0 


35. 


x + v = 1 


36. 


9x 2 + y 2 + 9z 2 = 9 


37. 


x 2 + y 2 = 4 


38. 


9x 2 + z 2 = 9 


39. 


x 2 - y + z 2 = 4 


40. 


x + y 2 + z 2 = 2 



In exercises 41-44, sketch graphs for c = — 1, c = 0, c = 1 and 
other values of c. Describe the effect that the value of c has on 
the surface. 

41. x 2 + cy 2 + z 2 = 1 42. x 2 + cy 2 - z 2 = 1 

43. x 2 + cy 2 - z = 0 44. x 2 - y 2 + z 2 = c 
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In exercises 45 and 46, match the surfaces with 
the equations - x 2 + 2y 2 4- z 2 = 0, - x 2 + ly 2 + z 2 = 1, 
-x + ly 2 + z 2 = 0, -x 2 + ly 2 - z 2 = 1, - x 2 + 2y 2 = 1 and 
-x 2 - ly 2 + z 2 = 1. 



45. (a) 






46. (a) 





Exercises 47-56 involve parametric equations for quadratic 
surfaces. 

47. If x — a sin s cos t , y — b sin s sin t and z — c cos s, show that 

2 2 2 

x~ y z 
(x, y, z) lies on the ellipsoid — 4 — -4 — r = 1. 

a 2 b 2 c 2 

48. If x = as cos t,y — bs sin / and z = s 2 , show that (jc, v, z) lies 

2 2 

x y 

on the paraboloid z = — 4- ttt • 

a 2 b 2 



49. If x = as cos f, y = bs sin / and z = s, show that (x, y , z) lies 

x 2 y 2 

on the cone z 2 = 4- —r ■ 

a 2 b 2 

50. If x = a cos s cosh f , y = £> sin i cosh f and z = c sinh f , show 
that (x,y, z) lies on the hyperboloid of one sheet 



0 2 

£ r 

,2 + & 2 



= 1. 

fl^ o- c- 

51. If x = a cosh 5, y — b sinh S cos / and z = c sinhi sinf, show 
that (x, y, z) lies on the front half (if a > 0) or back half 

T T ? 

z 



x y~ 

(if a < 0) of the hyperboloid of two sheets — 



= 1. 



fe 2 c 2 

52. Show that x = coshi, y = b sinhs cos f and z — 
c sinh i sin t, —2n <t<2n, are parametric equations for 



the hyperboloid of two sheets 



y 

b 2 



= 1. 



53. Find parametric equations as in exercises 47-52 for the 
surfaces in exercises 3, 5 and 7. Use a CAS to graph the 
parametric surfaces. 

54. Find parametric equations as in exercises 47-52 for the 
surfaces in exercises 11 and 13. Use a CAS to graph the 
parametric surfaces. 

55. Find parametric equations for the surface in exercise 17. 

56. Find parametric equations for the surface in exercise 33. 




6 



APPLICATIONS 



57. Hyperbolic paraboloids are sometimes called "saddle" graphs. 
The architect of the Saddle Dome in the Canadian city of 
Calgary used this shape to create an attractive and symboli- 
cally meaningful structure. 

One issue in using this shape is water drainage from the 
roof. If the Saddle Dome roof is described by z = x 2 — y 2 , 
— 1 < x < 1,-1 < y < 1 , in which direction would the water 
drain? First, consider traces for which y is constant. Show that 
the trace has a minimum at x = 0. Identify the plane x = 0 in 
the picture. Next, show that the trace at x = 0 has an absolute 
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maximum at y — 0. Use this information to identify the two 
primary points at which the water would drain. 




58. Cooling towers for nuclear reactors are often constructed as 
hyperboloids of one sheet because of the structural stability of 
that surface. (See the accompanying photo.) Suppose all hor- 
izontal cross sections are circular, with a minimum radius of 
200 feet occurring at a height of 600 feet. The tower is to be 
800 feet tall with a maximum cross-sectional radius of 300 feet. 
Find an equation for the structure. (Hint: The information given 
does not completely determine the shape of the structure, or 
the equation.) 




59. You can improve the appearance of a wireframe graph by 
carefully choosing the viewing window. We commented on 
the curved edge in Figure 11.57c. Graph this function with 



domain —5 < x < 5 and —5 S y S 5, but limit the z -range to 
— 1 < z < 20. Does this look more like Figure 1 1.57b? 



^ EXPLORATORY EXERCISE 

i] 1. Golf club manufacturers use ellipsoids (called inertia ellip- 
soids) to visualize important characteristics of golf clubs. 
A three-dimensional coordinate system is set up as shown 
in the figure. The (second) moments of inertia are then 
computed for the clubhead about each coordinate axis. The 
inertia ellipsoid is defined as l xx x 2 + I yy y 2 + l zz z 2 + 
2I xy xy + 2I yz yz + 21 xz xz — 1. The graph of this ellipsoid 
provides important information to the club designer. For com- 
parison purposes, a homogeneous spherical shell would have 
a perfect sphere as its inertia ellipsoid. In Science and Golf II, 
the data given here are provided for a 6-iron and driver, re- 
spectively. Graph the ellipsoids and compare the shapes. For 
the 6-iron, 89 Ax 2 + 195. Sy 2 + 124.9z 2 - 48.6xy - 111.8xz 
+ 0.4yz = 1,000,000 and for the driver, 119. 3x 2 + 243.9y 2 
+ 139.4z 2 - l.2xy - IXAxz - 25.8yz = 1,000,000. 




Review Exercises 



^5 WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Traces 

Circular paraboloid 
Hyperboloid of 
one sheet 



Cylinder Skew lines 

Hyperbolic paraboloid Ellipsoid 

Hyperboloid Cone 

of two sheets Saddle 



Vector 

Position vector 
First octant 
Angle between 

vectors 
Projection 
Magnus force 
Parallel planes 



Scalar 
Unit vector 
Sphere 

Triangle Inequality 
Cross product 
Parametric equations 

of line 
Orthogonal planes 



Magnitude 
Displacement 

vector 
Dot product 
Component 
Torque 
Symmetric 

equations of line 



TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. Two vectors are parallel if one vector equals the other divided 
by a constant. 
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2. For a given vector, there is one unit vector parallel to it. 

3. A sphere is the set of all points at a given distance from a fixed 
point. 

4. The dot product a • b = 0 implies that either a = 0 or b = 0. 

5. If a • b > 0, then the angle between a and b is less than |. 

6. (a • b) • c = a • (b • c) for all vectors a, b and c. 

7. (a x b) x c = a x (b x c) for all vectors a, b and c. 

8. a x b is the unique vector perpendicular to the plane containing 
a and b. 

9. The cross product can be used to determine the angle between 
vectors. 

10. Two planes are parallel if and only if their normal vectors are 
parallel. 

11. The distance between parallel planes equals the distance 
between any two points in the planes. 

12. The equation of a hyperboloid of two sheets has two negative 
signs in it. 

13. In an equation of a quadric surface, if one variable is linear 
and the other two are squared, then the surface is a paraboloid 
wrapping around the axis corresponding to the linear variable. 



In exercises 1-4, compute a + b, 4b and ||2b — a||. 

1. a= (-2,3>,b= (1,0) 

2. a= (-l,-2),b= (2,3) 

3. a = lOi + 2j - 2k, b = -4i + 3j + 2k 

4. a = -i - j + 2k, b = -i + j - 2k 



In exercises 5-8, determine whether a and b are parallel, 
orthogonal or neither. 

5. a= (2,3),b= (4,5) 

6. a = i - 2j, b = 2i - j 

7. a= (-2,3, l),b = (4,-6,-2) 

8. a = 2i - j + 2k, b = 4i - 2j + k 

In exercises 9 and 10, find the displacement vector PQ . 

9. P = (3, 1, -2), Q = (2, -1, 1) 10. P = (3, 1), Q = (1, 4) 

In exercises 11-16, find a unit vector in the same direction as 
the given vector. 

11. (3,6) 12. (-2,3) 

13. 10i + 2j-2k 14. -i-j + 2k 

15. from (4, 1, 2) to (1, 1, 6) 16. from (2,-1, 0) to (0, 3, -2) 



In exercises 17 and 18, find the distance between the given points. 

17. (0, -2, 2), (3, 4, 1) 18. (3, 1, 0), (1,4, 1) 



In exercises 19 and 20, find a vector with the given magnitude 
and in the same direction as the given vector. 

19. magnitude 2, v = 2i — 2j + 2k 

20. magnitude i v = — i — j + k 



21. The thrust of an airplane's engine produces a speed of 500 mph 
in still air. The wind velocity is given by (20, —80). In what 
direction should the plane head to fly due east? 

22. Two ropes are attached to a crate. The ropes exert forces of 
(—160, 120) and (160, 160), respectively. If the crate weighs 
300 pounds, what is the net force on the crate? 

In exercises 23 and 24, find an equation of the sphere with radius 
r and center (a,b, c). 

23. r = 6, (a, b, c) = (0, -2, 0) 

24. r = S, {a, b,c) = {-?>, 1,2) 



In exercises 25-28, compute a • b. 

25. a= (2,-l),b= (2,4) 

26. a = i - 2j, b = 4i + 2j 

27. a = 3i + j - 4k, b = -2i + 2j + k 

28. a = i + 3j -2k,b = 2i - 3k 



In exercises 29 and 30, find the angle between the vectors. 

29. (3, 2, 1) and (-1, 1,2) 30. (3, 4) and (2, - 1) 



In exercises 31 and 32, find compb a and projb a. 

31. a = 3i + j - 4k, b = i + 2j + k 

32. a = i + 3j-2k,b = 2i-3k 



In exercises 33-36, compute the cross product a x b. 

33. a= (1, -2, l),b= (2,0, 1) 

34. a= (l,-2,0),b= (1,0,-2) 

35. a = 2j + k, b = 4i + 2j - k 

36. a = i - 2j - 3k, b = 2i - j 
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In exercises 37 and 38, find two unit vectors orthogonal to both 
given vectors. 

37. a = 2i + k, b = -i + 2j - k 

38. a = 3i + j - 2k, b = 2i - j 



39. A force of (40, —30) pounds moves an object in a straight line 
from (1, 0) to (60, 22). Compute the work done. 

40. Use vectors to find the angles in the triangle with vertices 
(0,0), (3, 1) and (1,4). 

In exercises 41 and 42, find the distance from the point Q to the 
given line. 



41. Q = (1, -1,0), line 



42. Q = (0, 1,0), line 



-t + 1 

: 2f - 1 

3 



1 



x = It 
y = 4t 
z = 3t + 2 



In exercises 43 and 44, find the indicated area or volume. 

43. Area of the parallelogram with adjacent edges formed by 
(2, 0, 1) and (0, 1, -3) 

44. Volume of the parallelepiped with three adjacent edges formed 
by (1, -1,2), (0, 0, 4) and (3,0, 1) 



45. A force of magnitude 50 pounds is applied at the end of a 
6-inch-long wrench at an angle of | to the wrench. Find the 
magnitude of the torque applied to the bolt. 

46. A ball is struck with backspin. Find the direction of the Magnus 
force and describe the effect on the ball. 

In exercises 47-50, find (a) parametric equations and (b) sym- 
metric equations of the line. 

47. The line through (2, -1, -3) and (0, 2, -3) 

48. The line through (-1, 0, 2) and (-3, 0, -2) 

49. The line through (2, -1, 1) and parallel to *=! = 2y = 

50. The line through (0, 2, 1) and normal to the plane 
2x - 3 y + z = 4 



In exercises 53 and 54, determine whether the lines are parallel, 
skew or intersect. 



53. 



54. 



x = 2t 
y = 3 + t 
z = -1 +4f 



and 



x = 4 
y = 4 + s 
z = 3 + s 



x = 1 — t 
y = 2t 
z = 5-t 



and 



x — 3 + 3s 

y = 2 

z = 1 - 3s 



In exercises 55-58, find an equation of the given plane. 

55. The plane containing the point (—5, 0, 1) with normal vector 
(4,1,-2) 

56. The plane containing the point (2, —1, 2) with normal vector 
(3,-1,0) 

57. The plane containing the points (2, 1 , 3), (2, — 1 , 2) and (3,3,2) 

58. The plane containing the points (2, —1, 2), (1, —1, 4) and 
(3,-1,2) 



In exercises 59-72, sketch and identify the surface. 

59. 9x 2 4- y 2 4- z = 9 

61. y 2 + z 2 = 1 

63. x 2 - 2x + y 2 + z 2 = 3 

65. y = 2 

67. 2x - y + z = 4 

69. x 2 - y 2 4- 4z 2 = 4 

71. x 2 - y 2 - 4z 2 = 4 



60. 


2 

X 


+ y + z 2 = 1 


62. 


X 2 


4- Ay 2 = 4 


64. 


■J 

X 


4- (y + 2? + z 


66. 


z = 


= 5 


68. 


3x 


4- 2y - z = 6 


70. 


X 2 


- y 2 - z = 1 


72. 


X 2 


4- y 2 - z = 1 



then Yl , p < JYl^JYl k 2 P ■ 



73. Use the Cauchy-Schwartz Inequality to show that if a k > 0, 



74. Show that if a k > 0, p > | and a k converges, then ^ 

k=\ k=\ 

converges. 



In exercises 51 and 52, find the angle between the lines. 







= 4 + t 






= 4 4- 2s 




I! 


= 2 


and < 




= 2 4- 2s 






= 3 + 2t 






= 3 4- 4s 






= 3 + t 






= 3 -s 


•'■1 




= 3 + 3t 


and < 


l; 


= 3 - 2s 






= 4-t 






= 4 4- 2s 



^ EXPLORATORY EXERCISES 

1. Suppose that a piece of pottery is made in the shape of 
z = 4 — x 2 — y 2 for z > 0. A light source is placed at 
(2, 2, 100). Draw a sketch showing the pottery and the light 
source. Based on this picture, which parts of the pottery would 
be brightly lit and which parts would be poorly lit? This can 
be quantified, as follows. For several points of your choice 
on the pottery, find the vector a that connects the point to the 
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light source and the normal vector n to the tangent plane at 
that point, and then find the angle between the vectors. For 
points with relatively large angles, are the points well lit or 
poorly lit? Develop a rule for using the angle between vectors 
to determine the lighting level. Find the point that is best lit 
and the point that is most poorly lit. 

As we focus on three-dimensional geometry throughout 
the balance of the book, some projections will be difficult 
but important to visualize. In this exercise, we contrast the 

X — cos t 

curves C\ and Ci defined parametrically by y — cos t and 

z — sin t 

X — cos t 

y = cos t , respectively. If you have access to three- 
z = V2 sin f 

dimensional graphics, try sketching each curve from a variety 
of perspectives. Our question will be whether either curve is a 
circle. For both curves, note that x — y. Describe in words and 
sketch a graph of the plane x — y. Next, note that the projection 
of Ci back into the vz-plane is a circle (y = cos t , z — sin ?)■ If 
Ci is actually a circle in the plane x — y, discuss what its pro- 
jection (shadow) in the yz-plane would look like. Given this, 
explain whether C t is actually a circle or an ellipse. Compare 
your description of the projection of a circle into the yz-plane to 
the projection of Ci into the yz-plane. To make this more quan- 
titative, we can use the general rule that for a two-dimensional 
region, the area of its projection onto a plane equals the area 
of the region multiplied by cos 8, where 6 is the angle between 
the plane in which the region lies and the plane into which it is 
being projected. Given this, compute the radius of the circle Ci. 



3. In the accompanying figure, the circle x 2 + y 2 = r 1 is shown. 
In this exercise, we will compute the time required for an 




(x,y) 



object to travel the length of a chord from the top of the circle 
to another point on the circle at an angle of 6 from the vertical, 
assuming that gravity (acting downward) is the only force. 

From our study of projectile motion in section 5.5, recall 
that an object traveling with a constant acceleration a covers 

a distance d in time J^- Show that the component of grav- 
ity in the direction of the chord is a — gcos9. If the chord 
ends at the point (x, y), show that the length of the chord is 
d = y/2r 2 — 2ry. Also, show that cos 9 = T - = ^- . Putting this all 
together, compute the time it takes to travel the chord. Explain 
why it's surprising that the answer does not depend on the 
value of 6. Note that as 6 increases, the distance d decreases 
but the effectiveness of gravity decreases. Discuss the balance 
between these two factors. 



Vector- Valued Functions 



CH 



RoboCup is the international championship of robot soccer, where the 
robots are engineered and programmed to respond automatically to the 
positions of the ball, goal and other players. One of the major challenges 
for engineers is that the robots are completely on their own to analyze 
the field of play and use teamwork to outmaneuver their opponents and 
score goals. 

In the small size category, the robots' "vision" is provided by over- 
head cameras, with information relayed wirelessly to the robots. With 
the formidable sight problem resolved, the focus is on effective move- 
ment of the robots and on providing artificial intelligence for teamwork. 
The remarkable abilities of these robots are demonstrated by the sequence of 
frames shown below, where a robot on the Cornell Big Red team of 2001 hits a 
wide-open teammate with a perfect pass leading to a goal. 

There is a considerable amount of mathematics behind this play. To determine 
whether or not a teammate is truly open, a robot needs to take into account the 
positions and velocities of each robot, since opponents and teammates are all in 
motion and could move into the way by the time a pass is executed. Both position 
and velocity can be described using vectors, using a different vector for each time. 
In this chapter, we introduce vector-valued functions, which assign a vector to 
each value of the time variable. The calculus introduced in this chapter is essential 
background knowledge for the programmers of RoboCup, as well as for the rest 
of this book. 
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12.1 VECTOR-VALUED FUNCTIONS 



For the circuitous path of the airplane indicated in Figure 12.1a, it turns out to be convenient 
to describe the airplane's location at any given time by the endpoint of a vector whose initial 
point is located at the origin (a position vector). (See Figure 12.1b for vectors indicating 
the location of the plane at a number of times.) Notice that a function that gives us a vector 
in V3 for each time t would do the job nicely. This is the concept of a vector-valued function, 
which we define more precisely in Definition 1.1. 



DEFINITION I.I 

A vector-valued function r(f) is a mapping from its domain D C Rto its range 
R C V3, so that for each t in D, r(t) — v for exactly one vector \ e R. We can 
always write a vector- valued function as 

r(f ) = f(t)i + g(t)i + h(t)k, (1.1) 

for some scalar functions /, g and h (called the component functions of r). 

For each f, we regard r(r) as a position vector. The endpoint of r(f ) then can be viewed 
as tracing out a curve, as illustrated in Figure 12.1b. Observe that for r(f) as defined 
in (1.1), this curve is the same as that described by the parametric equations x = /(f), 
y — g(t) and z = h(t). In three dimensions, such a curve is referred to as a space curve. 



z 




FIGURE I2.la FIGURE I2.lb 

Airplane's flight path Vectors indicating plane's position 

at several times 

We can likewise define a vector-valued function r(f) in V2 by 

r(f) = f(t)i + g{t)l 

for some scalar functions /and g. 

REMARK I.I 



Although any variable would do, we routinely use the variable t to represent the 
independent variable for vector-valued functions, since in many applications t 
represents time. 



EXAMPLE I.I Sketching the Curve Defined 
by a Vector-Valued Function 

Sketch a graph of the curve traced out by the endpoint of the two-dimensional 
vector-valued function 

r(f) = (f+l)i + (f 2 -2)j. 
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FIGURE 12.2a 

Some values of 
r(0 = (f + l)i + (f 2 - 2)j 



(-1,2) 1 




(3, 2) 


2- 


-r(- 


-2) ^7 






— 1 1— / — 1 ► 






1 2/3 


- V s 




(.r(O) / 


-2- 




(1,-2) 



FIGURE 12.2b 

Curve defined by 
r(0 = (f+l)i + (f 2 -2)j 



i 

3 












-3 





FIGURE 12.3 

Curve defined by 
r(?) = 4 cos ti — 3 sin f j 



Solution Substituting some values for t, we have r(0) = i — 2 j = (1, —2), 
r(2) = 3i + 2j = (3, 2) and r(-2) = (-1, 2). We plot these in Figure 12.2a. The 
endpoints of all position vectors r(f ) lie on the curve C, described parametrically by 

C:x = t+l, y = f 2 -2, t e K. 

We can eliminate the parameter by solving for t in terms of x: 

t = x — 1. 

The curve is then given by 

y = r 2 - 2 = (jc - l) 2 - 2. 

Notice that the graph of this is a parabola opening up, with vertex at the point (1, —2), 
as seen in Figure 12.2b. The small arrows marked on the graph indicate the orientation, 
that is, the direction of increasing values of t. If the curve describes the path of an 
object, then the orientation indicates the direction in which the object traverses the path. 
In this case, we can easily determine the orientation from the parametric representation 
of the curve. Since x — t + 1, observe that x increases as t increases. ■ 



You may recall from your experience with parametric equations in Chapter 10 that 
eliminating the parameter from the parametric representation of a curve is not always so 
easy as it was in example 1.1. We illustrate this in example 1.2. 



EXAMPLE 1.2 A Vector-Valued Function Defining an Ellipse 

Sketch a graph of the curve traced out by the endpoint of the vector-valued function 
r(f) = 4cos ti - 3 sin fj, t e R. 

Solution In this case, the curve can be written parametrically as 

;t=4cosf, y — — 3sinf, t e E. 

Instead of solving for the parameter t, it often helps to look for some relationship 
between the variables. Here, 

2 



= cos" t + sin t — 1 



or 



- 1, 



which is the equation of an ellipse. (See Figure 12.3.) To determine the orientation of 
the curve here, you'll need to look carefully at both parametric equations. First, fix a 
starting place on the curve, for convenience, say (4, 0). This corresponds to 
t — 0, ±2jt, ±4jt, .... As f increases, notice that cos t (and hence, x) decreases initially, 
while sin t increases, so that y — — 3 sin t decreases (initially). With both x and y 
decreasing initially, we get the clockwise orientation indicated in Figure 12.3. ■ 



Just as the endpoint of a vector-valued function in two dimensions traces out a curve, if 
we were to plot the value of r(f ) = f{t)\ + g(t)j + h(t)k for every value of t, the endpoints 
of the vectors would trace out a curve in three dimensions. 



EXAMPLE 1.3 A Vector-Valued Function Defining an Elliptical Helix 

Plot the curve traced out by the vector-valued function r(f ) = sin ti — 3 cos fj + 2fk, 
t > 0. 



Solution The curve is given parametrically by 

x = sinr, y — — 3cosf, z 



2t, t > 0. 
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x y 



FIGURE 12.4a 

Elliptical helix: 
r(;) = sin ti — 3 cos f j + 2tk 




FIGURE 12.4b 

Computer sketch: 
r(;) = sin ti — 3 cos f j + 2tk 

z 

A 




FIGURE 12.5 

Straight line: 
r(0 = (3 + 2t, 5 - 3/, 2 - 4f> 



While most curves in three dimensions are difficult to recognize, you should notice that 
there is a relationship between x and y here, namely, 



In two dimensions, this is the equation of an ellipse. In three dimensions, since the 
equation does not involve z, (1.2) is the equation of an elliptic cylinder whose axis is the 
z-axis. This says that every point on the curve defined by r(f) lies on this cylinder. From 
the parametric equations for x and y (in two dimensions), the ellipse is traversed in the 
counterclockwise direction. This says that the curve will wrap itself around the cylinder 
(counterclockwise, as you look down the positive z-axis toward the origin), as t 
increases. Finally, since z = 2t , z will increase as t increases and so, the curve will wind 
its way up the cylinder, as t increases. We show the curve and the elliptical cylinder in 
Figure 12.4a. We call this curve an elliptical helix. In Figure 12.4b, we display a 
computer-generated graph of the same helix. There, rather than the usual x-, y- and 
z-axes, we show a framed graph, where the values of x, y and z are indicated on three 
adjacent edges of a box containing the graph. ■ 

We can use vector- valued functions as a convenient representation of some very familiar 
curves, as we see in example 1 .4. 

EXAMPLE 1.4 A Vector-Valued Function Defining a Line 

Plot the curve traced out by the vector-valued function 

r(f)= (3 + 2f,5-3f,2-4f>, t e K. 

Solution Notice that the curve is given parametrically by 

x = 3 + 2t, y = 5-3f, z = 2-4r, reM. 

You should recognize these equations as parametric equations for the straight line 
parallel to the vector (2, —3, —4) and passing through the point (3, 5, 2), as seen in 
Figure 12.5, where we also note the orientation. ■ 

Most three-dimensional graphs are very challenging to sketch by hand. Although you 
may want to use computer-generated graphics for most sketches, you will need to be knowl- 
edgeable enough to know how to adjust such a graph to uncover any hidden features. You 
should be able to draw several basic curves by hand, like those in examples 1 .3 and 1 .4. 
More importantly, you should be able to recognize the effects various components have on 
the graph of a three-dimensional curve. In example 1 .5, we walk you through matching four 
vector- valued functions with their computer-generated graphs. 



EXAMPLE 1 .5 Matching a Vector-Valued Function to Its Graph 

Match each of the vector- valued functions f^f) = (cos t , In t, sin t ) , 

f 2 (f) — (f cosr, t sinf, t), f 3 (f) = (3 sin2r, t, t) and f 4 (f) = (5 sin 3 f, 5 cos 3 1, t) with the 

corresponding computer-generated graph (on the following page). 

Solution First, realize that there is no single, correct procedure for solving this 
problem. Look for familiar functions and match them with familiar graphical properties. 
From example 1.3, recall that certain combinations of sines and cosines will produce 
curves that lie on a cylinder. Notice that for the function fi(/), x — cos t and z = sin t, 
so that 



This says that every point on the curve lies on the cylinder x 2 + z 2 = 1 (the right 
circular cylinder of radius 1 whose axis is the y-axis). Further, the function y = In t 
tends rapidly to — oo as t — > 0 + and increases slowly as t increases beyond t = 1. Notice 
that the curve in Graph B appears to lie on a right circular cylinder and that the spirals 




x 2 + z 2 — cos 2 t + sin 2 t — 1. 
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FIGURE 12.6 

A cross section of the cylinder 
x = 5 sin 3 1, v = 5 cos 3 1 



get closer together as you move to the right (as y —*■ oo) and move very far apart as you 
move to the left (as y — oo). At first glance, you might expect the curve traced out by 
f2(0 also to lie on a right circular cylinder, but look more closely. Here, we have 
x — t cos t,y = t sin t and z — t, so that 



9 9 0 

y L = t COS t 



1 • 7 

t sin t 



z 2 . 



This says that the curve lies on the surface defined by x 2 + y 2 = z 2 (a right circular 
cone with axis along the z-axis). Notice that only the curve shown in Graph C fits this 
description. Next, notice that for f3(t), the y and z components are identical and so, the 
curve must lie in the plane y — z- Replacing t by y, we have x — 3 sin 2t = 3 sin 2y, a 
sine curve lying in the plane y = z- Clearly, the curve in Graph D matches this 
description. Although Graph A is the only curve remaining to match with fzt(f ), notice 
that if the cosine and sine terms weren't cubed, we'd simply have a helix, as in example 
1.3. Since z — t, each point on the curve lies on the cylinder defined parametrically by 
x — 5 sin 3 1 and y — 5 cos 3 1 . You need only look at the graph of the cross section of the 
cylinder shown in Figure 12.6 (found by graphing the parametric equations x — 5 sin 3 1 
and y — 5 cos 3 t in two dimensions) to decide that Graph A is the obvious choice. ■ 



O Arc Length in R 3 

A natural question to ask about a curve is, "How long is it?" Note that the plane curve 
traced out exactly once by the endpoint of the vector-valued function r(r) = (/(?), g(t )), for 
t e [a, b] is the same as the curve defined parametrically by x = /(f), y = g(t). Recall 
from section 10.3 that if /, /', g and g' are all continuous for t e [a, b], the arc length is 
given by 

b 

Jwmf+mwdt. (i.3) 
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(J(a), g(a)) 



FIGURE 12.7a 

Approximate arc length in ] 




We derived this by first breaking the curve into small pieces (i.e., we partitioned the interval 
(f{b), g{b)) [a, b]) and then approximating the length with the sum of the lengths of small line segments 
connecting successive points. (See Figure 12.7a.) Finally, we made the approximation exact 
by taking a limit as the number of points in the partition tended to infinity. 

Consider a space curve traced out by the endpoint of the vector-valued function 
r(f) = (f(t), g(t), h(t)), where /, /', g, g', h and h' are all continuous for t e [a, b] and 
where the curve is traversed exactly once as t increases from a to b. As we did in the two- 
dimensional case, we begin by partitioning the interval [a, b] into n subintervals of equal 
size: a = to < h < ■ ■ ■ < t n = b, where ?,■ — r,_i — At — for all i — 1,2, ... ,n. Next, 
for each i = 1, 2, . . . , n, we approximate the arc length s, of that portion of the curve join- 
ing the points (/(r,_i), g(?,_i), /i(r,_i)) and (/(?,), g(f,), h{ti)) by the straight-line distance 
between the points. (See Figure 12.7b for an illustration of the case where n — 4.) From 
the distance formula, we have 

Si « d{(f(fi-i), g(fi-0, Afc-i)), (fih), g{td, h( ti ))} 

= Vt/ft) - fiti-iW + [g(U) - gft-i)] 2 + \h(ti) ~ Aft-OP. 
Applying the Mean Value Theorem three times (why can we do this?), we get 

f(ti) - /(f;-i) - f'icditi - r,-_i) = f'ici) At, 
g(U) - g{ti-\) = g'(di)(ti - ti-0 = g'(di) At 
and h(ti) - h(n-i) = h'{ed(ti - f;_i) = h'{ed At, 

for some points c, , d t and e, in the interval (f,_i, f,). This gives us 

Si 



FIGURE 12.7b 

Approximate arc length in ] 



Afiti) - /(r,-i)] 2 + [gM - g(r,_i)] 2 + Wk) - M^i)] 2 
V[/'(c) At] 2 + [g'{dd At? + [h'( ei ) At] 2 
VU'icdi 2 + [g'iddf + [h'ia)? At. 




FIGURE 12.7c 

Improved arc length approximation 



Notice that if At is small, then all of c, , d, and e, are very close and we can make the further 
approximation 



for each i — 1,2, 



Si « y/U'iCi)] 2 + [g'(a)] 2 + [h'{ Ci )] 2 At, 
, n. The total arc length is then approximately 

n 

S « Yj V[/'(C,)] 2 + [g'(Ci)] 2 + [h'(a)] 2 At. 

1=1 



In Figure 12.7c, we illustrate this approximation for the case where n — 9. This suggests 
that taking the limit as n — »• oo gives the exact arc length: 

n 

s = lim V V[/'(Q)] 2 + [g'(ci)] 2 + W(a)] 2 At, 

f t — > oo * — * 



provided the limit exists. You should recognize this as the definite integral 



Arc lensth 



J a 



(t)] 2 +[g'(t)] z + [h'(t)] 2 dt. 



(1.4) 



Observe that the arc length formula for a plane curve ( 1 .3) is a special case of ( 1 .4). As with 
other formulas for arc length, the integral in (1.4) can only rarely be computed exactly and 
we must typically be satisfied with a numerical approximation. Example 1 .6 illustrates one 
of the very few arc lengths in R 3 that can be computed exactly. 
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FIGURE 12.8 

The curve denned by 
r(f) = (2t, lnf, t 2 ) 




FIGURE 12.9a 

Intersection of cone and plane 



EXAMPLE 1 .6 Computing Arc Length in M 3 

Find the arc length of the curve traced out by the endpoint of the vector-valued function 
r(r) = (2f,lnf, t 2 ), for 1 < t < e. 

Solution First, notice that for x{t) — 2t, y{t) — In t and z{t) = t 2 , we have x'(t) = 2, 
y'(t) — j and z'it) — 2t, and the curve is traversed exactly once for 1 < t < e. (To see 
why, observe that x = 2t is an increasing function.) From (1.4), we now have 



= ^ ] j2 2 +(^j + {2t) 2 dt = j^ ^A+^+At 2 dt 
f 1 1 + 4t 2 + 4t A r 

= 1 J— — d, = l 



(1 + 2t 2 ) 2 



'i 

2t | dt 



In If I 



(lne + e 2 )-(lnl + l) = e 2 . 



We show a graph of the curve for 1 < t < e in Figure 12.8. 



The arc length integral in example 1.7 is typical, in that we need a numerical 
approximation. 



EXAMPLE 1 .7 Approximating Arc Length in M 3 

Find the arc length of the curve traced out by the endpoint of the vector-valued function 
r(r) = (e 21 , sinf, t), forO < t < 2. 

Solution First, note that for x(t) = e 2 ' , y(f) = sin t and z(t) — t, we have 

x'(t) — 2e 2 ' , y'(t) — cos t and z'(t) — 1, and that the curve is traversed exactly once 

for 0 < t < 2 (since x is an increasing function of t). From (1.4), we now have 



/ V(2e 2 ') 
Jo 



2 + (cost) 2 + \ 2 dt 



f j~4e^ 
Jo 



cos 2 t + Idt. 



Since you don't know how to evaluate this integral exactly (which is typically the case), 
you can approximate the integral using Simpson's Rule or the numerical integration 
routine built into your calculator or computer algebra system, to find that the arc length 
is approximately s » 53.8. ■ 



Often, the curve of interest is determined by the intersection of two surfaces. Parametric 
equations can give us simple representations of many such curves. 



EXAMPLE 1 .8 Finding Parametric Equations for an Intersection 
of Surfaces 

Find the arc length of the portion of the curve determined by the intersection of the cone 
Z = y/x 2 + y 2 and the plane y + z — 2 in the first octant. 

Solution The cone and plane are shown in Figure 12.9a. From your knowledge of 
conic sections, note that this curve could be a parabola or an ellipse. Parametric 
equations for the curve must satisfy both z = \l x 2 + y 2 and y + z — 2. Eliminating z 
by solving for it in each equation, we get 



z = sjx 2 + y 2 = 2 
Squaring both sides and gathering terms, we get 



y- 



or 



x 2 + y 2 = (2 - y) 2 = 4 - 4y + y 2 
x 2 = 4- Ay. 



756 



CHAPTER 12 •• Vector-Valued Functions 



12-8 



Solving for y now gives us 



y = 1 



x 

T 



FIGURE 12.9b 

Curve of intersection 



which is clearly the equation of a parabola in two dimensions. To obtain the equation 
for the three-dimensional parabola, let x be the parameter, which gives us the parametric 
equations 

2 2 

x = t, y = l-— and z = Vf 2 + (1 - f 2 /4) 2 = 1 + — . 

A graph is shown in Figure 12.9b. The portion of the parabola in the first octant must 
have x > 0 (so t > 0), y > 0 (so f 2 < 4) and z > 0 (always true). This occurs if 
0 < t < 2. The arc length is then 

s = J jl + (-t/2) 2 + (t/2) 2 dt = — In (V2 + y/fj + V3 « 2.54, 
where we leave the details of the integration to you. ■ 



BEYOND FORMULAS 

If you think that examples 1.1 and 1.2 look very much like parametric equations 
examples, you're exactly right. The ideas presented there are not new; only the notation 
and terminology are new. However, the vector notation lets us easily extend these ideas 
into three dimensions, where the graphs can be more complicated. 



EXERCISES 12.1 



0) 



^) WRITING EXERCISES 



1. Discuss the differences, if any, between the curve traced 
out by the terminal point of the vector-valued function 
r(f) = (f(t), g{t)) and the curve defined parametrically by 
x = f(t), y = g(t). 

2. In example 1.3, describe the "shadow" of the helix in the 
xy-plane (the shadow created by shining a light down from 
the "top" of the z-axis). Equivalently, if the helix is collapsed 
down into the xy-plane, describe the resulting curve. Compare 
this curve to the ellipse defined parametrically by x — sin;, 
y — — 3 cos t . 

3. Discuss how you would compute the arc length of a curve 
in four or more dimensions. Specifically, for the curve traced 
out by the terminal point of the n-dimensional vector-valued 
function r(f) = (/i(f), f 2 (t), . . . , f„(t)} forn > 4, state the arc 
length formula and discuss how it relates to the /i-dimensional 
distance formula. 

4. The helix in Figure 12.4a is shown from a standard view- 
point (above the xy-plane, in between the x- and y-axes). De- 
scribe what an observer at the point (0, 0, —1000) would see. 
Also, describe what observers at the points (1000, 0, 0) and 
(0, 1000, 0) would see. 



In exercises 1-18, sketch the curve traced out by the given vector- 
valued function by hand. 

1. r(r)= (r- l,r 2 ) 2. r(f) = {t 2 - 1, At) 

3. r(t ) = 2 cos ti + (sin / - l)j 4. r(f) = (sin t — 2)i + 4 cos tj 



5. 


r(f) 


— (2cosf, 2 sin?, 3) 


6. 


r(f) 


7. 


r(f) 


= (t,t 2 + 1,-1) 


8. 


r(0 


9. 


r(f) 


= fi + j + 3/ 2 k 






10. 


r(t) 


= (« + 2)i + (2/-l)j + a + 2)k 


11. 


r(t) 


= (4r-l,2r + l, -6/) 






12. 


r(t) 


= (-2r,2f, 3-r) 






13. 


r(t) 


= 3 cos ri + 3 sin f j + f k 






14. 


r(t) 


= 2 cos ti + sin f j + 3?k 






15. 


r(f) 


= (2cosf, 2f, 3 sin/) 






16. 


r(f) 


= (—1, 2cos/, 2sinf) 






17. 


r(t) 


= (f cos2f, t sin2f, 2f) 






18. 


r(t) 


= (t cos t, It , t sinf) 







| In exercises 19-26, use graphing technology to sketch the curve 
traced out by the given vector-valued function. Determine 
whether the function is periodic; if so, name the period. 



19. 


r(f) = 


(cos At, sinf, sin7f) 


20. 


r(0 = 


(3 cos 2t, sin5f, cosf) 


21. 


r(f) = 


/i + fj + (2f 2 - l)k 


22. 


r(f) = 


(t 3 - t)i + f 2 j + {It - 4)k 


23. 


r(t) = 


(tanf, sin? 2 , cosi) 


24. 


r(f) = 


(sinf, — cscf, cotf) 
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25. (a) r(f ) = (2 cos t + sin 2/ , 2 sin / + cos It) 

(b) r(/) = (2 cos 3r + sin 5?, 2 sin 3f + cos 5f > 

(c) How does the graph of (2 cos at + sin bt, 2 sin at + cos for) 
depend on a and fo? 

26. (a) r(t ) = (4 cos 4/ - 6 cos t , 4 sin 4f - 6 sin /) 

(b) r(f ) = (4 cos 7/ + 2 cos f , 4 sin 7/ + 2 sin f ) 

(c) How does the graph of 

(4 cos at + b cos t, 4 sin a/ + b sin/) depend on a and bl 

27. In parts a-f, match the vector- valued function with its graph. 
Give reasons for your choices. 



(a) 


r(f) = 


(cosf 2 , t, t) 


(b) 


r(0 = 


(cos/, sin/, sin/ 2 ) 


(c) 


r(0 = 


(sin 16\/7, cos 16-v/r, t 


(d) 


r(0 = 


(sin/ 2 , cos/ 2 , /) 


(c) 


r(0 = 


(/,/,6-4/ 2 ) 


(0 


r(f) = 


(/ 3 -/,0.5/ 2 ,2/-4) 



z 




y 



GRAPH 3 



z 



4-- 




-12-- 



GRAPH 4 



z 

A. 




X 



GRAPH 6 

28. Of the functions in exercise 27, which are periodic? Which are 
bounded? Identify all components (x, y, z) that are bounded. 



In exercises 29-32, compute the arc length. 

29. r(/) = (/cos/, / sin/, |(2/) 3 ^ 2 ), 0 < / < 2tt 

30. r(/) = (4/, 3 cos/, 3 sin/), 0 < / < 3tt 

31. r(/) = (4 In /, / 2 , At), 1 < / < 3 

32. r(/) = (tan" 1 /, ln(l + / 2 ), 2/ - 2 tan -1 /), 0 < / < ^ 



In exercises 33-38, use a CAS to sketch the curve and estimate 
its arc length. 

33. r(/) = (cos /, sin /, cos 2/) , 0 < / < 27r 

34. r(/) = (cos /, sin /, sin / + cos /) , 0 < / < 27T 

35. r(z) = (cost//, sin7r/, cos 16/), 0 < / < 2 
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36. r(t) — (cosnt, smut, cos 16r), 0 < t < A 

37. r(f) = (f, t- - 1, f 3 ),0 < t < 2 

38. r(t) = {t 2 + l,2t, t 2 - 1), 0 < t < 2 



39. A spiral staircase makes two complete turns as it rises 10 feet 
between floors. A handrail at the outside of the staircase is 
located 3 feet from the center pole of the staircase, (a) Use 
parametric equations for a helix to compute the length of the 
handrail, (b) Imagine unrolling the staircase so that the handrail 
is a line segment. Use the formula for the hypotenuse of a right 
triangle to compute its length. 

40. Find the arc length of the section of the helix traced out 
by r(f) = {cost, sin?, kt) for 0 S t S 2n. As in exercise 39, 
illustrate this as the hypotenuse of a right triangle. 

In exercises 41-44, find parametric equations for the indicated 
curve. If you have access to a graphing utility, graph the surfaces 
and the resulting curve. Estimate its arc length. 

41. The intersection of z — \jx 2 + y 2 and z = 2 

42. The intersection of z = ^x 2 + y 2 and y + 2z — 2 

43. The intersection of x 2 + y 2 — 9 and y + z — 2 

44. The intersection of y 2 + z 2 — 9 and x — 2 



45. Show that the curve r(f) = (2?, At 2 - 1, St 3 ), 0 < t < 1, has 
the same arc length as the curve in exercise 37. 

46. Show that the curve r(f ) = (f + 1 , 2*Jt , t - 1) , 0 < / < 4, has 
the same arc length as the curve in exercise 38. 

47. Compare the graphs of r(f) = (t, t 1 , t 2 ), 

g(/) = (cos?, cos 2 t, cos 2 1) and h(t) — (yft, t, t). Discuss the 
similarities and the differences. 

48. Compare the graphs of r(/) = {2t - 1 , t 2 , t } , g(t ) = (2 sin t - 1 , 
sin 2 ?, sinf) and h(t) — (2e' — 1, e 2 ' , e'). Discuss the 
similarities and the differences. 

49. Show that the curve in exercise 33 lies on the hyperbolic 
paraboloid z — x 2 — y 2 . Use a CAS to sketch both the surface 
and the curve. 

50. Show that the curve in exercise 34 lies on the plane z — x + y. 
Use a CAS to sketch both the plane and the curve. 



51. (a) Use a graphing utility to sketch the graph of r(f) = 

(cos t, cos t, sin t) with 0 < t < 2it. Explain why the graph 
should be the same with 0 S t S T , for any T > 2n. Try 
several larger domains (0 < t < 2jz, 0 < / < 107T, 0 < ( < 
507T, etc.) with your graphing utility. Eventually, the ellipse 
should start looking thicker and for large enough domains 
you will see a mess of jagged lines. Explain what has gone 
wrong with the graphing utility, 
(b) It may surprise you that this curve is not a circle. Show 
that the shadows in the xz-plane and vz-plane are circles. 
Show that the curve lies in the plane x — y. Sketch a graph 
showing the plane x — y and a circular shadow in the yz- 
plane. To draw a curve in the plane x — y with the circular 
shadow, explain why the curve must be wider in the xy- 
direction than in the z-direction. In other words, the curve 
is not circular. 

52. The graph of r(t) — (cos t, cos t, \pi sin t) is a circle. To verify 
this, start by showing that ||r(/)|| = ~J2, for all t. Then observe 
that the curve lies in the plane x — y. Explain why this proves 
that the graph is a (portion of a) circle. 



^ EXPLORATORY EXERCISES 

1. More insight into exercise 52 can be gained by looking at basis 
vectors. The circle traced out by r(/) = (cosf, cosf\/2sinf) 
lies in the plane x — y, which contains the vector 
U = -4| (1, 1 , 0) , The plane x — y also contains the vector 
v = (0, 0, 1). Show that any vector w in the plane x — y can 
be written as w = CiU + c 2 v for some constants c\ and c 2 . 
Also, show that r(f) = (V2cosf)u + (V2sin?)v. Recall that 
in two dimensions, a circle of radius r centered at the origin 
can be written parametrically as (r cos t)i + (r sinf)j. In gen- 
eral, suppose that u and v are any orthogonal unit vectors. If 
r(t) — (r cos /)u + (r sin t )v, show that r(r) • r(f) = r 2 . 

2. Examine the graphs of several vector-valued functions of the 
form r(f ) = (a cos ct + b cos dt , a sin ct + b sin dt ) , for con- 
stants a,b,c and d. Determine the values of these constants 
that produce graphs of different types. For example, starting 
with the graph of (4 cos At — 6 cos / , 4 sin At — 6 sin t ) , change 
c — 4 toe = 3, c — 5, c — 2, etc. Conjecture a relationship be- 
tween the number of loops and the difference between c and 
d. Test this conjecture on other vector-valued functions. Re- 
turning to (4 cos At — 6 cos t, A sin4f — 6 sinf), change a — A 
to other values. Conjecture a relationship between the size of 
the loops and the value of a. 



0) 



12.2 THE CALCULUS OF VECTOR-VALUED FUNCTIONS 



In this section, we begin to explore the calculus of vector-valued functions, beginning with 
the notion of limit and progressing to continuity, derivatives and finally, integrals, just as 
we did with scalar functions in Chapters 1, 2 and 4. We define everything in this section 
in terms of vector-valued functions in three dimensions. The definitions can be interpreted 
for vector-valued functions in two dimensions in the obvious way, by simply dropping the 
third component everywhere. 
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For a vector-valued function r(f) = (/(f), g(t), h(t)), when we write 

lim r(f) = u, 

t— >a 

we mean that as f gets closer and closer to a, the vector r(f) is getting closer and closer to 
the vector u. For u = {u\, u%, Ui), this means that 

limr(f) = lim(/(f), g(t), h(t)) — u = (hi, u%, «3>- 
f— »a f— »a 

Notice that for this to occur, we must have that f(t) is approaching mi , g(t) is approaching 
z^2 and h(t) is approaching 1*3. In view of this, we make the following definition. 



DEFINITION 2.1 

For a vector-valued function r(f) = (/(f), g(f), KOK me limit of r(f ) as f approaches 
a is given by 

limr(f) = lim(/(0, g(t), h{t)) = (lim /(f), lim g(f), lim /2(f)) , (2.1) 

provided all of the indicated limits exist. If any of the limits indicated on the 
right-hand side of (2.1) fail to exist, then limr(f) does not exist. 



In example 2.1, we see that calculating a limit of a vector- valued function simply 
consists of calculating three separate limits of scalar functions. 

EXAMPLE 2. 1 Finding the Limit of a Vector-Valued Function 

Find lim(f 2 + 1, 5cosf, sinf). 

Solution Here, each of the component functions is continuous (for all f) and so, we 
can calculate their limits simply by substituting the value for f. We have 

lim(f 2 + 1, 5cosf, sinf) = ( lim(f 2 + 1), lim(5cosf), lim sinf) 

= (1,5,0). 1 



EXAMPLE 2.2 A Limit That Does Not Exist 

Find lim(e 2 ' + 5, f 2 + 2f - 3, 1/f). 

Solution Notice that the limit of the third component is lim -, which does not exist. 

f->0 t 

So, even though the limits of the first two components exist, the limit of the 
vector-valued function does not exist. ■ 

Recall that for a scalar function/ we say that/is continuous at a if and only if 

lim /(f) - f(a). 

That is, a scalar function is continuous at a point whenever the limit and the value of the 
function are the same. We define the continuity of vector-valued functions in the same way. 



DEFINITION 2.2 

The vector-valued function r(f) = (/(f), g(t), h{t)) is continuous at t — a whenever 

limr(f) = r(a) 

(i.e., whenever the limit exists and equals the value of the vector-valued function). 
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Notice that in terms of the components of r, this says that r(f) is continuous alt — a 
whenever 

lim</(f), g(t), hit)) = (lim f(t), lim g(t), lim hit)) = (/(«), gia), h(a)) . 

It then follows that r is continuous at t — a if and only if 

lim f(t) — f (a), lim git) = gia) and lim h(t) — h(a). 

t—>a t—*a t— >a 

Look carefully at what we have just said, and observe that we just proved the following 
theorem. 



THEOREM 2.1 

A vector-valued function r(f) = (f(t), g(t), h(t)) is continuous at t — a if and only if 
all of /, g and h are continuous sit — a. 



Theorem 2.1 says that to determine where a vector- valued function is continuous, you 
need only check the continuity of each component function (something you already know 
how to do). We demonstrate this in examples 2.3 and 2.4. 



EXAMPLE 2.3 Determining Where a Vector-Valued Function 
Is Continuous 

Determine the values of t for which the vector-valued function r(t) = (e 5 ', ln(f + 1), 
cos t) is continuous. 

Solution From Theorem 2.1, r(r) will be continuous wherever all its components are 
continuous. We have: e 5 ' is continuous for all t, ln(? + 1) is continuous for t > — 1 and 
cos t is continuous for all t. So, r(f ) is continuous for t > — 1. ■ 



EXAMPLE 2.4 A Vector-Valued Function with Infinitely 
Many Gaps in Its Domain 

Determine the values of t for which the vector- valued function r(f ) = (tan t , \t + 3 1 , ) 
is continuous. 

(2n + 1)jt 

Solution First, note that tan t is continuous, except at t — , for 

n — 0, ±1, ±2, . . . (i.e., except at odd multiples of ^). The second component \t + 3| is 
continuous for all t (although it's not differentiable at t — —3). Finally, the third 
1 

component is continuous except at t = 2. Since all three components must be 

continuous in order for r(f ) to be continuous, we have that r(f ) is continuous, except at 
(2n + 1)jt 

t =2andr = - — , for n = 0, ±1, ±2, . . . . 



Recall that in Chapter 2, we defined the derivative of a scalar function/to be 

f(t + h) - f{t) 
f U) — lim . 

We replace h by At, to emphasize that At is an increment of the variable t. We then have 

fit + At) - fit) 



fit) = lim 



A^O Af 
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In Chapter 13, we'll be defining partial derivatives of functions of more than one vari- 
able, where we'll use this type of notation to make it clear which variable is being 
incremented. 

We now define the derivative of a vector-valued function in the expected way. 



DEFINITION 2.3 

The derivative r'(t) of the vector-valued function r(r) is defined by 

r(r + At) - r(r ) 

r'(t)= lim ^—-r 1 — , (2.2) 

Af^O Ar 

for any values of t for which the limit exists. When the limit exists for t — a, we say 
that r is differentiable at t — a. 



Fortunately, you will not need to learn any new differentiation rules, as the derivative of 
a vector- valued function is found directly from the derivatives of the individual components, 
as we see in Theorem 2.2. 



THEOREM 2.2 

Let r(r) = (f(t), g(t), hit)) and suppose that the components /, g and h are all 
differentiable for some value of t. Then r is also differentiable at that value of t and its 
derivative is given by 

r>(t) = (f'(t),g'(t),ti(t)). (2.3) 



PROOF 

From the definition of derivative of a vector-valued function (2.2), we have 

r (?) = lim -. 

Ar->o Ar 

= lim h(f(t + At), g(t + At), h(t + At)) - (f(t), git), hit))] 
At->o Ar 

= lim ±-(f(j + At) - fit), git + At) - git), hit + At) - hit)), 
Ar^o Ar 

- i im I fit + At)- fit) g jt + Ar) - gjt) hjt + Ar) - hjt) 
A(^o\ Ar Ar Ar 

' fit + At) -f(t) git + At) -git) hit + At) - hit)\ 

lim ; , lim ; , lim ) 

A/^o Ar Ar-s-o Ar a/-*o Ar / 

= (f'it),g'it),h'it)), 



where we have used the definition of limit of a vector- valued function (2.1) and where in the 
last step we recognized the definition of the derivatives of each of the component functions 
/, g and h. m 
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We illustrate this in example 2.5. 

EXAMPLE 2.5 Finding the Derivative of a Vector-Valued Function 

Find the derivative of r(f) = (sin(r 2 ), <? cos ', t In?}. 

Solution Applying the chain rule to the first two components and the product rule to 
the third, we have (for t > 0): 

r'W^^sm^^^^^rlnr)} 

/ t d o „„„, d d d \ 

= lcos(t 2 )—(t 2 ),e co "—(cost), — (?)lnf + t — (lnr)) 
\ dt dt dt dt I 

- |cos(f 2 )(2r), e cos '(- sin f), (1) In t + t ~ j 

= (2fcos(r), -sinfe cos ',lnr + l>. a 

For the most part, to compute derivatives of vector-valued functions, we need only use 
the already familiar rules for differentiation of scalar functions. There are several special 
derivative rules, however, which we state in Theorem 2.3. 



THEOREM 2.3 

Suppose that r(f) and s(t) are differentiable vector-valued functions, f(t) is a 
differentiable scalar function and c is any scalar constant. Then 

(i) ^-[r(0 + s(0] = r'(r) + s'(f) 
dt 

(ii) ^-[cr(f)] = cr'(0 
dt 

(iii) ^-[f(t)r(t)] = f'(t)r(t) + f(t)r'(t) 
dt 

(iv) — [r(f) • s{t)] = r'(t) ■ s(t) + r(r) • s'(t) and 
dt 

(v) — [r(f) x s(0] = r'(t) x s(t) + r(t) x s'(t). 



Notice that parts (iii), (iv) and (v) are the product rules for the various kinds of products 
we can define. In each of these three cases, it's important to recognize that these follow 
the same pattern as the usual product rule for the derivative of the product of two scalar 
functions. 



PROOF 

(i) For r(f) - (/i(r), gi(r), Ai(0) and s(?) = (f 2 (t), g 2 (t), h 2 (t)}, we have from (2.3) and 
the rules for vector addition that 

^[r(f) + s(0] = ^[(/i(0, gi(0, Ai(0) + {flit), g 2 (t), h 2 (t)}] 
dt dt 

= T(Mt) + flit), gl (t) + g2 (t), h(t) + h 2 (t)) 
dt 

= (flit) + fiit), g[it) + g' 2 it), h\(t) + h' 2 it)) 

= (/{(O, g[it), h\{t)) + (/ 2 '(0, g' 2 it), h' 2 it)) 

= r'(0 + s'(0- 
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FIGURE 12.10 

The curve traced out by 
r(f) = {t\t 2 ) 



(iv) From the definition of dot product and the usual product rule for the product of 
two scalar functions, we have 



^[r(0-s(0] - £[</i(0. 
at at 



i(0,Ai(0)-(/2(0,ft(0,*2(0)] 



- -IM0M0 + gx(t) g2 {t) + h x {t)h 2 {t)} 
at 

= f [(f) MO + h(0m) + g[(08z(0 + gi(0g' 2 (0 

+ h\(t)h 2 (t) + h x (t)h' 2 {t) 

= U{(f)Mt) + g\(t) g2 {t) + h[(t)h 2 (0] 

+ [MO MO + gi(0g' 2 (0 + hi(0h' 2 (0] 
= r'(t) ■ s(0 + r(0 • s'(0- 
We leave the proofs of (ii), (iii) and (v) as exercises. ■ 

We say that the curve traced out by the vector-valued function r(0 = (f(0, g(0, HO) 
on an interval / is smooth if r' is continuous on / and r'(0 ^ 0, except possibly at any 
endpoints of /. Notice that this says that the curve is smooth provided /', g' and h! are all 
continuous on / and fit), g'(t) an d h'{t) are not all zero at the same point in /. 



EXAMPLE 2.6 Determining Where a Curve Is Smooth 

Determine where the plane curve traced out by the vector-valued function r(0 = (t 3 , t 2 ) 
is smooth. 

Solution We show a graph of the curve in Figure 12.10. 

Here, r'(0 = (3? 2 , 2?) is continuous everywhere and r'(0 = 0 if and only if t — 0. This 
says that the curve is smooth in any interval not including t — 0. Referring to Figure 
12. 10, observe that the curve is smooth except at the cusp located at the origin. 



We next explore an important graphical interpretation of the derivative of a vector- 
valued function. First, recall that the derivative of a scalar function at a point gives the slope 
of the tangent line to the curve at that point. For the case of the vector-valued function r(f ), 
notice that from (2.2), the derivative of r(f) at t — a is given by 



r'(a) = lim 

Af-s-0 



r(a + At) ~ r(a) 
Ar ' 



Again, recall that the endpoint of the vector- valued function r(t) traces out a curve C in M 3 . 
In Figure 12.11a, we show the position vectors r(a), r(a + At) and r(a + At) — r(a), for 
some fixed At > 0, using our graphical interpretation of vector subtraction, developed in 





FIGURE 12.1 la 



FIGURE 12.1 lb 
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FIGURE 12.1 Ic 



FIGURE 12.1 Id 

The tangent vector r'(a) 



Chapter 1 1 . (How does the picture differ if At < 0?) Notice that for Ar > 0, the vector 

r(a + At) - r(a) 

— points in the same direction as r(a + At) — r(a). 



At 

If we take smaller and smaller values of Ar 



r(a + Ar) - r(ci) 
At 



will approach r'(a). We 

illustrate this graphically in Figures 12.11b (on the preceding page) and 12.11c. 

r(a + At) - r(a) 

As Ar — > 0, notice that the vector — approaches a vector that is tangent 

to the curve C at the terminal point of r(a), as seen in Figure 12. 1 Id. We refer to r'(a) as 
a tangent vector to the curve C at the point corresponding to r = a. Be sure to observe 
that r'(fl) lies along the tangent line to the curve at t — a and points in the direction of the 
orientation of C. (Recognize that Figures 12.11a, 12.11b and 12.11c are all drawn so that 
Ar > 0. What changes in each of the figures if Ar < 0?) 

We illustrate this notion for a simple curve in K 2 in example 2.7. 




FIGURE 12.12 

Position and tangent vectors 



EXAMPLE 2.7 Drawing Position and Tangent Vectors 

For r(r) = (— cos 2f, sin2r>, plot the curve traced out by the endpoint of r(r) and draw 
the position vector and tangent vector at r = f. 

Solution First, notice that 

r'(r) - (2sin2r, 2cos2r>. 
Also, the curve traced out by r(r) is given parametrically by 

C: x — — cos2r, y — sin2r, (el. 

Observe that here, 

x 2 + y 2 = cos 2 2r + sin 2 2t = 1 , 

so that the curve is the circle of radius 1 , centered at the origin. Further, from the 
parameterization, you can see that the orientation is clockwise. The position and tangent 
vectors at t — f are given by 



<5)- 



7T 7T \ 

■ cos — , sin — ) = (0, 1) 



and 



71 \ I 71 71 \ 

r | — I = 2sin-,2cos-) = (2,0), 



respectively. We show the curve, along with the vectors r(^) and r'(^) in Figure 12.12 
(where we have drawn the initial point of r'(^) at the terminal point of r(^)). In 
particular, you might note that 
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BEYOND FORMULAS 

Theorem 2.4 illustrates the 
importance of good notation. 
While we could have derived 
the same result using parametric 
equations, the vector notation 
greatly simplifies both the 
statement and proof of the 
theorem. The simplicity of the 
notation allows us to make 
connections and use our 
geometric intuition, instead of 
floundering in a mess of 
equations. We can visualize the 
graph of a vector-valued 
function r(?) more easily than 
we can try to keep track of 
separate expressions for 
x(t), y(t) and z(t). 



so that r(|) and r'(|) are orthogonal. In fact, r(f) and r'(f) are orthogonal for every t, 
as follows: 

r(f) ■ r'(r) = (-cos2r, sin2r> • (2sin2r, 2cos2f> 

= —2 cos 2t sin 2t + 2 sin 2t cos 2t — 0. ■ 

Were you surprised to find in example 2.7 that the position vector and the tangent vector 
were orthogonal at every point? As it turns out, this is a special case of a more general 
result, which we state in Theorem 2.4. 



THEOREM 2.4 

||r(f)|| = constant if and only if r(r) and r'(r) are orthogonal, for all t. 



PROOF 

(i) Suppose that ||r(f)|| = c, for some constant c. Recall that 

r(f)-r(r)= ||r(f)|| 2 = c 2 . (2.4) 
Differentiating both sides of (2.4), we get 

d d^ 
-[r(f)-r(f)] = -c 2 = 0. 
dt dt 

From Theorem 2.3 (iv), we now have 

0 = C Ux{t) ■ r(t)] = r'(t) ■ r(f) + r(f) • r'(t) = 2r(t) ■ r'(f), 
dt 

so that r(f) ■ r'(r) = 0, as desired. 

(ii) We leave the proof of the converse as an exercise. ■ 

Note that in two dimensions, if ||r(f ) || = c for all t (where c is a constant), then the curve 
traced out by the position vector r(f ) must lie on the circle of radius c, centered at the origin. 
Theorem 2.4 then says that the path traced out by r(f ) lies on a circle centered at the origin if 
and only if the tangent vector is orthogonal to the position vector at every point on the curve. 
Likewise, in three dimensions, if ||r(f)|| = c for all t (where c is a constant), the curve traced 
out by r(f) lies on the sphere of radius c centered at the origin. In this case, Theorem 2.4 
says that the curve traced out by r(f) lies on a sphere centered at the origin if and only if 
the tangent vector is orthogonal to the position vector at every point on the curve. 

We conclude this section by making a few straightforward definitions. Recall that when 
we say that the scalar function F(t) is an antiderivative of the scalar function f(t), we mean 
that F is any function such that F'(t) = f{t). We now extend this notion to vector-valued 
functions. 



DEFINITION 2.4 

The vector-valued function R(f ) is an antiderivative of the vector-valued function 
r(f) whenever R'(f) = r(t). 



Notice that if r(f) = (f(t), g(t), h(t)) and/ g and h have antiderivatives F, G and H, 
respectively, then 

^(F(t), G(t), H{t)) = (F'(t), G'(r), H'{t)) = (f(t), g(t), h(t)). 
dt 

That is, {F(t), G(t), H(t)) is an antiderivative of v(t). In fact, (f(f) + c\, G(t) + C2, 
H(t) + C3> is also an antiderivative of r(f), for any choice of constants C\, Co and C3. This 
leads us to Definition 2.5. 
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DEFINITION 2.5 

If R(f) is any antiderivative of r(r), the indefinite integral of r(f) is defined to be 



r(t)dt = R(f) + c, 
where c is an arbitrary constant vector. 



As in the scalar case, R(f ) + c is the most general antiderivative of r(f ). (Why is that?) 
Notice that this says that 

Indefinite integral of a [ r(t) dt = f (/(f), g(t), h(t)) dt = / / /(f) dt , j g(t) dt , j h(t) dt) . (2.5) 

vector-valued function J J \J J J I 

That is, you integrate a vector-valued function by integrating each of the individual 
components. 



EXAMPLE 2.8 Evaluating the Indefinite Integral 
of a Vector-Valued Function 

Evaluate the indefinite integral f (f 2 + 2, sin 2t, Ate'~) dt. 

Solution From (2.5), we have 

j (t 2 + 2, sin2t,4te' 2 )dt = (^j(t 2 + 2)dt, j sin2tdt,j Ate' 1 dt^ 

- jlf 3 +2t + ci, -^cos2f + c 2 , 2e r ~ + c 3 J 

1, 1 
-r + 2t, --cos2f,2e' 
3 2 

where c = (c\, Co, C3) is an arbitrary constant vector. ■ 



We define the definite integral of a vector-valued function in the obvious way. 



DEFINITION 2.6 

For the vector-valued function r(f ) = (/(f), g{t), h(t)), we define the definite 
integral of r(t) on the interval [a, b] by 

f r(t)dt= f (f(t),g{t),h(t))dt = lf f(t)dt, [ g(t)dt, f h{t)dt\. (2.6) 



This says simply that the definite integral of a vector-valued function r(f ) is the vector 
whose components are the definite integrals of the corresponding components of r(t). 
With this in mind, we now extend the Fundamental Theorem of Calculus to vector-valued 
functions. 



THEOREM 2.5 

Suppose that R(f) is an antiderivative of r(f) on the interval [a, b]. Then, 

i-b 

r(t)dt = R(b)-R(a). 



J a 



PROOF 

The proof is straightforward and we leave this as an exercise. ■ 
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EXAMPLE 2.9 Evaluating the Definite Integral 
of a Vector-Valued Function 

Evaluate / 0 ' (sin nt, 6t 2 + At) dt. 

Solution Notice that an antiderivative for the integrand is 



1 6? 3 

-— COSTTf, 

7T 3 



From Theorem 2.5, we have that 
. l 



4 2 ) = 



COS nt, 2? 3 + 2f 2 



j (sin nt , 6f 2 + At) dt — j- — cos nt , It 3 + 2? 2 j 



1 



■ COS 7T, 2 + 2 



7T 

1 

- + - 

n n 



cos 0,0 



-,4-0 



-.4 



EXERCISES 12.2 



0) 



($) WRITING EXERCISES 



1. If lim f(t) — lim g(t) — 0 and limh(t) — oo, describe what 

r^O' f->0 t->0 

happens graphically as t — >• 0 to the curve traced out by 
r(?) = (fit), g(t), h(t)). Explain why the limit of r(?) as t 0 
does not exist. 

2. In example 2.3, describe what is happening graphically for 
t < — 1. Explain why we don't say that r(f) is continuous for 
f < -1. 



In exercises 7-14, determine all values of t at which the given 
vector-valued function is continuous. 

7. r(0 = | • \/f 2 - 1, 2f | 8. r(? ) = |sin t, cos f, j J 

9. r(f) = (tan?, sinf 2 , cosf) 10. r(f) = (cos5f, tanf, lnr) 
2 

12. r(0 = (sinr, — cscf, cotr) 



11. r(t) = e 2/ ',v / f 2 + 



t + 3 

13. r(f) = (V7, V4 - i, tanf) 14. r(f) = (lnr, sec/, V 3 ?) 



3. Suppose that r(/) is a vector-valued function such that 
r(0) = (a, b, c) and r'(0) exists. Imagine zooming in on the 
curve traced out by r(/) near the point (a, b, c). Describe what 
the curve will look like and how it relates to the tangent vector 
r'(0). 

4. There is a quotient rule corresponding to the product rule in 
Theorem 2.3, part (iii). State this rule and describe in words 
how you would prove it. Explain why there isn't a quotient 
rule corresponding to the product rules in parts (iv) and (v) of 
Theorem 2.3. 



In exercises 1-6, find the limit if it exists. 



1. lim(f 2 - 1, e 2 ', sin?) 

r->0 



2. lim|f 2 ,e 2f , v / r 2 + 2f| 



/ sin t t + 1 \ / , , t + 1 

3. lim ,cosf, 4. lim Ut - 1, f 2 + 3, 

r-»o \ t t — 1 / r-»i \ t — 1 



5. lim/ln?, V? 2 + l,f - 3) 6. lim (cos t, t 1 + 3, 



In exercises 15-20, find the derivative of the given vector-valued 
function. 



15. r(r) = uWfTI 



16. r(f) = /Li,, e 2' i( 3 
U + l 



17. r(f) = (sin t, sin? 2 , cosf) 

18. r(f) = (cos5f, tanf, 6 sin?) 

19. r(f) = (e'\ f 2 e 2f , sec2f) 

20. r(f) = jvV 2 + 1, cos ?, e~ 3,S j 



tan?) 



In exercises 21-26, determine where the curve traced out by r(f ) 
is smooth. 

21. r(?) = (? 4 - 2? 2 , ? 2 - 2?) 22. r(?) = (? 2 + ?, ? 3 ) 
23. r(?) = (sin ?, cos 2?) 24. r(?) = (cos 2 ?, sin 2 ?) 

25. r(?) = {e^, ? 3 - ?) 26. r(?) = / , ln(? 2 - 4?)\ 
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In exercises 27-30, sketch the curve traced out by the endpoint 
of the given vector- valued function and plot position and tangent 
vectors at the indicated points. 

27. r(f) = (cos t, sin t) , t = 0, t = § , f = it 

28. r(0 = (f, t 2 - 1), t = 0, t = 1, t = 2 

29. r(t) = (cos t , t , sin t > , t = 0, t = f , t = n 

30. r(f) = (f, t, t 2 - 1), t = 0, f = 1, t = 2 



In exercises 31-40, evaluate the given indefinite or definite 
integral. 



33. / (f cos3f, r sin? 2 , e 2 ') dt 



34. / (f 2 e sin 2 f cos/, sec 2 f) dt 



/ 
/ 

/" / 4 2/ 4 \ 

j[-^=,^l,t^)dt 

f (t 2 -l,3t)dt 
Jo 

38. ^ (v / TT3,5(? + I)" 1 ) 

39 ' l In-' '■"■■)'" 

40. /v. a 4 ,*u 

Jo \ t 2 + 5t + 6' t 2 + 1/ 



dt 



36 



37 



In exercises 41-44, find all values of t such that r(t) and r'(t) are 
perpendicular. 

41. r(t) = (cos t, sin f) 42. r(f) = (2cosf, sinf) 

43. r(f) = (f, ?, t 2 - 1) 44. r(f) = It 2 , t, t 2 - 5) 



45. In each of exercises 41 and 42, show that there are no values 
of t such that r(t) and r'(/) are parallel. 

46. In each of exercises 43 and 44, show that there are no values 
of t such that r(t) and r'(/) are parallel. 



| In exercises 51-54, graph the curve traced out by r(f). 

51. r(f ) = ((2 + cos 80 cos t, (2 + cos 80 sin t, sin 80 

52. r(0 = ((2 + 1 cos 80 cos t , (2 + 1 cos 80 sin t, t sin St) 

53. r(0 = (2 cos t cos 8r, 2 cos t sin 8f , 2 sin f ) 

54. r(0 = ((—2 + 8 cos t) cos (8v / 20,(-2 + 8 cos 0 sin (8V20, 
8 sin 0 

55. Find all values of a and b for which 
r(0 = (sin/, sin(af), sm(bt)) is periodic. 

56. Find all values of a and b for which 

r(0 = (sin(7r0, sin(aO, sin(foO) is periodic. 

In exercises 57-60, label as true or false and explain why. 
1 



57. Ifu(0 : 



|r(0ll 



r(0 and u(0 ■ u'(0 = 0 then r(0 • r'(0 = 0. 



58. If r(/ 0 ) • r'(fo) = 0 for some f 0 , then ||r(0|| is constant. 

59. If /* f(0 • g(0 * = f a f(0 * • /* g(0 dt. 

60. If F'(0 = fit), then / f(f) dt = F(t). 



61. Define the ellipse C with parametric equations x — a cos t and 
y — b sin t , for positive constants a and b. For a fixed value of t, 
define the points P — (a cos t, b sin t), 

Q — (a cos(f + it/2), b s'm(t + 7t/2J) and 
Q' — (a cos(f — 7r/2), b s'm(t — n/2)). Show that the vector 
QQ (called the conjugate diameter) is parallel to the tan- 
gent vector to C at the point P. Sketch a graph and show the 
relationship between P, Q and Q . 

62. Repeat exercise 61 for the general angle 0, so that the points 
are P — (a cos /, b sin t), Q — (a cos(f + 6), b s'm(t + 9)) and 
Q = (a cos(f - ff), b sin(f - &)). 

63. Find-[f(0-(g(0xh(0)]. 

dt 

64. Find — [f(0 x (g(0 x h(0)]. 

dt 

65. Prove Theorem 2.3, part (ii). 

66. In Theorem 2.3, part (ii), replace the scalar product cr(t ) with 
the dot product c • r(0, for a constant vector c and prove the 
results. 

67. Prove Theorem 2.3, parts (ii) and (iii). 

68. Prove Theorem 2.3, part (v). 

69. Prove that if r(0 and r'(0 are orthogonal for all t, then 
||r(0|| = constant [Theorem 2.4, part (ii)]. 

70. Prove Theorem 2.5. 



In exercises 47-50, find all values of t such that r'(0 is parallel 
to the (a) *v-plane; (b) jz-plane; (c) plane x = y. 

47. r(0 = (t, t, t 3 - 3) 48. r(0 = (f 2 , t, sin t 2 ) 

49. r(0 = (cos t, sinf, sin 20 

50. r(0 = (VfTT, cos t, t A - 80) 



APPLICATION 



71. If the curves traced out by f(0 = (t 2 - 4f, <Jt + 5, At) and 

f 2 \ 

4 + 3t ) represent the paths of two air- 



g(0 = (srn(7T0, t ^ 
planes, determine if they collide 
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^ EXPLORATORY EXERCISES 

1. Find all values of f such that r'(f) = 0 for each function: 
(a)r(f) = (t, t 2 - l),(b)r(f) = (2 cos / + sin2f, 2sinf + cos2f), 
(c) r(f) = (2 cos 3f + sin 5t, 2 sin 3/ + cos 5f >, (d) r(t) = 
(f 2 , f 4 - 1) and (e) r(f) = (f 3 , f 6 - 1). Based on your results, 
conjecture the graphical significance of having the deriva- 
tive of a vector- valued function equal the zero vector. If r(f ) 
is the position function of some object in motion, explain 
the physical significance of having a zero derivative. Ex- 
plain your geometric interpretation in light of your physical 
interpretation. 

2. A curve C is smooth if it is traced out by a vector-valued 
function r(f), where r'(f) is continuous and r'(t) / 0 for all 
values of f. Sketch the graph of r(f) = (f, ^ft 2 ) and explain 
why r'(?) must be continuous. Sketch the graph of r(f) = 



(2cosf + sin2f, 2sinf + cos2f) and show that r'(0) = 0. 
Explain why r'(f) must be nonzero. Sketch the graph of 
r(f) = (2cos3f + sin5f, 2sin3f + cos5f) and show that r'(0 
never equals the zero vector. By zooming in on the edges of the 
graph, show that this curve is accurately described as smooth. 
Sketch the graphs of r(f) = (f, f 2 - l) andg(f) = (f 2 , f 4 - l) 
for f > 0 and observe that they trace out the same curve. 
Show that g'(0) = 0, but that the curve is smooth at t — 0. 
Explain why this says that the requirement that r'(f) ^ 0 
need not hold for every r(f) tracing out the curve. [This 
requirement needs to hold for only one such r(f).] Deter- 
mine which of the following curves are smooth. If the curve 
is not smooth, identify the graphical characteristic that is 
"unsmooth": r(f) = (cos/, sin?, f), r(f) = (cosf, sinf, ^ft 2 ) , 
r(f) = (tanf, sinf 2 , cosf), r(f) = (5 sin 3 f, 5 cos 3 1, t) and 
r(f) = (cost, t 2 e~', cos 2 f). 



12.3 MOTION IN SPACE 



We are finally at a point where we have sufficient mathematical machinery to describe 
the motion of an object in a three-dimensional setting. Problems such as this were one of 
the primary focuses of Newton and many of his contemporaries. Newton used his newly 
invented calculus to explain all kinds of motion, from the motion of a projectile (such as a 
ball) hurled through the air, to the motion of the planets. His stunning achievements in this 
field unlocked mysteries that had eluded the greatest minds for centuries and form the basis 
of our understanding of mechanics today. 

Suppose that an object moves along a curve traced out by the endpoint of the vector- 
valued function 

r(t) = (f(t),g(t),h(t)), 

where /represents time and where t e [a, b]. We observed in section 12.2 that for any given 
value of ?, r'(f) is a tangent vector pointing in the direction of the orientation of the curve. 
We can now give another interpretation of this. From (2.3), we have 

r'(0 = (/'(f), g\t), h'{t)) 

and the magnitude of this vector-valued function is 

llr'WII = V[/'(01 2 + [g'(0P + W(t)] 2 . 

(Where have you seen this expression before?) Notice that from (1.4), given any number 
to e [a, b], the arc length of the portion of the curve from u — to up to u — t is given by 

s(t)= [ Vt/'(")] 2 + Ig'iu)] 2 + [h'(u)] 2 du. (3.1) 

Part II of the Fundamental Theorem of Calculus says that if we differentiate both sides of 
(3.1), we get 

s'(t) = V[/'(0] 2 + [S'(0] 2 + Wit)] 2 = \W(t)\\. 

Since s{t) represents arc length, s'(t) gives the instantaneous rate of change of arc length 
with respect to time, that is, the speed of the object as it moves along the curve. So, for 
any given value of f , r'(f) is a tangent vector pointing in the direction of the orientation of 
C (i.e., the direction followed by the object) and whose magnitude gives the speed of the 
object. So, we call r'(f ) the velocity vector, denoted v(f). Finally, we refer to the derivative 
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FIGURE 12.13 

Position, velocity and 
acceleration vectors 




FIGURE 12.14 

Position, velocity and acceleration 
vectors 




FIGURE 12.15 

Position, velocity and acceleration 
vectors 



of the velocity vector v'(f ) = r"(?) as the acceleration vector, denoted a(t). When drawing 
the velocity and acceleration vectors, we locate both of their initial points at the terminal 
point of r(f) (i.e., at the point on the curve), as shown in Figure 12.13. 



EXAMPLE 3.1 Finding Velocity and Acceleration Vectors 

Find the velocity and acceleration vectors if the position of an object moving in the 
xy-plane is given by r(f) = (f 3 , 2f 2 }. 

Solution We have 

v(f) = r>{t) = (3t 2 , At) and a(t) = r"(0 = (6t, 4). 

In particular, this says that at t = 1, we have r(l) = (1, 2), v(l) = r'(l) = (3, 4) and 
a(l) = r"(l) = (6, 4). We plot the curve and these vectors in Figure 12.14. ■ 



Just as in the case of one-dimensional motion, given the acceleration vector, we can 
determine the velocity and position vectors, provided we have some additional information. 



EXAMPLE 3.2 Finding Velocity and Position from Acceleration 

Find the velocity and position of an object at any time t, given that its acceleration is 
a(f) = (6f, I2t + 2, e'), its initial velocity is v(0) = (2, 0, 1) and its initial position is 
r(0)= (0,3,5). 

Solution Since a(t) = \'(t), we integrate once to obtain 

v(t) = J a(t)dt = j[6ti + (I2t + 2)j + e'k] dt 

- 3f 2 i + (6r + 2t)j + e'k + Ci, 

where Ci is an arbitrary constant vector. To determine the value of Ci, we use the given 
initial velocity: 

(2, 0, 1) = v(0) = (0)1 + (0)j + (l)k + Cl , 
so that Ci = (2, 0, 0). This gives us the velocity 

V(f) = (3r 2 + 2)i + (6t 2 + 2t)j + e'k. 
Since \(t) = r'(t), we integrate again, to obtain 

r(t) = j v(f ) dt = j [(3t 2 + 2)i + (fit 1 + 2t)j + e'k] dt 

= (r 3 + 2t)i + (2f 3 + t 2 )i + e'k + c 2 , 

where C2 is an arbitrary constant vector. We can use the given initial position to determine 
the value of C2, as follows: 

(0, 3, 5) = r(0) = (0)i + (0)j + (l)k + c 2 , 

so that C2 = (0, 3, 4). This gives us the position vector 

r(r) = (f 3 + 2r)i + (2r 3 + t 2 + 3)j + (e' + 4)k. 

We show the curve and indicate sample vectors for r(r), v(f) and a(t) in Figure 12. 15. 

We have already seen Newton's second law of motion several times now. In the case 
of motion in two or more dimensions, we have the vector form of Newton's second law: 



F — ma. 



Here, m is the mass, a is the acceleration vector and F is the vector representing the net 
force acting on the object. 
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FIGURE 12. 1 6a 

Motion along a circle 




FIGURE 12. 16b 

Centripetal force 



EXAMPLE 3.3 Finding the Force Acting on an Object 

Find the force acting on an object moving along a circular path of radius b, with 
constant angular speed. 

Solution For simplicity, we will take the circular path to lie in the xy-plane with its 
center at the origin. Here, by constant angular speed, we mean that if 6 is the angle 
made by the position vector and the positive x-axis and t is time (see Figure 12.16a, 
where the indicated orientation is for the case where co > 0), then we have that 



d6 
di 



— co (constant). 



Notice that this says that 8 — cot + c, for some constant c. Further, we can think of the 
circular path as the curve traced out by the endpoint of the vector-valued function 

r(f) = (bcos.6, bsin9) = (bcos(cot + c), bsm(a>t + c)>. 

Notice that the path is the same for every value of c. (Think about what the value of c 
affects.) For simplicity, we take 9 = 0 when t — 0, so that 6 — cot and 

r(t) = (b cos cot, b sin cot). 

Now that we know the position at any time t, we can differentiate to find the velocity 
and acceleration. We have 

v(f) = r'(f) = (— bcosincot, bco cos, cot), 

so that the speed is ||v(f)ll = cob and 

a(f) = v'(?) = r"(r) = (-bco 2 cos cot, -bco 2 sin cot) 
= — co 2 (b cos cot, b sin cot) — — co 2 r(t). 

From Newton's second law of motion, we now have 

F(f) = ma(t) = -mco 2 r(t). 

Notice that since mco 2 > 0, this says that the force acting on the object points in the 
direction opposite the position vector. That is, at any point on the path, it points in 
toward the origin. (See Figure 12.16b.) We call such a force a centripetal 
(center-seeking) force. ■ 



Observe that on the circular path of example 3.3, 
the path, the force vector has constant magnitude: 



|r(?)|| = b, so that at every point on 



||F(0|| = \\-mco 2 r(t)\\ = mco 2 \\r(t)\\ = mco 2 b. 

Notice that one consequence of the result F(r) = —mco 2 r(t) from example 3.3 is that 
the magnitude of the force increases as the rotation rate co increases. You have experienced 
this if you have been on a roller coaster with tight turns or loops. The faster you are going, the 
stronger the force that your seat exerts on you. Alternatively, since the speed is ||v(f) || = cob, 
the tighter the turn (i.e., the smaller b is), the larger co must be to obtain a given speed. So, 
on a roller coaster, a tighter turn requires a larger value of co, which in turn increases the 
centripetal force. 

Just as we did in the one-dimensional case, we can use Newton's second law of motion 
to determine the position of an object given only a knowledge of the forces acting on it. We 
present a simple case in example 3.4. 



EXAMPLE 3.4 Analyzing the Motion of a Projectile 

A projectile is launched from ground level with an initial speed of 50 meters per second 
at an angle of ? to the horizontal. Assuming that the only force acting on the object is 
gravity (i.e., there is no air resistance, etc.), find the maximum altitude, the horizontal 
range and the speed at impact of the projectile. 
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TODAY IN 
MATHEMATICS 



Evelyn Granville ( 1 924- ) 

An American mathematician who 
has made important contributions 
to the space program and the 
teaching of mathematics. Growing 
up poor, she and her sister 
"accepted education as the means 
to rise above the limitations that a 
prejudiced society endeavored to 
place upon us." She was the first 
black American woman to be 
awarded a Ph.D. in mathematics. 
Upon graduation, she was 
employed as a computer 
programmer and in the early 
1 960s helped NASA write 
programs to track the paths of 
vehicles in space for Project 
Mercury. She then turned to 
education, her first love. Granville 
has coauthored an influential 
textbook on the teaching of 
mathematics. 




50 sin 8 



50 cos ( 



FIGURE 12.17a 

Initial velocity vector 



Solution Notice that here, the motion is in a single plane (so that we need only 
consider two dimensions) and the only force acting on the object is the force of gravity, 
which acts straight downward. Although this is not constant, it is nearly so at altitudes 
reasonably close to sea level. We will assume that 

F(0 = -mgj, 

where g is the constant acceleration due to gravity, g 9.8 m/s 2 (using the metric value 
since the initial speed is given in m/s). From Newton's second law of motion, we have 

-mgj - F(f) = ma(t). 

We now have v'(f) = a(f) = — 9.8j. 

Integrating this once gives us 

v(f) = j a(t)dt = -9.8/j + ci, 



(3.2) 



where Ci is an arbitrary constant vector. If we knew the initial velocity vector v(0), we 
could use this to solve for Ci, but we know only the initial speed (i.e., the magnitude of 
the velocity vector). Referring to Figure 12.17a, notice that you can read off the 
components of v(0), using the definitions of the sine and cosine functions: 

v(0) = (50 cos -, 50 sin ^ J - (25V2, 25V2). 
From (3.2), we now have 

(25V2, 25V2) = v(0) = (-9.8X0) j + d = ci. 
Substituting this back into (3.2), we have 

v(0 = -9.8? j + (25 V2, 25V2) = (25V2, 25V2 - 9. it). (3.3) 
Integrating (3.3) will give us the position vector 

r(?)= j \(t)dt = (25V2r,25V2r -4.9r 2 ) + c 2 , 

where C2 is an arbitrary constant vector. Since the initial location was not specified, we 
choose it to be the origin (for simplicity). This gives us 

0 = r(0) = c 2 , 



so that 



r(t) - (25V2f , 25V2f - 4.9f 2 



(3.4) 



We show a graph of the path of the projectile in Figure 12.17b. Now that we have found 
expressions for the position and velocity vectors for any time, we can answer the 
physical questions. Notice that the maximum altitude occurs at the instant when the 
object stops moving up (just before it starts to fall). This says that the vertical ( j) 
component of velocity must be zero. From (3.3), we get 

0 = 25V2-9.8f, 

so that the time at the maximum altitude is 

25 V2 

t — . 

9.8 

H — + — 1 1 1 — — ► x The maximum altitude is then found from the vertical component of the position vector 

at this time: 

FIGURE 1 2. 1 7b 

Path of a projectile 




Maximum altitude = 25V2f - 4.9t 2 
1250 



19.6 



m = 63.8 m. 
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To determine the horizontal range, we first need to determine the instant at which the 
object strikes the ground. Notice that this occurs when the vertical component of the 
position vector is zero (i.e., when the height above the ground is zero). From (3.4), we 
see that this occurs when 

0 - 25V2? - 4.9t 2 - r(25V2 - 4.9t). 

There are two solutions of this equation: t — 0 (the time at which the projectile is 
25V2 

launched) and t — - - (the time of impact). The horizontal range is then the 
horizontal component of position at this time: 

Range = 25 \flt 



1250 



= 255.1 m. 



Finally, the speed at impact is the magnitude of the velocity vector at the time of 
impact: 




25 s/2, 25V2-9.8 



m 

1(2572,-25^2)1 =50m/s. , 



You might have noticed in example 3.4 that the speed at impact was the same as the 
initial speed. Don't expect this to always be the case. Generally, this will be true only for a 
projectile of constant mass that is fired from ground level and returns to ground level and 
that is not subject to air resistance or other forces. 




Vq COS I 



FIGURE 12.18a 

Initial velocity 



O Equations of Motion 



We now derive the equations of motion for a projectile in a slightly more general setting 
than that described in example 3.4. Consider a projectile launched from an altitude h above 
the ground at an angle 6 to the horizontal and with initial speed Do- We can use Newton's 
second law of motion to determine the position of the projectile at any time t and once we 
have this, we can answer any questions about the motion. 

We again start with Newton's second law and assume that the only force acting on the 
object is gravity. We have 

-mgj - F(f) = ma(f). 



This gives us (as in example 3.4) 



v'(0 = a(f ) 



v o sin0 Integrating (3.5) gives us 



v(f) 



/ 



a(t)dt 



gs 



-gtj + cu 



(3.5) 



(3.6) 



where Ci is an arbitrary constant vector. In order to solve for Ci, we need the value of v(f) 
for some t, but we are given only the initial speed Vq and the angle at which the projectile 
is fired. Notice that from the definitions of sine and cosine, we can read off the components 
of v(0) from Figure 12.18a. From this and (3.6), we have 



(Do cost', Do sin f 



v(0) = Cl . 



This gives us the velocity vector 

v(t) — (uocosf), Do sin 0 — gt). 
Since r'(f) = v(f), we integrate (3.7) to get the position: 



(3.7) 



r(r) 



= J \{t)dt — I 



v(f) dt — ( (dq cos 9)t , (do sin 6)t 



gt' 



Co. 
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FIGURE 12. 18b 

Path of the projectile 



Time to reach maximum altitude 



To solve for C2, we want to use the initial position r(0), but we're not given it. We're told 
only that the projectile starts from an altitude of h feet above the ground. So, we choose the 
origin to be the point on the ground directly below the launching point, giving us 



(0, h) = r(0) = c 2 , 



so that 



r(r) = ( (vq cos 6)t, (vq sin 6)t 



(0, h) 



(vq cos 6)t , h + (vq sin 9)t 



(3.8) 



Notice that the path traced out by r(f ) (from t — 0 until impact) is a portion of a parabola. 
(See Figure 12.18b.) 

Now that we have derived (3.7) and (3.8), we have all we need to answer any further 
questions about the motion. For instance, the maximum altitude occurs at the time at which 
the vertical component of velocity is zero (i.e., at the time when the projectile stops rising). 
From (3.7), we solve 

0 = Do sin 6 — gt, 
so that the time at which the maximum altitude is reached is given by 

vq sin 6 



8 

The maximum altitude is then the vertical component of the position vector at this time. 
From (3.8), we have 



Maximum altitude = h + (vq sin 6)t — 



Maximum altitude 



vq sin 8 \ g ( vq sin 0 



— h + (vq sin 0) 

1 vk sin 2 i 
= A + --5 

2 e 



In all of the foregoing analysis, we left the constant acceleration due to gravity as g. 
You will usually use one of the two approximations: 

g « 32 ft/s 2 or g » 9.8 m/s 2 . 

When using any other units, simply adjust the units to feet or meters and the time scale to 
seconds or make the corresponding adjustments to the value of g. 

We next use the calculus to analyze the motion of a body rotating about an axis. (For 
instance, think about the motion of a gymnast performing a complicated routine). We use a 
rotational version of Newton's second law to analyze such motion. Torque (denoted by r) 
is defined in section 1 1 .4. In the case of an object rotating in two dimensions, the torque has 
magnitude (denoted by x = ||t||) given by the product of the force acting in the direction 
of the motion and the distance from the rotational center. The moment of inertia / of a body 
is a measure of how an applied force will cause the object to change its rate of rotation. 
This is determined by the mass and the distance of the mass from the center of rotation 
and is examined in some detail in section 14.2. In rotational motion, the primary variable 
that we track is an angle of displacement, denoted by 6. For a rotating body, the angle 
measured from some fixed ray changes with time t, so that the angle is a function 6(t). 
We define the angular velocity to be co(t) = 6'(t) and the angular acceleration to be 
oc(t) = a)'(f) = 9"(t). The equation of rotational motion is then 




t = la. 



(3.9) 
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Notice how closely this resembles Newton's second law, F — ma. The calculus used 
in example 3.5 should look familiar. 



EXAMPLE 3.5 The Rotational Motion of a Merry-Go-Round 

A stationary merry-go-round of radius 5 feet is started in motion by a push consisting of 
a force of 10 pounds on the outside edge, tangent to the circular edge of the merry-go- 
round, for 1 second. The moment of inertia of the merry-go-round is / = 25. Find the 
resulting angular velocity of the merry-go-round. 

Solution We first compute the torque of the push. The force is applied 5 feet from the 
center of rotation, so that the torque has magnitude 

r = (Force)(Distance from axis of rotation) = (10)(5) = 50 foot-pounds. 

From (3.9), we have 50 = 25a, 

so that a — 2. Since the force is applied for 1 second, this equation holds for 0 < t < 1. 
Integrating both sides of the equation co' — a from t — 0 to t — 1, we have by the 
Fundamental Theorem of Calculus that 



If the merry-go-round is initially stationary, then &>(0) = 0 and (3.10) becomes simply 
<w(l) = 2 rad/s. ■ 

Notice that we could draw a more general conclusion from (3.10). Even if the merry- 
go-round is already in motion, applying a force of 10 pounds tangentially to the edge for 1 
second will increase the rotation rate by 2 rad/s. 

For rotational motion in three dimensions, the calculations are somewhat more com- 
plicated. Recall that we had defined the torque r due to a force F applied at position r to 
be 



Example 3.6 relates torque to angular momentum. The linear momentum p of an object 
of mass m with velocity v is given by p = my. The angular momentum L is defined by 
L(f) = r(t) x mv(t). 



EXAMPLE 3.6 Relating Torque and Angular Momentum 

Show that torque equals the derivative of angular momentum. 

Solution From the definition of angular momentum and the product rule for the 
derivative of a cross product [Theorem 2.3 (v)], we have 



Notice that the first term on the right-hand side is the zero vector, since it is the cross 
product of parallel vectors. From Newton's second law, we have F(r) = ma(t), so we 
have 




(3.10) 



t = r x F. 



L'(t) - —[rit) x mv(f)] 



dt 



— r'it) x mv(f) + r(f) x mv'(f) 
= v(f) x m\(t) + r(t) x ma(t). 



L'(f) = rit) x ma.it) — r x F = r. m. 
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From this result, it is a short step to the principle of conservation of angular momen- 
tum, which states that, in the absence of torque, angular momentum remains constant. This 
is left as an exercise. 

In example 3.7, we examine a fully three-dimensional projectile motion problem for 
the first time. 



v(0) 



EXAMPLE 3.7 



Magnus force 



East 

FIGURE 12.19a 

The initial velocity and Magnus 
force vectors 



400- 




2000 



4000 



FIGURE 12. 19b 

Path of the projectile 




1000 2000 3000 



FIGURE 12.19c 

Projection of path onto the xz-plane 



Analyzing the Motion of a Projectile 
in Three Dimensions 



A projectile of mass 1 kg is launched from ground level toward the east at 200 meters/ 
second, at an angle of 2. to the horizontal. If the spinning of the projectile applies a 
steady northerly Magnus force of 2 newtons to the projectile, find the landing location 
of the projectile and its speed at impact. 

Solution Notice that because of the Magnus force, the motion is fully three- 
dimensional. We orient the x-, y- and z-axes so that the positive y-axis points north, 
the positive x-axis points east and the positive z-axis points up, as in Figure 12.19a, 
where we also show the initial velocity vector and vectors indicating the Magnus force. 
The two forces acting on the projectile are gravity (in the negative z-direction with 
magnitude 9.8 m — 9.8 newtons) and the Magnus force (in the y-direction with 
magnitude 2 newtons). Newton's second law is F = ma = a. We have 

a(f) = v'(/) = (0, 2, -9.8) 
Integrating gives us the velocity function 

v(f) - (0, It, -9.80 +ci, 
where ci is an arbitrary constant vector. Note that the initial velocity is 

v(0) = (200 cos |, 0,200 sin |J = (l00V3, 0, 100). 

From (3.1 1), we now have 

(100V3,0, 100) = v(0) = d, 
which gives us v(f) = (100V3, 2?, 100 - 9.8/). 

We integrate this to get the position vector: 

r(f) = (lOOVIf , t 2 , 100? - 4.9t 2 ) + c 2 , 
for a constant vector C2. Taking the initial position to be the origin, we get 

0 = r(0) - c 2 , 



(3.11) 



so that 



r(/) = (lOOV3f, t 2 , 100/ - 4.9/ 2 



(3.12) 



Note that the projectile strikes the ground when the k component of position is zero. 
From (3.12), we have that this occurs when 

0 = 100/ - 4.9/ 2 - /(100 - 4.9/). 

So, the projectile is on the ground when / = 0 (time of launch) and when / = j| fts 20 .4 
seconds (the time of impact). The location of impact is then the endpoint of the vector 
r(^) « (3534.8, 416.5, 0) and the speed at impact is 



204 m/s. 



We show a computer-generated graph of the path of the projectile in Figure 12.19b, 
where we also indicate the shadow made by the path of the projectile on the ground. In 
Figure 12.19c, we show the projection of the projectile's path onto the xz-plane. 
Observe that this parabola is analogous to the parabola shown in Figure 12.17b. ■ 



12-29 



SECTION 12.3 •• Motion in Space 



777 



EXERCISES 12.3 

^) WRITING EXERCISES 

1. Explain why it makes sense in example 3.4 that the speed at 
impact equals the initial speed. (Hint: What force would slow 
the object down?) If the projectile were launched from above 
ground, discuss how the speed at impact would compare to the 
initial speed. 

2. If we had taken air drag into account in example 3.4, discuss 
how the calculated speed at impact would have changed. 

3. In this section, we assumed that the acceleration due to gravity 
is constant. By contrast, air resistance is a function of veloc- 
ity. (The faster the object goes, the more air resistance there 
is.) Explain why including air resistance in our Newton's law 
model of projectile motion would make the mathematics much 
more complicated. 

4. In example 3.7, use the x- and v-components of the position 
function to explain why the projection of the projectile's path 
onto the xv-plane would be a parabola. The projection onto the 
xz-plane is also a parabola. Discuss whether or not the path in 
Figure 12.19b is a parabola. If you were watching the projec- 
tile, would the path appear to be parabolic? 



In exercises 1-6, find the velocity and acceleration functions for 
the given position function. 



1. 


r(0 = 


(5 cos 2t, 5 sin 2?) 


2. 


r(0 = 


(2 cos t + sin 2t , 2 sin t + cos 2t) 


3. 


r(0 = 


(25/,-16f 2 + 15/ + 5) 


4. 


r(0 = 


(25te- 2 \ -16f 2 + lOf + 20) 


5. 


r(f) = 


(Ate- 1 ', Vf 2 + U/(f 2 + 1)) 


6. 


r(0 = 


(3e~ 3 ' , sin2f, e~' sinf) 



In exercises 7-14, find the position function from the given ve- 
locity or acceleration function. 



7. 


v(/) = 


(10, -32f + 4),r(0) = (3,8) 


8. 


v(/) = 


(At, t 2 - 1), r(0) = (10, -2) 


9. 


a« = 


(0, -32), v(0) = (5, 0), r(0) = (0, 16) 


10. 


a(f) = 


(t, sin t ) , v(0) = (2, -6) , r(0) =(10,4) 


11. 


v(0 = 


(12VF, t/(t 2 + 1), te-'}, r(0) = (8, -2, 1) 


12. 


v(0 = 


(te-< 2 , l/(t 2 + 1), 2/(t + 1)), r(0) = (4, 0, -3) 


13. 


a(0 = 


(t, 0, -16), v(0) = (12, -A, 0), r(0) = (5, 0, 2) 


14. 


a(0 = 


(e-\ f, sinf), v(0) = (4, -2, 4), r(0) = (0, 4, -2) 



In exercises 15-18, find the magnitude of the net force on an 
object of mass 10 kg with the given position function (in units 
of meters and seconds). 

15. r(f) = (4cos2f,4sin2f) 16. r(r) = (3 cos 5t, 3 sin5?) 
17. r(f) = (6cos4?, 6sin4f) 18. r(r) = (2cos3f, 2sin3f) 



In exercises 19-22, find the net force acting on an object of 
mass m with the given position function (in units of meters and 
seconds). 

19. r(r) = (3cos2«, 5sin2f), m = 10 kg 

20. r(t) = (3cos4«, 2sin5f), m = 10 kg 

21. r(f) = (3r 2 + t,3t- 1), m = 20 kg 

22. r(f) = (20/ - 3, -16r 2 + 2t + 30), m = 20 kg 

In exercises 23-28, a projectile is fired with initial speed v 0 m/s 
from a height of h meters at an angle of 0 above the horizontal. 
Assuming that the only force acting on the object is gravity, find 
the maximum altitude, horizontal range and speed at impact. 

23. v 0 = 98, h = 0, 9 = | 24. v 0 = 98, h = 0, 6 = f 
25. v Q = 49, h = 0, 9 = f 26. v 0 = 98, h = 0, 6 = f 
27. v 0 = 60, h = 10, 9 = f 28. u 0 = 60, h = 20, 9 = | 



29. Based on your answers to exercises 25 and 26, what effect does 
doubling the initial speed have on the horizontal range? 

30. The angles | and | are symmetric about |; that is, 
j — | = j — j. Based on your answers to exercises 23 and 
24, how do horizontal ranges for symmetric angles compare? 

31. Beginning with Newton's second law of motion, derive the 
equations of motion for a projectile fired from altitude /; above 
the ground at an angle 6 to the horizontal and with initial 
speed Do. 

32. For the general projectile of exercise 31, with h — 0, (a) show 

v 2 sin 20 

that the horizontal range is and (b) find the angle that 

8 

produces the maximum horizontal range. 

33. A force of 20 pounds is applied to the outside of a stationary 
merry-go-round of radius 5 feet for 0.5 second. The moment of 
inertia is / = 10. Find the resultant change in angular velocity 
of the merry-go-round. 

34. A merry-go-round of radius 5 feet and moment of inertia 
/ = 10 rotates at 4 rad/s. Find the constant force needed to 
stop the merry-go-round in 2 seconds. 

35. A golfer rotates a club with constant angular acceleration a 
through an angle of n radians. If the angular velocity increases 
from 0 to 15 rad/s, find a. 

36. For the golf club in exercise 35, find the increase in angular 
velocity if the club is rotated through an angle of =y radians 
with the same angular acceleration. Describe one advantage of 
a long swing. 

37. Softball pitchers such as Jennie Finch often use a double wind- 
mill to generate arm speed. At a constant angular acceleration, 
compare the speeds obtained rotating through an angle of n 
versus rotating through an angle of 37r . 

38. As the Softball in exercise 37 rotates, its linear speed u is related 
to the angular velocity en by v — ra>, where r is the distance of 
the ball from the center of rotation. The pitcher's arm should 
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be fully extended. Explain why this is a good technique for 
throwing a fast pitch. 

39. Use the result of example 3.6 to prove the Law of Conserva- 
tion of Angular Momentum: if there is zero (net) torque on 
an object, its angular momentum remains constant. 

40. Prove the Law of Conservation of Linear Momentum: if 

there is zero (net) force on an object, its linear momentum 
remains constant. 

41. If acceleration is parallel to position (a||r), show that there is 
no torque. Explain this result in terms of the change in angu- 
lar momentum. (Hint: If a||r, would angular velocity or linear 
velocity be affected?) 

42. If the acceleration a is constant, show that L'" = 0. 

43. Find the landing point in exercise 23 if the object has mass 
1 slug, is launched due east and there is a northerly Magnus 
force of 8 pounds. 

44. Find the landing point in exercise 24 if the object has mass 
1 slug, is launched due east and there is a southerly Magnus 
force of 4 pounds. 

45. Suppose an airplane is acted on by three forces: gravity, wind 
and engine thrust. Assume that the force vector for gravity is 
mg — m{0, 0, —32), the force vector for wind is w = (0, 1,0) 
for 0 S t < 1 and w = (0, 2, 0) for t > 1, and the force vector 
for engine thrust is e = (2t, 0, 24). Newton's second law of 
motion gives us ma = mg + w + e. Assume that m — 1 and 
the initial velocity vector is v(0) = (100, 0, 10). Show that the 
velocity vector for 0 < t < 1 is v(f) = (f 2 + 100, t, 10 - 8f). 
For t > 1, integrate the equation a = g + w + e, to get 
\{t) — (f 2 + a, 2t + b, —St + c), for constants a, b and c. Ex- 
plain (on physical grounds) why the function v(/) should be 
continuous and find the values of the constants that make it 
so. Show that \(t) is not differentiable. Given the nature of the 
force function, why does this make sense? 

46. Find the position function for the airplane in exercise 45. 

47. Find a vector equation for position and the point of impact if 
the projectile in exercise 23 is launched in the plane y — x. 

48. Find a vector equation for position and the point of impact if 
the projectile in exercise 27 is launched in the plane y — 2x. 

49. Given that the horizontal range of a projectile launched from 

71 

the ground is 100 m and the launch angle is — , find the initial 
speed. 

50. Given that the horizontal range of a projectile launched from 
the ground is 240 feet and the launch angle is 30°, find the 
initial speed. 



APPLICATIONS 



In exercises 51-54, neglect all forces except gravity. In all these 
situations, the effect of air resistance is actually significant, but 
your calculations will give a good first approximation. 

51. A baseball is hit from a height of 3 feet with initial speed 
120 feet per second and at an angle of 30 degrees above the 



horizontal, (a) Find a vector-valued function describing the po- 
sition of the ball t seconds after it is hit. (b) To be a home run, 
the ball must clear a wall that is 385 feet away and 6 feet tall. 
Determine whether this is a home run. (c) Repeat with an initial 
angle of 31 degrees. 



52. 



53. 




A baseball pitcher throws a pitch horizontally from a height of 
6 feet with an initial speed of 130 feet per second, (a) Find a 
vector- valued function describing the position of the ball t sec- 
onds after release, (b) If home plate is 60 feet away, how high 
is the ball when it crosses home plate? (c) If a person drops a 
ball from height 6 feet at the same time the pitcher releases the 
ball, how high will the dropped ball be when the pitch crosses 
home plate? 

A tennis serve is struck horizontally from a height of 8 feet with 
initial speed 120 feet per second, (a) Find a vector function for 
the position of the ball, (b) For the serve to count (be "in"), it 
must clear a net that is 39 feet away and 3 feet high and must 
land before the service line 60 feet away. Determine whether 
this serve is in or out. (c) Repeat with an initial speed of 80 
ft/s; (d) 65 ft/s. 




54. A football punt is launched from the ground at an angle of 50 
degrees with an initial speed of 55 mph. (a) Compute the "hang 
time" (the amount of time in the air) for the punt, (b) Compute 
the extra hang time if the initial speed is increased to 60 mph. 



55. A roller coaster is designed to travel a circular loop of radius 
100 feet. If the riders feel weightless at the top of the loop, 
what is the speed of the roller coaster? 

56. A roller coaster travels at variable angular speed co(t ) and ra- 
dius r(t) but constant speed c — a>(t)r(t). For the centripetal 
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force Fit) — mco 2 (t)r(t), show that F'(t) — mco(t)r(t)co'(t). 
Conclude that entering a tight curve with r'(t) < 0 but main- 
taining constant speed, the centripetal force increases. 

57. A jet pilot executing a circular turn experiences an acceleration 
of "5 g's" (that is, ||a|| = 5 g). If the jet's speed is 900 km/hr, 
what is the radius of the turn? 

58. For the jet pilot of exercise 57, how many g's would be expe- 
rienced if the speed were 1800 km/hr? 

59. Example 3.3 is a model of a satellite orbiting the Earth. In this 
case, the force F is the gravitational attraction of the Earth on 
the satellite. The magnitude of the force is ,JL ji^-, where m is 
the mass of the satellite, M is the mass of the Earth and G 
is the universal gravitational constant. Using example 3.3, this 
should be equal to mco 2 b. For a geosynchronous orbit, the fre- 
quency co is such that the satellite completes one orbit in one 
day. (By orbiting at the same rate as the Earth spins, the satellite 
can remain directly above the same point on the Earth.) For a 
sidereal day of 23 hours, 56 minutes and 4 seconds, find co. 
Using MG » 39.87187 x 10 13 N-m 2 /kg, find b for a geosyn- 
chronous orbit (the units of b will be m). 

60. Example 3.3 can also model a jet executing a turn. For a jet 
traveling at 1000 km/h, find the radius b such that the pilot 
feels 7 g's of force; that is, the magnitude of the force is 7 mg. 

61. For a satellite in Earth orbit, the speed v in miles per second 
is related to the height h miles above the surface of the Earth 

by v = J ^ 6 ^, . Suppose a satellite is in orbit 15,000 miles 
above the surface of the Earth. How much does the speed need 
to decrease to raise the orbit to a height of 20,000 miles? 



^ EXPLORATORY EXERCISES 

1. A ball rolls off a table of height 3 feet. Its initial velocity is 
horizontal with speed vq. Determine where the ball hits the 
ground and the velocity vector of the ball at the moment of 
impact. Find the angle between the horizontal and the impact 
velocity vector. Next, assume that the next bounce of the ball 
starts with the ball being launched from the ground with ini- 
tial conditions determined by the impact velocity. The launch 
speed equals 0.6 times the impact speed (so the ball won't 
bounce forever) and the launch angle equals the (positive) an- 
gle between the horizontal and the impact velocity vector. Us- 
ing these conditions, determine where the ball next hits the 
ground. Continue on to find the third point at which the ball 
bounces. 

2. In many sports such as golf and ski jumping, it is important 
to determine the range of a projectile on a slope. Suppose that 
the ground passes through the origin and slopes at an angle 
of a to the horizontal. Show that an equation of the ground 
is y — — (tana)x. An object is launched at height h — 0 with 
initial speed v 0 at an angle of 9 from the horizontal. Refer- 
ring to exercise 31, show that the landing condition is now 
y — — (tana)x. Find the x-coordinate of the landing point and 
show that the range (the distance along the ground) is given by 
R = sec a cos 8(sin9 + tana cos 6). Use trigonometric 
identities to rewrite this as R = - Vq sec 2 a [sin a + sin(a + 26)] . 
Use this formula to find the value of 9 that maximizes the range. 
For flat ground (a — 0), the optimal angle is 45°. State an easy 
way of taking the value of a (say, a — 10° or a — —8°) and 
adjusting from 45° to the optimal angle. 



12.4 CURVATURE 



In designing a highway, you would want to avoid curves that are too sharp, so that cars 
are able to maintain a reasonable speed. To do this, it would help to have some concept 
of how sharp a given curve is. In this section, we develop a measure of how much a curve 
is twisting and turning at any given point. First, realize that any given curve has infinitely 
many different parameterizations. For instance, for any real number a > 0, the parametric 
equations x — {at) 2 and y — at describe the parabola x — y 2 . So, any measure of how sharp 
a curve is should be independent of the parameterization. The simplest choice of a parameter 
(for conceptual purposes, but not for computational purposes) is arc length. Further, observe 
that this is an ideal parameter to use, as we measure how sharp a curve is by seeing how 
much it twists and turns per unit length. (Think about it this way: a turn of 90° over a quarter 
mile is not particularly sharp in comparison with a turn of 90° over a distance of 30 feet.) 

For the curve traced out by the endpoint of the vector-valued function 
r(t) = {f{t), g(t), h(t)), for a < t < b, we define the arc length parameter s(t) to be the 
arc length of that portion of the curve from u = a up to u = t. That is, from (1.4), 

*(t)= / J[f'(u)] 2 + [g>( U )] 2 + [h>( U )] 2 du. 

Recognizing that J[f'(u)] 2 + [g'(u)] 2 + [h'(u)] 2 = \\r'(u)\\, we can write this more 
simply as 

s(t)= ( \\r\u)\\du. (4.1) 

J a 
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Although explicitly finding an arc length parameterization of a curve is not the central 
thrust of our discussion here, we briefly pause now to construct such a parameterization, 
for the purpose of illustration. 



EXAMPLE 4. 1 Parameterizing a Curve in Terms of Arc Length 

Find an arc length parameterization of the circle of radius 4 centered at the origin. 
Solution Note that one parameterization of this circle is 

C:x = f(t) = 4cosf, y — g(t) — 4 sin?, 0 < t < 2jt. 
In this case, the arc length from u — 0 to u — t is given by 

s(t)= f V[f'(u)] 2 + [g'(u)] 2 du 
Jo 

— f sf [-4 sin u] 2 + [4 cos u] 2 du — 4 f \du=At. 
Jo Jo 

That is, / = s/4, so that an arc length parameterization for C is 

C:x = 4cos(M, y = 4sin(^-j, 0 < s < Sir. 



Unit tangent vector 



For the smooth curve C traced out by the endpoint of the vector-valued function 
r(f), recall that for each t, v(f) = r'(t) can be thought of as both the velocity vector and 
a tangent vector, pointing in the direction of motion (i.e., the orientation of C). Notice 
that 



(4.2) 




is also a tangent vector, but has length one (||T(f)|| = 1)- We call T(f) the unit tangent 
vector to the curve C. That is, for each t, T(r) is a tangent vector of length one pointing in 
the direction of the orientation of C. 




EXAMPLE 4.2 Finding a Unit Tangent Vector 

Find the unit tangent vector to the curve determined by r(f ) = (f 2 + 1 , t 
Solution We have 

r'(f)= (2M>, 

so that || r '(r)|| = j(2t) 2 + 1 = ^4t 2 + 1. 

From (4.2), the unit tangent vector is given by 

Tfrt - r ' (f) {2t > l) = I 2t 1 
FIGURE 12.20 ||r'(r)|| JW+l \V47^TT' JW+lt 

Unit tangent vectors 

In particular, we have T(0) = (0, 1) and T(l) = -^j. We indicate both of these in 
Figure 12.20. ■ 



In Figures 12.21a and 12.21b, we show two curves, both connecting the points A and B. 
Think about driving a car along roads in the shape of these two curves. The curve in Figure 
12.21b indicates a much sharper turn than the curve in Figure 12.21a. However, how do we 
mathematically describe this degree of "sharpness"? You should get an idea of this from 
Figures 12.21c and 12.21d, which are identical to Figures 12.21a and 12.21b, respectively, 
but with a number of unit tangent vectors drawn-in at equally spaced points on the curves. 
Notice that the unit tangent vectors change very slowly along the gentle curve in Figure 
12.21c, but twist and turn quite rapidly in the vicinity of the sharp curve in Figure 12.21d. 
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The rate of change of the unit tangent vectors with respect to arc length along the curve will 
then give us a measure of sharpness. To this end, we make the following definition. 





FIGURE I2.2la 

Gentle curve 



FIGURE 12.21 b 

Sharp curve 





FIGURE I2.2lc 

Unit tangent vectors 



FIGURE 1 2.2 1 d 

Unit tangent vectors 



DEFINITION 4.1 






The curvature k of a curve is the scalar quantity 




dT 




K — 


ds 


(4.3) 





Note that, while the definition of curvature makes sense intuitively, it is not a simple 
matter to compute k directly from (4.3). To do so, we would need to first find the arc length 
parameter s and the unit tangent vector T(r), rewrite T(f ) in terms of s and then differentiate 
with respect to s. This is not usually done. Instead, observe that by the chain rule, 

dT dT ds 

T'(f) - — , 

dt ds dt 



ds 

so that when — ^ 0, k — 

dt 



Now, from (4.1), we had s(t) 



dT 



ds 



IIT'WII 



/ \\r'(u) 

J a 



(4.4) 



du, 



so that by part II of the Fundamental Theorem of Calculus, 

ds 
dt 



W(t)\\. 



(4.5) 
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From (4.4) and (4.5), we now have 



Curvature 



\\T'(t)\\ 
l|r'(OH 



(4.6) 



where ||r'(f)|| ^ 0, for a smooth curve. Notice that it should be comparatively simple to use 
(4.6) to compute the curvature. We illustrate this in example 4.3. 



EXAMPLE 4.3 Finding the Curvature of a Straight Line 

Find the curvature of a straight line. 

Solution First, think about what we're asking. Straight lines are, well, straight, so their 
curvature should be zero at every point. Let's see. Suppose that the line is traced out by the 
vector-valued function r(f) = {at + b,ct + d, et + f), for some constants a, b, c, d, e 
and/(where at least one of a, c or e is nonzero). Then, 

r'(f) - (a, c, e) 

and so, l|r'(OII = a/a 2 + c 2 + e 2 — constant ^ 0. 

The unit tangent vector is then 

Tfrt = r ' (t) = {a ' C ' S) 

\\r'(t)\\ Vfl 2 + c 2 + e 2 ' 

which is a constant vector. This gives us T'(f) = 0, for all t. From (4.6), we now have 

|| V (Qll _ || 0|| 

l|r'(r)|| Vfl 2 + c 2 + e 2 
as expected. ■ 



= 0, 



Well, if a line has zero curvature, can you think of a curve with lots of curvature? The 
first one to come to mind is likely a circle, which we discuss next. 



EXAMPLE 4.4 Finding the Curvature of a Circle 

Find the curvature for a circle of radius a > 0. 

Solution Notice that the circle of radius a centered at the point (b, c) is traced out by 
the vector- valued function r(f) = (a cos t + b, a sin t + c). Differentiating, we get 

r'(t) = {—a sin t, a cos t) 

and II^COII = V (—a sin t) 2 + (a cos t) 2 — ay/ sin 2 t + cos 2 t — a. 

The unit tangent vector is then given by 

r'(?) (— a sin t, a cos t ) 

T(t) — = = (— sin t , cos t) . 

\\r'(t)\\ 

Differentiating this gives us 

T'(r) = ( — cos t, -sin?) 

and from (4.6), we have 

_ IIT'WII _ IK-cos t, -sin OH _ V(-cos0 2 + (-sinf) 2 _ 1 
_ ||r'(f)|| " a a ~ a' 

In particular, note that the curvature depends only on the radius and not on the location 
of the center. ■ 
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Notice that the result of example 4.4 is consistent with your intuition. First, observe 
that you should be able to drive a car around a circular track while holding the steering 
wheel in a fixed position. (That is, the curvature should be constant.) Further, the smaller 
that the radius of a circular track is, the sharper you will need to turn (that is, the larger the 
curvature). On the other hand, on a circular track of very large radius, it would seem as if 
you were driving fairly straight (i.e., the curvature will be close to 0). 

You probably noticed that computing the curvature of the curves in examples 4.3 and 
4.4 was just the slightest bit tedious. We simplify this process somewhat with the result of 
Theorem 4.1. 



THEOREM 4.1 

The curvature of the smooth curve traced out by the vector-valued function r(?) is 
given by 

||r'(?)xr"(?)|| 



Ir'WII 2 



(4.7) 



The proof of Theorem 4. 1 is rather long and involved and so, we omit it at this time, in 
the interest of brevity. We return to this in section 12.5, where the proof becomes a simple 
consequence of another result. 

Notice that it is a relatively simple matter to use (4.7) to compute the curvature for 
nearly any three-dimensional curve. 



EXAMPLE 4.5 Finding the Curvature of a Helix 

Find the curvature of the helix traced out by r(?) = (2 sin ?, 2 cos t , 4?}. 
Solution A graph of the helix is indicated in Figure 12.22. We have 

r'(f) = (2 cos?, -2 sin ?, 4) 
and r"(?) = (-2 sin t , -2 cos r, 0) . 

Now, r'(?) x r"(t) — (2 cos t, —2 sin t, 4) x (-2 sin t, —2 cos t , 0) 



2 cos ? 
—2 sin? 

(8 cos?, - 
(8 cos t, - 



From (4.7), we get that the curvature is 
l|r'(?) x r"(?)|| 



J k 

-2 sinf 4 
— 2 cos? 0 

'< sin t , -4 cos 2 t - 4 sin 2 t ) 
I sinf, -4). 



I|r'(f)ll 3 

| (8 cos?, -8 sin?, — 4) | 
|| (2 cos?, -2 sin?, 4) || 3 



(V20) 



1 

10' 



Note that this says that the helix has a constant curvature, as you should suspect from 
the graph in Figure 12.22. ■ 



In the case of a plane curve that is the graph of a function, y = f(x), we can derive a 
particularly simple formula for the curvature. Notice that such a curve is traced out by the 
vector- valued function r(?) = (?, /(?), 0), where the third component is 0, since the curve 
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Curvature for the plane 
curve y = f(x) 



lies completely in the xy-plane. Further, r'(f) = (1, f'(t), 0} andr"(0 = (0, /"(/), 0). From 
(4.7), we have 

\\r'(t) x r"(0|| ||(1, f'(t),0) x (0, /"(*), 0>|| 



|r'(r)|| 3 
l/"(OI 



l(l,/'(0,0>| 



{l + [/'(f)] 2 } 3 / 2 ' 



where we have left the calculation of the cross product as a simple exercise. Since the 
parameter t — x, we can write the curvature as 



I /"Ml 



{l + [/W} 3/2 ' 



(4.8) 



EXAMPLE 4.6 Finding the Curvature of a Parabola 

Find the curvature of the parabola y = ax 2 + bx + c. Also, find the limiting value of the 
curvature as x — ► oo. 

Solution Taking f(x) = ax 2 + bx + c, we have that fix) — lax + b and 
f"(x) = 2a. From (4.8), we have that 

\2a\ 



[1 + (2ax + b) 2 ?' 2 ' 



Taking the limit as x — > oo, we have 
lim k — lim 



\2a\ 



= 0. 



[1 + (2ax + 6) 2 ] 3 / 2 

In other words, as x — »• oo, the parabola straightens out, which you've likely observed 
in the graphs of parabolas. It is a straightforward exercise to show that the maximum 
curvature occurs at the vertex of the parabola (x = —b/2a). m 



BEYOND FORMULAS 

You can think of curvature as being loosely related to concavity, although there are 
important differences. The precise relationship for curves of the form y — f(x) is given 
in equation (4.8). Curvature applies to curves in any dimension, whereas concavity 
applies only to two dimensions. More importantly, curvature measures the amount of 
curving as you move along the curve, regardless of where the curve goes. Concavity 
measures curving as you move along the jf-axis, not the curve, and thus requires that the 
curve correspond to a function f(x). Given the generality of the curvature measurement, 
the formulas derived in this section are actually remarkably simple. 



EXERCISES 12.4 

^S) WRITING EXERCISES 

1. Explain what it means for a curve to have zero curvature (a) at 
a point and (b) on an interval of f-values. 

2. Some tangent lines approximate a curve well over a fairly 
lengthy interval while some stay close to a curve for only very 
short intervals. If the curvature at x — a is large, would you 
expect the tangent line at x — a to approximate the curve well 



over a lengthy interval or only a short interval? What if the 
curvature is small? Explain. 

3. Discuss the relationship between curvature and concavity for 
a function y = f{x). 

4. Explain why the curvature k — A of the helix in example 4.5 
is less than the curvature of the circle (2 sin?, 2 cos?) in two 
dimensions. 
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In exercises 1-6, find an arc length parameterization of the given 
two-dimensional curve and give the corresponding vector equa- 
tion of the curve. 

1. The circle of radius 2 centered at the origin 

2. The circle of radius 5 centered at the origin 

3. The line segment from the origin to the point (3, 4) 

4. The line segment from (1, 2) to the point (5, —2) 

5. r(r) = {t 2 ,t 3 ),t > 0 

6. r(f) = (t, cosh/), t > 0 

In exercises 7-14, find the unit tangent vector to the curve at the 
indicated points. 

7. r(/)= (3f, f 2 ),/ = 0, t = -\,t = 1 

8. r(r) = {2t\ s/t),t = 1, t = 2, t = 3 

9. r(r) = (3cosf, 2sin/),? = 0, t = -§,/ = § 

10. r(r) = (4 sin t , 2 cos t) , t = —it, t = 0, t = ji 

11. r(f) = (3t, cos2r, sin 2t) , t = 0, t = —it, t = n 

12. r(f) = (tcost, tsint,4t),t = -f ,/ = 0, t = f 

13. r(t) = (e 2 < cos/, e 2 ' sin/), f = 0, t = 1, ? = k 

14. r(f) = (t - sinr, 1 - cos/), r = 0, f = f , f = £ 



15. Sketch the curve in exercise 9 along with the vectors r(0), T(0), 
r(|)andT(|). 

16. Sketch the curve in exercise 10 along with the vectors 
r(0),T(0),r(f) andT(f). 

17. Sketch the curve in exercise 11 along with the vectors 
r(0), T(0), r(jr) and T(tt). 

18. Sketch the curve in exercise 12 along with the vectors r(0), 
T(0), r(l)andT(l). 

In exercises 19-26, find the curvature at the given point. 

19. r(/)= {e- 2 ',2t, 4), r = 0 

20. r(0= (2, sinnt, h\t),t = 1 

21. r(f) = (f, sin 2?, 3t),t = 0 

22. r(/)= (r, r 2 + f- l,f),f = 0 

23. /(x) = 3x 2 - 1, x = 1 24. f(x) = x 3 + 2x - \,x = 2 
25. /(x) = sinx, x = f 26. /(x) = e" 31 , x = 0 



27. For /(x) = sinx, show that the curvature is the same at x = | 
and x = ■ Use the graph of y — sin x to predict whether the 
curvature would be larger or smaller at x = it . 

28. For /(x) = e~ ix , show that the curvature is larger at x = 0 
than at x = 2. Use the graph of y — e~ 3 * to predict whether 
the curvature would be larger or smaller at x = 4. 



In exercises 29-32, sketch the curve and compute the curvature 
at the indicated points. 

29. r(f)= (2 cos 2?, 2 sin 2f, 3f),f = 0, t= f 

30. r(0= <cos2?,2sin2?,4f),f = |,f = f 

31. r(f) = (t, t, t 2 - 1), t = 0, t = 2 

32. r(f) = (2t - 1, f + 2, t - 3), f = 0,t = 2 



In exercises 33-36, sketch the curve and find any points of max- 
imum or minimum curvature. 

33. r(f ) = (2 cos t , 3 sin f ) 34. r(r) = (4 cos t , 3 sin t ) 
35. y = x 3 — 4 36. y = sinx 



| In exercises 37-40, graph the curvature function ic(x) and find 
the limit of the curvature as x — » oo . 



37. v = e 2x 
39. y = x 3 - 3x 



38. y = e- 2x 
40. y = V*~ 



41. Explain the answers to exercises 37-40 graphically. 

42. Find the curvature of the circular helix {a cos f , a sin ?, for). 

In exercises 43-46, label as true or false and explain. 

43. At a relative extremum of y = /(x), the curvature is either a 
minimum or maximum. 

44. At an inflection point of y = /(x), the curvature is zero. 

45. The curvature of the two-dimensional curve y — f(x) is 
the same as the curvature of the three-dimensional curve 
r(f) = (t, fit), c) for any constant c. 

46. The curvature of the two-dimensional curve y = fix) is 
the same as the curvature of the three-dimensional curve 
r(t)=(t, fit), t). 



In exercises 47 and 48, if k a , k b and k c represent the curvature at 
points A, B and C, respectively, put k a , k b and k c in increasing 
order. 



47. 




48. 



T 



A 



49. Show that the curvature of the polar curve r — fif)) is 

|2[/'(fl)] 2 -/(g)/"(g) + [/(g)] 2 | 

K tt/W + [/(e)] 2 } 3 / 2 

unless fi6o) and /'(#o) are both zero. 

50. If /(0o) = 0 and f'(6 0 ) ^ 0, show that the curvature of the 

2 

polar curve r — f(0) at 6 = 6 0 is given by k — 



l/'(0o)l 



786 



CHAPTER 12 •• Vector-Valued Functions 



12-38 



In exercises 51-54, use exercises 49 and 50 to find the curvature 
of the polar curve at the indicated points. 

51. r = sin30,<9 = 0, 9 = £ 

52. r = 3 + 2cos6»,0 = O, 9 = § 

53. r = 3e 2e ,8 = 0,9=1 

54. r = 1 - 2sin6>, 9 = 0, 9 = | 



55. Find the curvature of the helix traced out by r(?) = 
(2 sin ?, 2 cos ?, 0.4? ) and compare to the result of example 4.5. 

56. Find the limit as n — >• 0 of the curvature of r(?) = 
(2 sin t, 2 cost, nt) for n > 0. Explain this result graphically. 

57. The cycloid is a curve with parametric equations x = t — sin t , 
y = 1 — cos?, (a) Show that the curvature of the cycloid 
equals -j^, for y / 0. (b) Show that <r(f) = 4sm ' (f/2) . 

58. Find the curvature of r(f) = (cosh?, sinh?, 2). Find the limit 
of the curvature as ? — >• oo. Use a property of hyperbolas to 
explain this result. 



59. For the logarithmic spiral r = ae M , show that the curvature 

e -w 

equals k = , Show that as b — > 0, the spiral ap- 

\a\</T+¥ 
proaches a circle. 



^ EXPLORATORY EXERCISES 

1. In this exercise, we explore an unusual two- 
dimensional parametric curve sometimes known as 
the Cornu spiral. Define the vector-valued function 
r(?) = cos (=f ) du, J' Q sin {^f ) Use a graphing 
utility to sketch the graph of r(?) for —it < t < n . Compute 
the arc length of the curve from t = 0 to t = c and compute 
the curvature at t = c. What is the remarkable property that 
you find? 

2. Assume that /(x) has three continuous derivatives. Prove 
that at a local minimum of y = f(x), k = f"(x) and 
k'(x) = f"'(x). Prove that at a local maximum of 
y = f(x), k = -f"(x) and k'(x) = -f"'(x). 



0) 



12.5 TANGENT AND NORMAL VECTORS 



Up to this point, we have used a single frame of reference for all of our work with vectors, 
writing all vectors in terms of the standard unit basis vectors i, j and k. However, other 
choices are often more convenient. For instance, for describing the forces acting on an 
aircraft in flight, a much better frame of reference would be one that moves along with 
the aircraft. In this section, we construct such a moving reference frame and see how 
it immediately provides useful information regarding the forces acting on an object in 
motion. 

Consider an object moving along a smooth curve traced out by the vector-valued 
function r(f) = (/(f), g(t), h{t)). To define a reference frame that moves with the object, 
we will need to have (at each point on the curve) three mutually orthogonal unit vectors, 
one of which should point in the direction of motion (i.e., in the direction of the orientation 
of the curve). In section 12.4, we defined the unit tangent vector T(f) by 



T(/) 



r'(t) 
\r'(t)W 



Further, recall from Theorem 2.4 that since T(?) is a unit vector (and consequently has the 
constant magnitude of 1), T(r) must be orthogonal to T'(?) for each t. So, a second unit 
vector in our moving frame of reference is given by the following. 



DEFINITION 5.1 




The principal unit normal vector N(? ) is a unit vector having 
T'(f ) and is defined by 


the same direction as 


T'(f) 
N(f) = , 

lircoii 


(5.1) 


provided that T'(r) ^ 0. 
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Knowing that N(f) is orthogonal to T(?) does not quite give us the direction of N(f). 
After all, in three dimensions, there are infinitely many directions that are orthogonal to 
T(t). (In two dimensions, there are only two possible directions.) We can clarify this with 
the following observation. 

ds 

Recall that from (4.5), we have that — — ||r (f)|| > 0. (This followed from the defini- 



dt 

tion of the arc length parameter in (4.1).) In particular, this says that 
chain rule, we have 

dT dT ds 

T'(0 - — = . 

dt ds dt 



ds 

— — . From the 
dt 




FIGURE 12.23 

Principal unit normal vectors 



This gives us 



or equivalently, 



N(0 



T'(Q 
IIT'MII 



dT ds 

ds dt 



N(/) = 



1 dT 

k ds ' 



where we have used the definition of curvature in (4.3), k 



dT 

ds 



dT 




ds 




dT 


ds 




dt 




ds 



dT 



ds 



(5.2) 



Although (5.2) is not particularly useful as a formula for computing N(r) (why not?), 
we can use it to interpret the meaning of N(f )■ Since k > 0, in order for (5.2) to make sense, 

dT dT 

N(f) will have the same direction as — . Since — is the instantaneous rate of change of 



ds 



ds 
dT 



the unit tangent vector with respect to arc length, — (and consequently N, also) points in 

ds 

the direction in which T is turning as arc length increases. That is, N(f) will always point 
to the concave side of the curve. (See Figure 12.23.) 



EXAMPLE 5. 1 Finding Unit Tangent and Principal 
Unit Normal Vectors 

Find the unit tangent and principal unit normal vectors to the curve defined by 
r(0= (t\t). 

Solution Notice that r'(f) = (2f, 1) and so from (4.2), we have 

r'(0 (2f, 1} (2t, 1) 



T(f) 



r'(OII ||(2M)|| VW+T 
2t 1 

J- 



V4? 2 + 1 V4f 2 + 1 
Using the quotient rule, we have 

2V4r 2 +1-2? (i) (4f 2 + lr'^r) 1 , ,„ 

T'(r) = —i - -(At 1 + l)- 3/2 (8f)j 

4t +1 2 

= 2(4t 2 + ir 1/2 (4f 4 | 2 1 |~ 4f » " ( 4f2 + l)~ 3/2 (4r)j 

= 2(4r 2 + ir 3/2 (l,-2?>. 



Further, ||T'(r)|| = 2(4f 2 + l)- 3/2 ||<l, -2t)\\ 

= 2(4f 2 + l)- 3/ Vl +4f 2 = 2(4? 2 + FT 1 . 
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From (5.1), the principal unit normal is then 

T'(f) 2(4r 2 + l)- 3 / 2 (l,-2f) 



N(f) = 



|T'(0|| 



2(4t 2 + 1)- 



(4t £ + ir 1/2 (l,-2f 



In particular, for t = 1, we get T(l) = and N(l) = 

curve and these two sample vectors in Figure 12.24. ■ 



We sketch the 



The calculations are similar in three dimensions, as we illustrate in example 5.2. 



FIGURE 12.24 

Unit tangent and principal unit 
normal vectors 




FIGURE 12.25 

Unit tangent and principal unit 
normal vectors 



EXAMPLE 5.2 Finding Unit Tangent and Principal Unit Normal Vectors 

Find the unit tangent and principal unit normal vectors to the curve determined by 
r(r) = (sin2r, cos2r, t). 

Solution First, observe that r'(f) = (2 cos It, —2 sin It, 1) and so, we have from 
(4.2) that 



T(t) 



This gives us 



r'(t) 
|r'(0ll 



(2cos2r, — 2sin2f, 1) 



1 



(2cos2f, —2 sin 2t, 1 
1 



T'(f) 



V5 

4sin2f, -4cos2f, 0) 



(2cos2r, —2 sin 2t, 1) 



and so, from (5.1), the principal unit normal is 



N(?) = 



no 

|T'(f)|| 



1 



-4sin2f, -4cos2r, 0) = (-sin2f, -cos2f, 0). 



Notice that the curve here is a circular helix and that at each point, N(f) points straight 
back toward the z-axis. (See Figure 12.25.) ■ 



To get a third unit vector orthogonal to both T(f) and N(f), we simply take their cross 
product. 




FIGURE 12.26 

The TNB frame 



DEFINITION 5.2 

We define the binormal vector B(f) to be 

B(r) = T(r) x N(0- 



Notice that by definition, B(f ) is orthogonal to both T(r) and N(?) and by Theorem 4.4 
in Chapter 1 1 , its magnitude is given by 

||B(f)|| = ||T(0 x N(0ll = ||T(0|| l|N(r)|| sin0, 

where 9 is the angle between T(t) and N(f). However, since T(r) and N(r) are both unit 
vectors, ||T(f)|| = ||N(f)|| = 1. Further, T(f) and N(r) are orthogonal, so that sm6 — 1 
and consequently, ||B(f)|| = 1, too. This triple of three unit vectors T(f), N(r) and B(r) 
forms a frame of reference, called the TNB frame (or the moving trihedral), that moves 
along the curve defined by r(r). (See Figure 12.26.) This has particular importance in 
a branch of mathematics called differential geometry and is used in the navigation of 
spacecraft. 

As you can see, the definition of the binormal vector is certainly straightforward. We 
illustrate this now for the curve from example 5.2. 
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EXAMPLE 5.3 Finding the Binormal Vector 

Find the binormal vector B(f) for the curve traced out by r(f) = (sin2f, cos2f, t) 
Solution Recall from example 5.2 that the unit tangent vector is given by 



T(t). 
N(f) 



■j= (2 cos 2t, — 2 sin 2t, 1) and the principal unit normal vector is given by 
: (— sin2f, — cos2f, 0). The binormal vector is then 

B(0 - T(f) x N(f) = -^=(2cos2r, -2sin2f, 1} x (-sin2f, -cos2r, 0) 
V5 



1 

l 



2 cos 2? 
—sin 2t 



J 

-2 sin 2t 
-cos 2t 



— — = [i(cos2f) — j(sin2r) ■ 
V5 



k(-2cos-2f - 2sin 2 2r)] 



V5 



(cos2f, — sin2f, —2). 



We illustrate the TNB frame for this curve in Figure 12.27. 



For each point on a curve, the plane passing through that point and determined by N(r) 
and B(f) is called the normal plane. Accordingly, the normal plane to a curve at a given 
point contains all of the lines that are orthogonal to the tangent vector at that point. For each 
point on a curve, the plane determined by T(r) and N(r) is called the osculating plane. For 
a two-dimensional curve, the osculating plane is simply the plane containing the curve. 

For a given value of t, say t — fn, if the curvature k of the curve at the point P corre- 
sponding to fn is nonzero, then the circle of radius p — — lying completely in the osculating 

K 

1 

plane and whose center lies a distance of — from P along the normal N(r) is called the 

K 

osculating circle (or the circle of curvature). Recall from example 4.4 that the curvature 
of a circle is the reciprocal of its radius. This says that the osculating circle has the same 
tangent and curvature at P as the curve. Further, since the normal vector always points to 
the concave side of the curve, the osculating circle lies on the concave side of the curve. 
In this sense, then, the osculating circle is the circle that "best fits" the curve at the point 
P. (See Figure 12.28.) The radius of the osculating circle is called the radius of curvature 
and the center of the circle is called the center of curvature. 



EXAMPLE 5.4 Finding the Osculating Circle 

Find the osculating circle for the parabola defined by r(r) = (f 2 , t) at t = 0. 
Solution In example 5.1, we found that the unit tangent vector is 



ir 1/2 (2r, i), 
- ir 3/2 (i, -2t) 



T(f) = (4f 2 - 
T'(f) = 2(4t 2 

and the principal unit normal is 

N(f) = (4r + ir 1/2 (l,-2r> 

So, from (4.6), the curvature is given by 

I HO II 



K(t) 



llr'WII 

2(4f 2 + l)- 3 / 2 (l +4? 2 ) 1 / 2 
(4r 2 + l)'/ 2 



2(4r + 1) 
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1 1 

We now have k(0) — 2, so that the radius of curvature for t — 0 is p — — — -. Further, 

k 2 

N(0) = (1,0) and r(0) = (0, 0), so that the center of curvature is located P — \ unit 
from the origin in the direction of N(0) (i.e., along the positive x-axis). We draw the 
curve and the osculating circle (x — V2) 2 + y 2 — % in Figure 12.29. ■ 



FIGURE 12.29 

Osculating circle 




TODAY IN 
MATHEMATICS 

EdwardWitten(l95l- ) 

An American theoretical physicist 
who is one of the world's experts 
in string theory. He earned the 
Fields Medal in 1990 for his 
contributions to mathematics. 
Michael Atiyah, a mathematics 
colleague, wrote, "Although he is 
definitely a physicist (as his list of 
publications clearly shows), his 
command of mathematics is 
rivalled by few mathematicians, 
and his ability to interpret physical 
ideas in mathematical form is 
quite unique. Time and again he 
has surprised the mathematical 
community by his brilliant 
application of physical insight 
leading to new and deep 
mathematical theorems." In 
addition, Atiyah wrote, "In his 
hands, physics is once again 
providing a rich source of 
inspiration and insight in 
mathematics." 



O Tangential and Normal Components of Acceleration 

Now that we have defined the unit tangent and principal unit normal vectors, we can make 
a remarkable observation about the motion of an object. In particular, we'll see how this 
observation helps to explain the behavior of an automobile as it travels along a curved 
stretch of road. 

Suppose that an object moves along a smooth curve traced out by the vector-valued 
function r(r), where t represents time. Recall from the definition of the unit tangent vector 

r'(r) , ds 

thatT(f) = - - — and from (4.5), ||r (f)|| = — , where s represents arc length. The velocity 

of the object is then given by 



dt 



v(0 = r'(t) 



ds. 



Ir'COHTCf) = -lT(f). 
dt 



Using the product rule [Theorem 2.3 (iii)], the acceleration is given by 

ds 



d I ds \ d 2 s 
a(0 = v' W =-(-T(0) = ^T(0- 



Recall that we had defined the principal unit normal by N(f) 

T'(0 = ||T'(f)||N(0- 



dt 



T'(r). 



T'(r) 
l|T'(r)|| 



, so that 



(5.3) 



(5.4) 



Further, by the chain rule, 



dT 




dT ds 


dt 




ds dt 



ds 




dT 


dt 




ds 



ds 
di' 



(5.5) 



where we have also used the definition of the curvature k given in (4.3) and the fact that 
ds 

— > 0. Putting together (5.4) and (5.5), we now have that 
dt 



r(o = ur(oiiN(o = K^N(o. 

dt 



Using this together with (5.3), we now get 




(5.6) 



Equation (5.6) provides us with a surprising wealth of insight into the motion of an object. 
First, notice that since a(t) is written as a sum of a vector parallel to T(f) and a vector 
parallel to N(/), the acceleration vector always lies in the plane determined by T(t) and N(r) 
(i.e., the osculating plane). In particular, this says that the acceleration is always orthogonal 
to the binormal B(0- We call the coefficient of T(r) in (5.6) the tangential component of 
acceleration a 7- and the coefficient of N(r) the normal component of acceleration a N . 
That is, 



aj — 



dh_ 
dt 2 



and 



a N = k (J) 



(5.7) 
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See Figure 12.30 for a graphical depiction of this decomposition of a(f) into tangential and 
normal components. 

We now discuss (5.6) in the familiar context of a car driving around a curve in the 
road. (See Figure 12.31.) From Newton's second law of motion, the net force acting on 
the car at any given time t is F(f) = ma(t), where m is the mass of the car. From (5.6), 
we have 

d 2 s ( ds\ 2 

F(0 - ma(t) = m—r T(r) + mic — N(r). 

dt 1 \dt ) 

Since T(f) points in the direction of the path of motion, you want the component of the 

force acting in the direction of T(f ) to be as large as possible compared to the component of 

the force acting in the direction of the normal N(f). (If the normal component of the force 

is too large, it may exceed the normal component of the force of friction between the tires 

and the highway, causing the car to skid off the road.) Notice that the only way to minimize 

(ds\ 2 ds 
the force applied in this direction is to make I — I small, where — is the speed. So, 

reducing speed is the only way to reduce the normal component of the force. To have a 

d 2 s 

larger tangential component of the force, you will need to have — - (the instantaneous rate 

dt 1 

of change of speed with respect to time) larger. So, to maximize the tangential component 
of the force, you need to be accelerating while in the curve. You have probably noticed 
advisory signs on the highway advising you to slow down before you enter a sharp curve. 

ds 

Notice that reducing speed (i.e., reducing — ) before the curve and then gently accelerating 
- dt 
d 2 s 

(keeping — - > 0) once you're in the curve keeps the resultant force F(f ) pointing in the 

dt 2 

general direction in which you are moving. Alternatively, waiting until you're in the curve 

d 2 s d 2 s 
to slow down keeps — - < 0, which makes — -T(r) point in the opposite direction as T(f). 

dt 2 dt 2 
The net force F(f) will then point away from the direction of motion. (See Figure 12.32.) 



EXAMPLE 5.5 Finding Tangential and Normal Components 
of Acceleration 

Find the tangential and normal components of acceleration for an object with position 
vector r(f) = (2sinf, 2cosf,4f). 

Solution In example 4.5, we found that the curvature of this curve is k — ^. We also 
have r'(r) = (2 cos t, —2 sin t, 4), so that 

ds , i — 
— = ||r'(r)|| = V20 
dt 
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d's 

and so, — - = 0, for all t. From (5.6), we have that the acceleration is 

dt 1 

d 2 s ( ds\ 2 



= (0)T(0- 

So, here we have aj — 0 and — 2. 



^(V20) 2 N(0 = 2N(r). 




FIGURE 12.33 

Components of a(/) 



ds 
dt 



d 2 s 

Notice that it's reasonably simple to compute aj — — -. You must only calculate 

dt 1 

— ||r'(f)ll and then differentiate the result. On the other hand, computing is a bit 



more complicated, since it requires you to first compute the curvature k . We can simplify 
the calculation of with the following observation. From (5.6), we have 

a( ° = S T( ° + * (§) m) = aTT{t) + aNmy 

This says that a(f) is the vector resulting from adding the orthogonal vectors a T T(t) and 
apfN(t). (See Figure 12.33, where we have drawn the vectors so that the initial point of 
0/vN(?) is located at the terminal point of arT{t).) From the Pythagorean Theorem, we have 
that 



||a(0|| 2 = ||o r T(f)|| 2 - 



\\a N mw 



(5.8) 



since T(f) andN(r) are unit vectors (i.e., ||T(r)|| = ||N(f)|| = 1). Solving (5.8) for a N , we get 



as = A/I|a(f)ll 2 



(5.9) 



(ds \ 2 
— 1 > 0. Once you know a(f ) and 

(It, you can use (5.9) to quickly calculate a^, without first computing the curvature. As an 
alternative, observe that aj is the component of a(r) along the velocity vector v(f )■ Further, 
from (5.7) and (5.9), we can compute and k. This allows us to compute aj, and k 
without first computing the derivative of the speed. 



EXAMPLE 5.6 Finding Tangential and Normal Components 
of Acceleration 

Find the tangential and normal components of acceleration for an object whose path is 
defined by r(?) = (f, 2t, t 2 ). In particular, find these components at t = 1. Also, find the 
curvature. 

Solution First, we compute the velocity v(0 = r'(?) = (1,2, 2t) and the acceleration 
a(f) = (0,0,2). This gives us 

-L = ||r'(f)|| = ||(1, 2, It) || = Vl 2 + 2 2 + (2t) 2 = V5+4? 2 . 
dt 

The tangential component of acceleration aj is the component of a(f) = (0, 0, 2) along 
v(0= (l,2,2r>: 

(1,2,20 4f 

a T = (0, 0, 2) 



V5 + At 2 V5 + 4f 2 
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FIGURE 12.34 

Tangential and normal components 
of acceleration at t — 1 



From (5.9), we have that the normal component of acceleration is 



a N 



|a(f)ll 2 



\l 2 - 



I6t 2 
5 + 4t 2 



4(5 + At 2 ) - 16/ 2 



20 



5+4f 2 



V5 + 4r 2 



Think about computing from its definition in (5.7) and notice how much simpler it 
was to use (5.9). Further, at t — 1, we have 



a T — - and 
3 



20 



O-N — 



Finally, from (5.7), the curvature is 



a N 



20 



1 



/ds\ 2 V5 + 4^(V5T472) 2 



20 



(5 + 4f 2 ) 3 / 2 ' 



Notice how easy it was to compute the curvature in this way. In Figure 12.34, we show a 
plot of the curve traced out by r(t), along with the tangential and normal components 
of acceleration at t = 1. ■ 



Equation (5.6) has a wealth of applications. Among many others, it provides us with a 
relatively simple proof of Theorem 4.1, which we had deferred until now. You may recall 
that the result says that the curvature of a path traced out by the vector-valued function r(r) 
is given by 



k — 



|r'(Q x r"(Q|| 
llr'WII 3 



(5.10) 



PROOF 

From (5.6), we have 

d 2 s ( ds\ 2 

a(0=^T (f) + *(-) N(0. 

Taking the cross product of both sides of this equation with T(f) gives us 

d 2 s (ds\ 2 
T(0 x a(f) = T(/) x T(f) + K I — J T(t) x N(r) 

since the cross product of any vector with itself is the zero vector. Taking the magnitude of 
both sides and recognizing that T(f) x N(r) = B(r), we get 

||T(0 x a(r)|| = k 0£\ \\T(t) x N(r)|| 

ds\ 2 ( ds\ 2 
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since the binormal vector B(?) is a unit vector. Recalling that T(f) = 
ds 

and — = ||r {t)\\ gives us 
dt 



r'(Q 
l|r'(OII 



a(0 = r"(t) 



\\r'(t) x r"QQ|| 
llr'COII 



= x\\r'(t)f 



Solving this for k leaves us with (5.10), as desired. 



HISTORICAL 
NOTES 

Johannes Kepler ( 1 57 1 - 1 630) 

German astronomer and 
mathematician whose discoveries 
revolutionized Western science. 
Kepler's remarkable mathematical 
ability and energy produced 
connections among many areas of 
research. A study of observations 
of the moon led to work in 
optics that included the first 
fundamentally correct description 
of the operation of the human 
eye. Kepler's model of the solar 
system used an ingenious nesting 
of the five Platonic solids to 
describe the orbits of the six 
known planets. (Kepler invented 
the term "satellite" to describe 
the moon, which his system 
demoted from planetary status.) 
A study of the wine casks opened 
at his wedding led Kepler to 
compute volumes of solids of 
revolution, inventing techniques 
that were vital to the subsequent 
development of calculus. 



O Kepler's Laws 



We are now in a position to present one of the most profound discoveries ever made by 
humankind. For hundreds of years, people believed that the Sun, the other stars and the 
planets all revolved around the Earth. The year 1543 saw the publication of the astronomer 
Copernicus' theory that the Earth and other planets, in fact, revolved around the Sun. Sixty 
years later, based on an exhaustive analysis of a massive number of astronomical observa- 
tions, the German astronomer Johannes Kepler formulated three laws that he reasoned must 
be followed by every planet. We present these now. 



KEPLER'S LAWS OF PLANETARY MOTION 

1. Each planet follows an elliptical orbit, with the Sun at one focus. 

2. The line segment joining the Sun to a planet sweeps out equal areas in equal times. 

3. If T is the time required for a given planet to make one orbit of the Sun and if the 
length of the major axis of its elliptical orbit is 2a, then T 2 = ka^, for some 
constant k (i.e., T 2 is proportional to a 3 ). 



Kepler's analysis of the data changed our perception of our place in the universe. While 
Kepler's work was empirical in nature, Newton's approach to the same problem was not. In 
1687, in his book Principia Mathematica, Newton showed how to use his calculus to derive 
Kepler's three laws from two of Newton's laws: his second law of motion and his law of 
universal gravitation. You should not underestimate the significance of this achievement. 
With this work, Newton shed light on some of the fundamental physical laws that govern 
our universe. 

In order to simplify our analysis, we consider a solar system consisting of one sun and 
one planet. This is a reasonable assumption, since the gravitational attraction of the sun is 
far greater than that of any other body (planet, moon, comet, etc.), owing to the sun's far 
greater mass. (As it turns out, the gravitational attraction of other bodies does have an effect. 
In fact, it was an observation of the irregularities in the orbit of Uranus that led astronomers 
to hypothesize the existence of Neptune before it had ever been observed in a telescope.) 

We assume that the center of mass of the sun is located at the origin and that the center 
of mass of the planet is located at the terminal point of the vector-valued function r(f). The 
velocity vector for the planet is then v(f) = r'(f), with the acceleration given by a(?) = r"(t). 
From Newton's second law of motion, we have that the net (gravitational) force F(f) acting 
on the planet is 

F(t) = ma(t), 

where m is the mass of the planet. From Newton's law of universal gravitation, we have that 
if M is the mass of the sun, then the gravitational attraction between the two bodies satisfies 

_ GmM r(Q 

l|r(0ll 2 [|r(0ll ' 

where G is the universal gravitational constant. 1 We have written F(r) in this form so that 
you can see that at each point, the gravitational attraction acts in the direction opposite the 



1 If we measure mass in kilograms, force in newtons and distance in meters, G is given approximately by 
G w 6.672 x l(r" Nm 2 /kg 2 . 
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position vector r(r). Further, the gravitational attraction is jointly proportional to the masses 
of the sun and the planet and inversely proportional to the square of the distance between 
the sun and the planet. For simplicity, we will let r — ||r|| and not explicitly indicate the 

r(t) 

r-variable. Taking u(t) = - (a unit vector in the direction of r(f)), we can then write 



Newton's laws as simply 



F = ma and F 



GmM 



We begin by demonstrating that the orbit of a planet lies in a plane. Equating the two 
expressions above for F and canceling out the common factor of m, we have 



GM 



a = 



(5.11) 




Planet 



FIGURE 12.35 

Position and velocity vectors for 
planetary motion 



Notice that this says that the acceleration a always points in the opposite direction from r, 
so that the force of gravity accelerates the planet toward the sun at all times. Since a and r 
are parallel, we have that 



r x a = 0. 

Next, from the product rule [Theorem 2.3 (v)], we have 



(5.12) 



d dr 

— (r x v) = — xv 
dt dt 



dv 

+- r x — 
dt 

r x a = 0, 



in view of (5.12) and since v x v = 0. Integrating both sides of this expression gives us 

r x v = c, (5.13) 

for some constant vector c. This says that for each t, r(f ) is orthogonal to the constant vector 
c. In particular, then, the terminal point of r(t) (and consequently, the orbit of the planet) 
lies in the plane orthogonal to the vector c and containing the origin. 

Now that we have established that a planet's orbit lies in a plane, we are in a position 
to prove Kepler's first law. For the sake of simplicity, we assume that the plane containing 
the orbit is the xy-plane, so that c is parallel to the z-axis. (See Figure 12.35.) Now, observe 
that since r = ru, we have by the product rule [Theorem 2.3 (iii)] that 



:(m) 



dr 



du 



dr 

v = — 

dt dt dt dt 

Substituting this into (5.13), and replacing r by ru, we have 

du\ 



(dr 
ru x I — u 

\dt 



r — 
dt 



dr 



— r — (u x u) + r 
dt 



u x 



du 

dt 



u x 



du 

It 



since u x u = 0. Together with (5.11), this gives us 



GM 



a x c = 



-u x r 



du 



U X 



-GMu x 



dt 
du\ 
UX di 



= -GM 



du\ 
dt ) 



u - (u • u) 



du 

d7 



(5.14) 



where we have rewritten the vector triple product using Theorem 4.3 (vi) in Chapter 11. 
There are two other things to note here. First, since u is a unit vector, u • u = ||u|| 2 = 1. 
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(r, 0) 



FIGURE 12.36 

Polar coordinates for the position of 
the planet 



Further, from Theorem 2.4, since u is a vector-valued function of constant magnitude, 
du 

u ■ — =0. Consequently, (5.14) simplifies to 
dt 

du d 

a x c = GM — = — (GMu), 
dt dt 

since G and M are constants. Observe that using the definition of a, we can write 

dv d 
a x c = — xc = — (v x c), 
dt dt 

since c is a constant vector. Equating these last two expressions for axe gives us 

l (v x c) = -(GMu). 
at dt 



Integrating both sides gives us 



v x c = GMu + b, 



(5.15) 



for some constant vector b. Now, note that v x c must be orthogonal to c and so, v x c must 
lie in the xy-plane. (Recall that we had chosen the orientation of the xy-plane so that c was 
a vector orthogonal to the plane. This says further that every vector orthogonal to c must 
lie in the xy-plane.) From (5.15), since u and v x c lie in the xy-plane, b must also lie in the 
same plane. (Think about why this must be so.) Next, align the x-axis so that the positive 
x-axis points in the same direction as b. (See Figure 12.36.) Also, let 9 be the angle from 
the positive x-axis to r(f ), so that (r, 6) are polar coordinates for the endpoint of the position 
vector r(f), as indicated in Figure 12.36. 

Next, let b — ||b|| and c = ||c||. Then, from (5.13), we have 

c 2 = c • c = (r x v) • c = r • (v x c), 

where we have rewritten the scalar triple product using Theorem 4.3 (v) in Chapter 11. 
Putting this together with (5.15), and writing r = ru, we get 

„2 



r • (v x c) ■ 
rGMu ■ u 



ru 
ru 



(GMu 
b. 



b) 



(5.16) 



Since u is a unit vector, u • u 



|u|| 2 = 1 and by Theorem 3.2 in Chapter 11, 

u • b — | u | ||b|| cos# = bcosO, 

where 6 is the angle between b and u (i.e., the angle between the positive x-axis and r). 
Together with (5.16), this gives us 

c 2 = rGM + rbcosO = r(GM + bcosO). 



Solving this for r gives us r — . 

5 5 GM + bcosO 

Dividing numerator and denominator by GM reduces this to 

ed 



1 + e cos ( 



(5.17) 



where e — and d — — . Recall from Theorem 7.2 in Chapter 10 that (5.17) is a polar 

GM b v / f 

equation for a conic section with focus at the origin and eccentricity e. Finally, since the 
orbit of a planet is a closed curve, this must be the equation of an ellipse, since the other 
conic sections (parabolas and hyperbolas) are not closed curves. We have now proved that 
(assuming one sun and one planet and no other celestial bodies), the orbit of a planet is an 
ellipse with one focus located at the center of mass of the sun. 

You may be thinking what a long derivation this was. (We haven't been keeping score, 
but it was probably one of the longest derivations of anything in this book.) Take a moment, 
though, to realize the enormity of what we have done. Thanks to the genius of Newton and 
his second law of motion and his law of universal gravitation, we have in only a few pages 
used the calculus to settle one of the most profound questions of our existence: How do the 
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mechanics of a solar system work? Through the power of reason and the use of considerable 
calculus, we have found an answer that is consistent with the observed motion of the planets, 
first postulated by Kepler. This magnificent achievement came more than 300 years ago 
and was one of the earliest (and most profound) success stories for the calculus. Since that 
time, the calculus has proven to be an invaluable tool for countless engineers, physicists, 
mathematicians and others. 



EXERCISES 12.5 

t\) WRITING EXERCISES 

1. Suppose that you are driving a car, going slightly uphill as the 
road curves to the left. Describe the directions of the unit tan- 
gent, principal unit normal and binormal vectors. What changes 
if the road curves to the right? 

2. If the components of r(t) are linear functions, explain why 
you can't compute the principal unit normal vector. Describe 
graphically why it is impossible to define a single direction for 
the principal unit normal. 

3. Previously, you have approximated curves with the graphs of 
Taylor polynomials. Discuss possible circumstances in which 
the osculating circle would be a better or worse approximation 
of a curve than the graph of a polynomial. 

4. Suppose that you are flying in a fighter jet and an enemy jet 
is headed straight at you from behind with acceleration vec- 
tor parallel to your principal unit normal vector. Discuss how 
much danger you are in and what maneuver(s) you might want 
to make to avoid danger. 



In exercises 1-8, find the unit tangent and principal unit normal 
vectors at the given points. 



1. 


r(/) = 


(t, t 2 ) at t = 0, t = 1 


2. 


r(0 = 


(t, t 3 ) alt = -\,t = 1 


3. 


r(0 = 


(cos2f, sin2r) at t = 0, t = | 


4. 


r(0 = 


(2 cos t, 3 sin t) at t = 0, t = J 


5. 


r(0 = 


(cos 2?, t, sin 2/) at t = 0, / = f 


6. 


r(0 = 


(cos t , sin t , sin t) at t = 0, t = f 


7. 


r« = 


(t, t 2 - l,t) at / = 0, t = 1 


8. 


r(0 = 


(t, t, 3 sin 2t) at t = 0, t = —n 



In exercises 9-12, find the osculating circle at the given points. 

9. r(f) = (t, t 2 ) at t = 0 

10. r(?) = (t, t 3 ) at t = 1 

11. r(» = (2 cos t, 3 sin t) at t = 0 

12. r(t) = (2 cos t, 3 sin f) at t = § 



In exercises 13-16, find the tangential and normal components 
of acceleration for the given position functions at the given 
points. 

13. r(t) = (St, 16r - 16/ 2 ) at t = 0, t = 1 

14. r(f) = (cos It, sin2f) at t = 0, t = § 

15. r(f) = (cos2r, t 2 , sin2f) atf = 0, t = f 

16. r(f) = (2 cos t, 3 sin t, t 2 ) at t = 0, t = f 

17. In exercise 15, determine whether the speed of the object is 
increasing or decreasing at the given points. 

18. In exercise 16, determine whether the speed of the object is 
increasing or decreasing at the given points. 

19. For the circular helix traced out by r(t) — {a cos /, a sin t, bt), 
find the tangential and normal components of acceleration. 

20. For the path traced out by r(f) = (2, / — sin t, 1 — cos t), find 
the tangential and normal components of acceleration. 



In exercises 21-24, find the binormal vector B(f) = T(f) x N(f) 
at t = 0 and t = 1. Also, sketch the curve traced out by r(t) and 
the vectors T, N and B at these points. 

21. r(f) = (f, It, t 2 ) 22. r(f) = (t, It, t 3 ) 

23. r(f) = (4cos7rr, 4sin7r/, t) 

24. r(f) = (3cos2;rf, t, sin 2nt) 



In exercises 25-28, label the statement as true (i.e., always true) 
or false and explain your answer. 

dT 

25. T = 0 26. T B = 0 

ds 

27. — (T-T) = 0 28. T-(NxB)=l 

ds 



29. The friction force required to keep a car from skidding on 
a curve is given by F s (t) — ma N N(t). Find the friction force 
needed to keep a car of mass m — 100 (slugs) from skidding if 

(a) r(f) = (100 cos nt, 100sin7rf) 

(b) r(f) = (200 cos wf, 200sinirf) 

(c) r(t) = (100cos2jrf, 100sin2jrf) 

30. (a) How does the required friction force change when the 
radius of a turn is doubled? (b) How does the required friction 
force change when the speed of a car on a curve is doubled? 
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31. Compare the radii of the osculating circles for y — cosx at 
x — 0 and x = | . Compute the concavity of the curve at these 
points and use this information to explain why one circle is 
larger than the other. 

32. Compare the osculating circles for y — cosx at x — 0 and 
x — it . Compute the concavity of the curve at these points and 
use this information to help explain why the circles have the 
same radius. 

33. For y — x 2 , show that each center of curvature lies on the 
curve traced out by r(f) = (— 4f 3 , \ + 3t 2 ). Graph this curve. 
Graph y — x 2 and the circle of curvature at x = 1 on the same 
axes. Is the circle tangent to y — x 2 ? 

34. For y — x 3 (x > 0), show that each center of curvature lies 
on the graph of(| — ^Kjrr + ^f-)' Graph this curve. Graph 
y — x 3 and the circle of curvature at x — 1 on the same axes. 
Is the circle tangent to y — x 3 ? 

35. For r — e" 6 , show that 

N = (a 2 + ir 1/2 (-asin0 - cos6,acos6 - sin 6). 

36. For r — e" e , a > 0, show that the radius of curvature is 
e" e -Jo 2 + 1. Show that each center of curvature lies on the 
curve traced out by ae'" {— sin f , cos f) and graph the curve. 

37. In this exercise, we prove Kepler's second law. Denote the 
(two-dimensional) path of the planet in polar coordinates by 

r = (r cos#)i + v sin#)j. Show that rx\ = r — k. Con- 

dt 

n dG 

elude that r — = ||r x v||. Recall that in polar coordi- 
dt 

nates, the area swept out by the curve r — r{6) is given by 

r b l , dAi.de 

A — I -r dO and show that — = — r — . From 
J a 2 dt 2 dt 

dA 1 

— = -||r x v||, conclude that equal areas are swept out 
dt 2 

in equal times. 

38. In this exercise, we prove Kepler's third law. Recall that the 

x 2 y 2 

area of the ellipse — H — - = 1 is jrab. From exercise 37, the 

a 2 b 2 

dA 1 

rate at which area is swept out is given by — = -||r x v||. 

dt 2 
nab 

Conclude that the period of the orbit is T = -, and 

||[rxv|| 

, 4jr 2 a 2 b 2 

so, T = -. Use (5.17) to show that the minimum 



40. Use the result of exercise 39 to show that 



value of r is r mi „ = 
ed 



ed 
l+e 



and that the maximum value of r is 



Explain why 2a = r mm + r max and use this 
1 — e 

ed . b 2 

to show that a — . Given that 1 — e — — , show 



1 -e 2 ' 



,.2 



b 2 b cr 

that — = ed. From e — and d — — , show that 

a GM b 

||rxv|| 2 b 2 ||rxv|| 2 

ed — . It then follows that — = . Finally, 

GM a GM J 

show that T = ka , where the constant k — does not 

GM 

depend on the specific orbit of the planet. 

39. (a) Show that — is orthogonal to T. (b) Show that — is 
ds ds 
orthogonal to B. 



dB 

~ds 



-rN, for 



some scalar t. (t is called the torsion, which measures how 

dB 

much a curve twists.) Also, show that r — • N. 

ds 

41. Show that the torsion for the curve traced out by 
r(f) = (/(f), g(f), k) is zero for any constant k. (In general, 
the torsion is zero for any curve that lies in a single plane.) 

42. The following three formulas (called the Frenet-Serret for- 
mulas) are of great significance in the field of differential 
geometry: 

dT 

(a) — = a:N [equation (5.2)] 
ds 

rfB 

(b) — = — tN (see exercise 40) 
ds 



(O 



ds 



-kT+ tB 



Use the fact that N = BxT and the product rule [Theorem 
2.3 (v)] to establish (c). 

43. Use the Frenet-Serret formulas (see exercise 42) to establish 
each of the following formulas: 

(a) r"(f) = s"(t)T + /c[i'(f)] 2 N 

(b) r'(f) x r"(f) = k [i'(f)] 3 B 

(c) r"'(f) = {/"(f) - K V(f)] 3 )T + {3jmW(0 

+ K'(t)[s'(t)] 2 }N + KT[s'(t)fB 
[r'(f) x r"(f)] • r"'(f) 



(d) r 



||r'(f) x r"(f)|| 2 



44. Show that the torsion for the helix traced out by 

b 

r(f) = (a cos f, a sinf , bt) is given by r — 9 i — . [Hint: 



See exercise 43 (d). 



a 2 + b 2 ' 



APPLICATIONS 



45. Suppose that in a stadium "wave" 500 people per second stand 
and cheer. Argue that in most arenas, the wave would not have 
a constant angular velocity but that it would satisfy Kepler's 
second law. 



46. Suppose that one indoor stadium is similar in shape but 50% 
larger than another indoor stadium. Compare the periods of 
the waves under the assumption of exercise 45. Compare the 
periods of the orbits of Earth and Mars. 



EXPLORATORY EXERCISES 



1. In this exercise, we explore some ramifications of the pre- 
cise form of Newton's law of universal gravitation. Suppose 

GMm 

that the gravitational force between objects is F = u, 

r" 

for some positive integer n > 1 (the actual law has n = 2). 
Show that the path of the planet would still be planar and that 
Kepler's second law still holds. Also, show that the circular 
orbit r = (r cos kt , r sin kt) (where r is a constant) satisfies the 
equation F = ma and hence, is a potential path for the orbit. 
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For this path, find the relationship between the period of the 
orbit and the radius of the orbit. 

2. In this exercise, you will find the locations of three of the 
five Lagrange points. These are equilibrium solutions of the 
"restricted three-body problem" in which a large body S of 
mass Mi is orbited by a smaller body E of mass M 2 < Mi . 
A third object H of very small mass m orbits S such that the 
relative positions of S, E and H remain constant. Place S at the 
origin, E at (1, 0) and H at (x, 0) as shown. 

S HE 
< 1 1 1 1 ► 

Or x 1 

Assume that H and E have circular orbits about the cen- 
ter of mass (c, 0). Show that the gravitational force on H 

GMim GMjm 

is F = 1 -. As shown in example 3.3, 

x 2 (1 - xf 



for circular motion F — —ma> 2 (x — c), where a> is the an- 
gular velocity of H. Analyzing the orbit of E, show that 
GM]M 2 — M 2 co 2 (\ — c). In particular, explain why E has 
the same angular velocity a>. Combining the three equations, 

1 k x — c M 2 
show that — = , where k = — . Given that 

x 2 (1-x) 2 1-c Mi 
M 2 

c — , show that 

Mi + M 2 

(1 + k)x 5 - (3k + 2)x 4 + (3k + l)x 3 - x 2 + 2x - 1 = 0. 

For the Sun-Earth system with k — 0.000002, estimate x, the 
location of the L\ Lagrange point and the location of NASA's 
SOHO solar observatory satellite. Then derive and estimate 
solutions for the L 2 Lagrange point with x > 1 and L3 with 

x < 0. 




12.6 PARAMETRIC SURFACES 



Throughout this chapter, we have emphasized the connection between vector-valued 
functions and parametric equations. In this section, we extend the notion of parametric 
equations to those with two independent parameters. This also means that we will be 
working with simple cases of functions of two variables, which are developed in more 
detail in Chapter 13. We will make use of parametric surfaces throughout the remainder of 
the book. 

We have already seen the helix defined by the parametric equations x = cos?, 
y — sinr and z — t. This curve winds around the cylinder x 2 + y 2 = 1. To obtain para- 
metric equations that describe the entire cylinder, take x — cos t and y = sin t , so that 

x 2 + y 2 — cos 2 t + sin 2 t = 1. 

So, any point (x, y, z) with x and y defined in this way will lie on the cylinder. To describe 
the entire cylinder (i.e., every point on the cylinder), we must allow z to be any real number, 
not just z — t. In other words, z needs to be independent of x and y. Assigning z its own 
parameter will accomplish this. Using the parameters u and v, we have the parametric 
equations 

x — cos u , y — sin u and z—v 

for the cylinder. In general, parametric equations with two independent parameters corre- 
spond to a three-dimensional surface. Examples 6.1 through 6.3 explore some basic but 
important surfaces. 

EXAMPLE 6.1 Graphing a Parametric Surface 

Identify and sketch a graph of the surface defined by the parametric equations 
x — 2 cos u sin v, y — 2 sin u sin v and z — 2 cos v. 

Solution Given the cosine and sine terms in both parameters, you should be expecting 
a surface with circular cross sections. Notice that we can eliminate the u parameter, by 
observing that 

99 9 99999 

x + y" — (2 cos u sin v) + (2 sin u sin v) — 4 cos u sin v + A sin u sin v 
— 4(cos 2 u + sin 2 u) sin 2 v — 4 sin 2 v. 
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So, for each fixed value of z (which also means a fixed value for v), x 2 + y 2 is 
constant. That is, cross sections of the surface parallel to the ry-plane are circular, with 
radius |2 sin v\. Similarly, we also have circular cross sections parallel to either of the 
other two coordinate planes. Of course, one surface that you've seen that has circular 
cross sections in all directions is a sphere. To determine that the given parametric 
equations represent a sphere, observe that 

0 0 0 00 00 0 

x + y + z =4 cos" u sin v + 4 sin~ u sin" v + 4 cos v 
= 4 (cos 2 u + sin 2 u) sin 2 v + 4 cos 2 v 
— 4 sin 2 v + 4 cos 2 v — 4. 

You should recognize x 2 + y 2 + z 2 — 4 as an equation of the sphere centered at the 
origin with radius 2. A computer-generated sketch is shown in Figure 12.37. ■ 

There are several important points to make about example 6.1. First, we did not actually 
demonstrate that the surface defined by the given parametric equations is the entire sphere. 
Rather, we showed that points lying on the parametric surface were also on the sphere. In 
other words, the parametric surface is (at least) part of the sphere. In the exercises, we will 
supply the missing steps to this puzzle, showing that the parametric equations from example 
6. 1 do, in fact, describe the entire sphere. In this instance, the equations are a special case of 
something called spherical coordinates, which we will introduce in Chapter 14. Next, as 
with parametric equations of curves, there are other parametric equations representing the 
same sphere. Finally, to repeat a point made in section 11.6, parametric equations can be 
used to produce many interesting graphs. Notice the smooth contours and clearly defined 
circular cross sections in Figure 12.37, compared with the jagged graph in Figure 12.38. 
Figure 12.38 is a computer-generated graph of z — y/4 — x 2 — y 2 , which should be the top 
half of the sphere. 

For parametric equations of hyperboloids and hyperbolic paraboloids, it is convenient 
to use the hyperbolic functions coshx and sinhx. Recall that 

e x + e~ x e" — e~ x 

coshjr = and sinhx = . 

2 2 

A little algebra shows that cosh 2 x — sinh 2 x = 1, which is an identity needed in exam- 
ple 6.2. 



EXAMPLE 6.2 Graphing a Parametric Surface 

Sketch the surface defined parametrically by x — 2 cos u cosh v, y — 2 sin u cosh v and 
z — 2 sinh v, 0 < u < 2tt and — oo < v < oo. 

Solution A sketch such as the one we show in Figure 12.39 can be obtained from a 
computer algebra system. 

Notice that this looks like a hyperboloid of one sheet wrapped around the z-axis. To 
verify that this is correct, observe that 

x 2 + y 2 — z 2 — 4 cos 2 u cosh 2 v + 4 sin 2 u cosh 2 v — 4 sinh 2 v 
= 4 (cos 2 u + sin 2 u) cosh 2 v — 4 sinh 2 v 
= 4 cosh 2 v — 4 sinh 2 v — 4, 

where we have used the identities cos 2 u + sin 2 u — 1 and cosh 2 v — sinh 2 v — 1 . Recall 
that the graph of x 2 + y 2 — z 2 — 4 is indeed a hyperboloid of one sheet. ■ 
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Most of the time when we use parametric representations of surfaces, the task is the 
opposite of that in example 6.2. That is, given a particular surface, we may need to find 
a convenient parametric representation of the surface. Example 6.2 gives us an important 
clue for working example 6.3. 



EXAMPLE 6.3 Finding a Parametric Representation 
of a Hyperbolic Paraboloid 

Find parametric equations for the hyperbolic paraboloid z — x 2 — y 2 . 

Solution It helps to understand the surface with which we are working. Observe that 
for any value of k, the trace in the plane z — k is a hyperbola. The spread of the 
hyperbola depends on whether \k\ is large or small. To get hyperbolas in x and y, we can 
start with x — cosh u and y — sinh u. To enlarge or shrink the hyperbola, we can 
multiply cosh u and sinh u by a constant. We now have x — v cosh u and y = v sinh u. 
To get z — x 2 — y 2 , simply compute 

0 0 0 0 00 00 0 0 

x' — y — v cosh" u — v sinh" u — ir(cosh u — sinh u) — v , 

since cosh 2 u — sinh 2 u = 1. This gives us the parametric equations 

x — i) cosh m, y — v sinh u and z — v 2 . 

A graph of the parametric equations is shown in Figure 12.40. However, notice that this 
is only the top half of the surface, since z — v 2 > 0. To get the bottom half of the 
surface, we set x — v sinh u and y — v cosh u so that z — x 2 — y 2 — — v 2 < 0. 
Figure 12.41 shows both halves of the surface. ■ 

In many cases, the parametric equations that we use are determined by the geometry 
of the surface. In particular, in two dimensions, certain curves (especially circles) are more 
easily described in polar coordinates than in rectangular coordinates. Recall that the polar 
coordinates r and 8 are related to x and y by 

x — r cos 9 , y — r sin 0 and r — x 2 + y 2 . 

So, the equation for the circle x 2 + y 2 — 4 can be written in polar coordinates simply as 
r = 2. 



EXAMPLE 6.4 Finding Parametric Representations of Surfaces 

Find a parametric representation of each surface: (a) the portion of z — y 1 x 2 + y 2 
inside x 2 + y 2 — 4 and (b) the portion of z — 9 — x 2 — y 2 above the xy-plane with 
y > 0. 

Solution For part (a), a graph indicating the cone and the cylinder is shown in Figure 
12.42a (on the following page). Notice that the equations for both surfaces include the 
term x 2 + y 2 and x and y appear only in this combination. This suggests the use of polar 
coordinates. Taking x — r cos 6 and y = r sin 8, the equation of the cone z = ^Jx 2 + y 2 
becomes z — r and the equation of the cylinder x 2 + y 2 — 4 becomes r — 2. Since the 
surface in question is that portion of the cone lying inside the cylinder, every point on 
the surface lies on the cone. So, every point on the surface satisfies 
x — r cos 8, y — r sin 8 and z — r. Observe that the cylinder cuts off the cone, 
something like a cookie cutter. Instead of all r-values being possible, the cylinder limits 
us to r < 2. (Think about why this is so.) A parametric representation for (a) is then 

x — r cos 8, y — r sin 8 and z — r, for 0 < r < 2 and 0 < 8 < 2n. 
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FIGURE 12.42a 

Portion of z = \Jx 2 + y 2 inside 



FIGURE 12.42b 

Portion of z — 9 — x 2 — y 2 above 
the xy-plane, with y > 0 



x 1 + y 1 = 4 

For part (b), a graph is shown in Figure 12.42b. Again, the presence of the term 
x 2 + y 2 in the defining equation suggests polar coordinates. Taking x — r cos 9 and 
y — r sin 9, the equation of the paraboloid becomes 

z = 9-(x 2 + r) = 9-r 2 . 
To stay above the xy-plane, we need z > 0 or 9 — r 2 > 0 or \r | < 3. Choosing positive 
r-values, we have 0 < r < 3. Then y > 0, if sin$ > 0. One choice of 9 that gives this is 
0 < 9 < it. A parametric representation for the surface is then 



x — r cos 9, y — r sin 9 and z — 9 



for 0 < r < 3 and 0 < 9 < n. 



EXERCISES 12.6 

^) WRITING EXERCISES 



In exercises 1-8, sketch a graph of the parametric surface by 



Suppose that a surface has parametric equations x = f(u), 
y = g(u) and z — h(v). Explain why the surface must be a 
cylinder. If the range of h consists of all real numbers, discuss 
whether or not the parametric equations x — f(u), y — g{u) 
and z = v would describe the same surface. 

In this exercise, we explore why parametric equations with 
two parameters typically graph as surfaces. If x — f(u, v), 
y — g(u, v) and z — h(u, v), substitute in a constant v = V\ 
andletCj be the curve with parametric equations x — f(u, Vi), 
y — g(u, vi) and z — h(u, vi). For a different constant i>2, 
let C2 be the curve with parametric equations x — f(u, v 2 ), 
y — g(u, v 2 ) and z — h(u, v 2 ). Sketch what C\ and Ci might 
look like if Hi and ib are close together. Then fill in what 
you would expect other curves would look like for y-values 
between V\ and v 2 . Discuss whether you are generating a 
surface. 

To show that two parameters do not always produce a surface, 
sketch the curve with x — u + v,y — u + v and z — u + v. 
Discuss the special feature of these equations that enables us 
to replace the parameters u and v with a single parameter /. 

The graph of x — f(t) and y = g(t) is typically a curve in 
two dimensions. The graph of x — f(u, v), y — g(u, v) and 
z — h(u, v) is typically a surface in three dimensions. Discuss 
what the graph of x — f(r, s, t), y — g(r, s, t), z — h(r, s, t) 
and w — d(r, s, t) would look like. 



hand. 




1. 


A" 


— u, y — v, z — u 2 + 2v 2 


2. 


A" 


= u, y = v, z = 4 — u 2 — v 2 


3. 


r 


= u cos v i + u sin v j + u 2 k 


4. 


r 


= // cos ui + Msinuj + ak 


5. 


A 


= 2 sin 11 cos v, y — 2 sin u sin v, z — 2 cos u 


6. 


A 


— v sinh 11, y — 4v 2 , z — v cosh u 


7. 


r 


— (2 cos u sinh v, 2 sin u sinh v, 2 cosh v) 


8. 


r 


— (sinh v, cos u cosh v, sin u cosh v) 



jln exercises 9-16, sketch a graph of the parametric surface. 

9. x — u, y — sin u cos v, z — sin u sin v 
cos // cos v, y — u, z — cos u sin v 
u cos v,y — u sin v, z — v 
2 sinh u, y — v, z — 2 cosh u 

(6 + 2 cos v) cos u, y — (6 + 2 cos v) sin u, z — 2 sin v 



10. x 

11. X 

12. x 

13. x 

14. x 

z ■ 

15. r: 

16. r: 



: (—2 + 4 cos v) cos u,y — (—2 + 4 cos v) sin u, 

4 sin v 

2 cos v cos ui + 2 cos v sin u j + 5 sin u k 

5 cos v cos u i + 5 cos u sin if j + 2 sin u k 
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In exercises 17-26, find a parametric representation of the 
surface. 

3x + 4y 18. x 2 + y 2 + z 2 = 9 



17. 



19. x 2 + y 2 - z 2 = 1 20. z 2 



■ x 2 + y 2 



21. The portion of x 2 + y 2 — 4 from z = 0 to z = 2 

22. The portion of y 2 + z 2 — 9 from x — — 1 to x — 1 

23. The portion of z = 4 — x 2 — y 2 above the xy-plane 

24. The portion of z — x 2 + y 2 below z = 4 



25. x 2 - y 2 - z 2 



1 



26. x = 4y 2 - z 2 



27. Match the parametric equations with the surface. 

(a) x = u cos v, y — u sin v, z — v 2 

(b) x — v, y — u cos v, z — u sin v 

(c) a: = w, y = u cos u , z = it sin v 

z 





SURFACE 2 




28. Show that changing the parametric equations of example 6. 1 
to x = 2 sin u cos w, y = 2 cos m cos u and z = 2 sin v does not 
change the fact that x 2 + y 2 + z 2 — 4. 

29. To show that the surface in example 6.1 is the entire sphere 
x 2 + y 2 + z 2 =4, start by finding the trace of the sphere in the 
plane z = k for — 2 < k < 2. If z = 2 cos v — k, determine as 
fully as possible the value of 2 sin v and then determine the 
trace in the plane z = k for x = 2 cos u sin u, y = 2 sin u sin u 
and z = 2 cos v. If the traces are the same, then the surfaces 
are the same. 

) 30. Investigate whether x — 2 sin u cos v,y — 2 cos u cos v and 
z = 2 sin u also are parametric equations for the sphere 
x 2 + y 2 + z 2 — 4. If not, use computer-generated graphs to 
describe the surface. 



Exercises 31-36 relate to parametric equations of a plane. 

31. Sketch the plane with parametric equations x — 2 + u + 2v, 
y — —1 + 2u — v and z = 3 — 3u + 2v. Show that the points 
(2, —1, 3), (3, 1, 0) and (4, —2, 5) are on the plane by finding 
the correct values of u and v. Sketch these points along with the 
plane and the displacement vectors (1, 2, —3) and (2, —1,2). 

32. Use the results of exercise 31 to find a normal vector to the 
plane and an equation of the plane in terms of x, y, and z. 

33. The parametric equations of exercise 31 can be written as 
r = (2, -1,3) +u(l,2, -3) + u(2,-l,2) for r = (x,y,z). 
For the general equation r = r 0 + uy\ + v\ 2 , sketch a plane 
and show how the vectors ro, Vi and V2 would relate to the 
plane. In terms of Vi and v 2 , find a normal vector to the plane. 

34. Find an equation in x, y and z for the plane defined by 
r = (3, 1, -1) + u(2, -4, 1) + v{2, 0, 1). 

35. Find parametric equations for the plane through the point 
(3, 1, 1) and containing the vectors (2, —1, 3) and (4, 2, 1). 

36. Find parametric equations for the plane through the point 
(0, —1,2) and containing the vectors (—2, 4, 0) and (3, —2, 5). 



37. Earth is approximately an oblate spheroid. Graph 
{a cos v cos u , (x cos v sin u , h sin v) with a — 7926 and 
b — 7900 to see its shape. 

38. A football is a prolate spheroid. Use the equations in exercise 
37 with a — 2 and b — 6 to graph a football. 

39. A Mobius strip is a surface with unusual properties. Graph 
((10 + v cos |)cos u, (10 + v cos |) sin u, v sin with 0 < u, 
v < 4jt to see a Mobius strip. 



40. 



41, 



42. 



A Klein bottle is another surface with unusual properties. 
While a true Klein bottle is a subset of four-dimensional 
space, three-dimensional "immersions" help us visualize 
it. Graph (cos m[cos |(\/2 + cos v) + sin | sin v cos v], sin« 
[cos | (\/2 + cos v) + sin | sin v cos v], sin | (\p2 + cos ii) + 

\ sin2ii sinw), 
! + sin v cos u — j sin 2d sin u), sin u sin 

sin2u) 



cos f sin v cos u). 

Graph a figure-8 torus (cos u(2 + sin v cos « 
sin u (2 + sin ii cos m — ^ sin 2u sin m), sin u sin u + ^ cos m 



SURFACE 3 



Graph the figure-8 form of a Klein bottle (cosm[4 + 
cos | sin v — sin | sin 2v), sinM(4+ cos | sin u — sin | sin2u), 
sin | sin u + cos | sin 2w) . 
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Exercises 43-50 relate to cylindrical coordinates defined by 
x = r cos 6, y = r sin 6 and z = z. 

43. Sketch the two-dimensional polar graph r — cos 26 . Sketch the 
solid in three dimensions defined by x — r cos 6 , y — r sin 6 
andz = zwifhr = cos 26 and 0 S z S 1, and compare it to the 
polar graph. Show that parametric equations for the solid are 
x — cos 2u cos u, y — cos 2u sin u andz = v withO < u < 2it 
and 0 < v < 1. 

44. Sketch the solid defined by x — (2 — 2 cos u) cos u, 
y — (2 — 2 cos u) sin u and z — v with 0 < u < 2n and 
0 < v < 1. (Hint: Use polar coordinates as in exercise 43.) 

45. Find parametric equations for the wedge in the first octant 
bounded by y — 0, y — x, x 2 + y 1 — 4, z — 0 and z — 1. 

46. Find parametric equations for the portion of y — \Jx 2 + z 2 to 
the left of y = 5. 

47. Sketch the (two-dimensional) graph of f(t) — e~' for t > 0. 
Sketch the surface z = e _A " _:> ' 2 and compare it to the graph 
of f(t). Show that parametric equations of the surface are 
x — u cos v, y = u sinv and z — e~"~ . 

48. Sketch the surface defined by x — ucosv,y — us'mv and 
z = ue~" 2 . [Hint: Use the graph of /(f) = te~' 2 .] 

49. Find parametric equations for the surface z = sin ^/x 2 + y 2 . 

50. Find parametric equations for the surface z — cos(x 2 + y 2 ). 

Exercises 51-56 relate to spherical coordinates defined 
by x = pcos0sin0,y = psin0sin</> and z = pcos0, where 
0 < p, 0 < 0 < 2-k and 0 < </> < 7r. 

51. (a) Replace p with p — 3 and determine the surface with 
parametric equations x — 3 cos 6 sin ^ , y = 3 sin 6 sin (/> and 
z — 3 cos 0. (b) Determine the surface defined by p — k, where 
k is some positive constant. 

52. (a) Replace <p with <p — j and determine the surface with 
parametric equations x — p cos 6 sin | , y — p sin 6 sin 2 and 
z — p cos | . (b) Replace cj> with </> = | and determine 
the surface with parametric equations x — p cos 6 sin | , y = 
p sin 0 sin | and z — p cos | . (c) Determine the surface 4> — k 
for some constant with 0 < k < it . 

53. (a) Replace 6 with 6 — f and determine the surface with 
parametric equations x — p cos f sin y = p sin f sin 0 and 



Z = pcoscj). (b) Replace 0 with 6 = and determine the 
surface with parametric equations x — p cos =j- sin 0 , y — 
p sin 2£ sin <j> and z — p cos 0. (c) Determine the surface 6 — k 
for some constant A: with 0 < k < 2ji . 

54. Use the results of exercises 5 1-53 to find parametric equations 
for (a) the top half-sphere z = — x 2 — y 2 and (b) the right 
half-sphere y — V9 — x 2 — z 2 . 

55. Use the results of exercises 51-53 to find parametric 
equations for (a) the cone z = y/x 2 + y 2 , (b) the cone 
z = —y/x 2 + y 2 , and (c) the cone z = ^2{x 2 + y 2 ). 

56. (a) Find parametric equations for the region that lies above 
z = y/x 2 + y 2 and below x 2 + y 2 + z 2 = 4. (b) Find paramet- 
ric equations for the sphere x 2 + y 2 + (z — l) 2 = 1. 



^ EXPLORATORY EXERCISES 

1. If x = 3 sint( cos u, y = 3 cos u and z = 3 sint/ sin u, show 
that x 2 + y 2 + z 2 = 9. Explain why this equation doesn't 
guarantee that the parametric surface defined is the entire 
sphere, but it does guarantee that all points on the surface 
are also on the sphere. In this case, the parametric surface is 
the entire sphere. To verify this in graphical terms, sketch 
a picture showing geometric interpretations of the "spher- 
ical coordinates" u and v. To see what problems can oc- 

u 2 

cur, sketch the surface defined by x — 3 sin — cosu, 

u 2 + 1 

2 2 
U W 

y = 3cos— and z = 3 sin — sinv. Explain why 

u 2 + 1 u 2 + 1 

you do not get the entire sphere. To see a more subtle 

example of the same problem, sketch the surface x — 

cos // cosh v, y — sinh v, z — sin u cosh v. Use identities 

to show that x 2 — y 2 + z 2 = 1 and identify the surface. 

Then sketch the surface x — cos u cosh v, y — cos u sinh v, 

z — sinu and use identities to show that x 2 — y 2 + z 2 — 1. 

Explain why the second surface is not the entire hyper- 

boloid. Explain in words and pictures exactly what the second 

surface is. 

2. Find parametric equations for the surface obtained by revolving 
(a) z = siny about the z-axis (see exercise 49); (b) y — sinx 
about the y-axis; (c) r — 2 + 2 cos 6 about the x-axis. 



Review Exercises 



WRITING EXERCISES 



The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Vector-valued 

function 
Tangent vector 
Angular velocity 



Tangential 

component 
Arc length 
Velocity vector 



Normal component 
Continuous F(x) 
Speed 

Angular momentum 



Arc length 

parameter 
Binormal vector 



Angular acceleration 

Curvature 

Radius of curvature 



Principal unit normal 
Osculating circle 
Parametric surface 



|| TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 
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Review Exercises 



1. The graph of the vector- valued function (cos ?, sin f , /(f)) . f° r 
some function / lies on the circle x 2 + y 2 — 1. 

2. For vector- valued functions, derivatives are found component 
by component and all of the usual rules (product, quotient, 
chain) apply. 

3. The derivative of a vector-valued function gives the slope of 
the tangent line. 

4. Newton's laws apply only to straight-line motion and not to 
rotational motion. 

5. The greater the osculating circle, the greater the curvature. 

6. While driving a car, the vector T would be "straight ahead," N 
in the direction you are turning and B straight up. 

7. If parametric equations for a surface are x — x(u, v), 
y — y(u, v) and z — z(u, v) with x 2 + y 2 + z 2 — 1, the sur- 
face is a sphere. 



In exercises 1 and 2, sketch the curve and plot the values of the 
vector-valued function. 



1. r(?) = {t 2 , 2 - t 2 , 1), t = 0, t = 1, t = 2 

2. r(f ) = (sin t, 2 cos t , 3), t = —it, t = 0, t 



| In exercises 3-12, sketch the curve traced out by the given vector- 
valued function. 

3. r(t) = (3cosf + 1, sinf) 4. r(t) = (2sinf, cost + 2) 

5. r(f) = (3 cos t + 2 sin 3t, 3 sin t + 2 cos 3/) 

6. r(f) = (3 cos t + sin 3f , 3 sin t + cos 3/) 

7. r(r) = (2cosf, 3, 3 sinf) 8. r(t) = (3cosf, -2, 2 sinf) 
9. r(t) = (4 cos 3t + 6 cos t , 6 sin t , 4 sin "it) 

10. r(t) = (sinjrf, V« 2 + t 3 , count) 

11. r(r) = (tan t , 4 cos t , 4 sin t) 

12. r(t) - (cos5f, tan?, 6sin?) 

13. In parts (a)-(f), match the vector- valued function with its graph. 



(b) r(r) = (f, sinf, sin 2?) 

„5 , 



(a) r(f) = (sinf, f, sin2f) 

(c) r(f) = (6sin7rf, f, 6cos7rf) (d) r(f)= (sin 3 f, sin" f, cosf) 

(e) r(f) = (cos t , 1 — cos 2 f, cos t) 

(f) r(f) = (f 2 + l,f 2 + 2,f- 1) 




GRAPH B 




GRAPH D 




GRAPH E 





GRAPH A 



GRAPH F 
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Review Exercises 



In exercises 14-16, sketch the curve and find its arc length. 

14. r(t) = (cos7Tf, sin7rf, cos4jzt), 0 < t < 2 

15. r(;) = (cosf, sin?, 6f>, 0 < f < 27r 

16. r(/) = (f, 4r - 1, 2 - 6/), 0 < t < 2 

In exercises 17 and 18, find the limit if it exists. 

17. lim (f 2 - 1, e 2 ', cos7rf) 

r-»l 

18. lim (e~ 2 ', csc7r?, f 3 - 5?) 

r-»l 

In exercises 19 and 20, determine all values of t at which the 
given vector-valued function is continuous. 

19. r(t) = (e 4 ',lnf 2 ,20 

20. r(t) = Lint, tan2f, - 3 - j 

In exercises 21 and 22, find the derivative of the given vector- 
valued function. 

21. r(t) = (f/F+T, sin4i,ln4fj 

22. r(0 = (re" 2 ', t 3 , 5) 

In exercises 23-26, evaluate the given indefinite or definite 
integral. 

23. J \e- 4 ', ^,4t - lj dt 

25. / (cos nt, At, 2) dt 
Jo 

26. /" {e- 3 ',6t 2 )dt 
Jo 

In exercises 27 and 28, find the velocity and acceleration vectors 
for the given position vector. 

27. r(r) = (4 cos 2?, 4 sin 2/ 1 , 4f) 

28. r(0 = (f 2 + 2, 4, t 3 ) 



In exercises 29-32, find the position vector from the given ve- 
locity or acceleration vector. 

29. v(/) = {It + 4, -32f), r(0) = (2, 1) 

30. \(t) = (4, t 2 - 1), r(0) = (-4, 2) 

31. a(f) = (0, -32), v(0) = (4, 3), r(0) = (2, 6) 

32. a(0 = (t, e 2 '), v(0) = (2, 0), r(0) = (4, 0) 



In exercises 33 and 34, find the force acting on an object of mass 
4 with the given position vector. 

33. r(t) = (12t, 12- 16f 2 ) 

34. r(f ) = (3 cos It, 2 sin It) 

In exercises 35 and 36, a projectile is fired with initial speed v 0 
feet per second from a height of h feet at an angle of 9 above the 
horizontal. Assuming that the only force acting on the object is 
gravity, find the maximum altitude, horizontal range and speed 
at impact. 

35. v 0 = 80, h = 0, 6 = i 

36. v 0 = 80, h = 6, 9 = f 

In exercises 37 and 38, find the unit tangent vector to the curve 
at the indicated points. 

37. r(f)= (e- 2 ',2r,4),« = 0, t= 1 

38. r(f) = (2, sin?rr 2 , lnr), f = 1, t = 2 



In exercises 39-42, find the curvature of the curve at the indi- 
cated points. 

39. r(t) = (cosf, sinf, sint),t = 0, t = J 

40. r(f) = (4cos2f,3sin2f),f = 0, f = f 

41. r(f) = (4, 3f),f = 0,f = 1 

42. r(f)= (f 2 ,f\r 4 ),/ = 0, t = 2 

In exercises 43 and 44, find the unit tangent and principal unit 
normal vectors at the given points. 

43. r(f ) = (cos t , sin t , sin t) at t = 0 

44. r(f ) = (cos t, sin f , sin t) at f = | 

In exercises 45 and 46, find the tangential and normal compo- 
nents of acceleration at the given points. 

45. r(f) = (2t, t 2 ,2) at t = 0, t = 1 

46. r(0= (f 2 ,3, 2f)atf = 0, t = 2 



In exercises 47 and 48, the friction force required to keep a car 
from skidding on a curve is given by F s (f) = ma N N(t). Find the 
friction force needed to keep a car of mass m = 120 (slugs) from 
skidding for the given position vectors. 

47. r{t) = (80 cos 6/, 80sin6f) 

48. r(f) = (80cos4f, 80sin4f) 



12-59 



CHAPTER 12 •• Review Exercises 



807 



Review Exercises 



I In exercises 49-52, sketch a graph of the parametric surface. 

49. x — 2sinw, y — v 2 , z — 3cosa 

50. x — cos // sin v, y — sin u sin v, z — sin v 

51. x = u 2 , y = v 2 , z = u + 2v 

52. x — (3 + 2 cos u) cos v, y = (3 + 2 cos ;<) sin u, z = 2 cos u 



53. Match the parametric equations with the surfaces. 

(a) x — u 2 , y — u + v, z — v 2 

(b) x — u 2 , y — u + v, z — v 

(c) x — u, y — u + v, z — v 2 




SURFACE C 

54. Find a parametric representation of x 2 + y 2 + z 2 — 16. 




EXPLORATORY EXERCISES 



SURFACE A 




1. In this three-dimensional projectile problem, think of the A-axis 
as pointing to the right, the y-axis as pointing straight ahead 
and the z-axis as pointing up. Suppose that a projectile of mass 
m — 1 kg is launched from the ground with an initial velocity 
of 100 m/s in the vz-plane at an angle of | above the horizon- 
tal. The spinning of the projectile produces a constant Magnus 
force of (0.1, 0, 0) newtons. Find a vector for the position of 
the projectile at time / > 0. Assuming level ground, find the 
time of flight Tfor the projectile and find its landing place. Find 
the curvature for the path of the projectile at time t > 0. Find 
the times of minimum and maximum curvature of the path for 
0 <t <T. 

2. A tennis serve is struck at an angle 6 below the horizontal from 
a height of 8 feet and with initial speed 120 feet per second. 
For the serve to count (be "in"), it must clear a net that is 39 
feet away and 3 feet high and must land before the service line 
60 feet away. Find the range of angles for which the serve is in. 

3. A baseball pitcher throws a pitch at an angle 0 below the 
horizontal from a height of 6 feet with an initial speed of 130 
feet per second. Home plate is 60 feet away. For the pitch to 
be a strike, the ball must cross home plate between 20" and 
42" above the ground. Find the range of angles for which the 
pitch will be a strike. 



SURFACE B 
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Functions of Several Variables 
and Partial Differentiation 




When a golf star like Lorena Ochoa hits a long drive over water, most 
spectators have several seconds of suspense as the ball reaches its peak 
height and then slowly drops back to the ground. Will the ball land safely 
close to the hole or fall into a bad situation in the water or tall grass? 
While professional golfers can often tell with some precision where their 
ball will land, most spectators must wait for the ball to land to know if 
the shot has gone the perfect distance. 

Think for a moment about all of the factors that determine how far 
a golf ball travels. In our studies of projectile motion, we identified three 
forces that affect a ball's path: gravity, air drag and the Magnus force 
(caused by the spinning of the ball). Given the initial velocity (both the 
initial speed and the angle that the ball's path makes with the ground) and 
the initial spin, we can write down a differential equation whose solution 
gives us distance as a function of initial speed, angle and spin. In this 
chapter, we introduce some of the basic techniques needed to analyze 
functions like this of two or more variables. 

You have probably realized that the flight of a golf ball is actually 
far more complicated than outlined here. For instance, air drag depends 
on environmental factors such as temperature and humidity, which would 
need to be accounted for in a more complete model. Also, the design of the dimples 
on the golf ball can reduce or increase the drag. With all of these factors, we might 
need a function of ten or more variables. Fortunately, the calculus of functions of 
10 variables is very similar to the calculus of functions of two or three variables. 
The theory presented in this chapter is easily extended to as many variables as 
needed in a particular application. 



1 3. 1 FUNCTIONS OF SEVERAL VARIABLES 



The first ten chapters of this book focused on functions f(x) whose domain and 
range were subsets of the real numbers. In Chapter 12, we studied vector-valued 
functions F(?) whose domain is a subset of the real numbers, but whose range 
is a set of vectors in two or more dimensions. In this section, we consider func- 
tions that depend on more than one variable, that is, functions whose domain is 
multidimensional. 

A function of two variables is a rule that assigns a real number f(x , y) to each 
ordered pair of real numbers (x, y) in the domain of the function. For a function/ 
defined on the domain D C K 2 , we sometimes write/: D C R 2 — >■ K, to indicate 
that / maps points in two dimensions to real numbers. You may think of such a 
function as a rule whose input is a pair of real numbers and whose output is a 
single real number. For instance, fix, y) — xy 2 and g{x, y) — x 2 — e y are both 
functions of the two variables x and y. 
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FIGURE 13. la 

The domain of f(x, y) = x In y 
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FIGURE 13. lb 

The domain of g(x, y) ■■ 



2x 



y 



Likewise, a function of three variables is a rule that assigns a real number f(x, y, z) 
to each ordered triple of real numbers (x, y, z) in the domain D C M? of the function. 
We sometimes write /: D C K 3 — >■ K to indicate that / maps points in three dimensions 
to real numbers. For instance, f(x, y, z) = xy 2 cos z and g(x, y, z) — 3zx 2 — e y are both 
functions of the three variables x, y and z. 

We can similarly define functions of four (or five or more) variables, although our focus 
here is on functions of two and three variables. 

Unless specifically stated otherwise, the domain of a function of several variables is 
taken to be the set of all values of the variables for which the given expression is defined. 



EXAMPLE I.I 

Find and sketch the domain for (a) f(x, y) — x In y and (b) g(x, y) = 



Finding the Domain of a Function of Two Variables 

2x 



Solution (a) For f(x, y) — x In y, recall that In y is defined only for y > 0. The 
domain off is then the set D = {(x, y)\y > 0}, that is, the half-plane lying above the 
x-axis. (See Figure 13.1a.) 



2x 



-, note that g is defined unless there is a division by zero, 



(b) For g(x, y) 

y — x- 

which occurs when y — x 2 — 0. The domain of g is then {(x, y)\y ^ x 2 }, which is the 
entire xy-plane with the parabola y — x 2 removed. (See Figure 13.1b.) ■ 



EXAMPLE 1.2 Finding the Domain of a Function of Three Variables 

cos(x + z) 

Find and describe in graphical terms the domains of (a) f(x, y, z) = and 

xy 

(b) g(x, y, z) = V9 - x 2 - y 2 - z 2 . 

cos(x + z) 

Solution (a) For f(x, y, z) — , there is a division by zero if xy — 0, which 

xy 

occurs if x — 0 or y — 0. The domain is then {(x, y, z)\x ^ 0 and y ^ 0}, which is all 
of three-dimensional space, excluding the yz-plane (x = 0) and the xz-plane (y = 0). 

(b) Notice that for g(x, y, z) — y/9 — x 2 — y 2 — z 2 to be defined, you'll need to 
have 9 — x 2 — y 2 — z 2 > 0, or x 2 + y 2 + z 2 < 9. The domain of g is then the sphere of 
radius 3 centered at the origin, together with its interior. ■ 



In many applications, you won't have a formula representing a function of interest. 
Rather, you may know values of the function at only a relatively small number of points, 
as in example 1.3. 



EXAMPLE 1 .3 A Function Defined by a Table of Data 

A computer simulation of the flight of a baseball provided the data displayed in the 

accompanying table for the range in feet of a ball hit with initial velocity v ft/s 

and backspin rate of co rpm. Each ball is struck at an angle of 30° above the horizontal. 



w 

V 


0 


1000 


2000 


3000 


4000 


150 


294 


312 


333 


350 


367 


160 


314 


334 


354 


373 


391 


170 


335 


356 


375 


395 


414 


180 


355 


376 


397 


417 


436 



Range of baseball in feet 



Thinking of the range as a function R(v, co), find #(180, 0), #(160, 0), #(160, 4000) 
and #(160, 2000). Discuss the results in baseball terms. 
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Solution The function values are found by looking in the row with the given value of 
v and the column with the given value of a). Thus, #(180, 0) = 355, #(160, 0) = 314, 
#(160, 4000) = 391 and #(160, 2000) = 354. This says that a ball with no backspin and 
initial velocity 180 ft/s flies 41 ft farther than one with initial velocity 160 ft/s (no 
surprise there). However, observe that if a 160 ft/s ball also has backspin of 4000 rpm, it 
actually flies 36 ft farther than the 180 ft/s ball with no backspin. (The backspin gives 
the ball a lift force that keeps it in the air longer.) The combination of 160 ft/s and 2000 
rpm produces almost exactly the same distance as 180 ft/s with no spin. (Watts and 
Bahill estimate that hitting the ball \ below center produces 2000 rpm.) Thus, both 
initial velocity and spin have significant effects on the distance the ball flies. ■ 

The graph of the function f(x, y) is the graph of the equation z = f(x, y). This is not 
new, as you have already graphed a number of quadric surfaces that represent functions of 
two variables. 



EXAMPLE 1.4 Graphing Functions of Two Variables 

Graph (a) f(x, y) — x 2 + y 2 and (b) g(x, y) — -y/4 - x 2 + y 2 . 

Solution (a) For f(x, y) — x 2 + y 2 , you may recognize the surface z — x 2 + y 2 as a 
circular paraboloid. Notice that the traces in the planes z — k > 0 are circles, while the 
traces in the planes x — k and y — k are parabolas. A graph is shown in Figure 13.2a. 

(b) For g(x, y) — ^4 — x 2 + y 2 , note that the surface z = -y/4 — x 2 + y 2 is the top 
half of the surface z 2 — 4 — x 2 + y 2 or x 2 — y 2 + z 2 — 4. Here, observe that the traces 
in the planes x — k and z — k are hyperbolas, while the traces in the planes y — k are 
circles. This gives us a hyperboloid of one sheet, wrapped around the y-axis. The graph 
of z — g(x, y) is the top half of the hyperboloid, as shown in Figure 13.2b. ■ 

FIGURE 13.2b Recall from your earlier experience drawing surfaces in three dimensions that an 

z — ^4 _ x 2 _|_ yi analysis of traces is helpful in sketching many graphs. 



EXAMPLE 1 .5 Graphing Functions in Three Dimensions 

Graph (a) f(x, y) = sinx cos y and (b) g(x, y) = e~ x '(y 2 + 1). 

Solution (a) For f(x, y) = sin x cos y, notice that the traces in the planes y — k are 
the sine curves z = sinx cos k, while its traces in the planes x — k are the cosine curves 
z — sin k cos y. The traces in the planes z — k are the curves k — sin x cos y. These are 
a bit more unusual, as seen in Figure 13.3a (which is computer-generated) for k — 0.5. 
The surface should look like a sine wave in multiple directions, as shown in the 
computer-generated plot in Figure 13.3b. 
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NOTES 

You may be tempted to use 
computer-generated graphs 
throughout this chapter. However, 
we must emphasize that our 
goal is an understanding of 
three-dimensional graphs, which 
can best be obtained by sketching 
many graphs by hand. Doing this 
will help you know whether a 
computer-generated graph is 
accurate or misleading. Even 
when you use a graphing utility 
to produce a three-dimensional 
graph, we urge you to think 
through the traces, as we do in 
example 1.5. 



(b) For g(x, y) — e x (y 2 + 1), observe that the traces of the surface in the planes 
x — k are parabolic, while the traces in the planes y — k are proportional to z — e~ x , 
which are bell-shaped curves. The traces in the planes z — k are not particularly helpful 
here. A sketch of the surface is shown in Figure 13.3c (on the preceding page). ■ 



Graphing functions of more than one variable is not a simple business. For most 
functions of two variables, you must take hints from the expressions and try to piece 
together the clues to identify the surface. Your knowledge of functions of one variable is 
critical here. 



EXAMPLE 1.6 Matching a Function of Two Variables to Its Graph 

Match the functions f\(x, y) = cos(x 2 + y 2 ), fi(x, y) = cos(e A + e y ), 
fc(x, y) — In (x 2 + v 2 ) and f\(x, y) = e~ xy to the surfaces shown in Figures 
13.4a-13.4d. 



Solution There are two properties of fi(x, y) that you should immediately notice. 
First, since the cosine of any angle lies between —1 and 1, z = fi(x, y) must always lie 
between —1 and 1. Second, the expression x 2 + y 2 is significant. Given any value of r, 
and any point (x, y) on the circle x 2 + y 2 — r 2 , the height of the surface at the point 
(x, y) is a constant, given by z = fi(x, y) = cos(r 2 ). Look for a surface that is bounded 
(this rules out Figure 13.4a) and has circular cross sections parallel to the xv-plane 
(ruling out Figures 13.4b and 13.4d). That leaves Figure 13.4c for the graph of 

z = M x < y)- 





FIGURE 13.4a 



FIGURE 13.4b 





FIGURE 13.4c 



FIGURE I3.4d 



You should notice that y — fj,{x, y) also has circular cross sections parallel to the 
xv-plane, again because of the expression x 2 + y 2 - (Think of polar coordinates.) 
Another important property of for you to recognize is that the logarithm tends to — oo 
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as its argument (in this case, x 2 + y 2 ) approaches 0. This appears to be what is indicated 
in Figure 13.4a, with the surface dropping sharply toward the center of the sketch. So, 
z = fi(x, y) corresponds to Figure 13.4a. 

The remaining two functions involve exponentials. The most important distinction 
between them is that fi{x, y) lies between —1 and 1, due to the cosine term. This 
suggests that the graph of fiix, y) is given in Figure 13.4b. To avoid jumping to a 
decision prematurely (after all, the domains used to produce these figures are all slightly 
different and could be misleading), make sure that the properties of /4(x, y) correspond 
to Figure 13. 4d. Note that e~ xy — »• 0 as xy — »• oo and e~ xy — »• oo as xy — ► — oo. As you 
move away from the origin in regions where x and y have the same sign, the surface 
should approach the xy-plane (z = 0). In regions where x and y have opposite signs, the 
surface should rise sharply. Notice that this behavior is exactly what you are seeing in 
Figure 13.4d. ■ 

REMARK I.I 



The analysis we use in example 1 .6 may seem a bit slow, but we urge you to practice 
this on your own. The more you think (carefully) about how the properties of 
functions correspond to the structures of surfaces in three dimensions, the easier this 
chapter will be. 



As with any use of technology, the creation of informative three-dimensional graphs 
can require a significant amount of knowledge and trial-and-error exploration. Even when 
you have an idea of what a graph should look like (and most often you won't), you may 
need to change the viewing window several times before you can clearly see a particular 
feature. The wireframe graph in Figure 13. 5ais apoor representation of f(x, y) — x 2 + y 2 . 
Notice that this graph shows numerous traces in the planes x — c and y = c for — 5 < c < 5. 
However, no traces are drawn in planes parallel to the xy-plane, so you get no sense that the 
figure has circular cross sections. One way to improve this is to limit the range of z-values to 
0 < z < 20, as in Figure 13.5b. Observe that cutting off the graph here (i.e., not displaying 
all values of z for the displayed values of x and y) reveals the circular cross section at 
Z = 20. An even better plot is obtained by using the parametric representation x — u cos v, 
y — u sin v, z — u 2 , as shown in Figure 13.5c. 





FIGURE 13.5b 

2 i 2 

Z — x- + y z 



FIGURE 13.5c 



An important feature of three-dimensional graphs is the viewpoint from which the 
graph is drawn. In Figures 13.5a and 13.5b, we are looking at the paraboloid from a viewpoint 
that is above the xy-plane and between the positive x- and y-axes . This is the default viewpoint 
for many graphing utilities and is very similar to the way we have drawn graphs by hand. 
Figure 13.3c shows the default viewpoint of /(x, y) = e~ x (y 2 + 1). In Figure 13.6a, we 
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switch the viewpoint to the positive y-axis, from which we can see the bell-shaped profile 
of the graph. This viewpoint shows us several traces with y = c, so that we see a number of 
curves of the form z = ke~ x . In Figure 13.6b, the viewpoint is the positive x-axis, so that 
we see parabolic traces of the form z = k(y 2 + 1). Figure 13.6c shows the view from high 
above the x-axis. 




FIGURE 13.6a FIGURE 13.6b FIGURE 13.6c 

z = e-**(y 2 + l) z = e - x \y 2 + l) z = e-*\y 2 + 1) 



Many graphing utilities offer alternatives to wireframe graphs. One deficiency of 
wireframe graphs is the lack of traces parallel to the xy-plane. This is not a problem in 
Figures 13.6a to 13.6c, where traces in the planes z — c are too complicated to be helpful. 
However, in Figures 13.5a and 13.5b, the circular cross sections provide valuable informa- 
tion about the structure of the graph. To see such traces, many graphing utilities provide 
a "contour mode" or "parametric surface" option. These are shown in Figures 13.7a and 
13.7b for fix, y) = x 2 + y 2 and are explored further in the exercises. 




Two other types of graphs, the contour plot and the density plot, provide the same 
information condensed into a two-dimensional picture. Recall that for two of the surfaces 
in example 1 .6, it was important to recognize that the surface had circular cross sections, 
since x and y appeared only in the combination x 2 + y 2 . The contour plot and the density 
plot will aid in identifying features such as this. 

A level curve of the function f(x, y) is the (two-dimensional) curve defined by 
f(x, y) = c, for some constant c. (This corresponds to the trace of the surface z — fix, y) in 
the plane z — c.) A contour plot of fix, y) is a graph of numerous level curves fix, y) = c, 
for representative values of c. 



13-7 



SECTION 13.1 •• Functions of Several Variables 815 




FIGURE 13.8a 

Contour plot of f(x, y) — - 



x + y 




FIGURE 13.8b 

Contour plot of g(x, y) — x 2 + y 2 



EXAMPLE 1.7 Sketching Contour Plots 

Sketch contour plots for (a) f(x, y) — —x 2 + y and (b) g(x, y) — x 2 + y 2 . 

Solution (a) First, note that the level curves of f(x, y) are defined by — x 2 + y — c, 
where c is a constant. Solving for y, you can identify the level curves as the parabolas 
y — x 2 + c. A contour plot with c — —4, —2, 0, 2 and 4 is shown in Figure 13.8a. 

(b) The level curves for g(x, y) are the circles x 2 + y 2 — c. In this case, note that 
there are level curves only for c > 0. A contour plot with c — 1, 4, 7 and 10 is shown in 
Figure 13.8b. ■ 



Note that in example 1.7, we used values for c that were equally spaced. There is no 
requirement that you do so, but it can help you to get a sense for how the level curves 
would "stack up" to produce the three-dimensional graph. We show a more extensive 
contour plot for g(x, y) — x 2 + y 2 in Figure 13.9a. In Figure 13.9b, we show a plot of 
the surface, with a number of traces drawn (in planes parallel to the xy-plane). Notice 
that the projections of these traces onto the xy-plane correspond to the contour plot in 
Figure 13.9a. 



c= 10 





FIGURE 13.9a 

Contour plot of g(x, y) = x 2 + y 2 



FIGURE 13.9b 

Z = x 2 + y 2 



Look carefully at Figure 13.9a and observe that the contour plot indicates that the 
increase in the radii of the circles is not constant as c increases. 

As you might expect, for more complicated functions, the process of matching contour 
plots with surfaces becomes more challenging. 




FIGURE 13.10a 



EXAMPLE 1.8 Matching Surfaces to Contour Plots 

Match each of the surfaces of example 1 .6 to the corresponding contour plot shown in 
Figures 13.10a-13.10d. 

Solution Note that only in Figures 13.4a and 13.4c are the level curves circular, so 
these surfaces correspond to the contour plots in Figures 13.10a and 13.10b, but, which 
is which? The principal feature of the surface in Figure 13.4a is the behavior near the 
z-axis and the rapid change in the function near the z-axis results in a large number of 
level curves near the origin. (Think about this.) By contrast, the oscillations in 
Figure 13.4c would produce level curves that alternately get closer together and farther 
apart. We can conclude that Figure 13.4a matches with Figure 13.10a, while 
Figure 13.4c matches with Figure 13.10b. Next, intersecting the surface in Figure 13. 4d 
with the plane z — c > 0 results in two separate curves that open in opposite directions 
(to the lower left and upper right of Figure 13.4d), corresponding to the hyperbolas seen 
in Figure 13.10c. The final match of Figure 13.1 Od to Figure 13.4b is more difficult to 
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FIGURE 13.10b FIGURE 13.1 Oc FIGURE 13.1 Od 



REMARK 1.2 



see, but notice how the curves of Figure 13. lOd correspond to the curve of the peaks in 
Figure 13.4b. (To see this, you will need to adjust for the y-axis pointing up in Figure 
13. lOd and to the right in Figure 13.4b.) As an additional means of distinguishing the 
last two graphs, notice that Figure 13.4d is very fiat near the origin. This corresponds to 
the lack of level curves near the origin in Figure 13.10c. By contrast, Figure 13.4b 
shows oscillation near the origin and there are several level curves near the origin in 
Figure 13.10d. ■ 



If the level curves in a contour 
plot are plotted for equally 
spaced values of z, observe that 
a tightly packed region of the 
contour plot will correspond to 
a region of rapid change in the 
function. Alternatively, blank 
space in the contour plot 
corresponds to a region of slow 
change in the function. For this 
reason, we typically draw 
contour plots using equally 
spaced values of z. 



In a density plot, each pixel is shaded according to the size of the function value at a 
point representing the pixel, with different colors and shades indicating different function 
values. Level curves can then be seen as curves formed by a specific shade. 



EXAMPLE 1 .9 Matching Functions and Density Plots 

Match the density plots in Figures 13.1 la-13. 11c with the functions 
1 2x 



fi(x,y) 



7 0 

yZ _ X L 



,f2(x,y) 



and fi(x, y) = cos(jc + y ). 



_v — x z 

Solution As we did with contour plots, we start with the most obvious properties of 
the functions and try to identify the corresponding properties in the density plots. Both 
fx and f2 have gaps in their domains due to divisions by zero. Near the gaps, you should 
expect large function values (large in absolute value). Notice that Figure 13. 1 lb shows a 
lighter color band in the shape of a hyperbola (like y 2 — x 2 — c for a small number c) 



y o 




y o 




y o 




-2-10 1 2 

x 

FIGURE 13.1 lb 



-2-10 1 2 

x 

FIGURE 13.1 Ic 



and Figure 13. 1 lc shows a lighter color band in the shape of a parabola (like 
y — x 2 — 0). This tells you that the density plot for fi(x, y) is Figure 13.1 lb and the 
density plot for fi(x, y) is Figure 13.11c. That leaves Figure 13.11a for fj(x, y). You 
should be able to see the circular bands in the density plot arising from the x 2 + y 2 term 
in f 3 (x, y). m 
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FIGURE 13. 12a 

Weather map showing 
barometric pressure 



FIGURE 13. 12b 

Weather maps showing bands of 
temperature and precipitation 





FIGURE 13.12c 

Ocean heat content 



FIGURE 1 3. 1 2d 

Ocean heat content 



There are many examples of contour plots and density plots that you see every day. 
Weather maps often show level curves of atmospheric pressure. (See Figure 13.12a.) In 
this setting, the level curves are called isobars (that is, curves along which the barometric 
pressure is constant). Other weather maps represent temperature or degree of wetness with 
color coding (as in Figure 13.12b), which are essentially density plots. 

Scientists also use density plots while studying other climatic phenomena. For instance, 
in Figures 13.12c and 13.12d, we show two density plots indicating sea-surface height 
(which correlates with ocean heat content) indicating changes in the El Nino phenomenon 
over a period of several weeks. 

We close this section by briefly looking at the graphs of functions of three variables, 
fix, y, z). We won't actually graph any such functions, since a true graph would require 
four dimensions (three independent variables plus one dependent variable). We can, how- 
ever, gain important information from looking at graphs of the level surfaces of a function /. 
These are the graphs of the equation f(x, y,z) — c, for different choices of the constant c. 
Much as level curves do for functions of two variables, level surfaces can help you identify 
symmetries and regions of rapid or slow change in a function of three variables. 



EXAMPLE I . I 0 Sketching Level Surfaces 

Sketch several level surfaces of f(x, y, z) — x 1 + y 2 + z 1 . 

Solution The level surfaces are described by the equation x 2 + y 2 + z 2 — c. Of 
course, these are spheres of radius *fc for c > 0. Surfaces with c — 1 and c — 2 are 
shown in Figures 13.13a and 13.13b, respectively. ■ 
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BEYOND FORMULAS 

Our main way of thinking about surfaces in three dimensions is to analyze two- 
dimensional cross sections and build them up into a three-dimensional image. This 
allows us to use our experience with equations and graphs in two dimensions to 
determine properties of the graphs. Contour plots and density plots do essentially the 
same thing, with the one restriction that the cross sections represented are in parallel 
planes (for example, all parallel to the xy-plane). These two-dimensional plots do not 
show the distortions that result from trying to represent a three-dimensional object on 
two-dimensional paper. Thus, we can often draw better conclusions from a contour 
plot than from a three-dimensional graph. 



EXERCISES 13.1 Q> 

^WRITING EXERCISES 



1. Explain why neither a full hyperboloid nor an ellipsoid would 
be the graph of a function of two variables. Develop a "vertical 
line test" for determining whether a given surface is the graph 
of a function of two variables. 

2. In example 1.4, we used traces to help sketch the surface, but 
in example 1.5 the traces were less helpful. Discuss the differ- 
ences in the functions involved and how you can tell whether 
or not traces will be helpful. 

3. Given a contour plot, what can be said about the function? For 
example, explain why a contour plot without labels (identify- 
ing the value of z) could correspond to more than one function. 
If the contour plot shows a set of concentric circles around a 
point, explain why you would expect that point to be the lo- 
cation of a local extremum. Explain why, without labels, you 
could not distinguish a local maximum from a local minimum. 

4. Imagine a contour plot that shows level curves for equally 
spaced z-values (e.g., z — 0, z — 2 and z — 4). Near point A, 
several level curves are very close together, but near point B, 
there are no level curves showing at all. Discuss the behavior 
of the function near points A and B, especially commenting on 
whether the function is changing rapidly or slowly. 



In exercises 1-6, describe and sketch the domain of the function. 



1. Rx,y) = 



1 



x + y 



2. f(x,y) = 



3xv 



3. fix, y) = ln(x 2 + y 2 - 1) 4. f(x, y) = 



y — x z 



r 



5. f(x,y,z): 



2xz 



■x 2 -y 2 -z 2 



6. f{x, y, z) ■ 



Jx 2 + y 2 -\ 

e yz 

z — x 1 — y l 



9. (a) f{x, y) = x 2 + y 2 - 1 (b) fix, y) = tan" 1 Qt 2 + y 2 - 1) 



10. (a) fix, y) = e*- 



(b) f(x,y) 



In exercises 11 and 12, use the table in example 1.3. 

11. Find (a) R(\50, 1000), (b) /?(150, 2000) and (c) fl(150, 3000). 
(d) Based on your answers, how much extra distance is gained 
from an additional 1000 rpm of backspin? 

12. Find (a) fl(150, 2000), (b) fl(160, 2000) and (c) fl(170, 2000). 
(d) Based on your answers, how much extra distance is gained 
from an additional 10 ft/s of initial velocity? 



13. 



The heat index is a combination of temperature and humid- 
ity that measures how effectively the human body is able to 
dissipate heat; in other words, the heat index is a measure of 
how hot it feels. The more humidity there is, the harder it is 
for the body to evaporate moisture and cool off, so the hotter 
you feel. The table shows the heat index for selected tempera- 
tures and humidities in shade with a light breeze. For the func- 
tion Hit, h), find H (80, 20), #(80, 40) and #(80, 60). At 80°, 
approximately how many degrees does an extra 20% humidity 
add to the heat index? 





20% 


40% 


60% 


80% 


70° 


65.1 


66.9 


68.8 


70.7 


80° 


77.4 


80.4 


82.8 


85.9 


90° 


86.5 


92.3 


100.5 


112.0 


100° 


98.8 


111.2 


129.5 


154.0 



14. Use the preceding heat index table to find #(90, 20), #(90, 40) 
and #(90, 60). At 90°, approximately how many degrees does 
an extra 20% humidity add to the heat index? This answer is 
larger than the answer to exercise 13. Discuss what this means 
in terms of the danger of high humidity. 



In exercises 7-10, describe the range of the function. 

7. (a) fix, y) = V2 + x -y (b) fix, y) = ^4 - x 2 - y 2 

8. (a) fix, y) = cos(x 2 + y 2 ) (b) fix, y) = cos 



2x 2 + y 2 



In exercises 15-20, sketch the indicated traces and graph 
z = f(x,y). 

15. fix, y) = x 2 + y 2 ; x = 0, z = 1, z = 2, z = 3 

16. fix, y) = x 2 - y 2 ; x = 0, y = 0, z = 1, z = -1 
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17. fix, y) = ^x 2 + y 2 ; x = 0, z = 1, Z = 2, z = 3 

18. /(x, y) = 2x 2 - y; x = 0, z = 0, z = 1, z = 2 

19. /(x, y) = ^4 - x 2 - y 2 ; jc = 0, y = 0, z = 0, z = 1 

20. /(x, y) = ^4 + x 2 - y 2 ; jc = 0, x = 1, x = -1, z = 0 



| In exercises 21-26, use a graphing utility to sketch graphs of 
z = f(x, y) from two different viewpoints, showing different 
features of the graphs. 



21. (a)/(x,y): 



xy" 



x 2 + y 4 



(b) /(x,y): 



xy- 



x 2 + y 2 



, - v3 



3xy + y 3 



xye 

sin 2 x + cos 2 y 



22. (a) f(x, y) = 4xy - x 4 - y 4 (b) /(x, y) : 

23. (a) f{x, y) = xe-*-? 4 " (b) /(x, y) t 

24. (a) /(x, y) = cos y^ + y 2 (b) /(x, y) : 

25. (a)/(x,y) = ln(x 2 + y 2 - 1) (b) f(x, y) = 2x sinxy lny 

26. (a) /(x, y) = 5xe v - x 5 - e 5r (b) /(x, y) = 2x 4 + e Ay - 4xV 



27. In parts a-d, match the functions to the surfaces. 

(a) f{x, y) = x 2 + 3x 7 

(b) /(x, y) = x 2 + 3y 7 



(c) /(x, y) = x 2 

(d) fix, y) = y 2 




SURFACE I 



SURFACE 2 




2 y 



SURFACE 3 



SURFACE 4 



28. In parts a-d, match the functions to the surfaces. 

(a) fix, y) = cos 2 x + y 2 

(b) /(x,y) = cos(x 2 + y 2 ) 



(c) fix, y) = sin(x 2 + y 2 ) 

(d) /(x,y) = e -* 2 -? 2 




SURFACE I 



SURFACE 2 




SURFACE 3 



SURFACE 4 



In exercises 29-34, sketch a contour plot. 

29. /(x,y) = x 2 +4y 2 30. fix, y) = cos ^x 2 + y 2 
31. /(x, y) = y - 4x 2 32. fix, y) = y 3 - 2x 
33. /(x, y) = e*-* 1 34. /(x, y) = ye x 



In exercises 35-38, use a CAS to sketch a contour plot. 

35. f ix, y) = xye- xl ->' 2 36. /(x, y) = x 3 - 3xy + y 2 
37. /(x, y) = sinx siny 38. fix, y) = sin (y — x 2 ) 



39. If your graphing utility can draw three-dimensional para- 
metric graphs, compare the wireframe graph of z = x 2 + y 2 
with the parametric graph of xir, t) — r cos t , y(r, t) — r sin ; 
and z(r, r) = r 2 . (Change parameter letters from r and t to 
whichever letters your utility uses.) 

40. If your graphing utility can draw three-dimensional parametric 
graphs, compare the wireframe graph of z — In (x 2 + y 2 ) with 
the parametric graph of x(r, t) — r cos t, y(r, t) — r sin t and 
zO,0 = ln(r 2 ). 

41. If your graphing utility can draw three-dimensional paramet- 
ric graphs, find parametric equations for z — cos(x 2 + y 2 ) and 
compare the wireframe and parametric graphs. 

42. If your graphing utility can draw three-dimensional parametric 
graphs, compare the wireframe graphs of z = ±^/l — x 2 — y 2 
with the parametric graph of x(w, v) — cos u sin v, 
yiu, v) — sin u sin v and ziu, v) — cos v. 
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43. In parts a-d, match the surfaces to the contour plots. 

z 





(a) 



(b) 




(c) 



(d) 




-2-10 1 2 -2-10 1 2 

x x 

CONTOUR I CONTOUR 2 




-2-10 1 2 -2-10 1 2 



CONTOUR 3 



CONTOUR 4 



44. In parts a-d, match the density plots to the contour plots of 
exercise 43. 



2 
1 

v 0 
-1 

-2 



2 
1 

v 0 
-1 



-2-10 1 2 -2-10 1 2 




(c) 



(d) 



In exercises 45-48, sketch several level surfaces of the given 
function. 

45. fix, y, z) = x 2 - y 2 + z 2 46. fix, y, z) = x 2 + y 2 - z 
47. fix, y,z) = z- y/x 2 + y 2 48. fix, y, z) = x 2 - y 2 - z 2 

49. The graph of fix, y) — x 2 — y 2 is shown from two different 
viewpoints. Identify which is viewed from (a) the positive x- 
axis and (b) the positive y-axis. 




VIEW A 



VIEW B 



50. The graph of fix, y) — x 2 y 2 — y 4 + x 3 is shown from two dif- 
ferent viewpoints. Identify which is viewed from (a) the positive 
x-axis and (b) the positive y-axis. 




VIEW A 



VIEW B 



(a) 



(b) 



51. Suppose that a contour plot of fix, y) includes several level 
curves that appear to intersect at a point P. Explain why dif- 
ferent contours cannot intersect. 

52. In exercise 51, possibilities include (1) the level curves just get 
very close together and (2) the point P is a "hole" in each level 
curve. Sketch possible contour plots that illustrate (1) and (2) 
and discuss the behavior of the function near P in each case. 
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53. 



54. 



APPLICATIONS 

The topographical map shows level curves for the height of 
a hill. For each point indicated, identify the height and sketch 
a short arrow indicating the direction from that point that cor- 
responds to "straight up" the hill; that is, show the direction of 
the largest rate of increase in height. 




For the topographical map from exercise 53, there are two peaks 
shown. Identify the locations of the peaks and use the labels to 
approximate the height of each peak. 



55. Suppose that the accompanying contour plot represents the 
temperature in a room. If it is winter, identify likely positions 
for a heating vent and a window. Speculate on what the circular 
level curves might represent. 




57. A well-known college uses the following formula to predict the 
grade average of prospective students: 

PGA = 0.708(HS) + 0.0018(SATV) + O.OOl(SATM) - 1.13 

Here, PGA is the predicted grade average, HS is the student's 
high school grade average (in core academic courses, on a four- 
point scale), SATV is the student's SAT verbal score and SATM 
is the student's SAT math score. Use your scores to compute 
your own predicted grade average. Determine whether it is pos- 
sible to have a predicted average of 4.0, or a negative predicted 
grade average. In this formula, the predicted grade average is 
a function of three variables. State which variable you think is 
the most important and explain why you think so. 

58. In The Hidden Game of Football, Carroll, Palmer and Thorn 
give the following formula for the probability p that the team 
with the ball will win the game: 



59. 



56. Suppose that the accompanying contour plot represents the co- 
efficient of restitution (the "bounciness") at various locations 
on a tennis racket. Locate the point of maximum power for the 
racket, and explain why you know it's maximum power and not 
minimum power. Racket manufacturers sometimes call one of 
the level curves the "sweet spot" of the racket. Explain why 
this is reasonable. 





In 



P 



= 0.6s + 0.084 



0.0073(y - 74). 



Here, .y is the current score differential (+ if you're winning, 
- if you're losing), t is the number of minutes remaining and 
y is the number of yards to the goal line. For the function 
p(s, t, y), compute p(2, 10, 40), p(3, 10, 40), p(3, 10, 80) and 
p(3, 20, 40), and interpret the differences in football terms. 

Suppose that you drive x mph for d miles and then y mph 
for d miles. Show that your average speed S is given by 
2xy 

S(x, y) = mph. On a 40-mile trip, if you average 

x + y 

30 mph for the first 20 miles, how fast must you go to av- 
erage 40 mph for the entire trip? How fast must you go to 
average 60 mph for the entire trip? 

60. The price-to-earnings ratio of a stock is defined by R — ^ , 
where P is the price per share of the stock and E is the earn- 
ings. The yield of the stock is defined by Y — j, where d is the 
dividends per share. Find the yield as a function of R, d and E. 



EXPLORATORY EXERCISES 

Graphically explore the results of the transforma- 
tions gi(x, y) = f(x, y) + c, g 2 (x, y) = f(x, y + c) and 
g3(x, y) — f(x + c, y). [Hint: Take a specific function like 
f(x, y) — x 2 + y 2 and look at the graphs of the transformed 
functions x 2 + y 2 + 2, x 2 + (y + 2) 2 and (x + 2) 2 + y 2 .] De- 
termine what changes occur when the constant is added. 
Test your hypothesis for other constants (be sure to try 
negative constants, too). Then, explore the transformations 
g 4 (x, y) = cf(x, y) and g 5 (x, y) = f(c { x, c 2 y). 

To digitize a black-and-white photograph, superimpose a rec- 
tangular grid and assign to each subrectangle a number repre- 
senting the brightness of that portion of the photograph. The 
grid defines the x- and y- values and the brightness numbers are 
the function values. Briefly describe how this function differs 
from other functions in this section. Near the soccer jersey in 
the photograph shown on next page, describe how the bright- 
ness function behaves. To "sharpen" the picture by increasing 
the contrast, should you transform the function values to make 
them closer together or farther apart? 
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B & W PHOTO PHOTO WITH GRID DIGITIZED PHOTO 



13.2 LIMITS AND CONTINUITY 



At the beginning of our study of the calculus and again when we introduced vector-valued 
functions, we have followed the same progression of topics, beginning with graphs of 
functions, then limits, continuity, derivatives and integrals. We continue this progression 
now by extending the concept of limit to functions of two (and then three) variables. As 
you will see, the increase in dimension causes some interesting complications. 

First, recall that for a function of a single variable, if we write lim f(x) — L, we mean 

x— >a 

that as x gets closer and closer to a, f(x) gets closer and closer to the number L. Here, for 
functions of several variables, the idea is very similar. When we write 

lim f(x, v) — L, 

(x,y)^a,b) 

we mean that as (x, y) gets closer and closer to (a, b), f(x, y) is getting closer and closer 
to the number L. In this case, (x, y) may approach (a, b) along any of the infinitely many 
different paths passing through (a, b). 

For instance, lim (xy — 2) asks us to identify what happens to the function x y — 2 

(x,>.)^(2,3) 

as x approaches 2 and y approaches 3. Clearly, xy — 2 approaches 2(3) — 2 = 4 and we 
write 

lim (xy — 2) = 4. 

(x,y)-K2,3) 

Similarly, you can reason that 

lim (sin.ry — x 2 y) — sin(— ji) — jt — —jr. 

In other words, for many (nice) functions, we can compute limits simply by substituting 
into the function. 

However, as with functions of a single variable, the limits in which we're most interested 
cannot be computed by simply substituting values for x and y. For instance, for 

lim , 



&c,3>)-Ki,0) x + y - 1 

substituting in x — 1 and y — 0 gives the indeterminate form g . To evaluate this limit, we 
must investigate further. 

You may recall from our discussion in section 1 .6 that for a function /of a single variable 
defined on an open interval containing a (but not necessarily at a), we say that lim f(x) — L 

x— >a 

if given any number e > 0, there is another number S > 0 such that \f(x) — L\ < e when- 
ever 0 < \x — a\ < 8. In other words, no matter how close you wish to make f(x) to L (we 
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represent this distance by e), you can make it that close, just by making x sufficiently close 
to a (i.e., within a distance 8 of a). 

The definition of the limit of a function of two variables is completely analogous to the 
definition for a function of a single variable. We say that lim f(x, y) — L, if we can 

(x,y)^(a,b) 

make f(x, y) as close as desired to L by making the point (x, y) sufficiently close to (a, b). 
We make this more precise in Definition 2. 1 . 



DEFINITION 2.1 (Formal Definition of Limit) 

Let/ be defined on the interior of a circle centered at the point (a, b), except possibly 
at (a, b) itself. We say that lim f(x, y) — L if for every e > 0 there exists a 

(x,y)->(a,6) 

8 > 0 such that \f(x, y) — L\ < s whenever 0 < yj(x — a) 2 + (y — b) 2 < 8. 



We illustrate the definition in Figure 13.14. 

y 




Notice that the definition says that given any desired degree of closeness e > 0, you must 
be able to find another number S > 0, so that all points lying within a distance 8 of (a, b) 
are mapped by / to points within distance s of L on the real line. 



EXAMPLE 2. 1 Using the Definition of Limit 

Verify that lim x — a and lim y — b. 

(x,y)M",b) (x,y)^(a,b) 

Solution Certainly, both of these limits are intuitively quite clear. We can use 
Definition 2.1 to verify them, however. Given any number e > 0, we must find another 
number 8 > 0 so that | x — a \ < s whenever 0 < ^(x — a) 2 + (y — b) 2 < 8. Notice that 

V(x - a) 2 + (y- b) 2 > V(x - a) 2 = \x - a\, 
and so, taking 8 — e, we have that 

\x -a\ = y/(x - a) 2 < y/(x - a) 2 + (y - b) 2 < s, 
whenever 0 < y/(x — a) 2 + (y — b) 2 < 8. Likewise, we can show that lim y — b. 

(x,y)^(a,b) 



With this definition of limit, we can prove the usual results for limits of sums, products 
and quotients. That is, if f(x, y) and g(x, y) both have limits as (x, y) approaches (a, b), 
we have 

lim [f(x,y)±g(x,y)] = lim f(x,y)± lim g(x,y) 

(x,y)-Ko,&) (x,y)^(a,b) (x,y)^(a,b) 
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(i.e., the limit of a sum or difference is the sum or difference of the limits), 



lim [f(x, y)g(x, y)] = 

(x,y)^(a,b) 



lim f(x, y) 

(x,y)^(a,b) 



lim g(x, y) 

(x,y)^(a,b) 



(i.e., the limit of a product is the product of the limits) and 

fix, y) 



lim 



lim f(x, y) 

(x,y)^{a,b) 

lim g(x, y) 

(x,y)^(a,b) 



(x,y)^(a,b) g(x, y) 

(i.e., the limit of a quotient is the quotient of the limits), provided 



gix, y) # 0. 



lim 

(x,y)^(a,i 

A polynomial in the two variables x and y is any sum of terms of the form cx"y"' , 
where c is a constant and n and m are nonnegative integers. Using the preceding results 
and example 2.1, we can show that the limit of any polynomial always exists and is found 
simply by substitution. 



EXAMPLE 2.2 Finding a Simple Limit 

Evaluate lim — - . 

(x,y)-K2,i) 5xy 2 + 3y 

Solution First, note that this is the limit of a rational function (i.e., the quotient of two 
polynomials). Since the limit in the denominator is 

lim (5xy 2 + 3v) = 10 + 3 = 13 + 0, 

(*,y)-K2,l) 

r, 2 , n lim (2x 2 y + 3xy) 

2x^y + 3xy ix,y)-+Q.,l) 14 

we have lim -z = z = — . 

(x,y)->-ai) 5xy 2 + 3v lim (5xy 2 + 3v) 13 

(x,y)^(2,\) ■ 



Think about the implications of Definition 2.1 (even if you are a little unsure of the 
role of e and <5). If there is any way to approach the point (a, b) without the function values 
approaching the value L (e.g., by virtue of the function values blowing up, oscillating or by 
approaching some other value), then the limit will not equal L. For the limit to equal L, the 
function has to approach L along every possible path. This gives us a simple method for 
determining that a limit does not exist. 



REMARK 2.1 



If f(x, y) approaches L\ as (x, y) approaches (a, b) along a path P x and f(x, y) 
approaches Ln ^ L\ as (x, y) approaches {a, b) along a path Pi, then 
lim f(x, y) does not exist. 

(x,y)->-(a,b) 



(3) (1) (3)/ 

Unlike the case for functions of a single variable where there are just two paths ap- 
proaching a given point (corresponding to left- and right-hand limits), in two dimensions 
there are infinitely many paths (and you obviously can't check each one individually). In 
practice, when you suspect that a limit does not exist, you should check the limit along the 
simplest paths first. We will use the following guidelines. 

REMARK 2.2 



(a, b) 




■(2) 



(1) 

FIGURE 13.15 

Various paths to (a , b) 



The simplest paths to try are (1) x — a, y — > b (vertical lines); (2) y — b, x — > a 
(horizontal lines); (3) y = g(x), x — >• a [where b = g(a)] and (4) x = g(y), 
y — > b [where a — g(b)]. Several of these paths are illustrated in Figure 13.15. 
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EXAMPLE 2.3 A Limit That Does Not Exist 

y 

Evaluate lim . 

(Jt,y)->(1,0) x+y-1 

Solution First, we consider the vertical line path along the line x = 1 and compute 
the limit as y approaches 0. If (x, y) — > (1 , 0) along the line x — 1, we have 

y 

lim = lim 1 = 1. 

(l,y)-K1.0) 1 + y - 1 y-*0 

We next consider the path along the horizontal line y = 0 and compute the limit as x 
approaches 1 . Here, we have 

0 

lim = lim 0 = 0. 

fct,0)-Ki,0) x + 0 - 1 x-t-i 

Since the function approaches two different values along two different paths to the point 
(1, 0), the limit does not exist. ■ 



Many of our examples and exercises have (x, y) approaching (0, 0). In this case, notice 
that another simple path passing through (0, 0) is the line y = x. 



EXAMPLE 2.4 A Limit That Is the Same Along Two Paths 
but Does Not Exist 

xy 

Evaluate lim — . 

(x,v)^(0,0) x 2 + y 2 

Solution First, we consider the limit along the path x — 0. We have 

0 

lim r- = lim 0 = 0. 

(0,y)^(0,0) 0 + y 2 y->0 

Similarly, for the path y — 0, we have 

0 

lim — = lim 0 = 0. 

(x,0)^(0,0) x 2 + 0 x->Q 

Be careful; just because the limits along the first two paths you try are the same does not 
mean that the limit exists. For a limit to exist, the limit must be the same along all paths 
through (0, 0) (not just along two). Here, we may simply need to look at more paths. 
Notice that for the path y — x, we have 

x(x) x 2 1 

lim — = lim — - = -. 

Gr,x)->-(0,0) x 2 + x 2 *->-0 2x 2 2 



Since the limit along this path doesn't match the limit along the first two paths, the limit 
does not exist. ■ 

As we've done in examples 2.3 and 2.4, when choosing paths, you should look for 
substitutions that will simplify the function dramatically. 



EXAMPLE 2.5 A Limit Problem Requiring a More 
Complicated Choice of Path 

2 

xy 

Evaluate lim ■ — r . 

(x,y)M0,0) x 2 + y 4 

Solution First, we consider the path x = 0 and get 
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Similarly, following the path y — 0, we get 

0 

lim — = = lim 0 = 0. 

(*,0)-K0,0) x 1 + 0 *-»-o 

Since the limits along the first two paths are the same, we try another path. As in 
example 2.4, we next try the line y — x. As it turns out, this limit is 

lim — = lim = 0, 

(*,*)-K0,0) x 2 + x 4 x^o 1 + x 2 

also. In exercise 59, you will show that the limit along every straight line through the 
origin is 0. However, we still cannot conclude that the limit is 0. For this to happen, 
the limit along all paths (not just along all straight-line paths) must be 0. At this point, 
we know that either the limit exists (and equals 0) or the limit does not exist, in which 
case, we must discover a path through (0, 0) along which the limit is not 0. Notice that 
along the path x — y 2 , the terms x 2 and y 4 will be equal. We then have 

,. y\y 2 ) ,. y 4 1 

lim — — — lim — - — -. 

<y\y)-+(P,0) (y 2 ) 2 + y 4 >-o 2y 4 2 

Since this limit does not agree with the limits along the earlier paths, the original limit 
does not exist. ■ 



Before discussing how to show that a limit does exist, we pause to explore example 2.5 

xy 

graphically. First, try to imagine what the graph of f(x, y) — — -r might look like. 

x 1 + y 4 

The function is defined except at the origin, it approaches 0 along the x-axis, y-axis and 
along any line y — kx through the origin. Yet, f(x, y) approaches 4 along the parabola 
x — y 2 . A standard sketch of the surface z = f(x, y) with — 5 < x < 5 and —5 < y < 5 is 
helpful, but you need to know what to look for. You can see part of the ridge at z = 0.5, as 
well as a trough at z = —0.5 corresponding to x — —y 2 , in Figure 13.16a. A density plot 
clearly shows the parabola of large function values in light blue and a parabola of small 
function values in black. (See Figure 13.16b.) Near the origin, the surface has a ridge at 
x — y 2 , z — \, dropping off quickly to a smooth surface that approaches the origin. The 
ridge is in two pieces ( y > 0 and y < 0) separated by the origin. 




-5 < y < 5 



In examples 2.3, 2.4 and 2.5, we showed that a limit does not exist. If a limit does exist, 
you'll never be able to establish this by computing limits along specific paths. There are 
infinitely many paths through any given point and you'll never be able to exhaust all of the 
possibilities. However, after following a number of paths and getting the same limit along 
each of them, you should begin to suspect that the limit just might exist. One tool you can 
use is the following generalization of the Squeeze Theorem presented in section 1.3. 
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THEOREM 2.1 

Suppose that \f(x, y) — L\ < g(x, y) for all (x, y) in the interior of some circle 
centered at (a, b), except possibly at (a, b). If lim g(x, y) — 0, then 

(x,y)^(a,h) 

lim f{x, y) = L. 

C*,y)-Ka,*) 



PROOF 

For any given e > 0, we know from the definition of lim g(x, y) — 0, that there is a 

(x,y)^(a,b) 

number S > 0 such that 0 < y/(x — a) 2 + (y — b) 2 < S guarantees that \g(x, y) — 0| < e. 
For any such points (x, y), we have 

\f(x, y)-L\< g(x, y) < s. 
It now follows from the definition of limit that lim f{x, y) — L. ■ 

In other words, the theorem simply states that if | f(x, y) — L | is trapped between 0 (the 
absolute value is never negative) and a function (g) that approaches 0, then \f(x, y) — L\ 
must also have a limit of 0. 

To use Theorem 2.1, start with a conjecture for the limit L (obtained for instance, by 
calculating the limit along several simple paths). Then, look for a simpler function that is 
larger than \f(x, y) — L\ and that tends to zero as (x, y) approaches (a, b). 



EXAMPLE 2.6 Proving That a Limit Exists 



Evaluate lim 



2 

x y 



(jt,y)->(0,0) X 2 + y 2 ' 

Solution As we did in earlier examples, we start by looking at the limit along several 
paths through (0, 0). Along the path x = 0, we have 

0 



lim 



(O,y)-K0,0) 0 + V 2 

Similarly, along the path y — 0, we have 



lim 



0 



= 0. 



= 0. 



(.t,0HK0,0) x 2 + 0 

Further, along the path y = x, we have 

jc 3 x 
lim — = lim — 

(x,*)->-(0,0) X 2 + X 2 2 



0. 



We know that if the limit exists, it must equal 0. Our last calculation gives an important 
clue that the limit does exist. After simplifying the expression, there remained an extra 
power of x in the numerator forcing the limit to 0. To show that the limit equals 0, 
consider 



\f(x,y)-L\ = \f(x,y) -0| 



2 

x y 



+ y 2 



Notice that without the y 2 term in the denominator, we could cancel the x 2 terms. Since 



y > x , we have that for x ^ 0 
\f(x,y)-L\ = 



2 

x y 



2 

x y 



\y\- 



Since lim lyl 

(*,3>)-K0,0) 



0, Theorem 2.1 gives us lim 



x-y 



fct,30-KO,0) x z + y l 



0, also. 



When (x, y) approaches a point other than (0, 0), the idea is the same as in example 
2.6, but the algebra may get messier, as we see in example 2.7. 



828 



CHAPTER 13 • • Functions of Several Variables and Partial Differentiation 



13-20 



EXAMPLE 2.7 Finding a Limit of a Function of Two Variables 

(x — l) 2 In x 
Evaluate lim — -. 

(x,y)-Ki,0) {x - l) 2 + y 2 

Solution Along the path x = 1, we have 



lim 



0 



Along the path y = 0, we have 



lim 



(l,y)-»-(l,0) y £ 



(x — 1) lnx 



0. 



lim In x 



0. 



A third path through (1, 0) is the line y 
y — > 0 as x — > 1.) We have 

(x - l) 2 lnx 



0t,0)-t-(i,0) (x - l) 2 

x — 1 . (Note that in this case, we must have 



lim 



(*,*-i)-Ki,0) (x - l) 2 + (x - l) 2 



(x — 1 ) 2 In x In x 
— lim r— = lim = 0. 

x->i 2(x - l) 2 x-ci 2 



At this point, you should begin to suspect that the limit just might be 0. You never know, 
though, until you find another path along which the limit is different or until you prove 
that the limit actually is 0. To show this, we consider 

(x — l) 2 lnx 



\f(x,y) 



(x - l) 2 + y 2 



Notice that if the y 2 term were not present in the denominator, then we could cancel the 
(x — l) 2 terms. We have 



\f(x,y)-L\ = 



(x - l) 2 lnx 



(x - l) 2 



r 



(x - l) 2 lnx 



(x - l) 2 



= llnxl 



Since lim llnxl 

(*,y)-K1.0) 



0, it follows from Theorem 2. 1 that 



lim 



(x - l) 2 lnx 



(x,y)Mh0) (x - l) 2 + y 2 



= 0, also. 



As with functions of one variable and (more recently) vector-valued functions, the 
concept of continuity is closely connected to limits. Recall that in these cases, a function 
is continuous at a point whenever the limit and the value of the function are the same. This 
same characterization applies to continuous functions of several variables, as we see in 
Definition 2.2. 



DEFINITION 2.2 

Suppose that f(x, y) is defined in the interior of a circle centered at the point (a, b). 
We say that f is continuous at (a, b) if lim f(x, y) = f(a, b). 

(x,y)^(a,b) 

If / is not continuous at (a , b), then we call (a , b) a discontinuity of /. 



Before we define the concept of continuity on a region R C K 2 , we first need to 
define open and closed regions in two dimensions. We refer to the interior of a circle (i.e., 
the set of all points inside but not on the circle) as an open disk. (See Figure 13.17a.) 
A closed disk consists of the circle and its interior. (See Figure 13.17b.) These are the 
two-dimensional analogs of open and closed intervals, respectively, of the real line. For a 
given two-dimensional region R, a point (a , b) in R is called an interior point of R if there is 
an open disk centered at (a, b) that lies completely inside ofR. (See Figure 13.18a.) A point 
(a, b) in R is called a boundary point of R if every open disk centered at (a, b) contains 
points in R and points outside R. (See Figure 13.18b.) A set R is closed if it contains all 
of its boundary points. Alternatively, R is open if it contains none of its boundary points. 
Note that these are analogous to closed and open intervals of the real line: closed intervals 
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y 

A 




FIGURE 13. 18a 

Interior point 

y 




FIGURE 13. 18b 

Boundary point 




include both of their boundary points (endpoints), while open intervals include neither of 
their boundary points. 

If the domain of a function contains any of its boundary points, we modify our definition 
of continuity slightly, so that the limit is calculated only over paths that lie inside the domain. 
(Compare this to what we did to define continuity of a function of a single variable on a 
closed interval.) If (a, b) is a boundary point of the domain D of a function/, we say that/ 
is continuous at (a, b) if 

lim f(x,y)= f(a,b). 

(x,y)M",b) 
(,x,y)eD 

This notation indicates that the limit is taken only along paths lying completely inside D. 
Note that this limit requires a slight modification of Definition 2.1, as follows. 
We say that 

lim f{x, y) — L 

(x,y)eD 

if for every s > 0 there exists a S > 0 such that \f(x) — L\ < e whenever (x, y) e D and 
0 < V(x - a) 2 + (y- b) 2 < S. 

We say that a function / is continuous on a region R if it is continuous at each point 

inR. 

Since we define continuity in terms of limits, we immediately have the following 
results, which follow directly from the corresponding results for limits. If / and g are 
continuous at (a, b), then / + g, f — g and / ■ g are all continuous at (a, b). Further, f/g 
is continuous at (a, b), if, in addition, g{a, b) ^ 0. We leave the proofs of these statements 
as exercises. 

In many cases, determining where a function is continuous involves identifying where 
the function isn't defined and using our continuity results for functions of a single variable. 



EXAMPLE 2.8 Determining Where a Function of Two Variables 
Is Continuous 

x 

Find all points where the given function is continuous: (a) f(x, y) — — and 



x 2 



(b)g(x,y) = 



y 2 ' 



if(x, 30^(0,0) 



0, if (x,y) = (0,0) 



Solution For (a), notice that f(x, y) is a quotient of two polynomials (i.e., a rational 
function) and so, it is continuous at any point where we don't divide by 0. Since 
division by zero occurs only when y = x 2 , we have that/ is continuous at all points 
(x, y) with y ^ x 2 . For (b), the function g is also a quotient of polynomials, except 
at the origin. Since the denominator is never zero, g must be continuous at every point 
(x, v) ^ (0, 0). We must consider the point (0, 0) separately, however, since the function 
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is not defined by the rational expression there. We can verify that lim g(x, y) = 0 
using the following string of inequalities. Notice that for (x,y) ^ (0, 0), 



x 4 




x 4 




< 




x 2 + y 2 




X 2 



and x 2 — >• 0 as (x, y) —>■ (0, 0). By Theorem 2.1, we have that 

lim g(x, y) = 0 = g(0, 0), 

Cx,y)-K0,0) 

so that g is continuous at (0, 0). Putting this all together, we get that g is continuous 
everywhere. ■ 

Theorem 2.2 shows that we can use all of our established continuity results for functions 
of a single variable when considering functions of several variables. 

THEOREM 2.2 

Suppose that f(x, y) is continuous at (a, b) and g(x) is continuous at the point 
f(a,b). Then 

h(x, y) = (go f)(x, y) = g(f(x, y)) 

is continuous at (a, b). 



SKETCH OF THE PROOF 

We leave the proof as an exercise, but it goes something like this. Notice that if (x, y) is 
close to (a, b), then by the continuity off at {a, b), f(x, y) will be close to f(a, b). By the 
continuity of g at the point f{a, b), it follows that g{f(x, y)) will be close to g{ f(a, b)), so 
that g o / is also continuous at (a, b). ■ 



EXAMPLE 2.9 Determining Where a Composition of Functions 
Is Continuous 

Determine where f(x, y) = e x y is continuous. 

Solution Notice that f(x, y) — g(h(x, y)), where g(t) — e' and h(x, y) = x 2 y. Since 
g is continuous for all values of t and h is a polynomial in x and y (and hence continuous 
for all x and y), it follows from Theorem 2.2 that/ is continuous for all x and y. m 

REMARK 2.3 

All of the foregoing analysis is extended to functions of three (or more) variables in 
the obvious fashion. 



DEFINITION 2.3 

Let the function f(x, y, z) be defined on the interior of a sphere, centered at the point 
(a, b, c), except possibly at (a, b, c) itself. We say that lim f(x, y, z) — L if 

(x,y,z)—>-(a,b,c) 

for every e > 0 there exists a S > 0 such that \f(x, y, z) — L\ < s whenever 
0 < V(x - a) 2 + (y - b) 2 + (z- c) 2 < S. 



Observe that, as with limits of functions of two variables, Definition 2.3 says that in 
order to have lim f(x, y, z) — L, we must have that f(x, y, z) approaches L along 

(x,y,z)-Ka,fc,c) 

every possible path through the point (a, b, c). Just as with functions of two variables, notice 
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that if a function of three variables approaches different limits along two particular paths, 
then the limit does not exist. 



EXAMPLE 2. 1 0 A Limit in Three Dimensions That Does Not Exist 



Evaluate 



lim 



x 2 + y 2 



(*,y,«)-K0,0,0) x 2 + y 2 + z 2 ' 
Solution First, we consider the path x — y — 0 (the z-axis). There, we have 

0 2 + 0 2 -z 2 -z 2 
lim — — -r = hm — — =-1. 

(o,o,z)^(o,o,o) 0 2 + 0 2 + z 2 ?->-o z 2 

Along the path x — z — 0 (the y-axis), we have 

hm -r — — = bm-r = 1. 

(0,y,o)^(0,o,0) 0 2 + y 2 + 0 2 y->o y 2 

Since the limits along these two specific paths do not agree, the limit does not exist. ■_ 

We extend the definition of continuity to functions of three variables in the obvious 
way, as follows. 



BEYOND FORMULAS 

The examples in this section 
illustrate an important principle 
of logic. In this case, a limit 
exists if you get the same limit 
along all possible paths through 
the point. To disprove such a 
"for all" statement, you need 
only to find one specific 
counterexample: two paths with 
different limits. However, to 
prove a "for all" statement, you 
must demonstrate that a general 
statement is true. This is 
typically a more elaborate task 
than finding a counterexample. 
To see what we mean, compare 
examples 2.3 and 2.6. 



DEFINITION 2.4 

Suppose that f(x, y, z) is defined in the interior of a sphere centered at (a, b, c). We 
say that/ is continuous at {a, b, c) if lim f(x, y, z) = f(a, b, c). 

If / is not continuous at (a, b, c), then we call (a, b, c) a discontinuity of / 



As you can see, limits and continuity for functions of three variables work essentially 
the same as they do for functions of two variables. You will examine these in more detail 
in the exercises. 



EXAMPLE 2.1 I Continuity for a Function of Three Variables 

Find all points where f(x, y , z) = In (9 — x 2 — y 2 — z 2 ) is continuous. 

Solution Notice that f(x, y, z) is defined only for 9 — x 2 — y 2 — z 2 > 0. On this 
domain, / is a composition of continuous functions, which is also continuous. So, / is 



continuous for 9 > x 2 



y 



z 2 , which you should recognize as the interior of the 



sphere of radius 3 centered at (0, 0, 0). 



EXERCISES 13.2 



6) 



WRITING EXERCISES 



1. Choosing between the paths y — x and x — y 2 , explain why 
y — x is a better choice in example 2.4 but x — y 2 is a better 
choice in example 2.5. 

2. In terms of Definition 2.1, explain why the limit in example 
2.5 does not exist. That is, explain why making (x, y) close to 
(0, 0) doesn't guarantee that f(x, y) is close to 0. 

3. A friend claims that a limit equals 0, but you found that it does 
not exist. Looking over your friend's work, you see that the 
path with x — 0 and the path with y — 0 both produce a limit 
of 0. No other work is shown. Explain to your friend why no 
conclusion can be made from this work, and suggest a next step. 



4. Explain why the path y — x is not a valid path for the limit in 
example 2.7. 



In exercises 1-4, use Definition 2.1 to verify the limit. Assume 
that lim fix, y) = L and lim g(x, y) = M. 

(x,y)— >(o,*) (x,y)— ►(<!,*) 

1. lim (x + y) = a + b 2. lim (2x + 3y) = 8 

(x,y)-+{a,b) (x,y)Ml,2) 

3. lim [/(*, y) + g(x, y)] = L + M 

(x,y)-*(a,b) 

4. lim [cf(x, y)l = cL 

(x,y)^(a,b) 
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In exercises 5-8, compute the indicated limit. 



5. lim 

(*,?)->■( 

7. lim 



(x,>)-»(i,3) 4x 2 - y 
cosxy 



lim 



x + y 



C*,y)->C»,i) y 2 + 1 



(x, y )^(2,-i) x 2 - 2xy 

„xy 

8. lim 



(a-,y)^(-3,o) x l + y 2 



In exercises 9-24, show that the indicated limit does not exist. 



9. lim 



3x 2 



{x,y)->(0,0) x 2 + y 2 

4xy 



10. lim 



2y 2 



11. lim 



C»,y)-K0,0) 2x 2 - y 2 
2xy 



d,rt->(0,0) 3y 2 — x 2 
2x 2 y 



12. lim 



13. lim 



(x,y)^(0,0) x 2 + 2y 2 



(l,y)->-(0,0) x* + y 2 



14. lim 



15. lim 



Ci,y)-K0,0) x 4 + y 2 
2xy 3 



tc.vl-KO.O) x + y 3 

y s'mx 



16. lim 



17. lim 



(*,y)-K0,0) x 2 + 8y 6 

x(cos y — 1) 



(x,y)-»(0,0) x 2 + y 2 



18. lim 



(.t,3')-»(0,0) x 3 + y 3 



19. lim 



xy — 2x — y + 2 



(x,>)-»(i,2) x 2 - 2x + y 2 - 4y + 5 
2y 2 



20. lim 



(x,>)-»(2,0) (x - 2) 2 + y 2 
3x 



21. lim 



(i,j,:WO,0,0] X 2 + V 2 + Z 2 



22. lim 



(x,y,z)-*(0,0,0) x 2 — y 2 + z 2 

xyz 



23. lim 



(x,y,z)^(o,o,o) x 3 + y 3 + z 3 



24. lim 



x 2 yz 



tr,.v,zH-(0,0,0) x 4 + y 4 + z 4 



In exercises 25-34, show that the indicated limit exists. 



25. lim 



xy 



tc.vl-KO.O) x 2 + y 2 
2x 2 sin y 



2 

x y 



(x,y)^(0,0) x 1 + y 2 



26. lim 



27. lim 



(*,;y)-K0,0) 2x 2 + y 2 

x 3 + 4x 2 + 2y 2 



28. lim 



x 3 y + x 2 y 3 



(x,y)->(0,0) x 1 + y 2 



29. lim 

(x,y)^(0,0) 2x 2 + y 2 

31. lim 



30. lim 



2 2 2 

x _ y — x — y 



(x,y)->(0,0) X 2 + V 2 



2 2 

x y — x 



(x,y)-K0,i) x 2 + y 2 - 2y + 1 

xy 2 - 4xy + 4x + (y - 2) 2 



32. lim 



<a-,.v)-m-i,2) 2x 2 + 4x + y 2 - 4y + 6 
3x 3 



33. lim 



u-,y,z)^(o,o,o) x 2 + y 2 + z 2 



34. lim 



(.v,y, z)->(0,0,0) x 2 + y 2 + z 



2 2 2 

x z yz 

2 4- v 2 4- 7 2 



39. /(x,y,z) = V / x 2 + y 2 + z 2 -4 

40. /(x,y,z) = ,/z-x 2 -y 2 



41. /(x,y): 



42. /(x,y): 



43. f(x,y) = 



44. /(*,?) = 



(y-2)cos(i), ifx^O 
0, if x = 0 



x/T 3 ^ 2 
l, 

2 2 

x — y 
x — y 
2x, if x = y 
1 



ifx 2 + y 2 < 1 
ifx 2 + y 2 = 1 



if x / y 



cos 



x 2 + y 2 



, if(x,y)^(0,0) 
if(x,y) = (0, 0) 



In exercises 45-48, determine whether the limit exists. 



45. lim 



x + y 



46. lim 



x — xy 



(i,yH-(0,0) ^/x 2 + y 2 + 4 - 2 ' (*.>')->(0,0) ^ - l/y 

x(e y, * — Y) „„ ,. 3sinxy 



47. lim 



(x,y)->-(0,0) X + V 



48. lim 



(x,y)->(0,0) xy 2 + x 2 y 



| In exercises 49 and 50, estimate the indicated limit numerically. 
Use a Maclaurin series to verify your estimate. 



49. lim 



1 — cos xy 



(A,y)-»<o,0) x 2 y 2 + x 2 y 3 



50. lim 



3 sinxy 2 



(j:,y)->(0,o) x 2 y 2 + xy 2 



In exercises 51-54, label the statement as true or false and 
explain. Assume that f(x, y) is defined for all (x, y). 

51. If lim f(x, y) = L, then lim f(x, b) = L. 

52. If lim f(x, b) — L, then lim f(x, y) = L. 

x^a (x,y)-+(a,b) 

53. If lim f(x, b) — lim f(a, y) — L, then lim f(x,y) — L. 

y->b (x,y)-*(a,b) 

54. If lim fix, y) = 0, then lim f(cx, y) = 0 for any 

(x,30-KO,O) (A,y)-»(0,0) ' 

constant c. 



| In exercises 55-58, use graphs and density plots to explain why 
the limit in the indicated exercise does not exist. 



55. Exercise 9 
57. Exercise 11 



56. Exercise 10 
58. Exercise 12 



In exercises 35-44, determine all points at which the given 

function is continuous. 59. (a) In example 2.5, show that for any k, if the limit is evaluated 

3 X 2 

35. /(x, y) = v/9 - x 2 - y 2 36. f(x, y, z) = — + sinz along the line y = kx, ( lim ^ ^ 2 — ^ = 0. 

37. /(x, y) = In (3 - x 2 + y) 38. f(x, y) = tan(x + y) (b) Repeat for the limit in exercise 16. 
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60. (a) Show that the function /(.r, y) — 



if(x,y)/(0,0) 



x 2 + y 4 

0, if(x,y) = (0,0) 
is not continuous at (0, 0). Notice that this function 
is closely related to that of example 2.5. (b) Show 
that this function "acts" continuous in the sense that 
lim f(x, y) = f (0, 0) for any k. 

(JT,,)-»(0,0) 

y=kx 

61. Suppose that several level curves of a function / meet 
at (a,b). Does lim /(x, y) exist? Is / continuous 

at (a, b)l 

62. If / and g are continuous at (a,b), prove that f + g and f — g 
are continuous at (a, b). 



In exercises 63-66, use polar coordinates to find the indicated 
limit, if it exists. Note that (x, y) — *■ (0, 0) is equivalent to r — > 0. 



r 



63. lim 

(x,y)M0,0) sin jx 2 + y 2 

65. lim 



64. lim — - 

(x,y)^(0,0) x 2 + y 2 



1 



xy- 



(jt,3i)-»(0,0) x 2 + y 2 



66. lim 



2 



U,y)-»-(0,0) x 2 + y 2 



EXPLORATORY EXERCISES 



1. In this exercise, you will explore how the patterns of contour 
plots relate to the existence of limits. Start by showing that 



lim 



doesn't exist and 



lim 



= 0. 



(*,;y)-K0,0) X 2 + y 2 (.v,y)^(0,0) x 2 + y 2 

Then sketch several contour plots for each function while 
zooming in on the point (0, 0). For a function whose limit 
exists as (x, y) approaches (a, b), what should be happening to 
the range of function values as you zoom in on the point (a,b)l 



Describe the appearance of each contour plot for 



x y 

x 2 + y 2 



(0, 0). By contrast, what should be happening to the range of 
function values as you zoom in on a point at which the limit 
doesn't exist? Explain how this appears in the contour plots for 

r 2 

Use contour plots to conjecture whether or not the 
xy , x sin y 



x 2 + y 

following limits exist 



lim 



and lim 



(*,;y)-K0,0) X 2 + y Qc,;y)-K0,0) x 2 + y 2 

2. Find a function g(y) such that fix, y) is continuous for 



f(x,y) = 



il +xyY /x , ifx^O 



s(y), 



ifx = 0 



13.3 PARTIAL DERIVATIVES 




FIGURE 13.19 

Average temperature on a horizontal 
line segment 



In this section, we generalize the notion of derivative to functions of more than one variable. 
First, recall that for a function / of a single variable, we define the derivative function as 



/'(*) 



lim 

h^0 



fix + h) - fix) 



for any values of x for which the limit exists. At any particular value x — a, we interpret 
f'ia) as the instantaneous rate of change of the function with respect to x at that point. 

Consider a flat metal plate in the shape of the region R C K 2 , where the temperature 
at any point (x, y) e R is given by fix, y). If you move along the horizontal line segment 
from (a, b) to (a + h, b) (as in Figure 13.19), notice that y is a constant (y = b). So, the 
average rate of change of the temperature with respect to the horizontal distance x on this 
line segment is given by 

fja + h,b)- fja,b) 
h 

To get the instantaneous rate of change off in the x-direction at the point (a, b), we take 
the limit as h 0: 



lim 



fia + h,b)- fia,b) 



You should recognize this limit as a derivative. Since / is a function of two variables and 
we have held the one variable fixed (y = b), we call this the partial derivative of / with 
respect to x at the point (a, b), denoted 



3/ f(a 
— ia, b) — lim 

dx ft->o 



h,b)-fja,b) 
h 
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FIGURE 13.20a 

Intersection of the surface 
z — f(x, y) with the plane y — b 



FIGURE 13.20b 

The curve z — fix, b) 



i 










b + h/ 


h 


<{a,b + h) 






{ 




(a, b) 


R 
















a 




— ► 



FIGURE 13.21 

Average temperature on a vertical 
line segment 



3/ 

This says that — (a, b) gives the instantaneous rate of change of f with respect to x (i.e., 

dx 

3/ 

in the .r-direction) at the point (a, b). Graphically, observe that in defining — (a, b), we are 

dx 

looking only at points in the plane y — b. The intersection of z — f(x, y) and y = b is a 

3/ 

curve, as shown in Figures 13.20a and 13.20b. The partial derivative — (a, b) then gives 

dx 

the slope of the tangent line to this curve at x — a, as indicated in Figure 13.20b. 

Alternatively, if we move along a vertical line segment from (a, b) to (a, b + h) (as in 
Figure 13.21), the average rate of change of / along this segment is given by 

f(a,b + h)- f(a,b) 
h ' 

The instantaneous rate of change off in the y-direction at the point (a, b) is then given by 

f(a,b + h)-f(a,b) 
hm , 

h^0 h 

which you should again recognize as a derivative. In this case, however, we have held the 
value of x fixed (x — a) and refer to this as the partial derivative of / with respect to y at 
the point (a, b), denoted 



h)- f(a,b) 



3/ f(a,b 
— (a, b) — lim . 

dy h^o h 

3/ 

Graphically, observe that in defining — (a, b), we are looking only at points in the plane 

dy 

x — a. The intersection of z — f(x, y) and x — a is a curve, as shown in Figures 13.22a 




FIGURE 13.22a 

The intersection of the surface 
z — f(x, y) with the plane x — a 



FIGURE 13.22b 

The curve z — f(a, y) 
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3/ 

and 13.22b. In this case, notice that the partial derivative — (a, b) gives the slope of the 

dy 

tangent line to the curve at y — b, as shown in Figure 13.22b. 

More generally, we define the partial derivative functions as follows. 



DEFINITION 3.1 

3 f 

The partial derivative of fix, y) with respect to x, written — , is defined by 

dx 

df f{x + h, y) - f(x, y) 

dx y h^o h 

for any values of x and y for which the limit exists. 

df 

The partial derivative of fix, y) with respect to y, written — , is defined by 

dy 

9/. . ,. f(x,y + h)-f(x,y) 

— ix, y) = hm , 

d y y ,yj h ^o h 

for any values of x and y for which the limit exists. 



With functions of several variables, we can no longer use the prime notation for denoting 
partial derivatives. [Which partial derivative would fix, y) denote?] So, we introduce 
several convenient types of notation here. For z = fix, y), we write 

df dz 9 

■^-ix, y) - fxix, y) = —ix, y) = —[f(x, y)]. 

dx dx ox 

The expression — is a partial differential operator. It tells you to take the partial derivative 

dx 

(with respect to x) of whatever expression follows it. Similarly, we have 

df dz 9 

^-ix, y) = /,(*, y) = — ix, y) = —[/(*, y)]. 

dy dy dy 

Fortunately, we can compute partial derivatives using all of our usual rules for com- 

df 

puting ordinary derivatives, as follows. Notice that in the definition of — , the value of y is 

dx 

held constant, say at y = b. If we define g(x) = fix, b), then 

d f< u\ v f(* + h,b)- fix,b) g i x+h )-gix) 

— ix, b) — hm = hm = e ix). 

dx h^o h h^o h 6 

3/ 

That is, to compute the partial derivative — , you simply take an ordinary derivative with 

dx 

3/ 

respect to x, while treating y as a constant. Similarly, you can compute — by taking an 

dy 

ordinary derivative with respect to y, while treating x as a constant. 



EXAMPLE 3.1 Computing Partial Derivatives 

9 , 3/3/ 
For fix, y) = 3x + x y + 4y, compute — ix, y), — (x, y), / x (l, 0) and / v (2, — 1). 

dx ' dy 

3/ 

Solution Compute — by treating y as a constant. We have 

dx 

— = —Ox 2 + x 3 y + 4y 2 ) = 6x + (3x 2 )y + 0 = 6x + 3x 2 y, 
dx dx 
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where the partial derivative of 4y 2 with respect to x is 0, since 4y 2 is treated as if it were 

a constant when differentiating with respect to x. Next, we compute — by treating x as 

dy 

a constant. We have 

3 f 3 

4~ = — (3x 2 + .T 3 >>+4y 2 ) = 0 + x 3 (l) + 8y = .r 3 + 8y. 
dy ay 

Substituting values for x and y, we get 

/,(1,0)= §£(1,0) = 6 + 0 = 6 
ox 

and 

/,(2,-l) = §£(2,-l) = 8-8 = 0. 

dy m 

Since we are holding one of the variables fixed when we compute a partial derivative, 
we have the product rules: 

3 3m 3i> 

— (uv) — — v + u — 
dx dx dx 

, 3 du dv 

and ( uv ) = „ + M _ 



dy dy dy 



and the quotient rule: — (—\ 

dx \vJ 



du dv 
— V — // — 

dx dx 



3 /u\ 

with a corresponding quotient rule holding for — I — ) . 

3v \v/ 



EXAMPLE 3.2 Computing Partial Derivatives 

rv X 9 / 3/ 

For f(x, y) — e • H — , compute — and — . 

y dx dy 

Solution Treating y as a constant, we have from the chain rule that 

3/ 3 / xv x\ xy 1 

ir = ir( e + -) =ye + ~- 

dx dx \ y J y 
Similarly, treating x as a constant, we have 

dy dy V yj y 2 m 



We interpret partial derivatives as rates of change, in the same way as we interpret 
ordinary derivatives of functions of a single variable. 



EXAMPLE 3.3 An Application of Partial Derivatives 
to Thermodynamics 

For a real gas, van der Waals' equation states that 

2 

n a 



P + — \{V -nb) = nRT, 
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TODAY IN 
MATHEMATICS 



Shing-TungYau(l949- ) 

A Chinese-born mathematician 
who earned a Fields Medal for 
his contributions to algebraic 
geometry and partial differential 
equations. A strong supporter of 
mathematics education in China, 
he established the Institute of 
Mathematical Science in Hong 
Kong, the Morningside Center of 
Mathematics of the Chinese 
Academy of Sciences and the 
Center of Mathematical Sciences 
at Zhejiang University. His work 
has been described by colleagues 
as "extremely deep and 
powerful" and as showing 
"enormous technical power and 
insight. He has cracked problems 
on which progress has been 
stopped for years." 



where P is the pressure of the gas, V is the volume of the gas, T is the temperature (in 

degrees Kelvin), n is the number of moles of gas, R is the universal gas constant and a 

dP(V,T) dT(P,V) 
and b are constants. Compute and interpret — and 



8V 



dP 



Solution We first solve for P to get 



P = 



nRT 
V -nb 



V 2 



and compute 



dP(V,T) 
dV 



9 



nRT 



dV \ V - nb 



2 

n a 



nRT 



2 

n a 



(V -nb) 2 V 3 



Notice that this gives the rate of change of pressure relative to a change in volume (with 
temperature held constant). Next, solving van der Waals' equation for T, we get 



1 

nR 



V 2 



(V - nb) 



and compute 

dT(P,V) _ 3 
dP ~~ JP 



nR 



V 1 - 



(V -nb) 



= — (V 
nR 



nb). 



This gives the rate of change of temperature relative to a change in pressure (with volume 
held constant). In exercise 20, you will have an opportunity to discover an interesting 
fact about these partial derivatives. ■ 



Notice that the partial derivatives found in the preceding examples are themselves func- 
tions of two variables. We have seen that second- and higher-order derivatives of functions 
of a single variable provide much significant information. Not surprisingly, higher-order 
partial derivatives are also very important in applications. 

For functions of two variables, there are four different second-order partial deriva- 

3/ 3 /3/\ 

tives. The partial derivative with respect to x of — is — I — I , usually abbreviated as 

dx dx \ dx J 

drf 
dx 

d_fdf_ 

dy\dy) dy 2 

taken with respect to each variable. If the first partial derivative is taken with respect to x, 

3 (df\ d 2 f 

we have — I — 1, abbreviated as , or (f x ) v — f xy . If the first partial derivative is 

3_V V dx J dydx 

3 /3/\ d 2 f 
taken with respect to v, we have — ( — ), abbreviated as - - , or (f y ) x — f yx - 



2 or fxx- Similarly, taking two successive partial derivatives with respect to y gives us 



d 2 f 



f yy . For mixed second-order partial derivatives, one derivative is 



dx \ dy 



dxdy 



EXAMPLE 3.4 Computing Second-Order Partial Derivatives 



Find all second-order partial derivatives of f(x, y) 



x y 



Inx. 



3/ 



dx 



Solution We start by computing the first-order partial derivatives: — = 2xy 

and — — x — 3y . We then have 

dy 



3V 
dx 2 

d 2 f 
dydx 



3_/3f 
dx \dx 

8_S8f 
dy \dx 



9 

dx 
9 

97 



2xy 



2xy 



2y 



- 2x, 



,-2' 
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3 / 3 /3/\ 3 



dxdy dx \dy 

42 



\dy) dx K y} 



and finally, If = A ( d l) = A (,» _ 3v 2 ) = -6y. 

dy 2 dy\dyj dy V ' ' 



3 2 / 3 2 / 

Notice in example 3.4 that = . It turns out that this is true for most, but not 

dydx dxdy 

all, of the functions that you will encounter. (See exercise 43 for a counterexample.) The 
proof of the following result can be found in most texts on advanced calculus. 



THEOREM 3.1 

If f xy (x, y) and f yx {x, y) are continuous on an open set containing (a, b), then 
fxy(a, b) = f yx (a, b). 



We can, of course, compute third-, fourth- or even higher-order partial derivatives. 
Theorem 3.1 can be extended to show that as long as the partial derivatives are all contin- 
uous in an open set, the order of differentiation doesn't matter. With higher-order partial 

3 3 / 

derivatives, notations such as become quite awkward and so, we usually use f xyx 

dxdydx 

instead. 



EXAMPLE 3.5 Computing Higher-Order Partial Derivatives 

For f(x, y) = cos(xy) — x 3 + y 4 , compute f xyy . 
Solution We have 

f x = — [cos(xy) - x 3 + v 4 ] = - v sin(xy) - 3x 2 . 
dx 

Differentiating f x with respect to y gives us 

9 2 
fxy = T~[-y sin(xy) - 3x ] = - sin(xy) - xy cos(xy) 

and f xyy — — [— sin(xy) — xy cos(xy)] = — 2x cos(xy) + x y sin(xy). 
9y 



Thus far, we have worked with partial derivatives of functions of two variables. The 
extensions to functions of three or more variables are completely analogous to what we 
have discussed here. In example 3.6, you can see that the calculations proceed just as you 
would expect. 



EXAMPLE 3.6 Partial Derivatives of Functions of Three Variables 

For f(x, y, z) = y/xy 3 z + 4x 2 y, defined for x, y, z > 0, compute f x , f xy and f xyz . 
Solution To keep x, y and z as separate as possible, we first rewrite / as 

f(x,y,z) = x 1/2 y 3/ Y /2 + 4x 2 y. 

To compute the partial derivative with respect to x, we treat y and z as constants and 
obtain 

/, = Ary/y/Y/ 2 + 4x 2 y) = ( l-x^ 2 ) y y 2 z l/2 + 8xy. 
dx \2 J 

Next, treating x and z as constants, we get 

9 ( l r -l/2 v 3/2 ,1/2, o v ,A _ ( fl v l/2\ ,1/2 



U = Yy + 8xy J = ^ ^ ) + 8x. 
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Finally, treating x and y as constants, we get 



9 

9z 



-1/2 



1/2 \ ,1/2 . 



-1/2 



,1/2 



.,"1/2 



Notice that this derivative is defined for x, z > 0 and y > 0. Further, you can show that 
all first-, second- and third-order partial derivatives are continuous for x, y, z > 0, so 
that the order in which we take the partial derivatives is irrelevant in this case. ■ 



EXAMPLE 3.7 An Application of Partial Derivatives to a Sagging Beam 

The sag in a beam of length L, width w and height h (see Figure 13.23) is given by 

L 4 dS 4 dS 1 

S(L, w, h) — c for some constant c. Show that — = — S, — = S and 

w/z- 5 3L L dw w 

dS 3 

— = S. Use this result to determine which variable has the greatest proportional 

dh h 

effect on the sag. 

Solution We start by computing 

dS _ d / L 4 \ _ AL 3 

To rewrite this in terms of S, multiply top and bottom by L to get 



dS 



4L 3 
wh 3 



4L 4 
wh 3 L 



4 L 4 

— C -r 



L 



The other calculations are similar and are left as exercises. To interpret the results, 
suppose that a small change AL in length produces a small change AS in the sag. We 
AS dS 4 

now have that — — = — S. Rearranging the terms, we have 
AL dL L B B 



AS 

T 



AL 



That is, the proportional change in S is approximately four times the proportional 
change in L. Similarly, we have that in absolute value, the proportional change in S is 
approximately the proportional change in w and three times the proportional change 
in h. Proportionally then, a change in the length has the greatest effect on the amount of 
sag. In this sense, length is the most important of the three dimensions. ■ 



In many applications, no formula for the function is available and we can only estimate 
the value of the partial derivatives from a small collection of data points. 



EXAMPLE 3.8 Estimating Partial Derivatives from a Table of Data 

A computer simulation of the flight of a baseball provided the data displayed in the 
table for the range f(v, co) in feet of a ball hit with initial velocity v ft/s and backspin 
rate of a> rpm. Each ball is struck at an angle of 30° above the horizontal. 



V 


0 


1000 


2000 


3000 


4000 


150 


294 


312 


333 


350 


367 


160 


314 


334 


354 


373 


391 


170 


335 


356 


375 


395 


414 


180 


355 


376 


397 


417 


436 
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3/ 3/ 

Use the data to estimate — (160, 2000) and — (160, 2000). Interpret both quantities in 

3d dco 

baseball terms. 

Solution From the definition of partial derivative, we know that 

^(160, 2000) = lim /(160 + 2000) - /( 160, 2000) ^ 

3d f>->0 h 

so we can approximate the value of the partial derivative by computing the difference 

. t /(160 + h, 2000) -Km 2000) 

quotient tor as small a value of h as possible. Since 

h 

a data point is provided for v = 150, we can compute the difference quotient for 
h = -10, to get 

3/ /(150, 2000) -/(160, 2000) 333 - 354 

— (160, 2000) » — — — : - 2.1. 

3d 150- 160 150- 160 

We can also use the data point for v = 170, to get 

3/ /(170,2000)- /(160, 2000) 375 - 354 

— (160, 2000) » LI ! 1 — LI ! L - - 2.1. 

3d 170- 160 170- 160 

3/ 

Since both estimates equal 2.1, we make the estimate — (160, 2000) & 2.1. The data 

3d 

point /(160, 2000) = 354 tells us that a ball struck with initial velocity 160 ft/s and 
backspin 2000 rpm will fly 354 feet. The partial derivative tells us that increasing the 
initial velocity by 1 ft/s will add approximately 2.1 feet to the distance. 

3/ 

Similarly, to estimate - 1 — (160, 2000), we note that the closest data values to 

dco 

co - 2000 are co = 1000 and co = 3000. We get 

3/ /T160, 1000) - /(160, 2000) 334- 354 

— (160, 2000) » L± - — J — - - 0.02 

dco 1000-2000 1000-2000 



df /(160, 3000)- f (160, 2000) 373 - 354 

and —(160, 2000) » — — — = = 0.019. 

dco 3000-2000 3000-2000 

3/ 

Reasonable estimates for —(160, 2000) are then 0.02, 0.019 or 0.0195 (the average of 
dco 

the two calculations). Using 0.02 as our approximation, we can interpret this to mean 
that an increase in backspin of 1 rpm will add approximately 0.02 ft to the distance. 
A simpler way to interpret this is to say that an increase of 100 rpm will add 
approximately 2 ft to the distance. ■ 



BEYOND FORMULAS 

When you think about partial derivatives, it helps to use the Rule of Three, which sug- 
gests that mathematical topics should be explored from symbolic, graphical and numer- 
ical viewpoints, where appropriate. Symbolically, you have all of the usual derivative 
formulas at your disposal. Graphically, you can view the value of a partial derivative at 
a particular point as the slope of the tangent line to a cross section of the surface 
z = f{x, y). Numerically, you can approximate the value of a partial derivative at a 
point using a difference quotient, as in example 3.8. 



13-33 



SECTION 13.3 •• Partial Derivatives 



841 



EXERCISES 13.3 

0 WRITING EXERCISES 



1. Suppose that the function fix, y) is a sum of terms where each 
term contains x or y but not both. Explain why f xy — 0. 

2. In Definition 3.1, explain how to remember which partial 
derivative involves the term fix + h, y) and which involves 
the term fix, y + h), 

3. In section 2.7, we computed derivatives implicitly, by using 
the chain rule and differentiating both sides of an equation 
with respect to x. In the process of doing so, we made cal- 
culations such as (x 2 y 2 )' — 2xy 2 + 2x 2 yy'. Explain why this 
derivative is computed differently than the partial derivatives 
of this section. 

4. For fix, y, z) = x 3 e Axsmy + y 2 sinxy + 4xyz, you could 
compute f xyz in a variety of orders. Discuss how many dif- 
ferent orders are possible and which order(s) would be the 
easiest. 



In exercises 1-10, find all first-order partial derivatives. 

1. f{ x , y) = x 3 - 4xy 2 + y A 

2. fix, y) — x 2 y 3 — 3x 

3. fix, y) — x 2 sinxy — 3y 3 



4. /(x, y) = 3e x ' y - -Jx - 1 

5. f{x, y) = 4e*'? + tan" 1 

6. /(x,y) 



sin(x-y) , 
h x tan v 



7. /(x,y): 

8. /(x,y): 



i: 
i: 



y 

sin t 2 dt 



9. f(x,y,z) = 3xln(x 2 yz) + x y/z 
10. /(x,y,z): 



jx 2 + y 2 +z 2 



In exercises 11-18, find the indicated partial derivatives. 

3 2 / 3 2 / a 2 / 



11. f{x, y) = x 3 - 4xy 2 + 3y; 

12. f{x, y ) — x 2 y — 4x + 3 siny 



9x 2 9y 2 9y9x 
9 2 / 9 2 / 9 2 / 



9x 2 ' 9y 2 ' 9y3x 

13. fix, y) = ln(x 4 ) - 3x 2 y 3 + 5x tan^ 1 y; f xx , f xy , f x . 

14. fix, y) = e Ax - sin(x + y 2 ) - ^/xy; /«, f yyx 

15. /(x, y, z) = sin"'(xy) - sin yz; f xx , f n , f xyz 

,2 



16. fix, y, z) = xe 2 



x + y 



+ xz sin(y + z); f xx , f yy , f r 



17. /(w, x, y, z) = u; 2 tan \xy) - e wz ; f ww , f wxy , f wwxn 

18. fiw, x, y, z) = V X J + yi ~ x 3 sin V^ 2 + z 2 ; /„, f yy , f wxyz 



dViP.T) 

19. Compute and interpret for van der Waals' equation 



(see example 3.3). 



ST 



20. For van der Waals' equation, show that 

dTiP.v) dPivj) aviPj) . 

= — 1 . It you misunderstood the 

9P 9V 9T 3 
chain rule, why might you expect this product to equal 1 ? 

21. For the specific case of van der Waals' equation given 

/ 14\ 

by I P + — j iV - 0.004) = 127\ use the partial derivative 
dPiVJ) 

to estimate the change in pressure due to an increase 

dT 

of one degree. 

22. For the specific case of van der Waals' equation given by 
14 \ 

P 4 I (V - 0.004) = 127\ use the partial derivative 



dT 

dV 



iP V) to estimate the change in temperature due to an in- 



crease in volume of one unit 
23. In example 3.7, show that 



35 


1 




--5. 


dw 


w 


95 


3 






dh ~ 


~h S - 



25. If the sag in the beam of example 3.7 were given by 

L 3 

5(L, uj, h) — c -, determine which variable would have the 

greatest proportional effect. 

26. Based on example 3.7 and your result in exercise 25, state a 
simple rule for determining which variable has the greatest 
proportional effect. 

27. The table shows wind chill (how cold it "feels" outside) as a 
function of temperature (degrees Fahrenheit) and wind speed 
(mph). We can think of this as a function C(f, s). Estimate 

9C 3C 
the partial derivatives — (10, 10) and — (10, 10). Interpret 

dt ds 
each partial derivative and explain why it is surprising that 

^(10, 10) ^ 1. 
at 



Speed^\Temp 


30 


20 


10 


0 


-10 


0 


30 


20 


10 


0 


-10 


5 


27 


16 


6 


-5 


-15 


10 


16 


4 


-9 


-24 


-33 


15 


9 


-5 


-18 


-32 


-45 


20 


4 


-10 


-25 


-39 


-53 


25 


0 


-15 


-29 


-44 


-59 


30 


-2 


-18 


-33 


-48 


-63 



28. Rework exercise 27 using the point (10, 20). Explain the sig- 



nificance of the inequality 



9C 
"97 



(10, 10) 



3C 
lis 



(10, 20) 
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29. Using the baseball data in example 3.8, estimate and interpret 

3/ 9/ 

— (170, 3000) and —(170, 3000). 

dv dco 

30. According to the data in example 3.8, a baseball with initial ve- 
locity 170 ft/s and backspin 3000 rpm flies 395 ft. Suppose that 
the ball must go 400 ft to clear the fence for a home run. Based 
on your answers to exercise 29, how much extra backspin is 
needed for a home run? 



41. Carefully write down a definition for the three first-order partial 
derivatives of a function of three variables fix, y, z). 

42. Determine how many second-order partial derivatives there 
are of fix, y, z). Assuming a result analogous to Theorem 
3.1, how many of these second-order partial derivatives are 
actually different? 

43. For the function 



In exercises 31 and 32, sketch the graph of z = f(x,y) and 
on this graph, highlight the appropriate two-dimensional trace. 
Interpret the partial derivative as a slope. 



31. fix,y) = 4-x 2 -y 2 , (a) -^(1, 1), (b) -^(2, 0) 



dx 



dy 



32. /(x,y) = v^R 



9/ 9/ 
(a)f-(l,0), (b)/(0,2) 
dx dy 



| In exercises 33-36, find all points at which f x = f y = 0 and 
interpret the significance of the points graphically. 



33. f(x,y) = x 2 + y 2 
35. f(x, y) — s'mx s'my 



34. f(x, y) = x 2 + y 2 - x 4 
36. f(x,y) = e-* 1 -y 2 



In exercises 37 and 38, show that f xy = f yx . 



37. f(x,y) = 



y-b 



sin(x + y) 38. fix, y) - x cy - e"^- y) 



df 

In exercises 39 and 40, use the contour plot to estimate — and 

Bx 



at (a) (0, 0), (b) (0, 1), (c) (2, 0). 



J — +x 




fix,y) 



xyix 2 — y 2 ) 



if (x, 30,4(0, 0) 



x 2 + y 2 

0, if ix,y) = (0,0) 



use the limit definitions of partial derivatives to show that 
f xy (0, 0) = — 1 but fy Z i0, 0) = 1. Determine which assump- 
tion in Theorem 3. 1 is not true. 



44. For fix, y) ■■ 



xy 



x 2 + v 4 
0, 



tfC*.y)^(P.q) > show that 

if (x, y) = (0, 0) 
3/ 3/ 

— (0,0)= — (0, 0) = 0. [Note that we have previously 

dx dy 

shown that this function is not continuous at (0, 0).] 

45. Sometimes the order of differentiation makes a practical dif- 

i , a 2 f d 2 f 

ference. For fix, y) — — sin(xy"), show that = — ■ — 

x dxdy dydx 

but that the ease of calculations is not the same. 

46. For a rectangle of length L and perimeter P, show that the area 

i , 8A 

is given by A = \LP — L~ . Compute — . A simpler formula 

9L 

for area is A — LW, where W is the width of the rectangle. 
9A 

Compute — and show that your answer is not equivalent 
dL 

to the previous derivative. Explain the difference by noting 
that in one case the width is held constant while L changes, 
whereas in the other case the perimeter is held constant while 
L changes. 

47. Suppose that fix, y) is a function with continuous second- 
order partial derivatives. Consider the curve obtained by 
intersecting the surface z — fix, y) with the plane y — y 0 . 
Explain how the slope of this curve at the point x — xq relates 

df 

to — ixo, yo). Relate the concavity of this curve at the point 

dx 

d 2 f 

x = x o to — ()(|), y 0 ). 
dx 1 

48. As in exercise 47, develop a graphical interpretation of 

3 2 / 

77<% yo)- 
dy- 

49. Given the cross sections of z — fix, y), estimate (a) f x il, 1), 
(b)/,(0, 1), (c)/ > ,(l,0)and(d)/ v (l,l). 
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50. Given the contour plot of f below, what can be said about 

/ t (0,0)?/,(0, 0)? 




In exercises 51-54, find a function with the given 
properties. 

51. f x = 2x sin y + 3x 2 y 2 , f y — x 2 cos y + 2x 3 y + Jy 



52. /, = ye*y + 



: 2 + 1 



f y = xe xy + y cos y 



53. f x 



2x 2 



x 2 + y 



3 2, 



y 2 + 1 x 2 + y 2 



54. / x = y/y/x + 2 cos(2x + y), f y — y/x jy + cos (2x + y) 



p(jc, t) — po(x — ct)e *" for constants po. c and /x. Show that 

9p dp dp dp 

— — —c fip. Interpret both — and — , and explain 

dt dx dt dx 

how this equation relates the change in pollution at a specific 
location to the current of the river and the rate at which the 
pollutant decays. 

59. (a) In a chemical reaction, the temperature T, entropy 5, Gibbs 

free energy G and enthalpy H are related by G — H — TS. 
d(G/T) _ H 

dT ~ ~f 2 ' 

d(G/T) 

(b) Show that = H. Chemists measure the enthalpy 

d(l/T) V1 

of a reaction by measuring this rate of change. 

60. Suppose that three resistors are in parallel in an electri- 
cal circuit. If the resistances are R\, R2 and R3 ohms, 
respectively, then the net resistance in the circuit equals 

R\ R2 R3 



Show that 



R 



- . Compute and interpret the partial 



R 1 R2 ~\~ R1R3 "f" ^2 ^3 
dR 

derivative . Given this partial derivative, explain how to 

d R\ 

dR dR 

quickly write down the partial derivatives and . 

4 J F dR 2 dR 3 



APPLICATIONS 



55. (a) Showthatthe functions f„(x, t) — sinnnx cos rnict satisfy 
, 3 2 / 3 2 / 

the wave equation c — — = — — , for any positive integer 

dx 2 dt 2 

11 and any constant c. 
(b) Show that if f(x) is a function with a continuous second 
derivative, then f(x — ct) and f(x + ct) are both solutions 
of the wave equation. If x represents position and t repre- 
sents time, explain why c can be interpreted as the velocity 
of the wave. 



56. (a) The value of an investment of $1000 invested at a constant 
10% rate for 5 years is V = 1000 



1 + 0.1(1 - T) 



1 + 1 

where T is the tax rate and / is the inflation rate. Com- 

dv dv 

pute — and — , and discuss whether the tax rate or the 
F 3/ 3T 

inflation rate has a greater influence on the value of the 
investment. 

(b) The value of an investment of $1000 invested at a rate r for 



5 years with a tax rate of 28% is V = 1000 



1 +0.72r 
1 + / 



dV dV 

where / is the inflation rate. Compute — and — , 

dr 3/ 

and discuss whether the investment rate or the infla- 
tion rate has a greater influence on the value of the 
investment. 

57. Suppose that the position of a guitar string of length L varies ac- 
cording to p(x , t) — sin x cos t , where x represents the distance 
along the string, 0 < x < L, and t represents time. Compute 

and interpret — and — . 

dx dt 

58. Suppose that the concentration of some pollutant in a 
river as a function of position x and time t is given by 



61. A process called tag-and-recapture is used to estimate pop- 
ulations of animals in the wild. First, some number T of 
the animals are captured, tagged and released into the wild. 
Later, a number 5 of the animals are captured, of which t 
are observed to be tagged. The estimate of the total pop- 

TS 

ulation is then P(T, S, t) = — . Compute P(100, 60, 15); 

the proportion of tagged animals in the recapture is || = |. 
Based on your estimate of the total population, what propor- 
tion of the total population has been tagged? Now compute 
dP 

— (100, 60, 15) and use it to estimate how much your popula- 
dt 

tion estimate would change if one more recaptured animal were 
tagged. 

62. Let T(x, y) be the temperature at longitude x and latitude y in 
the United States. In general, explain why you would expect 

dT 

to have — < 0. If a cold front is moving from east to west, 

3y 

dT 

would you expect — to be positive or negative? 
dx 

63. Suppose that L hours of labor and K dollars of investment 
by a company result in a productivity of P — L 01i K°- 2i . 
(a) Compute the marginal productivity of labor, defined 

dP 

by — and the marginal productivity of capital, defined 
9L 

dP d 2 P d 2 P 
by . (b) Show that — - < 0 and < 0. Interpret this 

dK dL 1 dK~ 

in terms of diminishing returns on investments in labor and 

3 2 /> 

capital, (c) Show that > 0 and interpret it in economic 



terms. 



dLdK 



64. Suppose that the demand for coffee is given by 



Di = 300 + 
D 2 = 250 + 



PI +4 



5 P2 and the demand for sugar is given by 
6pi, where pi is the price of a pound of 

dD, 



coffee and p 2 is the price of a pound of sugar. Show that 



dp 2 
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3D, 

and are both negative. This is the definition of comple- 

dpi 

mentary commodities. Interpret the partial derivatives and 
explain why the word complementary is appropriate. 

65. Suppose that D\(p\,p 2 ) and D 2 (pi, p 2 ) are demand 
functions for commodities coffee and tea with prices p\ 

3D, dD 2 

and p2, respectively. If and are both posi- 

dp2 dp\ 

tive, explain why the commodities are called substitute 
commodities. 



EXPLORATORY EXERCISES 

In exercises 47 and 48, you interpreted the second-order 
partial derivatives f a and f yy in terms of concavity. In 
this exercise, you will develop a geometric interpretation 
of the mixed partial derivative f xy . (More information can 
be found in the article "What is f xy T' by Brian Mc- 
Cartin in the March 1998 issue of the journal PRIMUS.) 
Start by using Taylor's Theorem (see section 9.7) to show 
that 



lim lim 



fix,y)- f(x+h,y)- f(x,y + k) 
+ f(x + h,y + k) 
hk 



fxy(x, y). 



[Hint: Treating y as a constant, you have f(x + h, y) — 
f(x, y) + hf x (x, y) + h 2 g(x, y), for some function gix, y). 
Similarly, expand the other terms in the numerator.] There- 
fore, for small h and k, f xy (x, y) s=s — — 2 3 , 

hk 

where f 0 = fix, y), /, = f(x + h, y), f 2 = f(x, y + k) and 
fi — fix + h, y + k). The four points Po — (x, y, /o), P l — 
(x + h,y,f l ),P 2 = (x,y + k,f 2 ) and P 3 = (x + h, y + 
k, f-i) determine a parallelepiped, as shown in the figure. 



Recalling that the volume of a parallelepiped formed by vec- 
tors a, b and c is given by |a • (b x c)| , show that the volume of 
this box equals |(/ 0 — f\ — f 2 + fT,)hk\. That is, the volume 
is approximately equal to \f xy ix, y)\(hk) 2 . Conclude that the 
larger \f xy (x,y)\ is, the greater the volume of the box and 
hence, the farther the point P 3 is from the plane determined by 
the points P 0 , Pi and P 2 . To see what this means graphically, 
start with the function f(x, y) — x 2 + y 2 at the point (1, 1, 2). 
With h = k = 0.1, show that the points (1, 1, 2), (1.1, 1, 
2.21), (1, 1.1, 2.21) and (1.1, 1.1, 2.42) all lie in the same 
plane. The derivative / AV (1, 1) = 0 indicates that at the point 
(1.1, 1.1, 2.42), the graph does not curve away from the plane 
of the points (1, 1,2), (1.1, 1, 2.21) and (1, 1.1, 2.21). Contrast 
this to the behavior of the function fix, y) — x 2 + xy at the 
point (1, 1, 2). This says that f xy measures the amount of 
curving of the surface as you sequentially change x and y by 
small amounts. 

For a function g(x, y), define F(x) = f b g(x, y)dy. In this 
exercise, you will explore the question of whether or not 
F'(x) = f ff(-*> y)dy, (a) Show that this is true for 
g(x, y) — e xy . (b) Show that it is true for gix, y) — hix)kiy) 
if k is continuous and h is differentiable. (c) Show that it is true 
for g(x, y) — -e* y on the interval [0, 2]. (d) Find numerically 
that it is not true for g(x, y) — -e xy . (e) Conjecture condi- 
tions on the function gix, y) for which the statement is true. 
if) A mathematician would say that the underlying issue in 
this problem is the interchangeability of limits and integrals. 
Explain how limits are involved. 



13.4 TANGENT PLANES AND LINEAR APPROXIMATIONS 



Recall that the tangent line to the curve y — f(x) at x — a stays close to the curve near the 
point of tangency, enabling us to use the tangent line to approximate values of the function 
close to the point of tangency. (See Figure 13.24a.) The equation of the tangent line is 
given by 

y = /(«) + f'(a)(x - a). (4.1) 

In section 3.1, we called this the linear approximation to f(x) at x — a. 

In much the same way, we can approximate the value of a function of two variables 
near a given point using the tangent plane to the surface at that point. For instance, the graph 
of z — 6 — x 2 — y 2 and its tangent plane at the point (1, 2, 1) are shown in Figure 13.24b. 
Notice that near the point (1,2, 1), the surface and the tangent plane are very close together. 

Refer to Figures 13.25a and 13.25b to visualize the process. Starting from a standard 
graphing window (Figure 13.25a shows z — 6 — x 2 — y 2 with — 3 < x < 3 and— 3 < y < 3), 
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f y = f(a) + f'(a)(x - a) 

y=fW, 




(1,2.1) 




FIGURE 13.24a 

Linear approximation 



FIGURE 13.24b 

z — 6 — x 2 — y 2 and the 
tangent plane at (1, 2, 1) 



FIGURE 13.25a 

6 - x 2 - y 2 , with -3 < x < 3 
and -3 < y < 3 




FIGURE 13.25b 

z — 6 — x 2 — y 2 , with 
0.9 < x < 1.1 and 1.9 < y < 2.1 



zoom in on the point (1, 2, 1), as in Figure 13.25b (showing z — 6 — x 2 — y 2 with 
0.9 < x < 1.1 and 1.9 < v < 2.1). The surface in Figure 13.25b looks like a plane, since 
we have zoomed in sufficiently far that the surface and its tangent plane are difficult to 
distinguish visually. This suggests that for points (x, y) close to the point of tangency, we 
can use the corresponding z-value on the tangent plane as an approximation to the value 
of the function at that point. We begin by looking for an equation of the tangent plane to 
Z = f{x, y) at the point (a, b, f(a, b)), where f x and f y are continuous at (a, b). For this, 
we need only find a vector normal to the plane, since one point lying in the tangent plane 
is the point of tangency {a, b, f(a, b)). To find a normal vector, we will find two vectors 
lying in the plane and then take their cross product to obtain a vector orthogonal to both 
(and thus, orthogonal to the plane). 

Imagine intersecting the surface z = f(x, y) with the plane y — b, as shown in Figure 
13.26a. As we observed in section 13.3, the result is a curve in the plane y — b whose 
slope at x — a is given by f x (a, b). Along the tangent line at x = a, a change of 1 unit in 
x corresponds to a change of f x (a, b) in z. Since we're looking at a curve that lies in the 
plane y — b, the value of y doesn't change at all along the curve. A vector with the same 
direction as the tangent line is then (1,0, f x (a, b)). This vector must then be parallel to 
the tangent plane. (Think about this some.) Similarly, intersecting the surface z — f{x, y) 
with the plane x — a, as shown in Figure 13.26b, we get a curve lying in the plane x — a, 
whose slope at y — b is given by f y (a, b). A vector with the same direction as the tangent 
line at y — b is then (0, 1, f y (a, b)). 




FIGURE 13.26a 

The intersection of the surface 
z — f(x, y) with the plane y — b 



FIGURE 13.26b 

The intersection of the surface 
z — fix, y) with the plane x — a 



FIGURE 13.26c 

Tangent plane and normal vector 
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We have now found two vectors that are parallel to the tangent plane: (1, 0, f x (a, b)) 
and (0, 1, f y (a, b)). A vector normal to the plane is then given by the cross product: 

(0, 1, f y (a, b)) x (1, 0, f x (a, b)) = (f x (a, b), f y {a, b), -1). 

We indicate the tangent plane and normal vector at a point in Figure 13.26c (on the pre- 
ceeding page). We have the following result. 



REMARK 4.1 



Notice the similarity between 
the equation of the tangent 
plane given in (4.2) and the 
equation of the tangent line to 
y = fix) given in (4.1). 



THEOREM 4.1 

Suppose that f(x, y) has continuous first partial derivatives at (a, b). A normal vector 
to the tangent plane to z — fix, y) at {a, b) is then (f x (a, b), f y (a, b), —1). Further, 
an equation of the tangent plane is given by 

z - f(a, b) - f x (a, b)(x -a) + f y (a, b)(y - b) 



or 



z = f(a, b) + f x (a, b)(x -a) + f y (a, b)(y - b). 



(4.2) 



Observe that since we now know a normal vector to the tangent plane, the line orthogonal 
to the tangent plane and passing through the point (a, b, f(a, b)) is given by 

x — a + f x (a,b)t, y — b + f y (a,b)t, z=f(a,b)-t. (4.3) 

This line is called the normal line to the surface at the point (a, b, f(a, b)). 

It's now a simple matter to use Theorem 4. 1 to construct the equations of a tangent 
plane and normal line to nearly any surface, as we illustrate in examples 4.1 and 4.2. 




FIGURE 13.27 

Surface, tangent plane and normal 
line at the point (1,2, 1) 



EXAMPLE 4. 1 Finding Equations of the Tangent Plane 
and the Normal Line 



Find equations of the tangent plane and the normal line to z — 6 
(1,2, 1). 



■ x 2 — y 2 at the point 



Solution For fix, y) — 6 — x 2 — y 2 , we have f x — —2x and = — 2y. This gives 
us f x (l, 2) = —2 and f y (l, 2) = —4. A normal vector is then (—2, —4, —1) and from 
(4.2), an equation of the tangent plane is 

Z = 1 - 2(x - 1) -4(y - 2). 

From (4.3), equations of the normal line are 

x = l-2t, y = 2-4t, z =l-r. 

A sketch of the surface, the tangent plane and the normal line is shown in 

Fisure 13.27. ■ 



EXAMPLE 4.2 Finding Equations of the Tangent Plane 
and the Normal Line 

Find equations of the tangent plane and the normal line to z — x 3 + y 3 H at (2, 1, 13). 

y 

Solution Here, f x = 3x 2 + — and f y = 3 v 2 - so that f x (2, 1) = 12 + 4 = 16 

y y 

and f y (2, 1) = 3 — 4 = — 1. A normal vector is then (16, —1, —1) and from (4.2), an 
equation of the tangent plane is 

z = 13 + 16(x - 2) - (y - 1). 

From (4.3), equations of the normal line are 

x = 2+16f, y = l-t, z=l3-t. 
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A sketch of the surface, the tangent plane and the normal line is shown in Figure 13.28. 




y 



x 



FIGURE 13.28 

Surface, tangent plane and normal line 
at the point (2, 1, 13) 

■ 

In Figures 13.27 and 13.28, the tangent plane appears to stay close to the surface near 
the point of tangency. This says that for (x, y) close to the point of tangency, the z-values 
on the tangent plane should be close to the corresponding z-values on the surface, which 
are given by the function values f(x, y). Further, the simple form of the equation for the 
tangent plane makes it ideal for approximating the value of complicated functions. 

We define the linear approximation L(x, y) of f(x, y) at the point {a, b) to be the 
function defining the z-values on the tangent plane, namely, 

L(x, y) = f(a, b) + f x (a, b)(x -a) + f y (a, b)(y - b), (4.4) 

from (4.2). We illustrate this with example 4.3. 



EXAMPLE 4.3 Finding a Linear Approximation 

Compute the linear approximation of f(x, y) — 2x + e x ~~ y at (0, 0). Compare the linear 
approximation to the actual function values for (a) x — 0 and y near 0; (b) y — 0 and x 
near 0; (c) y = x, with both x and y near 0 and (d) y — 2x, with both x and y near 0. 

Solution Here, f x = 2 + 2xe xl ' y and f y = -e^->, so that f x (0, 0) = 2 and 

f y (Q, 0) = —1. Also, f(Q, 0) = 1. From (4.4), the linear approximation is then given by 

L(x, y) = 1 + 2(x - 0) - (y - 0) = 1 + 2x - y. 

The following table compares values of L(x, y) and fix, y) for a number of points of 
the form (0, y), (x, 0), (x, x) and (x, 2x). 



(x,y) 


f(x,y) 


L(x,y) 


(0, 0.1) 


0.905 


0.9 


(0, 0.01) 


0.99005 


0.99 


(0, -0.1) 


1.105 


1.1 


(0, -0.01) 


1.01005 


1.01 








(0.1,0) 


1.21005 


1.2 


(0.01, 0) 


1.02010 


1.02 


(-0.1,0) 


0.81005 


0.8 


(-0.01,0) 


0.98010 


0.98 



(x,y) 


f(x,y) 


L(x,y) 


(0.1,0.1) 


1.11393 


1.1 


(0.01,0.01) 


1.01015 


1.01 


(-0.1,-0.1) 


0.91628 


0.9 


(-0.01, -0.01) 


0.99015 


0.99 








(0.1,0.2) 


1.02696 


1.0 


(0.01,0.02) 


1.00030 


1.0 


(-0.1, -0.2) 


1.03368 


1.0 


(-0.01, -0.02) 


1.00030 


1.0 
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Notice that the closer a given point is to the point of tangency, the more accurate the 
linear approximation tends to be at that point. This is typical of this type of 
approximation. We will explore this further in the exercises. ■ 



y = f(a) + f\a)(x 



a) 




FIGURE 13.29 

Increments and differentials for a 
function of one variable 



O Increments and Differentials 

Now that we have examined linear approximations from a graphical perspective, we will 
examine them in a symbolic fashion. First, we remind you of the notation and some alter- 
native language that we used in section 3.1 for functions of a single variable. We defined 
the increment Ay of the function f(x) at x — a to be 

Ay = f(a + Ax) - f(a). 

Referring to Figure 13.29, notice that for Ax small, 

Ay « dy — f(a) Ax, 

where we referred to dy as the differential of y. Further, observe that if / is differentiable at 

Ay - dy 

-, then we have 



x = a and e 



Ax 



e = 



Ay - dy f(a + Ax) - f(a) - f'(a) Ax 



Ax 

f(a + Ax) - /(a) 
Ax 



Ax 
f{a) -> 0, 



as Ax — > 0. (You'll need to recognize the definition of derivative here!) Finally, solving for 
Ay in terms of s, we have 

Ay = dy + s Ax , 

where s — >• 0, as Ax — >• 0. We can make a similar observation for functions of several 
variables, as follows. 

For z — f(x, y), we define the increment of / at (a, b) to be 

Az = f(a + Ax,b + Ay) - f(a, b). 



{a, b,f(a, b)) Tangent 
plane 




Ay 

(a + Ax,b + Ay, 0) 

FIGURE 13.30 

Linear approximation 



Ay 



(«, b + Ay) 



(a, v) 



Ay 



H ►* 



a u a + Ax 
h Ax H 

FIGURE 13.31 

Intermediate points from the 
Mean Value Theorem 



That is, Az is the change in z that occurs when a is incremented by Ax and b is incre- 
mented by Ay, as illustrated in Figure 13.30. Notice that as long as / is continuous in 
some open region containing (a, b) and / has first partial derivatives on that region, we 
can write 

Az = f(a + Ax,b + Ay) - f(a, b) 

= [f(a + Ax, b + Ay)- f(a, b + Ay)] + [f(a, b + Ay) - f(a, b)] 

Adding and subtracting f(a, b + Ay). 
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- f x (u, b + Ay)[{a + Ax) - a] + f y (a, v)[(b + Ay) - b] 

Applying the Mean Value Theorem to both terms. 

= f x (u, b + Ay) Ax + f y (a, v)Ay, 

by the Mean Value Theorem. Here, u is some value between a and a + Ax, and v is some 
value between b and b + Ay. (See Figure 13.31.) This gives us 

Az = f x (u,b + Ay) Ax + f y (a,v) Ay 

= {Ma, b) + [f x (u, b + Ay)- Ma, b)]} Ax 
+ {Ma, b) + Uyia, «) - Ma, b)]} Ay, 

which we rewrite as 

Az = f x (a, b)Ax + M a < b)Ay + s\Ax + s 2 Ay, 

where £ X = f x (u,b + Ay) — f x (a,b) and s 2 — f y ia, v) — f y ia, b). 

Finally, observe that if f x and f y are both continuous in some open region containing (a, b), 
then £] and e 2 will both tend to 0, as (Ax, Ay) — >• (0, 0). In fact, you should recognize that 
since E\, e 2 —>■ 0, as (Ax, Ay) — > (0, 0), the products £i Ax and e 2 Ay both tend to 0 even 
faster than do B\ , s 2 , Ax or Ay individually. (Think about this!) 
We have now established the following result. 



THEOREM 4.2 

Suppose that z = fix, y) is defined on the rectangular region 

R = {(x, y)\xo < x < x\, jo < y < yi] an d fx an d fy are defined on R and are 

continuous at (a, b) e R. Then for (a + Ax, b + Ay) e R, 

Az - f x (a, b) Ax + f y (a, b) Ay + s x Ax + s 2 Ay, (4.5) 

where ei and e 2 are functions of Ax and Ay that both tend to zero, as 
(Ax, Ay) -+ (0, 0). 



For some very simple functions, we can compute Az by hand, as illustrated in 
example 4.4. 

EXAMPLE 4.4 Computing the Increment Az 

For z = f(x, y) — x 2 — 5xy, find Az and write it in the form indicated in Theorem 4.2. 
Solution We have 

Az = f(x + Ax, y + Ay) - fix, y) 

= [(x + Ax) 2 - 5(x + Ax)iy + Ay)] - (x 2 - 5xy) 
— x 2 + 2x Ax + (Ax) 2 - 5ixy + x Ay + y Ax + Ax Ay) - x 2 + 5xy 
- (2x - 5y) Ax + i-5x) Ay + (Ax) Ax + (-5Ax) Ay 

fx fy «i »a 

= Mx, y) Ax + Mx, y) Ay + e x Ax + e 2 Ay, 

where s\ = Ax and s 2 ~ — 5 Ax both tend to zero, as (Ax, Ay) — > (0, 0), as indicated in 
Theorem 4.2. You should observe here that by grouping the terms differently, we could 
get different choices for gj and s 2 . m 

Look closely at the first two terms in the expansion of the increment Az given in (4.5). 
If we take Ax — x — a and Ay = y — b, then they correspond to the linear approximation 
of fix, y). In this context, we give this a special name. If we increment x by the amount 
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dz — f x (x, y) dx + f y (x, y) dy. 



This is sometimes referred to as a total differential. Notice that for dx and dy small, we 
have from (4.5) that 

Az » dz. 

You should recognize that this is the same approximation as the linear approximation 
developed in the beginning of this section. In this case, though, we have developed this 
from an analytical perspective, rather than the geometrical one used in the beginning of the 
section. 

In Definition 4. 1 , we give a special name to functions that can be approximated linearly 
in the above fashion. 



DEFINITION 4.1 

Let z = fix, y). We say that/ is differentiable at (a, b) if we can write 

Az - f x (a, b) Ax + f y {a, b) Ay + E\ Ax + e 2 Ay, 

where E\ and so are both functions of Ax and Ay and s\, £2 — »■ 0, as 

(Ax, Ay) — > (0, 0). We say that/ is differentiable on a region ScM 2 whenever/ is 

differentiable at every point in R. 



Although this definition of a differentiable function may not appear to be an obvious 
generalization of the corresponding definition for a function of a single variable, in fact, it 
is. We explore this in exercises 49 and 50. 

Note that from Theorem 4.2, if f x and f y are defined on some open rectangle R contain- 
ing the point (a, b) and if f x and f y are continuous at (a, b), then/ will be differentiable at 
(a, b). Just as with functions of a single variable, it can be shown that if/ is differentiable at a 
point (a, b), then it is also continuous at (a, b). Further, owing to Theorem 4.2, if a function 
is differentiable at a point, then the linear approximation (differential) at that point provides 
a good approximation to the function near that point. Be very careful of what this does not 
say, however. If a function has partial derivatives at a point, it need not be differentiable or 
even continuous at that point. (In exercises 35 and 36, you will see examples of a function 
with partial derivatives defined everywhere, but that is not differentiable at a point.) 

The idea of a linear approximation extends easily to three or more dimensions. We lose 
the graphical interpretation of a tangent plane approximating a surface, but the definition 
should make sense. 



DEFINITION 4.2 








The linear approximation 


to f{x, y, z) at the point {a, b, c) is g 


iven by 


L(x, y, z) - 


f(a, b, c) + f x (a 


, b, c)(x — a) 






+ f y (a,b,c)(y- 


-b)+ f z (a,b,c)(z 


-c). 



We can write the linear approximation in the context of increments and differentials, as 
follows. If we increment x by Ax, y by Ay and z by Az, then the increment of w = f(x, y, z) 
is given by 

Aw = f(x + Ax, y + Ay, z + Az) - f(x, y, z) 

dw = f x (x, y, z) Ax + f y (x, y, z)Ay + /,(x, y, z)Az. 
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A good way to interpret (and remember!) the linear approximation is that each partial 
derivative represents the change in the function relative to the change in that variable. The 
linear approximation starts with the function value at the known point and adds in the 
approximate changes corresponding to each of the independent variables. 



EXAMPLE 4.5 Approximating the Sag in a Beam 

Suppose that the sag in a beam of length L, width w and height h is given by 
L 4 

S(L, w, h) — 0.0004 -, with all lengths measured in inches. We illustrate the beam 

in Figure 13.32. A beam is supposed to measure L — 36, w — 2 and h — 6 with a 
corresponding sag of 1.5552 inches. Due to weathering and other factors, the 
manufacturer only guarantees measurements with error tolerances L — 36 ± 1 , 
w — 2 ± 0.4 and h = 6 ± 0.8. Use a linear approximation to estimate the possible 
range of sags in the beam. 

8S L 3 dS L 4 

Solution We first compute — = 0.0016 — — = -0.0004—— and 

3L dw wh i 

3 S L 4 d S 

— - -0.0012 — t. At the point (36, 2, 6), we then have — (36, 2, 6) = 0.1728, 
dh wh 4 dL 

d S 3 S 

— (36, 2, 6) - -0.7776 and — (36, 2, 6) = -0.7776. From Definition 4.2, the linear 
dw dh 

approximation of the sag is then given by 

S « 1.5552 + 0.1728(L - 36) - 0.7776(uj - 2) - 0.7776(6 - 6). 

Notice that we could have written this in differential form using Definition 4. 1 . 

From the stated tolerances, L — 36 must be between —1 and 1, w — 2 must be 
between —0.4 and 0.4 and h — 6 must be between —0.8 and 0.8. Notice that the 
maximum sag then occurs with L — 36= 1, w — 2 = —0.4 and h — 6 = —0.8. The 
linear approximation predicts that 

S- 1.5552 ^ 0.1728 + 0.31104 + 0.62208 = 1.10592. 

Similarly, the minimum sag occurs with L — 36 = — 1, to — 2 — 0.4 and h — 6 = 0.8. 
The linear approximation predicts that 

S- 1.5552 « -0.1728 -0.31104-0.62208 = -1.10592. 

Based on the linear approximation, the sag is 1.5552 ± 1.10592, or between 
0.44928 and 2.661 12. As you can see, in this case, the uncertainty in the sag is 
substantial. ■ 



In many real-world situations, we do not have a formula for the quantity we are inter- 
ested in computing. Even so, given sufficient information, we can still use linear approxi- 
mations to estimate the desired quantity. 



EXAMPLE 4.6 Estimating the Gauge of a Sheet of Metal 

Manufacturing plants create rolls of metal of a desired gauge (thickness) by feeding the 
metal through very large rollers. The thickness of the resulting metal depends on the 
gap between the working rollers, the speed at which the rollers turn and the temperature 
of the metal. Suppose that for a certain metal, a gauge of 4 mm is produced by a gap of 
4 mm, a speed of 10 m/s and a temperature of 900°. Experiments show that an increase 
in speed of 0.2 m/s increases the gauge by 0.06 mm and an increase in temperature of 
10° decreases the gauge by 0.04 mm. Use a linear approximation to estimate the gauge 
at 10.1 m/s and 880°. 

Solution With no change in gap, we assume that the gauge is a function g(s, t) 

dg 0.06 

of the speed s and the temperature t. Based on our data, — = 0.3 and 

ds 0.2 
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0.04 

= —0.004. From Definition 4.2, the linear approximation of g(s, t) 



at 10 

is given by 

g(s, t) » 4 + 0.3(i - 10) - 0.004(f - 900). 
With s — 10.1 and t — 880, we get the estimate 

g(10.1, 880) » 4 + 0.3(0.1) - 0.004(-20) =4.11. ■ 

BEYOND FORMULAS 

You should think of linear approximations more in terms of example 4.6 than example 
4.5. That is, linear approximations are most commonly used when there is no known 
formula for the function /. You can then read equation (4.4) or Definition 4.2 as a 
recipe that tells you which ingredients (i.e., function values and derivatives) you need 
to approximate a function value. The visual image behind this formula, shown in Figure 
13.30, gives you information about how good your approximation is. 



EXERCISES 13.4 



0) 



5) WRITING EXERCISES 



1. Describe which graphical properties of the surface z = f(x , y) 
would cause the linear approximation of / at (a, b) to be par- 
ticularly accurate or inaccurate. 

2. Temperature varies with longitude (x), latitude (y) and altitude 
(z). Speculate whether or not the temperature function would 
be differentiable and what significance the answer would have 
for weather prediction. 

3. Imagine a surface z = f(x, y) with a ridge of discontinuities 
along the line y — x. Explain in graphical terms why / would 
not be differentiable at (0, 0) or any other point on the line 

y = x. 

4. The function in exercise 3 might have first partial derivatives 
f x (0, 0) and f y (0, 0). Explain why the slopes along x — 0 and 
y — 0 could have limits as x and y approach 0. If differentiable 
is intended to describe functions with smooth graphs, explain 
why differentiability is not defined in terms of the existence of 
partial derivatives. 



In exercises 1-6, find equations of the tangent plane and normal 
line to the surface at the given point. 

1. z = x 2 + y 2 - 1 at (a) (2, 1, 4) and (b) (0, 2, 3) 

2. z = e- xl - yl at (a) (0, 0, 1) and (b) (1, 1, e" 2 ) 

3. z — sinx cosy at (a) (0, it, 0) and (b) (|, jt, —1) 

4. z = x 3 - 2xy at (a) (-2, 3, 4) and (b) (1, -1, 3) 

5. z = jx 2 + y 2 at (a) (-3, 4, 5) and (b) (8, -6, 10) 
Ax 



9. f(x,y, z) = sin x+tan(yz) at (a) ( 0, Jt 
1 



y 



at (a) (1, 2, 2) and (b) (-1, 4, -1) 



In exercises 7-12, compute the linear approximation of the func- 
tion at the given point. 

7. f(x, y) = Jx 2 + y 2 at (a) (3, 0) and (b) (0, -3) 



8. fix, y) = sinx cos y at (a) ( -, ^ j and (b) I j , - 



and 



(b) l.7r 2 ' 0 

10. f{x, y, z) = xe yz - sjx — y 2 at (a) (4, 1, 0) and (b) (1, 0, 2) 

11. f(w,x,y,z) = w 2 xy-e wn at (a) (-2, 3, 1, 0) and 
(b)(0, 1,-1,2) 

12. f(w, x, y, z) — cos xyz — w 3 x 2 at (a) (2, —1, 4, 0) and 
(b) (2, 1, 0, 1) 



| In exercises 13-16, compare the linear approximation from the 
indicated exercise to the exact function value at the given points. 

13. Exercise 7 part (a) at (3, -0.1), (3.1, 0), (3.1, -0.1) 

14. Exercise 7 part (b) at (0.1, -3), (0, -3.1), (0.1, -3.1) 

15. Exercise 9 part (a) at (0, 3, %), (OA, it, %), (0, n, 0.2) 

16. Exercise 9 part (b) at (0.7, 2, 0), (0.7, 1.9, 0), (0.7, 2, 0.1) 



17. Use a linear approximation to estimate the range of sags 
in the beam of example 4.5 if the error tolerances are 
L = 36 ± 0.5, w = 2 ± 0.2 and h = 6 ± 0.5. 

18. Use a linear approximation to estimate the range of sags 
in the beam of example 4.5 if the error tolerances are 
L = 32 ± 0.4, w = 2 ± 0.3 and h = 8 ± 0.4. 
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19. Use a linear approximation to estimate the gauge of the metal 
in example 4.6 at 9.9 m/s and 930°. 

20. Use a linear approximation to estimate the gauge of the metal 
in example 4.6 at 10.2 m/s and 910°. 

21. Suppose that for a metal similar to that of example 4.6, an 
increase in speed of 0.3 m/s increases the gauge by 0.03 mm 
and an increase in temperature of 20° decreases the gauge by 
0.02 mm. Use a linear approximation to estimate the gauge at 
10.2 m/s and 890°. 

22. Suppose that for the metal in example 4.6, a decrease of 0.05 
mm in the gap between the working rolls decreases the gauge 
by 0.04 mm. Use a linear approximation in three variables to 
estimate the gauge at 10.15 m/s, 905° and a gap of 3.98 mm. 



In exercises 23-30, find the increment Az and write it in the 
form given in (4.5). Determine whether / is differentiable at all 
points (a, b). (Hint: Use a Taylor series for e', cosx, or sinx.) 



38. 



23. /(x,y) = 2xy4-y 2 
25. f(x,y) = x 2 + y 2 
27. f(x,y) = e x+2y 
x 2 

29. f{x,y)= — 



24. /(x,y) = (x4-y) 2 

26. /(x,y) = x 3 -3xy 

28. f(x, y) — x 2 sin y 

30. f{x,y): 



x + y 



In exercises 31-34, find the total differential of f(x, y). 

31. f(x, y) = ye x 4- sin* 32. f(x, y) = ^Jx 4- y 

33. f(x, y,z) — ln(xyz) — tan~'(* — y — z) 

34. f(x,y,z) = xe xl y' z - Zy /Wx + y) 

In exercises 35 and 36, show that the partial derivatives / x (0, 0) 
and f y (0, 0) both exist, but the function f(x, y) is not differen- 
tiable at (0, 0). 

2xy 



35. f(x,y) = 



36. f(x,y) = 



0. 



xy' 



if (x, y) + (0, 0) 
if (x, y) = (0, 0) 



if (x, y) / (0, 0) 
x 2 4- y 1 

0, if (x, y) = (0, 0) 



| In exercises 37 and 38, use the given contour plot to estimate the 
linear approximation of f{x, y) at (a) (0, 0); (b) (1, 0); (c) (0, 2). 

37. y 




I — ►x 




39. 



The table here gives wind chill (how cold it "feels" out- 
side) as a function of temperature (degrees Fahrenheit) and 
wind speed (mph). We can think of this as a function w(t, s). 

dw dw 
Estimate the partial derivatives — (10, 10) and — (10, 10) 

dt ds 

and the linear approximation of w(t, s) at (10, 10). Use the 
linear approximation to estimate the wind chill at (12, 13). 



Speed^\Temp 


30 


20 


10 


0 


-10 


0 


30 


20 


10 


0 


-10 


5 


27 


16 


6 


-5 


-15 


10 


16 


4 


-9 


-24 


-33 


15 


9 


-5 


-18 


-32 


-45 


20 


4 


-10 


-25 


-39 


-53 


25 


0 


-15 


-29 


-44 


-59 


30 


-2 


-18 


-33 


-48 


-63 



40. Estimate the linear approximation of wind chill at (10, 15) 
and use it to estimate the wind chill at (12, 13). Explain any 
differences between this answer and that of exercise 39. 

41. In this exercise, we visualize the linear approximation of ex- 
ample 4.3. Start with a contour plot of fix, y) — 2x + e" ~ y 
with — 1 < x < 1 and — 1 < y < 1. Then zoom in on the 
point (0, 0) of the contour plot until the level curves appear 
straight and equally spaced. (Level curves for z-values be- 
tween 0.9 and 1 . 1 with a graphing window of— 0.1 < x < 0.1 
and —0.1 < y < 0.1 should work.) You will need the z-values 
for the level curves. Notice that to move from the z — 1 level 
curve to the z — 1.05 level curve you move 0.025 unit to the 

df Az 0.05 

Ax 



right. Then — (0, 0) 

3x 



= 2. Verify graphically 



9/ 

that -^-(0,0) 
ay 



42. 



0.025 

1. Explain how to use the contour plot to 

reproduce the linear approximation 1 4- 2x — y. 

In exercise 41, we specified that you zoom in on the contour 
plot until the level curves appear linear and equally spaced. 
To see why the second condition is necessary, sketch a contour 
plot of f(x, y) = e*~ y with -1 < x < 1 and -1 < y < 1. Use 



df df 
this plot to estimate — (0, 0) and — (0, 0) and compare to the 

3x 3y 

exact values. Zoom in until the level curves are equally spaced 
and estimate again. Explain why this estimate is much better. 



43. Show that 0, 1 



dy 



(a,b)\ x (1,0, —(a,b) 



dx 



2 4 



— (a,b), —(a,b), 
dx dy 
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44. Let 5 be a surface defined parametrically 

by r(u, v) — {x(u, v), y(u, v), z(u, v)). Define 

r„(«, v) 
r v (u, v) 

r„ x r„ is a normal vector to the tangent plane at the point 

(x(u, v), y(u, v), z(u, v)). 



dx 

(U 

du 


»), 


ay, 

du 


v), 


dz 
du 


dx 

— (« 
dv 


V), 


By, 
dv 


v). 


dz 
— 

3 v 



In exercises 45-48, use the result of exercise 44 to find an 
equation of the tangent plane to the parametric surface at the 
indicated point. 

45. S is defined by x — 2u, y — vandz — 4uv;atu — 1 andu = 2. 

46. 5 is defined by x — 2u 2 , y — uv and z — 4uv 2 ; at u — — 1 and 
v = 1. 

47. S is the cylinder x 2 + y 2 = 1 with 0 < z < 2; at (1, 0, 1). 

48. 5 is the cylinder y 2 = 2x with 0 < z < 2; at (2, 2, 1). 



49. If f(x) is differentiable at x — a, show that 

Ay — /'(a)Ax + eAx, where lim e(Ax) — 0. Compare to 

Ax->0 

Definition 4.1. 

50. If / has a Taylor series that converges to f(x) for all x, find a 
formula for e(Ax). 



EXPLORATORY EXERCISES 



For these exercises, we need the notation of matrix algebra. 

a b~ 



Define the 2x2 matrix A of real numbers, A = 



the column vector x of real numbers, x 



, , and 

c a 

. The prod- 



uct of a matrix and column vector is the (column) vector 



a b 








ax\ + bxi 


c d 








cxi + dx 2 



1. We can extend the linear approximation of this section 
to quadratic approximations. Define the Hessian matrix 

fxx fxy 



H = 



, the gradient vector 



. fyx fyy 

V/(x 0 , y 0 ) = {fx(x 0 , y 0 ), fy(x 0 , yo)), 



the vector x 0 



and the transpose vector 



x r = [x y\. The quadratic approximation of f(x, y) at the 
point (jcq, yo) is defined by 

Q(x, y) = f(x 0 , y 0 ) + V/(x 0 , y 0 ) • (x - x 0 ) 
1 _ 
+ ^ ( x ~ x o) H ( x o, yo)(x - x 0 ). 

Find the quadratic approximation of f(x, y) — 2x + e* ~ y and 
compute Q(x, y) for the points in the table of example 4.3. 

2. In this exercise, we extend Newton's method to functions of 
several variables. Suppose that f\ and f 2 are functions of 
two variables with continuous partial derivatives. To solve the 
equations fi(x, y) — 0 and /?(x, y) = 0 simultaneously, start 
with a guess x — x 0 and y — y 0 . The idea is to replace f\ (x , y ) 
and fz(x, y) with their linear approximations L|(x,y) and 
Li{x, y) and solve the (simpler) equations Li(x, y) = 0 and 
L 2 (x, y) — 0 simultaneously. Write out the linear approxima- 
tions and show that we want 

— (xo, yo)(x - x 0 ) + — (x 0 , y 0 )(y - yo) = -fi(xo, yo) 

dx dy 
3/ 2 df 2 

-7z-(.x 0 , yo)(x - x 0 ) + — (x 0 , yo)(y - y 0 ) = -fi(xo, yo)- 

dx dy 
If we define the Jacobian matrix 



^-(x 0 ) ^-(x 0 ) 

dx dy 

9/2, , 9/2. , 

— (x 0 ) — (xo) 

dx dy 



f(Xo) 



The inverse A 1 of a matrix A (when it is de- 



the column vector 



where x 0 represents the point (xo, yo), the preceding equations 
can be written as /(xo)(x — xo) = — f(Xo), which has solution 
x — x 0 = — y _1 (xo)f(xo) or x = x 0 — y _1 (xo)f(xo). Here, the 
matrix / _1 (x 0 ) is called the inverse of the matrix J(x 0 ) and 
7i(xo)" 

./ 2 (Xo). 

fined) is the matrix for which a = Ab if and only if b = A~'a, 
for all column vectors a and b. In general, Newton's method 
is defined by the iteration 

x„+i = x„ — J '(x„)f(x„). 

Use Newton's method with an initial guess of x 0 = (— 1, 0.5) 
to approximate a solution of the equations x 2 — 2y = 0 and 
x 2 y — siny = 0. 



13.5 THE CHAIN RULE 



You already are quite familiar with the chain rule for functions of a single variable. For 
instance, to differentiate the function e mn(x '\ we have 

— [e™ (x2} ] = e sin( - xl) — [sinfx 2 )] 
dx dx 

the derivative of the inside 

= e sm{x2) cos(x 2 ) — (x 2 ) 
dx 

the derivative of the inside 

= e sin(x2) cos(x 2 )(2x). 
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The general form of the chain rule says that for differentiable functions / and g, 

^-Uigix))} = f'(g(x)) g'(x) . 
dx ' — , — ' 

the derivative of the inside 

We now extend the chain rule to functions of several variables. This takes several slightly 
different forms, depending on the number of independent variables, but each is a variation 
of the already familiar chain rule for functions of a single variable. 

For a differentiable function f(x, y), where x and y are both in turn, differentiable 
functions of a single variable t, to find the derivative of f(x, y) with respect to t, we first 
write g{t) — f(x(t), y(t)). Then, from the definition of (an ordinary) derivative, we have 

-7-[f(x(t), y(t))] =g'(t)= hm r- 

at At^o At 

f(x(t + At), y(t + At)) - f(x(t), y(t)) 

— hm ; . 

A/^0 At 

For simplicity, we write Ax = x(t + At) — x(t), Ay = y(t + At) — y(t) and 
Az — f(x(t + At), y(t + At)) - f(x(t), y{t)). This gives us 

£[/(*(*). y(0)]= lim . ^. 
at Af->o At 

Since / is a differentiable function of x and y, we have (from the definition of differentia- 
bility) that 

Az - -^-Ax +^-Ay + e x Ax + s 2 Ay, 
ox ay 

where ei and £2 both tend to 0, as (Ax, Ay) — > (0, 0). Dividing through by Af gives us 

Az df Ax df Ay Ax Ay 
At dx At dy At At At 

Taking the limit as Af — >■ 0 now gives us 

dt Af-»-o At 

df Ax df Ay 

— — hm 1 hm — 

dx Ai~*o At dy Ar->o At 

Ax Ay 
+ lim £1 lim — h lim e~> lim — — . (5.1) 

Af^O Af^O At Ar^O At^O At 



Ax x(t + At)-x(t) dx 

Notice that hm — — = hm = — 

A(^o At A/^o Af dt 



Ay y(t + At)-y(t) dy 

and lim — — = lim = — . 

A/^o At A/^o At dt 

Further, notice that since x(t) and y(t) are differentiable, they are also continuous and so, 
lim Ajc - lim [x(t + At) - x(t)] — 0. 

Likewise, lim Ay = 0, also. Consequently, since (Ax, Ay) — >• (0, 0), as At — >■ 0, we have 

At^O 

lim £1 = lim £2 = 0. 

Al^O At^O 
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From (5.1), we now have 
d 



dt 



[f(x(t), y(t))] 



df Ax 
— lim — 
dx Af^O At 



df ,. Ay 
— lim — 

dy Ar^o At 



Ax 

- lim Si lim — — 

Af^O Ar^O At 



Ay 

lim £2 lim — — 

Ar^O At^O At 



df dx 
dx dt 



dy dt' 

We summarize the chain rule for the derivative of f(x(t), y(t)) in Theorem 5.1. 



z=f(x,y) 




THEOREM 5. 1 (Chain Rule) 

If z — f(x(t), y(t)), where x(t) and y(t) are differentiable and f(x, y) is a 
differentiable function of x and y, then 
dz d 
dt ~ 



dt 



[f(x(t), y(t))] 



df dx 
dx dt 



df dy 
dy dt 



As a convenient device for remembering the chain rule, we sometimes use a tree 
diagram like the one shown in the margin. Notice that if z — f(x, y) and x and y are 
both functions of the variable t, then t is the independent variable. We consider x and y to 
be intermediate variables, since they both depend on t. In the tree diagram, we list the 
dependent variable z at the top, followed by each of the intermediate variables x and y, with 
the independent variable t at the bottom level, with each of the variables connected by a 



path. Next to each of the paths, we indicate the corresponding derivative I i.e., between z 



and x, we indicate 



dz 
dx 



dz 

The chain rule then gives — as the sum of all of the products of 
dt 



the derivatives along each path to t. That is, 

dz dz dx dz dy 
dt dx dt dy dt 

This device is especially useful for functions of several variables that are in turn functions 
of several other variables, as we will see shortly. 

We illustrate the use of this new chain rule in example 5.1. 



EXAMPLE 5. 1 Using the Chain Rule 

For z = f(x, y) = x 2 e y , x(t) — t 2 — 1 and y(f) = sin t, find the derivative of 
g(t) = f(x(tl y(t)). 

Solution We first compute the derivatives — = 2xe y , — — x 2 e y , x'(t) — 2t and 

dx dy 

y'(t) — cos t . The chain rule (Theorem 5.1) then gives us 



g'(t) = 



dz dx dz dy 



dx dt dy dt 
2(t 2 - l)e sin '(2t) + (t 2 



= 2xe y (2t) + x V'cosr 



l)V inf cosf. 



In example 5.1, notice that you could have first substituted for x and y and then com- 
puted the derivative of g{t) = (t 2 — l) 2 e sln? , using the usual rules of differentiation. In 
example 5.2, you don't have any alternative but to use the chain rule. 



EXAMPLE 5.2 A Case Where the Chain Rule Is Needed 

Suppose the production of a firm is modeled by the Cobb-Douglas production 
function P(k, I) — 20^^ 4 / 3 ^ 4 , where k measures capital (in millions of dollars) and / 
measures the labor force (in thousands of workers). Suppose that when 1 — 2 and k — 6, 
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the labor force is decreasing at the rate of 20 workers per year and capital is growing at 
the rate of $400,000 per year. Determine the rate of change of production. 

Solution Suppose that g{t) = P{k(t), l{t)). From the chain rule, we have 

dP , dP , 
g'(t) = —k'(t) + —/'(f). 
ok 81 

Notice that — = 5/T 3/4 / 3/4 and — = 15£ 1/4 r 1/4 . With I = 2 and k = 6, this gives 
8k 81 

8P 8P 
us — (6, 2) 2.1935 and — (6, 2) 19.741 1. Since k is measured in millions of 

8k 81 
dollars and / is measured in thousands of workers, we have k'(t) — 0.4 and 

l'(t) = —0.02. From the chain rule, we now have 
8P , 8P , 

g '(t) = — k'(t) + —m 

8k 81 
» 2.1935(0.4) + 19.741 1(-0.02) = 0.48258. 

This indicates that the production is increasing at the rate of approximately one-half 
unit per year. ■ 



We can easily extend Theorem 5.1 to the case of a function f(x, y), where x and y are 

both functions of the two independent variables s and t, x = x(s, t) and y — y(s, t). Notice 

that if we differentiate with respect to s, we treat t as a constant. Applying Theorem 5.1 

(while holding t fixed), we have 

8 8f 8x 9/ dy 

—[/(*, y)] = — — + — — ■ 
8s dx 8s dy 8s 

8 

Similarly, we can find a chain rule for — [f(x , y )] . This gives us the following more general 
form of the chain rule. 



THEOREM 5.2 (Chain Rule) 

Suppose that z = f(x, y), where / is a differentiable function of x and y and where 
x = x{s, t) and y — y(s, t) both have first-order partial derivatives. Then we have the 
chain rules: 

8z dz 8x dz dy 
8s 8x 8s dy ds 

dz dz 8x 8z dy 

and — — 1 -. 

8t dx dt dy dt 



The tree diagram shown in the margin serves as a convenient reminder of the chain 
rules indicated in Theorem 5.2, again by summing the products of the indicated partial 
derivatives along each path from z to s or t, respectively. 

The chain rule is easily extended to functions of three or more variables. You will 
explore this in the exercises. 



EXAMPLE 5.3 Using the Chain Rule 

Suppose that f(x, y) = e xy , x(u, v) = 3u sini> and y(u, v) = 4v 2 u. For 

dg 8g 

g(u, v) — f(x(u, v), y(u, vj), find the partial derivatives — and — . 

du 8v 

^ f ^ f 

Solution We first compute the partial derivatives — = ye xy , — = xe x 

dx dy 

dx dy 7 

— = 3 sin v and — — 4v~. The chain rule (Theorem 5.2) gives us 
du du 

dg df dx 9/ dy . 2 

— = —— + —— = ye Xi (3 sin v) + xe x > (4i/)- 
du dx du dy du 
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Substituting for x and y, we get 

^ = 4ir M e 12l,V sinl, (3 sin v) + 3u sin d«? 12 " V sin "(4ir). 
3m 

dx 

For the partial derivative of g with respect to d, we compute — — 3u cos v and 

3d 

dy 

— — 8dm. Here, the chain rule gives us 
3d 

3;? 

= ye c> '(3M cos d) + xe xy (8vu). 

3d 

Substituting for x and y, we have 

^ = 4D 2 Me 12 " 2 " 2 sin "(3M cos v) + 3m sin De 12 " Vsinu (8D M ). 

3d ■ 



Once again, it is often simpler to first substitute in the expressions for x and y. We leave 
it as an exercise to show that you get the same derivatives either way. On the other hand, 
there are plenty of times where the general forms of the chain rule seen in Theorems 5.1 
and 5.2 are indispensable. You will see some of these in the exercises, while we present 
several important uses next. 



EXAMPLE 5.4 Converting from Rectangular to Polar Coordinates 

For a differentiable function f(x, y) with continuous second partial derivatives, 
x — r cos 9 and y = r sin 9, show that f r — f x cos 9 + f y sin 9 and 
f rr — f xx cos 2 9 + 2f xy cos 9 sin 9 + f yy sin 2 9. 

dx dy 

Solution First, notice that — = cos 9 and — = sin 9. From Theorem 5.2, we 

dr dr 

now have 

df df dx df dy 
fr = — = —— + —— = fx cose + / v sin 6>. 
dr dx dr dy dr 

Be very careful when computing the second partial derivative. Using the expression we 
have already found for f r and Theorem 5.2, we have 

3(/r) 3 3 3 

fn = = t Or cos 0 + /, sin 9) = —(f x ) cos 9 + — (/ v )sin0 

or dr or or 



3 dx 3 dy 
7. (fx)~z h ~ \fx)~Z~ 
ox dr dy dr 



3 dx 3 dy 

^ (/v)t I" ~ (fy)~Z~ 
dx dr dy dr 



sinff 



= {fxx cos 9 + f xy sin 9) cos 9 + (f yx cos 9 + f yy sin 9) sin 9 

— f xx cos 2 9 + 2f xy cos 9 sin 9 + f yy sin 2 9, 

as desired, where we used the fact that f xy = f yx (due to the continuity of the second 
partial derivatives). ■ 



In the exercises, you will use the chain rule to compute other partial derivatives in polar 
coordinates. One important exercise is to show that we can write (for r ^ 0) 

1 1 

fxx + fyy — frr + ~ fr + -r/flfl. 

r r L 

This particular combination of second partial derivatives, f xx + f yy , is called the Laplacian 
off and appears frequently in equations describing heat conduction and wave propagation, 
among others. 

A slightly different use of a change of variables is demonstrated in example 5.5. An 
important strategy in solving some equations is to first rewrite and solve them in the most 
general form possible. One convenient approach to this is to convert to dimensionless 
variables. As the name implies, these are typically combinations of variables such that all 
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the units cancel. One example would be for an object with (one-dimensional) velocity v ft/s 

v 

and initial velocity v(0) — vo ft/s. The variable V — — is dimensionless because the units 

vo 

of V are ft/s divided by ft/s, leaving no units. Often, a change to dimensionless variables 
will simplify an equation. 



EXAMPLE 5.5 Dimensionless Variables 

An object moves in two dimensions according to the equations of motion: x"{t) = 0, 
y"(t) = —g, with initial velocity x'(0) = Vq cos 9 and y'(0) = i>o sin 9 and initial 
position x(0) — _v(0) = 0. Rewrite the equations and initial conditions in terms of the 

8 8 8 

variables X = —x, Y = — ^y and T = — t. Show that the variables X, Y and T are 

Vq v 2 v 0 

dimensionless, assuming that x and y are given in feet and t in seconds. 

Solution To transform the equations, we first need to rewrite the derivatives 

d 2 x d 2 y 

x — — r- and v = — « in terms of X, Y and T. From the chain rule, we have 
dt 2 dt 2 

dx _dx dT _ d(v 2 X/g) d(gt/v 0 ) _vldX g dX 
~dt~df~dt~ dT ~~dt ~~ ~g dT Vq ~ V ° df ' 
Again, we must be careful computing the second derivative. We have 

d 2 x d (dx\ d ( dX\ d ( dX\ dT 



dt 2 dt\dt) dt \ V °dT ) dT \ V0 dT 

d 2 X g d 2 X 
= V °df2V Q ~ 8 df i ' 

dy dY d 2 y d 2 Y 
You should verify that similar calculations give — = Vq — and — — = g — -. The 

dt dT dt 2 dT 2 

d 2 X d 2 X 
differential equation x (f) = 0 then becomes g — - = 0 or simply, — - = 0. 

dT 1 dT 1 

d 2 Y d 2 Y 

Similarly, the differential equation y (t) — —g becomes g — - = — g or — r- = — 1, 

dT 1 dT 1 

dX 

Further, the initial condition x (0) = Vq cos 6 becomes vq (0) = Vo cos 6 or 

dT 

dX , dY 

(0) = cos 6 and the initial condition y (0) = Vq sin(9 becomes Vq — (0) = i>o sin0 

dT dT 
dY 

or — (0) — sin 9. The initial value problem is now 
dT 

d 2 X d 2 Y dX dY 

= 0, — 2 = -1, -(0) = cos,, -(0) = sme, X(0) = 0, F(0) = 0. 

Notice that the only parameter left in the entire set of equations is 9, which is measured 
in radians (which is considered unitless). So, we would not need to know which unit 
system is being used to solve this initial value problem. Finally, to show that the 
variables are indeed dimensionless, we look at the units. In the English system, the 
initial speed vq has units ft/s and g has units ft/s 2 (the same as acceleration). Then 

X — —=x has units 

ft/s2 fft) - ft2/s2 - 

(ft/s) 2( 0 ~ ft 2 ]* 2 ~ 
g 

Similarly, Y has no units. Finally T — — t has units 

ft/s 2 _ ft/s _ 

ft7s~ ft/s _ '■ 
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O Implicit Differentiation 



Suppose that the equation F(x, y) — 0 defines y implicitly as a function of x, say 

dy 

y — f{x). In section 2.7, we saw how to calculate — in such a case. We can use the 

dx 

chain rule for functions of several variables to obtain an alternative method for calculating 
this. Moreover, this will provide us with new insights into when this can be done and, more 
important yet, this will generalize to functions of several variables defined implicitly by an 
equation. 

We let z = F(x, y), where x — t and y = f(t). From Theorem 5.1, we have 

dt x dt y dt 

dz dx 
But, since z — F(x, y) — 0, we have — =0, too. Further, since x — t, we have — = 1 

dt dt 

and — = — . This leaves us with 
dt dx 

dy 

Provided F y ^ 0, we have 

dy_ _ F^ 

dx Fy 

dy 

Since we already knew how to calculate — implicitly, this doesn't appear to give us any- 

dx 

thing new. However, it turns out that the Implicit Function Theorem (proved in a course 
in advanced calculus) says that if F x and F y are continuous on an open disk contain- 
ing the point {a, b), where F(a, b) — 0 and F y (a, b) ^ 0, then the equation F (x, y) — 0 
implicitly defines y as a differentiable function of x nearby the point (a, b). 

More significantly, we can extend this notion to functions of several variables defined 
implicitly, as follows. Suppose that the equation F(x, y, z) — 0 implicitly defines a func- 
tion z — f(x, y), where / is differentiable. Then, we can find the partial derivatives f x 
and f y using the chain rule, as follows. We first let w — F(x, y, z). From the chain rule, 
we have 

dw dx dv dz 

— = F x h F Y — + F, — . 

dx dx ' dx dx 

dw dx dy 

Notice that since w — F(x, y, z) = 0, — = 0. Also, — = 1 and — = 0, since x and y 

dx dx dx 

are independent variables. This gives us 

dz 

0=F< + F z — . 

dx 

As long as F z ^ 0, we have 

dz_ _F^ 
dx F z 

Likewise, differentiating w with respect to y leads us to 

- = (5.3) 

dy F z 

again, as long as F z ^ 0. Much as in the two-variable case, the Implicit Function The- 
orem for functions of three variables says that if F x , F y and F z are continuous inside 
a sphere containing the point (a, b, c), where F{a, b, c) — 0 and F z {a, b, c) ^ 0, then 
the equation F(x, y, z) — 0 implicitly defines z as a function of x and y nearby the 
point (a, b,c). 



(5.2) 
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BEYOND FORMULAS EXAMPLE 5.6 Finding Partial Derivatives Implicitly 



There are many more examples 
of the chain rule beyond the two 
written out in Theorems 5.1 and 
5.2. We ask you to write out 
other forms of the chain rule in 
the exercises. All of these 
variations would be impossible 
to memorize, but all you need to 
do to reproduce whichever rule 
you need is construct the 
appropriate tree diagram and 
remember the general format, 
"derivative of the outside times 
derivative of the inside." 



9z 9z 

Find — and — , given that F(x, y, z) — xy 2 + z 3 + sin(x yz) — 0. 
dx dy 

Solution First, note that using the usual chain rule, we have 

F x — y 2 + yz cos(xyz), 
F y — 2xy + xz cos(xyz) 

and F l — 3z 2 + xy cos(xyz). 

From (5.2) and (5.3), we now have 

dz F x y 2 + yz cos(xyz) 



dx 



F- 



3z 2 + xy cos{xyz) 



and 



dz F y 2xy + xz cos(xyz) 
dy F z 3z 2 + xy cos(xyz) 



Notice that, much like implicit differentiation with two variables, implicit differenti- 
ation with three variables yields expressions for the derivatives that depend on all three 
variables. 



EXERCISES 13.5 



0) 



55 WRITING EXERCISES 



1. In example 5. 1 , we mentioned that direct substitution followed 
by differentiation is an option (see exercises 1 and 2 below) and 
can be preferable. Discuss the advantages and disadvantages 
of direct substitution versus the method of example 5.1. 

2. In example 5.6, we treated z as a function of x and y. Explain 
how to modify our results from the Implicit Function Theorem 
for treating x as a function of y and z- 



1. Repeat example 5.1 by first substituting x — t 2 — 1 and 
y — sinf and then computing g'(t). 

2. Repeat example 5.3 by first substituting x = 3wsini; and 

y — 4v 2 u and then computing — and — . 

du 3d 



In exercises 7-14, state the chain rule for the general composite 
function. 

7. g(t) = f(x(t), y(t), z(t)) 

8. g(u, v) — f(x(u, v), y(u, v), z(u, v)) 

9. g(u, v, w) — f(x(u, v, id), y(u, v, w)) 

10. g(u, v, w) — f(x(u, v, w), y(u, v, w), z(u, v, w)) 

11. g(u, v) — f(u + v, u — v, u 2 + v 2 ) 

12. g(u, v) — f(u 2 v, v, v cos u) 

13. g(u, v, w) — f(uv, u/v, w 2 ) 

14. g(u, v, w) — f(u 2 + W 2 , U + V + w , u cos v) 



In exercises 3-6, use the chain rule to find the indicated 
derivative(s). 

3. g'(t), where g(t) = f(x(t), y(t)), f(x, y) = x 2 y - siny, 
x(t) = V^TI, y(t) = e> 

4. g'(t), where g(t) = f(x(t), y(t)), f(x, y) = y V + y 2 , 
x(t) = sin?, y(t) = t 2 + 2 

5. — and — , where g(u, v) — f(x(u, v), y(u, v)), 
du 3d 

f(x, y) — 4x 2 y 3 , x{u, v) — u 3 — v sin u, y(u, v) — Au 2 

dg dg 

6. — and — , where g(u, v) = f(x(u, v), y(u, v)), 
du 3 v 

f(x, y) — xy 3 — Ax 2 , x(u, v) — e" , y{u, v) — \lv 2 + 1 sini/ 



15. In example 5.2, suppose that 1 — 4 and k — 6, the labor force 
is decreasing at the rate of 60 workers per year and capital is 
growing at the rate of $100,000 per year. Determine the rate of 
change of production. 

16. In example 5.2, suppose that 1 — 3 and k — 4, the labor force 
is increasing at the rate of 80 workers per year and capital is 
decreasing at the rate of $200,000 per year. Determine the rate 
of change of production. 

17. Suppose the production of a firm is modeled by 
P(k, I) = I6k l/3 l 2/3 , with k and / defined as in example 5.2. 
Suppose that / = 3 and k — 4, the labor force is increasing at 
the rate of 80 workers per year and capital is decreasing at 
the rate of $200,000 per year. Determine the rate of change of 
production. 
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18. Suppose the production of a firm is modeled by 
P(k, I) — I6k [/3 l 2/3 , with k and / defined as in example 5.2. 
Suppose that / = 2 and k — 5, the labor force is increasing at 
the rate of 40 workers per year and capital is decreasing at 
the rate of $100,000 per year. Determine the rate of change of 
production. 

19. For a business product, income is the product of the quantity 
sold and the price, which we can write as / = qp. If the quan- 
tity sold increases at a rate of 5% and the price increases at a 
rate of 3%, show that income increases at a rate of 8%. 

20. Assume that I — qp as in exercise 15. If the quantity sold de- 
creases at a rate of 3% and price increases at a rate of 5%, 
determine the rate of increase or decrease in income. 



33. A simple model for the horizontal velocity of an object subject 

o v 
to drag is v'(t ) = -c[v(t)Y,v(0) - v 0 > 0. Show that V - — 

vo 

is a dimensionless variable. Find a dimensionless variable of 
the form T — - for some parameter k such that the simplified 

dV 2 

initial value problem is — —V , V(0) = 1. 

dT 

34. A simple model for the vertical velocity of an object sub- 
ject to drag is v'(t ) = —g + c[v(t)] 2 , v(0) = v 0 < 0. Show that 

v 

V — — is a dimensionless variable. Find a dimensionless vari- 

v 0 

able of the form T — - such that the simplified initial value 

k 

dV 

problem is = —a + V , V(0) = 1, for some parameter a. 

dT 



In exercises 21-26, use implicit differentiation to find 



3x 



and — . Assume that the equation defines z as a differentiable 

dy 

function near each (x, y). 

21. 3x 2 z + 2z 3 - 3yz = 0 

22. xyz — 4y 2 z 2 + cos xy — 0 

23. 3e xyz - 4xz 2 + x cos y = 2 

24. 3yz 2 - e 4x cos4z - 3y 2 = 4 

25. xyz — cos (x + y + z) 

26. In (x 2 + y 2 ) -z = tan-'(x + z) 



27. For a differentiable function f(x, y) with continuous par- 
tial derivatives, x = rcos9 and y — rs'm9, show that 
fe — — f x r sin 9 + f y r cos 9. 

28. For a differentiable function /(x, y) with continuous par- 
tial derivatives, x — rcos9 and y — r sin 9, show that 
f eg — f xx r 2 sin - 9 — 2f xy r 2 cos 9 sin 9 + f yy r 2 cos 2 9 — 

f x r cos 9 — f y r sin 9. 

29. For a differentiable function f(x, y) with continuous par- 
tial derivatives, x = rcos(9 and v = rsin#, use the re- 
sults of exercises 25 and 26 and example 5.4 to show that 

1 1 

f xx + f yy = f n . -\ — f r H — - fgg. This expression is called the 
r r- 

Laplacian of /. 

30. Given that r — y/x 2 + y 2 , show that 

dr x x x 

cos, 9. Starting from r 



9* Jx 2 ^ r 
dr 

does it follow that 



cos 6 



1 



■ ? Explain why it's not possible 



dx cos 

for both calculations to be correct. Find all mistakes. 

31. The heat equation for the temperature u(x, t) of a thin rod 
of length L is a 2 u xx — it,, 0 < x < L, for some constant a 2 , 
called the thermal diffusivity. Make the change of variables 

x a~ 

X — — and T — —t to simplify the equation. Show that X 
and T are dimensionless, given that the units of a 2 are ft 2 /s. 

32. The wave equation for the displacement u(x , t) of a vibrating 

string of length Lis a 2 u xx — u u , 0 < x < L, for some constant 

, x a 

a~ . Make the change of variables X — — and T — — t to sim- 

5 L L 

plify the equation. Assuming that X and T are dimensionless, 

find the dimensions of a 2 . 



In exercises 35-40, use the chain rule twice to find the indicated 
derivative. 



35. g(t) = f(x(t), y(t)), find g"(t) 

36. g(t) = f(x(t), y(t), z(t)\ find g"(t) 



37. g(u, v) — f(x(u, v), y(u, v)), find 

38. g(u, v) — f(x(u, v), y(u, u)), find 



du 2 

d 2 g 

dudv 



39. g(u, v) — f(u + v, u — v, u 2 + v 2 ), find 



dudv 



40. g(u, v) — f(u 2 v, v, v cos u), find 



8v 2 



41. Find the general form for the derivative of g(t) — u(t) vil) 
for differentiable functions u and v. (Hint: Start with 
f(u, v) — u") Apply the result to find the derivative of 
(2t + l) 3 ' 2 . 

42. Find the general form for the derivative of g(t ) = m^)"'"""' for 
differentiable functions u, v and w. Apply the result to find the 
derivative of (sin r)<' 2 + 4 ) 3 ' 



Exercises 43-48 relate to Taylor series for functions of two or 
more variables. 

43. Suppose that f{x, y) is a function with all partial 
derivatives continuous. For constants u\ and u 2 , define 
g(h) — f(x + hu\, y + hu2). We will construct the Taylor 
series for g(h) about h — 0. First, show that g(0) — f(x, y). 
Then show that g'(0) = f x (x, y)ui + f y (x, y)it2- Next, show 
that g"(0) = f xx u\ + 2f xy U\U2 + f yy u\, where the functions 
/a-a-> fxy an d f yy are all evaluated at (x, y). Evaluate g'"(0) and 
g (4) (0), and briefly describe the pattern of terms that emerges. 

44. Use the result of exercise 43 with hu\ — Ax and hu% — Ay to 
show that 

f(x + Ax, y + Ay) = f{x, y) + /,(*, y)Ax + f y (x, y)Ay 
+ [[f xx (x, y)Ax 2 + 2f xy {x, y)AxAy + f yy (x, y)Ay 2 ] 
+ : I/,,,". y)Ax 3 + 3/„ Y (x, y)Ax 2 Ay + 3/, VY (x, y) 
AxAy 2 + f yyy (x,y)Ay 3 ] + --- , 

which is the form of Taylor series for functions of two variables 
about the center (x, y). 

45. (a) Use the result of exercise 44 to write out the third-order 

Taylor polynomial for /(x , y) — sin x cos y about (0, 0). 
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(b) Compare your answer to a term-by-term multiplication of 
the Maclaurin series (Taylor series with center 0) for sin x 
and cos y. Write out the fourth-order and fifth-order terms 
for this product. 

46. (a) Write out the third-order polynomial for f(x, y) — sinxy 

about (0, 0). 

(b) Compare your answer to the Maclaurin series for sin u with 
the substitution u — xy. 

47. Write out the third-order polynomial for f(x , y ) — e 2x+y about 
(0, 0). 

48. Compare your answer in exercise 47 to the Maclaurin series 
for e" with the substitution u — 2x + y. 



49. Find the rate of change of f(x, y, z) = — h ye z as {x, y, z) 

y 

follows the curve (t 2 , t + 4, ln(f 2 +1)). 

50. Find the rate of change of 

f(x, y, z) — tan _1 (y/jc) + tan~'(z/y) as (x, y, z) follows the 
curve (2cos?, 2sinf, ?/8). 

51. The volume of a right circular cylinder is V — 7tr 2 h. Find the 
rate of change of volume if r increases at 0.2 m/s and h de- 
creases at 0.2 m/s. For which values of (r, h) does V increase? 

52. Find the rate of change of the volume of a right circular cylin- 
der if r increases at a rate of 2% per second and h decreases at a 
rate of 2% per second. For which percentages does V increase? 



APPLICATIONS 



55. A baseball player who has h hits in b at bats has a batting 

average of a = — , For example, 100 hits in 400 at bats would 

be an average of 0.250. It is traditional to carry three decimal 
places and to describe this average as being "250 points." To 
use the chain rule to estimate the change in batting average 
after a player gets a hit, assume that h and b are functions of 
time and that getting a hit means h' — b' — 1. 

, b-h 

(a) Show that a — — - — . 

b 2 

(b) Early in a season, a typical batter might have 50 hits in 200 
at bats. Show that getting a hit will increase batting average 
by about 4 points. Find the approximate increase in batting 
average later in the season for a player with 100 hits in 400 
at bats. In general, if b and /; are both doubled, how does 
a' change? 

(c) Approximate the number of points that the batting average 
will decrease by making an out. 

56. An economist analyzing the relationship among capital 
expenditure, labor and production in an industry might start 
with production p(x, y) as a function of capital x and labor 
y. An additional assumption is that if labor and capital are 
doubled, the production should double. This translates to 
p(2x, 2y) — 2p(x, y). This can be generalized to the relation- 
ship p(kx, ky) — kp(x, y), for any positive constant k. Differ- 
entiate both sides of this equation with respect to k and show 
that p(x, y) — xp x (x, y) + yp y (x, y). This would be stated by 
the economist as, "The total production equals the sum of the 
costs of capital and labor paid at their level of marginal prod- 
uct." Match each term in the quote with the corresponding term 
in the equation. 



53. The Environmental Protection Agency uses the 55/45 rule for 
combining a car's highway gas mileage rating h and its city 
gas mileage rating c into a single rating R for fuel efficiency 

using the formula R — . 

0.55/C + 0.45//7 

(a) Find the first-order Taylor series (terms for Ac and A/; but 
not Ac 2 ) for R(c, h) about (1, 1). 

(b) Explain why it's surprising that the EPA would use the com- 
plicated formula it does. To see why, consider a car with 
h — 40 and graphically compare the actual rating R to the 
Taylor approximation for 0 < c < 40. If c is approximately 
the same as h, is there much difference in the graphs? As c 
approaches 0, how do the graphs compare? The EPA wants 
to convey useful information to the public. If a car got 40 
mpg on the highway and 5 mpg in the city, would you want 
the overall rating to be (relatively) high or low? 

54. The pressure, temperature, volume and enthalpy of a gas 
are all interrelated. Enthalpy is determined by pressure 
and temperature, so E — f(P, T), for some function /. 
Pressure is determined by temperature and volume, so 
P — g(T, V), for some function g. Show that E — h(T, V) 

3/ 



where h is a composition of / and g. Chemists write 
/dE\ 

as I — I to show that P is being held constant. Similarly, 
V 3T l P 



dE 

dE 
df 



3h 

would refer to — . Using this convention, show that 
dT 5 



BE 



bp 

\dT /v 



EXPLORATORY EXERCISES 



1. Recall that if a scalar force F(x) is applied as x increases from 
x = a to x = b, then the work done equals W = F(x)dx. 
If the position x is a differentiable function of time, then we can 
write W = J* F(x(t))x'(t)dt, where x(0) = a andx(T) = b. 
Power is defined as the time derivative of work. Work is some- 
times measured in foot-pounds, so power could be measured 
in foot-pounds per second (ft-lb/s). One horsepower is equal to 
550 ft-lb/s. Show that if force and velocity are constant, then 
power is the product of force and velocity. Determine how 
many pounds of force are required to maintain 400 hp at 80 
mph. For a variable force and velocity, use the chain rule to 
compute power. 

2. Engineers and physicists (and thus mathematicians) spend 
countless hours studying the properties of forced oscillators. 
Two physical situations that are well modeled by the same 
mathematical equations are a spring oscillating due to some 
force and a simple electrical circuit with a voltage source. A 
general solution of a forced oscillator has the form 



u(t) = g(t) ■ 



Jo 



-«-»)/2 



JO 

A 

cos (t 

2 



N 2 . V3, 
u) H — sin — (t 
3 2 



u) 



el a . 



If g(0) = 1 and g'(0) = 2, compute t/(0) and «'(0). 
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13.6 THE GRADIENT AND DIRECTIONAL DERIVATIVES 



Q(a + hu^b + hu 2 ) 



u = <«!, u 2 ) 




P(a, b) 



FIGURE 13.33 

The vector PQ 



While hiking in rugged terrain, you might think of your altitude at the point given by 
longitude x and latitude y as defining a function f(x, y). Although you won't have a handy 
formula for this function, you can say more about this function than you might expect. If 
you face due east (in the direction of the positive x-axis), the slope of the terrain is given 
3 f 

by the partial derivative — (x, y). Similarly, facing due north, the slope of the terrain is 

df dx 

given by — (x, y). However, how would you compute the slope in some other direction, 

dy 

say north-by-northwest? In this section, we develop the notion of directional derivative, 
which will answer this question. 

Suppose that we want to find the instantaneous rate of change of f(x, y) at the point 
P(a, b) and in the direction given by the unit vector u = (u\, u.2). Let Q(x, y) be any point 

on the line through P(a, b) in the direction of u. Notice that the vector PQ is then parallel 
to u. Since two vectors are parallel if and only if one is a scalar multiple of the other, we 

have that PQ — hu, for some scalar h, so that 

PQ — (x — a, y — b) — hu — h{u\, uj) — (hu\, hu-i). 

It then follows that x — a — hu\ and y — b — huo, so that 

x = a + hu\ and y — b + hu2- 

The point Q is then described by (a + hu\, b + hu^i, as indicated in Figure 13.33. Notice 
that the average rate of change of z — f(x, y) along the line from P to Q is then 

f(a + hu\, b + hu2) — f(a, b) 
h ' 

The instantaneous rate of change of f(x, y) at the point P(a, b) and in the direction of the 
unit vector u is then found by taking the limit as h — > 0. We give this limit a special name 
in Definition 6.1. 



DEFINITION 6.1 

The directional derivative of /(x, y) at the point (a, b) and in the direction of the 
unit vector u = (u,\ , uj) is given by 

f{a + hu u b + hu 2 )- f(a,b) 
D u f(a, b) = hm , 

h^O h 

provided the limit exists. 



Notice that this limit resembles the definition of partial derivative, except that in this 
case, both variables may change. Further, you should observe that the directional derivative 
in the direction of the positive x-axis (i.e., in the direction of the unit vector u = (1, 0)) is 

D u f(a, b) - hm = —(a, b). 

h^o h dx 



Likewise, the directional derivative in the direction of the positive y-axis (i.e., in the direction 

3/ 

of the unit vector u = (0, 1>) is — .It turns out that any directional derivative can be 

dy 

calculated simply, as we see in Theorem 6.1. 
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THEOREM 6. 1 




Suppose that / is differentiable at (a 


, b) and u = (u\, u 2 ) is any unit vector. Then, we 


can write 




D u /(a, ft) = 


f x (a, b)u x + f y (a, b)u 2 . 



PROOF 

Letg(h) = f(a + hu\, b + hu 2 ). Then, g(Q) = f{a, £>)andso, from Definition 6.1, we have 

n „ ,. f(a + hu u b + hu 2 )- f(a,b) g(h) - g(Q) 
D u f(a, b) - lim = lim = g (0). 

If we define x — a + hu\ and y — b + hu 2 , we have g(h) = f(x, y). From the chain rule 
(Theorem 5.1), we have 

dfdx dfdy df df 

g (n) — 1 = — u\ H M2. 

3x rf/j 3y of/i dx 3y 

Finally, taking h — Q gives us 

A./(a, i) = g'(0) = §£(a, b)u x + d -f(a, b)u 2 , 
ox ay 



as desired. 



EXAMPLE 6.1 Computing Directional Derivatives 

For f(x, y) — x 2 y — 4y 3 , compute D u f(2, 1) for the directions (a) u = |) and 
(b) u in the direction from (2, 1) to (4, 0). 

Solution Regardless of the direction, we first need to compute the first partial 

df df o o 

derivatives — = 2xy and — — x~ — I2y~. Then, f x (2, 1) — 4 and f y (2, 1) = —8. 
dx dy 

For (a), the unit vector is given as u — j) and so, from Theorem 6.1 we have 

D u /(2, 1) = f x (2, l)m + f y (2, l)u 2 = 4^ - 8 = 2^3 - 4 « -0.5. 

Notice that this says that the function is decreasing in this direction. 

For (b), we must first find the unit vector u in the indicated direction. Observe that 
the vector from (2, 1) to (4, 0) corresponds to the position vector (2, —1) and so, the unit 
vector in that direction is u = (•J=, — 4j). We then have from Theorem 6.1 that 

O u /(2, 1) = f x (2, l)m + f y (2, l)ii2 = 4 ^-8 
So, the function is increasing rapidly in this direction. ■ 

For convenience, we define the gradient of a function to be the vector-valued function 
whose components are the first-order partial derivatives of /, as specified in Definition 6.2. 
We denote the gradient of a function / by grad/ or V/ (read "del /"). 



DEFINITION 6.2 




The gradient of f(x, y) is the vector- valued function 




\dx' dy 1 dx 


3/. 
- t-T 

3y 


provided both partial derivatives exist. 





(--)=-. 
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Using the gradient, we can write a directional derivative as the dot product of the 
gradient and the unit vector in the direction of interest, as follows. For any unit vector 

U = (U\, M2>, 

D u f{x, y) = f x (x, y)u\ + f y (x, y)u 2 

= (fx(x, y), f y (x, y)> • (wi, u 2 ) 
= V/(x,y)-u. 

We state this result in Theorem 6.2. 



THEOREM 6.2 

If / is a differentiable function of x and y and u is any unit vector, then 

D u f(x, y) = Vf(x, y) • u. 



Writing directional derivatives as a dot product has many important consequences, one 
of which we see in example 6.2. 



EXAMPLE 6.2 Finding Directional Derivatives 

For f{x, y) — x 2 + y 2 , find D u f(l, —1) for (a) u in the direction of v = (—3, 4) and 
(b) u in the direction of v = (3, —4). 

Solution First, note that 

At the point (1, —1), we have V/(l, —1) = (2, —2). For (a), a unit vector in the same 
direction as v is u = (— |, f). The directional derivative off in this direction at the 
point (1, —1) is then 

3 4\ -6-8 14 

D B /(1,-1) = (2 > -2) 



.5 5/ 5 5 

For (b), the unit vector is u = (I, — I) and so, the directional derivative of / in this 
direction at (1, —1) is 



A./(l, -1) = (2, -2) 



3 4\ 6 + 8 14 



5 5/5 5 



A graphical interpretation of the directional derivatives in example 6.2 is given in Fig- 
ure 13.34a. Suppose we intersect the surface z = f(x, y) with a plane passing through the 
point (1, —1, 2), which is perpendicular to the xy-plane and parallel to the vector u. (See 
Figure 13.34a.) Notice that the intersection is a curve in two dimensions. Sketch this curve 
on a new set of coordinate axes, chosen so that the new origin corresponds to the point 
(1, —1, 2), the new vertical axis is in the z-direction and the new positive horizontal 
axis points in the direction of the vector u. In Figure 13.34b, we show the case for 
u = (— |, I) and in Figure 13.34c, we show the case for u = (I, — I). In each case, the 
directional derivative gives the slope of the curve at the origin (in the new coordinate 
system). Notice that the direction vectors in example 6.2 parts (a) and (b) differ only by 
sign and the resulting curves in Figures 13.34b and 13.34c are exact mirror images of 
each other. 
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We can use a contour plot to estimate the value of a directional derivative, as we 
illustrate in example 6.3. 





i 

3- 
2- 


,z = 1 

~—L i z = 1 
r^j\ i z = 3 










H h 

-3 -2 






H 

2 3 




-2- 
-3- 







.3 4\ 

5' 5/ 



FIGURE 13.35 

Contour plot of z — x 1 + y 2 



EXAMPLE 6.3 Directional Derivatives and Level Curves 

Use a contour plot of z — x 2 + y 2 to estimate D u /(1, —1) for u = 

Solution A contour plot of z — x 2 + y 2 is shown in Figure 13.35 with the direction 
vector u = (— |, I) sketched in with its initial point located at the point (1, —1). The 
level curves shown correspond to z — 0.2, 0.5, 1, 2 and 3. From the graph, you can 

Az 

approximate the directional derivative by estimating - — , where Au is the distance 

Au 

traveled along the unit vector u. For the unit vector shown, Am = 1. Further, the vector 
appears to extend from the z — 2 level curve to the z — 0.2 level curve. In this case, 

Az 

Az = 0.2 — 2 — —1.8 and our estimate of the directional derivative is - — = —1.8. 

Au 

Compared to the actual directional derivative of — y = —2.8 (found in example 6.2), 
this is not very accurate. A better estimate could be obtained with a smaller Au. For 
example, to get from the z — 2 level curve to the z — I level curve, it appears that we 

Az 1-2 

travel along about 40% of the unit vector. Then - — = —2.5. You could 

5 Am 0.4 

continue this process by drawing more level curves, corresponding to values of z closer 

to z = 2. ■ 



Since a directional derivative gives the rate of change of a function in a given direction, 
it's reasonable to ask in what direction a function has its maximum or minimum rate of 
increase. First, recall from Theorem 3.2 in Chapter 1 1 that for any two vectors a and b, we 
have a • b = ||a||||b|| cos 6, where 6 is the angle between the vectors a and b. Applying this 
to the form of the directional derivative given in Theorem 6.2, we have 

D u f(a, b) = V/(a, b) ■ u 

= ||V/(a, 6)11 IN cos 0 = ||V/(a,&)||cos0, 

where 9 is the angle between the gradient vector at (a, b) and the direction vector u. 

Notice now that || V/(a, b)\\ cos# has its maximum value when 6 = 0, so that 
cos# = 1. The directional derivative is then ||V/(a, b)\\. This occurs when V/(a, b) and 

Vf(a,b) 



u are in the same direction, so that u = 
the directional derivative occurs when 6 



. Similarly, the minimum value of 

\Vf(a,b)\\ 
n, so that cos 6 



and u have opposite directions, so that u = 



V/(a, b) 



- —1. In this case, V/(a, b) 
Finally, observe that when 



\Vf(a,b)\\ 

9 = f , u is perpendicular to V /(a, b) and the directional derivative in this direction is zero. 
Since the level curves are curves in the xy-plane on which / is constant, notice that a zero 
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directional derivative at a point indicates that u is tangent to a level curve. We summarize 
these observations in Theorem 6.3. 



THEOREM 6.3 

Suppose that/ is a differentiable function of x and y at the point (a, b). Then 

(i) the maximum rate of change off at (a, b) is || V/(a, b)\\, occurring in the 
direction of the gradient; 

(ii) the minimum rate of change off at {a , b) is — 1| V f(a , b) \\ , occurring in the 
direction opposite the gradient; 

(iii) the rate of change off at (a, b) is 0 in the directions orthogonal to V/(a, b) and 

(iv) the gradient V/(a, b) is orthogonal to the level curve f(x, y) — c at the point 
(a, b), where c — f(a, b). 



In using Theorem 6.3, remember that the directional derivative corresponds to the rate 
of change of the function f(x, y) in the given direction. 




FIGURE 13.36 

Contour plot of z = x 2 + y 2 



EXAMPLE 6.4 Finding Maximum and Minimum Rates of Change 

Find the maximum and minimum rates of change of the function /(jc, y) = x 2 + y 2 at 
the point (1, 3). 

Solution We first compute the gradient V / = (2x, 2y) and evaluate it at the point 
(1, 3): V /(l, 3) = (2, 6). From Theorem 6.3, the maximum rate of change off at (1, 3) 
is ||V/(1, 3)|| = ||(2, 6}|| = V40 and occurs in the direction of 

V/d,3) = (2,6) 
[|V/(1,3)|| V40' 

Similarly, the minimum rate of change off at (1, 3) is 

— II V/(l, 3)|| = — 1| (2, 6) || = — V40, which occurs in the direction of 

V/(l,3) -(2,6) 



u = 



|V/(1,3)| 



40 



Notice that the direction of maximum increase in example 6.4 points away from the 
origin, since the displacement vector from (0, 0) to (1, 3) is parallel to u = (2, 6) /V40. This 
should make sense given the familiar shape of the paraboloid. The contour plot of f(x, y) 
shown in Figure 13.36 indicates that the gradient is perpendicular to the level curves. We 
expand on this idea in example 6.5. 



; = 0.5 




FIGURE 13.37 

Contour plot of 



z = 3x 



3xy 2 



1.97 



EXAMPLE 6.5 Finding the Direction of Steepest Ascent 

The contour plot of fix, y) = 3x — jc 3 — 3xy 2 shown in Figure 13.37 indicates several 
level curves near a local maximum at (1, 0). Find the direction of maximum increase 
from the point A(0.6, —0.7) and sketch in the path of steepest ascent. 

Solution From Theorem 6.3, the direction of maximum increase at (0.6, —0.7) is 
given by the gradient V/(0.6, —0.7). We have V/ = (3 — 3x 2 — 3y 2 , — 6xy) and 
so, V/(0.6, —0.7) = (0.45, 2.52). The unit vector in this direction is then 
u = (0.176, 0.984). A vector in this direction (not drawn to scale) at the point 
(0.6, —0.7) is shown in Figure 13.38a. Notice that this vector does not point toward the 
maximum at (1, 0). (By analogy, on a mountain, the steepest path from a given point 
will not always point toward the actual peak.) The path of steepest ascent is a curve 
that remains perpendicular to each level curve through which it passes. Notice that at 
the tip of the vector drawn in Figure 13.38a, the vector is no longer perpendicular to the 
level curve. Finding an equation for the path of steepest ascent is challenging. In 
Figure 13.38b, we sketch in a plausible path of steepest ascent. 
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/(0.6, -0.7) 



FIGURE 13.38a 

Direction of steepest ascent at (0.6, —0.7) 




z = /(0.6, -0.7) 



FIGURE 13.38b 

Path of steepest ascent 



Most of the results of this section extend easily to functions of any number of variables. 



DEFINITION 6.3 

The directional derivative of f(x, y, z) at the point (a, b, c) and in the direction of 
the unit vector u = (u\,U2, K3) is given by 

f(a + hu\, b + hu2, c + hu^) — f(a, b, c) 



D u f(a, b, c) — lim 

h— >0 



h 



provided the limit exists. 

The gradient of f(x, y, z) is the vector-valued function 

3/ 'if Bf\ of. 3/. , 3/, 
J 



\ax ay azj ax 
provided all the partial derivatives are defined. 



3v dz 



As was the case for functions of two variables, the gradient gives us a simple represen- 
tation of directional derivatives in three dimensions. 



THEOREM 6.4 

Iff is a differentiable function of x , y and z and u is any unit vector, then 
D u f(x,y,z) = Vf(x,y,z)-u. 



(6.1) 



As in two dimensions, we have that 

D u f(x, y, z) = V/(x, y, z) ■ u = ||V/(jc, y, z)\\ ||u|| cos Q 
= ||V/(x,y,z)||cos<9, 

where 9 is the angle between the vectors V/Qc, y, z) and u. For precisely the same reasons 
as in two dimensions, it follows that the direction of maximum increase at any given point 
is given by the gradient at that point. 



EXAMPLE 6.6 Finding the Direction of Maximum Increase 

If the temperature at point (x, y, z) is given by T(x, y, z) — 85 + (1 — z/100)e _(c " + - v2) , 
find the direction from the point (2, 0, 99) in which the temperature increases most 
rapidly. 
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Solution We first compute the gradient 

<df af df\ 

{ dx ' dy ' dz ; 



- 1-2x1 1 - — ) e - ( - t2+> ' 2) , ~2y 1 - — )<- M ' * '. -( — ) e -^+>' 2 > 



100/ ' V 100/ ' yioo/ 

and V/(2, 0, 99) = (— ^e" 4 , 0, — fjo^ -4 ). To find a unit vector in this direction, you 
can simplify the algebra by dropping the common factor of e~ 4 (think about why this 
makes sense) and multiplying by 100. A unit vector in the direction of (—4, 0, —1) and 

(-4,0, -1) 

also in the direction of V/(2, 0, 99), is then 



17 



Recall that for any constant k, the equation f(x, y,z) — k defines a level surface of the 
function f(x, y, z). Now, suppose that u is any unit vector lying in the tangent plane to the 
level surface f(x, y, z) — k at a point {a, b, c) on the level surface. Then, it follows that 
the rate of change off in the direction of u at (a, b, c) [given by the directional derivative 
D u f(a, b, c)] is zero, since / is constant on a level surface. From (6.1), we now have that 

0 = D u f(a, b, c) = V/(a, b, c) ■ u. 

This occurs only when the vectors V/(a, b, c) and u are orthogonal. Since u was taken 
to be any vector lying in the tangent plane, we now have that V/(a, b, c) is orthogonal 
to every vector lying in the tangent plane at the point (a, b, c). Observe that this says that 
V f(a, b, c) is a normal vector to the tangent plane to the surface f(x, y, z) = k at the point 
(a, b, c). This proves Theorem 6.5. 



THEOREM 6.5 

Suppose that f(x, y, z) has continuous partial derivatives at the point (a, b, c) and 
V/(a, b, c) ^ 0. Then, V/(a, b, c) is a normal vector to the tangent plane to the 
surface f(x, y, z) = k, at the point (a , b, c). Further, the equation of the tangent plane is 

0 = f x (a, b, c)(x — a) + f y (a, b, c)(y — b) + f z (a, b, c)(z — c). 



We refer to the line through (a, b, c) in the direction of V f(a, b, c) as the normal line 
to the surface at the point (a, b, c). Observe that this has parametric equations 

x — a + f x {a, b, c)t, y — b + f y (a, b, c)t, z — c + f z (a, b, c)t. 

In example 6.7, we illustrate the use of the gradient at a point to find the tangent plane 
and normal line to a surface at that point. 



EXAMPLE 6.7 Using a Gradient to Find a Tangent Plane 
and Normal Line to a Surface 

Find equations of the tangent plane and the normal line to x 3 y — y 2 + z 2 — 1 at the 
point (1, 2, 3). 

Solution If we interpret the surface as a level surface of the function 

f(x, y, z) — x 3 y — y 2 + z 2 , a normal vector to the tangent plane at the point (1, 2, 3) is 

given by V/(l, 2, 3). We have V/ = (3jc 2 v, x 3 - 2y, 2z) and 

V/(l, 2, 3) = (6, —3, 6). Given the normal vector (6, —3, 6) and point (1, 2, 3), an 

equation of the tangent plane is 

6{x - 1) - 3(y - 2) + 6(z - 3) = 0. 

The normal line has parametric equations 



x = l + 6t, y=2-3t, 7 = 3 + 6f. ■ 
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BEYOND FORMULAS 

The term gradient shows up in 
a large number of applications 
and its common usage is very 
close to our development in this 
section. By its use in directional 
derivatives, the gradient gives all 
the information you need to de- 
termine the change in a quantity 
as you move in a given direction 
from your current position. 
Because the gradient gives the 
direction of maximum increase, 
many processes that depend 
on maximizing or minimizing 
some quantity may be described 
with the gradient. When you 
see gradient in an application, 
think of these properties. 



/of 3/ \ 

: the point (a, b, f(a, b)) is given by ( — (a, b), — (a, b), — 1 ). Note 

\dx dy I 



Recall that in section 13.4, we found that a normal vector to the tangent plane to the 

surface z = fix, y) at 1 

that this is simply a special case of the gradient formula of Theorem 6.5, as follows. First, 
observe that we can rewrite the equation z = fix, y) as f(x, y) — z — 0. We can then think 
of this surface as a level surface of the function g{x, y,z) — f(x, y) — z, which at the point 
(a, b, f(a, b)) has normal vector 



Vg(a,b, f(a,b)) = 



of df 
ox ay 



Just as it is important to constantly think of ordinary derivatives as slopes of tangent lines and 
as instantaneous rates of change, it is crucial to keep in mind at all times the interpretations 
of gradients. Always think of gradients as vector-valued functions whose values specify the 
direction of maximum increase of a function and whose values provide normal vectors (to 
the level curves in two dimensions and to the level surfaces in three dimensions). 



EXAMPLE 6.8 Using a Gradient to Find a Tangent Plane to a Surface 

Find an equation of the tangent plane to z — sin(x + y) at the point (tt, tt, 0). 
Solution We rewrite the equation of the surface as g(x, y, z) = sin(x + y) — z — 0 



and compute Vg(x, y, z) — (cos(x + y), cos(x + y), 
normal vector to the surface is given by Vg(jr, tt, 0) = 
tangent plane is then 



-1). At the point (tt, tt, 0), the 
( 1 , 1 , — 1 ) . An equation of the 



(x - n) + (y - tt) - z = 0. 



EXERCISES 13.6 Qj 

^WRITING EXERCISES 

1. Pick an area outside your classroom that has a small hill. Start- 
ing at the bottom of the hill, describe how to follow the gradi- 
ent path to the top. In particular, describe how to determine the 
direction in which the gradient points at a given point on the hill. 
In general, should you be looking ahead or down at the ground? 
Should individual blades of grass count? What should you do 
if you encounter a wall? 

2. Discuss whether the gradient path described in exercise 1 is 
guaranteed to get you to the top of the hill. Discuss whether 
the gradient path is the shortest path, the quickest path or the 
easiest path. 

3. Use the sketch in Figure 13.34a to explain why the curves in 
Figures 13.34b and 13.34c are different. 

4. Suppose the function f(x, y) represents the altitude at vari- 
ous points on a ski slope. Explain in physical terms why the 
direction of maximum increase is 1 80° opposite the direction of 
maximum decrease, with the direction of zero change halfway 
in between. If f(x, y) represents altitude on a rugged mountain 
instead of a ski slope, explain why the results (which are still 
true) are harder to visualize. 

In exercises 1-4, find the gradient of the given function. 



1. f(x, y) - x 2 + 4xy 2 - y 
3. f(x,y) — xe Jcy +cosy 2 



2. f(x,y) = x i e i 



4. f(x, y) = eW* - x 2 y 3 



In exercises 5-10, find the gradient of the given function at the 
indicated point. 

5. f(x, y) = 2e 4x/y - 2x, (2, -1) 

6. f(x, y) — sin3xy + y 2 , (it, 1) 

7. /(x,y,z) = 3x 2 y-zcos;c, (0,2,-1) 

8. f{x, y, z) = Z 2 e 2x -y - Axz 2 , (1, 2, 2) 

9. fiw, x, y, z) — w 2 cosx + 3 In y e xz , (2, tt, 1,4) 

*1 



10. /(xi, X2, X3, X4, X5) = sin 
(2, 1,2, -1,4) 



X2 



3x 2 X4X5 — 2*Jx\xi , 



In exercises 11-26, compute the directional derivative of / at 
the given point in the direction of the indicated vector. 



11. 


f(x,y) = 


12. 


f(*,y) = 


13. 


f(x,y) = 


14. 


f(x,y) = 


15. 


f(.x,y) = 




tO (27T, TT) 


16. 


f(x,y) = 



(-2, |) to (0, 0) 
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17. fix, y, z) — x 3 yz 2 — tan '(x/y), (1, — 1, 2), u in the direction 
of (2,0, -1) 



18. fix, y, z) = v 7 * 2 + y 2 + z 2 , (1, -4, 8), u in the direction of 
(1,1,-2) 

19. /(x, y, z) — e xy+z , (1, —1, 1), u in the direction of 
4i - 2j + 3k 

20. f{x, y, z) — cosxy + z, (0, —2, 4), u in the direction of 
3j-4k 

21. fiw, x, y, z) = w 2 Jx 2 + 1 + 3ze xz , (2, 0, 1, 0), u in the 
direction of (1,3,4, -2) 

22. fiw, x, y, z) — cos(u; 2 xy) + 3z — tan2z, (2, — 1, 1, 0), u in 
the direction of (-2, 0, 1, 4) 

x 2 

23. f(x\, x 2 , x 3 , x 4 , x 5 ) = — - — sin 2x 3 + 3^/x 4 x 5 ,i2, 1,0, 1,4), 

x 2 

u in the direction of (1, 0, —2, 4, —2) 

24. /(xi , X2, X3, X4, X5) = 3xix|x3 — e 4 * 3 + In ^/x^xj, 
(-1,2, 0, 4, 1), u in the direction of (2, -1,0, 1, -2). 

25. /(x, y) defined by 2x 2 y - yz 3 + xz 2 - 2x 2 = 0 (z > 0), at 
(1, 1) in the direction of (3, —1). 

26. /(x, y) defined by xe z — y 2 z + 2yz — 2, at (1, 0) in the direc- 
tion of (-1,2) 



In exercises 27-34, find the directions of maximum and 
minimum change of / at the given point, and the values of the 
maximum and minimum rates of change. 

27. fix, y) = x 2 - y 3 , (a) (2, 1); (b) (-1, -2) 

28. fix, y) = y 2 e 4 \ (a) (0, -2); (b) (3, -1) 

29. fix, y) = x 2 cos(3xy), (a) (2, 0); (b) (-2, n) 

30. fix, y) = J2x 2 - y, (a) (3, 2); (b) (2, -1) 

31. fix, y) = V* 2 + y 2 , (a) (3, -4); (b) (-4, 5) 

32. fix, y) =xtm-\x/y), (a) (1, 1); (b) (1, V2) 

33. fix, y, z) = 4x 2 yz 3 , (a) (1, 2, 1); (b) (2, 0, 1) 

34. fix, y, z) = y/x 2 + y 2 + z 2 , (a) (1,2, -2); (b) (3, 1, -1) 



35. Use the contour plot to estimate D u f(l, 0) for (a) u = (1,0); 
(b)u = (0, 1). 




37. In exercises 3 1 and 34, compare the gradient direction to the 
position vector from the origin to the given point. Explain in 
terms of the graph off why this relationship should hold. 

38. Suppose that g(x) is a differentiable function and fix, y) = 
g(x 2 + y 2 ). Show that Vf(a, b) is parallel to (a, b). Explain 
this in graphical terms. 

I 39. Graph z — sin(x + y). The graph should remind you of a 
sequence of wave crests. If each crest extends parallel to 
the shoreline, explain why the gradient is perpendicular to 
the shoreline. If crests of a different wave align with the 
graph of z — sin(2x — y), find a vector perpendicular to the 
shoreline. 

1 40. Show that the vector (100,-100) is perpendicular to 
V sin(x + y). Explain why the directional derivative of 
sin(x + y) in the direction of (100,-100) must be zero. 
Sketch a wireframe graph of z — sin(x + y) from the view- 
point(100, —100, 0). Explain why you only see one trace. Find 
a viewpoint from which z — sin(2x — y ) only shows one trace. 



In exercises 41-44, find equations of the tangent plane and 
normal line to the surface at the given point. 

41. z = x 2 + y 3 at (1,-1,0) 

42. z = y/x 2 + y 2 at (3, -4, 5) 

43. x 2 + y 2 + z 2 = 6at(-l,2, 1) 

44. z 2 = x 2 -y 2 at (5, -3, -4) 

I In exercises 45 and 46, find all points at which the tangent plane 
to the surface is parallel to the ry-plane. Discuss the graphical 
significance of each point. 

45. z = 2x 2 - 4xy + y 4 

46. z — sin x cos y 



47. For fix, y) = x 2 y - 2y 2 , find (a, b) such that 
Vf(a,b)= (4,0). 

48. For fix, y) — x 2 y 2 — 2xy, find (a, b) such that 
V/(o,6)={4,12). 



In exercises 49 and 50, sketch in the path of steepest ascent from 
each indicated point. 



49. 



z = 0 



36. Use the contour plot to estimate Z)„/(0, 1) for (a) u = (1,0); 
(b)u=(0,-l>. 
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In exercises 51 and 52, use the table to estimate V f(0, 0). 



51. 





-0.2 


-0.1 


0 


0.1 


0.2 


-0.4 


2.1 


2.5 


2.8 


3.1 


3.4 


-0.2 


1.9 


2.2 


2.4 


2.6 


2.9 


0 


1.6 


1.8 


2.0 


2.2 


2.5 


0.2 


1.3 


1.4 


1.6 


1.8 


2.1 


0.4 


1.1 


1.2 


1.1 


1.4 


1.7 



52. 





-0.4 


-0.2 


0 


0.2 


0.4 


-0.6 


2.4 


2.1 


1.8 


1.3 


1.0 


-0.3 


2.6 


2.2 


1.9 


1.5 


1.2 


0 


2.7 


2.4 


2.0 


1.6 


1.3 


0.3 


2.9 


2.5 


2.1 


1.7 


1.5 


0.6 


3.1 


2.7 


2.3 


1.9 


1.7 



53. Label each as true or false and explain why. 
(a) V(/ + g) = V/ + Vg, (b) V(/g) = (V/)g + /(Vg) 

54. The Laplacian of a function f(x, y) is denned by 

V 2 /(*. y) = /«(*, y) + f yy (x, y). Compute W 2 f(x, y) for 
fix, y) = x 3 - 2xy + y 2 . 

f-srfr. if C*> y) £ (0, 0) 

55. Show that for f(x, y) = \ x +2y and 

I 0, if (x, y) = (0, 0) 
any u, the directional derivative D u f(0, 0) exists, but/ is not 
continuous at (0, 0). 

f4?2, if (x, y) j= (0, 0) 

56. Show that for /(x, y) = \ x + ^ and 

0, if (x, y) = (0, 0) 
any u, the directional derivative D u f(0, 0) exists, but / is not 
continuous at (0, 0). 



(|5 APPLICATIONS 

57. At a certain point on a mountain, a surveyor sights due east and 
measures a 10° drop-off, then sights due north and measures a 
6° rise. Find the direction of steepest ascent and compute the 
degree rise in that direction. 

58. At a certain point on a mountain, a surveyor sights due west 
and measures a 4° rise, then sights due north and measures a 
3° rise. Find the direction of steepest ascent and compute the 
degree rise in that direction. 



59. Suppose that the elevation on a hill is given by 
f(x, y) — 200 — y 2 — 4x 2 . (a) From the site at (1, 2), in which 
direction will the rain run off? (b) If a level road is to be built 
at elevation 100, find the shape of the road. 

60. Suppose that a person has money invested in five stocks. 
Let Xj be the number of shares held in stock i and let 
f(x[, xz, xt,, X4, X5) equal the total value of the stocks. If 
V/ = (2, —1, 6, 0, —2), indicate which stocks should be sold 
and which should be bought, and indicate the relative amounts 
of each sale or buy. 

61. In example 4.6 of this chapter, we looked at a manufacturing 
process. Suppose that a gauge of 4 mm results from a gap of 4 
mm, a speed of 10 m/s and a temperature of 900°. Further, sup- 
pose that an increase in gap of 0.05 mm increases the gauge by 
0.04 mm, an increase in speed of 0.2 m/s increases the gauge 
by 0.06 mm and an increase in temperature of 10° decreases 
the gauge by 0.04 mm. Thinking of gauge as a function of gap, 
speed and temperature, find the direction of maximum increase 
of gauge. 

62. If the temperature at the point (x, y, z) is given by 
T(x, y, z) — 80 + 5e~ ; (x~ 2 + y _1 ), find the direction from the 
point (1, 4, 8) in which the temperature decreases most rapidly. 

63. Sharks find their prey through a keen sense of smell and an 
ability to detect small electrical impulses. If /(x, y, z) indi- 
cates the electrical charge in the water at position (x,y,z) 
and a shark senses that V/ = (12, —20, 5), in which direction 
should the shark swim to find its prey? 

64. The speed 5 of a tennis serve depends on the speed v of the 
tennis racket, the tension t of the strings of the racket, the 
liveliness e of the ball and the angle 6 at which the racket is 
held. Writing S(v, t, e, 9), if VS = (12, -2, 3, -3), discuss 
the relative contributions of each factor. That is, for each vari- 
able, if the variable is increased, does the ball speed increase 
or decrease? 



^ EXPLORATORY EXERCISES 

1. The horizontal range of a baseball that has been hit depends on 
its launch angle and the rate of backspin on the ball. The ac- 
companying figure (on the following page; reprinted from Keep 
Your Eye on the Ball by Watts and Bahill) shows level curves 
for the range as a function of angle and spin rate for an initial 
speed of 1 10 mph. Watts and Bahill suggest using the dashed 
line to find the best launch angle for a given spin rate. For ex- 
ample, start aico — 2000, move horizontally to the dashed line 
and then vertically down to 9 — 30. For a spin rate of 2000 rpm, 
the greatest range is achieved with a launch angle of 30°. To 
understand why, note that the dashed line intersects level curves 
at points where the level curves have horizontal tangents. Start 
at a point where the dashed line intersects a level curve and 
explain why you can conclude from the graph that changing 
the angle would decrease the range. Therefore, the dashed line 
indicates optimal angles. As co increases, does the optimal an- 
gle increase or decrease? Explain in physical terms why this 
makes sense. Explain why you know that the dashed line does 
not follow a gradient path and explain what a gradient path 
would represent. 
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In this exercise, we look at one of the basic principles of three- 
dimensional graphics. We have often used wireframe graphs 
such as Figure A to visualize surfaces in three dimensions. 
Still, there is something missing, isn't there? Almost every- 
thing we see in real life is shaded by a light source from above. 
This shading gives us very important clues about the three- 
dimensional structure of the surface. In Figure B, we have 
simply added some shading to Figure A. We want to under- 
stand a basic type of shading called Lambert shading. The 
idea is to shade a portion of the picture based on the size of 



the angle between the normal to the surface and the line to 
the light source. The larger the angle, the darker the portion 
of the picture should be. Explain why this works. For the sur- 
face z — e~ x ~ y (shown in Figures A and B with — 1 < x < 1 
and — 1 < y < 1) and a light source at (0, 0, 100), compute the 
angle at the points (0, 0, 1 ), (0, 1 , e~ 1 ) and ( 1 , 0, e~ 1 ). Show that 
all points with x 2 + y 2 — 1 have the same angle and explain 
why, in terms of the symmetry of the surface. If the position 
of the light source is changed, will these points remain equally 
well lit? Based on Figure B, try to determine where the light 
source is located. 




FIGURE A 



FIGURE B 




13.7 EXTREMA OF FUNCTIONS OF SEVERAL VARIABLES 



You have seen optimization problems reappear in a number of places, since we first 
introduced the idea in section 3.6. In this section, we introduce the mathematical basis 
for optimizing functions of several variables. 

From the graph of the surface z — xe~ x / 2_ >' / 3+v , shown in Figure 13.39ayoushouldbe 
able to identify both apeak and a valley. We show close-up views of these in Figures 13.39b 
and 13.39c, respectively. Following our discussion for functions of a single variable, we 



z refer to such points as local extrema, which we define as follows. 

A 

x 0.9 




FIGURE 13.39a FIGURE 13.39b FIGURE 13.39c 

z — xe~ x l 2 ~y l i+ y Local maximum Local minimum 



DEFINITION 7.1 

We call f(a, b) a local maximum off if there is an open disk R centered at (a, b), 
for which f(a, b) > f(x, y) for all (x, y) e R. Similarly, f(a, b) is called a local 
minimum off if there is an open disk R centered at (a, b), for which 
f(a, b) < f(x, y) for all (x, y) e R. In either case, f(a, b) is called a local 
extremum of / 
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As with our definition of local extrema for functions of a single variable given in section 
3.2, the idea here is that, if f{a, b) > fix, y) for all (x, y) "near" {a, b), we call f(a, b) a 
local maximum. 

Look carefully at Figures 13.39b and 13.39c; it appears that at both local extrema, 
the tangent plane is horizontal. This makes sense, since if the tangent plane was tilted, the 
function would be increasing in one direction and decreasing in another direction, which 
can't happen at a local extremum (maximum or minimum). Much as with functions of one 
variable, it turns out that local extrema can occur only where the first (partial) derivatives 
are zero or do not exist. 



DEFINITION 7.2 

The point (a, b) is a critical point of the function fix, y) if (a, b) is in the domain of 

df df 'df df 

/ and either — (a, b) — — (a, b) — 0 or one or both of — and — do not exist at 
dx dy dx dy 

(a, b). 



Recall that for a function / of a single variable, iff has a local extremum at x — a, then 
a must be a critical number off [i.e., f'(a) — 0 or f'(a) is undefined]. Similarly, if f(a, b) 
is a local extremum, then (a, b) must be a critical point off. Be careful, though; although 
local extrema can occur only at critical points, a given critical point need not correspond 
to a local extremum. For this reason, we refer to critical points as candidates for local 
extrema. 



THEOREM 7.1 

If f{x, y) has a local extremum at (a, b), then (a, b) must be a critical point of /. 



PROOF 

Suppose that fix, y) has a local extremum at ia,b). Holding y constant at y — b, 
notice that the function g(.r) = fix,b) has a local extremum at x — a. By Fermat's 
Theorem (Theorem 2.2 in Chapter 3), either g'ia) — 0 or g'ia) doesn't exist. Note that 
df 

g (a) = — ia,b). Likewise, holding x constant at x — a, observe that the function 

dx 

hiy) — fia, y) has a local extremum at y = b. It follows that h'ib) — 0 or h'ib) doesn't 
df 

exist, where h (b) — —(a, b). Combining these two observations, we have that each of 

dy 

df df 

— ia,b) and — ia,b) equals 0 or doesn't exist. It then follows that (a, b) must be a critical 
dx dy 
point of /. ■ 

When looking for local extrema, you must first find all critical points, since local 
extrema can occur only at critical points. Then, analyze each critical point to determine 
whether it is the location of a local maximum, local minimum or neither. We now return to 
the function fix, y) — xe~ x ' 2 ~ y ' 3+y discussed in the introduction to the section. 



EXAMPLE 7.1 Finding Local Extrema Graphically 

Find all critical points of fix, y) = xe~ x '^ 2 ~ y ~/ 3+y and analyze each critical point 
graphically. 

Solution First, we compute the first partial derivatives: 

d _l = e -*V2-y 3 /3+v + x{ _ x)e - x *,2-f li+y = (1 _ x 2 )e _. l . V 2-vV3 +y 

dx 
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and 



3/ , 2 
-r- = x(-y 
dy 



\)e 



-x 2 /2-yi/3+y 



dx 



0 if and only if 1 - x 1 — 0, that 
j 2 + 1) = 0, that is, when x — 0 



Since exponentials are always positive, we have 

3/ 

is, when x — ±1. We have — = 0 if and only if x(- 

dy 

or y — ±1. Notice that both partial derivatives exist for all (x, y) and so, the only 

3/ 3/ 

critical points are solutions of — = — =0. For this to occur, we need x = ±1 and 

dx dy gy 

either x — 0 or y = ± 1 . However, if x = 0, then — ^ 0, so there are no critical points 

dx 

with x ' 0. This leaves all combinations of x — ±1 and y = ±1 as critical points: 
(1, 1), (—1, 1), (1, —1) and (—1, —1). Keep in mind that the critical points are only 
candidates for local extrema; we must look further to determine whether they 
correspond to extrema. We zoom in on each critical point in turn, to graphically identify 
any local extrema. We have already seen (see Figures 13.39b and 13.39c) that fix, y) 
has a local maximum at (1, 1) and a local minimum at (—1, 1). Figures 13.40a and 
13.40b show z — fix, y) zoomed in on (1, —1) and (—1, —1), respectively. In 
Figure 13.40a, notice that in the plane x — 1 (extending left to right), the point at 
(1, —1) is a local minimum. However, in the plane y = — 1 (extending back to front), 
the point at (1, —1) is a local maximum. This point is therefore not a local extremum. 
We refer to such a point as a saddle point. (It looks like a saddle, doesn't it?) Similarly, 
in Figure 13.40b, notice that in the plane x = — 1 (extending left to right), the point at 
(—1, —1) is a local maximum. However, in the plane y = — 1 (extending back to front), 
the point at (—1, —1) is a local minimum. Again, at (—1, —1) we have a saddle point. 




-0.309 
-0.310 

-0.311 
-0.312 
-0.313 
-0.314 




-1.1 



FIGURE 13.40a 

Saddle point at (1, -1) 



FIGURE 13.40b 

Saddle point at (— 1 , — 1 ) 



We now pause to carefully define saddle points. 



DEFINITION 7.3 

The point P(a, b, fia, b)) is a saddle point of z — fix, y) if (a, b) is a critical 
point off and if every open disk centered at (a, b) contains points (x, y) in the 
domain off for which fix, y) < fia, b) and points (x, y) in the domain off for 
which fix, y) > fia, b). 



To further explore example 7.1 graphically, we show a contour plot of 
fix, y) — jfe _A '"/ 2_ }' 3 /3+v m Figure 13.41. Notice that near the local maximum at 
(1,1) and the local minimum at (—1, 1) the level curves resemble concentric circles. This 
corresponds to the paraboloid-like shape of the surface near these points. (See Figures 1 3.39b 
and 13.39c.) Concentric ovals are characteristic of local extrema. Notice that, without the 
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Id = 1.15 




= 0.4 



level curves labeled, there is no way to tell from the contour plot which is the maximum and 
which is the minimum. Saddle points are typically characterized by the hyperbolic -looking 
curves seen near (—1, —1) and (1, —1). 

Of course, we can't rely on interpreting three-dimensional graphs for finding local 
extrema. Recall that for functions of a single variable, we developed two tests (the first 
derivative test and the second derivative test) for determining when a given critical number 
corresponds to a local maximum or a local minimum or neither. The following result, which 
we prove at the end of the section, is surprisingly simple and is a generalization of the second 
derivative test for functions of a single variable. 



FIGURE 13.41 

Contour plot of 



f(x, y) = xe 



-X 1 12-y 1 p+y 



THEOREM 7.2 (Second Derivatives Test) 

Suppose that f(x, y) has continuous second-order partial derivatives in some open 
disk containing the point (a, b) and that f x (a, b) = f y (a, b) — 0. Define the 
discriminant D for the point (a, b) by 

D(a, b) = f xx (a, b)f yy (a, b) - [f xy (a, b)f. 

(i) If D(a, b) > 0 and f xx {a, b) > 0, then/ has a local minimum at (a, b). 

(ii) If D(a, b) > 0 and f xx (a, b) < 0, then / has a local maximum at {a, b). 

(iii) If D(a, b) < 0, then/ has a saddle point at (a, b). 

(iv) If D{a, b) — 0, then no conclusion can be drawn. 




FIGURE 13.42a 

z = 3x 2 - r 



Point 


(0, 0) 


(-2,-2) 


/» = 6 


6 


6 


fyy = ~6y 


0 


12 


fxy = "6 


-6 


-6 


D(a,b) 


-36 


36 



It's important to make some sense of this result (in other words, to understand it and 
not just memorize it). Note that to have D(a, b) > 0, we must have both f xx (a, b) > 0 
and f yy (a, b) > 0 or both f xx (a, b) < 0 and f yy (a, b) < 0. In the first case, notice that 
the surface z = fix, y) will be concave up in the plane y — b and concave up in the 
plane x — a. In this case, the surface will look like an upward-opening paraboloid near 
the point (a, b). Consequently, / has a local minimum at (a, b). In the second case, both 
f xx (a, V) < 0 and f yy (a, b) < 0. This says that the surface z = f(x, y) will be concave 
down in the plane y — b and concave down in the plane x — a. So, in this case, the surface 
looks like a downward-opening paraboloid near the point (a, b) and hence, / has a local 
maximum at (a, b). Observe that one way to get D(a, b) < 0 is for f xx {a, b) and f yy (a, b) 
to have opposite signs (one positive and one negative). To have opposite concavities in the 
planes x — a and y — b means that there is a saddle point at (a, b), as in Figures 13.40a and 
13.40b. We note that having f xx (a, b) > 0 and f yy (a, b) > 0, without having D(a, b) > 0 
does not say that f(a, b) is a local minimum. We explore this in the exercises. 



EXAMPLE 7.2 Using the Discriminant to Find Local Extrema 

Locate and classify all critical points for f(x, y) = 3x 2 — y 3 — 6xy. 

Solution We first compute the first partial derivatives: f x = 6x — 6y and 

f y = — 3y 2 — 6.T. Since both f x and f y are defined for all (x, v), the critical points 

are solutions of the two equations: 



and 



f x = 6x -6y = 0 
f y = -3 y 2 - 6x = 0. 



Solving the first equation for y, we get y — x. Substituting this into the second equation, 
we have 



0 



-3x z - 6x 



-3x(x + 2), 



so that x = 0 or x = —2. The corresponding y-values are y = 0 and y = —2. The only 
two critical points are then (0, 0) and (—2, —2). To classify these points, we first 
compute the second partial derivatives: f xx — 6, f yy = — 6y and f xy — —6, and then 



878 



CHAPTER 13 • • Functions of Several Variables and Partial Differentiation 



13-70 



test the discriminant. We have 




FIGURE 13.42b 

Contour plot of 



f(x, y) = 3x 2 



6xy 




FIGURE 13.43a 

Z= f(x,y) near (0,0) 




FIGURE 13.43b 

z — f{x, y) near (—2, 1) 




1.2 



FIGURE 13.43c 

Z = fix, y) near (-1, |) 



and 



Z)(0, 0) = (6)(0) - (-6) 2 = - 
D(-2,-2) = (6)(12)-(-6) 2 



36 < 0 
= 36 > 0. 



From Theorem 7.2, we conclude that there is a saddle point off at (0, 0), since 
D(0, 0) < 0. Further, there is a local minimum at (—2, —2) since D (—2, —2) > 0 and 
f xx (—2, —2) > 0. The surface is shown in Figure 13.42a (on the preceding page). The 
locations of the local minimum and the saddle point can be seen more clearly in the 
contour plot shown in Figure 13.42b. ■ 



As we see in example 7.3, the Second Derivatives Test does not always help us to 
classify a critical point. 



EXAMPLE 7.3 Classifying Critical Points 

Locate and classify all critical points for f(x, y) — jc 3 — 2y 2 — 2y 4 + 3x 2 y. 

Solution Here, we have f x = 3x 2 + 6xy and f y = —Ay — 8y 3 + 3x 2 . Since both 
f x and f y exist for all {x, y), the critical points are solutions of the two equations: 

fx — 3x 2 + 6xy — 0 



and f y ' - 

From the first equation, we have 

0 = 3x 2 
0 or x 



Ay - 8y 3 + 3x 2 



0. 



so that at a critical point, x 
equation, we have 



6xy = 3x(x + 2y), 
—2y. Substituting x 



0 into the second 



0 



_4y-8y 3 = -4y(l+2y 2 ), 



so that y = 0. Thus, for x — 0, we have only one critical point: (0, 0). Substituting 
x = —2y into the second equation, we have 

0 = -Ay - 8y 3 + 3(4y 2 ) = -Ay(l + 2y 2 - 3y) = -4y(2y - l)(y - 1). 

The solutions of this equation are y = 0, y = \ and y = 1, with corresponding critical 
points (0, 0), (—1, |) and (—2, 1). To classify the critical points, we compute the second 



partial derivatives, f xx — 6x + 6y, f yy — —A 
discriminant at each critical point. We have 



24y and f xy — 6x, and evaluate the 



and 



= (0)(-4) - (0) 2 = 0, 
= (-3)(-10) - (-6) 2 = -6 < 0 

D(-2, 1) = (-6K-28) - (-12) 2 = 24 > 0. 



D 



D(0, 0) 
1 
2 



1. 



From Theorem 7.2, we conclude that/ has a saddle point at (—1, i), since 
D (—1, 5) < 0. Further,/ has a local maximum at (—2, 1) since D(—2, 1) > 0 and 
fxx(— 2, 1) < 0. Unfortunately, Theorem 7.2 gives us no information about the critical 
point (0, 0), since D(Q, 0) = 0. However, notice that in the plane y = 0 we have 
f(x, y) = x 3 . In two dimensions, the curve z — x 3 has an inflection point at x — 0. 
This shows that there is no local extremum at (0, 0). The surface near the three critical 
points is shown in Figures 13.43a-13.43c. ■ 



One commonly used application of the theory of local extrema is the statistical 
technique of least squares. This technique (or, more accurately, this criterion) is essential 
to many commonly used curve-fitting and data analysis procedures. Example 7.4 illustrates 
the use of least squares in linear regression. 
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X 


y 


0 


179 


1 


203 


2 


227 


3 


249 



EXAMPLE 7.4 Linear Regression 

Population data from the U.S. census are shown in the following table. 



Year 


Population 


1960 


179,323,175 


1970 


203,302,031 


1980 


226,542,203 


1990 


248,709,873 



250 
240 
230 
220 
210 
200 
190 
180 + 



U 



1 



FIGURE 13.44 

S. population since 1960 
(in millions) 



Find the straight line that "best" fits the data. 

Solution To make the data more manageable, we first transform the raw data into 
variables x (the number of decades since 1960) and y (population, in millions of people, 
rounded off to the nearest whole number). We display the transformed data in the table 
in the margin. A plot of x and y is shown in Figure 13.44. From the plot, it would appear 
that the population data are nearly linear. Our goal is to find the line that "best" fits the 
data. (This is called the regression line.) The criterion for "best" fit is the least-squares 
criterion, as defined below. We take the equation of the line to be y — ax + b, with 
constants a and b to be determined. For a value of x represented in the data, the error (or 
residual) is given by the difference between the actual y-value and the predicted value 
ax + b. The least-squares criterion is to choose a and b to minimize the sum of the 
squares of all the residuals. (In a sense, this minimizes the total error.) For the given 
data, the residuals are shown in the following table. 



X 


ax + b 


y 


Residual 


0 


b 


179 


b- 179 


1 


a + b 


203 


a + b - 203 


2 


2a + b 


227 


2a + b - 227 


3 


3a + b 


249 


3a + b - 249 



The sum of the squares of the residuals is then given by the function 

f(a, b) = (b- 179) 2 + (a + b - 203) 2 + (2a + b - 227) 2 + (3a + b - 249) 2 . 

From Theorem 7.1, we must have — = — = 0 at the minimum point, since f a and ft, 

da db 

are defined everywhere. We have 

0 = — = 2(a + b - 203) + 4(2a +b- 227) + 6(3a + b- 249) 
da 



and 



9/ 



0 = — = 2(b - 179) + 2(a + b - 203) + 2(2a + b~ 227) + 2(3a + b- 249). 
db 

After multiplying out all terms, we have 

28a + 12b - 2808 
and 12a + 8^=1716. 

The second equation reduces to 3a + 2b — 429, so that a — 143 — \b. Substituting this 
into the first equation, we have 



143 - -b I 



or 



4004 - 2808 



56 

y 



12 b 
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This gives us b — ^ = 179.4, so that 



2 /897 
a = 143 - - 

3 V 5 



) 




The regression line with these coefficients is 



y = 23.4x + 179.4. 



Realize that all we have determined so far is that (a, b) is a critical point, a candidate for 
a local extremum. To verify that our choice of a and b gives the minimum function value, 
note that the surface z — f(x, y) is a paraboloid opening toward the positive z-axis (as in 
x Figure 13.45) and the only critical point of an upward-curving paraboloid corresponds 
to an absolute minimum. Alternatively, you can show that D(a, b) — 80 > 0 and 
f aa > 0. A plot of the regression line y — 23 Ax + 179 .4 with the data points is shown 
in Figure 13.46. Look carefully and notice that the line matches the data quite well. This 
also gives us confidence that we have found the minimum sum of the squared 
residuals. ■ 

As you will see in the exercises, finding critical points of even simple functions of 
several variables can be challenging. For the complicated functions that often arise in 
applications, finding critical points by hand can be nearly impossible. Because of this, 
numerical procedures for estimating maxima and minima are essential. We briefly introduce 
one such method here. 

Given a function f(x, y), make your best guess (xn, vo) of the location of a local 
maximum (or minimum). We call this your initial guess and want to use this to obtain a 
more precise estimate of the location of the maximum (or minimum). How might we do 
that? Well, recall that the direction of maximum increase of the function from the point 
(xq, yd) is given by the gradient V/(xn, yo). So, starting at (xo, yo), if we move in the 
direction of V/(jco, yo), f should be increasing, but how far should we go in this direction? 
One strategy (the method of steepest ascent) is to continue moving in the direction of the 
~* x gradient until the function stops increasing. We call this stopping point (xi, y{). Starting 
anew from (x\, y\), we repeat the process, by computing a new gradient Vf(x\, y\) and 
following it until fix, y) stops increasing, at some point (x%, yi)- We then continue this 
process until the change in function values from f(x n , y„) to f{x n+ \, y n +\) is insignificant. 
Likewise, to find a local minimum, follow the path of steepest descent, by moving in the 
direction opposite the gradient, — V/(xn, yo) (the direction of maximum decrease of the 
function). We illustrate the steepest ascent algorithm in example 7.5. 

EXAMPLE 7.5 Method of Steepest Ascent 

Use the steepest ascent algorithm to estimate the maximum of 
f(x, y) = 4xy — x 4 — y 4 + 4 in the first octant. 

Solution A sketch of the surface is shown in Figure 13.47. We will estimate the 
maximum on the right by starting with an initial guess of (2, 3), where f(2, 3) = —69. 
(Note that this is obviously not the maximum, but it will suffice as a crude initial guess.) 
From this point, we want to follow the path of steepest ascent and move in the direction 
of V/(2, 3). We have 



and so, V/(2, 3) = (—20, —100). Note that every point lying on the line through (2, 3) 
3 - in the direction of (—20, —100) will have the form (2 — 20/i, 3 — lOOh), for some value 
of h > 0. (Think about this!) Our goal is to move in this direction until f(x, y) stops 
increasing. Notice that this puts us at a critical point for function values on the line of 
points (2 — 20/z, 3 — lOOh). Since the function values along this line are given by 
g(h) — f(2 — 20h, 3 — 100/;), we find the smallest positive h such that g'(h) — 0. From 



V/(x, y) = {Ay - 4x 3 , 4x - 4y 3 ) 



13-73 



SECTION 13.7 •• Extrema of Functions of Several Variables 



881 



the chain rule, we have 

g'(h) = -20— (2 - 20h, 3 - 100/t) - 100 — (2 - 20h, 3 - 100/?) 
dx dy 

- -20[4(3 - 100/?) - 4(2 - 20h) 3 ] - 100[4(2 - 20/?) - 4(3 - 100/?) 3 ]. 

Solving the equation g'(h) = 0 (we did it numerically), we get h 0.02. This moves 
us to the point (x\, yi) — (2 — 20/?, 3 — 100k) = (1.6, 1), with function value 
f( x i i yi) = 2.8464. A contour plot of f(x, y) with this first step is shown in Figure 
13.48a. Notice that since f(x\, y\) > /{xq, yo), we have found an improved 
approximation of the local maximum. To improve this further, we repeat the process 
starting with the new point. In this case, we have V/(1.6, 1) = (—12.384, 2.4) and we 
look for a critical point for the new function g(h) = /(1.6 — 12.384/?, 1 + 2.4/?), for 
h > 0. Again, from the chain rule, we have 

g'(h) = -12.384— (1.6 - 12.384/i, 1 + 2 Ah) + 2.4— (1.6 - 12.384/?, 1 + 2.4/?). 

dx dy 




Solving g'(h) — 0 numerically gives us h « 0.044. This moves us to the point 
(*2, yz) = (1.6 - 12.384/?, 1 + 2.4/?) = (1.055, 1.106), with function value 
f(x2, yi) — 5.932. Notice that we have again improved our approximation of the local 
maximum. A contour plot of f(x, y) with the first two steps is shown in Figure 13.48b. 
From the contour plot, it appears that we are now very near a local maximum. In 
practice, you continue this process until you are no longer improving the approximation 
significantly. (This is easily implemented on a computer.) In the accompanying table, 
we show the first seven steps of steepest ascent. We leave it as an exercise to show that 
the local maximum is actually at (1, 1) with function value /(l, 1) = 6. 



n 


x„ 


y n 


f(x,„y„) 


0 


2 


3 


-69 


1 


1.6 


1 


2.846 


2 


1.055 


1.106 


5.932 


3 


1.0315 


1.0035 


5.994 


4 


1.0049 


1.0094 


5.9995 


5 


1.0029 


1.0003 


5.99995 


6 


1.0005 


1.0009 


5.999995 


7 


1.0003 


1.0003 


5.9999993 
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We define absolute extrema in a similar fashion to local extrema. 



DEFINITION 7.4 

We call f(a, b) the absolute maximum of/ on the region R if f(a, b) > f(x, y) 
for all (x,y) e R. Similarly, f(a, b) is called the absolute minimum off on R if 
f(a, b) < f(x, y) for all (x, y) e R. In either case, f(a, b) is called an absolute 
extremum of /. 



Recall that for a function / of a single variable, whenever/ is continuous on the closed 
interval [a, b], it will assume a maximum and minimum value on [a, b]. Further, we proved 
that absolute extrema must occur at either critical numbers off or at the endpoints of the 
interval [a, b]. The situation for absolute extrema of functions of two variables is very 
similar. First, we need some terminology. We say that a region R C R 2 is bounded if there 
is a disk that completely contains R. We now have the following result (whose proof can be 
found in more advanced texts). 



THEOREM 7.3 (Extreme Value Theorem) 

Suppose that f(x, y) is continuous on the closed and bounded region R C K 2 . Then/ 
has both an absolute maximum and an absolute minimum on R. Further, an absolute 
extremum may only occur at a critical point in R or at a point on the boundary of R. 



Note that if f(a, b) is an absolute extremum off in R and (a, b) is in the interior of R, 
then (a, b) is also a local extremum off in which case, (a, b) must be a critical point. This 
says that all of the absolute extrema of a function / in a region R occur either at critical points 
(and we already know how to find these) or on the boundary of the region. Observe that 
this also provides us with a method for locating absolute extrema of continuous functions 
on closed and bounded regions. That is, we find the extrema on the boundary and compare 
these against the local extrema. We examine this in example 7.6, where the basic steps are 
as follows: 

• Find all critical points of / in the region R. 

• Find the maximum and minimum values off on the boundary of R. 

• Compare the values of / at the critical points with the maximum and minimum 
values off on the boundary of R. 

EXAMPLE 7.6 Finding Absolute Extrema 

Find the absolute extrema of f(x, y) — 5 + 4x — 2x 2 + 3y — y 2 on the region 
R bounded by the lines y = 2, y = x and y = — x. 

Solution We show a sketch of the surface in Figure 13.49a and a sketch of the region 
R in Figure 13.49b. From the sketch of the surface, notice that the absolute minimum 
appears to occur on the line x — —2 and the absolute maximum occurs somewhere near 
the line x = 1. Since an extremum can occur only at a critical point or at a point on the 
boundary of R, we first check to see whether there are any interior critical points. We 
have f x = 4 — Ax = 0 for x — 1 and /,, = 3 — 2y — 0 for y = |. So, there is only 
one critical point (l , §) and it is located in the interior of R. Next, we look for the 
maximum and minimum values of / on the boundary of R. In this case, the boundary 
consists of three separate pieces: the portion of the line y — 2 for —2 < x < 2, the 
portion of the line y — x for 0 < x < 2 and the portion of the line y = — x for 
—2 < x < 0. We look for the maximum value of / on each of these separately. On the 
portion of the line y = 2 for — 2 < x < 2, we have 

f(x, y) = f{x, 2) = 5 + Ax - 2x 2 + 6 - 4 = 7 + 4x - 2x 2 = g(x). 



z 




FIGURE 13.49a 

The surface 
z = 5 + Ax - 2x 2 + 3y - y 2 



y 



y = -x 
\ 


A 


'Mi y* 




\ R 




1 1 1 


\ — 1 — 1 — 



FIGURE 13.49b 

The region R 
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To find the maximum and minimum values off on this portion of the boundary, we need 
only find the maximum and minimum values of g on the interval [—2, 2]. We have 
g'(x) — 4 — Ax — 0 only for x — 1. Comparing the value of g at the endpoints and at the 
only critical number in the interval, we have: g(—2) = —9, g(2) — 7 and g(l) = 9. So, 
the maximum value of / on this portion of the boundary is 9 and the minimum value 
is -9. 

On the portion of the line y — x for 0 < x < 2, we have 

f(x, y) = f{x, x) = 5 + Ix - 3x 2 = h(x). 

We have h'(x) — 7 — 6x — 0, only for x — l, which is in the interval. Comparing the 
values of h at the endpoints and the critical number, we have: h(Q) = 5, h{2) — 7 and 
h(l) » 9.08. So, the maximum value of / on this portion of the boundary is 
approximately 9.08 and its minimum value is 5. 

On the portion of the line y = — x for —2 < x < 0, we have 

f(x, y) - f{x, -x) = 5 + x - 3x 2 = kix). 

We have k\x) — 1 — 6x — 0, only for x — |, which is not in the interval [—2, 0] under 
consideration. Comparing the values of k at the endpoints, we have it(— 2) = —9 and 
fc(0) = 5, so that the maximum value of / on this portion of the boundary is 5 and its 
minimum value is —9. 

Finally, we compute the value of / at the lone critical point in the interior of 
R: f(l, |) = =j — 9.25. The largest of all these values we have computed is the 
absolute maximum in R and the smallest is the absolute minimum. So, the absolute 
maximum is f(l, \) = 9.25 and the absolute minimum is /(— 2, 2) = —9. Note that 
these are also consistent with what we observed in Figure 13.49a. ■ 

We close this section with a proof of the Second Derivatives Test (Theorem 7.2). To 
keep the notation to a minimum, we will assume that the critical point to be tested is (0, 0). 
The proof can be extended to any critical point by a change of variables. 

O Proof of the Second Derivatives Test 

Suppose that (0, 0) is a critical point of fix, y) with f x i0, 0) = /,.(0, 0) = 0. We will look 

(Jfc, 1) 

at the change in fix, y) from (0, 0) in the direction of the unit vector u = , for 

V£ 2 + l 

some constant k. (Note that u can point in any direction except the direction of i.) In this 
direction, notice that x = ky. If we define gix) — fikx, x), then by the chain rule, we have 

g'ix) = kfAkx, x) + f y ikx, x) (7.1) 

and g"ix) = k 2 f xx ikx, x) + kf xy {kx, x) + kf yx {kx, x) + f yy ikx, x). 

At x — 0, this gives us 

g"(0) - k 2 f x A0, 0) + 2kf xy i0, 0) + f„{0, 0), (7.2) 

where we have f xy = f yx , since / was assumed to have continuous second partial deri- 
vatives. Since / t (0, 0) = / v (0, 0) = 0, we have from (7.1) that 

g'iO) = kfAO, 0) + f y i0, 0) = 0. 

Using the second derivative test for functions of a single variable, the sign of g"(0) can tell 
us whether there is a local maximum or a local minimum of g at x — 0. Observe that using 
(7.2), we can write g"i0) as 

g"(0) = ak 2 +2bk + c= p(k), 

where a, b and c are the constants a — f xx i0, 0), b — / vv (0, 0) and c — / vv (0, 0). Of course, 
the graph of pik) is a parabola. Recall that for any parabola, if a > 0, then pik) has a 
minimum at A: = — -, given by p{— ^) — — — + c. (Hint: Complete the square.) In case (i) 
of the theorem, we assume that the discriminant satisfies 

0 < D(0, 0) = /„(0, 0)/, v (0, 0) - [f xy i0, 0)] 2 = ac- b 2 , 
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BEYOND FORMULAS 

You can think about local 
extrema for functions of n 
variables in the same way for 
any value of n > 2. Critical 
points are points where either 
all of the first partial derivatives 
are zero or where one or more is 
undefined. These provide the 
candidates for local extrema, in 
the sense that a local extremum 
may occur only at a critical 
point. However, further testing 
is needed to determine whether 
a function has a local maximum, 
a local minimum or neither at a 
given critical point. 



so that — ^ + c > 0. In this case, 

P(k) > p 



b 2 



c> 0. 



We have shown that, in case (i), when D(0, 0) > 0 and f xx (0, 0) > 0, g"(0) = p(k) > 0 for 
all k. So, g has a local minimum at 0 and consequently, in all directions, the point at (0, 0) is 
a local minimum of /. For case (ii), where D(0, 0) > 0 and f xx (0, 0) < 0, we consider p{k) 



with a < 0. In a similar fashion, we can show that here, p(k) 



b- 



c < 0. Given that 



we have g"(0) — p(k) < 0 for all k, we conclude that the point at (0, 0) is a local maximum 
off. For case (iii), where the discriminant D(0, 0) < 0, the parabola p(k) will assume both 
positive and negative values. For some values of k, we have g"(0) > 0 and the point (0, 0) 
is a local minimum along the path x — ky, while for other values of k, we have g"(0) < 0 
and the point (0, 0) is a local maximum along the path x — ky. Taken together, this says 
that the point at (0, 0) must be a saddle point of / To complete the proof, we must only 
consider the case where u — i. In this case, the preceding proof is easily revised to show 
the same results and we leave the details as an exercise. 



EXERCISES 13.7 

^) WRITING EXERCISES 

1. If fix, y) has a local minimum at (a, b), explain why the 
point (a, b, f(a, b)) is a local minimum in the intersection of 
z — fix, y) with any vertical plane passing through the point. 
Explain why the condition f x (a, b) — f y (a, b) — 0 guarantees 
that (a, b) is a critical point in any such plane. 

2. Suppose that f x (a, b) ^ 0. Explain why the tangent plane to 
z — fix, v)at(a, b) must be "tilted," so that there is not a local 
extremum at {a, b). 

3. Suppose that/j;(fl, b) — f y (a, b) — 0 and f xx ia, b)f yy (a, b) < 0. 
Explain why there must be a saddle point at (a,b). 

4. Explain why the center of a set of concentric circles in a contour 
plot will often represent a local extremum. 

In exercises 1-12, locate all critical points and classify them us- 
ing Theorem 7.2. 

1. fix,y) = e- x2 (y 2 + l) 

2. fix,y) — cos 2 x + y 2 



■ x 3 — 3xy + y 3 



— 4xy 



y 2 + x 2 y + x 2 



y 4 + 4 
2v 



3. fix,y) 

4. fix,y) 

5. fix,y) 

6. fix, y) = 2x 2 + y 3 — x 2 y — 3y 



7. fix,y) 

8. fix,y) 

9. fix,y) 

10. fix,y) 

11. fix,y) 

12. fix,y) 



e -x -r 
x siny 

*y + i: + l 

e?(x 2 - y 2 ) 



| In exercises 13-16, locate all critical points and analyze each 
graphically. If you have a CAS, use Theorem 7.2 to classify each 
point. 

4xy 



13. fix, y) = x z - 
15. fix, y) = xye 



y 2 + 1 

2 2 

x — y 



x + y 

14. fix, y) = / 

X 1 + y 1 + 1 

16. fix, y) = xye-* 2 -> 4 



| In exercises 17-20, numerically approximate all critical points. 
Classify each point graphically or with Theorem 7.2. 



17. fix,y) = xy 2 -x 2 

18. fix, y) = 2yix + 2) - x 2 + y 4 - 9y 2 

19. fix, y) = ix 2 - y 3 )e-* 2 - y2 

20. fix, y) = ix 2 - 3x)e~ x2 -y 2 



21. (a) Show that for data (xi, yi), (xj, yi), ■ ■ ■ , (x n , y n ), the 
least-squares equations become 



k=l J \*=1 / k=\ 

+ (I>U = E 



x k y k 



(b) Solve the equations for a and b. 



In exercises 22-24, use least squares as in example 7.4 to find a 
linear model of the data. 

22. The following data show the average price of a gallon of 
regular gasoline in California. Use the linear model to pre- 
dict the price in 1990 and 1995. The actual prices were $1.09 
and $1.23. Explain why your forecasts were not accurate. 



x 2 - y 2 


Year 


1970 


1975 


1980 


1985 




Price 


$0.34 


$0.59 


$1.23 


$1.11 
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23. (a) The following data show the height and weight of a small 
number of people. Use the linear model to predict the weight 
of a 6'8" person and a 5'0" person. Comment on how accu- 
rate you think the model is. 



Height (inches) 


68 


70 


70 


71 


Weight (pounds) 


160 


172 


184 


180 



(b) Add the data point (70,221) and repeat part (a) . How much 
influence can one point have? 

24. The accompanying data show the average number of points 
professional football teams score when starting different 
distances from the opponents' goal line. The number of points 
is determined by the next score, so that if the opponent scores 
next, the number of points is negative. Use the linear model to 
predict the average number of points starting (a) 60 yards from 
the goal line and (b) 40 yards from the goal line. 



Yards from goal 


15 


35 


55 


75 


95 


Average points 


4.57 


3.17 


1.54 


0.24 


-1.25 



In The Hidden Game of Pro Football, authors Carroll, Palmer 
and Thorn claim that when a team loses a fumble they lose an 
average of 4 points regardless of where they are on the field. 
That is, a fumble at the 50-yard line costs the same number 
of points as a fumble at the opponents' 10-yard line. Use your 
result to verify this claim. 



In exercises 25-28, calculate the first two steps of the steepest 
ascent algorithm from the given starting point. 

25. f{x, y) = 2xy - 2x 2 + y 3 , (0,-1) 

26. f(x, y) = 3xy - x 3 - y 2 , (1, 1) 

27. f(x, y) = x- x 2 y 4 + y 2 , (1, 1) 

28. /(x,y) = xy 2 -x 2 -y,(l,0) 



29. Calculate one step of the steepest ascent algorithm for 
fix, y) = 2xy — 2x 2 + y , starting at (0, 0). Explain in graph- 
ical terms what goes wrong. 

30. Define a steepest descent algorithm for finding local minima. 



In exercises 31-36, find the absolute extrema of the function on 
the region. 

31. fix, y) = x 2 + 3y — 3xy, region bounded by y = x, y — 0 
and x — 2 

32. fix, y) — x 2 + y 2 — 4xy, region bounded by y = x, y — —3 
and x — 3 

33. fix, y) = x 2 + y 2 , region bounded by ix — l) 2 + y 2 = 4 

34. fix, y) = x 2 + y 2 — 2x — Ay, region bounded by y — x, 
y — 3 and x — 0 

35. fix, y) = xye-* 2/2 - y2/2 with 0<x<2, 0<y<2 

36. fix, y) = ln(x 2 + y 2 + 1) - y 2 /2 with 0 < x 2 + y 2 < 4 



37. Heron's formula gives the area of a triangle with sides of 
lengths a, b and c as A = -s/sis — a)is — b)is — c), where 
s = i(a + b + c). For a given perimeter, find the triangle of 
maximum area. 

38. Find the maximum of x 2 + y 2 on the square with — 1 < x < 1 
and — 1 < y < 1 . Use your result to explain why a computer 
graph of z — x 2 + y 2 with the graphing window — 1 < x < 1 
and — 1 < y < 1 does not show a circular cross section at the 
top. 

39. Find all critical points of fix, y) = x 2 y 2 and show that 
Theorem 7.2 fails to identify any of them. Use the form of 
the function to determine what each critical point represents. 
Repeat for fix, y) = x 2/3 y 2 . 

40. Complete the square to identify all local extrema of 

(a) fix, y) = x 2 + 2x + y 2 - Ay + 1, 

(b) fix, y) = x 4 - 6x 2 + y 4 + 2y 2 - 1. 

41. In exercise 3, there is a saddle point at (0, 0). One possibil- 
ity is that there is (at least) one trace of z — x 3 — 3xy + y 3 
with a local minimum at (0, 0) and (at least) one trace with 
a local maximum at (0, 0). To analyze traces in the planes 
y = kx (for some constant k), substitute y = kx and show that 
z = (1 + k 3 )x 3 - 3kx 2 . Show that fix) = (1 + k 3 )x 3 - 3kx 2 
has a local minimum at x = 0 if k < 0 and a local maximum 
at x — 0 if k > 0. (Hint: Use the Second Derivative Test from 
section 3.4.) 

42. In exercise 4, there is a saddle point at (0, 0). As in 
exercise 41, find traces such that there is a local maximum 
at (0, 0) and traces such that there is a local minimum 
at (0, 0). 

43. (a) In example 7.3, (0, 0) is a critical point but is not classi- 

fied by Theorem 7.2. Use the technique of exercise 41 to 
analyze this critical point, 
(b) Repeat for fix, y) — x 2 — 3xy 2 + 4x 3 y. 

44. (a) For fix, y, z) = xz - x + y 3 - 3y, show that (0, 1, 1) 

is a critical point. To classify this critical point, 
show that /(0 + Ax, 1 + Ay, 1 + Az) = AxAz + 3Ay 2 + 
A? 3 + /(0, 1,1). Setting Ay = 0 and AxAz > 0, conclude 
that /(0, 1 , 1) is not a local maximum. Setting Ay = 0 and 
AxAz < 0, conclude that /(0, 1, 1) is not a local minimum, 
(b) Repeat for the point (0, - 1, 1). 



In exercises 45-48, label the statement as true or false and 
explain why. 

45. If fix, y) has a local maximum at (a, b), then 

±ia,b)= -fia,b) = Q. 
ox ay 

3/ 3/ 

46. If — (a, b) — — (a, b) = 0, then fix, v) has a local maxi- 

3x 3y 
mum at (a, b). 

47. In between any two local maxima of fix, y) there must be at 
least one local minimum of fix, y). 

48. If fix, y) has exactly two critical points, they can't both be 
local maxima. 
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49. In the contour plot, the locations of four local extrema and nine 
saddle points are visible. Identify these critical points. 




-4-2 0 2 4 



x 

50. In the contour plot, the locations of two local extrema and one 
saddle point are visible. Identify each critical point. 




x 



51. Show that the function f(x, y) — 5xe y — x 5 — e y has exactly 
one critical point, which is a local maximum but not an absolute 
maximum. 



56. The Hardy- Weinberg law of genetics describes the relation- 
ship between the proportions of different genes in populations. 
Suppose that a certain gene has three types (e.g., blood types 
of A, B and O). If the three types have proportions p, q and r, 
respectively, in the population, then the Hardy-Weinberg law 
states that the proportion of people who carry two different 
types of genes equals f(p,q,r) — 2pq + 2pr + 2qr. Explain 
why p + q + r — 1 and then show that the maximum value of 
f(p, q, r) is §. 

57. Elvis the dog starts 10 m from shore in the water and wants 
to reach a ball 16 m downshore (also 10 m from shore). He 
swims to shore to a point x m downshore, runs along the shore 
16 — x — y m and swims out to the ball. If Elvis swims 0.9 
m/s and runs 6.4 m/s, find x and y to minimize the total time 
to the ball. Compare this minimum time to the time to swim 
directly to the ball. 




58. If the ball in exercise 57 is thrown z m downshore, find all 
values of z such that Elvis is better off swimming directly to 
the ball than going to shore. (See "Do Dogs Know Bifurca- 
tions?" the November 2007 issue of The College Mathematics 
Journal.) 



52. Show that the function f(x, y) — 2x 4 + e Ay — 4x 2 e y has ex- 
actly two critical points, both of which are local minima. 

J 53. (a) Construct the function d(x, y) giving the distance from a 
point (x, y, z) on the paraboloid z — 4 — x 2 — y 2 to the point 
(3, —2, 1). Then determine the point that minimizes d(x, y). 
(b) Find the closest point on the cone z = \Jx 2 + y 2 to the 
point (2, -3,0). 

)54. (a) Use the method of exercise 53 to find the closest point 
on the sphere x 2 + y + z 2 — 9 to the point (2, 1, —3). 
(b) Find the closest point on the plane 3x — 4y + 3z — 12 to 
the origin. 



APPLICATIONS 



55. (a) A box is to be constructed out of 96 square feet of material. 
Find the dimensions x, y and z that maximize the volume of 
the box. (b) If the bottom of the box must be reinforced by 
doubling up the material (essentially, there are two bottoms 
of the box), find the dimensions that maximize the volume of 
the box. 



<3> 



EXPLORATORY EXERCISES 



1. Use the least-squares criterion to find (a) the best quadratic fit 
(y — ax 2 + bx + c) and (b) the best exponential fit (y — ae hx ) 
to the data of example 7.4. Compare the actual residuals of this 
model to the actual residuals of the linear model. Explain why 
there is some theoretical justification for using an exponential 
model, and then discuss the advantages and disadvantages of 
the exponential and linear models. 

2. A practical flaw with the method of steepest ascent pre- 
sented in example 7.5 is that the equation g'{h) — 0 may be 
difficult to solve. An alternative is to use Newton's method 
to approximate a solution. A method commonly used 
in practice is to approximate h using one iteration of 
Newton's method with initial guess h — 0. We derive the re- 
sulting formula here. Recall that g(h) — f(x k + ah, y k + bh), 
where (x k , y k ) is the current point and (a, b) — V/(x t , y k ). 
Newton's method applied to g'(h) — 0 with ho — 0 is given by 

g'(0) 



"(0) 



. Show that g'(0) = af x (x k , y k ) + bf y (x k , y k ) ■. 



a- + b- — V f{x k , y k ) ■ Vf(x k , y k ). Also, show that 
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g"(0) = a 2 f xx (x k , y k ) + 2abf xy (x k ,y k ) + b 2 f yy (x k , y k ) = 
^f( x k, yk) ■ H(x k , y*)V/(Xjfc, y k ), where the Hessian matrix 

fxx Jxy 
Jyx fyy. 

the work in example 7.5, the method of steepest ascent be- 



is defined by H 



Putting this together with 



comes v k+ i — v k 



V/(v*) ■ V/(vt) 
V/(v*) • H(v k )Vf(y k ) 



V/(vt), where 



0) 



13.8 CONSTRAINED OPTIMIZATION 
AND LAGRANGE MULTIPLIERS 




FIGURE 13.50a 

y = 3 - 2x 



The method presented in section 13.7 forms only one piece of the optimization puzzle. In 
many applications, the goal is to achieve the absolute best possible product given a set of 
constraints such as limited resources or technology. In this section, we develop a technique 
for finding the maximum or minimum of a function, given one or more constraints on the 
function's domain. 

We first consider the two-dimensional geometric problem of finding the point on the 
line y — 3 — 2x that is closest to the origin. A graph of the line is shown in Figure 13.50a. 
Notice that the set of points that are 1 unit from the origin form the circle x 2 + y 2 = 1. In 
Figure 13.50b, you can see that the line y = 3 — 2x lies entirely outside this circle, which 
means that every point on the line y = 3 — 2x lies more than 1 unit from the origin. Looking 
at the circle x 2 + y 2 — 4 in Figure 13.50c, you can clearly see that there are infinitely many 
points on the line that are less than 2 units from the origin. If we shrink the circle in Figure 
13.50c (or enlarge the circle in Figure 13.50b), it will eventually reach a size at which the 
line is tangent to the circle. (See Figure 13.50d.) The point of tangency is the closest point 
on the line to the origin, since all other points on the line are outside the circle and hence, 
are farther away from the origin. 




FIGURE 13.50b 

y — 3 — 2x and the circle of 
radius 1 centered at (0, 0) 





FIGURE 13.50c 

y — 3 — 2x and the circle of 
radius 2 centered at (0, 0) 



FIGURE I3.50d 

y — 3 — 2x and a circle 
tangent to the line 



Translating the preceding geometric argument into the language of calculus, we want 
to minimize the distance from the point (x, y) to the origin, given by y/x 2 + y 2 . Before 
we continue, observe that the distance is minimized at exactly the same point at which 
the square of the distance is minimized. Minimizing the square of the distance, given by 
x 2 + y 2 , avoids the mess created by the square root in the distance formula. So, instead, 
we minimize f(x, y) = x 2 + y 2 , subject to the constraint that the point lie on the line (i.e., 
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that y = 3 — 2x) or g{x, y) — 2x + y — 3 = 0. We have already argued that at the closest 
point, the line and circle are tangent. Moreover, since the gradient vector for a given function 
is orthogonal to its level curves at any given point, for a level curve of / to be tangent to 
the constraint curve g(x, y) = 0, the gradients off and g must be parallel. That is, at the 
closest point (x, y) on the line to the origin, we must have V/(x, y) — XVg(x, y), for some 
constant X. We illustrate this in example 8.1. 



EXAMPLE 8. 1 Finding a Minimum Distance 

Use the relationship V/(x, y) = XVg(x, y) and the constraint y = 3 — 2x to find the 
point on the line y = 3 — 2x that is closest to the origin. 

Solution For f(x, y) = x 2 + y 2 , we have V/(x, y) = (2x, 2y> and for 
g(x, y) = 2x + y — 3, we have Vg(x, y) = (2, 1). The vector equation 
V/(x, y) = XVg(x, y) becomes 

(2x,2y) = 1(2, 1), 

from which it follows that 

2x = 2X and 2y = X. 

The second equation gives us X — 2y. The first equation then gives us x = X — 2y. 
Substituting x = 2y into the constraint equation y = 3 — 2x, we have y = 3 — 2(2y), 
or 5y = 3. The solution is y = I, giving us x = 2y = I. The closest point is then 
(|, |). Look carefully at Figure 13.50d and recognize that this is consistent with our 
graphical solution. Also, note that the line described parametrically by x = X , y = \ is 
the line through the origin and perpendicular to y = 3 — 2x. ■ 

The technique illustrated in example 8.1 can be applied to a wide variety of constrained 
optimization problems. We will now develop this method, referred to as the method of 
Lagrange multipliers. 

Suppose that we want to find maximum or minimum values of the function f(x, y, z), 
subject to the constraint that g(x, y, z) — 0. We assume that both/ and g have continuous 
first partial derivatives. Now, suppose that / has an extremum at (xn, yo, Zo) lying on the 
level surface S defined by g(x, y, z) = 0. Let C be any curve lying on the level surface and 
passing through the point (x y , yo, Zo), Assume that C is traced out by the terminal point 
of the vector-valued function r(f) = (x(t), y(t), z(t)) and that r(fo) = (xn, yo, zo). Define a 
function of the single variable t by 

h{t) = f(x(t), y(t), z{t)). 

Notice that if f(x, y, z) has an extremum at (xo, yo, Zo), then h{t) must have an extremum 
at ?o and so, /z'(/o) — 0. From the chain rule, we get that 

0 = h'(t 0 ) = f x (x 0 , yo, zo)*'Oo) + f y (x 0 , yo, zo)/Oo) + fz(*o, yo, zo)z'Oo) 
= (fx(xo, yo, zo), f y (xo, yo, zo), ZOo, yo, zo)> • (x'(t 0 ), y'(t 0 ), z'(fo)> 
= V/(x 0 , y 0 , zo) • r'(*o). 

That is, if /(xo, yo, Zo) is an extremum, the gradient off at (xo, yo, Zo) is orthogonal to the 
tangent vector r'(?o). Since C was an arbitrary curve lying on the level surface S, it follows 
that V/(xo, yo, Zo) must be orthogonal to every curve lying on the level surface S and so, too 
is orthogonal to S. Recall from Theorem 6.5 that Vg is also orthogonal to the level surface 
g(x, y, z) = 0, so that V/(xo, yo, Zo) and Vg(xo, yo, Zo) must be parallel. This proves the 
following result. 




HISTORICAL 
NOTES 



Joseph-Louis Lagrange 
(1736-1813) Mathematician 
who developed many 
fundamental techniques in the 
calculus of variations, including 
the method that bears his name. 
Lagrange was largely self-taught, 
but quickly attracted the attention 
of the great mathematician 
Leonhard Euler. At age 1 9, 
Lagrange was appointed 
Professor of Mathematics at the 
Royal Artillery School in his 
native Turin. Over a long and 
outstanding career, Lagrange 
made contributions to probability, 
differential equations and fluid 
mechanics, for which he 
introduced what is now known as 
the Lagrangian function. 
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THEOREM 8.1 

Suppose that f(x, y, z) and g(x, y, z) are functions with continuous first partial 
derivatives and Vg(x, y, z) ^ 0 on the surface g(x, y, z) — 0. Suppose that either 

(i) the minimum value of f(x, y, z) subject to the constraint g(x, y, z) — 0 occurs at 
(*o, yo, zo); or 

(ii) the maximum value of f(x, y, z) subject to the constraint g(x, y, z) — 0 occurs 
at (x 0 , y 0 , zo). 

Then V f(x 0 , y 0 , zo) — kVg(xo, yo, Zo), for some constant k (called a Lagrange 
multiplier). 



Note that Theorem 8.1 says that if f(x, y, z) has an extremum at a point (xq, yo, Zo) on 
the surface g(x, y, z) = 0, we will have for (x, y, z) = {xo, yo, zo), 

f x {x, y, z) = kg x (x, y, z), 

f y (x, y, z) = kg y (x, y, z), 

f,(x, y, z) = kg z (x, y, z) 

and g(x,y,z) — 0. 

Finding such extrema then boils down to solving these four equations for the four unknowns 
x, y, z and k. (Actually, we need only find the values of x, y and z.) 

It's important to recognize that this method only produces candidates for extrema. 
Along with finding a solution(s) to the above four equations, you need to verify (graphically 
as we did in example 8.1 or by some other means) that the solution you found in fact 
represents the desired optimal point. 

Notice that the Lagrange multiplier method we have just developed can also be applied 
to functions of two variables, by ignoring the third variable in Theorem 8.1. That is, if 
f(x, y) and g(x, y) have continuous first partial derivatives and f(xo, yo) is an extremum 
off, subject to the constraint g(x, y) = 0, then we must have 

V/(x 0 , y 0 ) = kVg(x Q , y 0 ), 

for some constant k. Graphically, this says that if f(xo, yo) is an extremum, the level curve 
off passing through (xo, yo) is tangent to the constraint curve g(x, y) — 0 at (xo, yo). We 
illustrate this in Figure 13.51. 




FIGURE 13.51 

Level curve tangent to constraint 
curve at an extremum 

In this case, we end up with the three equations 

f x (x, y) = Xg x (x, y), f y (x,y) = kg y (x,y) and g(x, y) = 0, 
for the three unknowns x, y and k. We illustrate this in example 8.2. 
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EXAMPLE 8.2 Finding the Optimal Thrust of a Rocket 

A rocket is launched with a constant thrust corresponding to an acceleration of 
u ft/s 2 . Ignoring air resistance, the rocket's height after t seconds is given by 
f{t, u) = ku- 32)t 2 feet. Fuel usage for t seconds is proportional to u 2 t and the 
limited fuel capacity of the rocket satisfies the equation u 2 t = 10,000. Find the value 
of // that maximizes the height that the rocket reaches when the fuel runs out. 

Solution From Theorem 8.1, we look for solutions of V/(r, u) — XV g{t, u), where 
g(t, u) — u 2 t — 10,000 = 0 is the constraint equation. We have V/(f , u) — ((w — 32)r, |r 2 | 
and Vg(r, u) — (u 2 , 2ut). From Theorem 8.1, we must have 



1 

2 

for some constant X. It follows that 



(m - 32)r, -t 2 ) - X{u 2 , 2ut), 



1 



(u - 32)f — 1m 2 and -t 2 — X2ut. 



Solving both equations for X, we have 

(u - 32)r _ \t 2 
u~ lut 

This gives us 2u{u - 32)t 2 — ^ 2 « 2 - 

Solutions include t — 0 and u — 0, but neither of these satisfies the constraint 
u 2 t — 10,000. Canceling the factors of t 2 and u, we have 4(m — 32) = u. The solution 

128 
3 

10,000 10,000 



to this is u — ifp. With this value of u, the engines can burn for 



5.5 seconds, 



u 2 (128/3) 2 

with the rocket reaching a height of z — \{™ ~ 32)(5.5) 2 » 161 feet. 



We left example 8.2 unfinished. (Can you tell what's missing?) It is very difficult to 
argue that our solution actually represents a maximum height. (Could it be a saddle point?) 
What we do know is that by Theorem 8.1, if there is a maximum, we found it. Returning 
to a discussion of the physical problem, it should be completely reasonable that with a 
limited amount of fuel, there is a maximum attainable altitude and so, we did indeed find 
the maximum altitude. 

We next optimize a function subject to an inequality constraint of the form g(x, y) < c. 
To understand our technique, recall how we solved for absolute extrema of functions of 
several variables on a closed and bounded region in section 13.7. We found critical points 
in the interior of the region and compared the values of the function at the critical points 
with the maximum and minimum function values on the boundary of the region. To find the 
extrema of f(x, y) subject to a constraint of the form g(x, y) < c, we first find the critical 
a points of f(x, y) that satisfy the constraint, then find the extrema of the function on the 

boundary g(x, y) — c (the constraint curve) and finally, compare the function values. We 
illustrate this in example 8.3. 

/ r \ EXAMPLE 8.3 Optimization with an Inequality Constraint 

T * X 9 9 

\ J Suppose that the temperature of a metal plate is given by T(x, y) — x + 2x + y , for 
\. y points (x, y) on the elliptical plate defined by x 2 + 4y 2 < 24. Find the maximum and 
minimum temperatures on the plate. 

Solution The plate corresponds to the shaded region R shown in Figure 13.52. 
We first look for critical points of T(x, y) inside the region R. We have 
FIGURE 13.52 VT(x, y) = (2x+2,2y) = (0, 0) if (x, y) = (-1, 0), which is in R. At this point, 

A metal plate T(— 1 , 0) = — 1. We next look for the extrema of T(x , y) on the ellipse x 2 + Ay 2 = 24. 
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We first rewrite the constraint equation as g{x, y) — x 2 + Ay 2 — 24 = 0. From 
Theorem 8.1, any extrema on the ellipse will satisfy the Lagrange multiplier equation: 
VT(x, y) = XVg(x, y) or 

(2x+2,2y) =X{2x,8y) = (2kx, 8Xy). 

This occurs when 2x + 2 — 2kx and 2y = Sky. 

Notice that the second equation holds when y = 0 or X = J . If y = 0, the constraint 
x 2 + Ay 2 — 24 gives x — ±V24. If X — j, the first equation becomes 2x + 2 = jx, so 

that x = — |. The constraint x 2 + 4y 2 = 24 now gives y = ±^p. Finally, we compare 
the function values at all of these points (the one interior critical point and the 
candidates for boundary extrema): 

r(-i,o) = -l, 

T(V24, 0) = 24 + 2V24 « 33.8, 
T(- V24, 0) = 24 - 2V24 » 14.2, 

/ 4 V50\ 14 
T\ — , - — = — «4.7 



, / 4 V50\ 14 

and T l — Z — =_«4.7. 

I 3 3 J 3 

From this list, it's easy to identify the minimum value of —1 at the point (—1,0) and the 
maximum value of 24 + 2\[2A at the point (V24, 0). ■ 



In example 8.4, we illustrate the use of Lagrange multipliers for functions of three 
variables. In the course of doing so, we develop an interpretation of the Lagrange multi- 
plier X, 



EXAMPLE 8.4 Finding an Optimal Level of Production 

For a business that produces three products, suppose that when producing x, y and z 
thousand units of the products, the profit of the company (in thousands of dollars) 
can be modeled by P(x, y, z) — Ax + 8y + 6z. Manufacturing constraints force 
x 2 + Ay 2 + 2z 2 < 800. Find the maximum profit for the company. Rework the 
problem with the constraint x 2 + Ay 2 + 2z 2 < 801 and use the result to interpret the 
meaning of X, 

Solution We start with VP(i, y, z) = (4, 8, 6) and note that there are no critical 
points. This says that the extrema must lie on the boundary of the constraint region. That 
is, they must satisfy the constraint equation g{x, y, z) — x 2 + Ay 2 + 2z 2 — 800 = 0. 
From Theorem 8.1, the Lagrange multiplier equation is VP(x, y, z) — XVg(x, y, z) or 

(4,8,6) = X{2x, 8y, A Z ) = (2Xx, 8Xy, AXz). 

This occurs when A = 2Xx, 8 = 8A.y and 6 = AXz. 

2 1 
From the first equation, we get x — —. The second equation gives us y = - and 

3 A X 

the third equation gives us z — — . From the constraint equation 

2X 

x 2 + Ay 2 + 2z 2 = 800, we now have 

, 2\ 2 /1\ 2 / 3 \ 2 25 

800 = 



2X ) 2X 2 ' 



so that X 2 — tIL and X — - 

1600 0 
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(Why did we choose the positive sign for XI Hint: Think about what x, y and z represent. 
Since x > 0, we must have X — | > 0.) The only candidate for an extremum is then 

2 1 3 

x — - — 16, y = — = 8 and z — — = 12, 
X X 2.X 

and the corresponding profit is 

P(16, 8, 12) = 4(16) + 8(8) + 6(12) = 200. 

Observe that this is the maximum profit. Notice that if the constant on the right-hand 
side of the constraint equation is changed to 801, the first difference occurs in solving 
for X, where we now get 

25 

801 = — , 

2X 2 

2 1 
so that X » 0.12492, x = - « 16.009997, y = - « 8.004998 and 

X X 



12.007498. In this case, the maximum profit is 

(2 1 3 \ 
PI-,-, — I » 200.12496. 



3 
2X 



,r x 2x, 

It is interesting to observe that the increase in profit is 
(2 1 3 \ 

P I-,-, — ) - P(16, 8, 12) 200.12496 - 200 = 0.12496 » A. 

y X X 2X J 

As you might suspect from this observation, the Lagrange multiplier X actually gives 
you the instantaneous rate of change of the profit with respect to a change in the 
production constraint. ■ 



We close this section by considering the case of finding the minimum or maximum 
value of a differentiable function f(x, y, z) subject to two constraints g(x, y, z) — 0 and 
h(x, y,z) — 0, where g and h are also differentiable. Notice that for both constraints to be 
satisfied at a point (x,y, z), the point must lie on both surfaces defined by the constraints. 
Consequently, in order for there to be a solution, we must assume that the two surfaces 
intersect. We further assume that Vg and Vh are nonzero and are not parallel, so that the 
two surfaces intersect in a curve C and are not tangent to one another. As we have already 
seen, if/ has an extremum at a point (xo, yo, Zo) on a curve C, then V/(jtn, yo, Zo) must be 
normal to the curve. Notice that since C lies on both constraint surfaces, Vg(xo, yo, Zo) and 
Vh(xo, yo, zo) are both orthogonal to C at (xo, yo, Zo)- This says that V/(;co, yo, Zo) must 
he in the plane determined by Vg(xo, yo, Zo) and Vh(xo, yo, Zo). (See Figure 13.53.) That 
is, for (x, y, z) = (xq, yo, Zo) and some constants X and n (Lagrange multipliers), 

V f(x, y, z) = XVg(x, y, z) + fj.Vh(x, y, z). 

h(x, y,z) = 0 




"g(x, y,z) = 0 



FIGURE 13.53 

Constraint surfaces and the plane 
determined by the normal vectors Vg and Vh 
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The method of Lagrange multipliers for the case of two constraints then consists of finding 
the point (x, y, z) and the Lagrange multipliers X and (for a total of five unknowns) 
satisfying the five equations defined by: 

f x (x, y, z) = Xg x (x, y, z) + fih x (x, y, z), 
f y (x, y, z) = Xg y (x, y, z) + fih y (x, y, z), 
fz(x, y, z) - Xg z (x, y, z) + nh z {x, y, z), 
g(x, y, z) = 0 
and h(x, y, z) — 0. 

We illustrate the use of Lagrange multipliers for the case of two constraints in 
example 8.5. 



EXAMPLE 8.5 Optimization with Two Constraints 

The plane x + y + z — 12 intersects the paraboloid z — x 1 + y 2 in an ellipse. Find the 
point on the ellipse that is closest to the origin. 

Solution We illustrate the intersection of the plane with the paraboloid in Figure 
13.54. Observe that minimizing the distance to the origin is equivalent to minimizing 
fix, y, z) — x 2 + y 2 + z 2 [the square of the distance from the point (x, y, z) to the 
origin]. Further, the constraints may be written as g(x, y, z) = x + y + z — 12 = 0 and 
h(x, y, z) — x 2 + y 2 — z — 0. At any externum, we must have that 

Vf(x, y, z) — Wg(x, y, z) + ixVh(x, y, z) 
or (2x, 2y, 2z) - X{1, 1, 1) + fi{2x, 2y, -1). 



z 



FIGURE 13.54 

Intersection of a paraboloid and a plane 



Together with the constraint equations, we now have the system of equations 





2x 




2/zjc, 


(8.1) 




2y 


= x + 


2(iy, 


(8.2) 




2z 


— X — 


fi, 


(8.3) 




x + y + z- 12 


= 0 




(8.4) 


and 


x 2 + y 2 - z 


= 0. 




(8.5) 


From (8.1), we have 


X - 2x{\ 


- m), 






while from (8.2), we have 


X = 2y{\ 


- m)- 







Setting these two expressions for X equal gives us 

2x(l — fi) — 2y(l — /x), 
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from which it follows that either /x = 1 (in which case \ — 0) or x — y. However, if 
jx — 1 and X — 0, we have from (8.3) that z — —\, which contradicts (8.5). 
Consequently, the only possibility is to have x — y, from which it follows from (8.5) 
that z = 2x 2 . Substituting this into (8.4) gives us 

0 = x + y + z - 12 = x + x + 2x 2 - 12 
- 2x 2 + 2x -12 = 2(x 2 +x-6) = 2{x + 3)(x - 2), 

so that x = —3 or x — 2. Since y — x and z = 2x 2 , we have that (2, 2, 8) and 
(—3, —3, 18) are the only candidates for extrema. Finally, since 

/(2,2, 8) = 72 and /(-3, -3, 18) = 342, 

the closest point on the intersection of the two surfaces to the origin is (2, 2, 8). By the 
same reasoning, observe that the point on the intersection of the two surfaces that is 
farthest from the origin is (—3, —3, 18). Notice that these are also consistent with what 
you can see in Figure 13.54. ■ 

The method of Lagrange multipliers can be extended in a straightforward fashion to 
the case of minimizing or maximizing a function of any number of variables subject to any 
number of constraints. 



EXERCISES 13.8 



0) 



WRITING EXERCISES 



1. Explain why the point of tangency in Figure 13.50d must be 
the closest point to the origin. 

2. Explain why in example 8.1 you know that the critical point 
found corresponds to the minimum distance and not the 
maximum distance or a saddle point. 

3. In example 8.2, explain in physical terms why there would 
be a value of u that would maximize the rocket's height. In 
particular, explain why a larger value of u wouldn't always 
produce a larger height. 

4. In example 8.4, we showed that the Lagrange multiplier A 
corresponds to the rate of change of profit with respect to a 
change in production level. Explain how knowledge of this 
value (positive, negative, small, large) would be useful to a 
plant manager. 



In exercises 1-8, use Lagrange multipliers to find the closest 
point on the given curve to the indicated point. 



1. y — 3x — 4, origin 

3. y = 3 - 2x, (4, 0) 

5. y = x 2 , (3, 0) 

7- v = *M2,A) 



2. y = 2x + 1, origin 

4. y = x-2, (0,2) 

6. y = x 2 ,(0,2) 

8. y = x 2 - 1,(1,2) 



In exercises 9-24, use Lagrange multipliers to find the maximum 
and minimum of the function / subject to the given constraint. 

9. f(x, y) = 4xy subject to x 2 + y 2 = 8 
10. fix, y) = 4xy subject to 4x 2 + y 2 = 8 



11. f(x, y) = 4x 2 y subject to (x, y) on the triangle with vertices 
(0, 0), (2, 0) and (0, 4) 

12. f(x, y) — 2x 3 y subject to (x, y) on the rectangle with vertices 
(-2, 1), (1, 1), (1,3) and (-2, 3) 

13. fix, y) = xe y subject to 4x 2 + y 2 = 4 

14. fix, y) = e 2x+y subject to x 2 + y 2 = 5 

15. f{x, y) = x 2 e y subject to x 2 + y 2 = 3 

16. fix, y) = x 2 y 2 subject to x 2 + 4y 2 = 24 

17. fix, y, z) = 4x 2 + y 2 + z 2 subject to x 4 + y 4 + z 4 = 1 

18. fix, y, z) — x — y — z subject to x 2 — y 2 + z 2 = 1 

19. fix, y, z) = y 2 + 3xz + 2yz subject to x + 2y + z = 1 

2 2 

20. fix, y,z) = x + y + z subject to — + y — + z 2 = 1 

9 

X ~ 

21. fix, y) = x + y subject to — + y = 1 (a > 0) 

a 1 

22. fix, y) = sin(ax + y) subject to — + y 2 = 1 (a, b > 0) 

b 1 

23. fix, y) = x"y b subject to x 2 + y 2 = 1 (a, b > 0) 

24. fix, y) = x + y subject to x" + y" = 1 (n > 2) 



In exercises 25-32, find the maximum and minimum of the func- 
tion fix,y) subject to the constraint g{x,y) < c. 

25. fix, y) = 4x 2 y subject to x 2 + y 2 < 3 

26. fix, y) = 2x 3 y subject to x 2 + y 2 < 4 

27. fix, y) = x 3 + y 3 subject to x 4 + y 4 < 1 
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28. fix, y) - 4xy subject to 4x 2 + y 2 < 8 

29. fix, y) — 3 — x + xy — 2y inside and on the triangle with 
vertices (1, 0), (5, 0) and (1, 4) 

30. f(x, y) = xy 2 subject to x 1 + y 2 < 3 (x, y > 0) 

31. f(x, y, z) = x 2 + y 2 + z 2 subject to x 4 + y 4 + z 4 < 1 

32. /(x, y, z) = x 2 y 2 + z 2 subject to x 2 + y 2 + z 2 < 1 



33. Rework example 8.2 with extra fuel, so that u 2 t — 1 1 ,000. 

34. In exercise 33, compute A. Comparing solutions to example 
8.2 and exercise 33, compute the change in z divided by the 
change in u 2 t. 

35. Solve example 8.2 by substituting t — 10,000/w 2 into the 
height equation. Be sure to show that your solution represents 
a maximum height. 

36. In example 8.2, the general constraint is u 2 t — k and the re- 
sulting maximum height is hik). Use the technique of exercise 
35 and the results of example 8.2 to show that X — h\k). 

37. Suppose that the business in example 8.4 has profit func- 
tion P(x, y, z) = 3x + 6y + 6z and manufacturing constraint 
2x 2 + y 2 + 4z 2 < 8800. Maximize the profits. 

38. Suppose that the business in example 8.4 has profit func- 
tion P(x, y, z) = 3xz + 6y and manufacturing constraint 
x 2 + 2y 2 + z 2 S 6. Maximize the profits. 

39. In exercise 37, show that the Lagrange multiplier gives the rate 
of change of the profit relative to a change in the production 
constraint. 

40. Use the value of A (do not solve any equations) to determine 
the amount of profit if the constraint in exercise 38 is changed 

to x 2 + 2y 2 + z 2 S 7. 

41. Minimize 2x + 2y subject to the constraint xy — c for some 
constant c > 0 and conclude that for a given area, the rectangle 
with smallest perimeter is the square. 

42. As in exercise 41, find the rectangular box of a given volume 
that has the minimum surface area. 

43. Maximize y — x subject to the constraint x 2 + y 2 — 1. 

44. Maximize e* +y subject to the constraint x 2 + y 2 — 2. 

45. Consider the problem of finding extreme values of xy 2 subject 
to x + y = 0. Show that the Lagrange multiplier method iden- 
tifies (0, 0) as a critical point. Show that this point is neither a 
local minimum nor a local maximum. 

46. Make the substitution y — —x in the function fix, y) — xy 2 . 
Show that x = 0 is a critical point and determine what type 
point is at x = 0. Explain why the Lagrange multiplier method 
fails in exercise 45. 



Exercises 47-50 involve optimization with two constraints. 

47. Minimize fix, y, z) = x 2 + y 2 + z 2 , subject to the constraints 
x + 2y + 3z = 6 and y + z = 0. 

48. Interpret the function fix, y, z) of exercise 47 in terms of the 
distance from a point (x, y, z) to the origin. Sketch the two 



planes given in exercise 47. Interpret exercise 47 as finding the 
closest point on a line to the origin. 

49. Maximize fix,y,z) — xyz, subject to the constraints 
x + y + z = 4 and x + y — z = 0. 

50. Maximize fix, y, z) = 3x + y + 2z, subject to the constraints 
y 2 + z 2 = 1 and x + y — z = 1. 



51. Find the points on the intersection of x 2 + y 2 = 1 and 
x 2 + z 2 = 1 that are (a) closest to and (b) farthest from the 
origin. 

52. Find the point on the intersection of x + 2y + z = 2 and y — x 
that is closest to the origin. 

53. Use Lagrange multipliers to explore the problem of finding 
the closest point on y = x" to the point (0, 1), for some pos- 
itive integer n. Show that (0, 0) is always a solution to the 
Lagrange multiplier equation. Show that (0, 0) is the location 
of a local maximum for n — 2, but a local minimum for n > 2. 
As n —> oo, show that the difference between the absolute 
minimum and the local minimum at (0, 0) goes to 0. 

54. Repeat example 8.4 with constraints x > 0, y > 0 and z > 0. 
Note that you can find the maximum on the boundary x = 0 
by maximizing 8y + 6z subject to 4y 2 + 2z 2 < 800. 

| 55. Estimate the closest point on the paraboloid z = x 2 + y 2 to 
the point (1, 0, 0). 

| 56. Estimate the closest point on the hyperboloidx 2 + y 2 — z 2 = 1 
to the point (0, 2, 0). 



APPLICATIONS 



57. In the picture, a sailboat is sailing into a crosswind. The wind 
is blowing out of the north; the sail is at an angle a to the east 
of due north and at an angle f> north of the hull of the boat. 
The hull, in turn, is at an angle 9 to the north of due east. Ex- 
plain why a + p + 9 = |. If the wind is blowing with speed 
w, then the northward component of the wind's force on the 
boat is given by w sin a sin fi sin 6. If this component is posi- 
tive, the boat can travel "against the wind." Taking w — 1 for 
convenience, maximize sin a sin ji sin 9 subject to the con- 
straint a + p + 9 = f . 




58. Suppose a music company sells two types of speakers. The 
profit for selling x speakers of style A and y speakers of style B 
is modeled by fix, y) = x 3 + y — 5xy. The company can't 
manufacture more than k speakers total in a given month 
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for some constant k > 5. Show that the maximum profit is 



k\k - 5) 



and show that X 



d ± 
dk' 



In exercises 59 and 60, you will illustrate the least-cost rule. 

59. Minimize the cost function C — 25 L + 100 A", given the pro- 
duction constraint P = 60L 2/3 K [/3 = 1920. 



60. 



61. 



62. 



In exercise 59, show that the minimum cost occurs when the 

dP 

ratio of marginal productivity of labor, — , to the marginal 

8P 3L 
productivity of capital, , equals the ratio of the price of 

dC dK dC 
labor, — , to the price of capital, . 



A person has $300 to spend on entertainment. Assume that 
CDs cost $10 apiece, DVDs cost $15 apiece and the person's 
utility function is 10c°' 4 rf 0,6 for buying c CDs and d DVDs. 
Find c and d to maximize the utility function. 

To generalize exercise 61, suppose that on a fixed budget of 
%k you buy x units of product A purchased at %a apiece and 
y units of product B purchased at $b apiece. For the utility 
function x p y q with p + q — 1 and 0 < p < 1, show that the 

kp kq 

utility function is maximized with x — — and y — — . 

a b 



1. 



EXPLORATORY EXERCISES 

(This exercise was suggested by Adel Faridani of Oregon State 
University.) The maximum height found in example 8.2 is 
actually the height at the time the fuel runs out. A different 
problem is to find the maximum total height, including the 
extra height gained after the fuel runs out. In this exercise, 
we find the value of u that maximizes the total height. First, 
find the velocity and height when the fuel runs out. (Hint: 
This should be a function of u only.) Then find the total height 
of a rocket with that initial height and initial velocity, again 
assuming that gravity is the only force. Find u to maximize 
this function. Compare this w-value with that found in example 
8.2. Explain in physical terms why this one is larger. 

Find the maximum value of fix, y, z) — xyz subject to 
x + y + z — 1 with x > 0, y > 0 and z > 0. Conclude that 
x + y + z 

J/xyz < • The expression on the left is called the 

geometric mean of x, y and z while the expression on the 
right is the more familiar arithmetic mean. Generalize this 
result in two ways. First, show that the geometric mean of any 
three positive numbers does not exceed the arithmetic mean. 
Then, show that the geometric mean of any number of positive 
numbers does not exceed the arithmetic mean. 



Review Exercises 



£5) WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Level curve 
Level surface 
Partial derivative 
Linear approximation 
Chain rule 

Directional derivative 
Critical point 
Linear regression 
Contour plot 



Limit of fix, y) 
Tangent plane 
Differential 
Laplacian 
Gradient 
Saddle point 
Extreme Value 

Theorem 
Density plot 



Continuous 
Normal line 
Differentiable 
Implicit 

differentiation 
Local extremum 
Second Derivatives 

Test 

Lagrange multiplier 



(■p TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. Quadric surfaces are examples of graphs of functions of two 
variables. 

2. Level curves are traces in planes z — c of the surface 
z = fix, y). 



If a function is continuous on every line through (a, b), then it 
is continuous at (a,b). 

3/ 
ox 

(a,b). 

d 2 f 



-(a,b) equals the slope of the tangent line to z — fix, y) at 



5. For the partial derivative 
does not matter. 



dxdy 



the order of partial derivatives 



6. The normal vector to the tangent plane is given by the partial 
derivatives. 

7. A linear approximation is an equation for a tangent plane. 

8. The gradient vector is perpendicular to all level curves. 

9. If D u fia,b) < 0, then /(a + u { ,b + u 2 ) < fia,b). 

10. A normal vector to the tangent plane to z — fix, y) is 
V/(x, y). 

df df 

11. If — (a, b) > 0 and — (a, b) < 0, then there is a saddle point 

dx dy 

at (a, b). 

12. The maximum of / on a region R occurs either at a critical 
point or on the boundary of R. 

13. Solving the equation V/ = XV g gives the maximum off sub- 
ject to g = 0. 
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In exercises 1-10, sketch the graph of z = f(x, y). 

1. /(*, y) = x 2 - y 2 

2. f(x,y) = y /x 2 + y 2 

3. f( x , y) = 2 - x 2 - y 2 

4. f(x,y) = j2-x 2 -y 2 

5. f(x,y) = j4x 2 +y 2 

6. f(x,y) = j4-y 2 -x 

7. f(x, y) — sin(x 2 ;y) 

8. f(x, y) — sin(v — x 2 ) 

9. f(x,y) = 3xe> -x 3 -e 3 > 

10. f(x, y) = 4*V - 2x 4 - e* y 

11. In parts a-f, match the functions to the surfaces. 

(a) f(x, y) = sinxy (b) f{x, y) = sin(x/y) 

(c) /(x, y) = sin^/x 2 + y 2 (d) /(x, y) = x siny 

(e) /(*,>) = 

(f) ftx.y)-. 



2x 2 + 3y 2 - 1 
4 

2x 2 + 3y 2 + 1 




SURFACE I 



SURFACE 2 






SURFACE 5 SURFACE 6 

12. In parts a-d, match the surfaces to the contour plots, 
(a) z (b) 




CONTOUR A 



6 -4 -2 0 2 4 6 

x 

CONTOUR B 




CONTOUR C 



-4 -2 0 2 4 6 

CONTOUR D 



SURFACE 3 



SURFACE 4 
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13. In parts a-d, match the density plots to the contour plots of 
exercise 12. 

(a) 6 
4 
2 

y o 

-2 
-4 
-6 




\ 



-6 -4 -2 0 2 4 6 



-2-10 1 2 



(c) 2 




(d) 6 



y o 




-2-10 1 2 



14. Compute the indicated limit. 

3x 



-6 -4-2 0 2 4 6 



(a) lim 



(x,y)^ia,2) y 2 + 1 



(b) lim 



xy — 1 



(.t.jO-Kl.Jr) COS .TV 



In exercises 15-18, show that the indicated limit does not exist. 

3x 2 y . 2xy 3/2 



15. lim 

(x,v)^(0,0) x 4 + y 2 

17. lim 



16. lim 



(*,y)-K0,0) x 2 + y j 



x 2 + }> 2 



(x,v)^(0,0) x 2 + xy + y 2 



18. lim 



(*,j>)-K0,o) x 2 + + y 1 



In exercises 19 and 20, show that the indicated limit exists. 

3y 2 ln(x + 1) 



19. lim 



x 3 + xy 2 



(x,y)->-(0,0) x 1 + y 1 



20. lim 



(x,>)-K0,0) x 2 + 3y 2 



In exercises 21 and 22, find the region on which the function is 
continuous. 



21. fix, y) = 3xV>' 

22. fix, y) = y/4- 4x 2 



3v 



In exercises 23-26, find both first-order partial derivatives. 

23. f(x,y) = — +xe* y 

y 

24. fix, y) = xe*y + 3y 2 

25. fix, y) = 3x 2 ycosy — «Jx 

26. fix,y) = ^/x J y + 3x-5 



27. Show that the function fix, y) — e x s'my satisfies Laplace's 

d 2 f d 2 f 
equafaon — + — =0 . 

28. Show that the function fix, y) — e x cos y satisfies Laplace's 
equation. (See exercise 27.) 



In exercises 29 and 30, use the chart to estimate the partial 
derivatives. 



3f df 

29. -L(0,0)and-^(0,0) 
ox ay 



30. ^(10,0) and ^(10,0) 
ox dy 





-20 


-10 


0 


10 


20 


-20 


2.4 


2.1 


0.8 


0.5 


1.0 


-10 


2.6 


2.2 


1.4 


1.0 


1.2 


0 


2.7 


2.4 


2.0 


1.6 


1.2 


10 


2.9 


2.5 


2.6 


2.2 


1.8 


20 


3.1 


2.7 


3.0 


2.9 


2.7 



In exercises 31-34, compute the linear approximation of the 
function at the given point. 



31. 


f(x,y) = 


3yjx 2 + 5 at (-2, 5) 


32. 


f(x,y) = 


x +2 

at (2, 3) 

4y-2 


33. 


/(x, y) = 


tan(x + 2y) at (tt, f ) 


34. 


f{x,y) = 


ln(x 2 + 3 y) at (4, 2) 



In exercises 35 and 36, find the indicated derivatives. 

35. fix, y) = 2x 4 y + 3x 2 y 2 ; f xx , f„, f xy 

— vW 



36. fix, y) = x l e iy - sin y; f xx , f yy , f yyl 



In exercises 37-40, find an equation of the tangent plane. 

37. z = x 2 y + 2x - y 2 at (1,-1,0) 

38. z = six 2 + y 2 at (3, -4, 5) 

39. x 2 + 2xy + y 2 + z 2 = 5 at (0, 2, 1) 

40. x 2 z - y 2 x + 3y - z = -4 at (1,-1,2) 



In exercises 41 and 42, use the chain rule to find the indicated 
derivative(s). 

41. g'it) where g(f) = f(x(t), y(t)), fix, y) = x 2 y + y 2 , 
x(t) = e 4 ' and y(t) = sin t 
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42. — and — where g(u, v) — f(x(u, v), y(u, v)), 
du dv 

fix, y) — 4x 2 — y, x(u, v) — u 3 v + sin u and y(u, v) — 4v 2 

In exercises 43 and 44, state the chain rule for the general 
composite function. 

43. git) = f(x(t), y(t), z(t), w{t)) 

44. g(u,v) = f(x(u,v),y(u,v)) 



In exercises 45 and 46, use implicit differentiation to find — 

Sx 

and — . 
3v 

45. x 2 + 2xy + y 2 + z 2 = 1 

46. x 2 z — y 2 x + 3y — z = — 4 

In exercises 47 and 48, find the gradient of the given function at 
the indicated point. 

47. fix, y) — 3x sin4_v — */xy, in, it) 

48. f(x, y, z) = 4xz 2 -3cosx + 4y 2 ,(0, 1,-1) 



In exercises 49-52, compute the directional derivative of / at the 
given point in the direction of the indicated vector. 

49. fix, y) = x 3 y - Ay 2 , (-2, 3), u = (§, f) 

50. fix, y) — x 2 + xy 2 , (2, 1), u in the direction of (3, —2) 

51. fix, y) — e 3xy — y 2 , (0, — 1), u in the direction from (2, 3) to 
(3, 1) 

52. fix, y) = Jx 2 + xy 2 , (2, 1), u in the direction of (1, —2) 



In exercises 53-56, find the directions of maximum and 
minimum change of / at the given point, and the values of the 
maximum and minimum rates of change. 

53. fix,y) = x 3 y -4y 2 ,i-2, 3) 

54. fix,y) = x 2 + xy 2 A2, 1) 

55. fix,y) = vV + /,(2, 0) 

56. fix,y) = x 2 + xy 2 ,H,2) 



57. Suppose that the elevation on a hill is given by 
fix, y) — 100 — 4x 2 — 2y. From the site at (2, 1), in which 
direction will the rain run off? 

58. If the temperature at the point ix,y,z) is given by 
Tix, y, z) — 70+ 5e~ z ~i4x + 3v _1 ), find the direction from 
the point (1, 2, 1) in which the temperature decreases most 
rapidly. 



In exercises 59-62, find all critical points and use Theorem 7.2 
(if applicable) to classify them. 

59. fix, y) = 2x A -xy 2 + 2y 2 

60. fix,y) = 2x* + y 3 - x 2 y 

61. fix,y) = 4xy - x 3 - 2y 2 

62. fix, y) = 3xy - x 3 y + y 2 - y 



63. The following data show the height and weight of a small 
number of people. Use the linear model to predict the weight 
of a 6'2" person and a 5'0" person. Comment on how accurate 
you think the model is. 



Height (inches) 


64 


66 


70 


71 


Weight (pounds) 


140 


156 


184 


190 



64. The following data show the age and income for a small 
number of people. Use the linear model to predict the income of 
a 20-year-old and of a 60-year-old. Comment on how accurate 
you think the model is. 



Age (years) 


28 


32 


40 


56 


Income ($) 


36,000 


34,000 


88,000 


104,000 



In exercises 65 and 66, find the absolute extrema of the function 
on the given region. 

65. fix, y) = 2x A - xy 2 + 2y 2 , 0 < x < 4, 0 < y < 2 

66. fix, y) — 2x A + y 3 — x 2 y, region bounded by y = 0, y = x 
and x — 2 



In exercises 67-70, use Lagrange multipliers to find the 
maximum and minimum of the function fix, y), subject to the 
constraint gix,y) = c. 

67. fix, y) — x + 2y, subject to x 2 + y 2 — 5 

68. fix, y) = 2x 2 y, subject to x 2 + y 2 = 4 

69. fix, y) — xy, subject to x 2 + y 2 — 1 

70. fix, y) = x 2 + 2y 2 - 2x, subject to x 2 + y 2 = 1 



In exercises 71 and 72, use Lagrange multipliers to find the 
closest point on the given curve to the indicated point. 

71. y = x 3 , (4, 0) 72. y = x 3 , (2, 1) 
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EXPLORATORY EXERCISES 

The graph (from the excellent book Tennis Science for 
Tennis Players by Howard Brody) shows the vertical 
angular acceptance of a tennis serve as a function of veloc- 
ity and the height at which the ball is hit. With vertical angular 
acceptance, Brody is measuring a margin of error. For exam- 
ple, if serves with angles ranging from 5° to 8° will land in 
the service box (for a given height and velocity), the vertical 
angular acceptance is 3°. For a given height, does the angular 
acceptance increase or decrease as velocity increases? Explain 
why this is reasonable. For a given velocity, does the angular 
acceptance increase or decrease as height increases? Explain 
why this is reasonable. 




80 100 
Height 



The graphic in exercise 1 is somewhat like a contour plot. 
Assuming that angular acceptance is the dependent variable, 
explain what is different about this plot from the contour plots 
drawn in this chapter. Which type of plot do you think is easier 
to read? The accompanying plot shows angular acceptance in 
terms of a number of variables. Identify the independent vari- 
ables and compare this plot to the level surfaces drawn in this 
chapter. 



h = 


105 in., v 0 — 67 mi/hr 


h = 


85 in., v 0 — 67 mi/hr 




105in.,u 0 = 90 mi/hr 


- h = 


85 in., v 0 = 90 mi/hr 





0 


1 2 3 4 5 6 7 



Distance behind baseline (feet) 

The horizontal range of a golf ball or baseball depends on the 
launch angle and the rate of backspin on the ball. The accom- 
panying figure, reprinted from Keep Your Eye on the Ball by 
Watts and Bahill, shows level curves for this relationship for 
an initial velocity of 1 10 mph, although the dependent variable 
(range) is graphed vertically and the level curves represent con- 
stant values of one of the independent variables. Estimate the 
partial derivatives of range at 30° and 1910rpm and use them 
to find a linear approximation of range. Predict the range at 
25° and 2500 rpm, and also at 40° and 4000 rpm. Discuss the 
accuracy of each prediction. 




0 10 20 30 40 
Launch angle (degrees) 

Following up on exercises 57 and 58 in section 13.7, suppose 
that Elvis starts w\ m from shore (in the water) and the ball 
is thrown z m downshore and w 2 m from shore. If Elvis runs 
r m/s and swims s m/s, find x and y to minimize the total 
time to the ball. Compare to the time to swim straight to the 
ball. Find all values of z such that Elvis is better off swimming 
directly to the ball than going to shore. 




COEFFICIENT OF RESTITUTION 
RACKETS HELD BY VISE 
BALL VELOCITY OF 385 M PA 




FIRST STRING 
Prince Racket 



FIRST STRING 

1WM Greater Than 3 
rZY\ Greater Than 4 
KK7\ Greater Than 5 
ITx"x1 Greater Than 6 



A M.F. Wood Standard 
Racket 



The design of modern sports equipment has become a sophisticated en- 
gineering enterprise. Many innovations can be traced back to a brilliant 
aeronautical engineer but mediocre athlete named Howard Head, who in 
the 1940s became frustrated learning to ski on the wooden skis of the day. 
Following years of experimentation, Head revolutionized the ski indus- 
try by introducing metal skis designed using principles borrowed from 
aircraft design. 

After retiring from the Head Ski Company as a wealthy ski mogul, 
in 1970, Head quickly became frustrated by his slow progress learning to 
play tennis, a sport then played exclusively with wooden rackets. Head 
again focused on his equipment, reasoning that a larger racket would twist 
less and therefore be easier to control. However, years of experimentation 
showed that large wooden rackets either broke easily or were too heavy 
to swing. 

Given that Head's metal skis were successful largely because they 
reduced the twisting of the skis in turns, it is not surprising that his ex- 
perimentation turned to oversized metal tennis rackets. The rackets that 
Head eventually marketed as Prince rackets revolutionized tennis racket 
design. As the accompanying diagram shows, the sweet spot of the over- 
sized racket is considerably larger than the sweet spot of the smaller 
wooden racket. 

In this chapter, we introduce double and triple integrals, which are needed 
to compute the mass, moment of inertia and other important properties of three- 
dimensional solids. The moment of inertia is a measure of the resistance of an 
object to rotation. As shown in the exercises in section 14.2, compared to smaller 
rackets, the larger Head rackets have a larger moment of inertia and thus, twist less 
on off-center shots. Engineers use similar calculations as they test new materials 
for strength and weight for the next generation of sports equipment. 



14.1 DOUBLE INTEGRALS 



Before we introduce the idea of a double integral for a function of two variables, 
we first introduce a slight generalization of the definition of definite integral for 
a function of a single variable. Recall that to find the area A under the graph of 
a continuous function / defined on an interval [a, b], where f(x) > 0 on [a, b], 
we began by partitioning the interval [a,b] into n subintervals [x,„ i , for 

b — a 

i — 1,2, ... ,n, at equal width ax — , where 

n 

a — xq < X\ < ■ ■ ■ < x„ — b. 
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FIGURE I4.la 

Approximating the area on the 
subinterval [x;_i, x,] 



b = x„ 



FIGURE 14.1 b 

Area under the curve 



On each subinterval [Xj _ \ , x,- ] , for i — 1 , 2, . . . , n, we approximated the area under the curve 
by the area of the rectangle of height /(c), for some point c e [x,_i, x,], as indicated in 
Figure 14.1a. Adding together the areas of these n rectangles, we obtain an approximation 
of the area, as indicated in Figure 14.1b: 

n 

A«J]/(c)Ax. 

! = 1 

Finally, taking the limit as n — »• oo (which also means that Ax — > 0), we get the exact area 
(assuming that the limit exists and is the same for all choices of the evaluation points q): 



A = lim V /(c,) Ax. 



We defined the definite integral as this limit: 

n 

f(x)dx= lim T /(c) Ax. (1.1) 



f 



We generalize this by allowing partitions to be irregular (that is, where not all subin- 
tervals have the same width). We need this kind of generalization, among other reasons, for 
more sophisticated numerical methods for approximating definite integrals. This general- 
ization is also needed for theoretical purposes; this is pursued in a more advanced course. 
We proceed as above, except that we define the width of the ith subinterval [x,_i , x, ] to be 
Ax,- = x ; — x,_!. (See Figure 14.2 for the case where n — 7.) 



Ax 5 



CI — Jl°q X^ X^ JCg b — Xj 



FIGURE 14.2 

Irregular partition of [a, b] 

An approximation of the area is then (essentially, as before) 

n 

A«^/(c)Ax,-, 

i=l 

for any choice of the evaluation points c e [Xi-i, x{\, for i = 1, 2, . . . , n. To get the exact 
area, we need to let n oo, but since the partition is irregular, this alone will not guarantee 
that all of the Ax, 's will approach zero. We take a little extra care, by defining ||P|| (the 
norm of the partition) to be the largest of all the Ax, 's. We then arrive at the following 
more general definition of definite integral. 
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DEFINITION I.I 

For any function / defined on the interval [a, b], the definite integral of /on [a, b] is 

I f(x)dx — lim > f(ci) Axj, 

provided the limit exists and is the same for all choices of the evaluation points 

c; e x,], for (' = 1, 2, In this case, we say that / is integrable on [a, b]. 



Here, by saying that the limit in Definition 1.1 equals some value L, we mean that 

n 

we can make f(C{) Ax,- as close as needed to L, just by making || P || sufficiently small. 

! = 1 

How close must the sum get to LI We must be able to make the sum within any specified 
distance £ > 0 of L. More precisely, given any e > 0, there must be a S > 0 (depending on 
the choice of e), such that 




z=fQc,y) 



FIGURE 14.3 

Volume under the surface 

z = f(*,y) 



J2f( Ci )A Xi -L 



for every partition P with || P || < S. Notice that this is only a very slight generalization of 
our original notion of definite integral. All we have done is to allow the partitions to be 
irregular and then defined || P || to ensure that Ax, — > 0, for every i. 



O Double Integrals over a Rectangle 

For a function /(x, y), where / is continuous and f(x, y) > 0 for all a < x < b and 
c < y < d, we wish to find the volume of the solid lying below the surface z = /(x, y) 
and above the rectangle R = {(x, y)\a < x < b and c < y < d] in the xy-plane. (See 
Figure 14.3.) Proceeding essentially as we did to find the area under a curve, we first partition 
the rectangle R by laying down a grid on top of R consisting of n smaller rectangles. (See 
Figure 14.4a.) (Note: The rectangles in the grid need not be all of the same size.) Call the 

smaller rectangles Ri, R2 R n . (The order in which you number them is irrelevent.) 

For each rectangle R, (i — 1,2, . . . , n) in the partition, we approximate the volume V, 
lying beneath the surface z — f(x, y) and above the rectangle by constructing a rect- 
angular box whose height is /(m,-, v,), for some point (m,, u;) e (See Figure 14.4b.) 



y 



































1 



1 *-x 




z=f(x,y) 



FIGURE 14.4a 

Partition of R 



FIGURE 14.4b 

Approximating the volume above 
R[ by a rectangular box 
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FIGURE 14.4c FIGURE I4.4d 

Approximate volume Approximate volume 



Notice that the volume V,- beneath the surface z — f(x, y) and above is approximated 
by the volume of the box: 

Vj Height x Area of base = f(ui, t>,) AA,-, 

where A A, denotes the area of the rectangle Rj . 
The total volume is then approximately 

n 

As in our development of the definite integral in Chapter 4, we call the sum in (1.2) a 
Riemann sum. We illustrate the approximation of the volume under a surface by a Riemann 
sum in Figures 14.4c and 14.4d. Notice that the larger number of rectangles used in Figure 
14. 4d appears to give a better approximation of the volume. 



EXAMPLE I . I Approximating the Volume Lying Beneath a Surface 

2 ny 

Approximate the volume lying beneath the surface z — x sin — and above the 

6 

rectangle R — {(x, y)|0 < x < 6, 0 < y < 6}. 

Solution First, note that / is continuous and f(x, y) — x sin — > 0 on R. (See 

6 

Figure 14.5a.) Next, a simple partition of R is a partition into four squares of equal size, 
as indicated in Figure 14.5b. We choose the evaluation points («, , i>,) to be the centers 
of each of the four squares, that is, (|, |), (§, |), (|, |) and (|, |). 



z y 




FIGURE 14.5a FIGURE 14.5b 

, iry 

z — x~ sin — Partition of R into four equal squares 
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• 


• 


• 


R 7 






• 


• 


• 








• 


• 


• 


*1 


R 2 


fi 3 



0 



FIGURE 14.5c 

Partition of R into nine equal squares 



No. of Squares 
in Partition 


Approximate 
Volume 


4 


286.38 


9 


280.00 


36 


276.25 


144 


275.33 


400 


275.13 


900 


275.07 



Since the four squares are the same size, we have AA,- = 9, for each i. For 



Try 



f(x, y) = x sin — , we have from (1.2) that 
6 



3 3 



9 3 



f[- r - 2 (9) + / U>2 (9) + ^ U'2 (9) + / V2'2 



3 9 



9 9 



(9) 



405 



3V . /* 
-I sin — 
2 W 



V2« 286.38. 



jr\ /3V . 3tx 
, sin I — + - sin I — 
2 \4 \2 I 4 



3jt 

. sin , 

2 V 4 



We can improve on this approximation by increasing the number of rectangles in the 
partition. For instance, partitioning R into nine squares of equal size (as in Figure 14.5c) 
and again using the center of each square as the evaluation point, we have AA, = 4 for 
each ; and 



!=1 

= 4 [/(l, 1) + f(3, 1) + /(5, 1) + /(l, 3) + f(3, 3) + /(5, 3) 
+ /(l,5) + /(3,5) + /(5,5)] 
'n 

'5tx 
~6~ 



- 4 



l 2 sin 



+ 5 2 sin 
280. 



3 2 sin 



1" sin 



■ 5" sin 



3 2 ! 



5tt 



l 2 sin 



■5 2 ! 



371 

~6 



3" sin 



3n 
~6~ 



5ir 
~6 



Continuing in this fashion to divide R into more and more squares of equal size and 
using the center of each square as the evaluation point, we construct increasingly better 
and better approximations of the volume. (See the table in the margin.) From the table, 
it appears that a reasonable approximation to the volume is slightly less than 275.07. In 
fact, the exact volume is — 275.02. (We'll show you how to find this shortly.) ■ 



Turning (1.2) into an exact formula for volume takes more than simply letting n — > oo, 
since we need to have all of the rectangles in the partition shrink to zero area. A convenient 
way of doing this is to define the norm of the partition || P \\ to be the largest diagonal of 
any rectangle in the partition. Note that if \\P\\ 0, then all of the rectangles must shrink 
to zero area. We can now make the volume approximation (1.2) exact: 



NOTES 

The choice of the center of each 
square as the evaluation point, as 
used in example 1.1, corresponds 
to the Midpoint rule for 
approximating the value of a 
definite integral for a function of 
a single variable (discussed in 
section 4.7). This choice of 
evaluation points generally 
produces a reasonably good 
approximation. 



V = lim yV("i- vdAAi, 

IIPIKO^ 

assuming the limit exists and is the same for every choice of the evaluation points. Here, 

n 

by saying that this limit equals V, we mean that we can make /(m, , i>,) AA, as close as 

;=i 

needed to V, just by making || P \\ sufficiently small. More precisely, this says that given any 
e > 0, there is a S > 0 (depending on the choice of e), such that 



J^fiUi^dAAt-V 



1=] 



< £, 



for every partition P with \\P\\ < S. More generally, we have the following definition, which 
applies even when the function takes on negative values. 
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DEFINITION 1.2 



REMARK I.I 



It can be shown that if / is 
continuous on R, then it is also 
integrable over R. The proof can 
be found in more advanced 
texts. 



For any function / defined on the rectangle 

R = {(x, y)\a < x < b and c < y < d}, we define the double integral off over R by 



provided the limit exists and is the same for every choice of the evaluation points (m, , Vj) 
in Ri, for i = 1, 2, . . . , n. When this happens, we say that / is integrable over R. 



Note that just as when we first defined the definite integral of a function of one variable, 
we don't yet know how to compute this double integral. We first consider the special case 
where f(x, y) > 0 on the rectangle R = {(x, y)\a < x < b and c < y < d). Notice that 
here, ff f{x, y)dA represents the volume lying beneath the surface z — f{x, y) and above 



the region R. Recall that we already know how to compute this volume, from our work 
in section 5.2. We can do this by slicing the solid with planes parallel to the yz-plane, as 
indicated in Figure 14.6a. If we denote the area of the cross section of the solid for a given 
value of x by A(x), then we have from equation (2.1) in section 5.2 that the volume is 
given by 



Now, note that for each fixed value of x, the area of the cross section is simply the area under 
the curve z = fix, y) for c < y < d, which is given by the integral 



This integration is called a partial integration with respect to y, since x is held fixed and 
f(x, y) is integrated with respect to y. This leaves us with 



Likewise, if we instead slice the solid with planes parallel to the xz-plane, as indicated in 
Figure 14.6b, we get that the volume is given by 






f(x, y)dy. 





(1.4) 



z 



z 



z=f(x,y) 



z = fix, y) 



x 




V 



y 



FIGURE 14.6a 

Slicing the solid parallel to the 
yz-plane 



FIGURE 14.6b 

Slicing the solid parallel to the 
xz-plane 
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HISTORICAL 
NOTES 

Guido Fubini (1879-1943) 

Italian mathematician who made 
wide-ranging contributions to 
mathematics, physics and 
engineering. Fubini's early work 
was in differential geometry, but 
he quickly diversified his research 
to include analysis, the calculus 
of variations, group theory, 
non-Euclidean geometry and 
mathematical physics. 
Mathematics was the family 
business, as his father was a 
mathematics teacher and his sons 
became engineers. Fubini moved 
to the United States in 1 939 to 
escape the persecution of Jews in 
Italy. He was working on an 
engineering textbook inspired by 
his sons' work when he died. 




The integrals in (1.3) and (1.4) are called iterated integrals. Note that each of these 
indicates a partial integration with respect to the inner variable (i.e., you first integrate with 
respect to the inner variable, treating the outer variable as a constant), to be followed by an 
integration with respect to the outer variable. 

For simplicity, we ordinarily write the iterated integrals without the brackets: 

pb r pd pb pd 

/ / f(x,y)dy dx = / f(x,y)dydx 

J a LV c J J a J c 



and 



f\J 

J c \_J a 



f{x, y) dx 



dy 



pd pi 
J c J a 



f(x, y)dx dy. 



As indicated, these integrals are evaluated inside out, using the methods of integration we've 
already established for functions of a single variable. This now establishes the following 
result for the special case where f(x, y) > 0. The proof of the result for the general case is 
rather lengthy and we omit it. 



THEOREM I.I (Fubini's Theorem) 

Suppose that/is integrable over the rectangle R — {(x, y)\a < x < b and c < y < d}. 
Then we can write the double integral of / over R as either of the iterated integrals: 



p p pb pa pd pb 

f(x,y)dA = / f(x, y)dydx= / /(*, y) dx dy. 

J J J a J c J c J a 



(1.5) 



Fubini's Theorem simply tells you that you can always rewrite a double integral over 
a rectangle as either one of a pair of iterated integrals. We illustrate this in example 1.2. 



EXAMPLE 1 .2 Double Integral over a Rectangle 

If R — {(x, y)\0 < x < 2 and 1 < y < 4}, evaluate / / (6x 2 +4xy 3 )dA. 

R 

Solution From (1.5), we have 

.2 i a„„3\ 



R 



J (6x 2 + 4xy 3 ) dx dy 
-A r p2 



■ 4xy ) dx 



dy 



-I 



4 ' x 3 x 2 . 
6—+4—y 3 
3 2 



dy 



(16 + 8v 3 )^ 



= 16-V + 8 



y 



= [16(4) + 2(4) 4 ] - [16(1) + 2(1) 4 ] = 558. 



Note that we evaluated the first integral above by integrating with respect to x, while 
treating y as a constant. We leave it as an exercise to show that you get the same value 
by integrating first with respect to y, that is, that 



fh 2 



■ 4xy 3 ) dA 



ay 



■4xy 3 )dy dx = 558, 



also. 
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O Double Integrals over General Regions 




FIGURE 14.7a 

Nonrectangular region 



We now wish to extend the notion of double integral to a bounded, nonrectangular region 
like the one shown in Figure 14.7a. (Recall that a region is bounded if it fits inside a circle 
of some finite radius.) We begin, as we did for the case of rectangular regions, by looking 
for the volume lying beneath the surface z — f(x, y) and lying above the region R, where 
/(*> y) > 0 and / is continuous on R. 

First, notice that the grid we used initially to partition a rectangular region must be 
modified, since such a rectangular grid won't "fit" a nonrectangular region, as shown 
in Figure 14.7b. We resolve this problem by considering only those rectangular sub- 
regions that lie completely inside the region R. (See Figure 14.7c, where we have 
labeled these rectangles.) We call the collection of these rectangles an inner parti- 
tion of R. For instance, in the inner partition indicated in Figure 14.7c, there are nine 
subregions. 




H 































R 2 














R 6 


R 7 












R 9 






























FIGURE 14.7b 

Grid for a general region 



FIGURE 14.7c 

Inner partition 



FIGURE I4.7d 

Sample volume box 



From this point on, we proceed essentially as we did for the case of a rectangular region. 
That is, on each rectangular subregion R, (i = 1,2,..., n) in an inner partition, we construct 
a rectangular box of height /(m, , i>,), for some point (m, , v,) e Ri . (See Figure 14. 7d for a 
sample box.) The volume V, beneath the surface and above Rj is then approximately 

Vj Height x Area of base = /(«;, U|) AA,-, 

where we again denote the area of Ri by AA, . The total volume V lying beneath the surface 
and above the region R is then approximately 

// 

V «£/(«,■, Uj)AAj. (1.6) 
i=i 

We define the norm of the inner partition ||P|| to be the length of the largest diago- 
nal of any of the rectangles Ri, R2, . . . , R„. Notice that as we make ||P|| smaller and 
smaller, the inner partition fills in R nicely (as in Figure 14.8a) and the approximate volume 
given by (1.6) should get closer and closer to the actual volume. (See Figure 14.8b.) We 
then have 



n 




assuming the limit exists and is the same for every choice of the evaluation points. 



14-9 



SECTION 14.1 •• Double Integrals 909 



y 

A 





















-- 


































■Sr. 


\u 










































i 


\- 


















-\ 








:z: 







































4 1 >X 

a b 

FIGURE 14.8a 

Refined grid 
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FIGURE 14.8b 

Approximate volume 



More generally, we have Definition 1.3. 



REMARK 1.2 



Once again, it can be shown that 
iff is continuous on R, then it is 
integrable over R, although the 
proof is beyond the level of this 
course. 



y = gi(*) 




FIGURE 14.9a 

The region R 




FIGURE 14.9b 

Volume by slicing 



DEFINITION 1.3 

For any function / defined on a bounded region /J C K ! , we define the double 
integral off over R by 



jj f(x,y)M = ^f^fiuuvOAA 



(1.7) 



provided the limit exists and is the same for every choice of the evaluation points 
(m, , Vi) in Ri, for i = 1, 2, . . . , n. In this case, we say that/ is integrable over R. 



Calculating a double integral over a nonrectangular region is a bit more complicated 
than it was for the case of a rectangular region and depends on the exact form of R. We first 
consider the case where the region R lies between the vertical lines x = a and x = b, with 
a < b, has a top defined by the curve y = g2(x) and a bottom defined by y — gi(x), where 
gi( x ) < gi{x) for all x in (a, b). That is, R has the form 

R — {(x, y)\a < x < b and g\(x) < y < g2(x)}. 

See Figure 14.9a for a typical region of this form lying in the first quadrant of the xy-plane. 
Think about this for the special case where fix, y) > 0 on R. Here, the double integral of 
/ over R gives the volume lying beneath the surface z = f(x, y) and above the region R in 
the xy-plane. We can find this volume by the method of slicing, just as we did for the case 
of a double integral over a rectangular region. 

From Figure 14.9b, observe that for each fixed x e [a, b], the area of the slice lying 
above the line segment indicated and below the surface z = fix, y) is given by 



A(. 



/«2(-V) 
fix, y) dy. 



The volume of the solid is then given by equation (2.1) in section 5.2 to be 



/■o rb rgi(x) 

= I Aix)dx— I I fix,y)dydx. 

J a J a J g\(x) 



V 



Recognizing the volume as V — ff fix, y) dA proves the following theorem, for the special 

R 

case where fix, y) > 0 on R. 
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CAUTION 



Be sure to draw a reasonably 
good sketch of the region R 
before you try to write down the 
iterated integrals. Without doing 
this, you may be lucky enough 
(or clever enough) to get the 
first few exercises to work out, 
but you will ultimately be 
doomed to failure. It is essential 
that you have a clear picture of 
the region in order to set up the 
integrals correctly. 



THEOREM 1.2 

Suppose that / is continuous on the region R defined by 

R — {(x, y)\a < x < b and g\{x) < y < g2(x)}, for continuous functions gi and g2, 
where gi(x) < g2(x), for all x in [a, b]. Then, 

f(x,y)dA = / f{x,y)dydx. 

J J Ja J gi(x) 



Although the general proof of Theorem 1 .2 is beyond the level of this text, the derivation 
given above for the special case where f(x, y) > 0 should help to make some sense of this. 

We illustrate the process of writing a double integral as an iterated integral in 
example 1.3. 




FIGURE 14.10 

The region R 



EXAMPLE 1.3 Evaluating a Double Integral 

Let R be the region bounded by the graphs of y = x, y = 0 and x — 4. Evaluate 

j I (4e xl -5 sin y)dA. 

R 

Solution First, we draw a graph of the region R in Figure 14. 10. To help with 
determining the limits of integration, we have drawn a line segment illustrating that for 
each fixed value of x on the interval [0, 4], the y- values range from 0 up to x. From 
Theorem 1 .2, we have 



// (4e " 



5 sin v) dA 



Jo Jo 



=1 

-L 



{Aye* 



— 5 sin v) dy dx 

y=x 

5 cosy) dx 



(1.8) 



(4xe x + 5 cos x — 5) dx 



o 

(2e x 



2e 



16 



5 sinx — 5.y) 



■5sin4- 22 » 1.78 x 10 7 . 



Be very careful here; there are plenty of traps to fall into. The most common error 
is to simply look for the minimum and maximum values of x and y and mistakenly write 

jjf(x,y)dA — j j f(x,y)dydx. This is incorrect! 
R 

Notice that instead of integrating over the region R shown in Figure 14.10, as in (1.8), 
this corresponds to integration over the rectangle 0 < x < 4, 0 < y < 4. ■ 



As with any other integral, iterated integrals often cannot be evaluated symbolically 
(even with a very good computer algebra system). In such cases, we must rely on approxi- 
mate methods. This is easily accomplished if you evaluate the inner integral symbolically 
and then use a numerical method (e.g., Simpson's Rule) to approximate the outer integral. 



EXAMPLE 1.4 Approximate Limits of Integration 

Evaluate / f {x 2 + 6y) dA, where R is the region bounded by the graphs of y = cos x 

R 

and y — x 2 . 
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FIGURE 14.1 I 

The region R 




FIGURE 14.12 

Typical region 



TODAY IN 
MATHEMATICS 



Mary Ellen Rudin (1924- ) 

An American mathematician who 
published more than 70 research 
papers while supervising Ph.D. 
students, raising four children and 
earning the love and respect of 
students and colleagues. As a 
child, she and her friends played 
games that were "very elaborate 
and purely in the imagination. 
I think actually that that is 
something that contributes to 
making a mathematician — having 
time to think and being in the 
habit of imagining all sorts of 
complicated things." She says, 
"I'm very geometric in my 
thinking. I'm not really interested 
in numbers." She describes her 
teaching style as, "I bubble and I 
get students enthusiastic." 



Solution Notice that the inner limits of integration are easy to see from Figure 14. 1 1 ; 
for each fixed x, y ranges from x 2 up to cosx. To find the outer limits, we must find the 
intersections of the two curves by solving the equation cosx = x 2 . We can't solve this 
exactly, but using a numerical procedure (e.g., Newton's method or one built into your 
calculator or computer algebra system), we get approximate intersections of 
x ±0.82413. From Theorem 1.2, we now have 



/ 0.82413 /-cc 
-0.82413 Jx 2 



■6y)dA 



(x + 6y) dy dx 



-L 



-0.82413 
0.82413 



0.82413 



x 2 y 



dx 



J-o 



0.82413 



[(x cos x + 3 cos x) — (x + 3x )] dx 



82413 



» 3.659765588, 

where we have evaluated the last integral approximately, even though it could be done 
exactly, using integration by parts and a trigonometric identity. ■ 



Not all double integrals can be computed using the technique of examples 1.3 and 1.4. 
Often, it is necessary (or at least convenient) to think of the geometry of the region R in a 
different way. 

Suppose that the region R has the form 

R - {(x, y)\c < y < d and h\{y) <x< h 2 (y)}, 

as indicated in Figure 14.12. Then, much as in Theorem 1.2, we can write double integrals 
as iterated integrals, as in Theorem 1.3. 



THEOREM 1.3 

Suppose that / is continuous on the region R defined by 

R — {(x, y)\c < y < d and h\{y) < x < hz(y)}, for continuous functions hi and hi, 
where h\{y) < hziy), for all y in [c, d]. Then, 



f(x,y)dA = / / 

J J Jc Jh,(y) 



f{x, y)dx dy. 



The general proof of this theorem is beyond the level of this course, although the 
reasonableness of this result should be apparent from Theorem 1 .2 and the analysis preceding 
that theorem, for the special case where f(x, y) > 0 on R. 



EXAMPLE 1 .5 Integrating First with Respect to x 

Write ff f(x, y)dA as an iterated integral, where R is the region bounded by the graphs 



of x = y 2 and x = 2 



y- 



Solution From the graph of the region in Figure 14.13a (on the following page), 
notice that integrating first with respect to y is not a very good choice, since the upper 
boundary of the region is y — *Jx for 0 < x < 1 and y — 2 — x for 1 < x < 4. A more 
reasonable choice is to use Theorem 1.3 and integrate first with respect to x. In Figure 
14.13b (on the following page), we have included a horizontal line segment indicating 
the inner limits of integration: for each fixed y, x runs from x = y 2 over to x — 2 — y. 
The value of y then runs between the values at the intersections of the two curves. To 
find these, we solve y 2 — 2 — y or 

0 = y 2 + y-2 = (y + 2)(y-l), 
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FIGURE 14.14 

The region R 





FIGURE 14.13a 

The region R 



FIGURE 14. 13b 

The region R 



so that the intersections are at y = —2 and y = 1. From Theorem 1.3, we now have 
jjf(x,y)dA = j J 3 f(x,y)dxdy. 



You will often have to choose which variable to integrate with respect to first. Some- 
times, you make your choice on the basis of the region. Often, a double integral can be set 
up either way but is much easier to calculate one way than the other. This is the case in 
example 1.6. 




EXAMPLE 1.6 Evaluating a Double Integral 

Let R be the region bounded by the graphs of y — yfx, x — 0 and y = 3. Evaluate 
ff(2xy 2 + 2y cos x)dA. 

R 

Solution We show a graph of the region in Figure 14.14. From Theorem 1.3, we have 



3 r x 2 



(2xy + 2y cos x) dA 



f J 

Jo Jo 



(2xy + 2y cos x)dx dy 



o Jo 

3 



- f (x 
Jo 



2 y 2 + 2y sinx) 



dy 



f (y 6 + 2y sin y 2 )dy 
Jo 



y 2 

cos y 

7 y 



1 



cos 9 + cos 0 ~ 314.3. 



Alternatively, integrating with respect to y first, we get 

r-9 z-3 



(2xy 2 + 2y cos x)dA — I I (2xy 2 + 2y cos x)dy dx 
Jo JJx 



-L 



X— + V cosx 



y=3 



dx 



f[ 

Jo . 



x(27 -x 3/2 ) + (3 z -x)cosx 



dx, 



which leaves you with an integration by parts to carry out. We leave the details as an 
exercise. Which way do you think is easier? ■ 



14-13 



SECTION 14.1 •• Double Integrals 913 




FIGURE 14.15 

The region R 



CAUTION 



Carefully study the steps 
we used to change the order 
of integration in example 1.7. 
Notice that we did not simply 
swap the two integrals, nor did 
we just switch y's to x's on the 
inside limits. When you change 
the order of integration, it 
is extremely important that you 
sketch the region over which 
you are integrating, as in Figure 
14. 15. This allows you to see the 
orientation of the different parts 
of the boundary of the region. 
Failing to do this is the single 
most common error made by 
students at this point. This is a 
skill you need to practice, as you 
will use it throughout the rest of 
the course. (Sketching a picture 
takes only a few moments and 
will help you to avoid many fatal 
errors. So, do this routinely!) 




In example 1 .6, we saw that changing the order of integration may make a given double 
integral easier to compute. As we see in example 1 .7, sometimes you will need to change 
the order of integration in order to evaluate a double integral. 



EXAMPLE 1.7 A Case Where We Must Switch the Order of Integration 

Evaluate the iterated integral J J e x 'dxdy. 

Solution First, note that we cannot evaluate the integral the way it is presently 
written, as we don't know an antiderivative for e x . On the other hand, if we switch the 
order of integration, the integral becomes quite simple, as follows. First, recognize that 
for each fixed y on the interval [0, 1], x ranges from y over to 1, giving us the triangular 
region of integration shown in Figure 14.15. If we switch the order of integration, notice 
that for each fixed x in the interval [0, 1], y ranges from 0 up to x and we get the double 
iterated integral: 



Jo iy 


r r 

e dx dy — 1 J e 

Jo Jo 


K dy dx 




= f e*y 
Jo 


y=x 

dx 

v=0 




— I e x x dx. 
Jo 



We can evaluate this last integral with the substitution u = x 2 , since du — 2x dx and 
the first integration has conveniently provided us with the needed factor of x. We have 



f f e x dx dy — - f e x (2x) dx 

Jo Jy 2 Jo « ' 



c=0 



:(e' - 1). 



We complete the section by stating several simple properties of double integrals. 



THEOREM 1.4 

Let / and g be integrable over the region R C K 2 and let c be any constant. Then, the 
following hold: 



(i) JJcf(x,y)dA = cJJ f{x, y) dA, 

R R 

ii) J j [f(x, y) + gix, y)] dA = JJ fix, y) dA 



ff 



gix, y)dA and 



R R R 

(iii) if R — Ri U R2, where R\ and Ro are nonoverlapping regions (as in Figure 
14.16), then 

f j fix, y)dA = JJ fix, y)dA + JJ fix, y)dA. 

R R\ R 2 



FIGURE 14.16 

R = i?i U R 2 



Each of these follows directly from the definition of double integral in (1.7) and the 
proofs are left as exercises. 
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BEYOND FORMULAS 

You should think of double integrals in terms of the Rule of Three: symbolic, graphical 
and numerical interpretations. Symbolically, you compute double integrals as iterated 
integrals, where the greatest challenge is correctly setting up the limits of integration. 
Graphically, the volume calculation that motivates Definition 1 .2 is analogous to the area 
interpretation of single integrals. Numerically, double integrals can be approximated 
by Riemann sums. From your experience with single integrals and partial derivatives 
in Chapter 13, what percentage of double integrals do you expect to be able to evaluate 
symbolically? 



EXERCISES 14.1 



0) 



{V) WRITING EXERCISES 

1. If fix, y) > 0 on a region R, then ff fix, y)dA gives the vol- 

R 

ume of the solid above the region R in the xy-plane and below 
the surface z — f(x, y). If fix, y) > 0 on a region R t and 
fix, y) < 0 on a region R2, discuss the geometric meaning of 
ff f{x, y)dA and ff fix, y)dA, where R = R 1 U R 2 . 

R 2 R 

2. The definition of ff fix, y) dA requires that the norm of the 

R 

partition || P || approaches 0. Explain why it is not enough to 
simply require that the number of rectangles n in the partition 
approaches 00. 

3. When computing areas between curves in section 5. 1, we dis- 
cussed strategies for deciding whether to integrate with respect 
to x or y. Compare these strategies to those given in this section 
for deciding which variable to use as the inside variable of a 
double integral. 

4. Suppose you (or your software) are using Riemann sums to ap- 
proximate a particularly difficult double integral ff fix, y)dA. 

R 

Further, suppose that R — R] U R 2 and the function fix, y) is 
nearly constant on R t but oscillates wildly on R 2 , where R[ 
and R 2 are nonoverlapping regions. Explain why you would 
need more rectangles in R 2 than Rt to get equally accurate ap- 
proximations. Thus, irregular partitions can be used to improve 
the efficiency of numerical integration routines. 

In exercises 1-4, compute the Riemann sum for the given func- 
tion and region, a partition with n rectangles divided as indi- 
cated and the given evaluation rule. 

1. fix, y) = x + 2y 2 , 0 < x < 2, -1 < y < 1, evaluate at the 
center of each rectangle; (a) n — 4, divide at x = 1, y = 0; 
(b) n = 8, divide at x = 1, y = -0.5, y = 0, y = 0.5 

2. fix, y) = 4x 2 + y, 1 < x < 5, 0 < y < 2, evaluate at the 
center of each rectangle; (a) n — 4, divide at x = 3, y = 1; 
(b) n — 8, divide at x = 2, x = 3, x = 4, y = 1 

3. fix, y) - x + 2y 2 , 0 < x < 2, -1 < y < 1, evaluate at the 
lower right of each rectangle; (a) n — 4, divide at x — l,y = 0; 
(b) n = 8, divide at x = 0.5, x = 1, x = 1.5, y = 0 

4. fix, y) = 4x 2 + y, 1 < x < 5, 0 < y < 2, evaluate at the up- 
per left of each rectangle; (a) n — 4, divide at x = 3, y = 1; 
(b) n = 8, divide at x = 2>,y = 0.5, y = 1, y = 1.5 



>smir6)dr d0 



In exercises 5-8, find the volume beneath the surface and above 
the rectangular region. 

5. z = x 1 + y 2 , 0 < x < 3, 1 < y < 4 

6. z = 3x 2 + 2y, 1 < x < 3, 0 < y < 1 

7. z = 6 + xe x + 2y siny, 0 < x < 2, 1 < y £ 4 

8. z = 4 - x 2 y + yj~\ + y 2 , -1 < x < 1, 0 < y < 3 

In exercises 9 and 10, evaluate the double integral. 

9. ff(l - ye xy )dA, where R = {(x, y)\ 0 < x < 2, 0 < y < 3) 

10. ffOx- Ax^/xy) dA, where « = {(x, y)| 0 < x < 4, 0 < y < 9} 

In exercises 11-24, evaluate the iterated integral. 

11. / / ix + 2y)dydx 12. / / ix + 3)dydx 
Jo Jo Jo Jo 

p I p2t pit p2 

13. / / (4«V? + t)dudt 14. / / 
Jo Jo Jo Jo 

c 2 c 2y 3 f 2 r 2/x 

15. / / e y 'dxdy 16. / / e xy dydx 

Jo Jo Ji Jo 

nA p 1/u /» 1 /» /j" ^ 

17. / / cos(My)dyd« 18. / / -dadb 

Ji Jo Jo Jo 4 + fc 3 

19. f f ye 3x dydx 20. [ [ dy dx 

Jo Jo Jo Jo (y + i) 2 

21. f f - — — rfwrf? 22. /" /" Ju + v dudv 

Jo Jo t 2 + 1 Jo Ji 

23. /" /" (x - 2y)e^ 2v dy dx 24. /" /" x 2 e xy dydx 
Jo Jo Jo Jo 

In exercises 25-32, find an integral equal to the volume of the 
solid bounded by the given surfaces and evaluate the integral. 

25. z = x 2 + y 2 , z = 0, y = x 2 , y = 1 

26. z = 3x 2 + 2y, z = 0, y = 1 - x 2 , y = 0 

27. z = 6 - x - y, z = 0, x = 4 - y 2 , x = 0 

28. z = 4 - 2y, z = 0, x = y 4 , x = 1 
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29. z = y 2 , z = 0, y = 0, y = x, x = 2 

30. z = x 2 , z = 0, j = x, y = 4, x = 0 

31. z = x 2 + y 2 - 4, z = 0,x = -\,x = l,y = -\,y = 1 

32. z = 1 — x — y, z = 0, x = 2, x = 3, y = 3, y = 4 



In exercises 33-36, approximate the double integral. 

33. Jf(2x — y)dA, where R is bounded by y — sinx and 

R 

y=\-x 2 

34. / f (2x — y)dA, where R is bounded by y — e x and y — 2 — x 2 

R 

35. / f e x ~dA, where R is bounded by y — x 2 and y — 1 

36. / / -y/y 2 + 1 dA, where R is bounded by x = 4 — y 2 and x = 0 



In exercises 37-42, change the order of integration. 



37. f f f(x,y)dydx 
Jo Jo 



38. 



f f fix, 

J0 J2x 



y) dy dx 



nl nA p 1 p2y 

39. / / f(x,y)dxdy 40. / / f(x,y)dxdy 

Jo Jly Jo Jo 

41. / / f(x,y)dydx 42. / / f{x,y)dxdy 

Jo Je* J I Jo 

In exercises 43-46, evaluate the iterated integral by first chang- 
ing the order of integration. 

43. [ [ 2e yl dydx 44. f f — ^—dydx 
Jo h Jo J^^ + y 3 

45. / / Ttxe^dxdy 46. / / cosxVxdy 

Jo Jy Jo J \fy 



p\ rlx i<2 py/2 

47. (a) Show that / / x 2 dy dx ^ I / x 2 dxdy. 
Jo Jo Jo Jo 

(b) Sketch the solids whose volumes are given in part (a) and 
explain why the volumes are not equal. 



48. (a) Determine whether your CAS can evaluate the integrals 



/ 2e y dy and / / 2e y dydx. 
Jx Jo Jx 



(b) Based on your result, does it appear that your CAS can 
switch orders of integration to evaluate a double integral? 



In exercises 49-52, sketch the solid whose volume is described 
by the given iterated integral. 

(6 - 2x - y)dy dx (b) / / (6 - 2x - y) dy dx 
Jo Jo 

/>4 /'4— x i*2 pA—x 

50. (a) / / (A- x - y)dydx (b) / / (A-x-y)dydx 
Jo Jo Jo Jo 



51. (a) f f (4-x 2 - y 2 )dydx 

J -2 J-^A-x^- 

77" 

Jo Jo 



(b) / / (4-x 2 -y 2 )dyrfx 



52. (a) / / (x 2 + y 1 )dydx (b) / / (x 2 + y 2 )dydx 
Jo Jo Jo Jo 

In exercises 53 and 54, evaluate the iterated integral by sketch- 
ing a graph and using a basic geometric formula. 

■ f f a/1 -x 2 ~ V 2 dvdx 

J -l J— J l-x 1 

. f j4-x 2 - y 2 dx dy 

Jo J -,/4-v 2 



53 



54 



55. (a) Prove that jf f(x)g(y)dydx=(j^ f(x)dx^J 

(^J g(y) dy^ for continuous functions/ and g. 

p2ts p3S 

(b) Quickly evaluate / / e~ 4y sinx dy dx. 
Jo J IS 

56. Prove Theorem 1.4. 

57. (a) For the table of function values here, use upper-left corner 

evaluations to estimate / / f(x,y)dydx. 
Jo Jo 



y 


0.0 


0.25 


0.5 


0.75 


1.0 


0.0 


2.2 


2.0 


1.7 


1.4 


1.0 


0.25 


2.3 


2.1 


1.8 


1.6 


1.1 


0.5 


2.5 


2.3 


2.0 


1.8 


1.4 


0.75 


2.8 


2.6 


2.3 


2.2 


1.8 


1.0 


3.2 


3.0 


2.8 


2.7 


2.5 



(b) Repeat with lower-right corner evaluations. 
58. (a) For the table of function values in exercise 57, use upper- 

M p0.5 

right corner evaluations to estimate / / f(x,y)dydx. 

Jo Jo 

(b) Repeat with lower-left corner evaluations. 



59. For the function in exercise 57, use an inner partition and lower- 
right corner evaluations to estimate / / f(x,y)dydx. 

Jo Jo 

60. Use the function in exercise 57, an inner partition and upper- 
right corner evaluations to estimate / / f(x,y)dxdy. 

Jo Jo 

61. Use the contour plot to determine which is the best estimate of 

(a) J J f(x, y) dy dx: 1, 2 or 4 

(b) f f f(x,y)dydx: 1,2 or 4. 
Jo Jo 

y 
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62. From the Fundamental Theorem of Calculus, we have 

,* 

/ f'{x)dx — f(b) — f(a). Find the corresponding rule for 

J a 

evaluating the double integral / / f xy (x, y)dx dy. Use 

J c J a 

if 

Jo Jo 



»1 r 1 

this rule to evaluate / / 24xy 2 dx dy, with 

Jo Jo 

,2„3 , „2 



f(x,y) = 3x + 4x I y i + y l 

63. Determine whether the rule from exercise 62 holds for 
double integrals over nonrectangular regions. Test it on 



//" 

Jo Jo 



24xy dy dx. 



64. Repeat exercise 63 with f(x, y) — 4x 2 + 4x 2 y + sin v. Ex- 
plain why you get the same value, and discuss which / is 
easier to use. 

65. Evaluate the integral by rewriting it as a double integral and 
switching the order of integration. 

(a) f [tan _1 (4 - x) - tan -1 x] dx 
Jo 

,1/2 

(b) / [sin-'(l - x) - sin" 1 x] dx 
Jo 

66. Evaluate / / f(x, y) dx dy for (a) f(x, y) — min{2jc, y] 

Jo Jo 

(b) f(x, y) = min{x, y 2 }. 



EXPLORATORY EXERCISES 



1. As mentioned in the text, numerical methods for approximat- 
ing double integrals can be troublesome. The Monte Carlo 
method makes clever use of probability theory to approximate 
ff f(x, y)dA for a bounded region R. Suppose, for example, 

R 

that R is contained within the rectangle 0 < x < 1 , 0 < y < 1. 
Generate two random numbers a and b from the uniform dis- 
tribution on [0, 1]; this means that every number between 0 
and 1 is in some sense equally likely. Determine whether or 
not the point (a, b) is in the region R and then repeat the pro- 
cess a large number of times. If, for example, 64 out of 100 
points generated were within R, explain why a reasonable es- 
timate of the area of R is 0.64 times the area of the rectangle 
0 S x < 1, 0 < y < 1. For each point (a, b) that is within R, 
compute /(a, b). If the average of all of these function values 
is 13.6, explain why a reasonable estimate of f ff(x, y) dA is 

R 

(0.64)(13.6) = 8.704. Use the Monte Carlo method to estimate 
Si fh^ sm (*y) dy dx. (Hint: Show that y is between In 1 = 0 
and V2 < 2.) 

2. Improper double integrals can be treated much like improper 
single integrals. Evaluate L L e~ 2x ~ iy dx dy by first evaluat- 
ing the inside integral as lim L e~ 2x ~ 3y dx. To explore 

R^>oo 

whether the integral is well defined, evaluate the integral as 

Mm (f 0 «f« e- 2 ^dxdy) and Jim (f 2R ff e^dx dy). 

Then evaluate ff R e~ x ~~ y dA, where R is the portion of the 
xy-plane with 0 < x < y. 



0) 



14.2 AREA, VOLUME AND CENTER OF MASS 



y = ftW 




FIGURE 14.17 

The region R 



To use double integrals to solve problems, it's very important that you recognize what each 
component of the integral represents. For this reason, we pause briefly to set up a double 
iterated integral as a double sum. Consider the case of a continuous function /, where 
fix, y) > 0 on some region R C R . If R has the form 

R - {(x, y)\a < x < b and g x (x) < y < gi(x)}, 

as indicated in Figure 14.17, then we have from our work in section 14.1 that the volume V 
lying beneath the surface z — f(x, y) and above the region R is given by 



V 



pb rb rg 2 W 

I A{x) dx — I I f(x,y)dydx 

J a J a Jgi(x) 



(2.1) 



Here, for each fixed x, A(x) is the area of the cross section of the solid corresponding to 
that particular value of x. Our aim is to write the volume integral in (2.1) in a slightly 
different way from our derivation in section 14.1. First, notice that by the definition of 
definite integral, we have that 



J a 



A(x)dx — lim > A(ci) A*,-, 

IIPiIKO^ 



(2.2) 



where Pi represents a partition of the interval [a,b], Ci is some point in the fth subinterval 
[jCj-i, Xj] and Ax, = x-, — Xi-\ (the width of the fth subinterval). For each fixed x e [a, b], 
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FIGURE 14.18 

Volume of a typical box 



since A(x) is the area of the cross section, we have that 



M 



f(x, y)dy = lim V f(x, Vj)A yj , 



(2.3) 



7=1 



where P2 represents a partition of the interval [gi(x), g2(x)], Vj is some point in the 
y'th subinterval [ vy— 1 , Vj] of the partition P2 and Ayj = yj — yj-\ (the width of the yth 
subinterval). Putting (2.1), (2.2) and (2.3) together, we get 



V = lim V A(c,)Ax ; 

II ^ II -cO 



= iim y 

\\Pi l|->0^ 



«p 2 |Ko 



7=1 



Ax,- 



lim lim > > fia, vA Ay,- Ax,-. 



(2.4) 



The double summation in (2.4) is called a double Riemann sum. Notice that each term 
corresponds to the volume of a box of length Ax*, width Ay,- and height /(<;,■, vj). (See 
Figure 14.18.) Observe that by superimposing the two partitions, we have produced an 
inner partition of the region R. If we represent this inner partition of R by P and the norm of 
the partition P by [| P \\ , the length of the longest diagonal of any rectangle in the partition, 
we can write (2.4) with only one limit, as 



V = lim W f(c h vAAyjAxi 

! = 1 ] = \ 



(2.5) 



When you write down an iterated integral representing volume, you can use (2.5) to help 
identify each of the components as follows: 



V = ,SoEE /(c^ A^ Ax, 



height width length 



Ja J gi(.x) 



f(x,y) ^dy^ ^dx^. 

height width length 



(2.6) 



You should make at least a mental picture of the components of the integral in (2.6), keeping 
in mind the corresponding components of the Riemann sum. We leave it as an exercise to 
show that for a region of the form 

R - {(x, y)\c <y<d and h x (y) < x < h 2 (y)}, 

we get a corresponding interpretation of the iterated integral: 



V= lim y^y^ f(ci,Vj) Axi Ay, 
iiph->o4-' 4-f ? 3 ■ 



7=1 >=i 



height length width 



= / / fix, 



(2.7) 



y) ^dx^ dy . 

height length width 

Observe that for any bounded region R cl 2 ,J/l dA, which we sometimes write simply 
as ffdA, gives the volume under the surface z — 1 and above the region R in the 

R 

xy-plane. Since all of the cross sections parallel to the xy-plane are the same, the solid is a 
cylinder and so, its volume is the product of its height ( 1 ) and its cross-sectional area. That is, 



dA = (1) (Area of R) = Area of R. 



(2.8) 



So, we now have the option of using a double integral to find the area of a plane region. 
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i 

/y = x + 3 




T 

► 


/dx 


R y = -3 




x = y~ 



FIGURE 14.19 

The region R 




FIGURE 14.20a 

Tetrahedron 




FIGURE 14.20b 

The region R 



EXAMPLE 2. 1 Using a Double Integral to Find Area 



Find the area of the plane region bounded by the graphs of x 
and y = 2. (See Figure 14.19.) 



y > y 



3,y 



Solution Note that we have indicated in the figure a small rectangle with sides dx and 
dy, respectively. This helps to indicate the limits for the iterated integral. From (2.8), we 
have 



A — jjdA — j j dxdy — j x 



dy 



x=y-3 



fy 



(y-3)]dy 



y_ 

2 



■3y 



175 
~6~' 



Think about example 2.1 a little further. Recall that we had worked similar prob- 
lems in section 5.1 using single integrals. In fact, you might have set up the desired area 
directly as 



[y 2 - (y - 3)] dy, 



exactly as you see in the second line of work above. While we will sometimes use double 
integrals to more easily solve familiar problems, double integrals will allow us to solve 
many new problems as well. 

We have already developed formulas for calculating the volume of a solid lying below 
a surface of the form z = fix, y) and above a region R (of several different forms), lying 
in the xy-plane. As you will see in examples 2.2-2.4, the challenge in setting up the iterated 
integrals comes in seeing the region R that the solid lies above and then determining the 
limits of integration for the iterated integrals. 



EXAMPLE 2.2 Using a Double Integral to Find Volume 

Find the volume of the tetrahedron bounded by the plane 2x + y + z = 2 and the three 
coordinate planes. 

Solution Since the plane 2x + y + z — 2 intersects the coordinate axes at the points 
(1, 0, 0), (0, 2, 0) and (0, 0, 2), it's easy to sketch the solid. Simply connect the three 
points of intersection with the coordinate axes and you'll get the graph of the 
tetrahedron (a four-sided object with all triangular sides) seen in Figure 14.20a. In order 
to use our volume formula, though, we'll first need to visualize the tetrahedron as a 
solid lying below a surface of the form z = fix, y) and lying above some region R in 
the xy-plane. Notice that the solid lies below the plane z — 2 — 2x — y and above the 
triangular region R in the xy-plane, as indicated in Figure 14.20a. Here, R is the 
triangular region bounded by the x- and y-axes and the trace of the plane 
2x+y+z = 2ia the xy-plane. The trace is found by simply setting z — 0: 
2x + y = 2. (See Figure 14.20b.) From (2.6), the volume is then 



V 



r-l p2-2x 

j I (2 — 2x — y) dy ^dx^ 

heiaht width length 



-L 

-a 



2y — 2xy — 



y=2-2x 
y=0 



2(2 - 2x) - 2x(2 - 2x) 



dx 

(2 - 2x) 2 



dx 



where we leave the routine details of the final calculation to you. 
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FIGURE I4.2la 

Solid in the first octant 



y 



dx 



\dy 



1 

FIGURE 14.21 b 

The region R 



NOTES 

Notice in example 2.4 that the 
limits of integration come from 
the two defining surfaces for y 
(that is, y = 0 and y = 2 — x) and 
the x-values for the intersection of 
the other two defining surfaces 
z = 2 and z = x 2 + 1 . The 
defining surfaces and intersections 
are the sources of the limits of 
integration, but don't just guess 
which one to put where: use a 
sketch of the surface to see how to 
arrange these elements. 



We cannot emphasize enough the need to draw reasonable sketches of the solid and 
particularly of the base of the solid in the xy-plane. You may be lucky enough to guess the 
limits of integration for a few of the simpler problems, but don't be deceived: you need to 
draw good sketches and look carefully to determine the limits of integration correctly. 



EXAMPLE 2.3 Finding the Volume of a Solid 

Find the volume of the solid lying in the first octant and bounded by the graphs of 
z — 4 — x 2 , x + y — 2, x — 0, y = 0 and z = 0. 

Solution First, draw a sketch of the solid. You should note that z — 4 — x 2 is a 
cylinder (since there's no y term), x + y = 2 is a plane and x — 0, y — 0 and z — 0 
are the coordinate planes. (See Figure 14.21a.) Notice that the solid lies below the 
surface z — 4 — x and above the triangular region R in the xy-plane formed by the 
x- and y-axes and the trace of the plane x + y = 2 in the xy-plane (i.e., the line 
x + y = 2). This is shown in Figure 14.21b. Although we could integrate with respect 
to either x or y first, we integrate with respect to x first. From (2.7), we have 

-2 r 2-y 

(4 - x 2 ) ^dx^ dy 

height length width 



V 



n 

Jo Jo 

I 



X 

~3 



=2-y 



dy 



v=0 



4(2 - y) 



(2 - yY 



dy 



20 
T' 



EXAMPLE 2.4 



Finding the Volume of a Solid Bounded 
Above the xy-Plane 



Find the volume of the solid bounded by the graphs ofz = 2,z = x 2 +l,y = 0 and 
x + y = 2. 

Solution First, observe that the graph of z = x 2 + 1 is a parabolic cylinder with axis 
parallel to the y-axis. It intersects the plane z — 2 where x 2 + l= 2orx = ±l. This 
forms a long trough, which is cut off by the planes y = 0 (the xz-plane) and x + y — 2. 
(See Figure 14.22a.) The solid lies below z — 2 and above the cylinder z — x 2 + 1. You 
can view the integrand f(x, y) in (2.6) as the height of the solid above the point (x, y). 
Drawing a vertical line from the xy-plane through the solid in Figure 14.22a shows that 
the height of the solid is the difference between 2 and x 2 + 1, so that f(x, y) = 2 — 
(x 2 + 1) = 1 — x 2 . In Figure 14.22a, notice that the solid lies above the region R in the 
xy-plane bounded by y = 0, x + y = 2, x = — 1 and x = 1. (See Figure 14.22b.) 





FIGURE 14.22a 

The solid 



FIGURE 14.22b 

The region R 
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It's easy to see from Figure 14.22b that we should integrate with respect to y first. 
For each fixed x in the interval [—1, 1], y runs from 0 to 2 — x. The volume is then 



V 



f-i lo 

-j: 

-L 



(1 — x ) dy dx 

y=2-x 



dx 



y=l) 



(l-x z )(2-x)dx=-. 
i J 



Double integrals are used to calculate numerous quantities of interest in applications. 
We present one application in example 2.5, while others can be found in the exercises. 



EXAMPLE 2.5 Estimating Population 




FIGURE 14.23 

Habitat region 



Suppose that f(x, y) — 20,000ye~ x ~~ y models the population density (population per 
square mile) of a species of small animals, with x and y measured in miles. Estimate the 
population in the triangular-shaped habitat with vertices (1, 1), (2, 1) and (1, 0). 



Solution The population in any region R is estimated by 



JJ f "-' ,M = ff 



20,000ve~ 



dA. 



[As a quick check on the reasonableness of this formula, note that f(x, y) is measured 
in units of population per square mile and the area increment dA carries units of square 
miles, so that the product f(x, y) dA carries the desired units of population.] Notice that 

_ 2_ 2 _ 2 _ 2 

the integrand is 20,000ye _l ~ y — 20,000e -JC ye~ y , which suggests that we should 
integrate with respect to y first. As always, we first sketch a graph of the region R 
(shown in Figure 14.23). Notice that the line through the points (1, 0) and (2, 1) has the 
equation y — x — 1 , so that R extends from y — x — 1 up to y — 1 , as x increases from 
1 to 2. We now have 



R 

-i; 



20,000<r A ~ ye~ r dydx 



10,000e- v2 [e- (x - 1)2 
where we approximated the last integral numerically. ■_ 



e~ l ]dx ~ 698, 




FIGURE 14.24a 

Lamina 



O Moments and Center of Mass 

We close this section by briefly discussing a physical application of double integrals. Con- 
sider a thin, flat plate (a lamina) in the shape of the region R CM 2 whose density (mass 
per unit area) varies throughout the plate (i.e., some areas of the plate are more dense than 
others). From an engineering standpoint, it's often important to determine where you could 
place a support to balance the plate. We call this point the center of mass of the lamina. 
We'll first need to find the total mass of the plate. For a real plate, we'd simply place it on 
a scale, but for our theoretical plate, we'll need to be more clever. Suppose the lamina has 
the shape of the region R shown in Figure 14.24a and has mass density (mass per unit area) 
given by the function p(x, y). Construct an inner partition of R, as in Figure 14.24b. Notice 
that if the norm of the partition || P || is small, then the density will be nearly constant on each 
rectangle of the inner partition. So, for each i — 1,2, ... ,n, pick some point (w, ,Vi)e Rj . 
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FIGURE 14.24b 

Inner partition of R 



Then, the mass m,- of the portion of the lamina corresponding to the rectangle Rj is given 
approximately by 

m, p(m,-, vi) A A, , 

mass/unit area area 

where A A, denotes the area of /?, . The total mass m of the lamina is then approximately 



To get the mass exactly, we take the limit as tends to zero, which you should 
recognize as a double integral: 



m — lim > p(ui , vA AA; = I I p(x,y)dA. 

m-mfct J J 



(2.9) 



Notice that if you want to balance a lamina like the one shown in Figure 14.24a, you'll 
need to balance it both from left to right and from top to bottom. In the language of our 
previous discussion of center of mass in section 5.6, we'll need to find the first moments: 
both left to right (we call this the moment with respect to the .y-axis) and top to bottom (the 
moment with respect to the x-axis). First, we approximate the moment M y with respect 
to the y-axis. Assuming that the mass in the ith rectangle of the partition is concentrated at 
the point (m,-, d,-), we have 



My « ^UipQii, V/) 



(i.e., the sum of the products of the masses and their directed distances from the y-axis). 
Taking the limit as \\P\\ tends to zero, we get 

M Y — lim y~Vp(wj, vt) = I I xp(x, y)dA. (2.10) 

imKof-f J J 

R 

Similarly, looking at the sum of the products of the masses and their directed distances from 
the x-axis, we get the moment M x with respect to the jr-axis, 

M x - lim V Vip(Ui, vt)= / / yp(x, y)dA. (2.11) 



The center of mass is the point (x, y) defined by 

_ My 

x = — - and y 



M x 



(2.12) 




FIGURE 14.25 

Lamina 



EXAMPLE 2.6 Finding the Center of Mass of a Lamina 

Find the center of mass of the lamina in the shape of the region bounded by the graphs 
of y — x 2 and y = 4, having mass density given by p(x, y) = 1 + 2y + 6x 2 . 

Solution We sketch the region in Figure 14.25. From (2.9), we have that the total 
mass of the lamina is given by 

m = jjp(x,y)dA = j (1 + 2y + 6x 2 ) dy dx 



R 



y=4 



dx 



i 



[(4 + 16 + 24x 2 ) - (x 2 + x 4 + 6x 4 )] dx 



1696 
~L5~ 



113.1. 
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We compute the moment M y from (2.10): 



t y = JJxp(x,y)dA = j j 



I j xp{x, y)dA 

R 



x( 1 + 2y + 6x )dy dx 



2 /.4 



-i 



(x + 2xy + 6x )dy dx 

y=4 



(xy + xy +6x y) 



dx 



y=x~ 



= j [(4x + 16x + 24x 3 )-(x 3 +x 5 +6x 5 )]dx = 0. 
Note that from (2.12), this says that the x-coordinate of the center of mass is 

My 0 

x — — - = = 0. This should not surprise you since both the region and the mass 

m 113.1 

density are symmetric with respect to the y-axis. [Notice that p(—x, y) = p(x, y).] 
Next, from (2.11), we have 



"' = // 



2 r A 



yp(x, y) dA 



a. 



y(l + 2y + 6x )dy dx 



2 r 4 



a. 



(y + 2y +6x y) dy dx 



/y -+2 y -+6x> y - 
-2\2 3 2 



■jCK 



y=4 



dx 



11,136 
35 



128 



318.2 



■ 48x- 



c 6 + 3x 6 



dx 



M x 318.2 

and so, from (2.12) we have y = — «s ~ 2.8. The center of mass is then 

m 113.1 

located at approximately 

(x, y) » (0, 2.8). ■ 



In example 2.6, we computed the first moments M y and M x to find the balance point 
(center of mass) of the lamina in Figure 14.25. Further physical properties of this lamina 
can be determined using the second moments I y and I x . Much as we defined the first 
moments in equations (2.10) and (2.1 1), the second moment about the y-axis (often called 
the moment of inertia about the y-axis) of a lamina in the shape of the region R, with 
density function p(x, y) is defined by 



x p(x, y)dA. 



Similarly, the second moment about the x-axis (also called the moment of inertia 
about the x-axis) of a lamina in the shape of the region R, with density function p(x, y) is 
defined by 



y p(x, y)dA. 



Physics tells us that the larger l y is, the more difficult it is to rotate the lamina about the 
y-axis. Similarly, the larger I x is, the more difficult it is to rotate the lamina about the x-axis. 
We explore this briefly in example 2.7. 
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EXAMPLE 2.7 Finding the Moments of Inertia of a Lamina 

Find the moments of inertia /,, and I x for the lamina in example 2.6. 

Solution The region R is the same as in example 2.6 (see Figure 14.25), so that the 
limits of integration are the same. We have 

r-2 z-4 



I y = J J x 2 (l + 2y + 6x 2 ) dy dx 

I 



' (20x 2 + 23jc 4 - 7.t 6 ) dx 
2176 



145.07 



-u: 



and I x = I y 2 (l +2y + 6x 2 ) dy dx 



/448 , 1.5c 
+ 128x 2 - -x 6 - -x 8 dx 



L\ 3 1 " - 3" 2 
61,952 



983.37. 



63 

A comparison of the two moments of inertia shows that it is much more difficult to 
rotate the lamina of Figure 14.25 about the x-axis than about the y-axis. Examine the 
figure and the density function to be sure that this makes sense to you. ■ 



EXERCISES 14.2 

^v) WRITING EXERCISES 

1. The double Riemann sum in (2.5) disguises the fact that the 
order of integration is important. Explain how the order of 
integration affects the details of the double Riemann sum. 

2. Many double integrals can be set up in two steps: first identify 
the integrand /(x , y ), then identify the two-dimensional region 
R and set up the limits of integration. Explain how these two 
steps are separated in examples 2.2, 2.3 and 2.4. 

3. The sketches in examples 2.2, 2.3 and 2.4 are essential, but 
somewhat difficult to draw. Explain each sketch, including 
which surface should be drawn first, second and so on. Also, 
when a previously drawn surface is cut in half by a plane, 
explain how to identify which half of the cut surface to 
keep. 

4. The moment M y is the moment about the y-axis, but is used to 
find the x-coordinate of the center of mass. Explain why it is 
My and not M x that is used to compute the x-coordinate of the 
center of mass. 



In exercises 1-6, use a double integral to compute the area of 
the region bounded by the curves. 



1. 


y 


— x 2 , y — 8 — x 2 


2. 


y 


2 

— x , y = 


x + 2 


3. 


y 


= 2x, y = 3 — x, y = 0 


4. 


y 


= 3x, y = 


5 - 2x, y 


5. 


y 


2 2 

— x , x — y 


6. 


y 


= x 3 , y = 


2 

X 



In exercises 7-22, compute the volume of the solid bounded by 
the given surfaces. 

7. 2x + 3y + z — 6 and the three coordinate planes 

8. x + 2y — 3z = 6 and the three coordinate planes 

9. z = 4- x 2 -y 2 and z = 0, with - 1 < x < 1 and - 1 < y < 1 

10. z = x 2 + y 2 , z = 0, x = 0,x = 1, y = 0, y = 1 

11. z — siny, z — —1, y = x,y = 2 — x,y = 0 

12. z = cos(x + y), z = 0, y = 0, x = 0, y = f , x = f 

13. z = 1 — y 2 , x + y = 1 and the three coordinate planes 
(first octant) 

14. z = 1 — x 2 — y 2 ,x + y= l and the three coordinate planes 

15. z = x 2 + y 2 + 3, z = 1, y = x 2 , y = 4 

16. z = x 2 +y 2 + l,z = -1, y = x 2 , y = 2x + 3 

17. z = x + 2, z — y — 2, x = y 2 — 2, x = y 

18. z = 2x + y + 1, z — —2x, x — y 2 , x = 1 

19. z - x + y 2 = 0 (z > 0), z = 0, x = 4 

20. z + y - x 2 = 0 (z < 0), z = 0, y = 2 

21. z = 2- y,z = |*|, y = 0, y = 1 

22. z = y 2 + l,z = 3-x,x = -l 
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In exercises 23-26, set up a double integral for the volume 
bounded by the given surfaces and estimate it numerically. 



23. z = \jx 2 + y 2 , y = 4 — x 2 , first octant 

24. z = y/A — x 2 — y 2 , inside x 2 + y 2 — 1, first octant 

25. z = e xy , x + 2y — 4 and the three coordinate planes 



26. 



Z = 0 and x 2 + y 2 = 4 



In exercises 27-32, find the mass and center of mass of the 
lamina with the given density. 

27. Lamina bounded by y — x 3 and y — x 2 , p(x, y) — 4 

28. Lamina bounded by y — x 4 and y — x 2 , p(x, y) — 4 

29. Lamina bounded by x — y 2 and x — 1 , p(x, y) = y 2 + x + 1 

30. Lamina bounded by x — y 2 and x — 4, p(x, y) = y + 3 

31. Lamina bounded by y — x 2 (x > 0), y = 4 and x = 0, 
p(x, y) = distance from y-axis 

32. Lamina bounded by y = x 2 — 4 and y = 5, p(x, y) = square 
of the distance from the y-axis 



The average value of a function / on a two-dimensional region 
R of area a is defined by — j j f(x, y) dA. Use this definition in 

R 

exercises 41-44. 

41. (a) Compute the average value of f(x, y) = y on the region 
bounded by y = x 2 and y = 4. (b) Compare the average value 
of / to the y-coordinate of the center of mass of a lamina with 
the same shape and constant density. 

42. (a) Compute the average value of f(x, y) = y 2 on the region 
bounded by y = x 2 and y = 4. (b) In part (a), R extends from 
y = 0 to y = 4. Explain why the average value of / corre- 
sponds to a y-value larger than 2. 

| 43. (a) Compute the average value of f(x, y) = *Jx 2 + y 2 
on the region bounded by y = x 2 — 4 and y = 3x. 
(b) Interpret the geometric meaning of the average value in 
this case. (Hint: What does y/x 2 + y 2 represent geometri- 
cally?) 

| 44. Suppose the temperature at the point (x, y) in a region R is 
given by T(x, y) = 50 + cos(2x + y), where R is bounded 
by y = x 2 and y = 8 — x 2 . Estimate the average temperature 
in/?. 



33. (a) The laminae of exercises 29 and 30 are both symmetric 
about the x-axis. Explain why it is not true in both exercises 
that the center of mass is located on the x-axis. (b) Suppose 
that a lamina is symmetric about the x-axis. State a condition 
on the density function p(x, y) that guarantees that the center 
of mass is located on the x-axis. 

34. Suppose that a lamina is symmetric about the y-axis. State a 
condition on the density function p(x, y) that guarantees that 
the center of mass is located on the y-axis. 

35. Suppose that f(x, y) = 15,000xe~ j;2 ~ ) " is the population den- 
sity of a species of small animals. Estimate the population in 
the triangular region with vertices (1, 1), (2, 1) and (1, 0). 

36. Suppose that f(x, y) = 15,00(bre~ jr ~ v ~ is the population den- 
sity of a species of small animals. Estimate the population in 
the region bounded by y — x 2 , y — 0 and x = 1. 

37. (a) A triangular lamina has vertices (0, 0), (0, 1) and (c, 0) 
for some positive constant c. Assuming constant mass density, 
show that the y-coordinate of the center of mass of the lamina 
is independent of the constant c. (b) Find the x-coordinate of 
the center of mass as a function of c. 

38. A lamina is bounded by y = 0, y = f(x) and x — c, 
where /(0) = 0, /(c) = 1, f(x) > 0 for 0 < x < c and 
f{x) = g( s ) for some polynomial g. If the density is constant, 
show that the y-coordinate of the center of mass is independent 
of c. 

39. Let T be the tetrahedron with vertices (0, 0, 0), (a, 0, 0), 
(0, b, 0) and (0, 0, c). Let B be the rectangular box with the 
same vertices plus (a, b, 0), (a, 0, c), (0, b, c), and (a, b, c). 
(a) Show that the volume of T is 1 the volume of B. (b) Ex- 
plain how to slice the box B to get the tetrahedron T, Identify 
the percentage of volume that is sliced off each time. 

40. Show that Vi = V%, where V\ is the volume under 
Z — 4 — x 2 — y 2 and above the xy-plane and V 2 is the volume 
between z = x 2 + y 2 and z = 4. Illustrate this with a graph. 



In exercises 45-52, use the following definition of joint pdf (prob- 
ability density function): a function / is a joint pdf on the 
two-dimensional region S if f(x,y) > 0 for all (x,y) in S and 
// f(x,y)dA = 1. Then for any region R c S, the probability 

s 

that (x, y) is in R is given by // f(x, y) dA. 

R 

45. Show that /(x, y) = e~*e~ y is a joint pdf in the first quadrant 
x > 0, y > 0. (Hint: You will need to evaluate an improper 
double integral as iterated improper integrals.) 

46. Show that /(x, y) = 0.3x + 0.4y is ajoint pdf on the rectangle 
0<x<2, 0 < y < 1. 

47. Find a constant c such that /(x, y) = c(x + 2y) is ajoint pdf 
on the triangle with vertices (0, 0), (2, 0) and (2, 6). 

48. Find a constant c such that fix, y) — c(x 2 + y) is ajoint pdf 
on the region bounded by y = x 2 and y = 4. 

49. Suppose that /(x, y) is a joint pdf on the region bounded by 
y — x 2 , y — 0 and x = 2. Set up a double integral for the prob- 
ability that y < x. 



50. Suppose that /(x, y) is a joint pdf on the region bounded by 
y — x 2 , y — 0 and x = 2. Set up a double integral for the prob- 
ability that y < 2. 



51. A point is selected at random from the region bounded by 
y = 4 — x 2 (x > 0), x = Oandy = 0. This means that the joint 
pdf for the point is constant, f(x, y) = c. Find the value of c. 
Then compute the probability that y > x for the randomly cho- 
sen point. 

52. A point is selected at random from the region bounded by 
y = 4 — x 2 (x > 0), x = 0 and y = 0. Compute the probabil- 
ity that y > 2. 
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APPLICATIONS 



53. (a) Suppose that f(x, t) — 20e~' /6 is the yearly rate of change 
of the price per barrel of oil. If x is the number of billions of 
barrels purchased and / is the number of years since 2000, 
compute and interpret L f 0 f(x,t)dtdx. 

)20e~ f/6 
J4 e -(/6' 



if 0 < x < 4 
if x > 4 



54. (a) Estimate the moment of inertia about the y-axis of the two 

ellipses R t bounded by x 2 + 4y 2 = 16 and R 2 bounded by 
x 2 + Ay 2 — 36. Assuming a constant density of p — I, R\ 
and Ri can be thought of as models of two tennis racket 
heads. The rackets have the same shape, but the second 
racket is much bigger than the first (the difference in size 
is about the same as the difference between rackets of the 
1960s and rackets of the 1990s), 
(b) A rotation about the y-axis corresponds to the racket twist- 
ing in your hand, which is undesirable. Compare the ten- 
dencies of the two rackets to twist. As related in Blandig and 
Monteleone's What Makes a Boomerang Come Back, the 
larger moment of inertia is what motivated a sore-elbowed 
Howard Head to construct large-headed tennis rackets in 
the 1970s. 

55. Figure skaters can control their rate of spin a> by varying their 
body positions, utilizing the principle of conservation of an- 
gular momentum. This states that in the absence of outside 
forces, the quantity I y co remains constant. Thus, reducing I y by 
a factor of 2 will increase spin rate by a factor of 2. Compare 
the spin rates of the following two crude models of a figure 
skater, the first with arms extended (use p — 1) and the second 
with arms raised and legs crossed (use p — 2). 



58. Suppose that the function p(x, y) gives the population density 
at the point (x, y) in a region R. State in words what 
ffp(x,y)dA 



(a) // p(x,y)dA and (b) — 



mdA 



represent. 



EXPLORATORY EXERCISES 



1. When solving projectile motion problems, we track the mo- 
tion of an object's center of mass. For a high jumper, the ath- 
lete's entire body must clear the bar. Amazingly, a high jumper 
can accomplish this without raising his or her center of mass 
above the bar. To see how, suppose the athlete's body is bent 
into a shape modeled by the region between y — -J9 — x 2 and 
y = V8 — x 2 with the bar at the point (0, 2). Assuming con- 
stant mass density, show that the center of mass is below the 
bar, but the body does not touch the bar. 




.-v .-v 




56. Lamina A is in the shape of the rectangle — 1 < x < 1 and 
— 5 < y S 5, with density p(x ,y)— 1 . It models a diver in the 
"layout" position. Lamina B is in the shape of the rectangle 
— 1 < x < 1 and —2 < y < 2 with density p(x, y) — 2.5. It 
models a diver in the "tuck" position. Find the moment of in- 
ertia / v for each lamina, and explain why divers use the tuck 
position to do multiple rotation dives. 

57. Suppose that the function /(x, y) gives the rainfall per unit 
area at the point (x, y) in a region R. State in words what 

Jff(x,y)dA 

(a) ff /(x, y)dA and (b) - — represent. 

r jj>-dA 

R 



2. In this exercise, we explore an important issue in rocket design. 
We will work with the crude model shown, where the main 
tower of the rocket is 1 unit by 8 units and each triangular fin 
has height 1 and width w. First, find the y-coordinate y t of the 
center of mass, assuming a constant density p(x, y) — 1. Sec- 
ond, find the y-coordinate y 2 of the center of mass assuming the 
following density structure: the top half of the main tower has 
density p = 1, the bottom half of the main tower has density 
p — 2 and the fins have density p — | . Find the smallest value 
of w such that y t < y 2 . In this case, if the rocket tilts slightly, 
air drag will push the rocket back in line. This stability criterion 
explains why model rockets have large, lightweight fins. 
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14.3 DOUBLE INTEGRALS IN POLAR COORDINATES 



A 


i 


2 


v = V4 - 




1 


-2l 


2 




dy 




dx / 


■ = - V4 - x 2 


-2 



FIGURE 14.26 

A circular region 




FIGURE 14.27a 

Polar region R 




FIGURE 14.27b 

Partition of R 




FIGURE 14.27c 

Elementary polar region 



Polar coordinates are particularly useful for dealing with certain double integrals, for several 
reasons. Most importantly, if the region over which you are integrating is in some way 
circular, polar coordinates may significantly simplify the integration. For instance, 



// 



(x 2 + y 2 + 3)dA 



might look simple enough, until we tell you that R is the circle of radius 2, centered at 
the origin, as shown in Figure 14.26. Writing the top half of the circle as the graph of 
y - V4 — x 2 and the bottom half as y — — V4 — x 2 , the double integral now becomes 



jj(x 2 + y 2 + 3)dA = j j * (x 2 + y 2 + 3)dydx 

R 

-L 

/i r y 
(x 2 + 3)V4 - x 2 + -(4 - x 2 ) 3/2 
-2 . 3 



2 [* 2y + J +3y 



v =V4-x 2 



dx 



dx. 



(3.1) 



We probably don't need to convince you that the integral in (3.1) is rather unpleasant. On 
the other hand, as we'll see shortly, this double integral is simple when it's written in polar 
coordinates. We consider several types of polar regions. 
Suppose the region R can be written in the form 

R = {(r, 0)\a < 0 < p md gl (9) < r < g 2 (0)}, 

where 0 < g\(0) < giid), for all 9 in [a, y6], as pictured in Figure 14.27a. First, we 
partition R, but rather than use a rectangular grid, as we have done with rectangular 
coordinates, we use a partition consisting of a number of concentric circular arcs (of the 
form r — constant) and rays (of the form 6 — constant). We indicate such a partition of the 
region R in Figure 14.27b. 

Notice that rather than consisting of rectangles, the "grid" in this case is made up of 
elementary polar regions, each bounded by two circular arcs and two rays (as shown in 
Figure 14.27c). In an inner partition, we include only those elementary polar regions that 
lie completely inside R. 

We pause now briefly to calculate the area AA of the elementary polar region indicated 
in Figure 14.27c. Let f — g(rj + ri) be the average radius of the two concentric circular 
arcs r — r\ and r — r%. Recall that the area of a circular sector is given by A — j9r 2 , where 
r = radius and 6 is the central angle of the sector. Consequently, we have that 



AA 



Area of outer sector — Area of inner sector 

= -A<9r 2 - -A6r 2 
2 2 2 



~-(r 2 
- 2 {r 2 



f)A0 



- -(r 2 + n)(r 2 -ri)Ae 
- fArAO. 



(3.2) 



As a familiar starting point, we first consider the problem of finding the volume lying 
beneath a surface z = f(r, 6), where / is continuous and f(r, 6) > 0 on R. Using (3.2), we 
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find that the volume V, lying beneath the surface z = f(r, 8) and above the ith elementary 
polar region in the partition is then approximately the volume of the cylinder: 

height area of base 

where (r, , (9,) is a point in Rj and r, is the average radius in Rj . We get an approximation to 
the total volume V by summing over all the regions in the inner partition: 



i=1 



As we have done a number of times now, we obtain the exact volume by taking the limit as 
the norm of the partition || P || tends to zero and recognizing the iterated integral: 



NOTES 

Theorem 3.1 says that to write 
a double integral in polar 
coordinates, we write 
x = r cos 9, y = r sinf3, find the 
limits of integration for r and 6 
and replace dA by rdrdO. Be 
certain not to omit the factor of r 
mdA = rdrdO; this is a very 
common error. 



v= lim y2f(r h e i )nAr i Ae i 

rP pg2(0) 
= / / f(r,9)rdrd9. 

J a Jgi(8) 

In this case, || P || is the longest diagonal of any elementary polar region in the inner partition. 
More generally, we have the result in Theorem 3.1, which holds regardless of whether or 
not f(r, 8) > 0 on R. 



THEOREM 3.1 (Fubini's Theorem) 

Suppose that f(r, 6) is continuous on the region R = {{r, 9)\a < 8 < and 
g\(8) < r < g 2 (8)}, where 0 < gi(8) < g 2 (8) for all 8 in [a, p]. Then, 

f(r,8)dA= / / f(r,9)rdrdd. 



(3.3) 



The proof of this result is beyond the level of this text. However, the result should seem 
reasonable from our development for the case where f(r, 8) > 0. 




FIGURE 14.28 

r — 2 — 2 sin 6 



EXAMPLE 3. 1 Computing Area in Polar Coordinates 

Find the area inside the curve defined by r — 2 — 2 sin 8 . 

Solution From the graph of the region in Figure 14.28, note that for each fixed 8, 
r ranges from 0 (corresponding to the origin) to 2 — 2 sin 8 (corresponding to the 
cardioid). To go around the cardioid exactly once, 8 ranges from 0 to 2jt. From (3.3), 
we then have 

p2n p2— 2sin0 

rdr d8 

)a Jo 



If '~y~' fo io 

R 

-L 

= 2I 



r dr cW 
2tt 2 \f=2—2sin0 



2 

In 



[(2-2sin6>) z -0]d<9 = 6ir, 
where we have left the details of the final calculation as an exercise. 



We now return to our introductory example and show how the introduction of polar 
coordinates can dramatically simplify certain double integrals in rectangular coordinates. 
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FIGURE 14.29 

The region R 



NOTES 

For double integrals of the form 

fa fc f^ dr M ' note that the 
inner integral does not depend on 

9. As a result, we can rewrite the 

double integral as 

f{r)dr 



= (b 



f(r)dr. 




FIGURE 14.30a 

Volume outside the cylinder and 
inside the paraboloid 




EXAMPLE 3.2 Evaluating a Double Integral in Polar Coordinates 

Evaluate f f (x 2 + y 2 + 3) dA, where R is the circle of radius 2 centered at the origin. 

R 

Solution First, recall from this section's introduction that in rectangular coordinates 
as in (3.1), this integral is extremely messy. From the region of integration shown in 
Figure 14.29, it's easy to see that for each fixed 9, r ranges from 0 (corresponding to the 
origin) to 2 (corresponding to a point on the circle). Then, in order to go around the 
circle exactly once, 8 ranges from 0 to 2tt. Finally, notice that the integrand contains the 
quantity x 2 + y 2 , which you should recognize as r 2 in polar coordinates. From (3.3), we 
now have 



/ / (* 2 + y 2 + 3 ) ^ 



(r 2 + 3)r dr d6 



r 2 + 3 



(r 3 + 3r)dr dO 



p2n p2 

Jo Jo 
Jo Jo 

p2n 

Jo 

.10/ 

Jo 



r=2 



dO 



r=0 



2 4 : 

4 +3 " 
dO - 20tt. 



dO 



Notice how simple this iterated integral was, as compared to the corresponding integral 
in rectangular coordinates in (3.1). ■ 



When dealing with double integrals, you should always consider whether the region 
over which you're integrating is in some way circular. If it is a circle or some portion of a 
circle, consider using polar coordinates. 



EXAMPLE 3.3 



Find the volume inside the paraboloid z 
4 and above the xy-plane. 



x 2 + y 2 



Finding Volume Using Polar Coordinates 

9 — x 2 — y 2 , outside the cylinder 



Solution Notice that the paraboloid has its vertex at the point (0, 0, 9) and the axis of 
the cylinder is the z-axis. (See Figure 14.30a.) You should observe that the solid lies 
below the paraboloid and above the region in the xy-plane lying between the traces of 
the cylinder and the paraboloid in the xy-plane, that is, between the circles of radius 2 
and 3, both centered at the origin. So, for each fixed 9 e [0, 2n], r ranges from 2 to 3. 
We call such a region a circular annulus. (See Figure 14.30b.) From (3.3), we have 



-Hi 

R 

JO J2 



x 2 -y 2 ) dA 



{9r-r i )dr dO 



-CI 



(9-r 2 )rdrd0 



(9r-r i )dr 



2tt 9 



r=3 



25 



FIGURE 14.30b 

Circular annulus 



There are actually two things that you should look for when you are considering using 
polar coordinates for a double integral. The first is most obvious: Is the geometry of the 
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region circular? The other is: Does the integral contain the expression x 2 + y 2 (particularly 
inside of other functions such as square roots, exponentials, etc.)? Since r 2 — x 2 + y 2 , 
changing to polar coordinates will often simplify terms of this form. 




FIGURE 14.31 

The region R 



EXAMPLE 3.4 Changing a Double Integral to Polar Coordinates 



Evaluate the iterated integral 



f-i fo 



<l-x 2 



x 2 (x 2 + y 2 fdy dx. 



Solution First, you should recognize that evaluating this integral in rectangular 
coordinates is nearly hopeless. (Try it and see why!) On the other hand, it does have a 
term of the form x 2 + y 2 , which we discussed above. Even more significantly, the 
► * region over which you're integrating turns out to be a semicircle, as follows. Reading 
the inside limits of integration first, observe that for each fixed x between — 1 and 1 , y 
ranges from y — 0 up to v = VI — x 2 (the top half of the circle of radius 1 centered at 
the origin). We sketch the region in Figure 14.31. From (3.3), we have 




FIGURE 14.32a 

Volume inside the sphere and inside 
the cylinder 




FIGURE 14.32b 

The region R 



J J x 2 (x 2 + y 2 ) 2 dy dx = J J 

R i 



x 2 (x 2 + y 2 ) 2 dA 



r dr dO 



Since x = r cos 9. 



(r 2 ) 2 



-ff rl 

JO Jo 

f r & \ r= 
Jo 8 | r= , 

i r i 

" 8 A 2 



cos 9 dr dO 



cos 2 6 d9 



1 

16 



(1 +cos2Q)d6 



sin 29 



Since cos 2 Q - 



±(1 + cos 20). 



16' 



EXAMPLE 3.5 Finding Volume Using Polar Coordinates 

Find the volume cut out of the sphere x 2 + y 2 + z 2 — 4 by the cylinder x 2 + y 2 — 2y. 

Solution We show a sketch of the solid in Figure 14.32a. (If you complete the square 
in the equation of the cylinder, you'll see that it is a circular cylinder of radius 1, whose 
axis is the line: x = 0, y = 1, z = t.) Notice that equal portions of the volume lie 
above and below the circle of radius 1 centered at (0, 1), indicated in Figure 14.32b. So, 
we compute the volume lying below the top hemisphere z — y4 — x 2 — y 2 and above 
the region R indicated in Figure 14.32b and double it. We have 



V 



y 2 dA. 



Since R is a circle and the integrand includes a term of the form x 



we introduce 



polar coordinates. Since y — r sin( 
simply r — 2 sin 9. This gives us 



the circle x 2 + y 2 — 2y becomes r 2 — 2r sin 9 or 



nil />2sin# 

= 2 / 

Jo Jo 



^4-r 2 r dr d9, 
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FIGURE 14.33a 

Intersecting paraboloids 




FIGURE 14.33b 

The region R 



h 2 (r) 




FIGURE 14.34 

The region R 



since the entire circle r — 2 sin 6 is traced out for 0 < 6 < n and since for each fixed 
9 e [0, 7r], r ranges from r — 0 to r — 2 sin 6. Notice further that by symmetry, we get 

*Tt/2 /-2sin0 



V 



r(4-r z ) 



= 4 / 

Jo Jo 

riz/l 

I [(4-4 sin 2 6>) 3/2 
Jo 

L 
I 



r dr dO 



d0 



4 3 / 2 ] d6 



[(cos z ey /z -i]de 



4 

32 r"/2 

~^jo 
32 r*/2 

64 16 

= -y + r 

There are several things to observe here. First, our use of symmetry was crucial. By 
restricting the integral to the interval [0, |], we could write (cos 2 0) 3 ^ 2 = cos 3 6, which 
is not true on the entire interval [0, n]. (Why not?) Second, if you think that this integral 
was messy, consider what it looks like in rectangular coordinates. (It's not pretty!) ■ 



(cos J <9 - l)d9 
9.644. 



EXAMPLE 3.6 Finding the Volume Between Two Paraboloids 



Find the volume of the solid bounded by z 
Solution Observe that the surface z — 8 



y 2 and z 



x 2 + y 2 . 



x — y is a paraboloid with vertex at the 



point (0, 0, 8) and opening downward, while z — x 2 + y 2 is a paraboloid with vertex at 
the origin and opening upward. The solid is shown in Figure 14.33a. At a given point 
(x , v), the height of the solid is given by 



(8 



y 2 ) 



We now have 



V 



(A- 



y 2 ) = 



2x 2 - 2y 2 . 



2x 2 -2y 2 )dA, 



where the region of integration R is the shadow of the solid in the xy-plane. The 
solid is widest at the intersection of the two paraboloids, which occurs where 



2 2 

y = x 



y 2 or x 2 + y 2 — 4. The region of integration R is then the disk 



shown in Figure 14.33b and is most easily described in polar coordinates. The integrand 
becomes 8 — 2x 2 — 2y 2 — 8 — 2r 2 and we have 



V 



Jo Jo 



(%-2r 2 )rdrdQ = 16tt. 



Finally, we observe that we can also evaluate double integrals in polar coordinates by 
integrating first with respect to 6. Although such integrals are uncommon (given the way in 
which we change variables from rectangular to polar coordinates), we provide this for the 
sake of completeness. 

Suppose the region R can be written in the form 

R = {( r , (9)|0 < a < r < b and h y (r) < 6 < h 2 (r)}, 

where h\(r) < h2(r), for all r in [a, b], as pictured in Figure 14.34. Then, it can be shown 
that if f(r, 6) is continuous on R, we have 



J I f(r,6)dA 

R 



rb rh 2 (r) 
J a Jhi(r) 



f(r, 9) r d6 dr. 



(3.4) 
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BEYOND FORMULAS 

This section may change the way you think of polar coordinates. While they allow us to 
describe a variety of unusual curves (roses, cardioids and so on) in a convenient form, 
polar coordinates are an essential computational tool for double integrals. In section 
14.6, they serve the same role in triple integrals. In general, polar coordinates are useful 
in applications where some form of radial symmetry is present. Can you describe any 
situations in engineering, physics or chemistry where a structure or force has radial 
symmetry? 



EXERCISES 14.3 

10 WRITING EXERCISES 

1. Thinking of dy dx as representing the area dA of a small rect- 
angle, explain in geometric terms why 

J I f(.x,y)dA ^ Jj f (r cos 8, rsm8)drd6. 

R R 

2. In all of the examples in this section, we integrated with respect 
to r first. It is perfectly legitimate to integrate with respect to 8 
first. Explain why you would need functions of the form 6(r) 
for the limits of integration and why a circle would satisfy this 
requirement. 

3. Given a double integral in rectangular coordinates as in exam- 
ple 3.2 or 3.4, identify at least two indications that the integral 
would be easier to evaluate in polar coordinates. 

4. In section 10.5, we derived a formula A — J* j[f(6)] 2 dd for 
the area bounded by the polar curve r — f(6) and rays 8 — a 
and# = b. Discuss how this formula relates to the formula used 
in example 3.1. Discuss which formula is easier to remember 
and which formula is more generally useful. 



In exercises 1-6, find the area of the region bounded by the given 
curves. 

1. r = 3 + 2sin0 2. r = 2-2cos# 

3. one leaf of r — sin 38 4. r — 3 cos 8 

5. inside r — 2 sin 36, outside r = 1, first quadrant 

6. inside r — 1 and outside r — 2 — 2 cos 6 



In exercises 7-12, use polar coordinates to evaluate the double 
integral. 

1. ff y.t 2 + y 2 dA, where R is the disk x 2 + y 2 < 9 

R 

8. ff y/x 2 + y 2 + 1 dA, where R is the disk x 2 + y 2 < 16 

R 

9. ff e~ x2 - y2 dA, where R is the disk x 2 + y 2 < 4 

R 

10. / / e--J x2+y2 dA, where R is the disk x 2 + y 2 < 1 

R 

11. ffy dA, where R is bounded by r — 2 — cos 6 

R 

12. f fx dA, where R is bounded by r — 1 — sin 8 

R 



In exercises 13-16, use the most appropriate coordinate system 
to evaluate the double integral. 

13. ff(x 2 + y 2 ) dA, where R is bounded by x 2 + y 2 = 9 

R 

14. f f 2xy dA, where R is bounded by y — 4 — x 2 and y — 0 

R 

15. ff (x 2 + y 2 )dA, where R is bounded by y — x, y — 0 and 

R 

x = 2 

16. f f cos ijx 2 + y 2 dA, where R is bounded by x 2 + y 2 = 9 

R 



In exercises 17-30, use an appropriate coordinate system to 
compute the volume of the indicated solid. 



17. 


Below z 




x 2 + y 2 , above z — 0, inside x 2 + y 2 — 9 




18. 


Below z 




x 2 + y 2 — 4, above z — 0, inside x 2 + y 2 — 9 




19. 


Below z 




•Jx 2 + y 2 , above z = 0, inside x 2 + y 2 = 4 




20. 


Below z 




yjx 2 + y 2 , above z = 0, inside x 2 + (y — l) 2 = 


= 1 


21. 


Below z 




y/4 — x 2 — y 2 , above z = 1, inside x 2 + y 2 = 


i 

4 


22. 


Below z 




8 — x 2 — y 2 , above z — 3x 2 + 3y 2 




23. 


Below z 




6 — x — y, in the first octant 




24. 


Below z 




4 — x 2 — y 2 , between y — x , y — 0 and x — 1 




25. 


Below z 




4 — x 2 — y , above z — x 2 + y 2 , between y ■■ 


= 0 




and y — 


X, 


in the first octant 




26. 


Above z 




y/x 2 + y 2 , below z = 4, above the xv-plane, 


be- 




tween y 




x and y — 2x, in the first octant 




27. 


Below z 




2, above z = —\jx 2 + y 2 and inside x 2 + y 2 = 


= 1 


28. 


Below z 




x 2 + y 2 + 4, above z = 1 and inside x 2 + y 2 = 


= 2 



29. The volume cut out of x 2 + y 2 + z 2 — 4 by the cylinder 
x 2 + y 2 = 1 

30. The volume cut out of x 2 + y 2 + z 2 — 4 by the cylinder 
r — 1 — sin 8 
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In exercises 31-38, evaluate the iterated integral by converting 
to polar coordinates. 



32 



33 



35 



37 



■ ./,/■ 


\J x 1 + y 2 dy dx 

/4-.v2 


J -2 JQ 


U-x 1 

sin(x 2 + y 2 )dy dx 


■1:1: 


/a-x 1 f 2 f' 

e~ xl - yl dydx 34. / / 
/4-x 2 Jo J- 


fo fx 


^i^^ 36 -Iol 


■ft 

Jo Jo 


e^ x2+y2 dydx 38. J J 



dy dx 



52. Evaluate 



r = 2. 



ff 



ln(x 2 + y 2 ) 

x 2 + y 2 



dA where R is bounded by r — 1 and 



6 



APPLICATIONS 



53. Suppose that f(x, y) — 20,000 e~ x ~ y is the population den- 
sity of a species of small animals. Estimate the population in 
the region bounded by x 2 + y 2 — 1. 

54. Suppose that f(x, y) — 15,000 e~ x '~ T is the population den- 
sity of a species of small animals. Estimate the population in 
the region bounded by (x — l) 2 + v 2 = 1. 

In exercises 55-58, compute the probability that a dart lands 
in the region R, assuming that the probability is given by 

ff±e- x2 -? 2 dA. 



39. Find the center of mass of a lamina in the shape of 55. A double bull's-eye, R is the region inside r = \ (inch) 



x 2 + (y — l) 2 = 1, with density p(x, y) — l/^Jx 2 + 

40. Find the center of mass of a lamina in the shape of 
r — 2 — 2cos#, with density p(x, y) — x 2 + v 2 . 

41. Find the moment of inertia I y of the circular lamina bounded by 
x 2 + y 2 — R 2 , with density p(x, y) — 1. If the radius doubles, 
by what factor does the moment of inertia increase? 

42. Repeat exercise 41 for the density function 

p(x, y) = jx 2 + y 2 . 

43. Use a double integral to derive the formula for the volume of 
a sphere of radius a. 

44. Use a double integral to derive the formula for the volume of a 
right circular cone of height h and base radius a. (Hint: Show 
that the desired volume equals the volume under z — h and 
above z = \ \Jx 2 + y 2 .) 

45. Show that the volume under the cone z — k — r and above 
the jcy-plane (where k > 0) grows as a cubic function of k. 
Show that the volume under the paraboloid z — k — r 2 and 
above the xy-plane (where k > 0) grows as a quadratic function 
of k. Explain why this volume increases less rapidly than that 
of the cone. 

46. Show that the volume under the surface z = k — r " and above 
the xy-plane (where k > 0) approaches a linear function of k 
as n — > 00. Explain why this makes sense. 

47. Find the volume cut out of the sphere x 2 + y 2 + z 2 — 9 by the 
cylinder x 2 + y 2 = 2x. 

48. Find the volume of the wedge sliced out of the sphere 
x 2 + y 2 + z 2 — 4 by the planes y — x and y — 2x. (Keep 
the portion with x > 0.) 

49. Set up a double integral for the volume of the piece sliced off 
of the top of x 2 + y 2 + z 2 — 4 by the plane y + z — 2. 

50. Set up a double integral for the volume of the portion of the 
region below x + 2y + 3z = 6 and above z — 0 cut out by the 
cylinder x 2 4- Ay 2 = 4. 



51. Evaluate 



// 1 + x 2 4- y 2 



dA where R is outside r = 1 and 



56. A single bull's-eye, R bounded by r = | and r — ^ 

57. A triple-20, Abounded by r = 3§,r = 4, <9=||and<9=-^ 

58. A double-20, R bounded by r = 6\,r = 6\,6 = § and 



ill 

2(1 



59. Find the area of the triple-20 region described in exercise 57. 

60. Find the area of the double-20 region described in exercise 58. 



EXPLORATORY EXERCISES 



1. Suppose that the following data give the density of a lamina at 
different locations. Estimate the mass of the lamina. 



r 


0 


7T 
2 


7T 


3tt 
2 


2tt 


1 

2 


1.0 


1.4 


1.4 


1.2 


1.0 


1 


0.8 


1.2 


1.0 


1.0 


0.8 


3 
2 


1.0 


1.3 


1.4 


1.3 


1.2 


2 


1.2 


1.6 


1.6 


1.4 


1.2 



One of the most important integrals in probability theory is 
f e~ x dx. Since there is no antiderivative of e~ x ~ among the 
elementary functions, we can't evaluate this integral directly. 
A clever use of polar coordinates is needed. Start by giving the 
integral a name, 



/ 

J — C 



dx = /. 



Now, assuming that all the integrals converge, argue that 
ST^e-^dy = I and 



e~ xl dx I e' y2 dy = / / 

CO J —CO J —CO J —c 



'dydx = I 1 



Convert the iterated integral to polar coordinates and evaluate 
it. The desired integral / is simply the square root of the iterated 
integral. Explain why the same trick can't be used to evaluate 



inside r = 2 sin 6*. 



n 



' dx. 
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14.4 SURFACE AREA 




FIGURE 14.35a 

Surface area 



Recall that in section 5.4, we devised a method of finding the surface area for a surface of 
revolution. In this section, we consider how to find surface area in a more general setting. 
Suppose that f{x, y) > 0 and / has continuous first partial derivatives in some region R 
in the xy-plane. Our aim is to find a way to calculate the surface area of that portion of the 
surface z = fix, y) lying above R. As we have done innumerable times now, we begin by 
forming an inner partition of R, consisting of the rectangles R\ , Rj, . . . , R n . 

For each i = 1,2, ... ,n, let (x,- , y,- , 0) represent the corner of 7?, closest to the origin 
and construct the tangent plane to the surface z = fix, y) at the point (x,-, y,-, f{x/, y,)). 
Since the tangent plane stays close to the surface near the point of tangency, the area AT) of 
the portion of the tangent plane that lies above R, is an approximation to the surface area 
above Rj. (See Figure 14.35a.) Notice too, that the portion of the tangent plane lying above 
Rj is a parallelogram, 7], whose area AT} you should be able to easily compute. Adding 
together these approximations, we get that the total surface area S is approximately 




FIGURE 14.35b 

Portion of the tangent plane 
above Rj 




b,-|| sin 6 



FIGURE 14.36 

The parallelogram T t 



!=1 



Also note that as the norm of the partition ||P|| tends to zero, the approximations should 
approach the exact surface area and so we have 



S = lim ^ A7}, 

;=i 



(4.1) 



assuming the limit exists. The only remaining question is how to find the values of AT}, for 
i = 1,2, ... ,n. Let the dimensions of R/ be Ax, and Ay,, and let the vectors a, and b, form 
two adjacent sides of the parallelogram 7), as indicated in Figure 14.35b. Recall from our 
discussion of tangent planes in section 13.4 that the tangent plane is given by 



f(Xi, yd = f x (xi, y,) (x -x t ) + f y {xt, y,) (y - y,). 



(4.2) 



Look carefully at Figure 14.35b; the vector a, has its initial point at (x,-, y ; , /(x, , y,-)). Its 
terminal point is the point on the tangent plane corresponding to x = x, + Ax, and y = y,- . 
From (4.2), we get that the z-coordinate of the terminal point satisfies 

z - f(xi, y,) - f x (x t , y,) (Xi + Ax,- - x,) + / v (x,-, y,) (y,- - y,) 
= fx(x t , y,) Ax ; . 

This says that the vector a,- is given by 

a ; - (Ax, ,0, / c (x, ,y,)Ax,>. 

Likewise, b, has its initial point at (x,-, y,-, /(x, , y, )), but has its terminal point at the point 
on the tangent plane corresponding to x = x, and y = y, ■ + Ay,- . Again, using (4.2), we get 
that the ^-coordinate of this point is given by 

Z - f(x t , y,-) = f x (Xj, yd (x,- - Xi) + / v (x,-, y,) (y ; + Ay ; - y,-) 
= fy(xi, yd Ay,-. 



This says that b,- is given by 



b,- = (0,Ay,-,/ v (x,-,y,-)Ay,-) 



Notice that AT, is the area of the parallelogram shown in Figure 14.36, which you should 
recognize as 



A7) = ||a / ||||b i ||sin0 = ||a / xb i ||, 
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FIGURE 14.37a 

The surface z — y 2 + 4x 




FIGURE 14.37b 

The region R 



where 9 indicates the angle between a, and b, . We have 
a,- x b, = 

= ~fx(xi, y,) Ax,- Ay,-i - f y (xi, v ; ) Ax,- Ay,-j + Ax,- Ay,-k. 

This gives us 



i j k 

Ax,- 0 f x (x h y,) Ax,- 
0 Ay,- / v ( v, . y, )Ay, 



AT- = ||a,- x b,-|| = Mfxixu ytW + IfyiXi, yd? + 1 Ax,- Ay,-, 



A,\, 



where A A,- = Ax,- Ay, is the area of the rectangle /?, . From (4. 1 ), we now have that the total 
surface area is given by 



s = lim Vat; 



- lim E V [fx(Xi ' yi)]1 + [f y (Xi ' yi)]1 + 1 AAh 



You should recognize this limit as the double integral 




(4.3) 



There are several things to note here. First, you can easily show that the surface area 
formula (4.3) also holds for the case where /(x, y) < 0 on R. Second, you should 
note the similarity to the arc length formula derived in section 5.4. Further, recall that 
n= (f x (x, y), f y (x, y), — 1) is a normal vector for the tangent plane to the surface 
z = /(x, y) at (x, y). With this in mind, recognize that you can think of the integrand 
in (4.3) as ||n||, an idea we'll develop more fully in Chapter 15. 



EXAMPLE 4. 1 Calculating Surface Area 

Find the surface area of that portion of the surface z — y 2 + 4x lying above the 
triangular region R in the xy-plane with vertices at (0, 0), (0, 2) and (2, 2). 

Solution We show a computer-generated sketch of the surface in Figure 14.37a and 
the region R in Figure 14.37b. If we take /(x, y) = y 2 + 4x, then we have f x (x, y) = 4 
and f y (x, y) = 2y. From (4.3), we now have 

S = fj yjUxtx,y)¥ + Uy(x,y)? + \dA 

R 

= J J j4 2 +4y 2 +ldA. 

R 

Looking carefully at Figure 14.37b, you can read off the limits of integration, to obtain 



- f f V4y 2 + lldxdy = f v^V 2 
Jo Jo Jo 

Jo 



Ay 2 +\ldy = -(4y z + 17) J 



17x 

2 



dx 



o 



12 



[[4(2 2 ) + 17] 3/2 - [4(0) 2 + 17] 3/2 ] » 9.956. 



Computing surface area requires more than simply substituting into formula (4.3). You 
will also need to carefully determine the region over which you're integrating and the best 
coordinate system to use, as in example 4.2. 
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EXAMPLE 4.2 Finding Surface Area Using Polar Coordinates 

Find the surface area of that portion of the paraboloid z — 1 + x 2 + y 2 that lies below 
the plane z — 5. 

Solution First, note that we have not given you the region of integration; you'll need 
to determine that from a careful analysis of the graph. (See Figure 14.38a.) Next, 
observe that the plane z — 5 intersects the paraboloid in a circle of radius 2, parallel to 
the xy-plane and centered at the point (0, 0, 5). (Simply plug z — 5 into the equation of 
the paraboloid to see why.) So, the surface area below the plane z — 5 lies above the 
circle in the xy-plane of radius 2, centered at the origin. We show the region of 
integration R in Figure 14.38b. Taking f(x, y) = 1 + x 2 + y 2 , we have f x (x, y) = 2x 
and f v {x, y) = 2y, so that from (4.3), we have 



S = jj J[fAx,y)] 2 + [f y (x,y)] 2 +ldA 

R 

= jj i/4x 2 +4y 2 +ldA. 



R 



Note that since the region of integration is circular and the integrand contains the term 
x 2 + y 2 , polar coordinates are indicated. We have 



S = jj V4(x 2 + y 2 ) + 1 Q 

R rdrde 
p2tt n2 

- / / y/4r 2 + \rdrd6 
Jo Jo 

= 1 [ 2 \ny 2 -iy 2 ) d e 

12 Jo 



r=2 

de 

r=0 



= — (17 3/2 - 1) « 36.18. 
12 



We must point out that (just as with arc length) most surface area integrals cannot 
be computed exactly. Most of the time, you must rely on numerical approximations of the 
integrals. If possible, evaluate at least one of the iterated integrals and then approximate the 
second integral numerically (e.g., using Simpson's Rule). This is the situation in example 4.3. 



EXAMPLE 4.3 Surface Area That Must Be Approximated Numerically 

Find the surface area of that portion of the paraboloid z — 4 — x 2 — y 2 that lies above 
the triangular region R in the xy-plane with vertices at the points (0, 0), (1, 1) and (1,0). 

Solution We sketch the paraboloid and the region R in Figure 14.39a. Taking 
f(x, y) — 4 — x 2 — y 2 , we get f x (x, y) — —2x and f y (x, y) — —2y. From (4.3), 
we have 

S = jj y/[fJx,y)] 2 + [f y (x,y)] 2 +ldA 

R 

= jj y /4x 2 +4-y 2 + IdA. 

R 

Note that you have little hope of evaluating this double integral in rectangular 
coordinates. (Think about this!) Even though the region of integration is not circular, 
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FIGURE 14.39b 

The region R 



we'll try polar coordinates, since the integrand contains the term x 2 + y 2 . We indicate 
the region R in Figure 14.39b. The difficulty here is in describing the region R in terms 
of polar coordinates. Look carefully at Figure 14.39b and notice that for each fixed 
angle 6, the radius r varies from 0 out to a point on the line x = 1. Since in polar 
coordinates x — r cos 6, the line x = 1 corresponds to r cos 8 — 1 or r — sec 6, in polar 
coordinates. Further, 6 varies from 9 — 0 (the jf-axis) to 6 — | (the line y — x). The 
surface area integral now becomes 



4x 2 + 4y 2 + 1 dA 



s/4r 2 + 1 



pjr/4 n 

Jo Jo 

i r /4 /2 

~ 8 Jo \3 

1 f7t/4 



4^ 



lrdrdO 



(4r 2 + 1) 



3/2 



1 T 

= 12 /«, 



[(4 sec 2 



1) 



3/2 



d0 



1]<*0 



0.93078, 



where we have approximated the value of the final integral, since no exact means of 
integration was available. ■ 



BEYOND FORMULAS 

The surface area calculations in this section are important in their own right. Architects 
often need to know the surface area of the structure they are designing. However, for 
our purposes, the ideas in this section will assume more importance when we introduce 
surface integrals in section 15.6. For surface integrals, surface area is a basic component 
used in the setup of the integral. This is similar to how the arc length formula is in- 
corporated in the formula for the surface area of a surface of revolution in section 5.4. 



EXERCISES 14.4 Q) 

^) WRITING EXERCISES 

1. Starting at equation (4.1), there are several ways to estimate 
A Tj. Explain why it is important that we were able to find an 
approximation of the form f(Xj, y^Ax/Ayt. 

2. In example 4.3, we evaluated the inner integral before esti- 
mating the remaining integral numerically. Discuss the num- 
ber of calculations that would be necessary to use a rule such 
as Simpson's Rule to estimate an iterated integral. Explain 
why we thought it important to evaluate the inner integral 
first. 



In exercises 1-12, find the surface area of the indicated surface. 

1. The portion of z — x 1 + 2y between y — x, y — 0 and 
x = 4. 

2. The portion of z — 4y + 3x 2 between y — 2x, y — 0 and 
x = 2. 

3. The portion of z — 4 — x 2 — y 2 above the xy-plane. 



4. The portion of z — x 2 + y 2 below z — 4. 

5. The portion of z = \Jx 2 + y 2 below z — 2. 

6. The portion of z — \Jx 2 + y 2 between y — x 2 and y — 4. 

7. The portion of x + 3y + z — 6 in the first octant. 

8. The portion of 2x + y + z — 8 in the first octant. 

9. The portion of x — y — 2z = 4 with x > 0, y < 0 and z < 0. 

10. The portion of 2x + y — 4z = 4 with x > 0, y > 0 and z < 0. 

11. The portion of z = yj4 — x 2 — y 2 above z — 0. 

12. The portion of z — sin x + cos y with 0 < x <2n and 
0 < y S 2it. 



In exercises 13-20, numerically estimate the surface area. 

13. The portion of z = e x ~ +y ~ inside of x 2 + y 2 = 4. 

14. The portion of z — e~* ~ y inside of x 2 + y 2 — 1. 
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15. The portion of z — x 2 + y 2 between z — 5 and z — 7. 

16. The portion of z — x 2 + y 2 inside r — 2 — 2 cos 0. 

17. The portion of z — y 2 below z — 4 and between x — —2 
and x — 2. 

18. The portion of z — 4 — x 2 above z — 0 and between y — 0 
and y — 4. 

19. The portion of z — sin x cos y with 0 < x < it and 0 < y < it . 

20. The portion of z = \/x 2 + y 2 — 4 below z = 1 . 



21. (a) In exercises 5 and 6, determine the surface area of the 
cone as a function of the area A of the base R of the 
solid and the height of the cone, (b) Quickly find the sur- 
face area of the portion of z = y/x 2 + y 2 above the rectangle 

0 < x < 2, 1 < y < 4. 

22. (a) In exercises 9 and 10, determine the surface area of the 
portion of the plane indicated as a function of the area A of the 
base R of the solid and the angle 6 between the given plane and 
fhexy-plane. (b) Quickly find the surface area of the portion of 
z — 1 + y above the rectangle — 1 < x < 3, 0 < y < 2, 

23. Generalizing exercises 17 and 18, determine the surface area 
of the portion of the cylinder indicated as a function of the arc 
length L of the base (two-dimensional) curve of the cylinder 
and the height h of the surface in the third dimension. 

24. Use your solution to exercise 23 to quickly find the surface 
area of the portion of the cylinder with triangular cross sec- 
tions parallel to the triangle with vertices (1,0, 0), (0, 1, 0) and 
the origin lying between the planes z — 0 and z — 4. 

25. In example 4.2, find the value of k such that the plane z — k 
slices off half of the surface area. Before working the problem, 
explain why k — 3 (halfway between z — 1 and z — 5) won't 
work. 

26. Find the value of k such that the indicated surface area equals 
that of example 4.2: the surface area of that portion of the 
paraboloid z — x 2 + y 2 that lies below the plane z — k. 



Exercises 27-30 involve parametric surfaces. 

27. Let 5 be a surface defined by parametric equations 

r(u, v) — (x(u, v), y(u, v), z(u, v)), for a < u < b and 

c < v < d. Show that the surface area of S is given by 

Ic la H r * x r v\\dudv, where 

j'dx dy dz \ 

r u (u, v) = — (u, v), —(u, v), —(u, v)} and 
\du ou au I 

I dx dy dz \ 

r„(", v) = ( — (u, v), —{u, v), —(u, v)). 

\ov 3v av I 

28. Use the formula from exercise 27 to find the surface area 
of the portion of the hyperboloid defined by parametric 
equations x — 2 cos u cosh v, y — 2 sin u cosh v, z — 2 sinh v 
for 0 < u < 2n and — 1 < v < 1. (Hint: Set up the double in- 
tegral and approximate it numerically.) 

29. Use the formula from exercise 27 to find the surface area 
of the surface defined by x = u, y = v cos u, z — v sin u for 
0 < u < lit andO < v < 1. 



30. Use the formula from exercise 27 to find the surface area of the 
surface defined by x — u, y — v + 2, z — 2uv for 0 S » S 2 
andO < v < 1. 



In exercises 31-33, use the surface area formula 
S = ff x jg rfA for a surface denned parametrically by 

r(u, v). 

31. If r = {x, y, f(x, y)), show that S reduces to equation (4.3). 

32. Find the surface area of the prolate spheroid with 
x — cos v cos u, y — cos v sin u and z — 2 sin v. 

33. Find the surface area of the torus with x — (c + a cos u)cos u, 
y — (c + a cos ii ) sin u and z — a sin v for constants 
c > a > 0. 



^ EXPLORATORY EXERCISES 

7] 1. An old joke tells of the theoretical mathematician hired to 
improve dairy production who starts his report with the as- 
sumption, "Consider a spherical cow." In this exercise, we will 
approximate an animal's body with ellipsoids. Estimate the 
volume and surface area of the ellipsoids 16x 2 + y 2 + 4z 2 — 
16 and 16x 2 4- y 2 4- 4z 2 = 36. Note that the second ellip- 
soid retains the proportions of the first ellipsoid, but the 
length of each dimension is multiplied by |. Show that the 
volume increases by a much greater proportion than does 
the surface area. In general, volume increases as the cube 
of length (in this case, (|) 3 = 3.375) and surface area in- 
creases as the square of length (in this case, (|) 2 = 2.25). 
This has implications for the sizes of animals, since volume 
tends to be proportional to weight and surface area tends to 
be proportional to strength. Explain why a cow increased in 
size proportionally by a factor of | might collapse under its 
weight. 

2. For a surface z — f(x , y ), recall that a normal vector to the tan- 
gent plane at (a, b, f(a, b)) is (/ v (a, b), f y (a, b), —1). Show 
that the surface area formula can be rewritten as 

Surface area = f f ^- dA, 
J J |n-k| 

R 

where n is the unit normal vector to the surface. Use this for- 
mula to set up a double integral for the surface area of the top 
half of the sphere x 2 4- y 2 4- z 2 — 4 and compare this to the 
work required to set up the same integral in exercise 17. (Hint: 
Use the gradient to compute the normal vector and substitute 
z = 1J4 — x 2 — y 2 to write the integral in terms of x and y.) For 
a surface such as y = 4 — x 2 — z 2 , it is convenient to think of 
y as the dependent variable and double integrate with respect 
to x and z- Write out the surface area formula in terms of the 
normal vector for this orientation and use it to compute the sur- 
face area of the portion of y = 4 — x 2 — z 2 inside x 2 4- z 2 — 1 
and to the right of the xz-plane. 
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FIGURE 14.40a 

Partition of the box Q 




FIGURE 14.40b 

Typical box Q t 

REMARK 5.1 



It can be shown that as long as / 
is continuous over Q, f will be 
integrable over Q. 



We developed the definite integral of a function of one variable fix) initially to compute 
the area under the curve y = fix) and first devised the double integral of a function of two 
variables fix, y) to compute the volume lying beneath the surface z = fix, y). However, 
we have no comparable geometric motivation for defining the triple integral of a function 
of three variables fix, y, z), since the graph of u — fix, y, z) is a hypersurface in four 
dimensions. (We can't even visualize a graph in four dimensions.) Despite this lack of 
immediate geometric significance, integrals of functions of three variables have many very 
significant applications. We'll consider two of these applications (finding the mass and 
center of mass of a solid) at the end of this section. 

We pattern our development of the triple integral of a function of three variables after 
our development of the double integral of a function of two variables. We first consider 
the relatively simple case of a function fix, y, z) defined on a rectangular box Q in three- 
dimensional space defined by 

Q - {ix, y, z)\a <x<b,c<y<d and r < z < s}. 

We begin by partitioning the region Q by slicing it by planes parallel to the xy-plane, planes 
parallel to the xz-plane and planes parallel to the yz-plane. Notice that this divides Q into 
a number of smaller boxes. (See Figure 14.40a.) Number the smaller boxes in any order: 
Q\, Qi, ■ ■ ■ , Qn- For each box Q t (i — 1, 2, . . . , n), call the x, y and z dimensions of the 
box Axi, Ay,- and Az,-, respectively. (See Figure 14.40b.) The volume of the box Qj is then 
A V, = Ax, Ay, Az, . As we did in both one and two dimensions, we pick any point (m, , v, ■ , u>, ) 
in the box Q, and form the Riemann sum 



J^fiui, v i: Wi)AVi. 



In this three-dimensional case, we define the norm of the partition ||P|| to be the longest 
diagonal of any of the boxes Qi, i = 1,2, ... ,n. We can now define the triple integral of 
fix, y,z) over Q. 



DEFINITION 5.1 

For any function fix, y, z) defined on the rectangular box Q, we define the triple 
integral of / over Q by 

J I f fix,y,z)dV = ^im o J2 fiu^Vi^OAVi, (5.1) 

Q 1=1 

provided the limit exists and is the same for every choice of evaluation points 

(m,, Vj, Wj) in Q h for i — 1,2, ... , n. When this happens, we say that / is integrable 

over Q. 



Now that we have defined a triple integral, how can we calculate the value of one? 
The answer should prove to be no surprise. Just as a double integral can be written as two 
iterated integrals, a triple integral turns out to be equivalent to three iterated integrals. 



THEOREM 5.1 (Fubini's Theorem) 

Suppose that fix, y, z) is continuous on the box Q defined by 

Q - {(x, y, z)\a <x<b,c<y<d and r < z < s}. Then, we can write the triple 

integral over Q as a triple iterated integral: 

jjj fix,y,z)dV = j j j fix,y,z)dxdydz. (5.2) 
G 
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As was the case for double integrals, the three iterated integrals in (5.2) are evaluated 
from the inside out, using partial integrations. That is, in the innermost integral, we hold y 
and z fixed and integrate with respect to x and in the second integration, we hold z fixed 
and integrate with respect to y. Notice also that in this simple case (where Q is a rectangular 
box) the order of the integrations in (5.2) is irrelevant, so that we might just as easily write 
the triple integral as 

jfjf(x,y,z)dV = j j j f(x,y,z)dzdydx, 
Q 

or in any of the four remaining orders. 



EXAMPLE 5. 1 Triple Integral over a Rectangular Box 

Evaluate the triple integral fff 2xe y sin z d V, where Q is the rectangular box defined by 

Q 

Q = {(x, y, z )\l < x < 2, 0 < y < 1 and 0 < z < Jt}. 
Solution From (5.2), we have 

j j j 2xe > sin zdV — J J J 2xe y sin zdx dy dz 
Q 

= 11 

Jo Jo 

■I 



e y sin z - 



2x 2 



dy dz 



3 l 

/o 



dz 



y=0 

= 3(e l - l)(-cosz) 

= 3(e — 1) (—cos jt + cos 0) 
= 6(e-l). 

You should pick one of the other five possible orders of integration and show that you 
get the same result. ■ 



As we did for double integrals, we can define triple integrals for more general regions in 
three dimensions by using an inner partition of the region. For any bounded solid Q in three 
dimensions, we partition Q by slicing it with planes parallel to the three coordinate planes. 
As in the case where Q was a box, these planes form a number of boxes. (See Figures 14.41a 
and 14.41b.) In this case, we consider only those boxes Q\, Q2, ■ ■ ■ , Q n that lie entirely 
in Q and call this an inner partition of the solid Q. For each i = 1, 2, . . . , n, we pick any 
point (m,-, i>i, uij) e Qi and form the Riemann sum 



Y^f(ui, Vj, Wi)AVi, 



where AVj = Ax, Ay, Az, represents the volume of Q,. We can then define a triple integral 
over a general region Q as the limit of Riemann sums, as follows. 
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DEFINITION 5.2 

For a function fix, y, z) defined on the (bounded) solid Q, we define the triple 
integral of fix, y, z) over Q by 

ffff(x,y,z)dV= lim f2ftut,vt,m)Wi, (5.3) 

JJJ m^of^ 

Q 

provided the limit exists and is the same for every choice of the evaluation points 
(Ui, Vi, Wj) in Qi, for i — 1,2, . . . , n. When this happens, we say that / is integrable 
over Q. 



Observe that (5.3) is a generalization of (5. 1), where in (5.3), we are summing over an 
inner partition of a more general solid Q. 

The (very) big remaining question is how to evaluate triple integrals over more general 
regions. The fact that there are six different orders of integration possible in a triple iterated 
integral makes it difficult to write down a single result that will allow us to evaluate all triple 
integrals. So, rather than write down an exhaustive list, we'll indicate the general idea by 
looking at several specific cases. For instance, if the region Q can be written in the form 



FIGURE 14.42 

Solid with defined top and bottom 
surfaces 



Q = {(x, y, z)\(x, y)e R and gi(x, y) < z < giix, y)}, 

where R is some region in the xy-plane and where g\{x, y) < giix, y) for all (x, y) in R (as 
in Figure 14.42), then it can be shown that 




FIGURE 14.43a 

Tetrahedron 




r r r r p rgi(x,y) 

f(x,y,z)dV= f(x,y,z)dzdA. 

JJJ J J Jgi(x,y) 

Q R 



(5.4) 



As we have seen before, the innermost integration in (5.4) is a partial integration, where we 
hold x and y fixed and integrate with respect to z, and the outer double integral is evaluated 
using the methods we have already developed in sections 14.1 and 14.3. 



EXAMPLE 5.2 Triple Integral over a Tetrahedron 

Evaluate fff 6xy dV, where Q is the tetrahedron bounded by the planes 

G 

x — 0, y — 0, z — 0 and 2x + y + z — 4. (See Figure 14.43a.) 

Solution Notice that each point in the solid lies above the triangular region R in the 
xy-plane indicated in Figures 14.43a and 14.43b. You can think of R as forming the base 
of the solid. Notice that for each fixed point (x, y) e R, z ranges from z — 0 up to 
Z = 4 — 2x — y. It helps to draw a vertical line from the base and through the top 
surface of the solid, as we have indicated in Figure 14.43a. The line first enters the solid 
on the xy-plane (z — 0) and exits the solid on the plane z — 4 — 2x — y. This tells you 
that the innermost limits of integration (given that the first integration is with respect 
to z) are z = 0 and z — 4 — 2x — y. From (5.4), we now have 

4-2.1-j 



J J J 6xy dV = j j j y 6xydzdA 



FIGURE 14.43b 

The base of the solid in the xy-plane 



This leaves us with setting up the double integral over the triangular region shown in 
Figure 14.43b. Notice that for each fixed x e [0, 2], y ranges from 0 up to y = 4 — 2x. 
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We now have 



NOTES 

Observe that in example 5.2, the 
boundary of R consists of x = 0 
and y = 0 (corresponding to the 
defining surfaces of Q that do 
not involve z) and y = 4 — Ix 
(corresponding to the intersection 
of the two defining surfaces of Q 
that do involve z). The limits of 
integration for the outer two 
integrals can typically be found in 
this fashion. 



jjj6xydV = jj j 6xydzdA 



p2 pA-2x pA-2x-y 

11 I 6xy dz dy dx 

Jo Jo Jo 

-2 r 4-2x iz=4-2a-v 

(6xyz) dy dx 



Jo Jo 

p2 p4-2x 

Jo Jo 

-fA 

- j [\2x{4-2xf -6x 2 (4-2x) 2 - 2x{4 - 2x) 3 ]dx 
Jo 



\z=0 

6xy(4 — 2x — y) dy dx 

y=4-2x 

2 ~" 2 " 3 



64 

y 



where we leave the details of the last integration to you. 



The greatest challenge in setting up a triple integral is to get the limits of integration 
correct. You can improve your chances of doing this by taking the time to draw a good sketch 
of the solid and identifying either the base of the solid in one of the coordinate planes (as 
we did in example 5.2) or top and bottom boundaries of the solid when both lie above or 
below the same region R in one of the coordinate planes. In particular, if the solid extends 
from z = fix, y) to z — g(x, y) for each (x, y) in some two-dimensional region R, then z 
is a good choice for the innermost variable of integration. This may seem like a lot to keep 
in mind, but we'll illustrate these ideas generously in the examples that follow and in the 
exercises. Be sure that you don't rely on making guesses. Guessing may get you through 
the first several exercises, but will not work in general. 

Once you have identified a base or a top and bottom surface of a solid, draw a line from 
a representative point in the base (or bottom surface) through the top surface of the solid, as 
we did in Figure 14.43a, indicating the limits for the innermost integral. To illustrate this, 
we take several different views of example 5.2. 




FIGURE 14.44a 

Tetrahedron viewed with base 
in the yz-plane 



EXAMPLE 5.3 A Triple Integral Where the First Integration 
Is with Respect to x 



Evaluate J J J 6xy dV, where Q is the tetrahedron bounded by the planes x — 0, y = 0, 

Q 

z = 0 and 2x + y + z = 4, as in example 5.2, but this time, integrate first with respect 
to x. 

Solution You might object that our only evaluation result for triple integrals (5.4) is 
for integration with respect to z first. While this is true, you need to realize that x, y 
and z are simply variables that we represent by letters of the alphabet. Who cares 
which letter is which? Notice that we can think of the tetrahedron as a solid with its 
base in the triangular region R' of the yz-plane, as indicated in Figure 14.44a. In this 
case, we draw a line orthogonal to the yz-plane, which enters the solid in the yz-plane 
(x — 0) and exits in the plane x — j(4 — y — z). Adapting (5.4) to this situation (i.e., 
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interchanging the roles of x and z), we have 



FIGURE 14.44b 

The region R' 



NOTES 

Notice in example 5.3 that the 
boundary of R' consists of y = 0 
and z = 0 (the defining surfaces 
of Q that do not involve x) and 
z = 4 — y (the intersection of the 
two defining surfaces that do 
involve x). These are the typical 
sources of surfaces for the limits 
of integration in the outer two 
integrals. 




-5 -2 



FIGURE 14.45a 



j j j^6xydV — jj j 6xydxdA 

Q «' 



X 

6 Y y 



x=\(A-y-z) 



(4 - v - z) 



t=0 
2 



y dA. 



To evaluate the remaining double integral, we look at the region R' in the yz-plane, as 
shown in Figure 14.44b. We now have 



f f f 3 f 4 f 4 ~ y 



y — z) ydzdy = 



64 



where we have left the routine details for you to verify. Finally, we leave it to you to 
show that we can also write this triple integral as a triple iterated integral where we 
integrate with respect to y first, as in 

/>/>/> />2 /*4— 2x pA—2x—z 

6xydV = / / 6xy dydzdx. 

J J J Jo Jo Jo 



We want to emphasize again that the challenge here is to get the correct limits of 
integration. While you can always use a computer algebra system to evaluate the integrals 
(at least approximately), no computer algebra system will set up the limits of integration 
for you! Keep in mind that the innermost limits of integration correspond to two three- 
dimensional surfaces. (You can think of these as the top and the bottom of the solid, if 
you orient yourself properly.) The limits of integration for the middle integral represent 
two curves in one of the coordinate planes and can involve only the outermost variable 
of integration. Keep these ideas in mind as you work through the examples and exercises. 
Triple integrals can look intimidating at first and the only way to become proficient with these 
is to work plenty of problems! Multiple integrals form the basis of much of the remainder 
of the book, so don't skimp on your effort now. 



EXAMPLE 5.4 Evaluating a Triple Integral by Changing the Order 
of Integration 



Evaluate 



pA pA py 
Jo Jx Jo 1 



-48z 



dz dy dx. 



Solution First, notice that evaluating the innermost integral requires a partial 
fractions decomposition, which produces three natural logarithm terms. The second 
integration is not pretty. We can significantly simplify the integral by changing the order 
of integration, but we must first identify the surfaces that bound the solid over which we 
are integrating. Starting with the inside limits, observe that the slanted plane z — y 
forms the top of the solid and z — 0 forms the bottom. 

The middle limits of integration indicate that the solid is also bounded by the 
planes y — x and y = 4. The outer limits of x — 0 and x — 4 indicate that the solid is 
also bounded by the plane x — 0. (Here, x — 4 corresponds to the intersection of y — x 
and y — 4.) A sketch of the solid is shown in Figure 14.45a. Notice that since y is 
involved in three different boundary planes, it is a poor choice for the inner variable of 
integration. To integrate with respect to x first, notice that a ray in the direction of the 
positive x-axis enters the solid through the plane x — 0 and exits through the plane 
x — y. We now have 



/»4 /»4 py 
Jo Jx Jo 1 



48z 



■ dz dy dx 



.//./ : 



■ 48z - z 



dx dA, 
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FIGURE 14.45b 

The region R 



where R is the triangle bounded by z — y, z — 0 and y = 4. (See Figure 14.45b.) In R, y 
extends from y — z to y — 4, as z ranges from z — 0 to z — 4. The integral then becomes 

-4 M ry 



no, «n py 

J0 Jx Jo 1 



48z 



dz dy dx 



M p4 py 

Jo Jz Jo r 

/■4 p4 

^ Jo I T 



48z 



rfx dy dz 



y 



-48z 

/■ 4 6 

Jo 1 + 48z - z 3 2 

o 



yc/j afz 



y=4 



f/z 



i 1 



■48z 
= In 1 1 + 48z - ; 
- In 129. ■ 



dz 



3 | |Z=4 
lz=0 



NOTES 

Try the original triple integral in 
example 5.4 on your CAS. Many 
integration packages are unable to 
evaluate this triple integral 
exactly. However, most packages 
will correctly return In (129) if 
you ask them to evaluate the 
integral with the order of 
integration reversed. Technology 
does not replace an understanding 
of calculus techniques. 



As you can see from example 5.4, there are clear advantages to considering alternative 
approaches for calculating a triple integral. So, take an extra moment to look at a sketch 
of a solid and consider your alternatives before jumping into the problem (i.e., look before 
you leap). 

Recall that for double integrals, we had found that ffdA gives the area of the region 

R 

R. Similarly, observe that if fix, y, z) = 1 for all (x, y, z) € Q, then from (5.3), we have 



f f fldV = lim V &Vi - V, 
JJJ \\P\\^oj-< 



(5.5) 



where V is the volume of the solid Q. 



EXAMPLE 5.5 Using a Triple Integral to Find Volume 

Find the volume of the solid bounded by the graphs of z = 4 — y 2 , x 
and z = 0. 



z = 4, x = 0 





FIGURE 14.46a 

The solid Q 



FIGURE 14.46b 

Base R of the solid 



Solution We show a sketch of the solid in Figure 14.46a. First, observe that we can 
consider the base of the solid to be the region R formed by the projection of the solid 
onto the yz -plane (x — 0). Notice that this is the region bounded by the parabola 
z = 4 — y 2 and the y-axis. (See Figure 14.46b.) Then, for each fixed y and z, the 
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NOTES 

To integrate with respect to z first, 
you must identify surfaces 
forming the top and bottom of the 
solid. To integrate with respect to 
y first, you must identify surfaces 
forming (from the standard 
viewpoint) the right and left sides 
of the solid. To integrate with 
respect to x first, you must 
identify surfaces forming the front 
and back of the solid. Often, the 
easiest pair of surfaces to identify 
will indicate the best choice of 
variable for the innermost 
integration. 



corresponding values of x range from 0 to 4 — z. The volume of the solid is then given by 



v= Ifl dv = l\C dxdA 

Q R 
t-2 r4-y 2 />4 

J -2 JO Jo 



dx dz dy 



f2 i-4-y 2 

J J ( (4-z)dzdy 



-2 JO 
-2 



z =A-y 1 



dy 



-2 r 

„2- 1 



2\2 



4(4 - y l ) - -(4 - y l ) 



dy 



128 



where we have left the details of the last integration to you. 




FIGURE 14.47 

One box Q, of the inner 
partition of Q 



O Mass and Center of Mass 

In section 14.2, we discussed finding the mass and center of mass of a lamina (a thin, flat 
plate). We now pause briefly to extend these results to three dimensions. Suppose that a 
solid Q has mass density given by p(x, y, z) (in units of mass per unit volume). To find the 
total mass of a solid, we proceed (as we did for laminas) by constructing an inner partition 
of the solid: Q\, Q2, ■ ■ ■ , Q n . Realize that if each box Q, is small (see Figure 14.47), then 
the density should be nearly constant on <2, and so, it is reasonable to approximate the mass 
nti of Qi by 

mi ~ p(Uj,Vi, Wj) AV^ , 

mass/unit volume volume 

for any point (m,-, Vj, w,) e Qi, where AV, is the volume of Qj. The total mass m of Q is 
then given approximately by 



^p(i/,-, v it Wj)AVi. 



Letting the norm of the partition ||P|| approach zero, we get the exact mass, which we 
recognize as a triple integral: 

m — lim } p (ui, V{, Wi) AVj — I I I p(x,y,z)dV. (5.6) 
imH-of-' JJJ 



Now, recall that the center of mass of a lamina was the point at which the lamina will 
balance. For an object in three dimensions, you can think of this as balancing it left to right 
(i.e., along the y-axis), front to back (i.e., along the x-axis) and top to bottom (i.e., along the 
z-axis). To do this, we need to find first moments with respect to each of the three coordinate 
planes. We define these moments as 



xp(x,y,z)dV, M xz 



-Iff 



yp(x, y, z)dV 



(5.7) 



and 



= f fjzp(x,y,z)dV, 
Q 



(5.8) 



the first moments with respect to the yz-plane, the xz-plane and the xy-plane, respectively. 
The center of mass is then given by the point (x,y, z), where 



M yz 



y 



Mxz 

m 



M xy 
m 



(5.9) 
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Notice that these are straightforward generalizations of the corresponding formulas for the 
center of mass of a lamina. 



i 

= 4 















Vx 2 + y 2 



FIGURE 14.48a 

The solid Q 



EXAMPLE 5.6 Center of Mass of a Solid 

Find the center of mass of the solid of constant mass density p bounded by the graphs of 
the right circular cone z — ^x 2 + y 2 and the plane z — 4. (See Figure 14.48a.) 

Solution Notice that the projection R of the solid onto the xy-plane is the disk of 
radius 4 centered at the origin. (See Figure 14.48b.) Further, for each (x, y) e R, 
z ranges from the cone (z = y/x 2 + y 2 ) up to the plane z = 4. From (5.6), the total 
mass of the solid is given by 

m — jJJp(x,y,z)dV — pJJ J dzdA 



Q 



iff (4 - Jx 2 + y 2 ) dA, 



z = A 


i 


V 






J 



FIGURE 14.48b 

Projection of the solid onto 
the xy-plane 



where R is the disk of radius 4 in the xy-plane, centered at the origin, as indicated in 
Figure 14.48b. Since the region R is circular and since the integrand contains a term 
of the form y 1 x 2 + y 2 , we use polar coordinates for the remaining double integral. 
We have 



m — p 



J I (4- Vx 2 + y^) dA^ 



r dr dB 



' / / 

Jo Jo 

■re 



(4 - r) r dr dB 



P 32 



(2tt) 



r=4 

( 

;•=() 
64 



dO 



-Tip. 



3 / 3 

From (5.8), we get that the moment with respect to the xy-plane is 



M 



xy = jjjzp(x,y,z)dV = p 

Q 

2 |4 



zdzdA 



= >ff 

R 



dA 



[16-(x 2 + y 2 )]dA. 



For the same reasons as when we computed the mass, we change to polar coordinates in 
the double integral to get 



Mr 



P_ 



'II 

R 

ri 

Jo Jo 

=-f 

2 Jo 



(x 2 + v 2 ) 



dA 

' dr d6 



P_ 

2 



(\6-r 2 )rdrd6 



r r 
32p(2it) — 64-itp. 



d6 



r=0 
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Notice that the solid is symmetric with respect to both the .Tz-plane and the vz-plane 
and so, the moments with respect to both of those planes are zero, since the density is 
constant. (Why does constant density matter?) That is, M xz — M YZ — 0. From (5.9), the 
center of mass is then given by 

C W > = (^,^,^ = (0,0,^) = (0,0,3, 

\ m m m J \ o4jTp/3 J a 



EXERCISES 14.5 

f0 WRITING EXERCISES 

1. Discuss the importance of having a reasonably accurate sketch 
to help determine the limits (and order) of integration. Iden- 
tify which features of a sketch are essential and which 
are not. Discuss whether it's important for your sketch to 
distinguish between two surfaces like z — 4 — x 2 — y 2 and 
Z = ^4 - x 2 - y 2 . 

2. In example 5.2, explain why all six orders of integration are 
equally simple. Given this choice, most people prefer to inte- 
grate in the order of example 5.2 (dz dy dx). Discuss the visual 
advantages of this order. 

3. In example 5.4, identify any clues in the problem statement 
that might indicate that y should be the innermost variable of 
integration. In example 5.5, identify any clues that might indi- 
cate that z should not be the innermost variable of integration. 
(Hint: With how many surfaces is each variable associated?) 

4. In example 5.6, we used polar coordinates in x and y. Explain 
why this is permissible and when it is likely to be convenient 
to do so. 



In exercises 1-20, evaluate the triple integral ffff(x,y,z) dV. 

Q 

1. f(x, y, z) = 2x + y — z, 

Q = {(x, y, z)|0 < x < 2, -2 < y < 2, 0 < z < 2} 

2. /(x,y,z) = 2x 2 4-y 3 , 

Q = {(x, y, z)|0 < x < 3, -2 < y < 1, 1 < z < 2} 

3. fix, y, z) = Jy - 3z 2 , 

Q = {(x, y, z )\2 <x < 3,0 < y < 1, -1 < z < 1} 

4. /(x,y,z) = 2xy-3xz 2 , 

Q = {(x, y, z )\0 <x < 2, -1 < y < 1,0 < z < 2} 

5. f(x, y, z) = 4yz, Q is the tetrahedron bounded by 
x + 2y + z = 2 and the coordinate planes 

6. f (x, y, z) — 3x — 2y, Q is the tetrahedron bounded by 
4x + y + 3z = 12 and the coordinate planes 

7. f(x, y, z) = 3y 2 — 2z, Q is the tetrahedron bounded by 
3x + 2y — z = 6 and the coordinate planes 

8. f(x,y,z) — 6xz 2 ,Q is the tetrahedron bounded by 
— 2x + y + z = 4 and the coordinate planes 

9. f(x, y, z) = 2xy, Q is bounded by z = 1 — x 2 — y 2 andz = 0 

10. f(x, y, z) = x — y, Q is bounded by z = x 2 + y 2 and z = 4 

11. f(x, y, z) = 2yz, Q is bounded by z + x — 2, z — x — 2, 
z — 1 , y — —2 and y — 2 



12. f(x,y,z) — x 3 y,Q is bounded by z = 1 — y 2 , z — 0, 
x — —1 and x — 1 

13. fix, y, z) = 15, Q is bounded by 2x + y + z = 4, z = 0, 
x = 1 — y 2 and x = 0 

14. /(*, y, z) = 2x + y, 2 is bounded by z = 6 — x — y, 
2 = 0, y = 2 — x, y — 0 and x = 0 

15. /(x, y, z) = 2x, 2 is bounded by z = y 2 , z = 4, x = 0 and 
x + z = 6 

16. /(x, y, z) = 2y, 2 is bounded by z = x 2 — 2, z = 0, 
x + y = 1 and x — y = 1 

17- /o /o /o 7 ^ zSd* ^ dy 18. /, 2 ]f g ;< /» rfy Jz 
19 - fofofoue-^dvdwdu 20. ue- w du dw dv 

21. Sketch the region 2 in exercise 9 and explain why the triple inte- 
gral equals 0. Would the integral equal 0 for /(x, y, z) = 2x 2 y? 
For f(x, y, z) — 2x 2 y 2 ? 

22. Show that fff(z — x)dV — 0, where Q is bounded by 

Q 

z — 6 — x — y and the coordinate planes. Explain geometri- 
cally why this is correct. 



In exercises 23-34, compute the volume of the solid bounded by 
the given surfaces. 



23. 


z = X 2 , z = 


1 , y = 0 and y = 2 


24. 


z = l — y , 


z — 0, x = 2 and x = 4 


25. 


z=l-y 2 , 


z = 0, z = 4 — 2* and x = 4 


26. 


2 

Z = X z , Z = 


x + 2, y + z = 5 and y = — 1 


27. 


y = 4 - X 2 


z = 0 and z — y = 6 


28. 


x = y 2 , x = 


= 4, x + z = 6 and x + z = 8 


29. 


y = 3 -x, 


y = 0, z = x 2 and z = 1 


30. 


x — y 2 , x - 


= 4, z = 2 + x and z = 0 


31. 


Z = 1 + X, 


i = l— x, z = 1 + y, z=l — 




(a pyramid) 




32. 


z = 5-y 2 , 


z = 6 — x,z = 6 + x and z = 


33. 


z = 4 - x 2 


— y 2 and the xy-plane 


34. 


z = 6 — x - 


- y , x 2 + y 2 = 1 and z = — 1 
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In exercises 35-38, find the mass and center of mass of the solid 
with density p(x, y, z) and the given shape. 

35. p(x, y, z) = 4, solid bounded by z — x 2 + y 2 and z — 4 

36. p(x, y, z) — 2 + x, solid bounded by z — x 2 + y 2 and z — 4 

37. p(x, y, z) — 10 + x, tetrahedron bounded by x + 3y + z — 6 
and the coordinate planes 

38. p(x, y, z) — 1 + x, tetrahedron bound by 2x + y + 4z — 4 
and the coordinate planes 

39. Explain why the x-coordinate of the center of mass in exercise 
35 is zero, but the ^'-coordinate in exercise 36 is not zero. 

40. In exercise 35, if p(x, y, z) — 2 + x 2 , is the x-coordinate of the 
center of mass zero? Explain. 

41. In exercise 5 , evaluate the integral in three different ways, using 
each variable as the innermost variable once. 

42. In exercise 6, evaluate the integral in three different ways, using 
each variable as the innermost variable once. 



In exercises 43-48, sketch the solid whose volume is given and 
rewrite the iterated integral using a different innermost variable. 

r 2 r 4-2y p4-2y-z 

43. / / / dxdzdy 
Jo Jo Jo 



44. 



/> 1 p2—2y p2—x—2y 

/ / / dzdxdy 
Jo Jo Jo 



f\ py/i-x 2 r^/l-x 2 -y 2 

45. / / / dzdydx 
Jo Jo Jo 

pi p 1 —x p2— x 

46. / / / dydzdx 
Jo Jo Jo 

47. f f dydxdz 

Jo Jo Jx 2 +z 2 

48. f \^~~* f dxdydz 

Jo Jo Jjy 2 +z 2 



49. Let T be the tetrahedron in the first octant with vertices 
(0, 0, 0), (a, 0, 0), (0, b, 0) and (0, 0, c), for positive constants 
a, b and c. Let C be the parallelepiped in the first octant with 
the same vertices. Show that the volume of T is one-sixth the 
volume of C. 

50. Write f f s f(x)g(y)h(z)dzdy dx as a product of three 
single integrals. In general, can any triple integral with inte- 
grand f(x)g(y)h(z) be factored as the product of three single 
integrals? 

51. Compute Jfff(x,y,z)dV, where Q is the tetrahedron 

e 

bounded by 2x + y + 3z — 6 and the coordinate planes, and 
f(x, y, z) — max{x, y, z}. 

52. Repeat exercise 51 with f(x, y, z) — min{x, y, z} 



APPLICATIONS 



0 < x < 12, 0 < y < 12 and 0 < z < 8. Find the total amount 
of pollutant in the room. Divide by the volume of the room to 
get the average density of pollutant in the room. 

54. If the danger level for the pollutant in exercise 53 is 1 gram 
per 1000 cubic feet, show that the room on the whole is below 
the danger level, but there is a portion of the room that is well 
above the danger level. 

Exercises 55-58 involve probability. 

55. A function f(x, y, z) is a pdf on the three-dimensional solid Q 
if f(x, y, z) > 0 for all (x, y, z) in Q and fff f{x, y, z) d V = 1 . 

Q 

Find c such that f(x, y, z) = c is a pdf on the tetrahedron 
bounded by x + 2y + z — 2 and the coordinate planes. 

56. If a point is chosen at random from the tetrahedron in exercise 
55, find the probability that z < 1. 

57. Find the value of k such that the probability that z < k in ex- 
ercise 55 equals \ . 

58. Compare your answer to exercise 57 to the z-coordinate of the 
center of mass of the tetrahedron Q with constant density. 



EXPLORATORY EXERCISES 



1. In this exercise, you will examine several models of baseball 
bats. Sketch the region extending from y = 0 to y — 32 with 
distance from the y-axis given by r — t) + jfgy. This should 
look vaguely like a baseball bat, with 32 representing the 32- 
inch length of a typical bat. Assume a constant weight density 
of p — 0.39 ounce per cubic inch. Compute the weight of the 
bat and the center of mass of the bat. (Hint: Compute the y- 
coordinate and argue that the x- and z-coordinates are zero.) 
Sketch each of the following regions, explain what the name 
means and compute the mass and center of mass, (a) Long bat: 
same as the original except y extends from y = 0 to y = 34. 



(b) Choked up: y goes from —2 to 30 with r 



+ i^y.(c) 



53. Suppose that the density of an airborne pollutant in a room is 
given by fix, y, z) = xyze~ x '~ 2y '~ Az ' grams per cubic foot for 



Corked bat: same as the original with the cylinder 26 £ y £ 
32 and 0 S r S \ removed, (d) Aluminum bat: same as the 
original with the section from r = 0tor = | + jisy,0<y< 
32 removed and density p — 1 .56. Explain why it makes sense 
that the choked-up bat has the center of mass 2 inches to the 
left of the original bat. Part of the "folklore" of baseball is that 
batters with aluminum bats can hit "inside" pitches better than 
batters with traditional wood bats. If "inside" means smaller 
values of y and the center of mass represents the "sweet spot" 
of the bat (the best place to hit the ball), discuss whether your 
calculations support baseball's folk wisdom. 

2. In this exercise, we continue with the baseball bats of exer- 
cise 1. This time, we want to compute the moment of inertia 
/// y 2 pdV for each of the bats. The smaller the moment of 

Q 

inertia is, the easier it is to swing the bat. Use your calculations 
to answer the following questions. How much harder is it to 
swing a slightly longer bat? How much easier is it to swing 
a bat that has been choked up 2 inches? Does corking really 
make a noticeable difference in the ease with which a bat can 
be swung? How much easier is it to swing a hollow aluminum 
bat, even if it weighs the same as a regular bat? 
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FIGURE 14.49a 

The solid Q 




FIGURE 14.49b 

The region R 



A 






>.:.) 




z 


A 





FIGURE 14.50 

Cylindrical coordinates 



In example 5.6 of section 14.5, we found it convenient to introduce polar coordinates in 
order to evaluate the outer double integral in a triple integral problem. Sometimes, this is 
more than a mere convenience, as we see in example 6. 1. 



EXAMPLE 6. 1 A Triple Integral Requiring Polar Coordinates 

x +y dV, where Q is the solid bounded by the cylinder x 2 + 
5. 



Evaluate j J J e 

Q 

xy-plane and the plane z 



9, the 



Solution We show a sketch of the solid in Figure 14.49a. Here, the base of the solid is 
the circle R of radius 3 centered at the origin and lying in the xy-plane and for each 
(x, y) in R, z ranges from 0 up to 5. So, we have 

-5 



///« 



dV 



R 



dz dA 



From Figure 14.49b, observe that for each fixed x e [—3, 3], y ranges from — V9 — x 2 
(the bottom semicircle) up to V9 — x 2 (the top semicircle), so that 

/// dV ^ 5 ff dA = 5 / / ^ dX ' 

Q R 

Unfortunately, we don't know an antiderivative for e x ~ +y ~ . Even the authors' computer 
algebra system has difficulty with this. On the other hand, if we introduce polar 
coordinates: x — r cos 9 and y — r sin 9, we get that for each 6 e [0, 2tt], r ranges from 
0 up to 3. We now have an integral requiring only a simple substitution: 

Q R e' 2 

= 5 / / e ' 

Jo Jo 

_ 5 r 2n 

~2J 0 



ird6 

rdr d9 

=3 



- 57r(e y - 1). ■ 

The process of replacing two of the variables in a three-dimensional coordinate system 
by polar coordinates, as we illustrated in example 6.1, is so common that we give this 
coordinate system a name: cylindrical coordinates. 

To be precise, we specify a point P(x, y, z) € K 3 by identifying polar coordinates for 
the point (x, y) e K 2 : x — r cos 9 and y — r sin 9, where r 2 — x 2 + y 2 and 9 is the angle 

made by the line segment connecting the origin and the point (x, y, 0) with the positive 

y 

x-axis, as indicated in Figure 14.50. Then, tan# = — . We refer to (r, 9, z) as cylindrical 

x 

coordinates for the point P. 



EXAMPLE 6.2 Equation of a Cylinder in Cylindrical Coordinates 

Write the equation for the cylinder x 2 + y 2 — 16 (see Figure 14.51) in cylindrical 
coordinates. 
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FIGURE 14.51 

The cylinder r — 4 



Solution In cylindrical coordinates r 2 



y 2 , so the cylinder becomes r 2 — 16 or 



r — ±4. But note that since 9 is not specified, the equation r — 4 describes the same 
cylinder. ■ 




FIGURE 14.52 

The cone z — r 




FIGURE 14.53 

The region R 



EXAMPLE 6.3 Equation of a Cone in Cylindrical Coordinates 

Write the equation for the cone z 2 — x 2 + y 2 (see Figure 14.52) in cylindrical 
coordinates. 

Solution Since x 2 + y 2 = r 2 , the cone becomes z 2 — r 2 or z — ±r. In cases where 
we need r to be positive, we write separate equations for the top cone z — r and the 
bottom cone z — — r. ■ 



As we did on a case-by-case basis in example 5.6 and in example 6.1, we can use 
cylindrical coordinates to simplify certain triple integrals. For instance, suppose that we 
can write the solid Q as 

Q = {(r, 9, z )\(r, 9)eR and h(r, 6) < z < k 2 (r, 9)}, 

where k\(r, 9) < k 2 {r, 9), for all (r, 9) in the region R of the xy-plane defined by 

R = {(r, 9)\a < 9 < and gl (9) < r < g 2 (9)}, 

where 0 < g\(9) < g 2 (6~), for all 9 in [a, as shown in Figure 14.53. Then, notice that 
from (5.4), we can write 



///"■ 

Q 



z)dV 



// / f(r,9,z)dz 



dA. 



Since the outer double integral is a double integral in polar coordinates, we already know 
how to write it as an iterated integral. We have 



per r r r rh(r,9) 

f(r,6,z)dV= \ f(r,9,z)dz 
J J J J J Uhfyfi) 



dA 

r dr d6 



J a J gl (0) LA,(r,fl) 



f(r,9,z)dz 



rdr d9. 



This gives us an evaluation formula for triple integrals in cylindrical coordinates: 



/ / / f(r,9,z)dV= / / / f(r,9,z)rdzdr 

J J J J a Jgi(6) Jki(r,8) 



d9. 



(6.1) 
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In setting up triple integrals in cylindrical coordinates, it often helps to visualize the volume 
element dV — r dzdr d6. (See Figure 14.54.) 

z 

A 

rd6 




y 



FIGURE 14.54 

Volume element for cylindrical 
coordinates 



EXAMPLE 6.4 A Triple Integral in Cylindrical Coordinates 

Write fff f(r, 6, z) dV as a triple iterated integral in cylindrical coordinates if 

Q 

Q = |(x,y, z)\Jx 2 + y 2 < z < Vl8-x 2 - y 2 J. 

Solution The first task in setting up any iterated multiple integral is to sketch the 
region over which you are integrating. Here, z — y/x 2 + y 2 is the top half of a right 
circular cone, with vertex at the origin and axis lying along the z-axis, and 
z = 718 - x 2 — y 2 is the top hemisphere of radius a/18 centered at the origin. So, we 
are looking for the set of all points lying above the cone and below the hemisphere. (See 
Figure 14.55a.) Recognize that in cylindrical coordinates, the cone is written z — r and 
the hemisphere becomes z — Vl8 — r 2 , since x 2 + y 2 — r 2 . This says that for each r 
and 9, z ranges from r up to Vl8 — r 2 . Notice that the cone and the hemisphere 
intersect when 

Vl8-r 2 = r 
or 18 - r 1 = r 1 , 

so that 18 = 2r 2 or r — 3. 




FIGURE 14.55a 

The solid Q 



FIGURE 14.55b 

Projection of Q onto the xy-plane 
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That is, the two surfaces intersect in a circle of radius 3 lying in the plane z = 3. The 
projection of the solid down onto the xv-plane is then the circle of radius 3 centered at 
the origin (see Figure 14.55b) and we have 



/// 



f(r,9,z)dV 



JO JO Jr 



Vl8- 



f(r,6,z)rdz dr d6. 



Very often, a triple integral in rectangular coordinates is simpler to evaluate in cylindri- 
cal coordinates. You must then recognize how to write the solid in cylindrical coordinates, 
as well as how to rewrite the integral. 




TODAY IN 
MATHEMATICS 



Enrico Bombieri (1940- ) 

An Italian mathematician who 
proved what is now known as the 
Bombieri-Vinogradov Mean Value 
Theorem on the distribution of 
prime numbers. Bombieri is 
known as a solver of "deep" 
problems, which are fundamental 
questions that baffle the world's 
best mathematicians. This is a 
risky enterprise, because many 
such problems are unsolvable. 
One of Bombieri's special talents 
is a seemingly instinctual sense of 
which problems are both solvable 
and interesting. To see why this is 
a true talent, think about how 
hard it would be to write double 
and triple integrals that are at the 
same time interesting, challenging 
and solvable (antiderivatives 
found and evaluated) and then 
imagine performing an equivalent 
task for problems that nobody has 
ever solved. 



EXAMPLE 6.5 Changing from Rectangular to Cylindrical Coordinates 

/l p V 1 --t 2 rl—x 1 -y l 
I I (x 2 + y 2 ) 3//2 dzdy dx. 

-1 J-sfl^x 2 Jx 2 +y 2 

Solution As written, the integral is virtually impossible to evaluate exactly. (Even 
our computer algebra system had trouble with it.) Notice that the integrand involves 
x 2 + y 2 , which is simply r 2 in cylindrical coordinates. You should also try to visualize 
the region over which you are integrating. First, from the innermost limits of 
integration, notice that z — 2 — x 2 — y 2 is a paraboloid opening downward, with vertex 
at the point (0, 0, 2) and z — x 2 + y 2 is a paraboloid opening upward with vertex at the 
origin. So, the solid is some portion of the solid bounded by the two paraboloids. The 
paraboloids intersect when 

o 2 2 2,2 

2 — x — y — x + y 



or 



1 = x 2 + v 2 . 



So, the intersection forms a circle of radius 1 lying in the plane z — 1 and centered at 
the point (0, 0, 1). Looking at the outer two integrals, note that for each x e [—1, 1], 
v ranges from —VI — x 2 (the bottom semicircle of radius 1 centered at the origin) to 
Vl — x 2 (the top semicircle of radius 1 centered at the origin). Since this corresponds to 
the projection of the circle of intersection onto the xy-plane, the triple integral is over 
the entire solid below the one paraboloid and above the other. (See Figure 14.56.) 




FIGURE 14.56 

The solid Q 



In cylindrical coordinates, the top paraboloid becomes z = 2 — x — y = 2 — r and 
the bottom paraboloid becomes z — x 2 + y 2 — r 2 . So, for each fixed value of r and 6, 
z varies from r 2 up to 2 — r 2 . Further, since the projection of the solid onto the xy-plane 
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is the circle of radius 1 centered at the origin, r varies from 0 to 1 and 6 varies from 0 
to 2jt. We can now write the triple integral in cylindrical coordinates as 



/l /»vl— x 2 /*2—x*—y* rZn /> 1 p'L—r" 

\ ' (x 2 + y 2 f /2 dzdydx =/ / / (r 2 ) 3/2 rdzd 

-\J-sfl =: x 2 Jx 2 +y 2 JO JO Jr 2 

-ny; 

JO J0 Jr 2 

-n 

Jo Jo 



r <iz rfr d9 



r\2-2r 2 )dr d9 



35 



Evaluating the triple integral in cylindrical coordinates was easy, compared to 
evaluating the original integral directly. ■ 



When converting an iterated integral from rectangular to cylindrical coordinates, it's 
important to carefully visualize the solid over which you are integrating. While we have so 
far defined cylindrical coordinates by replacing x and y by their polar coordinate represen- 
tations, we can do this with any two of the three variables, as we see in example 6.6. 



EXAMPLE 6.6 Using a Triple Integral to Find Volume 

Use a triple integral to find the volume of the solid Q bounded by the graph of 
y — 4 — x 2 — z 2 and the xz-plane. 

Solution Notice that the graph of y — 4 — x 2 — z 2 is a paraboloid with vertex at 
(0, 4, 0), whose axis is the y-axis and that opens toward the negative y-axis. We show 
the solid in Figure 14.57a. Without thinking too much about it, we might consider 
integration with respect to z first. In this case, the projection of the solid onto the 
xy-plane is the parabola formed by the intersection of the paraboloid with the xy-plane. 
(See Figure 14.57b.) Notice from Figure 14.57b that for each fixed x and y, the line 
through the point (x, y, 0) and perpendicular to the xy-plane enters the solid on the 
bottom half of the paraboloid (z = — -y/4 — x 2 — y ) and exits the solid on the top 
surface of the paraboloid (z = ^4 — x 2 — y). This gives you the innermost limits of 
integration. We get the rest from looking at the projection of the paraboloid onto the 
xy-plane. (See Figure 14.57c.) 




FIGURE 14.57a 

The solid Q 



FIGURE 14.57b 

Solid, showing projection onto xy-plane 



FIGURE 14.57c 

Projection onto the xy-plane 
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Reading the outer limits of integration from Figure 14.57c and using (5.5), we get 



NOTES 

Example 6.6 suggests that polar 
coordinates may be used with any 
two of x, y and z, to produce a 
cylindrical coordinate 
representation of a solid. 




FIGURE I4.57d 

Paraboloid with base in the xz-plane 




FIGURE I4.57e 

Base of the solid 



fff f 2 f 4 ~ x ~ r\/«-x"-y 
V = I I I dV = I / / dzdydx 

J J J J -2 JO J-j4-x 2 -y 



-2 />4-.v 2 



j-2 lo 

/2 /.4-x 2 
A ^ 

-L 



dy dx 



x^-y 



x 2 — v dy dx 



3/2 



y=4-.i z 



dx 



y=0 



2 (_2) Q ' 



4 f 2 

= - J (4 - x 2 ) 3/2 Jx = 8tt. 



Notice that the last integration here is challenging. (We used a CAS to carry it out.) 
Alternatively, if you look at Figure 14.57a and turn your head to the side, you should 
see a paraboloid with a circular base in the xz-plane. This suggests that you might want 
to integrate first with respect to y. Referring to Figure 14.57d, observe that for each 
point in the base of the solid in the xz-plane, y ranges from 0 to 4 — x 2 — z 2 . Notice that 
the base in this case is formed by the intersection of the paraboloid with the xz-plane 



222 
x — z or x 



(y = 0): 0 = 4 
origin; see Figure 14.57e). 

We can now write the volume as 



z — 4 (i.e., the circle of radius 2 centered at the 



V 



Q R 



z 2 )dA, 



where R is the disk indicated in Figure 14.57e. Since the region R is a circle and the 
integrand contains the combination of variables x 2 + z 2 , we define polar coordinates 
x — r cos 6 and z = r sin 8. From Figure 14.57e, notice that for each fixed angle 
6 e [0, 2jv], r runs from 0 to 2. This gives us 



V 



z 2 ) dA 



R 4 _ ,.2 

-2jt f 2 



r dr de 



= 11 

Jo Jo 

1 r 271 

~2j 0 
Jo 



(4-r 2 )rdr dQ 



(4 - r L ) 



2\2 



de 



r=0 



d0 - 8tt. 



Notice that in some sense, viewing the solid as having its base in the xz-plane is more 
natural than our first approach to the problem and the integrations are much simpler. 1 
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EXERCISES 14.6 



^WRITING EXERCISES 



1. Using the examples in this section as a guide, make a short list 
of figures that are easily described in cylindrical coordinates. 

2. In example 6.4, explain why the outer double integration limits 
are determined by the intersection of the cone and the hemi- 
sphere (and not, for example, by the trace of the hemisphere in 
the xy-plane). 

3. Carefully examine the rectangular and cylindrical limits of in- 
tegration in example 6.5. Note that in both integrals, z is the 
innermost variable of integration. In this case, explain why 
the innermost limits of integration for the triple integral in 
cylindrical coordinates can be obtained by substituting polar 
coordinates into the innermost limits of integration of the triple 
integral in rectangular coordinates. Explain why this would not 
be the case if the order of integration had been changed. 

4. In example 6.6, the cylindrical coordinates used were r, 6 
and y, and the integrand was 4 — r 2 . If the integrand had 



beenx 



z , discuss whether x = r cos 0 orx — r sin 6 



would have been correct, or whether it would matter. 



In exercises 1-8, write the given equation in cylindrical 



coordinates. 

i. x 2 + y 2 = 16 

3. (x - 2) 2 + y 2 
5. z = x 2 + y 2 
7. y = 2x 



2. x 2 + y 2 = 1 

4. x 2 + (y - 3) 2 = 9 

6. z = + y 2 

2 2 

8. z = e~ x -y 



In exercises 9-24, set up the triple integral /// f(x,y,z)dV in 
cylindrical coordinates. 

9. Q is the solid above z = ^x 2 + y 1 and below 
z = ^8-x 2 -y 2 . 

10. Q is the solid above z = —^fx 2 + y 2 , below z = 0 and inside 
x 2 + y 1 - 4. 

11. Q is the solid above the xy-plane and below z — 9 — x 2 — y 2 . 

12. Q is the solid above the xy-plane and below z — 4 — x — y 2 
in the first octant. 

13. Q is the solid above z — x 2 + y 2 — 1, below z — 8 and between 
x 2 + y 2 = 3 and x 2 + y 2 = 8. 

14. Q is the solid above z — x 2 + y 2 — 4 and below z — —x 2 — y 2 . 

15. Q is the solid bounded by y — 4 — x 2 — z 2 and y — 0. 

16. Q is the solid bounded by y — \/x 2 + z 2 and y — 9. 

17. Q is the solid bounded by x = y 2 + z 2 and x = 2 — y 2 — z 2 ■ 

18. Q is the solid bounded by x = T/y 2 ^^ 2 and x = 4. 

19. Q is the frustum of a cone bounded by z — 2, z — 3 and 

20. Q is the solid bounded by z — 1 and z — 3 and under 

Z = 4 - x 2 - y 2 . 



21. Q is the solid bounded by the hyperboloid x 2 — y 2 — z 2 — 1, 
(x > 0) and x = 4. 

22. Q is the solid bounded by the hyperboloid x 2 + y 2 — z 2 — 1, 
z — —2 and z — 2. 



23. Q is the solid above . 



y and below z = 2. 



24. 2 is the solid bounded by x = e 4 



and x = e z +y 



In exercises 25-40, set up and evaluate the indicated triple inte- 
gral in the appropriate coordinate system. 

25. fff e x ' +y 'dV, where Q is the solid inside x 2 + y 2 = 4 and 

Q 

between z — 1 and z = 2. 



26. fff ze^ x2+y2 dV, where Q is the solid inside x 2 + y 2 = 4, 

Q 

outside x 2 + y 2 — 1 and between z — 0 and z = 3. 

27. fff(x + z)dV, where Q is the solid below x + 2y + 3z = 6 

e 

in the first octant. 

28. fff(y + 2) d V, where Q is the solid below x + z = 4 in the 

6 

first octant between y — 1 and y = 2. 



29. fffzdV, where Q is the solid between z = ^/x 2 + y 2 and 

Q 

Z = v / 4-x 2 -y 2 . 

30. /// ^/x 2 + y 2 dV, where Q is the solid between 

Q 

z = y/x 2 + y 2 and z = 0 and inside x 2 + y 2 = 4. 

31. fff(x + y)dV, where Q is the tetrahedron bounded by 

Q 

x + 2y + z = 4 and the coordinate planes. 

32. fff(2x — y)dV, where 2 is the tetrahedron bounded by 

Q 

3x + y + 2z = 6 and the coordinate planes. 



33. Jffe z dV, where Q is the solid above z = —\f^- 
Q 

below the xy-plane and outside x 2 + y 2 — 3. 



v- 



34. fff \l* 2 + y 2 ^ ^ V, where 2 is the solid inside x 2 + y 2 = 1 

Q 

and between z = (x 2 + y 2 ) 3/2 and z = 0. 

35. fff2xdV, where 2 is the solid between z = -^/x 2 + y 2 and 

e 

z = 0 and inside x 2 + (y — l) 2 = 1. 

36. fffydV, where Q is the solid between z = x 2 + y 2 and z = 0 

Q 

and inside (x — 2) 2 + y 2 = 4. 

37. sin,/y 2 + z 2 dV, where 2 is bounded by x = ,/y 2 + z 2 

e 

and x = 4. 

38. ///(x 2 + z 2 )e^ i += I rfV, where 2 is bounded by 

Q 

y = , 1 r , y = 0, x 2 + z 2 = 1 and x 2 + z 2 = 2. 

x- + z 2 
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39. fff- dV, where Q is bounded by z — e xy , z = 1, y = x + 1, 

Q 

y — 0 and x — 0. 

40. fff2xdV, where Q is bounded by z = sin(x + y), z — 0, 
-y = 7r — x, y = 0 and x = 0. 



In exercises 41-46, evaluate the iterated integral after changing 
coordinate systems. 

/ / 3z 2 dzdydx 

I J -J\-x 2 JO 



61. For the vector v from (1,-1, 0) to (1, 1, 0), find a constant c 
such that v = c \ 7lj \9d9. 

J —71/4 

62. For the vector v from (—1, —1, 0) to (1, 1, 0), write v in the 
form c f 9d9. Compare to exercise 60. 

63. For the point (—1, —1,0), sketch the vectors f and 9. Illus- 
trate graphically how the vector v from (—1,-1,0) to 
(1, 1,0) can be represented both in terms of f and in terms of 9. 

64. For the vector v from (—1, —1, 0) to (1, \/3, 1), find constants 
a, b, 6\ , 8i and c such that v = ar + b 9 d6 + ck. 



42 



■ / \fx 2 + y 2 dz dy dx 

J0 J-^/l-x 2 Jo 

43. / / / Idzdxdy 

Jo J-^/4-y 2 J^/x 2 +y 2 
f 1 r \J 1 — -Y- p4 

44. / / / y/x 2 + y 2 dzdydx 

Jo Jo J\-x 2 -y 2 

/3 ^-0 px 2 +z 2 
/ / (x 2 + z 2 )dydzdx 

-3 J-^/9-x 2 Jo 

/ / (y 2 + z 2 ) V2 dxdydz 

■2 )-J^~C- Jy 2 +z 2 



APPLICATIONS 

In exercises 65-68, find the mass and center of mass of the 
solid with the given density and bounded by the graphs of the 
indicated equations. 

65. p(x, y, z) = \]x 2 + y 2 , bounded by z — ^/x^+lv 2 an d z — 4. 

66. p(x, y, z) — e~ x ~~ y ~ , bounded by z — 4 — x 2 — y 2 and the 
xy-plane. 

67. p(x, _y, z) = 4, between z = x 2 + y 2 and z = 4 and inside 
x 2 +'(y- l) 2 = 1. 

68. p(x, y, z) — x 2 + z 2 , bounded by y = v / x :2 + z 2 and 
y = V8-x 2 -z 2 . 



In exercises 47-54, sketch graphs of the cylindrical equations. 

47. z = r 48. z = r 2 49. z = 4 - r 2 



50. 



V4^ 
53. 9 = ji/4 



51. r = 2 sec ( 
54. r = 4 



52. r = 2sin£ 



Exercises 55-64 relate to unit basis vectors in cylindrical 
coordinates. 

55. For the position vector r = (x, y, 0) = (r cos 8, r sin 6, 0) in 

r 

cylindrical coordinates, compute the unit vector r = -, where 
r = ||r|| ^ 0. 

56. Referring to exercise 55, for the unit vector 
9— {— sm8, cosS, 0), show that f , 0 and k are mutually 
orthogonal. 

57. The unit vectors f and 9 in exercises 55 and 56 are not constant 
vectors. This changes many of our calculations and interpre- 
tations. For an object in motion (that is, where r, 9 and z are 
functions of time), compute the derivatives of f and 9 in terms 
of each other. 

58. For the vector v from (0, 0, 0) to (2, 2, 0), show that v = rr . 

59. For the vector v from (1, 1, 0) to (3, 3, 0), find a constant c such 
that v = cf . Compare to exercise 58. 

60. For the vector v from (— 1 , — 1 , 0) to ( 1 , 1 , 0), find a constant c 
such that v = cf . Compare to exercise 59. 



EXPLORATORY EXERCISES 



1. Many computer graphing packages will sketch graphs in cylin- 
drical coordinates, with one option being to have r as a function 
of z and 8. In some cases, the graphs are very familiar. Sketch 
the following and solve for z to write the equation in the 
notation of this section: (a) r — yfz, (b) r — z 2 , (c) r — lnz, 
(d) r — V4 — z 2 , (e) r — z 2 cos 9. By leaving z out altogether, 
some old polar curves get an interesting three-dimensional 
extension: (f) r = sin 2 9, 0 S z S 4, (g) r — 2 — 2cos#, 
0 < z < 4. Many graphs are simply new. Explore the following 
graphs and others of your own creation: (h) r — cos 9 — lnz, 
(i) r = z 2 ln(0 + 1), (j) r = z<? e/s , (k) r = 9 e -~. 

2. In this exercise, you will explore a class of surfaces known as 
Plucker's conoids. In parametric equations, the conoid with 
n folds is given by x = r cosf, y — r s'm9 and z = s'm(n9). 
Use a CAS to sketch the conoid with 2 folds. Show that on this 
surface z = J^ y2 ■ m vector notation, the parametric equa- 
tions can be written as (0, 0, sm(n9)) + {r cos9, r sin#, 0), 
with the interpretation that the conoid is generated by moving 
a line around and perpendicular to the circle (cos 8, sin 9, 0). 
For n — 2, sketch a parametric graph with 1 < r < 2 and 
0 S 9 S 2ji and compare the surface to a Mobius strip. Ex- 
plain how the line segment moving around the circle rotates 
according to the function sin 29. Sketch similar graphs for 
n — 3, n — 4 and n — 5, and explain why n is referred to as 
the number of folds. 
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14.7 SPHERICAL COORDINATES 



2(0, 0,z) 




P{x,y,z) 



R(x,y, 0) 



FIGURE 14.58 

Spherical coordinates 



We introduce here another common coordinate system that is frequently more convenient 
than either rectangular or cylindrical coordinates. We can specify a point P with rectangular 
coordinates (x,y,z) by the corresponding spherical coordinates (p, </>,#). Here, p is 
defined to be the distance from the origin, 



p = J x 2 + y 2 + z 2. (7.1) 

Note that specifying the distance a point lies away from the origin specifies a sphere on 
which the point must lie (i.e., the equation p — p 0 > 0 represents the sphere of radius po 
centered at the origin). To name a specific point on the sphere, we further specify two angles, 
4> and 9, as indicated in Figure 14.58. Notice that 4> is the angle from the positive z-axis to the 
vector OP and 9 is the angle from the positive x-axis to the vector OR , where R is the 
point lying in the xy-plane with rectangular coordinates (x, y, 0) (i.e., R is the projection of 
P onto the xy-plane). You should observe from this description that 

p > 0 and 0 < </> < 7r. 

If you look closely at Figure 14.58, you can see how to relate rectangular and spherical 
coordinates. Notice that 

x - \\OR\\ cos0 - || QP\\ cosS. 

Looking at the triangle OQP, we find that || QP || = p sin <p, so that 

x = p sin0 cos 0. (7.2) 

Similarly, we have y = II OR || sin 9 = p sin </> sin 9. (7.3) 

Finally, focusing again on triangle OQP, we have 

z — p cos (p. (7.4) 




FIGURE 14.59 

The point (8, f , f ) 



EXAMPLE 7.1 Converting from Spherical to Rectangular Coordinates 

Find rectangular coordinates for the point described by (8, 7t/4, it/3) in spherical 
coordinates. 

Solution We show a sketch of the point in Figure 14.59. From (7.2), (7.3) and (7.4), 
we have 



and 



tc n 
x — 8 sin — cos — 
4 3 



7T 

y — 8 sin — sin 
4 




z — a cos — = 







HI 














= 2V2, 



= 2V6 



It's often very helpful (especially when dealing with triple integrals) to represent com- 
mon surfaces in spherical coordinates. 



EXAMPLE 7.2 Equation of a Cone in Spherical Coordinates 

Rewrite the equation of the cone z 2 — x 2 + y 2 in spherical coordinates. 

Solution Using (7.2), (7.3) and (7.4), the equation of the cone becomes 
p 2 cos 2 4> — p 2 sin 2 ((> cos 2 9 + p 2 sin 2 </> sin 2 9 
= p 2 sin 2 </>(cos 2 9 + sin 2 9) 

Since cos 2 6 + sin" 6 



p 2 sin 2 </>. 
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FIGURE 14.60a 

Top half-cone <p — j 




FIGURE 14.60b 

Bottom half-cone <t> — ^ 



FIGURE 14.62a 

Top half-cone 4> — k, where 




FIGURE 14.62b 

Bottom half-cone <f> — k, where 

| < k < 7t 



Notice that in order to have p 2 cos 2 0 = p 2 sin 2 </>, we must either have p — 0 (which 
corresponds to the origin) or cos 2 </> = sin 2 (p. For the latter to occur, we must have </> = f 
or <p — (Recall that 0 < </> < jr.) Observe that taking <p — f (and allowing p and 0 
to be anything) describes the top half of the cone, as shown in Figure 14.60a. You can 
think of this as taking a single ray (say in the vz-plane) with 4> — j and revolving this 
around the z-axis. (This is the effect of letting 6 run from 0 to 2tt.) Similarly, <j> = ^ 
describes the bottom half cone, as seen in Figure 14.60b. ■ 

Notice that, in general, the equation p — k (for any constant k > 0) represents the 
sphere of radius k, centered at the origin. (See Figure 14.61a.) The equation 6 — k 
(for any constant k) represents a vertical half-plane, with its edge along the z-axis. (See 
Figure 14.61b.) Further, the equation (p — k (for any constant k) represents the top half 
of a cone if 0 < k < | (as in Figure 14.62a) and represents the bottom half of a cone if 
| < k < it (as in Figure 14.62b). Finally, note that </> = f describes the xy-plane. Can you 
think of what the equations </> — 0 and </> = it represent? 




FIGURE I4.6la 

The sphere p — k 



FIGURE I4.6lb 

The half-plane 6 — k 



O Triple Integrals in Spherical Coordinates 

Just as polar coordinates are indispensable in calculating double integrals over circular 
regions, especially when the integrand involves the particular combination of variables 
x 2 + y 2 , spherical coordinates are an indispensable aid in dealing with triple integrals over 
spherical regions, particularly with those where the integrand involves the combination 
x 2 + y 2 + z 2 . Integrals of this type are encountered frequently in applications. For instance, 
consider the triple integral 



/// 



cos(x 2 



2 f' 2 dV, 



where Q is the unit ball: x 2 + y 2 + z 2 < 1. No matter which order you choose for the 
integrations, you will arrive at a triple iterated integral that looks like 



J-i i-Vi-A 2 J-y/Y- 



cos(x 2 + y 2 + z 2 ) 3/2 dz dy dx 



In rectangular coordinates (or cylindrical coordinates, for that matter), you have little hope 
of calculating this integral exactly. In spherical coordinates, however, this integral is a snap. 
First, we need to see how to write triple integrals in spherical coordinates. 

For the integral fff f(p, </>, 6) dV, we begin, as we have many times before, by con- 

Q 

structing an inner partition of the solid Q. But, rather than slicing up Q using planes parallel 
to the three coordinate planes, we divide Q by slicing it with spheres of the form p — p k , 
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p k sin</> k A0 k 



FIGURE 14.63 

The spherical wedge Q k 



half -planes of the form 6 — Q k and half-cones of the form </> = (p k . Notice that instead 
of subdividing Q into a number of rectangular boxes, this divides Q into a number of 
spherical wedges of the form: 



Qk = {(/», 9)\Pk-l <P<Pk, 4>k-\ <<P< 



>k> u k-\ 



as depicted in Figure 14.63. Here, we have Apt — p k — pt_i, A<p k = <p k — <p k _i and 
A6 k = 6 k — 0 k -\. Notice that Q k is nearly a rectangular box and so, its volume AV* is 
approximately the same as that of a rectangular box with the same dimensions: 

AV k & Ap t (p t A0 A ) (p k sinfa A6 k ) 
" p\ sin^. Ap k Acp k Ae k . 

We consider only those wedges that lie completely inside Q, to form an inner partition 
2i> Qi, ■ ■ ■ , Qn °f the solid Q. Summing over the inner partition and letting the norm of 
the partition [|P|| (here, the longest diagonal of any of the wedges in the inner partition) 
approach zero, we get 



/// 



f(p,4>,6)dV= lim Yf(Pk,<Pk,&k)kV k 

n 

lim q ^2 f(p k , <j> k , e k )p\ sin <j> k Ap k A<j> k A9 k 



-Iff 



f(p, <p, 9)p i sin </> dp d<p d6 , 



(7.5) 



where the limits of integration for each of the three iterated integrals are found in much the 
same way as we have done for other coordinate systems. From (7.5), notice that the volume 
element in spherical coordinates is given by 



dV = p sm<p dp d(j)dO. 



We can now return to our introductory example. 



EXAMPLE 7.3 A Triple Integral in Spherical Coordinates 

Evaluate the triple integral fff cos(x 2 + y 2 + z 2 ) 3 '' 2 dV, where Q is the unit ball: 

Q 

x 2 + y 2 + z 2 < 1. 

Solution Notice that since Q is the unit ball, p (the radial distance from the origin) 
ranges from 0 to 1 . Further, the angle (f> ranges from 0 to n (where <p — 0 starts us at the 
top of the sphere, (p e [0, tt/2] corresponds to the top hemisphere and (p G [tt/2, tt] 
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NOTES 

In example 7.3, since the 
integrand p 1 cos(p 3 ) sin <f> is in the 
factored form f (p)g(<j>)h(9) and 
the limits of integration are all 
constant (which is frequently the 
case for integrals in spherical 
coordinates), the triple integral 
may be rewritten as: 



f p 2 cos(p 3 )dpj sm<t> 



dip 



or 



ide 



corresponds to the bottom hemisphere). Finally (to get all the way around the sphere), 



the angle 8 ranges from 0 to 2jt. From (7.5), we have that since x 



z = P 



Iff 



cos(x 2 + y 2 + z 2 ?' 2 dV 

p~ p~ sin (p dp d<p d9 



(* 111 p7T p 1 

/ / / cos(p 2 ) 3/2 p 2 sin (j) dp dfydQ 
Jo Jo Jo 



■j Jo Jo Jo 
j Jo Jo 

77 

Jo Jo 

i r 271 

— I COS0 

Jo 



sin(p~ ) 



cos(p 3 ) (3p 2 ) sin (p dp d<p d6 

P =\ 



sin 1 
sin 



p=0 

sincpdcpdO 
'd6 



siiKpdcpdO 



sin 1 



0=0 
/»Z7T 

/ (COS 7T — cos 0) d6 
Jo 



= -(sinl)(2jr) ~ 3.525. 



Generally, spherical coordinates are useful in triple integrals when the solid over which 
you are integrating is in some way spherical and particularly when the integrand contains the 
term x 2 + y 2 + z 2 - In example 7.4, we use spherical coordinates to simplify the calculation 
of a volume. 




FIGURE 14.64 

The cone 4> — | and the sphere 
p — 2 cos <p 



EXAMPLE 7.4 Finding a Volume Using Spherical Coordinates 



Find the volume lying inside the sphere x 
z ~ — x 1 + y~. 



y 



z 2 = 2z and inside the cone 



Solution Notice that by completing the square in the equation of the sphere, we get 

2z+l)= 1 



x 2 + y 2 + (z 2 



or 



x 2 + y 2 + (z - l) 2 



1, 



the sphere of radius 1, centered at the point (0, 0, 1). Notice, too, that since the sphere 
sits completely above the xy-plane, only the top half of the cone, z = ^Jx 2 + y 2 
intersects the sphere. See Figure 14.64 for a sketch of the solid. You might try to find 
the volume using rectangular coordinates (but, don't spend much time on it). Because of 
the spherical geometry, we consider the problem in spherical coordinates. (Keep in 
mind that cones have a very simple representation in spherical coordinates.) From (7.1), 
(7.4) and the original equation of the sphere, we get 



y 



■z 2 = 2 



^_z_^ 

p COS (j 



or 



p = 2p cos <p. 



This equation is satisfied when p — 0 (corresponding to the origin) or when p — 2 cos (f> 
(the equation of the sphere in spherical coordinates). For the top half of the cone, we 
have z = y/x 2 + y 2 , or in spherical coordinates (p — t. as discussed in example 7.2. 

Referring again to Figure 14.64, notice that to stay inside the cone and inside the 
sphere, we have that for each fixed (f> and 9, p can range from 0 up to 2 cos 4>. For each 
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fixed 6, to stay inside the cone, (p must range from 0 to ?. Finally, to get all the way 
around the solid, 6 ranges from 0 to 2tc. The volume of the solid is then given by 



V 



fJJ 



dV 



Q p- siiKpdp d(p dO 
"2tt />2cos0 



Jo Jo Jo 



p sin0 dpdcjydO 



2tt njt/4 i p=2cosq 

V 



fo fo 

i>2n /A 

Jo Jo 

L 



sin 4>d<f> dO 



p=0 



cos <p sm 0 d<f> dO 



3 Jo 
An 

"T 



<j>=TZ/A 



dO 



0=0 



2 r2x 
~ ~3 
Att (\ 




FIGURE 14.65 

The solid Q 



EXAMPLE 7.5 



Changing an Integral from Rectangular 
to Spherical Coordinates 



Evaluate the triple iterated integral 



/2 p V4— X 2 n 
-2 JO JO 



V 4 -* 2 -) 



(X 2 



y 



z )dzdy dx. 



Solution Although the integrand is simply a polynomial, the limits of integration 
make the second and third integrations very messy. Notice that the integrand contains 
the combination of variables x 2 + y 2 + z 2 , which equals p 2 in spherical coordinates. 
Further, the solid over which we are integrating is a portion of a sphere, as follows. 
Notice that for each x in the interval [—2, 2] indicated by the outermost limits of 
integration, v varies from 0 (corresponding to the .r-axis) to y — V4 — x 2 (the top 
semicircle of radius 2 centered at the origin). Finally, z varies from 0 (corresponding to 
the xy-plane) up to z — y/4 — x 2 — y 2 (the top hemisphere of radius 2 centered at the 
origin). The solid Q over which we are integrating is then the half of the hemisphere that 
lies above the first and second quadrants of the xv-plane, as illustrated in Figure 14.65. 
In spherical coordinates, this portion of the sphere is obtained if we let p range from 0 
up to 2, 0 range from 0 up to f and 6 range from 0 to n. The integral then becomes 



■2 Jo Jo 

-JJte 



(x 2 + y 2 + z 2 ) dz dy dx 



1 y 2 + z 2 ) dV 



Q 

-7i rn/2 r 2 



p- s'mtfi dp dip d9 



Jo Jo Jo 



32 



p (p &mcj))dpd(j)d6 — —Jt, 
o 5 



where we leave the details of this relatively simple integration to you. 



BEYOND FORMULAS 

Spherical coordinates are used in a variety of applications, usually to take advantage of 
certain symmetries present in the structure or force being analyzed. In particular, if the 
value of a function f(x, y, z) depends only on the distance of the point (x, y, z) from 
the origin, then spherical coordinates can be convenient to use. This is analogous to 
the use of polar coordinates in two dimensions to take advantage of radial symmetry. 
In what way is r — c in two dimensions analogous to p — c in three dimensions? 
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EXERCISES 14.7 Qj 

WRITING EXERCISES 

1. Discuss the relationship between the spherical coordinates an- 
gles <j) and 9 and the longitude and latitude angles on a map of 
the Earth. Satellites in geosynchronous orbit remain at a con- 
stant distance above a fixed point on the Earth. Discuss how 
spherical coordinates could be used to represent the position 
of the satellite. 

2. Explain why any point in R 3 can be represented in spheri- 
cal coordinates with p > 0, 0 S 9 S 2jt and 0 S cf> < it . In 
particular, explain why it is not necessary to allow p < 0 or 
it < cj> < lit . Discuss whether the ranges p >Q,Q < 9 < n 
and 0 < (j> < 2it would suffice to describe all points. 

3. For simplicity, we restricted p to be nonnegative. Discuss what 
might be meant by spherical coordinates p = — 1, (f> = | and 
9 — |. Discuss possible advantages of such a definition for 
graphing functions p — f(cj>, 9). 

4. Using the examples in this section as a guide, make a short list 
of surfaces that are simple to describe in spherical coordinates. 



In exercises 1-6, convert the spherical point (p, </>, 0) into rect- 
angular coordinates. 

1. (4,0,jr) 2. (4, f.jr) 3. (2, f,0) 

4. (2,f,f) 5. (V2,|, f) 6. (V2,|,f) 



In exercises 7-14, convert 
coordinates. 

7. x 2 + y 2 + z 2 = 9 

9. y = x 
11. z = 2 

13. z = s/W 2 + y 2 ) 



the equation into spherical 

8. x 2 + y 2 + z 2 = 6 

10. z = 0 

12. x 2 + y 2 + (z - l) 2 = 1 

14. z = -yjx 2 + y 2 



In exercises 15-20, sketch the graph of the spherical equation 
and give a corresponding xy-equation. 

15. p = 2 16. p = 4 17. 0 = f 

18. 4> = f 19. 0 = 0 20. 0 = f 



In exercises 21-26, sketch the region defined by the given ranges. 

21. 0 < p < 4, 0 <<p < j,0 <9 <n 

22. 0 < p < 4, 0 < 4> < | , 0 < 9 < 2?r 

23. 0<p<3, % <<p <n, 0 <9 <n 

24. O<p<3,O<0< 3 f,f<6>< 3 f 

25. 2<p<3, f<0<f,7T<0<27r 

26. 2<p<3, ^ <()> < 3 -f,0 <9 



In exercises 27-36, set up and evaluate the indicated triple inte- 
gral in an appropriate coordinate system. 

27- fff e ( - r " +> '" + " )3/ " dV , where Q is bounded by the hemisphere 

Q 

z — y/A — x 2 — y 2 and the xy-plane. 

28. fff y/x 2 + y 2 + z 2 d V , where Q is bounded by the hemisphere 

Q 

z — —y/9 — x 2 — y 2 and the xy-plane. 

29. fff z 2 dV, where Q is inside x 2 + y 2 + z 2 = 2 and outside 

Q 

x 2 + y 2 = 1. 

30. /// e^ xl+y2+zl d V , where Q is bounded by y = -jA-x 2 - z 2 
and y = 0. 

31. fff (x 2 + y 2 + z 2 ) d V, where g is the cube with 0 < x < 1, 

Q 

1 < y < 2 and 3 < z £ 4. 

32. fff(x + y + z)dV, where Q is the tetrahedron bounded by 

Q 

x + 2y + z = 4 and the coordinate planes. 

33. /// (x 2 + y 2 )dV, where g is bounded by z = 4 - x 2 - y 2 
and the xy-plane. 

34. / ffe xl+yl dV, where g is bounded by x 2 + y 2 = 4, z = Oand 

2 

Z = 2. 

35 - /// \/ x2 + J 2 + z 2 dV, where g is bounded by z = ^x 2 + y 2 

and z = ^/2 — x 2 — y 2 . 

36. fff(x 2 + y 2 + z 2 ) y2 dV, where g is the solid below 

2 

z = —^jx 2 + y 2 and inside z = — \A — x 2 — y 2 . 



In exercises 37-48, use an appropriate coordinate system to find 
the volume of the given solid. 

37. The solid below x 2 + y 2 + z 2 = 4z and above z = \jx 2 + y 2 

38. The solid above z = -^x 2 + y 2 and below x 2 + y 2 + z 2 = 4 

39. The solid inside z = x/2^ 2 + 2y 2 and between z = 2 and z = 4 

40. The solid bounded by z = 4x 2 + 4y 2 , z = 0, x 2 + y 2 = 1 and 

x 2 4-y 2 = 2 

41. The solid under z = \Jx 2 + y 2 and above the square 
— 1 < x < 1, — 1 < y < 1 

42. The solid bounded by x + 2y + z — 4 and the coordinate 
planes 

43. The solid below x 2 + y 2 + z 2 = 4, above z = ^x 2 + y 2 in the 
first octant 

44. The solid below x 2 + y 2 + z 2 = 4, above z = -^x 2 + y 2 , 
between y = x and x = 0 with y > 0 

45. The solid below z = ^x 2 + y 2 , above the xy-plane and inside 
x 2 + y 2 = 4 

46. The solid between z = 4 — x 2 — y 2 and the xy-plane 
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47. The solid above z = y/x 2 + y 2 and below 
x 2 + y 2 + (z - l) 2 = 1 

48. The solid above z = —^/3x 2 + 3y 2 and inside 

x 2 + y 2 + z 2 = 4 



In exercises 49-56, evaluate the iterated integral by changing 
coordinate systems. 



49. / / / ,/x 2 + y 2 + z 2 dzdydx 

J0 J-^/i-x 2 J-*Jl-x 2 -y 2 

/l /• ->/ 1 --v 2 /• I+a/ l-.v 2 -v 2 
/ / (x 2 + y 2 + z 2 ) 3/2 rfz rfy rf^ 

-1 J-^/l-x 2 Jl~^/l-x 2 -y 2 

/2 r\/4-x 2 r*Ji-x 2 -y 2 
/ / (x 2 4-y 2 4-z 2 ) 3/2 rfzdy</;E 

-2 JO J^/x 2 +y 2 

p4 r \j 16— .v- />4 

52. / / / y fx T +y Y +z 2 dzdydx 

J0 Jo J-Jx 2 +y 2 



53. 



54. 



55. 



56. 



/2 /. -Ja-x 2 r-0 
2 Jo J -^j\-x 2 -y 

r3 /•() - x /9_ z 2_ v . 
J_3 J-^/g- y 2 Jo 
piz pi p \J 4—r- 

/ / / vWr 2 rf. 
Jo Jo Jo 

/•tt/4 p 
Jo Jo Jr, 



^/x 2 +y 2 +z 2 

sin y^x 2 + y 2 + z 2 dxdzdy 
xdr d9 



r cos 9 dz dr dO 



57. Find the center of mass of the solid with constant density and 



bounded by z = y 1 x 2 + y 2 and z = a/4 — x 2 



r 



58. Find the center of mass of the solid with constant den- 
sity in the first quadrant and bounded by z = ^Jx 2 + y 2 and 
Z = ^4 - x 2 - y 2 . 



Exercises 59-64 relate to unit basis vectors in spherical 
coordinates. 

59. For the position vector r = (x, y, z) — (pcosS sin</>, 

p sinS sin0, p cos 0) in spherical coordinates, compute the 
r 

unit vector p — -, where r — ||r|| ^ 0. 
r 

60. For the unit vectors 6 — {— sin 9, cos 6, 0) and 
0= (cos 6 cos 0, sin 8 cos ^, —sin <j>), show that p, 0 and <f> 
are mutually orthogonal. 



61. For the vector v from (1,1, VS) to (2, 2, 2-Jl), find a constant 
c such that v = cp. 

62. For the vector v from (1,1, V2) to (— 1 , 1 , a/2), find a constant 
c such that v = c Odd. Compare to exercise 61. 

63. For the vector v from (1,1, V2) to (a/2, a/2, 0), find a constant 
c such that v = c J*j^<j)d<p. 

64. From the point (1,1, a/2), sketch the vectors p, 9 and <j). Illus- 
trate graphically the vectors v in exercises 61-63. 



65. Sketch the cardioid r — 2 — 2 sin 9 in the xy-plane. Define f 
and 9 to be polar coordinates in the yz-plane (that is, y = f cos 9 
and z = f sin 0). Show that 6> = ? — 0 and cos <j) — sin 9 . Use 
this information to graph p — 2 — 2cos^. 

66. As in exercise 65, relate the graph of p — cos 2 3<p to the two- 
dimensional graph of r — sin 2 3(9 and use this information to 
sketch the three-dimensional surface. 

67. As in exercise 65, sketch the surface p = sin 2 <p by relating it 
to a two-dimensional polar curve. 

68. As in exercise 65, sketch the surface p — 1 + sin 3<p by relating 
it to a two-dimensional polar curve. 



EXPLORATORY EXERCISES 



1. If you have a graphing utility that will graph surfaces of the 
form p = /(</), 9), graph p = 2cj) and p — (cj> — |) 2 . Discuss 
the symmetry that results from the variable 9 not appearing in 
the equation. Discuss the changes in p as you move down from 
cj> — 0 to cj> — n . Using what you have learned, try graphing the 
following by hand and then compare your sketches to those of 
your graphing utility: (a) p — e~*, (b) p — e*, (c) p — sin 2 <j> 
and (d)p = sin 2 (0 - f). 

2. Use a graphing utility to graph p — 5 cos 9 and p — a/cos0. 
Discuss the symmetry that results from the variable cj> not 
appearing in the equation. Discuss the changes in p as you 
move around from 9 — 0 to 9 — lit. Using what you have 
learned, try graphing the following by hand and then compare 
your sketches to those of your graphing utility: (a) p — sin 2 9, 

(b) p = sin 2 (9 - f), (c) p = e e and (d) p = e' 8 . 

3. Use a graphing utility to graph each of the following. Ad- 
just the graphing window as needed to get a good idea of 
what the graph looks like, (a) p — sin (<j) + 9), (b) p — <f> sin 9, 

(c) p = sin 2 9 cos <f>, (d) p — 4 cos 2 9 + 2 sin <j> — 3 sin 9 and 
(e) p — 4 cos 6* sin 5(f) + 3cos 2 0. Experiment and find your 
own interesting graphs in spherical coordinates. 



14.8 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS 



One of our most basic tools for evaluating a definite integral is substitution. For instance, 
to evaluate the integral f~ 2xe x ' +3 dx, you would make the substitution u — x 1 + 3. Here, 
du — 2x dx and don't forget: when you change variables in a definite integral, you must 
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FIGURE 14.66a 

The region of integration in the 
xv-plane 




FIGURE 14.66b 

The region of integration in the 
r6 -plane 



also change the limits of integration to suit the new variable. In this case, when x — 0, we 
have u — 0 2 -(-3 — 3 and when x — 2, u — 2 2 + 3 = 7. This leaves us with 




The primary reason for making the preceding change of variable was to make it easier to 
find an antiderivative. Notice that while we transformed the integrand, we also changed the 
interval over which we were integrating. 

You should recognize that we have already implemented changes of variables in mul- 
tiple integrals in the very special cases of polar coordinates (for double integrals) and 
cylindrical and spherical coordinates (for triple integrals). There were several reasons for 
doing this. For instance, the iterated integral 



ff 

Jo Jo 



cos(x + y )dy dx 



cannot be evaluated as it is written in rectangular coordinates. (Try it!) However, recognizing 
that the region of integration R is the portion of the circle of radius 3 centered at the origin 
that lies in the first quadrant (see Figure 14.66a), and since the integrand includes the term 
x 2 + y 2 , it's a good bet that polar coordinates will help. In fact, we have 



Jo Jo 



cos(x~ + y )dy dx 



cos (x~ + y ) 



// 

R 

— I I cos(r 2 )rdrd9 
Jo Jo 




which is now an easy integral to evaluate. Notice that there are two things that happened here. 
First, we simplified the integrand (into one with a known antiderivative) and second, we 
transformed the region over which we integrated, as follows. In the xy-plane, we integrated 
over the circular sector indicated in Figure 14.66a, while in the r6*-plane, we integrated 
over a (simpler) region: the rectangle S defined by S — {(r, 6)\0 < r < 3 and 0 < 6 < |}, 
as indicated in Figure 14.66b. 

Recall that we changed to cylindrical or spherical coordinates in triple integrals for 
similar reasons. In each case, we ended up simplifying the integrand and transforming the 
region of integration. More generally, how do we change variables in a multiple integral? 
Before we answer this question, we must first explore the concept of transformation in 
several variables. 

A transformation T from the «i>-plane to the xy-plane is a function that maps points 
in the wii-plane to points in the xy-plane, so that 



where 



T{u, v) — (x, y), 
x ~ g(u, v) and y = h(u, v), 



for some functions g and h. We consider changes of variables in double integrals as defined 
by a transformation T from a region S in the Mi)-plane onto a region R in the xy-plane. (See 
Figure 14.67 on the following page.) We refer to R as the image of S under the transformation 
T. We say that T is one-to-one on S if for every point (x, y) in R there is exactly one point 
(m, v) in S such that T{u, v) = (x, y). Notice that this says that (at least in principle), we 
can solve for u and v in terms of x and y. Further, we consider only transformations for 
which g and h have continuous first partial derivatives in the region S. 

The primary reason for introducing a change of variables in a multiple integral is 
to simplify the calculation of the integral. This is accomplished by simplifying the inte- 
grand, the region over which you are integrating or both. Before exploring the effect of a 
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transformation on a multiple integral, we examine several examples of how a transformation 
can simplify a region in two dimensions. 



EXAMPLE 8. 1 The Transformation of a Simple Region 




FIGURE 14.68a 

The region R in the xy-plane 



1 3 

FIGURE 14.68b 

The region 5 in the wu-plane 



Let R be the region bounded by the straight lines y — 2x + 3, y — 2x + 1, y — 5 — x 
and y — 2 — x. Find a transformation T mapping a region S in the i/u-plane onto R, 
where S is a rectangular region, with sides parallel to the u- and i>-axes. 

Solution First, notice that the region R is a parallelogram in the xy-plane. (See 
Figure 14.68a.) We can rewrite the equations for the lines forming the boundaries 
of R as y — 2x — 3, y — 2x — 1, y + x = 5 and y + x — 2. This suggests the 
change of variables 

u — y — 2x and v — y + x . 



(8.1) 



Observe that the lines forming the boundaries of R then correspond to the lines u — 3, 
u — 1, v = 5 and v — 2, respectively, forming the boundaries of the corresponding 
region S in the Mi>-plane. (See Figure 14.68b.) Solving equations (8.1) for x and y (Try 
this yourself!), we have the transformation T defined by 



1 

x — -(v 
3 



u) and 



y = \(2v 



u). 



( ^(2-1), 



Note that this transformation maps the four corners of the rectangle S to the vertices of 
the parallelogram R, as follows: 

I[2(2) + l]) = (i,| 

(2-3),I[2(2) + 3]) = (-I,Z 
1 \ /4 11 



7T3,2) 



r(i,5) 



and 



-(5-1), -[2(5) +1] 



1 1 



r(3,5)= -(5-3), -[2(5) + 3] = 



3 
13 

T 



We leave it as an exercise to verify that the above four points are indeed the vertices of 
the parallelogram R. (To do this, simply solve the system of equations for the points of 
intersection.) ■ 



In example 8.2, we see how polar coordinates can be used to transform a rectangle in 
the r6 -plane into a sector of a circular annulus. 
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FIGURE 14.69a 

The region R in the xy-plane 



0 



FIGURE 14.69b 

The region S in the r#-plane 



EXAMPLE 8.2 A Transformation Involving Polar Coordinates 

Let R be the region inside the circle x 2 + y 2 — 9 and outside the circle x 2 + y 2 — 4 and 
lying in the first quadrant between the lines y — 0 and y — x. Find a transformation T 
from a rectangular region S in the r0-plane to the region R. 

Solution First, we picture the region R (a sector of a circular annulus) in Figure 14.69a. 
The obvious transformation is accomplished with polar coordinates. We let x — r cos 6 
and y — r sin 6, so that x 2 + y 2 — r 2 . The inner and outer circles forming a portion of 
the boundary of R then correspond to r — 2 and r — 3, respectively. Further, the line 
y — x corresponds to the line 6 = ? and the line y — 0 corresponds to the line 6 — 0. 
We show the region S in Figure 14.69b. ■ 



Now that we have introduced transformations, we consider our primary goal for this 
section: to determine how a change of variables in a multiple integral will affect the integral. 
We consider the double integral 



f(x,y)dA, 



where / is continuous on R. Further, we assume that R is the image of a region S in the 
MD-plane under the one-to-one transformation T. Recall that we originally constructed the 
double integral by forming an inner partition of R and taking a limit of the corresponding 
Riemann sums. We now consider an inner partition of the region S in the u ii-plane, consisting 
of the n rectangles S\, S%, ■ ■ ■ , S„, as depicted in Figure 14.70a. We denote the lower left 













/s, 


s 2 


s 3 










s 6 












s 9 












J 













Vi + An 



Av 



An 



FIGURE 14.70a 

An inner partition of the region S in 
the !/u-plane 



FIGURE 14.70b 

The rectangle 5,- 




FIGURE 14.71 

Curvilinear inner partition of the 
region R in the .ry-plane 



corner of each rectangle 5, by (m, , = 1, 2, . . . , «) and take all of the rectangles to 
have the same dimensions Am by An, as indicated in Figure 14.70b. Let R\, Rt, . . . , R„ 
be the images of S\, S2, ■ ■ ■ , S n , respectively, under the transformation T and let the 
points (xi, yi), (x 2 , y-i), . . . , (x n , y„) be the images of (wi, V\), (u 2 , Vt), • ■ ■ , (u n , v„), re- 
spectively. Notice that R 1 , R2 , . . . , R n will then form an inner partition of the region R in the 
xy-plane (although it will not generally consist of rectangles), as indicated in Figure 14.71. 
In particular, the image of the rectangle Si under T is the curvilinear region . From our 
development of the double integral, we know that 



J I f(x,y)dA^J2f(x i ,y i )AA i , 



(8.2) 



where AA, is the area of R,, for i = 1, 2, . . . , n. The only problem with this approximation 
is that we don't know how to find AA,, since the regions R, are not generally rectangles. 
We can, however, find a reasonable approximation, as follows. 

Notice that T maps the four corners of Sf. (w,-, u,-), (w,- + Am, u,), (m ; + Am, Vj + Av) 
and (m, , V{ + Ad) to four points denoted A, B, C and D, respectively, on the boundary of 
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Ri, as indicated below: 



D 



FIGURE 14.72a 

The region R t 



y 

A 



FIGURE 14.72b 

The parallelogram determined by 
the vectors AB and AD 



HISTORICAL 
NOTES 

Carl Gustav Jacobi 
(1804-1851) German 
mathematician who made 
important advances in the 
functional determinant named 
for him. As a child, Jacobi was 
academically advanced beyond 
what the German educational 
system could offer and did much 
independent research. He 
obtained a university teaching 
post after converting from 
Judaism to Christianity. He was 
considered the world's top 
researcher on elliptic functions 
and made contributions to 
number theory and partial 
differential equations. An inspiring 
teacher, Jacobi and his students 
revived German mathematics. 



and 



{Ui, Vi) -> A(g(m, Vi), h(Ui, u,)) = A{xi, yi), 

T 

(m + Am, Vi) —>■ B(g(ui + Am, d,), h(uj + Aw, d,)), 
(uj + Am, Vi + Aii) -> C(g(iij + Am, u f + An), /z(w; + Am, u,- + Ad)) 
(u t , Vi + Av) -4 D(g(Ui, Vi + Av), h(ui, v t + Av)). 



We indicate these four points and a typical curvilinear region Ri in Figure 14.72a. Notice 
that as long as Am and Ad are small, we can approximate the area of R, by the area of the 

parallelogram determined by the vectors AB and AD, as indicated in Figure 14.72b. If we 

consider AB and AD as three-dimensional vectors (with zero k components), recall from 

our discussion in section 11.4 that the area of the parallelogram is simply || AB x AD \\. 
We will take this as an approximation of the area A A, . First, notice that 



AB — (g(ui + Au, Vj) — g(ui, Vi), h(ui + Am, d,) — h{ui, d,), 0) 
and ~\D = {g(uj, u f + Ad) - g(u t , v t ), h(ui, d ; + Ad) - h(ui, v t ), 0). 

From the definition of partial derivative, we have 

g(u t + Am, Vi) - g{iij, Vi) 



g u (ui,Vi)= lim 

Ak->0 



Am 



This tells us that for Am small, 

g(Ui + Am, - g(ui, Vi) » g u (ui, u,-) Am. 

Likewise, we have 

h(iij + Am, Uj) — h(ui, vf) ~ h u (ui, u,) Am. 
Similarly, for Ad small, we have 

g(ui, vi + Av) - g(ui, Vj) » g v (Ui, u,) Ad 
h(ui, Vi + Av) — h(ui, Vj) h v (iii, u,) Ad. 



and 



Together with (8.3) and (8.4), these give us 

AB^(g u (ui, Vi)Au, h u (ui, v^ Am) = Au{g u (ui, u,), h u {u it u,), 0) 
and 

AD^ {g v (ui, Vi) Av, h v (ui, Vi) Av) = Au{g„(w;, d,), h v (u t , v t ), 0). 
An approximation of the area of Rj is then given by 

AAj « \\AB x AD\\, 



where 



AB x AD 



i J k 

Aug u (ui , Vi) Auh u (ui,Vi) 0 
Avg v (uj,Vi) Avh v (ui,Vi) 0 



Xu{Ui,Vi) h u (ui,v,) 
l v (ui,Vi) h v (ui,Vi) 



Am Auk. 



For simplicity, we write the determinant as 























dx 


dx 


g U {Ui 


,Vi) 


h u {u t 


Vi) 




g U {Ui 


Vi) 


gv(Ui 


Vi) 




3m 


dv 


gv(Ui 


Vi) 


h v (ui 


Vi) 




h u (ui 


,Vi) 


h v (ui 


.Vt) 




9m 


dy 
3d 



(8.3) 
(8.4) 



(8.5) 



(8.6) 



(Ui, Vi). 
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DEFINITION 8.1 

The determinant 



dx 


dx 


du 


dv 


dy 


dy 


du 


du 



is written using the notation 



is referred to as the Jacobian of the transformation T and 

d(x, y) 



d(u, v) ' 



From (8.5) and (8.6), we now have (since k is a unit vector) that 

AAj % \\AB x AD || = y) AuAv, 
d(u, v) 

where the determinant is evaluated at the point (w,-, v,). From (8.2), we now have 

S(x, y) 

jyx u y t ) 

1 = 1 1 = 1 



n n n n 

1 1 fix, y )dA^j2 AA i ™ E f (x >' yd 

J J ;— 1 ;— i 



X! /(,?(«/, Vi),h{ui, Vj)) 



9(x, y) 



d(u, v) 



d(u, v) 
Au Av 



Au Av 



You should recognize this last expression as a Riemann sum for the double integral 

d(x, y) 



J I f(g(u, v),h(u, v)) 
s 



du dv. 



d(u, v) 

The preceding analysis is a sketch of the more extensive proof of Theorem 8.1. 



THEOREM 8. 1 (Change of Variables in Double Integrals) 

Suppose that the region S in the wii-plane is mapped onto the region R in the xy-plane 
by the one-to-one transformation T defined by x — g(u, v) and y = h(u, v), where g 
and h have continuous first partial derivatives on S. If / is continuous on R and the 

3(x, y) 

Jacobian — 7 is nonzero on 5, then 



d(u, v) 

j j f{x, y)dA = jj f(g(u, v), h(u, v)) 



B(x, y) 



d(u, v) 



du dv. 



We first observe that the change of variables to polar coordinates in a double integral 
is just a special case of Theorem 8.1. 



EXAMPLE 8.3 Changing Variables to Polar Coordinates 

Use Theorem 8.1 to derive the evaluation formula for polar coordinates (r > 0): 

JJ f(x,y)dA = JJ f (r cos 6, rsm6)rdrd6. 

R S 

Solution First, recognize that a change of variables to polar coordinates consists of 
the transformation from the r0-plane to the xv-plane, defined by x — r cos 6 and 
y — r sin0. This gives us the Jacobian 





dx 


dx 






d(x, y) 


37 


de 




cos 9 —rsinO 


3(7-, 6>) 


dy 


dy 




sin 9 r cos 9 




dr 


de 







— r cos 



r sin" tl — r. 
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By Theorem 8.1, we now have the familiar formula 

jjf(x,y)dA = jj /(rcos0,rsin<9) 



3(x, y) 



3(r, 0) 



dr dO 



f(r cos 9, r sin 6) r dr dO. 



In example 8.4, we show how a change of variables can be used to simplify the region 
of integration (thereby also simplifying the integral). 




FIGURE 14.73 

The region R 




FIGURE 14.74a 

The region R 



EXAMPLE 8.4 Changing Variables to Transform a Region 

Evaluate the integral f f (x 2 + 2xy) dA, where R is the region bounded by the lines 



y = 2x + 3, y — 2x + 1, y — 5 — x and y 



x. 



Solution The difficulty in evaluating this integral is that the region of integration (see 
Figure 14.73) requires us to break the integral into three pieces. (Think about this 
some!) An alternative is to find a change of variables corresponding to a transformation 
from a rectangle in the wi>-plane to R in the xv-plane. Recall that we did just this in 
example 8.1. There, we had found that the change of variables 

1 1 
x — -(v — u) and y — ^(2v + u) 

maps the rectangle S — {{u, v)\ 1 < u < 3 and 2 < i; < 5} to R. Notice that the Jacobian 
of this transformation is 







dx 


dx 




1 


1 


3(jc, 


y) 


du 


dv 




~3 


3 


d(u 


v) 


dy 


dy 




1 


2 






du 


dv 




3 


3 



By Theorem 8. 1, we now have: 



// 



(x 2 + 2xy) dA 



fj 



-(v - uf + -(v - u)(2v + u) 



d(x, y) 



d(u, v) 



du dv 



u) 2 + 2(2d 2 — uv — u 2 )] du dv 



196 
~ ~2J' 

where we leave the calculation of the final (routine) iterated integral to you. 



Recall that for single definite integrals, we often must introduce a change of variable 
in order to find an antiderivative for the integrand. This is also the case in double integrals, 
as we see in example 8.5. 



EXAMPLE 8.5 A Change of Variables Required to Find an Antiderivative 



Evaluate the double integral 



where R is the rectangle bounded by the 



lines y = x, y — x + 5, y — 2 — x and y — 4 — x. 

Solution First, notice that although the region over which you are to integrate is 
simply a rectangle in the xy-plane, its sides are not parallel to the x- and y-axes. (See 
Figure 14.74a.) This is the least of your problems right now, though. If you look 
carefully at the integrand, you'll recognize that you do not know an antiderivative for 
this integrand (no matter which variable you integrate with respect to first). A 



14-69 SECTION 14.8 Change of Variables in Multiple Integrals 969 



FIGURE 14.74b 

The region S 



straightforward change of variables is to let u — x — y and v = x + y. Solving these 
equations for x and y gives us 



1 

x — -(u + v) 



and 



1 

y =2 iV 



(8.7) 



The Jacobian of this transformation is then 



u). 



The next issue is to find the region S in the Mi>-plane that is mapped onto the region R in 
the xy-plane by this transformation. Remember that the boundary curves of the region S 
are mapped to the boundary curves of R. From (8.7), we have that y — x corresponds to 
1 1 

-(v — u) — -(u + v) or u — 0. 





dx 


dx 




1 


1 


d(x, y) 


du 


dv 




2 


2 


d(u, v) 


dy 


8y 




1 


1 




du 


dv 




~2 


2 



Likewise, y — x + 5 corresponds to 



1 



1 

m) = -(m + v) + 5 



or u — —5, 



y — 2 — x corresponds to 
1 



u) — 2 — -(u + v) or v — 2 



and y — 4 — x corresponds to 

1 1 

-(v — u) — 4 (u + v) or ii = 4. 

2 2 

This says that the region S in the «i>-plane corresponding to the region R in the xy-plane 
is the rectangle 

S - {(u, v)\ -5 < u < 0and2 < v < 4}, 

as indicated in Figure 14.74b. You can now easily read off the limits of integration in the 
Mt>-plane. By Theorem 8.1, we have 

f f e x ~y f f e" d(x,y) 1 f 4 f° e" 

I I dA — II — du dv — - I I — dudv 

J J x + y J J v d(u,v) 2 J 2 J_5 v 

u=0 



2J 2 v 



n=-5 



dv = -(e° 
2 



-(1 -e" 5 )ln|u| 



0.34424. 



u=4 



rC 1 



,4 j 

1 I -dv 

Jl v 



e" 5 )(ln4-ln2) 



Much as we have now done in two dimensions, we can develop a change of variables 
formula for triple integrals. The proof of Theorem 8.2 can be found in most texts on 
advanced calculus. We first define the Jacobian of a transformation in three dimensions. 

For a transformation T from a region S of wuw-space onto a region R in xyz-space, 
defined by x = g(u, v, w), y = h(u, v, w)andz = l(u, v, w), the Jacobian of the transfor- 
mation is the determinant ^ ' — ^ defined by 
3(m, v, w) 





dx 


dx 


dx 




du 


3d 


dw 


d(x, y, z) 


dy 


dy 


dy_ 


d(u, v, w) 


du 


dv 


dw 




dz 


dz 


dz 




du 


dv 


dw 



Theorem 8.2 presents a result for triple integrals that corresponds to Theorem 8.1. 
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THEOREM 8.2 (Change of Variables in Triple Integrals) 

Suppose that the region S in MDW-space is mapped onto the region R in xyz-space by 
the one-to-one transformation T defined by x — g(u, v, w), y — h{u, v, w) and 
z — l(u, v, w), where g, h and / have continuous first partial derivatives in S. If / is 

d(x, y, z) 



continuous in R and the J ac obi an 



is nonzero in S, then 



/// 



d(u, v, w) 

V = ffff( g (u,v, w) ,h(u,v, W ),l(u,v, W )) 



d(x, y, z) 



d(u, v, w) 



du dvdw. 



We introduce a change of variables in a triple integral for precisely the same reasons as 
we do in double integrals: in order to simplify the integrand or the region of integration or 
both. In example 8.6, we use Theorem 8.2 to derive the change of variables formula for the 
conversion from rectangular to spherical coordinates and see that this is simply a special 
case of the general change of variables process given in Theorem 8.2. 



EXAMPLE 8.6 Deriving the Evaluation Formula 
for Spherical Coordinates 

Use Theorem 8.2 to derive the evaluation formula for triple integrals in spherical 
coordinates: 



/// 



f(x,y,z)dV 



J ( j /(psin0cos#, p sin 0 sin 9, p cos 4>)p 2 sin0 dp d(f> d6. 

s 



Solution Suppose that the region R in xyz-space is the image of the region S in 
p06>-space under the transformation T defined by the change to spherical coordinates. 
Recall that we have 

x — p sin0 cos 8, y — p sin 0 sin 6 and z = pcos</>. 

The Jacobian of this transformation is then 





dx 


dx 


dx 




dp 


90 


d0 


d(x, y, z) 


dy 


dy 


dy 


d(p,4>,9) 


dp 


90 


d0 




dz 


dz 


dz 




dp 


90 


d9 



sin 0 cos 6 p cos 0 cos 9 
sin 0 sin 9 p cos 0 sin 9 
cos0 — psin0 



— p sin 0 sin 9 
p sin 0 cos 9 
0 



For the sake of convenience, we expand this determinant along the third row, rather than 
the first row. This gives us 

d(x,y,z) , p cos 0 cos 9 — psin0sin0 

= cos 0 . . . . . . 

9(p,0,#) pcos0sin# psin0cos0 

sin 0 cos 9 — p sin 0 sin (9 
sin 0 sin 9 p sin 0 cos 9 

cos 0 (p 2 sin 0 cos 0 cos 2 9 + p 1 sin 0 cos 0 sin 2 9) 



p sin < 



+ p sin 0 (p sin 2 0 cos 2 ( 



p sin 2 0 sin 2 9) 



— p sin 0 cos 0 + p sin~ 0 = p sin 0 (cos 



sin 2 0) 



— p'- sin < 
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From Theorem 8.2, we now have that 

jjj f( x '~y>z)dV = JJJ f^P s ^ nc P cos P sm 0 sinO, p cos (p) 



d(x, y, z) 



dp d(f> dO 



= /// f(p sin 0 eos 0, p sin 0 sin 0, p cos ^ sin 0 «p # 

s 



where we have used the fact that 0 < <p < it to write [ sin <j>\ = sin <p. Notice that this is 
the same evaluation formula that we developed in section 14.7. ■ 



EXERCISES 14.8 

53 WRITING EXERCISES 

1. Explain what is meant by a "rectangular region" in the uv- 
plane. In particular, explain what is rectangular about the polar 
region 1 < r < 2 and 0 < 0 < it . 

2. The order of variables in the Jacobian is not important in the 

but the order is very impor- 

d(u, v) 



sense that 

tant in the sense that 
explanation of why 



3(x, y) 




3(*. y) 


d(v, u) 




d(u, v) 



d(x, y) 



d(u, v) 
d(x,y) 



d(u, v) 



a(.x,y) 
d(u, v) 



Give a geometric 



3U, y) 



In exercises 1-12, find a transformation from a rectangular 
region S in the uf-plane to the region R. 

1. R is bounded by y — 4x + 2, y = Ax + 5, y — 3 — 2x and 
y = 1 — 2x 

2. R is bounded by y = 2x — 1, y = 2x + 5, y = 1 — 3* and 
y = -l-3x 

3. R is bounded by y = 1 — 3x, y = 3 — 3x, y — x — 1 and 
y = x — 3 

4. /? is bounded by y = 2x — l,y = 2x + l,y = 3 and y = 1 

5. R is inside x 2 + y 2 = 4, outside x 2 + y 2 = 1 and in the first 
quadrant 

6. R is inside x 2 + y 2 = 4, outside x 2 + y 2 = 1 and in the first 
quadrant between y — x and x = 0 

7. is inside x 2 + y 2 = 9, outside x 2 + y 2 = 4 and between 
y — x and y = — x with y > 0 

8. i? is inside x 2 + y 2 = 9 with x > 0 

9. R is bounded by y = x 2 , y = x 2 + 2, y = 4 — x 2 and 
y = 2 — x 2 with x > 0 

10. R is bounded by y = x 2 , y = x 2 + 2, y = 3 — x 2 and 
y = 2 - x 2 with x < 0 

11. R is bounded by y = e* , y = e x + 1 , y = 3 — e x and 

y = 5 - e A 

12. R is bounded by y = 2x 2 + 1, y = 2x 2 + 3, y = 2 — x 2 and 
y = 4 - x 2 with x > 0 



In exercises 13-22, evaluate the double integral. 

13. ff(y — 4x)dA, where R is given in exercise 1. 

R 

14. ff(y + 3x) dA, where R is given in exercise 2. 

R 

15. ff(y + 3x) 2 dA, where R is given in exercise 3. 

R 

16. f f e y ~ x dA, where R is given in exercise 4. 

R 

17. f fx dA, where R is given in exercise 5. 

R 

18. ffe^~ 2 dA, where R is given in exercise 6. 



19 



f r e y - 4x 

. I I dA, where R is given in exercise 1. 

J J y + 2x 



20. 



// 



y — 2x 



dA, where R is given in exercise 2. 



21. ff(x + 2y) dA, where R is given in exercise 2. 

R 

22. JJ(x + y)dA, where R is given in exercise 1 . 



In exercises 23-26, find the Jacobian of the given transforma- 
tion. 



23. x = ue", y — ue " 
25. x — u/v, y — v 2 



24. x = 2uv, y — 3u — v 
26. x — 4u + v 2 , y — 2uv 



In exercises 27 and 28, find a transformation from a (three- 
dimensional) rectangular region S in uvw-space to the solid Q. 

27. Q is bounded by x + y + z — l,x + y + z = 2,x + 2y = 0, 
x + 2y= 1, y + z = 2 and y + z — 4. 

28. g is bounded by x + z = 1, x + z = 2, 2y + 3z = 0, 
2y + 3z = 1, y + 2z = 2 and y + 2z = 4. 



In exercises 29 and 30, find the volume of the given solid. 

29. Q in exercise 27 

30. Q in exercise 28 
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In exercises 31-34, evaluate the double integral by transforming 
coordinate systems. 

f f r- 

31. / / pr dA, where R is bounded by y — *Jx, 

J J Wx 

R 

y — *Jx + 2, y — 4 — aJx and y — 6 — J~x. 

32. j J ' x 2 dA, where R is bounded by y — 2x 2 , y — 2x 2 + 2, 

R 

y — x 2 + 4 and y — x 2 + 5(x > 0). 

33. J J 2(y — 2x)e y+4x dA, where R is bounded by y — 2x, 

R 

y = 2x + l,)' = 3 — 4x and y = 1 — 4x. 



34. 



c/A, where R is bounded by y = ;c + l,)' = x+2, 



x 2 — 2xy — — 1 and x 2 — 2x_v = —2(x > 0). 



35. In Theorem 8.1, we required that the lacobian be nonzero. 
To see why this is necessary, consider a transformation where 
x — u — v and y — 2v — 2u. Show that the Jacobian is zero. 
Then try solving for u and v. 

36. Compute the Jacobian for the spherical-like transformation 
x = p sin0, y = p cos <p cos 6 and z — p cos(/> sin#. 

37. The integral / / dx dy arises in the study 

Jo Jo 1 - Oy) 2 
of the Riemann-zeta function. Use the transformation 

sin // sin u 
x = and y = to write this integral in the form 



cos v 

f.TT/2 r it/2-v 



Jo Jo 



f(u, v)du dv and then evaluate the integral. 



sin u sin v 

38. Show that the transformation x = andv = inexer- 

cos v ' cos u 
cise 37 transforms the square 0 < x < 1, 0 < y < 1 into the tri- 
angle 0 < u < j — v,0 S v S f • (Hint: Transform each side 
of the square separately.) 



EXPLORATORY EXERCISE 



1. Transformations are involved in many important applications 
of mathematics. The direct linear transformation discussed 
in this exercise was used by Titleist golf researchers Gobush, 
Pelletier and Days to study the motion of golf balls (see Sci- 



ence and Golf II, 1996). Bright dots are drawn onto golf balls. 
The dots are tracked by a pair of cameras as the ball is hit. The 
challenge is to use this information to reconstruct the exact po- 
sition of the ball at various times, allowing the researchers to 
estimate the speed, spin rate and launch angle of the ball. In the 
direct linear transformation model developed by Abdel-Aziz 
and Karara, a dot at actual position (x, y, z) will appear at pixel 
(ui , Vf) of camera l's digitized image where 

c u x 4- c 2 iy 4- c 3l z + C41 



rfnx 4- d 2 iy + d 3l z + 1 
C51X 4- c 6 iy 4- Cnz + c 8 i 

:+ r 



and 



d n x + d 2l y + d M z 

for constants en, C21, .... cgi and d\\, di\ and d 3 \. Similarly, 
camera 2 "sees" this dot at pixel (u 2 , v 2 ) where 

c\ 2 x + c 22 y + C32Z + c 42 



v 2 = 



di 2 x + d 22 y + d 32 z + 1 
C52X 4- c 62 y + c 12 z + c 82 



and 



d l2 x 4- d 22 y + d 32 z + 1 

for a different set of constants C12, C22, . . . , c% 2 and d\ 2 , d 22 and 
d 32 . The constants are determined by taking a series of mea- 
surements of motionless balls to calibrate the model. Given 
that the model for each camera consists of eleven constants, 
explain why in theory, six different measurements would more 
than suffice to determine the constants. In reality, more mea- 
surements are taken and a least-squares criterion is used to find 
the best fit of the model to the data. Suppose that this procedure 
gives us the model 

2x4-y4-z4-l 3x4-z 



u 1 



U 2 



x + y + 2z + 1 
x4-z4-6 



V] 



x + y + 2z + 1 
4x 4- y + 3 



2x + 3z + 1 2x + 3z + 1 

If the screen coordinates of a dot are (ui, Vi) — (0, —3) and 
(u 2 , v 2 ) — (5, 0), solve for the actual position (x, y, z) of the 
dot. Actually, a dot would not show up as a single pixel, but 
as a somewhat blurred image over several pixels. The dot is 
officially located at the pixel nearest the center of mass of the 
pixels involved. Suppose that a dot's image activates the fol- 
lowing pixels: (34, 42), (35, 42), (32, 41), (33, 41), (34, 41), 
(35, 41), (36, 41), (34, 40), (35, 40), (36, 40) and (36, 39). Find 
the center of mass of these pixels and round off to determine 
the "location" of the dot. 



Review Exercises 



tS) WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 

Irregular partition Definite integral Double integral 

Fubini's Theorem Double Riemann sum Volume 

Center of mass First moment Moment of inertia 

Surface area Triple integral Mass 



Cylindrical 

coordinates 
Jacobian 



Spherical coordinates 
Transformation 



Rectangular 
coordinates 



(jp TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 
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1. When using a double integral to compute volume, the choice of 
integration variables and order is determined by the geometry 
of the region. 

2. ff fix, y)dA gives the volume between z — fix, y) and the 

R 

xy-plane. 

3. When using a double integral to compute area, the choice of 
integration variables and order is determined by the geometry 
of the region. 

4. A line through the center of mass of a region divides the region 
into subregions of equal area. 

5. If R is bounded by a circle, f f f(x, y) dA should be computed 

R 

using polar coordinates. 

6. The surface area of a region is approximately equal to the area 
of the projection of the region into the xy-plane. 

7. A triple integral in rectangular coordinates has three possible 
orders of integration. 

8. The choice of coordinate systems for a triple integral is deter- 
mined by the function being integrated. 

9. If a region or a function involves x 2 + y 2 , you should use cylin- 
drical coordinates. 

10. For a triple integral in spherical coordinates, the order of inte- 
gration does not matter. 

11. Transforming a double integral in xy-coordinates to one in 
Mi>-coordinates, you need formulas for u and v in terms of x 
and y. 



In exercises 1 and 2, compute the Riemann sum for the given 
function and region, a partition with n equal-sized rectangles 
and the given evaluation rule. 

1. f{x, y) = 5x — 2y, 1 < x < 3, 0 < y < 1, n = 4, evaluate at 
midpoint 

2. f(x, y) = 4x 2 + y, 0 < x < 1, 1 < y < 3, n = 4, evaluate at 
midpoint 



In exercises 3-10, evaluate the double integral. 

3. ff (4jc + 9x 2 y 2 ) dA, where R = {ix, y)\0 <x<3, 1 < y < 2} 

R 

4. ff2e Ax+2y dA, where R = {(x, y)\0 <x < 1, 0 < y < 1} 

R 

5. ff e- x2 - yl dA, where R = {(x, y)| 1 < x 2 + y 2 < 4) 

R 

6. ff2xydA, where R is bounded by y — x, y — 2 — x and 

R 

y = 0 



7. J j ilxy - i)dydx 

8. f f i3y 2 x + 4)dydx 

9. f fxy dA , where R is bounded by r — 2 cos 9 

R 

10. / f sin(x 2 + y 2 ) dA, where R is bounded by x 2 + y 2 — 4 

R 

In exercises 11 and 12, approximate the double integral. 

11. f f 4xy dA, where R is bounded by y — x 2 — 4 and y — lnx 

R 

12. f f 6x 2 y dA , where R is bounded by y — cos x and y — x 2 — 1 

R 

In exercises 13-24, compute the volume of the solid. 

13. Bounded by z — 1 — x 2 , z — 0, y — 0 and y — 1 

14. Bounded by z — 4 — x 2 — y 2 , z — 0, x = 0, x + y — 1 and 
y = 0 



15. Between z — x 2 + y 2 and z — 8 — x 2 — y 2 

16. Under z = e^/" 2+y2 and inside x 2 + y 2 = 4 

17. Bounded by x + 2y + z — 8 and the coordinate planes 

18. Bounded by x + 5y + lz — 1 and the coordinate planes 

19. Bounded by z = y/x 2 + y 2 and z = 4 

20. Bounded by x = yfy^^rz 2 and x = 2 

21. Between z = \Jx 2 + y 2 and x 2 + y 2 + z 2 — 4 

22. Inside x 2 + y 2 + z 2 — 4z and below z — 1 

23. Under z = 6 — x 2 — y 2 , above z — 0 and inside x 2 + y 2 — 1 

24. Under z = ;c and inside r — cos 0 

In exercises 25 and 26, change the order of integration. 

25. f f fix,y)dydx 
Jo Jo 

26. f f fix,y)dydx 

Jo Jx 2 



In exercises 27 and 28, convert to polar coordinates and evaluate 
the integral. 



/•2 r-J^-x 2 

27. / / 2x dy dx 

Jo J-J^-x 2 



28. 



/ / 2v x 2 + y 2 dy dx 

Jo Jo 
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In exercises 29-32, find the mass and center of mass. 

29. The lamina bounded by y — 2x, y — x and x — 2, 

p(x, y) = 2x 

30. The lamina bounded by y — x, y — 4 — x and y — 0, 

p(x, y) = 2y 

31. The solid bounded by z — 1 — x 2 , z — 0, y — 0, y + z — 2, 

p(x, y, z) = 2 

32. The solid bounded by x — y/y 2 + z 2 , x — 2, p(x, y, z) — 3x 



In exercises 33 and 34, use a double integral to find the area. 

33. Bounded by y — x 2 ,y — 2 — x and y — 0 

34. One leaf of r = sin 49 



In exercises 35 and 36, find the average value of the function on 
the indicated region. 

35. f(x, y) — x 2 , region bounded by y — 2x, y — x and x — 1 

36. fix, y) = y/x 2 + y 2 , region bounded by x 2 + y 2 = 1, x = 0, 
y = 0 



In exercises 37-42, evaluate or estimate the surface area. 

37. The portion of z — 2x + 4y between y — x, y — 2 and x = 0 

38. The portion of z — x 2 + 6y between y — x 2 and y — 4 

39. The portion of z — xy inside x 2 + y 2 — 8, in the first octant 

40. The portion of z — sin(x 2 + y 2 ) inside x 2 + y 2 — it 

41. The portion of z = ^Jx 2 + y 2 below z — 4 

42. The portion of x + 2y + 3z — 6 in the first octant 



In exercises 43-50, set up the triple integral ffff(x,y,z) dV in 

e 

an appropriate coordinate system. If f(x, y, z) is given, evaluate 
the integral. 

43. f(x, y, z) = z(x + y), 

Q = {(*,>', z)|0 < x <2, -1 <y <1,-1 <z < 1} 

44. f(x,y,z) — 2xye yz , 

Q = {(x, y, z )|0 <jc<2,0<y<l,0<z<l} 

45. f(x, y, z) = yjx 2 + y 2 + z 2 , Q is above z = \jx 2 + y 2 and 
below x 2 + y 2 + z 2 — 4. 

46. f(x, y, z) = 3x, Q is the region below z = y/x 2 + y 2 , above 
z = 0 and inside x 2 + y 2 — 4. 

47. Q is bounded by x + y + z = 6, z = 0, y = x, y — 2 and 
x = 0. 

48. 2 is the region below z = y4 — x 2 — y 2 , above z = 0 and in- 
side x 2 + y 2 = 1 . 



49. Q is the region below z = -y/4 — x 2 — y 2 and above z = 0. 

50. (? is the region below z = 6 — x — y, above z — 0 and inside 
x 2 + y 2 = 8. 



In exercises 51-54, evaluate the integral after changing coordi- 
nate systems. 

r- 1 r-^Jl—x 1 p\/x 2 +y 2 

51. / e z dzdydx 

J0 Jx JO 
rV2 r\/ 4— v 2 /*2 

52. / 4zdzdxdy 

Jo J y Jo 

53. / / / x/x 2 + y 2 + z 2 rfzdyrfx 

J-l ^0 J^/x 2 +y 2 

/2 /.^/4-y 2 r^4-x 2 -y 2 
/ / dz rfx dy 

-2 ^0 ^0 



In exercises 55-60, write the given equation in (a) cylindrical 
and (b) spherical coordinates. 

55. y = 3 56. x 2 + y 2 = 9 

57. x 2 + y 2 + z 2 = 4 58. y = x 

59. z = yx 2 + y 2 60. z = 4 

In exercises 61-66, sketch the graph. 
61. r = 4 62. p = 4 63. 0 = f 

64. <(>=- 65. r = 2 cos 0 66. p = 2 sec 0 

In exercises 67 and 68, find a transformation from a rectangular 
region S in the u^-plane to the region R. 

67. ^ bounded by y = 2x — 1 , y = 2x + 1 , y = 2 — 2x and 
y = 4 - 2x 

68. R inside x 2 + y 2 — 9, outside x 2 + y 2 = 4 and in the second 
quadrant 



In exercises 69 and 70, evaluate the double integral. 

69. / f e y 2x dA, where R is given in exercise 67 

R 

70. ff(y + 2x) 3 dA, where R is given in exercise 67 

R 



In exercises 71 and 72, find the Jacobian of the given trans- 
formation. 

71. x = u 2 v, y = 4u + v 2 

72. x = 4u - 5«, y = 2u + 3v 
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^ EXPLORATORY EXERCISES 

1. Let 5 be a sphere of radius R centered at the origin. Different 
types of symmetry produce different simplifications in integra- 
tion. If fix, y, z) = -f{-x, y, z), show that / / ffdV = 0. 

If fix, y, z) = -fix, -y, z), show that ffffdV=0. 

s 

If f(x, y, z) = -f(-x, -y, z), show that ffffdV = 0. 

s 

If fix, y, z) — —fi—x, —y, — z), what, if anything, 
can be said about ffffdVl Next, suppose that 

fia, b, c) — f{x, y, z) whenever a 2 + b 2 + c 2 — x 2 + y 2 + z 2 ■ 
Show that ffffix,y,z)dV=4Trf"p 2 gip)dp for some 

5 



function g. (State the relationship between g and/.) If / can 
be written in cylindrical coordinates as fir, 9, z) — gir), for 

some continous function g, simplify /// fdV as much as 

s 

possible. 

2. Let 5 be the solid bounded above by z = yj ' R 2 — x 2 — y 2 
and below by z = yjx 2 + y 2 . Set up and simplify as much 
as possible fff fdV in each of the following cases: 

s 

(a) fix, y, z) = -fi-x, y, z); (b) fix, y, z) = -fix, -y, z); 

(c) fix, y, z) = - fi-x, -y, z); 

(d) fix, y, z) = -fi-x, -y, -z); (e) fir, 9, z) = gir), for 
some function g and (f)/(p, cj>,9) = gip), for some function g 
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The Volkswagen Beetle was one of the most beloved and recognizable 
cars of the 1950s, 1960s and 1970s. So, Volkswagen's decision to release 
a redesigned Beetle in 1998 created quite a stir in the automotive world. 
The new Beetle resembles the classic Beetle, but has been modernized 
to improve fuel efficiency, safety, handling and overall performance. The 
i calculus that we introduce in this chapter will provide you with some of 
\ the basic tools necessary for designing and analyzing automobiles, air- 
craft and other types of complex machinery. 

Engineers have identified many important principles of aerodynam- 
ics, but the design of a complicated structure like a car still has an element 
of trial and error. Before high-speed computers were available, engineers 
built small-scale or full-scale models of new designs and tested them in a 
wind tunnel. Unfortunately, such models don't always provide adequate 

information and can be prohibitively ex- 
pensive to build. 

Today, mathematical models are 
used to accurately simulate wind tunnel 
tests. A computer simulation of a wind 
tunnel must keep track of the air veloc- 
ity at each point on and around a car. A 
function assigning a vector (e.g., a veloc- 
ity vector) to each point in space is called 
a vector field, which we introduce in sec- 
tion 15.1. Additional mathematical concepts that are crucial for a study of fluid 
mechanics and other important applications are developed in this chapter. 

In the case of the redesigned Beetle, computer simulations resulted in nu- 
merous improvements over the original. One measure of a vehicle's aerodynamic 
efficiency is its drag coefficient (with a lower drag coefficient corresponding to 
a more aerodynamic vehicle). The original Beetle has a drag coefficient of 0.46 
(as reported by Robertson and Crowe in Engineering Fluid Mechanics), while 
a (quite aerodynamic) 1985 Chevrolet Corvette has a drag coefficient of 0.34. 
According to Volkswagen, the new Beetle boasts a drag coefficient of 0.38, rep- 
resenting a considerable reduction in air drag from the original Beetle, through 
careful engineering and detailed mathematical analysis. 




The new Beetle 




15.1 VECTOR FIELDS 



To analyze the flight characteristics of an airplane, engineers use wind tunnel tests 
to provide information about the flow of air over the wings and around the fuselage. 
To model such a test mathematically, we need to be able to describe the velocity 
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of the air at various points. So, we need to define a function that assigns a vector to each point 
in space. Such a function would have both a multidimensional domain (like the functions 
of Chapters 13 and 14) and a multidimensional range (like the vector- valued functions 
introduced in Chapter 12). We call such a function a vector field. Although vector fields in 
higher dimensions can be very useful, we will focus here on vector fields in two and three 
dimensions. 



DEFINITION I.I 

A vector field in the plane is a function F(x, y) mapping points in R 2 into the set of 
two-dimensional vectors V 2 . We write 

F(x, y) = (Mx, y), f 2 (x, y)) = Mx, y)i + f 2 (x, y)j, 

for scalar functions f\(x, y) and f 2 (x, y). In space, a vector field is a function 
F(x, y, z) mapping points in R 3 into the set of three-dimensional vectors V3. In this 
case, we write 

F(x, y, z) - (fi(x, v, z), f 2 (x, y, z), f 3 (x, y, z)> 

= fi(x, y, z)i + f 2 (x, y, z)j + h{x, y, z)k, 

for scalar functions f\(x, y, z), f 2 (x, y, z) and fc(x, y, z). 



To describe a two-dimensional vector field graphically, we draw a collection of the 
vectors F(x, y) for various points (x, y) in the domain, in each case drawing the vector so 
that its initial point is located at (x, y). We illustrate this in example 1.1. 



F(-2, 1) 




FIGURE 15.1 

Values of ¥(x, y) 



EXAMPLE I.I Plotting a Vector Field 

For the vector field F(x, y) — (x +y,3y - x), evaluate (a) F(l, 0), (b) F(0, 1) and 
(c) F(— 2, 1). Plot each vector F(x, y) using the point (x, y) as the initial point. 

Solution (a) Taking x = 1 and y = 0, we have F(l, 0) = (1 + 0, 0 - 1) = (1, -1). 
In Figure 15.1, we have plotted the vector (1, —1) with its initial point located at the 
point (1, 0), so that its terminal point is located at (2, —1). 

(b) Taking x = 0 and y = 1, we have F(0, 1) = (0 + 1, 3 - 0) = (1, 3). In 
Figure 15.1, we have also indicated the vector (1, 3), taking the point (0, 1) as its initial 
point, so that its terminal point is located at (1, 4). 

(c) With* - -2andy = 1, wehaveF(-2, 1) = (-2+1,3+2) = (-1,5). In 
Figure 15.1, the vector (—1, 5) is plotted by placing its initial point at (—2, 1) and its 
terminal point at (—3, 6). ■ 



Graphing vector fields poses something of a problem. Notice that the graph of a 
two-dimensional vector field would be /cwr-dimensional (i.e., two independent variables 
plus two dimensions for the vectors). However, we can visualize many of the important 
properties of a vector field by plotting a number of values of the vector field as we had 
started to do in Figure 15.1. In general, by the graph of the vector field F(x, y), we mean 
a two-dimensional graph with vectors F(x, y), plotted with their initial point located at 
(x, y), for a variety of points (x, y). Many graphing calculators and computer algebra 
systems have commands to graph vector fields. 



EXAMPLE 1.2 Graphing Vector Fields 

Graph the vector fields F(x, y) = (x, y), G(x, y) = 
and identify any patterns. 



(x,y) 



and H(x, y) = (y, 
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H — I — h>l — I — ►.v 



FIGURE 15.2a 

F(x, y) = (x, y) 



Solution First choose a variety of points (x, y), evaluate the vector field at these 
points and plot the vectors using (x, y) as the initial point. Notice that in the following 
table we have chosen points on the axes and in each of the four quadrants. 





(x,y) 




(x,y) 


(x,y) 


(2, 0) 


(2,0) 




(-2, 1) 


(-2, 1) 


(1,2) 


(1,2) 




(-2, 0) 


(-2, 0) 


(2, 1) 


(2,1) 




(-1,-2) 


(-1,-2) 


(0, 2) 


(0, 2) 




(0, -2) 


(0, -2) 


(-1,2) 


(-1,2) 




(1, -2) 


(1,-2) 


(-2,-1) 


(-2,-1) 




(2,-1) 


(2,-1) 
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F(jc,y) = 


(x, y) 


2 
1 

y 


"\\\ \ 1 
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/ / / 
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\\»^ 
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1 \ WN 
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The vectors indicated in the table are plotted in Figure 15.2a. A computer-generated 
plot of the vector field is shown in Figure 15.2b. Notice that the vectors drawn here have 
not been drawn to scale, in order to improve the readability of the graph. 

In both plots, notice that the vectors all point away from the origin and increase in 
length as the initial points get farther from the origin. In fact, the initial point (x, y) lies 
a distance y 1 x 1 + y 2 from the origin and the vector (x, y) has length x 2 + y 2 . So, the 
length of each vector corresponds to the distance from its initial point to the origin. 
Notice that G(x, y) is the same as F(x, y) except for the division by y/x 2 + y 2 , which is 
the magnitude of the vector (x, y). Thus, for each {x, y), G(x, y) has the same direction 
as F(x, y), but is a unit vector. A computer-generated plot of G(x, y) is shown in 
Figure 15.2c. 

We compute some sample vectors for H(x, y) in the following table and plot these 
in Figure 15.3a. 



(x,y) 


(y,-x) 




(x,y) 


(y,-x) 


(2, 0) 


(0, -2) 




(-2, 1) 


(1,2) 


(1,2) 


(2, -1) 




(-2, 0) 


(0, 2) 


(2, 1) 


(1,-2) 




(-1,-2) 


(-2, 1) 


(0, 2) 


(2, 0) 




(0, -2) 


(-2, 0) 


(-1,2) 


(2,1) 




(1,-2) 


(-2,-1) 


(-2,-1) 


(-1,2) 




(2,-1) 


(-1,-2) 



FIGURE 15.2c 

G{x, y ) = 




FIGURE 15.3a 

H(*. y) = (y, -x) 
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FIGURE 15.3b 

H(*. y) = (y, -x) 
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A computer-generated plot of H(x, y) is shown in Figure 15.3b. If you think of 
H(x, y) as representing the velocity field for a fluid in motion, the vectors suggest a 
circular rotation of the fluid. Also, notice that the vectors are not of constant size. As for 
F(x, y), the length of the vector (y, — x) is y/x 1 + y 2 , which is the distance from the 
origin to the initial point (x, y). ■ 



Although the ideas in example 1 .2 are very important, most vector fields are too com- 
plicated to effectively draw by hand. Example 1.3 illustrates how to relate the component 
functions of a vector field to its graph. 



EXAMPLE 1.3 Matching Vector Fields to Graphs 



l - 



Match the vector fields F(x, y) = (y 



l),G(x,y) = (y + l,e A " /6 } and 



H(x, y) = (y , x — 1) to the graphs shown. 

Solution It helps to look for special features of the components of the vector fields 
and try to locate these in the graphs. For instance, the first component of F(x, y) is 
y 2 > 0, so the vectors F(x, y) will never point to the left. Graphs A and C both have 
vectors with negative first components (in the fourth quadrant), so Graph B must be the 
graph of F(x, y). The vectors in Graph B also have small vertical components near 
x — 1, where the second component of F(x, y) equals zero. Similarly, the second 
component of G(x, y) is e x ^ 6 > 0, so the vectors G(x, y) will always point upward. 
Graph A is the only one of these graphs with this property. Further, the vectors in Graph 
A are almost vertical near y — — 1, where the first component of G(x, y) equals zero. 
Observe that the first component of H(x, y) is y 3 , which is negative for y < 0 and 
positive for y > 0. The vectors then point to the left for y < 0 and to the right for 
y > 0, as seen in Graph C. Finally, the vectors in Graph C have small vertical 
components near x — 1 and x = — 1, where the second component of H(x, y) 
equals zero. 
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GRAPH B 
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GRAPH C 



As you might imagine, vector fields in space are typically more difficult to sketch than 
vector fields in the plane, but the idea is the same. That is, pick a variety of representative 
points and plot the vector F(x, y, z) with its initial point located at (x, y, z). Unfortunately, 
the difficulties associated with representing three-dimensional vectors on two-dimensional 
paper reduce the usefulness of these graphs. 
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EXAMPLE 1.4 Graphing a Vector Field in Space 

{—X, — y, —z) 

Use a CAS to graph the vector field ¥(x, y, z) — — , ; TTn- 

(x 2 + y 2 + z-yi 2 

Solution In Figure 15.4, we show a computer-generated plot of the vector field 
F(x,y,z). 

Notice that the vectors all point toward the origin, getting larger near the origin 
(where the field is undefined). You should get the sense of an attraction to the origin that 
gets stronger the closer you get. In fact, you might have recognized that F(x, y, z) 
describes the gravitational force field for an object located at the origin or the electrical 
field for a charge located at the origin. ■ 



If the vector field graphed in Figure 15.4 represents a force field, then the graph suggests 
that an object acted on by this force field will be drawn toward the origin. However, this does 
not mean that a given object must move in a straight path toward the origin. For instance, 
an object with initial position (2, 0, 0) and initial velocity (0, 2, 0) will spiral in toward the 
origin. To determine the path followed by an object, we need additional information. Notice 
that in many cases, we can think of velocity as not explicitly depending on time, but instead 
depending on location. For instance, imagine watching a mountain stream with waterfalls 
and whirlpools that don't change (significantly) over time. In this case, the motion of a leaf 
dropped into the stream would depend on where you drop the leaf, rather than when you 
drop the leaf. This says that the velocity of the stream is a function of location. That is, the 
velocity of any particle located at the point (x, y) in the stream can be described by a vector 
field F(x, y) = {f\(x, y), fi(x, y)}, called the velocity field. The path of any given particle 
starting at the point (xq, yo) is then the curve traced out by {x(t), y(t)), where x(t) and y(?) are 
the solutions of the differential equations x'(t) = fi(x(t), y(t)) and y'(f) = fi{x{t), y(t)), 
with initial conditions x(fo) = *o and y(?o) = yo- In these cases, we can use the velocity 
field to construct flow lines, which indicate the path followed by a particle starting at a 
given point. 

One way to visualize the velocity field for a given process is to plot a number of 
velocity vectors at a single instant in time. Figure 15.5 shows the velocity field of Pacific 
Ocean currents in March 1998. The graph is color-coded for temperature, with a band of 
water swinging up from South America to the Pacific northwest representing "El Nino." 
The velocity field provides information about how the warmer and cooler areas of ocean 
water are likely to change. Since El Nino is associated with significant climate changes, an 
understanding of its movement is critically important. 




160 E 



FIGURE 15.5 

Velocity field for Pacific Ocean currents (March 1998) 
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EXAMPLE 1 .5 Graphing Vector Fields and Flow Lines 



-1 o 1 

x 

FIGURE 15.6a 

(y, -x) 




FIGURE 15.6b 

Flow lines: (y, —x) 



Graph the vector fields (y, — x) and (2, 
flow lines through the points (0, 1), (0, 



1 + 2xy) and for each, sketch-in approximate 
-l)and(l, 1). 



Solution We previously graphed the vector field (y, —x) in example 1.2 and show a 
computer-generated graph of the vector field in Figure 15.6a. Notice that the plotted 
vectors nearly join together as concentric circles. In Figure 15.6b, we have 
superimposed circular paths that stay tangent to the velocity field and pass through the 
points (0, 1), (0, —1) and (1, 1). (Notice that the first two of these paths are the same.) It 
isn't difficult to verify that the flow lines are indeed circles, as follows. Observe that a 
circle of radius a centered at the origin with a clockwise orientation (as indicated) can 
be described by the endpoint of the vector-valued function r(f) = (a sinf, a cos t). The 
velocity vector r'(t) — {a cos t, —a sin t) gives a tangent vector to the curve for each t. If 
we eliminate the parameter, the velocity field for the position vector r = (x, y) is given 
by T = (y, —x), which is the vector field we are presently plotting. 
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FIGURE 15.7a 

(2, 1 + 2xy) 




We show a computer-generated graph of the vector field (2, 1 + 2xy) in 
Figure 15.7a, which suggests some parabolic -like paths. In Figure 15.7b, we sketch two 
of these paths through the points (0, 1) and (0, —1). However, the vectors in Figure 15.7a 
also indicate some paths that look more like cubics, such as the path through (0, 0) 
sketched in Figure 15.7b. In this case, though, it's more difficult to determine equations 
for the flow lines. As it turns out, these are neither parabolic nor cubic. We'll explore 
this further in the exercises. ■ 



A good sketch of a vector field allows us to visualize at least some of the flow lines. 
However, even a great sketch can't replace the information available from an exact equa- 
tion for the flow lines. We can solve for an equation of a flow line by noting that if 
F(x, y) = (f\(x, y), f%(x, y)> is a velocity field and (x(t), y(f)> is the position function, 
then x'(t) = fi(x, y) and y'(t) = fi(x, y). By the chain rule, we have 

dy = dy/dt = y'{t) = f 2 (x, y) 
dx dx/dt x'(t) fi(x,y) 

Equation (1. 1) is a first-order differential equation for the unknown function y(x). We refer 
you to section 8.2, where we developed a technique for solving one group of differen- 
tial equations, called separable equations. In section 8.3, we presented a method (Euler's 
method) for approximating the solution of any first-order differential equation passing 
through a given point. 
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EXAMPLE 1 .6 Using a Differential Equation to Construct Flow Lines 

Construct the flow lines for the vector field (y, —x). 

Solution From (1.1), the flow lines are solutions of the differential equation 

dy x 
dx y 

From our discussion in section 8.2, this differential equation is separable and can be 
solved as follows. We first rewrite the equation as 

dx 

Integrating both sides with respect to x gives us 

f dy f 
I y — dx — — I x dx, 
J dx J 

2 2 

y x 

so that — = h k. 

2 2 

Multiplying both sides by 2 and replacing the constant 2k by c, we have 

2 2 , 

V = —X + C 

2 , 2 

or x~ + y — c. 

That is, for any choice of the constant c > 0, the solution corresponds to a circle 
centered at the origin. The vector field and the flow lines are then exactly as plotted in 
Figures 15.6a and 15.6b. ■ 



In example 1 .7, we illustrate the use of Euler's method for constructing an approximate 
flow line. 



EXAMPLE 1 .7 Using Euler's Method to Approximate Flow Lines 

Use Euler's method with h — 0.05 to approximate the flow line for the vector field 
(2, 1 + 2xy) passing through the point (0, 1), for 0 < x < 1. 

Solution Recall that for the differential equation y' = f{x, y) and for any given value 
of h, Euler's method produces a sequence of approximate values of the solution function 
y — y(x) corresponding to the points x, = xq + ih, for i — 1,2,.... Specifically, 
starting from an initial point (xq, yo), where yo = y(xo), we construct the approximate 
values yt » y(x, ), where the y, 's are determined iteratively from the equation 

y,+i = y t + hf(xj, y^, i — 0, 1, 2, 

Since the flow line must pass through the point (0, 1), we start with xq — 0 and y 0 = 1. 
Further, here we have the differential equation 

dy l+2xy 1 

Tx=^2— = 2 +Xy = fiX > y) - 

In this case (unlike example 1 .6), the differential equation is not separable and you do 
not know how to solve it exactly. For Euler's method, we then have 

y i+ \ - yi + hf(xi, y,) = y t + 0.05 (- + x,y/ 
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2.5 

2 



with Xq — 0, yo — I. For the first two steps, we have 



1 



yi = y 0 + 0.05 ( - + x 0 y 0 ) = ! + 0.05(0.5) = 1.025, 



*i = 0.05, 



yi = yj + 0.05 I - + x m \ = 1.025 + 0.05(0.5 + 0.05125) = 1.0525625 

and #2 = 0.1. Continuing in this fashion, we get the sequence of approximate values 
indicated in the following table. 



1.5- 




Xi 


yi 




Xi 


yi 




Xi 


yi 


1 - 




0 


i 




0.35 


1.2344 




0.70 


1.6577 


0.5- 




0.05 


1.025 




0.40 


1.2810 




0.75 


1.7407 






0.10 


1.0526 




0.45 


1.3316 




0.80 


1.8310 




1 1 1 1 I— ►* 

0.2 0.4 0.6 0.8 1 


0.15 


1.0828 




0.50 


1.3866 




0.85 


1.9293 






0.20 


1.1159 




0.55 


1.4462 




0.90 


2.0363 




FIGURE 15.8 


0.25 


1.1521 




0.60 


1.5110 




0.95 


2.1529 


Approximate flow line through (0, 1) 


0.30 


1.1915 




0.65 


1.5813 




1.00 


2.2801 



A plot of these points is shown in Figure 15.8. Compare this path to the top curve 
(also through the point (0, 1)) shown in Figure 15.7b. ■ 



An important type of vector field with which we already have some experience is the 
gradient field, where the vector field is the gradient of some scalar function. Because of 
the importance of gradient fields, there are a number of terms associated with them. In 
Definition 1 .2, we do not specify the number of independent variables, since the terms can 
be applied to functions of two, three or more variables. 



NOTES 

If you read about conservative 
vector fields and potentials in 
some applied areas (such as 
physics and engineering), you will 
sometimes see the function — / 
referred to as the potential 
function. This is a minor 
difference in terminology, only. In 
this text (as is traditional in 
mathematics), we will 
consistently refer to/as the 
potential function. Rest assured 
that everything we say here about 
conservative vector fields is also 
true in these applications areas. 



DEFINITION 1.2 

For any scalar function/, the vector field F = V/ is called the gradient field for the 
function/. We call/a potential function for F. Whenever F = V / on a region R, for 
some scalar function/ we say that F is a conservative vector field on R. 



Finding the gradient field corresponding to a given scalar function is a simple matter. 



EXAMPLE 1.8 Finding Gradient Fields 

Find the gradient fields corresponding to the functions (a) f(x, y) = x 2 y — e y and 
1 

(b) g(x, y, z) = — = » x, and use a CAS to sketch the fields. 

x 2 + y 2 + z 2 

Solution For (a), we have 



Vf(x,y) = l^,^j = (2xy,x 2 -e>) 



A computer-generated graph of V/(x, y) is shown in Figure 15.9a. 
(b) For g(x, y, z) — (x 2 + y 2 + z 2 ) -1 , we have 



2x 



ox (x z + y z + z ) 
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FIGURE 15.9a 

W(x 2 y - e y ) 



FIGURE 15.9b 

1 



and by symmetry (think about this!), we conclude that 

dg_ 2z 
dz 



x 2 + y 2 + z 2 
dg 2y 



- . This gives us 



(x 2 + y 2 + z 2 ) 2 

Vg(x, y, z) = 



dy (x 2 + y 2 + z 2 ) 2 
2{x, y, z) 



and 



18*' dy' dzl (x 2 + y 2 + z 2 ) 2 ' 
A computer-generated graph of Vg(x, y, z) is shown in Figure 15.9b. 



You will discover that many calculations involving vector fields simplify dramatically 
if the vector field is a gradient field (i.e., if the vector field is conservative). To take full 
advantage of these simplifications, you will need to be able to construct a potential function 
that generates a given conservative field. The technique introduced in example 1 .9 will work 
for most of the examples in this chapter. 



EXAMPLE 1.9 Finding Potential Functions 

Determine whether each of the following vector fields is conservative. If it is, find a 
corresponding potential function f(x, y): (a) F(x, y) = {2xy — 3, x 2 + cos y) and 
(b) G(x, y) = (3x 2 y 2 - 2y, x 2 y - 2x). 

Solution The idea here is to try to construct a potential function. In the process 

of trying to do so, we may instead recognize that there is no potential function for 

the given vector field. For (a), if fix, y) is a potential function for F(x, y), we have that 

V f(x, y) = F(x, y) = (2xy — 3, x z + cosy), 

3/ 3/ 7 

so that — — 2xy — 3 and — —x +cosy. (1-2) 

9x dy 

Integrating the first of these two equations with respect to x and treating y as a constant, 
we get 



f(x,y) = j(2xy-3)dx=x 2 y-3x + g(y). (1.3) 

Here, we have added an arbitrary function of y alone, g(y), rather than a constant of 
integration, because any function of y is treated as a constant when integrating with 
respect to x. Differentiating the expression for f(x, y) with respect to y gives us 

^(x, y) = x 2 + g'OO = x 2 + cos v, 
dy 



986 CHAPTER IS •• Vector Calculus 



15-10 



REMARK I.I 



To find a potential function, you 

3/ 

can either integrate — with 

dx 

V ■ u 

respect to x or integrate — with 

dy 

respect to y. Before choosing 
which one to integrate, think 
about which integral will be 
easier to compute. In 
section 15.3, we introduce a 
simple method for determining 
whether or not a vector field is 
conservative. 



from (1.2). This gives us g'{y) — cos y, so that 

g(y) — J cos y dy — 



sin y + c. 



From (1.3), we now have 



f(x, y) = x y — 3x + sin y + c, 



where c is an arbitrary constant. Since we have been able to construct a potential 
function, the vector field F(x, y) is conservative. 

(b) Again, we assume that there is a potential function g for G(x, y) and try to 
construct it. In this case, we have 



Vg(x, y) — G(x, y) — (3x 2 y 2 — 2y, x z y — 2x) 



so that 



"X 1 2 2 0 a "X 2 0 

— = 3x y — 2y and — — x y — 2x. 

dx dy 



(1.4) 



Integrating the first equation in (1.4) with respect to x, we have 

r 

g(x, y) = I (3x 2 y 2 — 2y) dx — x 3 y 2 — 2yx + h(y), 
where h is an arbitrary function of v. Differentiating this with respect to y, we have 



dy 



(x, y) = 2x 3 y - 2x + h'{y) = x 2 y - 2x, 



from (1.4). Solving for h'(y), we get 

h'(y) — x 2 y — 2x — 2x 3 y + 2x — x 2 y — 2x^y, 

which is impossible, since h(y) is a function of y alone. We then conclude that there is 
no potential function for G(x, y) and so, the vector field is not conservative. ■ 



Coulomb's law states that the electrostatic force on a charge qo due to a charge q is 
qqo 

given by F = — r-u, where r is the distance (in cm) between the charges and u is a unit 

r 2 

vector from q to q 0 . The unit of charge is esu and F is measured in dynes. The electrostatic 
field E is defined as the force per unit charge, so that 

E= — = — u. 

qo r z 

In example 1.10, we compute the electrostatic field for an electric dipole. 



EXAMPLE 1. 10 Electrostatic Field of a Dipole 

Find the electrostatic field due to a charge of + 1 esu at (1, 0) and a charge of —1 esu at 
(-1,0). 



Solution The distance r from (1, 0) to an arbitrary point (x, y) is ^/(x — l) 2 + y 2 and 
a unit vector from (1, 0) to (x, y) is — (x — 1, y). The contribution to E from (1, 0) is 



then 



1 (x-l,y) 



hy) 



[(x - l) 2 + y 2 W 



Similarly, the contribution to E from the 
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0.4 

0.2- 
0. 
-0.2 

-0.4- 



-1 (x + l,y) 



negative charge at (—1, 0) is 

r* r 
terms, we get the electrostatic field 



-(x + l,y) 



E = 



(x-hy) 



[(x + l) 2 + y 2 ] 3 / 2 

(x + hy) 



Adding the two 



[(x - l) 2 + y 2 ] 3 / 2 [(x + l) 2 + y 2 ] 3 / 2 ' 
A computer-generated graph of this vector field is shown in Figures 15.10a to 15.10c. 
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FIGURE 15.10a 



FIGURE 1 5. 1 0b 




FIGURE 15.10c 

Notice that the field lines point away from the positive charge at (1, 0) and toward 
the negative charge at (—1, 0). ■ 



EXERCISES 15.1 



0) 



^WRITING EXERCISES 



1. Compare hand-drawn sketches of the vector fields {y, —x) and 
(10y, — 10jc). In particular, describe which graph is easier to 
interpret. Computer-generated graphs of these vector fields are 
identical when the software "scales" the vector field by divid- 
ing out the 10. It may seem odd that computers don't draw 
accurate graphs, but explain why the software programmers 
might choose to scale the vector fields. 

2. The gravitational force field is an example of an "inverse square 
law." That is, the magnitude of the gravitational force is in- 
versely proportional to the square of the distance from the 
origin. Explain why the | exponent in the denominator of 
example 1.4 is correct for an inverse square law. 

3. Explain why each vector in a vector field graph is tangent 
to a flow line. Explain why this means that a flow line can 



be visualized by joining together a large number of small 
(scaled) vector field vectors. 

4. In example 1.9(b), explain why the presence of the x's in 
the expression for g'(y) proves that there is no potential 
function. 



In exercises 1-10, sketch the vector field by hand. 

1. F(x,y)=(-y,x) 

2. F(x, y) - 



3. F(x,y) = (0,x 2 ) 

4. F(jc, y) = (2x, 0) 
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5. F(je, y) = 

6. F(x, y) = 

7. F(x,y,z)> 

8. F(x,y,z) 

9. F(x,y,z)' 
10. F(x,y,z) 



-(x - l)i + (y - 2)j 

-!+(>.- 2)j 

= (0,z,l) 

= (2, 0, 0) 

(*■ y- z) 
x/x 2 + y 2 + z 2 

O.y.z) 
' x 2 + y 2 + z 2 



11. Match the vector fields F1-F4 with graphs A-D. 

(x, y) 



Fi(x, y) : 



F 2 (x,y) = {x,y). 



^Ty 2 

F i (x,y) = { e y,x), F 4 (*,y) = (e*,y> 



1.5 



-1.5 







_N ^ — ~ 






- , s / 


\ v » - 






- . / / 


\ \ » » 




V > * ' 
"t 1 * * 
1 ll ' 1 " 


. , t r 
. 1 1 1- 
' 1 ' 1' ! _ 


1.5 0 1.5 



53 ; 



1-5 K_ 



\ \ \ 

N. \ \ \ 



/ / / / 



-1.5 



0 



\ t / f 

\ / / /- 



\ \ \ V 



1.5 



GRAPH A 



GRAPH B 



1.5 



-1.5 



,-■ 


,-" 


* * < t 

■1 tl lit 


\ \ \ \ 

\ t I \\ r 



1.5 



-1.5 



-1.5 



0 1.5 

x 



-1.5 



1.5 



GRAPH C 



GRAPH D 



12. Match the vector fields F1-F4 with graphs A-D. 

Fi(x, y, z) = (1, JC, y), F 2 (x,y,z) = (1,1, y), 

(y.-x,0) (z, 0, -x) 
F 3 (jc, y, z) = — ,F 4 (x, y, z) = — . 




GRAPH A 





GRAPH C 



GRAPH D 



In exercises 13-16, sketch the vector field, find equations for the 
flow lines and sketch several flow lines on top of the vector field. 



13. (2, cosx) 
15. <y,*) 



14. (x 2 ,2) 
16. (e y ,x) 



17. Sketch the vector field (4x, 3x 2 y — 2xy 2 ) and several flow 
lines. What is unusual about the flow lines that connect to 
the point (0, 1)? 

) 18. Repeat exercise 17 for the vector field (2x, xy 2 — 2x 3 ). 

In exercises 19-28, find the gradient field corresponding to /. 

19. f(x,y) = x 2 + y 2 20. f(x, y) = In (x 2 + y 2 ) 

21. f{x, y) = V* 2 + y 2 22. f{x, y) = sin(x 2 + y 2 ) 

23. fix, y) = xe-* y 24. fix, y) = (x + y) sin" 1 x 

25. fix, y,z) = ,/x 2 + y 2 + z 2 26. /(x, y, z) = x 2 ;y + yz 

x 2 y 2x 



27. /(*,y,z) = 



x 2 + z 2 



28. /(*,y,z) = 



v / x 2 Ty 2 Tz 2 



In exercises 29-40, determine whether or not the vector field is 
conservative on R 2 or K 3 . If it is, find a potential function. 



29. 


(y,x) 


30. 


(2, y) 






31. 


O. -x) 


32. 


O, 1) 






33. 


(x - 2xv)i + (y 2 - x 2 )j 


34. 


(x 2 - y)i + (x 


- y)j 




35. 


(y sin xy, x sinxv) 


36. 


(y cosx, sinx 


-y) 




37. 


(Ax — z, 3y + z, y — x) 


38. 


(z 2 + 2xv, x 2 


— z, 2xz — 


1) 


39. 


(y 2 z 2 - \,2xyz 2 Az 3 ) 


40. 


(z 2 + 2xy, x 2 


+ 1, 2xz - 


3) 



GRAPH B 



In exercises 41-46, find equations for the flow lines. 

41. (2j,3x 2 ) 42. (-,2x) 

43. yi + xe y ] 44. e~*i + 2xj 

45. (y, y 2 + 1) 46. (2, y 2 + 1) 
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In exercises 47-54 , use the notation r = {x,y) and 
r = ||i || = /cH?. 

47. Show that V(r) =-. 48. Show that V(r 2 ) = 2r. 

r 

49. FindVtr 3 ). 

50. Use exercises 47-49 to conjecture the value of V(r"), for any 
positive integer n. Prove that your answer is correct. 

51. Show that — — - is not conservative. 

r 

(-y,x) 

52. Show that — is conservative on the domain y > 0 by 

r 2 

finding a potential function. Show that the potential function 
can be thought of as the polar angle 6 . 

53. The current in a wire produces a magnetic field B = — - — ^ — - . 
Draw a sketch showing a wire and its magnetic field. 

54. Showthat — = — J 1 ' ' V j — - isconservative,foranyinteeer«. 

r" (x 2 + y 2 yl 2 



55. Suppose that f(x), g(y) and h(z) are continuous functions. 
Show that (/(x), g(y), h{z)) is conservative, by finding a po- 
tential function. 

56. Show that (k\, k 2 ) is conservative, for constants ki and k 2 . 



0> APPLICATIONS 

57. A two-dimensional force acts radially away from the origin 
with magnitude 3. Write the force as a vector field. 

58. A two-dimensional force acts radially toward the origin with 
magnitude equal to the square of the distance from the origin. 
Write the force as a vector field. 

59. A three-dimensional force acts radially toward the origin with 
magnitude equal to the square of the distance from the origin. 
Write the force as a vector field. 

60. A three-dimensional force acts radially away from the z-axis 
(parallel to the xy-plane) with magnitude equal to the cube of 
the distance from the z-axis. Write the force as a vector field. 

61. Derive the electrostatic field for positive charges q at (— 1, 0) 
and (1,0) and negative charge — q at (0, 0). 

62. The figure shows the magnetic field of the Earth. Compare this 
to the electrostatic field of a dipole shown in example 1.10. 



Inner Van Outer Van 

Allen belt Allen belt 




Magnetic field lines 



63. If T(x, y, z) gives the temperature at position (x, y, z)in space, 
the velocity field for heat flow is given by F = —kVT for a 



constant k > 0. This is known as Fourier's law. Use this vec- 
tor field to determine whether heat flows from hot to cold or 
vice versa. Would anything change if the law were F = kVT 1 . 

64. An isotherm is a curve on a map indicating areas of constant 
temperature. Given Fourier's law (exercise 63), determine the 
angle between the velocity field for heat flow and an isotherm. 




^ EXPLORATORY EXERCISES 

1. Show that the vector field F(x, y) — {y, x) has potential func- 
tion f(x, y) — xy. The curves f(x, y) — c for constants c are 
called equipotential curves. Sketch equipotential curves for 
several constants (positive and negative). Find the flow lines 
for this vector field and show that the flow lines and equipo- 
tential curves intersect at right angles. This situation is com- 
mon. To further develop these relationships, show that the po- 
tential function and the flow function g(x, y) — |(y 2 — x 2 ) 
are both solutions of Laplace's equation V 2 « = 0 where 

V 2 M = U xx + Uyy. 

2, In example 1.5, we graphed the flow lines for the vector field 
(2, 1 + 2xy) and mentioned that finding equations for the flow 
lines was beyond what's been presented in the text. We develop 
a method for finding the flow lines here by solving linear or- 
dinary differential equations. We will illustrate this for an 
easier vector field, {x,2x — y). First, note that if x'(t) — x and 
y'(t) — 2x — y, then 

dy_ _ 2x-y = 2 _y_ 

dx x x 

The flow lines will be the graphs of functions y(x) such 
that y'(x) = 2---,or y' + l -y = 2. The left-hand side of the 
equation should look a little like a product rule. Our main 
goal is to multiply by a term called an integrating factor, 
to make the left-hand side exactly a product rule derivative. 
It turns out that for the equation y' + f(x)y — g(x), an in- 
tegrating factor is e' f ( - x}dx . In the present case, for x > 0, we 
have e-f l/xdx = e lnx = x. (We have chosen the integration con- 
stant to be 0 to keep the integrating factor simple.) Multiply 
both sides of the equation by x and show that xy' + y — 2x. 
Show that xy' + y — (xy)'. From (xy)' — 2x, integrate to get 
xy — x 2 + c, or y — x + - . To find a flow line passing through 
the point (1,2), show that c — 1 and thus, y — x + - . To find a 
flow line passing through the point (1, 1), show that c — 0 and 
thus, y — x. Sketch the vector field and highlight the curves 
y = x + - and y = x. 
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15.2 LINE INTEGRALS 





FIGURE 15.1 I 

A helical spring 



In section 5.6, we showed that for a thin rod with variable mass density, p(x), extending from 
x — a to x — b, the mass of the rod is given by f b p(x) dx. However, to find the mass of a 
three-dimensional object, such as the helical spring in Figure 1 5 . 1 1 , we must extend this idea 
to three dimensions. Here, the density function has the form p{x, y, z) (where p is measured 
in units of mass per unit length). We assume that the object is in the shape of a curve C that 
is oriented, which means that there is a direction to the curve. We assume that C starts at the 
point (a, b, c) and ends at (d, e, /). We first partition the curve into n pieces with endpoints 
(a, b, c) = (x 0 , y 0 , z 0 ), Oi, yi,Zi), (x 2 , y 2 , Z 2 ), ■ ■ • , (*„, y„, Z„) = (d, e, /), as indicated in 
Figure 15.12. We denote the point (x, , y, , z, ) by P, and the section of the curve C extending 
from jP,- i to Pi by C, for each i — 1,2, ... ,n. Note that if the segment C, is small enough, 
we can consider the density to be constant on C, . In this case, the mass of this segment 
would simply be the product of the density and the length of C\. For some point (x* , y* , z*) 
on C,, we approximate the density on C ( - by p(x*, y* , z*). The mass of the section C, is 
then approximately 




fe> yi, z 2 ) 



FIGURE 15.12 

Partitioned curve 



p(x*,y*,z*)A Si , 

where As,- represents the arc length of Q. The mass m of the entire object is then approxi- 
mately the sum of the masses of the n segments, 

n 

m « ^2p(x*, y*, z*)Asi. 
i=i 

You should expect that this approximation will improve as we divide the curve into more 
and more segments that are shorter and shorter in length. Finally, taking the norm of the 
partition ||P|| to be the maximum of the arc lengths As,-(i = 1,2, ... ,n), we have 



m= lim p(x* , y* , z*) As,- , 



(2.1) 



provided the limit exists and is the same for every choice of the evaluation points 
(x*,y*,z*)(i = \,2,...,n). 

Note that (2. 1) looks like the limit of a Riemann sum (an integral). As it turns out, this 
limit arises naturally in numerous applications. We pause now to give this limit a name and 
identify some useful properties. 



DEFINITION 2.1 

The line integral of f(x,y,z) with respect to arc length along the oriented curve C 
in three-dimensional space, written f c f(x, y, z) ds, is defined by 

£ f(x, y, z) ds = \im Q £ f(x*, y*, z*) &s t , 

provided the limit exists and is the same for all choices of evaluation points. 



We define line integrals of functions f(x, y) of two variables along an oriented curve C 
in the xy-plane in a similar way. If we can represent the curve C using parametric equations, 
Theorem 2. 1 allows us to evaluate the line integral as a definite integral of a function of one 
variable. 
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THEOREM 2.1 (Evaluation Theorem) 

Suppose that f(x, y, z) is continuous in a region D containing the curve C and that C 
is described parametrically by (x(t), y(t), z(t)), for a < t < b, where x(t), y(t) and 
z(t) have continuous first derivatives. Then, 

J fix, y, z)ds = J /(,(,), y (t), z(t)W[x'(t)] 2 + [y'(t)] 2 + [z'(t)] 2 dt. 

Suppose that f(x, y) is continuous in a region D containing the curve C and that C is 
described parametrically by (x(t), y(t)), for a < t < b, where x{t) and y{t) have 
continuous first derivatives. Then 

£ f{x, y)ds = /(*(*), y(t)W[x'(t)] 2 + [y'(t)] 2 dt. 



PROOF 

We prove the result for the case of a curve in two dimensions and leave the three-dimensional 
case as an exercise. From Definition 2.1 (adjusted for the two-dimensional case), we have 




(2.2) 



where As, represents the arc length of the section of the curve C between (x ( _i, 
and (Xi, yi). Choose to, t\, . . . , f„ so that x(t{) — x,- and y(fi) — y,, for i = 0, 1, . . . , n. We 
approximate the arc length of such a small section of the curve by the straight-line distance: 

As,- » V (*f - Jf/-i) 2 + (J; - Ji-i) 2 - 

Further, since x(r) and y(f) have continuous first derivatives, we have by the Mean Value 
Theorem (as in the derivation of the arc length formula in section 10.3), that 

A* « >/(■*/ -*/-i) 2 + 0'/-3'/-i) 2 « yW)] 2 + [/a*)] 2 Ar/, 
for some t* e (/,_i, ?,). Together with (2.2), this gives us 

f f(x,y)ds= lim T f{x(t*), y(t*))V^W? + [y'(tt)] 2 Ati 

b 

f(x(t), y(t)W[x'(t)] 2 + [yWdt. 

m 

A curve C is called smooth if it satisfies the hypotheses of Theorem 2.1 and one 
additional condition. Specifically, C is smooth if it can be described parametrically 
by x — x(t), y = y(t) and z = z(t), for a < t < b, where x(t), y(t) and z(t) all have 
continuous first derivatives and [x'(t)] 2 + [y'(t)] 2 + [z'{t)] 2 ^ 0 on the interval [a,b]. 
Similarly, a plane curve is smooth if it can be parameterized by x — x{t) and y = y(t), for 
a < t < b, where x(t) and y(t) have continuous first derivatives and [.t'(?)] 2 + [y'( ? )] 2 7^ 0 
on the interval [a,b]. 

Notice that for curves in space, Theorem 2. 1 says essentially that the arc length element 
ds can be replaced by 

ds = vV(r)] 2 + [/(OP + lz'(t)] 2 dt. (2.3) 

The term ^J[x'{t)] 2 + [y'(t)] 2 + [z'(f)] 2 m the integral should be very familiar, having been 
present in our integral representations of both arc length and surface area. Likewise, for 
curves in the plane, the arc length element is 

ds = y/[x'(t)] 2 +[y'(t)] 2 dt. (2.4) 
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FIGURE 15.13 

The helix x — 2 cos t , y — t, 
z = 2 sin?, 0 < t < 6n 



EXAMPLE 2. 1 Finding the Mass of a Helical Spring 

Find the mass of a spring in the shape of the helix defined parametrically by 
x — 2 cos t, y = t, z — 2 sinf , for 0 < t < 6n, with density p(x, y, z) — 2y. 

Solution A graph of the helix is shown in Figure 15.13. The density is 

p(x, y, z) — 2y — 2t, 

and from (2.3), the arc length element ds is given by 

y ds = vV(r)] 2 + [y'(t)] 2 + [z'(t)] 2 dt = V(-2 sin t) 2 + (l) 2 + (2 cos t) 2 dt = <Sdt, 

where we have used the identity 4 sin 2 t + 4 cos 2 1 — 4. By Theorem 2. 1 , we have 



mass 



-L 



p(x, y, z)ds 



p 6jt _ p€ 

= / 2t yfldt = 2V5 / 

Jo 1 — " — ' Jo 

p(.<c,y.z) ds 



tdt 



2^5^ = 36* V5. 
2 



We should note that most line integrals of the type defined in Definition 2.1 are too 
complicated to evaluate exactly and will need to be approximated with some numerical 
method, as in example 2.2. 




EXAMPLE 2.2 Evaluating a Line Integral with Respect to Arc Length 

Evaluate the line integral f c (2x 2 — 3yz)ds, where Cis the curve defined 
parametrically by x — cos t, y = sinf, z = cos t with 0 < t < 2tt. 

Solution A graph of C is shown in Figure 15.14. The integrand is 



f(x, y, z) — 2x 2 — 3yz — 2 cos 2 t — 3 sin t cos t . 



From (2.3), the arc length element is given by 



ds = J[x'(t)] 2 + [y'(t)] 2 + [z'(t)] 2 dt 

FIGURE 15 14 = V (-sin t) 2 + (cos t ) 2 + (-sin t ) 2 dt — V 1 + sin 2 tdt, 

The curve x — cost, y — sin t , 

z = cos t with 0 < t < 2tt where we have used the identity sin 2 1 + cos 2 1 — 1 . By Theorem 2. 1, we now have 



f (2x 2 - 3yz) ds = [ (2 cos 2 t - 3 sin t cos t ) V 1 + sin 2 t dt « 6.9922, 
Jc Jo 1 • " • ' 

2x 2 - 2yz ds 

where we approximated the last integral numerically. ■ 



In example 2.3, you must find parameteric equations for the (two-dimensional) curve 
before evaluating the line integral. Also, you will discover an important fact about the 
orientation of the curve C. 



EXAMPLE 2.3 Evaluating a Line Integral with Respect to Arc Length 

Evaluate the line integral f c 2x 2 y ds, where C is (a) the portion of the parabola y — x 2 
from (—1, 1) to (2, 4) and (b) the portion of the parabola y — x 2 from (2, 4) to (—1, 1). 
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y 



y 




4- 



4- 



H >X 



-2 



-1 



FIGURE 15. 15a 

y = jc 2 from (-1, 1) to (2, 4) 



FIGURE 15. 15b 

y = x 2 from (2, 4) to (-1, 1) 



Solution (a) A sketch of the curve is shown in Figure 15.15a. Taking x — t as the 
parameter (since the curve is already written explicitly in terms of x), we can write 
parametric equations for the curve as x — t and y = f 2 , for —1 < t < 2. Using this, the 
integrand becomes 2x 2 y = 2r 2 r 2 = 2r 4 and from (2.4), the arc length element is 



where we have again evaluated the integral numerically (although in this case a good 
CAS can give you an exact answer). 

(b) The curve is the same as in part (a), except that the orientation is backward. 
(See Figure 15.15b.) In this case, we represent the curve with the parametric equations 
x — — t and y = t 2 , for —2 < t < 1. Observe that everything else in the integral 
remains the same and we have 



as before. ■ 

Notice that in example 2.3, the line integral was the same no matter which orientation 
we took for the curve. It turns out that this is true in general for all line integrals defined by 
Definition 2.1 (i.e., line integrals with respect to arc length). 

Notice that Theorem 2. 1 requires the curve C to be smooth. Although many curves of 
interest are not smooth, we can extend the result of Theorem 2. 1 to the case where C is a 
union of a finite number of smooth curves: 



where each of C\, C%, ■ ■ ■ , C„ is smooth and where the terminal point of C, is the same as 
the initial point of C, + i, for i — 1,2, ...,n— 1. We call such a curve Cpiecewise-smooth. 
Notice that if C\ and Ci are oriented curves and the endpoint of C\ is the same as the initial 
point of Co, then the curve C\ U C2 is an oriented curve with the same initial point as C\ 
and the same endpoint as Co- (See Figure 15.16.) The results in Theorem 2.2 should not 



ds = J[x'(t)] 2 + [y'(t)] 2 dt = jl+4t 2 dt. 



The integral is now written as 





C = Ci u c 2 u • •• u c„, 
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seem surprising. Here, for an oriented curve C in two or three dimensions, the curve — C 
denotes the same curve as C, but with the opposite orientation. 



THEOREM 2.2 

Suppose that f(x, y, z) is a continuous function in some region D containing the 
oriented curve C. Then, if C is piecewise-smooth, with C — C\ U Ci U • • ■ U C„ , 
where C\, C%, . . . , C n are all smooth and where the terminal point of C, is the same 
as the initial point of C, + i, for i — 1, 2, — 1, we have 

(i) 

J f(x,y,z)ds = j f(x,y,z)ds 

and (ii) 

/ f(x,y,z)ds — / f(x,y,z)ds + / f(x,y,z)ds-\ h / f(x,y,z)ds. 

Jc Jc, Jc 2 Jc„ 



We leave the proof of the theorem as an exercise. Notice that a corresponding result 
will hold in two dimensions. We use part (ii) of Theorem 2.2 in example 2.4. 




FIGURE 15.17 

Piecewise-smooth curve 



EXAMPLE 2.4 Evaluating a Line Integral over 
a Piecewise-Smooth Curve 

Evaluate the line integral f c (3x — y) ds, where C is the line segment from (1, 2) to 
(3, 3), followed by the portion of the circle x 1 + y 2 — 18 traversed from (3, 3) 
clockwise around to (3, —3). 

Solution A graph of the curve is shown in Figure 15.17. Notice that we'll need to 
evaluate the line integral separately over the line segment C\ and the quarter-circle C%. 
Further, although C is not smooth, it is piecewise-smooth, since C\ and C2 are both 
smooth. We can write C\ parametrically as x — 1 + (3 — l)t — 1 + 2t and 
y = 2 + (3 — 2)t — 2 + r, for 0 < t < 1. Also, on C\, the integrand is given by 

3x - y = 3(1 + It) - (2 + 1) = 1 + 5t 

and from (2.4), the arc length element is 

ds = V(2) 2 + (l) 2 dt = VEdt. 

Putting this together, we have 

f f(x,y)ds=f (1 +5r) V5dt = 7 -V5. (2.5) 
Jc, Jo 1 — ■ — ' 2 

f(x, y) ds 

Next, for C%, the usual parametric equations for a circle of radius r oriented 
counterclockwise are x(t ) = r cos t and y(t) = r sin t . In the present case, the radius is 
VT8 and the curve is oriented clockwise, which means that y(t) has the opposite sign 
from the usual orientation. So, parametric equations for C2 are x(t) — */l8 cos t and 
y(t) — — y/lS sin t . Notice, too, that the initial point (3, 3) corresponds to t — — j and 
the endpoint (3, —3) corresponds to t = j. Finally, on C-i, the integrand is 



3x - y — 3^18 cos t + Vl8 sin t 
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and the arc length element is 



ds 



dt, 



= vT8sini) + (-Vl8cosf) dt = Vl8 
where we have again used the fact that sin 2 1 + cos 2 t — 1. This gives us 

f f{x,y)ds= f ' (37l8cosr + yi8sinr)yi8<if = 54^2. (2.6) 



/(*■ y) 



Combining the integrals over the two curves, we have from (2.5) and (2.6) that 

f f(x,y)ds= ( f(x,y)ds+ [ fix, y) ds = 7 - a/5 + 54a/2. 
Jc Jc, Jc, 1 ■ 



Next, we develop a geometric interpretation of the line integral. Recall that for 

fix) > 0, f b f(x)dx measures the area under the curve y = fix) on the interval [a, b], 

shaded in Figure 15.18a. Likewise, if fix, y) > 0, f c fix, y) ds measures the surface area 

of the shaded surface indicated in Figure 15.18b. (Look at the sums defining the line inte- 
rs 

gral to see why this makes sense.) In general, j a fix) dx measures signed area [positive if 
fix) > 0 and negative if fix) < 0] and the line integral f c fix, y) ds measures the (signed) 
surface area of the surface formed by vertical segments from the xy-plane to the graph of 
z = fix, y). 




FIGURE 15.18a 



FIGURE 15.18b 

fc fix, y)ds 



Theorem 2.3, whose proof we leave as a straightforward exercise, gives some geometric 
significance to line integrals in both two and three dimensions. 



THEOREM 2.3 

For any piecewise-smooth curve C (in two or three dimensions), f c 1 ds gives the arc 
length of the curve C. 



Recall that if a constant force /is exerted to move an object a distance d in a straight 
line, the work done is given by W — f ■ d. In section 5.6, we extended this to a variable 
force fix) applied to an object as it moves in a straight line from x — a to x — b, where 
the work done by the force is given by 



W 



f 

J a 



f(x)dx. 
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We now extend this idea to find the work done as an object moves along a curve in three 
dimensions. Here, force vectors are given by the values of vector fields (force fields) and we 
want to compute the work done on an object by a force field F(x, y, z), as the object moves 
along a curve C. We begin by partitioning the curve C into n segments Ci , C2 , ■ ■ ■ , C n . Notice 

that on each segment C; (i = 1, 2 n), if the segment is small and F is continuous, then 

F will be nearly constant on C, and so, we can approximate F by its value at some point 
(xf, yf, zf) on C,. The work done along C, (call it W,) is then approximately the same as 
the product of the component of the force F(x*, yf, zf) in the direction of the unit tangent 
vector T(x, y, z) to C at (xf, yf, zf) and the distance traveled. That is, 

Wi *F(xf,y*,zt)-T(x*,y*,z*)Asi, 

where As, is the arc length of the segment C, . Now, if C, can be represented parametric ally 
by x = x(t), y = y(t) and z = z(t), for a < t < b, and assuming that C, is smooth, we have 

Wi « F(x*, yf, zf) ■ T(xf, yf, z*) As,- 

= F(x f> *> z * } - ^ ™> z ' (t * )} vmw + mw + mw * 

V[x'(ff)] 2 + ly'it*)] 2 + bff 
= F(xf, yf, zf) ■ (x'(tf), y'{tf), z'{t*)) At, 

where (jcf, yf, z*) = (x(tf), y(tf), z(tf)). Next, if 

F(x, y, z) = (Fiix, y, z), F 2 (x, y, z), F 3 (x, y, z)>, 

we have 

Wi « {F,{xf, yf, zf), F 2 (xf, yf, zf), F 3 (xf, yf, zf)) ■ (x'(tf), y'(tf), z'(tf)) At. 

Adding together the approximations of the work done over the various segments of C, we 
have that the total work done is approximately 



Finally, taking the limit as the norm of the partition of C approaches zero, we arrive at 

// 

W = „fe 0 E F(- T ,*> yf, z*) ■ (x'(tf), y'(tf), z'(tf)) At 

i=\ 
n 

= lim () E [Fdxf, yf, zf)x'(tf) At + F 2 (xf , yf, z*)y'(tf) At 

i=\ 

+ F 3 (xf,yf,z*)z'(t*)At] 
= f F l (x{t),y(t),z(t))x'(t)dt+ f F 2 (x{t),y(t),z(t))y'(t)dt 

J a J a 

+ f F 3 (x(t),y(t),z(t))z'(t)dt. (2.7) 



We now define line integrals corresponding to each of the three integrals in (2.7). 

In Definition 2.2, the notation is the same as in Definition 2.1, with the added terms 
Ax,- - x,- - x t -u Ay,- = y,- - y,_i and Azi = z; - Z;_i. 
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DEFINITION 2.2 

The line integral of f(x,y,z) with respect to x along the oriented curve C in 
three-dimensional space is defined by 

f fix, y, z)dx = lim JT fix*' yf, 
Jc IkIKo*— j< 

provided the limit exists and is the same for all choices of evaluation points. 

Likewise, we define the line integral of fix, j, z) with respect to y along C by 

/ fix,y,z)dy= lim £ /(*♦, y* , z*) Av« 

and the line integral of fix, y, z) with respect to z along C by 

f fix, y, z) dz = lim £ /(**, y*, z*) A Zi . 
Jc ll-^ll— i= | 

In each case, the line integral is defined whenever the corresponding limit exists and 
is the same for all choices of evaluation points. 



If we have a parametric representation of the curve C, then we can rewrite each 
line integral as a definite integral. The proof of Theorem 2.4 is very similar to that of 
Theorem 2.1 and we leave it as an exercise. 



THEOREM 2.4 (Evaluation Theorem) 

Suppose that fix, y, z) is continuous in a region D containing the curve C and that C 
is described parametrically by x — xit), y = y(t) and z = z(t), where t ranges from 
t — a to t — b and xit), y(f) and z(f) have continuous first derivatives. Then, 

j f(x,y,z)dx = j fixit),yit),zit))x'it)dt, 

j fix,y,z)dy = j f(x(t),y(t),z(t))y'(t)dt and 

J fix, y, z) dz = jf /(*(*), yit), z(0) z'it) dt. 



Before returning to the calculation of work, we will examine some simpler examples. 
Unlike line integrals with respect to arc length, we find in example 2.5 that line integrals 
with respect to x, y or z change sign when the orientation of the curve changes. 



EXAMPLE 2.5 Calculating a Line Integral in Space 

Compute the line integral f c i4-xz + 2y) dx, where C is the line segment (a) from 
(2, 1, 0) to (4, 0, 2) and (b) from (4, 0, 2) to (2, 1, 0). 

Solution First, parametric equations for C for part (a) are 

x = 2 + (4 - 2)t = 2 + 2t, 
y = l + (0- l)f = 1 - t and 
z = 0 + (2 - 0)t = It, 
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for 0 < t < 1 . The integrand is then 

4xz + 2y = 4(2 + 2t)(2t) + 2(1 - t) = 16f 2 + 14? + 2 
and the element dx is given by 

c/x - x'(t)dt — 2dt. 

From the Evaluation Theorem, the line integral is now given by 

f f ^ 86 

/ (4xz + 2y)dx = / (16f 2 + Ut + 2) (2)dt = — . 

For part (b), you can use the fact that the line segment connects the same two points as 
in part (a), but in the opposite direction. The same parametric equations will then work, 
with the single change that t will run from t = 1 to t = 0. This gives us 

(4xz + 2y)dx = J (I6t 2 + Ut + 2)(2)dt = - — , 

where you should recall that reversing the limits of integration changes the sign of the 
integral. ■ 

Theorem 2.5 corresponds to Theorem 2.2 for line integrals with respect to arc length, 
but pay special attention to the minus sign in part (i). We state the result for line integrals 
with respect to x, with corresponding results holding true for line integrals with respect to 
y or z, as well. We leave the proof as an exercise. 



NOTES 

As a convenience, we will usually 
write 

j f(x,y,z)dx+j g(x,y,z)dy 



L 



+ / h(x,y,z)dz 



f(x,y,z)dx + g(x,y,z)dy 
+ h(x, y, z)dz- 



THEOREM 2.5 

Suppose that f(x, y, z) is a continuous function in some region D containing the 
oriented curve C. Then, the following hold. 

(i) If C is piecewise-smooth, then 

J f(x,y,z)dx — —j f(x,y,z)dx. 

(ii) If C = Ci U Ci U • • • U C„, where C\, C2, ■ ■ ■ , C„ are all smooth and the 
terminal point of C, is the same as the initial point of C, + i, for i = 1,2, ... , 
11 — 1 , then 



j f(x,y,z)dx 



Ic, 



f(x, y, z) dx 



/ f(x,y,z)dx 



j f(x,y,z)dx. 



Line integrals with respect to x, y and z can be very simple when the curve C consists 
of line segments parallel to the coordinate axes, as we see in example 2.6. 



EXAMPLE 2.6 Calculating a Line Integral in Space 

Compute f c 4x dy + 2y dz, where C consists of the line segment from (0, 1, 0) to 

(0, 1, 1), followed by the line segment from (0, 1, 1) to (2, 1, 1) and followed by the line 

segment from (2, 1, 1) to (2, 4, 1). 

Solution We show a sketch of the curves in Figure 15.19. Parametric equations for 
the first segment C\ are x — 0, y — 1 and z — t with 0 < t < 1. On this segment, we 
have dy — Odt and dz — 1 dt. On the second segment C2, parametric equations are 
x — 2t , y — 1 and z = 1 with 0 < t < 1 . On this segment, we have dy — dz — 0 dt . 
On the third segment, parametric equations arex=2,y = 3f + l and z — 1 with 
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FIGURE 15.19 

The path C 



0 < t < 1. On this segment, we have dy — 3dt and dz — Odt. Putting this all together, 
we have 

/ 4x dy + 2ydz= 4x dy + 2y dz+ 4x dy + 2ydz+ 4x dy + 2y dz 
Jc Jc x Jc 2 Jc, 



f 

Jo 



/ [4(0)^+20)^]^ 

4.v y'(t) 2y z'(t) 4x y '(t) 2y z'(t) 

+ j [^^ + 2£^-M)J0)J</r 

4.v /CO 2v z>(t) 



I 



26 dt - - 26. 



Notice that a line integral will be zero if the integrand simplifies to 0 or if the variable 
of integration is constant along the curve. For instance, if z is constant on some curve, then 
the change in z (given by dz) will be 0 on that curve. 

Recall that our motivation for introducing line integrals with respect to the three 
coordinate variables was to compute the work done by a force field while mov- 
ing an object along a curve. From (2.7), the work performed by the force field 
F(x, y, z) = (Fi(x, y, z), F2(x, y, z), F$(x, y, z)) along the curve defined parametrically 
by x — x(f), y — y(t), z = z(t), for a < t < b, is given by 

f> b nb 

W= F l (x(t),y(t),z(t))x'(t)dt+ F 2 (x(t),y(t),z(t))y'(t)dt 

•J a J a 



J a 



F 3 (x(t),y(t),z(t))z'(t)dt, 
which we can rewrite using Theorem 2.4, to obtain 
W 



— j Fi(x, y, z)dx + J F 2 (x,y,z)dy + J F 3 (x,y, z)dz. 

Since we use r = xi + yj + zk, we define 

dr = dxi + dyj + dzk or dr = {dx,dy,dz). 

For a vector field F(x, y, z) = (Fi(x, y, z), F 2 {x, y, z), F 3 (x, y, z)>, we now define the line 
integral 

J F(x,y,z)-dr= J F x (x, y, z)dx + F 2 (x, y, z)dy + F 3 (x, y, z)dz 



- j F l (x,y,z)dx + j F 2 (x,y,z)dy + j F 3 (x, 



y, z) dz. 



In the case where F(x, y, z) is a force field, the work done by F in moving a particle along 
the curve C can be written simply as 



W 



J F(x,y,z)-dr. 



(2.8) 



Notice how the different parts of f c F{x, y, z) ■ dr correspond to our knowledge of work. 
The only way in which the x-component of force affects the work done is when the object 
moves in thex-direction(i.e., whencfx ^ 0). Similarly, the y-component of force contributes 
to the work only when dy ^ 0 and the z-component of force contributes to the work only 
when dz ^ 0. 



EXAMPLE 2.7 Computing Work 

Compute the work done by the force field F(x, y , z) — (4y, 2xz, 3y) acting on an object 
as it moves along the helix defined parametrically by x = 2 cos t , y = 2 sin t and 
z = 3r, from the point (2, 0, 0) to the point (-2, 0, 3jt). 
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Solution From (2.8), the work is given by 
W 



J F(x,y,z)-dr= J 4ydx +2xzdy + 3ydz. 



We have already provided parametric equations for the curve, but not the range of 
f-values. Notice that (2, 0, 0) corresponds to t — 0 and (—2, 0, 3n) corresponds to 
t — n . Substituting in for x, y, z and dx — —2 sinf dt, dy = 2 cos t dt and dz — 3dt, 
we have 



W 



— j 4y dx + 2xz dy + 3y dz 



- J [4(2 sin t) (-2 sin t) + 2(2 cos 0(3?) (2 cos t ) + 3(2 sin t) (3) ] dt 

4y *'(/) 2xz /(f) 3y z'(t) 



f 



(-16 sin 2 ? + 24? cos 2 f + 18 sin t)dt — 36 - %n +6n 2 , 



where the details of the integration are left to the reader. 



We compute the work performed by a two-dimensional vector field in the same way as 
we did in three dimensions, as we illustrate in example 2.8. 



EXAMPLE 2.8 Computing Work 

Compute the work done by the force field F(x, y) — (y, —x) acting on an object as it 
moves along the parabola y — x 2 — 1 from (1, 0) to (—2, 3). 

Solution From (2.8), the work is given by 

W = y ¥{x,y)-dr — j ydx—xdy. 

Here, we use x — t and y — f 2 — 1 as parametric equations for the curve, with t ranging 
from t = 1 to t = —2. In this case, dx — 1 dt and dy ~ 2t dt and the work is 

W = j ydx -xdy = j [(t 2 - 1)(1) - (t)(2t)] dt = jT (-? 2 - l)<if = 6. 



A careful look at example 2.8 graphically will show us an important geometric in- 
terpretation of the work line integral. A computer-generated graph of the vector field 
F(x, y) = (y, —x) is shown in Figure 15.20. Thinking of ¥(x, y) as describing the ve- 
locity field for a fluid in motion, notice that the fluid is rotating clockwise. In Figure 15.21, 
we superimpose the curve x — t, y — t 2 — 1, —2 < t < 1, onto the vector field F(x, y). 
Notice that an object moving along the curve from (1, 0) to (—2, 3) is generally moving in 
the same direction as that indicated by the vectors in the vector field. If F(x, y) represents a 
force field, then the force pushes an object moving along C, adding energy to it and therefore 
doing positive work. If the curve were oriented in the opposite direction, the force would 
oppose the motion of the object, thereby doing negative work. 



FIGURE A 



EXAMPLE 2.9 Determining the Sign of a Line Integral Graphically 

In each of the following graphs, an oriented curve is superimposed onto a vector field 
F(x, y). Determine whether f c F(x, y) ■ dr is positive or negative. 

Solution In Figure A, the curve is oriented in the same direction as the vectors, so 
the force is making a positive contribution to the object's motion. The work done by the 
force is then positive. In Figure B, the curve is oriented in the opposite direction as 
the vectors, so that the force is making a negative contribution to the object's motion. 
The work done by the force is then negative. In Figure C, the force field vectors are purely 
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FIGURE C 



FIGURE D 



horizontal. Since both the curve and the force vectors point to the right, the work is 
positive. Finally, in Figure D, the force field is the same as in Figure C, but the curve is 
more complicated. Since the force vectors are horizontal and do not depend on y, the 
work done as the object moves to the right is exactly canceled when the object doubles 
back to the left. Comparing the initial and terminal points, the object has made a net 
movement to the right (the same direction as the vector field), so that the work done is 
positive. ■ 



BEYOND FORMULAS 

Several different line integrals are defined in this section. To keep them straight, always 
think of dx as an increment (small change) in x, dy as an increment in y and so on. In 
particular, ds represents an increment in arc length (distance) along the curve, which 
is why the arc length formula plays a role in the Evaluation Theorem. In applications, 
the dx, dy and dz line integrals are useful when the quantity being measured (such as 
a force) can be broken down into separate x, y and z components. By contrast, the ds 
line integral is applied to the measurement of a quantity as we move along the curve 
in three dimensions. 



EXERCISES 15.2 Qj 

^WRITING EXERCISES 

1. It is important to understand why f c fds — f_ c fds. Think 
of / as being a density function and the line integral as giv- 
ing the mass of an object. Explain why the integrals must be 
equal. 

2. For example 2.3, part (a), a different set of parametric equations 
is x — — t and y — t 2 , with t running from / = 1 to t = —2. In 
light of the Evaluation Theorem, explain why we couldn't use 
these parametric equations. 

3. Explain in words why Theorem 2.5(i) is true. In particular, 
explain in terms of approximating sums why the integrals in 
Theorem 2.5(i) have opposite signs but the integrals in Theo- 
rem 2.2(i) are the same. 



4. In example 2.9, we noted that the force vectors in Figure D are 
horizontal and independent of y. Explain why this allows us to 
ignore the vertical component of the curve. Also, explain why 
the work would be the same for any curve with the same initial 
and terminal points. 



In exercises 1-14, evaluate the line integral f c , fds. 

1. f(x, y) — 2x, C is the line segment from (1, 2) to (3, 5) 

2. f(x, y) — 2xy, Cis the line segment from (1, 2) to (—1, 0) 

3. f(x, y, z) = 4z, C is the line segment from (1, 0, 1) to 
(2, -2, 2) 
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4. f{x,y,z) = xz, C is the line segment from (2, 1, 0) to 
(2, 0, 2) 

5. /(x, y) — 3x, C is the quarter-circle x 2 + y 1 — 4 from (2, 0) 
to (0, 2) 

6. /(x, y) = 3x — y, C is the quarter-circle x 2 + y 2 = 9 from 
(0, 3) to (3, 0) 

7. f(x, y) = 3xy, C is the portion of y = x 2 from (0, 0) to (2, 4) 

8. f(x, y) — 2x, C is the portion of y — x 2 from (—2, 4) to (2, 4) 

9. /(x, y) = 3x, C is the line segment from (0, 0) to (1, 0), fol- 
lowed by the quarter-circle to (0, 1) 

10. /(x, y) — 2y, C is the portion of y — x 2 from (0, 0) to 
(2, 4), followed by the line segment to (3, 0) 

11. /(x, y, z) = xz, C is the portion of y — x 2 in the plane z — 2 
from(l, 1,2) to (2, 4, 2). 

12. /(x, y, z) — z, C is the intersection of x 2 + y 2 — 4 and z — 0 
(oriented clockwise as viewed from above) 

13. /(x, y, z) = xy, C is the intersection of x 2 + y 2 = 4 with 
x + z — 4 (oriented clockwise as viewed from above) 

14. /(x, y, z) = xz 2 , C is the intersection of x 2 + y 2 + z 2 = 4 
with z = y + 2 (oriented clockwise as viewed from above) 



28. / c (x 2 + l)dy, C is the portion of y = tan 1 x from (0, 0) to 
(l,7T/4). 



In exercises 29-36, compute the work done by the force field F 
along the curve C. 

29. F(x, y) = (2x, 2y), C is the line segment from (3, 1) to (5, 4) 

30. F(x, y) = (2y, -2x) , C is the line segment from (4, 2) to (0, 4) 

31. F(x, y) = (y 2 + x, y 2 + 2), C is the quarter-circle from (4, 0) 
to (0, 4) 

32. F(x, y) = (2y + x 2 , x 2 — 2x) , C is the upper half-circle from 
(-3, 0) to (3, 0) 

33. F(x, y) = {xe y , e x + y 2 ), C is the portion of y = x 2 from 
(0, 0) to(l, 1) 

34. F(x, y) = (x 2 e v , ye"), C is the portion of y = x 3 from (0, 0) 
to(l, 1) 

35. F(x,y,z) = (y,0, z),C is the triangle from (0, 0, 0) to 
(2, 1, 2) to (2, 1, 0) to (0, 0, 0) 

36. F(x, y, z) = (xy, 3z, 1), C is the helix x = cos t,y — sin 
z = 2f from (1,0, 0) to (0, 1, jr) 



In exercises 15-28, evaluate the line integral. 

15. f c 2xe x dx, where C is the line segment from (0, 2) to (2, 6) 

16. f c 4y-y/l + y 2 dy, where C is the line segment from (2, 0) to 
(1, 3) 

17. f c 2y <ix, where C is the quarter-circle x 2 + y 2 = 4 from (2, 0) 
to (0, 2) 

18. f c 3xy rfy, where C is the quarter-circle x 2 + y 2 = 4 from 
(0, 2) to (-2, 0) 

19. f c 3y 2 rfx, where C is the half-ellipse x 2 + 4y 2 = 4 from (0, 
1) to (0, -1) withx > 0 

20. / c (4x 2 + y 2 ) dy, where C is the ellipse 4x 2 + y 2 = 4 oriented 
counterclockwise 



In exercises 37-42, use the graph to determine whether the work 
done is positive, negative or zero. 



21. j c y/4x 2 + y dx, where C is the portion of y = x 2 from (2, 4) 
to (0, 0) 

22. f„ y/Ax 2 + y dy, where C is the portion of y = x 2 from (2, 4) 
to (0, 0) 

23. f c (e^*~ 2y )dy, where C is the portion of x = y 2 from(l, l)to 
(4, 2) 

24. f c [3y + sin(x + 2)] dx , where C is the portion of x = y 2 from 
(1, 1) to (1,-1) 

25. f c sin(x 2 + z)dy, where C is the portion of y = x 2 in the plane 
z = 2 from (1, 1, 2) to (2, 4, 2) 

26. / c (2y 2 + e* +y ) dx, C is the intersection of x 2 + y 2 = 4 and 
z — 0 (oriented clockwise as viewed from above) 

27. / c (x 2 + y 4 )dy, C is the portion of y = e* from (0, 1) to 

(2, e 2 ) 



37. 



39. 



41. 
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In exercises 43-46, find the surface area extending from the 
given curve in the xv-plane to the given surface. 

43. Above the quarter-circle of radius 2 centered at the origin from 
(2, 0, 0) to (0, 2, 0) up to the surface z = x 2 + y 2 

44. Above the portion of y — x 2 from (0, 0, 0) to (2, 4, 0) up to the 
surface z — x 2 + y 2 

45. Above the line segment from (2, 0, 0) to (—2, 0, 0) up to the 
surface z — 4 — x 2 — y 2 

46. Above the line segment from (1, 1, 0) to (—1, 1, 0) up to the 
surface z = \Jx 2 + y 2 

47. Prove Theorem 2. 1 in the case of a curve in three dimensions. 

48. Prove Theorem 2.2. 

49. Prove Theorem 2.4. 

50. Prove Theorem 2.5. 

51. If C has parametric equations x — x(t), y — y(t), z — z(t), 
a < t < b, for differentiable functions x, y and z, show that 
f c F ■ Ids = f a [F^x, y, z)x'(t) + F 2 (x, y, z)y'{t) + 
Fi(x, y, z)z'(0] dt, which is the work line integral f c F • dr. 

52. If the two-dimensional vector n is normal (perpendicular 
to the tangent) to the curve C at each point and 
F(x, y) — {F\(x, y), Fi(x, y)), show that 

f c F • n ds — f c Fydy — F 2 dx. 



(|5 APPLICATIONS 

In exercises 53-62, use the formulas m = f c pds, x = ±f xpds, 

y = iS c yp ds ^ = fc w2 p ds - 

53. Compute the mass m of a wire with density p(x, y) — x in the 
shape of y — x 2 , 0 S x < 3. 

54. Compute the mass m of a wire with density p(x, y) — xy in 
the shape of y — 4 — x 2 , 0 S x <2. 

55. Compute the center of mass (x, y ) of the wire of exercise 53. 
Show that the center of mass is not located at a point on the 
wire. 



56. Compute the center of mass (x, y) of the wire of exercise 54. 
Show that the center of mass is not located at a point on the 
wire. 

Compute the moment of inertia / for rotating the wire of exer- 
cise 53 about the v-axis. Here, w is the distance from the point 
(x, y) to the y-axis. 

Compute the moment of inertia / for rotating the wire of exer- 
cise 54 about the x-axis. Here, w is the distance from the point 
(x, y) to the x-axis. 

Compute the moment of inertia / for rotating the wire of exer- 
cise 53 about the line y — 9. Here, w is the distance from the 
point (x, y) to y = 9. 

Compute the moment of inertia / for rotating the wire of exer- 
cise 54 about the line x — 2. Here, w is the distance from the 
point (x, y) to x = 2. 

61. Compute the mass m of the helical spring x — cos 2f, 
y — sin 2t, z — t,0 < t < jt, with density p — z 2 ■ 

62, Repeat exercise 61 with density p — x 2 . 



63. If T(x, y) is the temperature function, the line inte- 
gral f c (—kVT)-nds gives the rate of heat loss across 
C. For T(x, y) — 60e y/50 and C the rectangle with sides 
x — —20, x — 20, y — — 5andy = 5, compute the rate of heat 
loss. Explain in terms of the temperature function why the in- 
tegral is 0 along two sides of C. 



EXPLORATORY EXERCISE 

1. Look carefully at the solutions to integrals of the form 
f c 2x dx, 2x dx, J c 3y 2 dy and f£ 3y 2 dy for various curves 
C. Formulate a rule for evaluating line integrals of the form 
fc f(x)dx and f c g(y)dy. If the curve C is a closed curve 
(e.g., a square or a circle), evaluate the line integrals f c f(x) dx 
and f c g(y)dy. 



(0 58. 
©59. 
©60. 



15.3 INDEPENDENCE OF PATH AND CONSERVATIVE 
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As you've seen, there are a lot of steps needed to evaluate a line integral. First, you must 
parameterize the curve, rewrite the line integral as a definite integral and then evaluate the 
resulting definite integral. While this process is often unavoidable, we now consider a group 
of line integrals that are the same along every curve connecting the given endpoints and 
show a simple way to evaluate these. 

We begin with a simple observation. Consider the line integral f c F • dr, where 
F(x, y) = (2x, 3y 2 ) andCi is the straight line segment joining the two points (0,0) and (1,2). 
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(See Figure 15.22a.) To parameterize the curve, we take x — t and y — 2t, for 0 < t < 1. 
We then have 

f Fdr = f (2x,3y 2 ) • (dx,dy) 
Jc, Jc, 

2x dx + 3y 2 dy 

= f [2t + I2r(2)]dt = 9, 
Jo 

where we have left the details of the final (routine) calculation to you. For the same vector 
field F(x, y), consider now f c F • dr, where Ci is made up of the horizontal line segment 
from (0, 0) to (1, 0) followed by the vertical line segment from (1, 0) to (1, 2). (See 
Figure 15.22b.) In this case, we have 

f F dr = f (2x,3y 2 ) ■ (dx,dy) 
Jc 2 Jc 2 

= f 2x dx + f 3y 2 dy = 9, 
Jo Jo 

where we have again left the final details to you. Look carefully at these two line integrals. 
Although the integrands are the same and the endpoints of the two curves are the same, the 
curves followed are quite different. You should try computing this line integral over several 
additional curves from (0, 0) to (1, 2). You will find that each line integral has the same 
value: 9. This integral is an example of one that is the same along every curve from (0, 0) 
to (1,2). 

Let C be any piecewise-smooth curve, traced out by the endpoint of the vector-valued 
function r(f), for a < t < b. In this context, we usually refer to a curve connecting two 
given points as a path. We say that the line integral f„ F ■ dr is independent of path in 
the domain D if the integral is the same for every path contained in D that has the same 
beginning and ending points. Before we see when this happens, we need a definition. 



DEFINITION 3.1 

A region D C R" (for n > 2) is called connected if every pair of points in D can be 
connected by a piecewise-smooth curve lying entirely in D. 



In Figure 15.23a, we show a region in K 2 that is connected and in Figure 15.23b, we 
indicate a region that is not connected. We are now in a position to prove a result concerning 
FIGURE 1 5.23a integrals that are independent of path. While we state and prove the result for line integrals 

Connected region in the plane, the result is valid in any number of dimensions. 
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THEOREM 3.1 

Suppose that the vector field F{x, y) = (M(x, y), N(x, y)> is continuous on the open, 
connected region D C M 2 . Then, the line integral f c F(x, y) ■ dr is independent of 
path in D if and only if F is conservative on D. 



PROOF 



Recall that a vector field F is conservative whenever F = V/, for some scalar function/ 
(called a potential function for F). There are several things to prove here. 

First, suppose that F is conservative on D, with F(x, y) = V/(jc, y). Then 

F(x, y) = (M{x, y), Nix, y)) = V/(x, y) = (f x (x, y), f y (x, y)) 

and so, we must have 

Mix, y) = f x (x, y) and Nix, y) = f,(x, y). 

Let A(x[ , yi) and B(x2, yi) be any two points in D and let C be any smooth path from A to 
B, lying in D and defined parametric ally by C: x — g(t), y — h(t), where t\ < t < tz- (You 
can extend this proof to any piecewise-smooth path in the obvious way.) Then, we have 



J Fix, y)-dr = J M(x, y)dx + N(x, y)dy 



J fxix, y) dx + fyix, y) dy 

UAgit), h(t))g'(t) + f y igit), h(t))h'(t)] dt. (3.1) 



P 1 2 

Jt, 



Notice that since f x and f y were assumed to be continuous, we have by the chain rule that 

^rUigit), h(t))] = fAgit), h(t))g'(t) + f y igit), hit))h'it), 
dt 

which is the integrand in (3.1). By the Fundamental Theorem of Calculus, we now have 
£ F (x, y) ■ dr = J 2 [fAg(t), h(t))g'(t) + fyigit), h(t))h'(t)] dt 



d [f(g(t),h(t))]dt 



n dt 

= figihXKh))- figih),hih)) 

= fixz, yi) - fix\, yi). 

In particular, this says that the value of the integral depends only on the value of the potential 
function at the two endpoints of the curve and not on the particular path followed. That is, 
the line integral is independent of path, as desired. 

Next, suppose that f c F(x, y) ■ dr is independent of path in D. We now must show that 
F is conservative on D. For any points (u, v) and (xq, yo) e D, define the function 



V)= I 

J On,. 



fiu,v)= I Fix, y)- dr. 

,yo) 



(We are using the variables u and v, since the variables x and y inside the integral are dummy 
variables and cannot be used both inside and outside the line integral.) Notice that since the 
line integral is independent of path in D, we need not specify a path over which to integrate. 
(Since D is connected, there is always a path lying in D that connects the points.) Further, 
since D is open, there is a disk centered at (u, v) and lying completely inside D. Pick any 
point (jci, v) in the disk with x\ < u and let C\ be any path from (xq, yo) to (x\ , v) lying in D. 
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FIGURE 15.24 

First path 




FIGURE 15.25 

Second path 



So, in particular, if we integrate over the path consisting of C\ followed by the horizontal 
path C2 indicated in Figure 15.24, we must have 



/( 



r(M,"> riu,v) 
u, v) = I F(x,y)-dr + F(x,y)-dr. (3.2) 

•>(xo,yo) •>(xi,v) 

Observe that the first integral in (3.2) is independent of u. So, taking the partial derivative 
of both sides of (3.2) with respect to u, we get 



3 r(x u v) 
9 [ {u - x 

= 0 + ^r / 

9 &> 1 ' 



fu(u, v) 



F(x,y)-dr- 



9 



- / F(x, v) • dr 

u JOcuv) 



F(x, y ) ■ dr 



M{x, y)dx + N(x, y)dy. 



Notice that on the second portion of the indicated path, y is a constant and so, dy — 0. This 
gives us 

g r(u,v) g /•(«>") 

f u (u,v)= — / M(x, y)dx + N(x, y)dy — — I M(x,y)dx. 
^ u J(x u v) 



9 r"' 1 ' 

5m JlXuV) 



3m J(x u v) 9i< J( Xu v) 

Finally, from the second form of the Fundamental Theorem of Calculus, we have 



g r(u,v) 

f u (u, v) = — / M(x, y)dx = M(u, v). 
ou J (xuv) 



(3.3) 



Similarly, pick any point (u, yi) in the disk centered at (w, 11) with y\ < v and let C\ be any 
path from (xo, yo) to ( M > yi) lying m D. Then, integrating over the path consisting of C\ 
followed by the vertical path C2 indicated in Figure 15.25, we find that 



.A 



u,v) — I ] 

J (xo,yo) 



F(x,y)-dr- 



7 1 



F(x, y) ■ dr. 



(3.4) 



In this case, the first integral is independent of v. So, differentiating both sides of (3.4) with 
respect to v, we have 



f v (u, v) 



9 r"- v " 9 r 

— / F(x,y)-dr+ — / 

9l> J(x 0 ,y 0 ) dv J (u 

g /■(«.") 
0+— / F(x,y)-dr 

3v J{u,yO 

9 /•(«,«) 

— / M(x 

dv J(u, yi ) 

9 r (u 



F(x, y) • dr 



yi) 



y)dx + N{x, y) dy 



N(x, y)dy = N(u, v), 



(3.5) 



by the second form of the Fundamental Theorem of Calculus, where we have used the fact 
that on the second part of the indicated path, x is a constant, so that dx = 0. Replacing u 
and v by x and y, respectively, in (3.3) and (3.5) establishes that 

F(x, y) = {M{x, y), N(x, y)> = (/,(*, y), f y (x, y)) = Vf(x, y), 

so that F is conservative in D. m 



Notice that in the course of the first part of the proof of Theorem 3 . 1 , we also proved the 
following result, which corresponds to the Fundamental Theorem of Calculus for definite 
integrals. 
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THEOREM 3.2 (Fundamental Theorem for Line Integrals) 

Suppose that F(x, y) = (M(x, y), N(x, y)> is continuous in the open, connected 
region DcK 2 and that C is any piecewise-smooth curve lying in D, with initial point 
(x,\, y\) and terminal point (x2, yi)- Then, if F is conservative on D, with 
Fix, y) = Vf(x, y), we have 



J F(x,y)-dT=f(x,y) 



= f(x 2 , yi) - f(x u yi). 



You should quickly recognize the advantages presented by Theorem 3.2. For a conser- 
vative vector field, you don't need to parameterize the path to compute a line integral; you 
need only find a potential function and then simply evaluate the potential function at the 
endpoints of the curve. We illustrate this in example 3.1. 



EXAMPLE 3. 1 A Line Integral That Is Independent of Path 

Show that for F(x, y) — (2xy — 3, x 2 + 4y 3 + 5), the line integral f c F(x, y) ■ dr is 
independent of path. Then, evaluate the line integral for any curve C with initial point at 
(—1,2) and terminal point at (2, 3). 

Solution From Theorem 3.1, the line integral is independent of path if and only if the 
vector field F(x, y) is conservative. So, we look for a potential function for F, that is, a 
function f(x, y) for which 

F(x, y) = (2xy - 3, x 2 + 4y 3 + 5) = Vf(x, y) = (/„(*, y), f y (x, y)). 

Of course, this occurs when 

f x =2xy-3 and f y = x 2 + 4y 3 + 5. (3.6) 

Integrating the first of these two equations with respect to x (note that we might just as 
easily integrate the second one with respect to y), we get 

/(*, y) = j (2xy -3)dx = x 2 y - 3x + g(y), (3.7) 

where g(y) is some arbitrary function of y alone. (Recall that we get an arbitrary 
function of y instead of a constant of integration, since we are integrating a function of x 
and y with respect to x.) Differentiating with respect to y, we get 

f y (x,y) = x 2 + g'(y). 

Setting this equal to the expression for f y in (3.6), we get 

x 2 + g'(y) = x 2 + 4y 3 +5, 

so that 

g(y) = 4y 3 + 5. 

Integrating with respect to y gives us 

g(y) = y 4 + 5y + c. 

We now have from (3.7) that 

f(x, y) = x 2 y — 3x + y 4 + 5y + c 



1008 CHAPTER IS •• Vector Calculus 



15-32 



is a potential function for F(x, y), for any constant c. Now that we have found a 
potential function, we have by Theorem 3.2 that for any path from (—1,2) to (2, 3), 

n (2,3) 

/ F(x, y) ■ dr = f{x, y) 

} C (-1.2) 

= [2 2 (3) - 3(2) + 3 4 + 5(3) + c] - [2 + 3 + 2 4 + 5(2) + c] 
= 71. ■ 



Notice that when we evaluated the line integral in example 3.1, the constant c in the 
expression for the potential function dropped out. For this reason, we usually take the 
constant to be zero when we write down a potential function. 

We consider a curve C to be closed if its two endpoints are the same. That is, for a 
plane curve C defined parametrically by 

C - {(x, y)\x - git), y - h(t), a <t <b], 

C is closed if (g(a), h(a)) ~ (g(b), h(b)). Theorem 3.3 provides us with an important con- 
nection between conservative vector fields and line integrals along closed curves. 



THEOREM 3.3 

Suppose that Fix, y) is continuous in the open, connected region D C R 2 . Then F is 
conservative on D if and only if f c F(x, y) ■ dr — 0 for every piecewise-smooth 
closed curve C lying in D. 



PROOF 




FIGURE 15.26a 

Curves C\ and C2 




FIGURE 15.26b 

The closed curve formed by 

c, u (-c a ) 



Suppose that f c F(x, y) ■ dr — 0 for every piecewise-smooth closed curve C lying in D. 
Take any two points P and Q lying in D and let C\ and C2 be any two piecewise-smooth 
curves from P to Q that lie in D, as indicated in Figure 15.26a. (Note that since D is 
connected, there always exist such curves.) Then, the curve C consisting of C\ followed by 
— C2 is a piecewise-smooth closed curve lying in D, as indicated in Figure 15.26b. It now 
follows that 



0 



L 



F(x, y)-dr 



so that 



= / F{x,y)-dr 

I F(x,y) 
Jc, 



\ F(x,y)-dr+ / F(x,y)-dr 

Jc, J-c 2 

- f F(x,y)-dr, 

JCi 



From Theorem 2.5 



dr 



-L 



F(x, y) ■ dr. 



Since C\ and C2 were any two piecewise-smooth curves from P to Q, we have that 
f c F(x, y) ■ dr is independent of path and so, F is conservative by Theorem 3.1. The second 
half of the theorem (that F conservative implies f c F(x, y) ■ dr — 0 for every piecewise- 
smooth closed curve C lying in D) is a simple consequence of Theorem 3.2 and is left as 
an exercise. ■ 

You have already seen that line integrals need not be independent of path. Said differ- 
ently, not all vector fields are conservative. In view of this, it would be helpful to have a 
simple way of deciding whether or not a line integral is independent of path before going 
through the process of trying to construct a potential function. 

Note that by Theorem 3.1, if F(x, y) = (M(x, y), N(x, y)) is continuous on the open, 
connected region D and the line integral f c F(x, y) • dr is independent of path, then F must 
be conservative. That is, there is a function f(x, y) for which F(x, y) = V/(jc, y), so that 

M{x, y) = f x (x, y) and Nix, y) = f y (x, y). 



SECTION 15.3 • • Independence of Path and Conservative Vector Fields 



1009 



Differentiating the first equation with respect to y and the second equation with respect to 
x, we have 

M y (x, y) = f xy (x, y) and N x (x, y) = f yx (x, y). 

Notice now that if M y and N x are continuous in D, then the mixed second partial derivatives 
f xy (x, y) and f yx (x, y) must be equal in D, by Theorem 3.1 in Chapter 13. We must then 
have that 

M y (x, y) = N x (x, y), 

for all (x, y) in D. As it turns out, if we further assume that D is simply-connected (that is, 
that every closed curve in D encloses only points in D), then the converse of this result is 
also true [i.e., f c F(x, y) ■ dr is independent of path whenever M y — N x in D]. We illustrate 
a simply-connected region in Figure 15.27a and a region that is not simply-connected in 
Figure 15.27b. You can think about simply-connected regions as regions that have no holes. 
We can now state the following result. 



THEOREM 3.4 

Suppose that M(x, y) and N(x, y) have continuous first partial derivatives on a 
simply-connected region D. Then, f c M(x, y)dx + N(x, y)dy is independent of 
path in D if and only if M v (x, y) = N x (x, y) for all (x, y) in D. 



We have already proved that independence of path implies that M y (x, y) — N x (x, y) 
for all (x, y) in D. We postpone the proof of the second half of the theorem until our 
presentation of Green's Theorem in section 15.4. 

EXAMPLE 3.2 Testing a Line Integral for Independence of Path 

Determine whether or not the line integral f c {e 2x + x sin y) dx + (x 2 cos y) dy is 
independent of path. 

Solution In this case, we have 

9 2t 

My = — (e + x sin y) — x cos y 

dy 

9 , 

and N x — — (x cos y) = 2x cos y, 

dx 

so that My ^ N x . By Theorem 3.4, the line integral is thus not independent of path. ■ 

Before moving on to three-dimensional vector fields, we pause to summarize the results 
we have developed for two-dimensional vector fields. 



CONSERVATIVE VECTOR FIELDS 

Let F(x, y) = (M(x, y), N(x, y)>, where we assume that M{x, y) and N(x, y) have 
continuous first partial derivatives on an open, simply-connected region Del 2 . The 
following five statements are equivalent, meaning that for a given vector field, either 
all five statements are true or all five statements are false. 

1. F{x, y) is conservative on D. 

2. F(x, y) is a gradient field in D (i.e., F(x, y) = V/Qc, y), for some potential 
function/, for all (x, y) G D). 

3. f c F • dr is independent of path in D. 

4. f c F • dr — 0 for every piecewise-smooth closed curve C lying in D. 

5. M y (x, y) — N x (x, y), for all (x, y) G D. 
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All we have said about independence of path and conservative vector fields can be 
extended to higher dimensions, although the test for when a line integral is independent of 
path becomes slightly more complicated. For a three-dimensional vector field F(x, y, z), 
we say that F is conservative on a region D whenever there is a scalar function f(x, y, z) 
for which 

F(x, y, z) = V f(x, y, z), for all (x, y, z) G D. 

As in two dimensions, / is called a potential function for the vector field F. You can 
construct a potential function for a conservative vector field in three dimensions in much 
the same way as you did in two dimensions. We illustrate this in example 3.3. 



EXAMPLE 3.3 Showing That a Three-Dimensional Vector Field 
Is Conservative 

Show that the vector field F(x, y, z) — {4xe z , cos y, 2x 2 e z ) is conservative on R 3 , by 
finding a potential function / 

Solution We need to find a potential function f(x, y, z) for which 

F(x, y, z) — (4xe z , cos y, 2x 2 e z ) — V fix, y, z) 
= (fAx, y, z), f,(x, y, z), f z (x, y, z)>. 

This will occur if and only if 

f x =4xe z , f y = cosy and f z = 2x 2 e z . (3.8) 
Integrating the first of these equations with respect to x, we have 

f(x, y,z) — j 4xe z dx — 2x 2 e z + g(y, z), 

where g(y, z) is an arbitrary function of y and z alone. Note that since y and z are treated 
as constants when integrating or differentiating with respect to x, we add an arbitrary 
function of y and z (instead of an arbitrary constant) after a partial integration with 
respect to x. Differentiating this expression with respect to y, we have 

f y (x, y, z) - g y (y, z) - cos y, 

from the second equation in (3.8). Integrating g y {y, z) with respect to y now gives us 

g(y, ti—f cos y d y — sin y + Wz), 

where h(z) is an arbitrary function of z alone. Notice that here, we got an arbitrary 
function of z alone, since we were integrating g(y, z) (a function of y and z alone) with 
respect to y. This now gives us 

f(x, y, z) — 2x 2 e z + g(y, z) — 2x 2 e z + sin y + h{z). 

Differentiating this last equation with respect to z yields 

f z {x, y, z) - 2x 2 e z + h'(z) = 2x 2 e z , 

from the third equation in (3.8). This gives us that h'(z) = 0, so that h(z) is a constant. 
(We'll choose it to be 0.) We now have that a potential function for F(x, y, z) is 

f(x, y,z) — 2x 2 e z + siny 

and so, F is conservative on K 3 . ■ 
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We summarize the main results for line integrals for three-dimensional vector fields in 
Theorem 3.5. 



THEOREM 3.5 

Suppose that the vector field F(x, y, z) is continuous on the open, connected region 
D C K 3 . Then, the line integral f c F(x, y, z) ■ dr is independent of path in D if and 
only if the vector field F is conservative on D; that is, F{x, y, z) = V/(jc, y, z), for all 
(x, y, z) in D, for some scalar function/(a potential function for F). Further, for any 
piecewise-smooth curve C lying in D, with initial point (xi ,y\,z\) and terminal point 
(X2, yi, Zi), we have 

(x 2 ,y 2 ,Z2) 

= f(xi, yi, zi) - f{x\, yu zi). 



L 



F(x,y,z)-dr = f(x,y,z) 



EXERCISES 15.3 Q> 

^WRITING EXERCISES 

1. You have seen two different methods of determining whether 
a line integral is independent of path: one in example 3.1 and 
the other in example 3.2. If you have reason to believe that a 
line integral will be independent of path, explain which method 
you would prefer to use. 

2. In the situation of exercise 1, if you doubt that a line integral is 
independent of path, explain which method you would prefer 
to use. If you have no evidence as to whether the line integral is 
or isn't independent of path, explain which method you would 
prefer to use. 

3. In section 15.1, we introduced conservative vector fields and 
stated that some calculations simplified when the vector field 
is conservative. Discuss one important example of this. 

4. Our definition of independence of path applies only to line inte- 
grals of the form f„ F • dr. Explain why an arc length line inte- 
gral f c f ds would not be independent of path (unless / = 0). 

In exercises 1-12, determine whether F is conservative on R 2 or 
R 3 . If it is, find a potential function /. 

1. F(x,y)= {2xy- l,x 2 ) 

2. F(jc, y) = {3x 2 y 2 , 2x 3 y - y) 

3. F(x,y) = (i-2x,y-^) 

4. F(jc, y) = (sin y — x, x cos y) 

5. F(x,y) = (e xy - l,xe* y ) 

6. F(jc, y) = (e y - 2x, xe y - x 2 y) 

7. F(jc, y) = {ye* y , xe* y + cos y) 

8. F(x, y) — (y cosxy — 2xy, x cosxy — x 2 ) 

9. F(jc, y, z) = (z 2 + 2xy, x 1 + 1, 2xz - 3) 



10. F(x, y, z) — {y 2 — x, 2xy + sinz, y cosz) 

11. F(x, y, z) = {y 2 z 2 + xe~ 2x , yjy 2 + 1 + 2xyz 2 , 2xy 2 z) 

12. F(x, y, z) = {2xe yz - tan -1 x, x 2 + e yz , x 2 ye yz ) 



In exercises 13-18, show that the line integral is independent of 
path in R 2 or K 3 and use a potential function to evaluate the 
integral. 

13. f c 2xy dx + (x 2 — l)dy, where C runs from (1, 0) to (3, 1) 

14. f c 3x 2 y 2 dx + (2x i y — 4) dy, where C runs from (1, 2) to 
(-1, 1) 

15. f c ye xy dx + (xe xy - 2y) dy, where Cruns from (1, 0) to (0, 4) 

16. J c (2xe Jcl — 2y)dx + (2y — 2x)dy, where C runs from (1, 2) 
to(-l, 1) 

17. f c (z 2 + 2xy) dx + x 2 dy + 2xz dz, where Cruns from (2, 1, 3) 
to (4, -1,0) 

18. f c (2x cosz — x 2 )dx + (z — 2y)dy + (y — x 2 sin z)dz, 
where C runs from (3, —2, 0) to (1, 0, jt) 



In exercises 19-30, evaluate /„ F • dr. 

19. F(x, y) — {x 2 + 1, (y 2 — l) 2 ), C is the top half-circle from 
(-4, 0) to (4, 0) 

20. F(x, y) = {x 2 e x — 2xe x ~ , sin y cos 2 y), C is the portion of the 
parabola y = x 2 from (—2, 4) to (2, 4) 

21. F(x, y, z) = <X ' y ' Z) - , C runs from (1, 3, 2) to (2, 1, 5) 

V* 2 + y 2 + z 2 

22. F(x, y, z) = } X ' y ' Z}> r , C runs from (2, 0, 0) to (0, 1,-1) 

x 2 + y 2 + z 

23. F(x, y) = (3x 2 y + 1, 3xy 2 ), C is the bottom half-circle from 
(1,0) to (-1,0) 
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24. F(x, y) = (4xy — 2x, 2x 2 — x), C is the portion of the 
parabola y — x 2 from (—2, 4) to (2, 4) 



34. 



1), C is the line seg- 



25. F(x, y) = {y 2 e xyl - y, 2xye xyl - 
ment from (2, 3) to (3, 0) 

26. F(x, y) — {2ye 2x + y 3 , e 2x + 3xy 2 ), C is the line segment 
from (4, 3) to (1, -3) 

27. F(*,y,z) = (— Vi ~ze xz , — Vj - Vz C is 

y ' \ l+A-v- l+.\-_y z 1 + v v / 

the line segment from (0, 1, 2) to (1, 1, 4). 

28. F(x, y, z ) = IJf - cos(x - z), 7f + f , y^f + cos(x - z) 
C is the line segment from (1, 2, 1) to (2, 1, 2). 

F(x, y) = (± - e 2 *,2x - 4^, C is the circle (x - 5) 2 + 
(y + 6) 2 = 16, oriented counterclockwise 
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30. F(x, v) = {2y — s/y jx, 3x — -Jx/y), C is the ellipse 
4(x — 4) 2 + 9(y — 4) 2 = 36, oriented counterclockwise 



In exercises 31-36, use the graph to determine whether or 
not the vector field is conservative in the region. (Hint: Use 
Theorem 3.3.) 
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In exercises 37-40, show that the line integral is not indepen- 
dent of path by rinding two paths that give different values of 
the integral. 

37. f c y dx — x dy, where C goes from (—2, 0) to (2, 0) 

38. f c 2 dx + x dy, where C goes from ( 1 , 4) to (2, —2) 

39. f c y dx — 3 dy, where C goes from (—2, 2) to (0, 0) 

40. f c y 2 dx + x 2 dy, where C goes from (0, 0) to (1, 1) 



In exercises 41-44, label each statement as True or False and 
briefly explain. 

41. If F is conservative, then f c F ■ dr — 0. 

42. If f c F • dr is independent of path, then F is conservative. 
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43. If F is conservative, then f c F ■ dr — 0 for any closed curve C. 

44. If F is conservative, then f c F • dr is independent of path. 



enclosing Ci and C3 is a closed curve that does not enclose P. 
(See the figure.) Given that J C] F • dr — 0, explain why J Cj F • 
dr = f F • dr = 0. 



1 

45. Let F(x, y) = — -(— y, x). Find a potential function/for 

x 1 + y 1 

F and carefully note any restrictions on the domain of f. Let C 
be the unit circle and show that f c F-dr — 2n. Explain why 
the Fundamental Theorem for Line Integrals does not apply 
to this calculation. Quickly explain how to compute f c F • dr 
over the circle (x — 2) 2 + (y — 3) 2 = 1 . 

46. Finish the proof of Theorem 3.3 by showing that if F is 
conservative in an open, connected region Del 2 , then 
f c F ■ dr — 0 for all piecewise-smooth closed curves C lying 
inD. 

47. Determine whether or not each region is simply-connected. 

(a) {(x, y): x 2 + y 2 < 2} (b) {(*, y): 1 < x 2 + y 2 < 2} 

48. Determine whether or not each region is simply-connected, 
(a) {(*, y): 1 < x < 2} (b) {(*, y): 1 < x 2 < 2} 




54. The circulation of a fluid with velocity field v around the 

closed path C is defined by T — f c v • dr. For inviscid flow, 

d f d 

— r = / v • dv. Show that in this case — r = 0. This is 

dt Jc dt 

known as Kelvin's Circulation Theorem and explains why 
small whirlpools in a stream stay coherent and move for peri- 
ods of time. 



(pl APPLICATIONS 

49. The Coulomb force for a unit charge at the origin and charge q 

at point Pi =(*!, yi, Zi) is F=-^f, where r — ^Jx 2 + y 2 + z 2 

r- 

and f = — — — . Show that the work done by F to move the 
r 

kq kq 

charge q from P t to P 2 = (x 2 , y 2 , z 2 ) is equal to , 

r\ r 2 

where r, = yjx\ + y\ + z\ and r 2 = yjx} + y\ + z\. 

50. Interpret the result of exercise 49 in the case where (a) P\ is 
closer to the origin than P 2 . (Is the work positive or negative? 
Why does this make sense physically?) (b) P 2 is closer to the 
origin than P\ and (c) P x and P 2 are the same distance from 
the origin. 



51. The work done to increase the temperature of a gas from T\ 
to T 2 and increase its pressure from P\ to P 2 is given by 

f ( RT \ 

I I —^-dP — RdT I. Here, R is a constant, T is tempera- 
ture, P is pressure and C is the path of (P, T) values as the 
changes occur. Compare the work done along the following 
two paths, (a) C\ consists of the line segment from (P lt T t ) 
to (Pi, T 2 ), followed by the line segment to (P 2 , T 2 ); (b) C 2 
consists of the line segment from (Pi , Ti)to(P 2 , Ti), followed 
by the line segment to (P 2 , T 2 ). 

52. Based on your answers in exercise 51, is the force field in- 
volved in changing the temperature and pressure of the gas 
conservative? 

53. A vector field F satisfies F = (where 4> is continuous) at 
every point except P, where it is undefined. Suppose that Ci 
is a small closed curve enclosing P, C 2 is a large closed curve 



EXPLORATORY EXERCISES 



1. For closed curves, we can take advantage of portions of a line 
integral that will equal zero. For example, if C is a closed curve, 
explain why you can simplify f c (x + y 2 )dx + {y 2 + x)dy 
to f c y 2 dx + x dy. In general, explain why the f(x) 
and g(y) terms can be dropped in the line integral 
f c (f(x) + y 2 )dx + (x + g(y))dy. Describe which other 
terms can be dropped in the line integral over a closed curve. 
Use the example 



L 



(x 3 + y 2 + x 2 y 2 + cos y) dx 
+ (y 2 + 2xy — x sin y + x 3 y) dy 



to help organize your thinking. 

2. In this exercise, we explore a basic principle of physics called 
conservation of energy. Start with the work integral J c F • dr, 
where the position function r(r) is a continuously differentiable 

d\ 

function of time. Substitute Newton's second law: F = m — 

dt 

and dr — r'(t) dt — v dt and show that J c F • dr — A.K. Here, 
K is kinetic energy defined by K — ^m||v|| 2 and A/f is the 
change of kinetic energy from the initial point of C to the ter- 
minal point of C. Next, assume that F is conservative with 
F = — V/, where the function /represents potential energy. 
Show that f c F ■ dr — —A/ where A/ equals the change in 
potential energy from the initial point of C to the terminal point 
of C. Conclude that under these hypotheses (conservative force, 
continuous acceleration) the net change in energy AA" + A/ 
equals 0. Therefore, K + / is constant. 
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15.4 GREEN'S THEOREM 



HISTORICAL 
NOTES 

George Green (1793-1841) 

English mathematician who 
discovered Green's Theorem. 
Green was self-taught, receiving 
only two years of schooling before 
going to work in his father's 
bakery at age 9. He continued to 
work in and eventually took over 
the family mill while teaching 
himself mathematics. In 1828, he 
published an essay in which he 
gave potential functions their 
name and applied them to the 
study of electricity and 
magnetism. This little-read essay 
introduced Green's Theorem and 
the so-called Green's functions 
used in the study of partial 
differential equations. Green was 
admitted to Cambridge University 
at age 40 and published several 
papers before his early death 
from illness. The significance of his 
original essay remained unknown 
until shortly after his death. 



In this section, we develop a connection between certain line integrals around a closed curve 
in the plane and double integrals over the region enclosed by the curve. At first glance, you 
might think this a strange and abstract connection, one that only a mathematician could care 
about. Actually, the reverse is true; Green's Theorem is a significant result with far-reaching 
implications. It is of fundamental importance in the analysis of fluid flows and in the theories 
of electricity and magnetism. 

Before stating the main result, we briefly define some terminology. Recall that for a 
plane curve C defined parametrically by 

C - {(x, y)\x = g(t), y - h(t), a <t <b], 

C is closed if its two endpoints are the same, i.e., (g(a), h(a)) — (g(b), h{b)). A curve C is 
simple if it does not intersect itself, except at the endpoints. We illustrate a simple closed 
curve in Figure 15.28a and a closed curve that is not simple in Figure 15.28b. 

y y 

A 





FIGURE 15.28a 

Simple closed curve 



FIGURE 15.28b 

Closed, but not simple curve 



We say that a simple closed curve C has positive orientation if the region R enclosed by C 
stays to the left of C, as the curve is traversed (as in Figure 15.29a). A curve has negative 
orientation if the region R stays to the right of C (as in Figure 15.29b). 





FIGURE 15.29a 

Positive orientation 



FIGURE 15.29b 

Negative orientation 



We use the notation 



i 



F(x, y) ■ dr 



to denote a line integral along a simple closed curve C oriented in the positive direction. 
We can now state the main result of the section. 
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THEOREM 4.1 (Green's Theorem) 

Let C be a piecewise-smooth, simple closed curve in the plane with positive 
orientation and let R be the region enclosed by C, together with C. Suppose that 
M(x, y) and N{x, y) are continuous and have continuous first partial derivatives in 
some open region D, with R C D. Then, 

j>M(.x,y)dx + N(x,y)dy = J J ( — - — J dA. 

R 



You can find a general proof of Green's Theorem in a more advanced text. We prove it 
here only for a special case. 



c 2 : y = g 2 (x) 




1 — ►* 



FIGURE 15.30a 

The region R 



PROOF 

Here, we assume that the region R can be written in the form 

R = {(x,y)\a < x < £>andgi(*) <y< g 2 (x)}, 

where g\(x) < g 2 (x), for all x in [a, b], gi(a) = gi(a) and g\{b) — g2(b), as illustrated in 
Figure 15.30a. Notice that we can divide C into the two pieces indicated in Figure 15.30a: 

C = Cj u c 2 , 

where C\ is the bottom portion of the curve, defined by 

C\ = {{x, y)\a <x<b,y = gi(x)} 
and Ci is the top portion of the curve, defined by 

Ci - {{x, y)\a <x<b,y = g 2 (x)}, 

where the orientation is as indicated in the figure. From the Evaluation Theorem for line 
integrals (Theorem 2.4), we then have 

M(x,y)dx— I M(x,y)dx+ I M(x,y)dx 
c Jc, Jc 2 



- f M{x,g x {x))dx 

J a 
r-b 



f M(x, g 2 (x 

J a 



))dx 



J a 



[M(x, gi(x)) - M(x, g 2 (x))] dx, 



(4.1) 



where the minus sign in front of the second integral comes from our traversing C 2 "back- 
ward" (i.e., from right to left). On the other hand, notice that we can write 



/ / —dA = / / — dyd 



= / M(x,y) 



L 
t 



dx 



y=gi(x) 



By the Fundamental 
Theorem of Calculus 



[M(x, g 2 (x)) - M(x, gi(x))] dx. 

a 

Together with (4.1), this gives us 

M(x, y) dx 



j) M(x, y) dx — — j j 



dM 



By 



dA. 



(4.2) 
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C 4 : x = h 2 (y) 




C 3 :x = h { (y) 



FIGURE 15.30b 

The region R 



We now assume that we can also write the region R in the form 

R = {(x, y)\c <y<d and hi(y) <x< h 2 (y)}, 

where h\{y) < fi2(y) for all y in [c, d], h\{c) — /12(c) and h\{d) — h2(d). Here, we write 
C — C3 U C4, as illustrated in Figure 15.30b. In this case, notice that we can write 



d>N(x,y)dy=f N(x,y)dy+ I N(x 

JC JCy JC 4 



y)dy 



= t 



N(h x (y),y)dy 



[ 



N(h2(y),y)dy 



[N(h 2 (y),y)-N(h 1 (y),y)] dy, 



(4.3) 



where the minus sign in front of the first integral accounts for our traversing C3 "backward" 
(in this case, from top to bottom). Further, notice that 

" d '• /,2( - v > dN 



ffdN r f 2 > dN 

— dA= / —dxdy 

J J OX J C J hi( y) OX 



[ 



[N(h 2 (y),y)~N(hi(y),y)] dy. 



Together with (4.3), this gives us 



j>^N{x,y)dy = jj ^dA. 



(4.4) 




FIGURE 15.31 

The region R 



Adding together (4.2) and (4.4), we have 

<j) M(x, y)dx + N(x, y)dy 

as desired. ■ 



-//(£ 



3M 



dA, 



Although the significance of Green's Theorem lies in the connection it provides between 
line integrals and double integrals in more theoretical settings, we illustrate the result in 
example 4.1 by using it to simplify the calculation of a line integral. 



EXAMPLE 4.1 Using Green's Theorem 

Use Green's Theorem to rewrite and evaluate § c (x 2 + y 3 ) dx + 3xy 2 dy, where C 
consists of the portion of y — x 2 from (2, 4) to (0, 0), followed by the line segments 
from (0, 0) to (2, 0) and from (2, 0) to (2, 4). 

Solution We indicate the curve C and the enclosed region R in Figure 15.31. Notice 
that C is a piecewise-smooth, simple closed curve with positive orientation. Further, for 



M(x, y) - x 1 



y 



and N(x, y) = 3xy 2 , M and N are continuous and have continuous 



first partial derivatives everywhere. Green's Theorem then says that 

'dN dM\ 



(x l + y J ) dx + 3xy z dy 



// 

R 

JJ 



dx 



dy J 



dA 



(3y 2 - 3y 2 ) dA = 0. 



Notice that in example 4.1, since the integrand of the double integral was zero, eval- 
uating the double integral was far easier than evaluating the line integral directly. There is 
another simple way of thinking of the line integral in example 4. 1 . Notice that you can write 
this as (f c F(x, y) ■ dr, where F{x, y) = (x 2 + v 3 , 3xy 2 ). Notice further that F is conserva- 
tive [with potential function f(x, y) — |x 3 + xy 3 ] and so, by Theorem 3.3 in section 15.3, 
the line integral of F over any piecewise-smooth, closed curve must be zero. 
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EXAMPLE 4.2 Evaluating a Challenging Line Integral 
with Green's Theorem 

Evaluate the line integral § c {7y — e smx )dx + [I5x — sin(y 3 + 8y)] dy, where Cis the 
circle of radius 3 centered at the point (5, —7), as shown in Figure 15.32. 

Solution First, notice that it will be virtually impossible to evaluate the line integral 
directly. (Think about this some, but don't spend too much time on it!) However, taking 
M(x, y) — ly — e smx and N(x, y) — I5x — sin( y 3 + 8j), notice that M and N are 
continuous and have continuous first partial derivatives everywhere. So, we may apply 
Green's Theorem, which gives us 

J(ly - e siax )dx + [15* - sintj 3 + 8y)]dy = jj (™ - dA 

R 

= JJ (l5-7)dA 

R 

= 8 J J dA = 12n, 



R 

where ff dA is simply the area inside the region R, ff dA — 7r(3) 2 = 9jt. 

r r ■ 

If you look at example 4.2 critically, you might suspect that the integrand was chosen 
carefully so that the line integral was impossible to evaluate directly, but so that the integrand 
of the double integral was trivial. That's true: we did cook up the problem simply to illustrate 
the power of Green's Theorem. Example 4.3 is far less contrived. 



EXAMPLE 4.3 Using Green's Theorem to Evaluate a Line Integral 

Evaluate the line integral f c (e x + 6xy) dx + (8x 2 + sin y 2 ) dy, where C is the 
positively-oriented boundary of the region bounded by the circles of radii 1 and 3, 
centered at the origin and lying in the first quadrant, as indicated in Figure 15.33. 

Solution Notice that since C consists of four distinct pieces, evaluating the line 
integral directly by parameterizing the curve is probably not a good choice. On the other 
hand, since C is a piecewise-smooth, simple closed curve, we have by Green's Theorem 
that 



(e x + 6xy)dx + (8x 2 + siny 2 )^ = / / I — (8.r 2 + siny 2 ) - —(e x + 6xy) 
c J J Ldx dy 

R 



R 

= J I (16* - 6x)dA = J J \0xdA, 



dA 



R R 



where R is the region between the two circles and lying in the first quadrant. Notice that 
this is easy to compute using polar coordinates, as follows: 

J(e x +6xy)dx + (8x 2 + sin>> 2 )fify = J J 10 jc^ dA^ 

^ R r cos0 r dr d6 

nit /2 p3 

= / / (I0r cos 6) rdrd6 

nn/2 1Qr 3 r=3 

— I cos 0 

Jo 3 



10 , , 
— (3 3 - l 3 )sin( 
3 

260 

IT' ■ 



d9 

= i 

it /2 
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You should notice that in example 4.3, Green's Theorem is not a mere convenience; 
rather, it is a virtual necessity. Evaluating the line integral directly would prove to be a very 
significant challenge. (Go ahead and try it to see what we mean.) 

Green's Theorem provides us with a wealth of interesting observations. One of these is 
as follows. Suppose that C is a piecewise-smooth, simple closed curve enclosing the region 
R. Then, taking M(x, y) — 0 and N(x, y) = x, we have 



/ ff/dN dM\ ff 



which is simply the area of the region R. Alternatively, notice that if we take M(x, y) = — y 
and N(x, y) = 0, we have 

£-"*-ff Ih 

R R 

which is again the area of R. Putting these last two results together, we also have 

J J dA — i j> x dy - y dx. (4.5) 

R 

We illustrate this in example 4.4. 













j — ► 







FIGURE 15.34 

Elliptical region R 



EXAMPLE 4.4 Using Green's Theorem to Find Area 

2 2 

x y 

Find the area enclosed by the ellipse — H — - = 1 . 

a 1 b z 

Solution First, observe that the ellipse corresponds to the simple closed curve C 
defined parametrically by 

C — {(x, y)\x = a cos t, y — b sinf, 0 < t < 2tt], 

where a, b > 0. You should also observe that C is smooth and positively oriented. (See 
Figure 15.34.) From (4.5), we have that the area A of the ellipse is given by 

A — — <t> x dy — y dx — — I \(a cos t)(b cos t) — (b sin t)(—a sin t )] dt 



1 f M 

xdy - ydx = - [(a i 
z Jc z Jo 



1 [ 2n 



b cos 2 t + ab sin 2 1) dt — nab. 




FIGURE 15.35a 

Region with a hole 



For simplicity, we often will use the notation dR to refer to the boundary of the region 
R, oriented in the positive direction. Using this notation, the conclusion of Green's Theorem 
is written as 



M(x, y)dx + N(x, y)dy 



-ff 



dN 
dx 



\dA. 

8y J 



We can extend Green's Theorem to the case where a region is not simply-connected (i.e., 
where the region has one or more holes). We must emphasize that when dealing with such 
regions, the integration is taken over the entire boundary of the region (not just the outer- 
most portion of the boundary!) and that the boundary curve is traversed in the positive 
direction, always keeping the region to the left. For instance, for the region R illustrated in 
Figure 15.35a with a single hole, notice that the boundary of R, dR, consists of two separate 
curves, C\ and Ci, where C2 is traversed clockwise, in order to keep the orientation positive 
on all of the boundary. Since the region is not simply-connected, we may not apply Green's 
Theorem directly. Rather, we first make two horizontal slits in the region, as indicated in 
Figure 15.35b, dividing R into the two simply-connected regions R\ and 7?2- Notice that 
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we can then apply Green's Theorem in each of R[ and Ro separately. Adding the double 
integrals over R\ and R2 gives us the double integral over all of R. We have 



J J \dx dy ) J J \dx dy J J J \dx 

R R, R 2 



dN dM 
~dv 



dA 



M(x, y) dx + N(x, y) dy 



M(x, y) dx + N(x, y) dy. 



FIGURE 15.35b 

R = i?j U R 2 



Further, since the line integrals over the common portions of dRi and 37?2 (i.e., the slits) 
are traversed in the opposite direction (one way on 3Rj and the other on dRq), the line 
integrals over these portions will cancel out, leaving only the line integrals over C\ and Ci. 
This gives us 



[[(— - — )dA=(J) M(x, y)dx + N(x, y)dy + <L M(x, y) dx + N(x, y) dy 
J J \dx dy J J aR J BR2 



— (J) M(x, y)dx + N(x, y)dy + (J) M{x, y)dx + N(x, y)dy 



M(x, y) dx + N(x, y) dy. 



This says that Green's Theorem also holds for regions with a single hole. Of course, we 
can repeat the preceding argument to extend Green's Theorem to regions with any finite 
number of holes. 



EXAMPLE 4.5 An Application of Green's Theorem 



For F(jc, y) 



-y, x), show that § c F(x, y) ■ dr — 2tt, for every simple closed 




FIGURE 15.36 

The region R 



curve C enclosing the origin. 

Solution Let Cbe any simple closed curve enclosing the origin and let C\ be the 
circle of radius a > 0, centered at the origin (and positively oriented), where a is taken 
to be sufficiently small so that C\ is completely enclosed by C, as illustrated in 
Figure 15.36. Further, let R be the region bounded between the curves C and C\ (and 
including the curves themselves). Applying our extended version of Green's Theorem 
in R, we have 

<j> F(x, y) ■ dr — j) F(x,y)-dr 



F(x,y)-dr 



-//[ 

R 

-ff 



dN 
dx 



) dA 

dy) 



(l)(, y 2 + y 2 ) _ x[2x) ( _ 1)(x 2 + y 2) + y(2y y 

(x 2 + y 2 ) 2 (x 2 + y 2 ) 2 

OdA =0. 



dA 
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This gives us 



F(x,y)-dr = <b F(x,y)-dr. 
c Jc, 

Now, we chose C\ to be a circle because we can easily parameterize a circle and then 
evaluate the line integral around C\ explicitly. Notice that C\ can be expressed 
parametrically by x — a cos t, y — a sin f , for 0 < t < 2n. Noting that on C\ , 
x 2 + y 2 — a 2 , this leaves us with an integral that we can easily evaluate, as follows: 

F(x, y) ■ dr — £> F(x, v) • dr — <b — {—y, x) ■ dr 
Jc, Jc, a 2 

1 

72 



- v dx + x dy 

a* Jc, 
1 f 2n 

I (— a sinf)(— a sin t) + (a cos t)(a cos t) dt 
i 2 Jo 



-f 

Jo 



dt — 2jt. 



Notice that without Green's Theorem, proving a result such as that developed in 
example 4.5 would be elusive. 

Now that we have Green's Theorem, we are in a position to prove the second half of 
Theorem 3.4. For convenience, we restate the theorem here. 



THEOREM 4.2 

Suppose that M(x, y) and N(x, y) have continuous first partial derivatives on a 
simply-connected region D. Then, f c M(x, y) dx + N(x, y) dy is independent of 
path if and only if M y (x, y) — N x (x, y) for all (x, y) in D. 



PROOF 

Recall that in section 15.3, we proved the first part of the theorem: that if 
f c M(x, y) dx + N(x, y) dy is independent of path, then it follows that 
M y (x, y) = N x (x, y) for all (x, y) in D. We now prove that if M y (x, y) = N x (x, y) 
for all (x, y) in D, then it follows that the line integral is independent of path. Let S be 
any piecewise-smooth closed curve lying in D. If S is simple and positively oriented, then 
since D is simply-connected, the region R enclosed by S is completely contained in D, so 
that My{x, y) = N x (x, y) for all (x, y) in R. From Green's Theorem, we now have that 

j) M(x, y)dx + N(x, y)dy = J J —J dA = 0. 

R 

That is, for every piecewise-smooth, simple closed curve S lying in D, we have 

M(x,y)dx + N(x,y)dy = 0. (4.6) 

If S is not simple, then it intersects itself one or more times, creating two or more loops, each 
one of which is a simple closed curve. Since the line integral of M{x, y) dx + N(x, y) dy 
over each of these is zero by (4. 6), it also follows that f s M(x, y) dx + N(x, y) dy = 0. 
It now follows from Theorem 3.3 that F(x, y) = (M(x, y), N(x, y)> must be conservative 
in D. Finally, it follows from Theorem 3. 1 that f c M(x, y) dx + N(x, y) dy is independent 
of path. ■ 



i 
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BEYOND FORMULAS 

Green's Theorem is the first of three theorems in this chapter that relate different types 
of integrals. The alternatives given in these results can be helpful both computationally 
and theoretically. Example 4.2 shows how we can evaluate a difficult line integral by 
evaluating the equivalent (and simpler) double integral. Perhaps surprisingly, the use 
of Green's Theorem in example 4.5 is probably more important in applications. The 
theoretical result can be applied to any relevant problem and results like example 4.5 
can sometimes provide important insight into general processes. 



EXERCISES 15.4 

^WRITING EXERCISES 

1. Given a line integral to evaluate, briefly describe the circum- 
stances under which you should think about using Green's 
Theorem to replace the line integral with a double integral. 
Comment on the properties of the curve C and the functions 
involved. 

2. In example 4.1, Green's Theorem allowed us to quickly show 
that the line integral equals 0. Following the example, we noted 
that this was the line integral for a conservative force field. Dis- 
cuss which method (Green's Theorem, conservative field) you 
would recommend trying first to determine whether a line in- 
tegral equals 0. 

3. Equation (4.5) shows how to compute area as a line integral. 
Using example 4.3 as a guide, explain why we wrote the area 
as | (f c x dy — y dx instead of <f c x dy or <f c — y dx. 

4. Suppose that you drive a car to a variety of places for shop- 
ping and then return home. If your path formed a simple closed 
curve, explain how you could use (4.5) to estimate the area en- 
closed by your path. (Hint: If (x, y) represents position, what 
does (x', y') represent?) 



In exercises 1-4, evaluate the indicated line integral (a) directly 
and (b) using Green's Theorem. 

1. § c {x 2 — y)dx + y 2 dy, where C is the circle x 2 + y 2 — 1 
oriented counterclockwise 

2. § c {y 2 + x)dx + (3x + 2xy)dy, where C is the circle 
x 2 + y 2 — 4 oriented counterclockwise 

3. f c x 2 dx — x 3 dy, where C is the square from (0, 0) to (0, 2) 
to (2, 2) to (2, 0) to (0, 0) 

4. § c (y 2 — 2x) dx + x 2 dy, where C is the square from (0, 0) to 
(1,0) to(l, l)to(0, 1) to (0,0) 



In exercises 5-20, use Green's Theorem to evaluate the indicated 
line integral. (Curves are oriented positively unless stated.) 

5. f c xe 2x dx — 3x 2 y dy, where C is the rectangle from (0, 0) to 
(3, 0) to (3, 2) to (0, 2) to (0, 0) 



6. § c ye 2x dx + x 2 y 2 dy, where C is the rectangle from (—2, 0) 
to (3, 0) to (3, 2) to (-2, 2) to (-2, 0) 

7. <j> ( 2 ^ - yjdx + (3x - 4tany/2)<fy, where C is the 

portion of y — x 2 from (— 1 , 1) to (1, 1), followed by the por- 
tion of y — 2 — x 2 from (1, 1) to (—1, 1) 

8. f c (xy — e 2x )dx + (2x 2 — Ay 2 )dy, where C is formed by 
y — x 2 and y — 8 — x 2 oriented clockwise 

9. ^L(tanx — y 3 )dx + (x 3 — siny) dy, where C is the circle 

2 i 2 n 

x + y — 2 

10. f c (V-t 2 + 1 - x 2 yj dx + (xy 2 - y 5/3 )dy, where C is the 
circle x 2 + y 2 = 4 oriented clockwise 

11. § c F ■ dr, where F = (x — y, x + y 3 ) and C is formed by 

y — x 2 and y — x 

12. <f c F ■ dr, where F = {y 2 + 3x 2 y, xy + x 3 ) and C is formed 
by y = x 2 and y — 2x 

13. § c F ■ dr, where F = (e* 2 — y,e 2x + y) and C is formed by 
y — 1 — x 2 and y — 0 

14. (f c F • dr, where F = (x e xy + y , x 2 + e y ) and C is formed by 
y — x 2 and y — 4 

15. § c x 2 dx + 2x dy + (z — 2) dz, where C is the triangle from 
(0, 0, 2) to (2, 2, 2) to (4, 0, 2) to (0, 0, 2) 

16. £,[y 3 - ln(x + 1)] dx + Ux - y 2 + 3x) dy, where C is 
formed by x = y 2 and x = 1 

17. cf c (y sec 2 x — 2e y )dx + (tanx — 4y 2 )dy, where C is formed 
by x = 4 — y 2 and x = 0 

18. f c (zx — 2y 3 ) dx + x 3 z dy + z 4 dz, where C is x 2 + y 2 = 4 in 
the plane z — 2 

19. $ c F-dr, where F = (-ze* 2 ^ 2 , e- y2+z \ xe* 2 ^ and C is 
x 2 + z 2 — 1 in the plane y = 0 

20. § c F • dr, where F = l^-xe z + y 2 z, \lx 2 + z 2 , 4xy - z 4 j and 
C is formed by z — 1 — x 2 and z — 0 in the plane y — 2 
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In exercises 21-26, use a line integral to compute the area of the 
given region. 

21. The ellipse Ax 1 + y 2 = 16 22. The ellipse 4x 2 + y 2 = 4 

23. The region bounded by y — x 2 and y = 4 

24. The region bounded by y = x 2 and y = 2x 

25. The region bounded by x 2/3 + y 2/3 — 1. (Hint: Let x = cos 3 1 
and y = sin 3 1) 

26. The region bounded by x 2/5 + y 2/5 — 1 



/ -* 3 y 3 \ 

35. £„ F • dr, where F = ( — , — ) and C is any posi- 

Jc \x 4 + y 4 x 4 + y 4 / JF 

tively oriented simple closed curve enclosing the origin 

I y~ x — x v \ 

36. £„ F • dr, where F = ( — , — ) and C is any posi- 

fc \x 4 + y 4 x 4 + y 4 / J v 

tively oriented simple closed curve enclosing the origin 

. {—y + l,x) 

37. f c F • dr, where F = — and C is any positively 

4x 4- (y 1) 

oriented simple closed curve enclosing (0, 1) 



27. Use Green's Theorem to show that the center of mass of the 
region bounded by the positive curve C with constant den- 
sity is given by x = § c x 2 dy and y — — ^ § c y 2 dx, where 
A is the area of the region. 

28. Use the result of exercise 27 to find the center of mass of the 
region in exercise 26, assuming constant density. 

29. Use the result of exercise 27 to find the center of mass of the 
region bounded by the curve traced out by (f 3 — t, 1 — t 2 ), for 
— 1 < t < 1, assuming constant density. 

30. Use the result of exercise 27 to find the center of mass of the 



region bounded by the curve traced out by (t 2 



t, V 



t), for 



0 < t < 1, assuming constant density. 
31. Use Green's Theorem to prove the change of variables formula 

3(x,y) 



fh-fl 



3(m, v) 



du dv. 



wherex = x(u, u)andy = y{u, v) are functions with continu- 
ous partial derivatives. 
1 

{— y, x) and C any circle of radius r > 0 not 



32. For F = 



x- + y' 

containing the origin, show that (f c F • dr — 0. 



In exercises 33-37, use the technique of example 4.5 to evaluate 
the line integral. 



33. <i r F • dr, where F = 



x 2 + y 2 x 2 + y 1 



- ) and C is any posi- 



tively oriented simple closed curve enclosing the origin 

2 — x 2 — 2xy 



34. § c F • dr, where F = 



(x 2 + y 2 ) 2 ' (x 2 + y 2 ) 2 



and C is any 



positively oriented simple closed curve enclosing the origin 



38. Where is F(x, y) ; 



2x 



2v 



defined? Show that 



\x 2 + y 2 ' x 2 + y 2 l 
My — N x everywhere the partial derivatives are defined. If C 
is a simple closed curve enclosing the origin, does Green's 
Theorem guarantee that f c F • dr — 0? Explain. 

39. For the vector field of exercise 38, show that <f c F • dr is the 
same for all closed curves enclosing the origin. 



40. If F(x, y) : 



2x 



2v 



. and C is a simple closed 

x 1 + y 2 x 2 + y 2 I 

curve in the fourth quadrant, does Green's Theorem guarantee 
that § c F ■ dr = 0? Explain. 

41. Let Ci be the line segment from (0, 1) to (0,0) and C 
the triangle from (0, 0) to (1, 1) to (0, 1) to (0, 0). For 
F = (2xe v " , 4x — tan y), compute <f c F ■ dr and f c F ■ dr. 
Then compute L F • dr, where Co is the bent segment from 
(0, 0) to(l, l)to(0, 1). 

42. Compute / c (4x — y)dx + (e 3y — x 2 y)dy, where C is three 
sides of a square from (2, 0) to (2, 2) to (0, 2) to (0, 0). 



EXPLORATORY EXERCISE 



1. Evaluate § c F ■ dr, where 



F = 



(x 2 + y 2 ) 2 ' (x 2 + y 2 ) 2 



and C is the circle x 2 + y 2 = a 2 . Use the result and Green's 



Theorem to show that 



the diskx 2 + y 2 < 1. 



f f — — dA diverges, where R is 

J J (x 2 + y 2 ) 2 



15.5 CURL AND DIVERGENCE 



We have seen how Green's Theorem relates the line integral of a function over the boundary 
of a plane region R to the double integral of a related function over the region R. In 
some cases, the line integral is easier to evaluate, while in other cases, the double integral is 
easier. More significantly, Green's Theorem provides us with a connection between physical 
quantities measured on the boundary of a plane region with related quantities in the interior 
of the region. The goal of the rest of the chapter is to extend Green's Theorem to results 
that relate triple integrals, double integrals and line integrals. The first step is to understand 
the vector operations of curl and divergence introduced in this section. 
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Both the curl and divergence are generalizations of the notion of derivative that are 
applied to vector fields. Both directly measure important physical quantities related to a 
vector field F(x, y, z). 



DEFINITION 5.1 

The curl of the vector field F(x, y, z) = (F\{x, y, z), F 2 (x, y, z), F^(x, y, z)> is the 
vector field 



curl F 



3^3 dF 2 

3y 3z 



3Fi 

~dz 



3F 3 



dF 2 
~dx 



3Fi 



dx / V dx 3y 
defined at all points at which all the indicated partial derivatives exist. 



k. 



An easy way to remember curl F is to use cross product notation, as follows. Notice 
that using a determinant, we can write 



VxF = 



i J k 

3 3 3 
dx 3y 3z 

F\ F 2 ^3 
3 Ft, 3 

3y 3z 
3 Ft, dF 2 3 F\ 
dy 3z ' 3z 



3F 3 3^1 \ 



dx 



J + 



37*3 dF 2 
dx ' dx dy 



whenever all of the indicated partial derivatives are defined. 



dF 2 
dx 



dFi 



curl F, 



(5.1) 



EXAMPLE 5. 1 Computing the Curl of a Vector Field 

Compute curl F for (a) F(x, y, z) = (x 2 y, 3x — yz, z 3 > and 
(b)F(x, y,z) = {x 3 -y,y\e z ). 

Solution Using the cross product notation in (5.1), we have that for (a): 



curl F = V x F 





j 


k 


3 


9 


3 


dx 


3v 


3z 



x 2 y 3x — yz 



3(z 3 ) _ d(3x - yz) 
dy dz 
d(3x - yz) 3(x 2 y) 



3(z 3 ) 3(x 2 y) 



dx 



dz 



dx dy 
= (0 + y)i - (0 - 0)j + (3 - x 2 )k = (y, 0, 3 - x 2 ). 

Similarly, for part (b), we have 



curl F = V x F = 



i 


,i 


k 


3 


3 


3 


dx 


37 


3z 


3 

x — y 


v 5 


e : 


d(y 5 )\ 




d{e~) 


dz J 


-( 


dx 



dy dz J \ dx dz 
(0 - 0)i - (0 - 0)j + (0 + l)k = (0, 0, 1). 



( 3(y 5 ) 3(x 3 -y) ^ k 



dx 



dy 
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Notice that in part (b) of example 5.1, the only term that contributes to the curl is 
the term — y in the i-component of F(x, y, z). This illustrates an important property of the 
curl. Terms in the i-component of the vector field involving only x will not contribute to 
the curl, nor will terms in the j-component involving only y nor terms in the k-component 
involving only z. You can use these observations to simplify some calculations of the curl. 
For instance, notice that 



curl <x 3 , sin 2 y, Vz 2 + 1 + x 2 ) = curl(0, 0, x 2 ) 

= V x (0, 0, x 2 ) 



(0, ~2jc,0). 



The simplification discussed above gives an important hint about what the curl measures, 
since the variables must get "mixed up" to produce a nonzero curl. Example 5.2 provides 
a clue as to the meaning of the curl of a vector field. 



EXAMPLE 5.2 



4 

y 2 
o 

-2 
-4 



-\ \ \ 

\ \ \ 


/ / /. 
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/ / I 
V / I 


\ \ V 
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X 

FIGURE 15.37a 

Graph of (x, y, 0) 
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/ / ^ 
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x V 
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■\ \ ^ 


' 1 / . 

" / / 

~s / ~ 



FIGURE 15.37b 

Graph of {y, —x, 0) 



Compute the curl of (a) F(x 
each graphically. 

Solution For (a), we have 

i J k 

3 3 3 

dx dy 3z 

x y 0 



Interpreting the Curl of a Vector Field 

z) = xi + yj and (b) G(x, y, z) = yi — xj, and interpret 



V x F = 



= (0 - 0, -(0 - 0), 0 - 0) = (0, 0, 0). 



For (b), we have 



V x G 



i J k 

3 3 3 

dx dy 3z 

y —x 0 



(0 - 0, -(0 - 0), -1 - 1) = (0, 0, -2). 



Graphs of the vector fields F and G in two dimensions are shown in Figures 15.37a and 
15.37b, respectively. It is helpful to think of each of these vector fields as the velocity 
field for a fluid in motion across the xy-plane. In this case, the vectors indicated in the 
graph of the velocity field indicate the direction of flow of the fluid. For the vector field 
(x, y, 0), observe that the fluid flows directly away from the origin, so that the box 
shown would flow away from the origin with no rotation; in (a), we found that 
curl F = 0. By contrast, the vector field (y, —x, 0) indicates a clockwise rotation of the 
fluid. The box would rotate about its center of mass, corresponding to the nonzero curl 
computed in (b). In particular, notice that if you curl the fingers of your right hand so 
that your fingertips point in the direction of the flow, your thumb will point into the 
page, in the direction of — k, which has the same direction as 



curl(y, -x, 0) = V x <y, -x, 0) 



-2k. 



As we will see through our discussion of Stokes' Theorem in section 15.8, 
V x F(x, y, z) provides a measure of the tendency of the fluid flow to rotate about an 
axis parallel to V x F(x, y, z). If V x F = 0, we say that the vector field is irrotational at 
that point. (That is, the fluid does not tend to rotate near the point.) 

We noted earlier that there is no contribution to the curl of a vector field F(x , y , z) from 
terms in the i-component of F that involve only x, nor from terms in the j-component of 
F involving only y nor terms in the k-component of F involving only z. By contrast, these 
terms make important contributions to the divergence of a vector field, the other major 
vector operation introduced in this section. 
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DEFINITION 5.2 

The divergence of the vector field F(x, y, z) = (F\(x, y, z), F^ix, y, z), F^{x, y, z)) 
is the scalar function 

dF\ dFo 3 Ft. 
divF(x,y,z)= + + 

ax ay dz 

defined at all points at which all the indicated partial derivatives exist. 



NOTES 

Take care to note that, while the 
curl of a vector field is another 
vector field, the divergence of a 
vector field is a scalar function. 



X \ \ 
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. 

/ / ^ 
'It, 


□ x \ 
v ^ \ 


\ \ . 

A \ ^ 


' 1 I . 

" ' / 







-4 -2 0 2 4 

x 

FIGURE 15.38b 

Graph of {y, —x) 



While we wrote the curl using cross product notation, note that we can write the 
divergence of a vector field using dot product notation, as follows: 

3 3 3 \ 3Fj dF 2 dF 3 

— • (F u F 2 ,F 3 ) = — - H H - 

,3x 3y dz dx dy dz 



V -F 



divF(x,y,z). (5.2) 



EXAMPLE 5.3 



Compute div F for (a) F(x, y, z) — {x 2 y, 3x 
(b) ¥(x,y,z) 



Computing the Divergence of a Vector Field 

3v and 



[x 3 — y, z 5 , e y ) 



yz, z 



Solution For (a), we have from (5.2) that 

3(jc 2 v) 3(3x - yz) 3(z 3 ) 



div F = V • F ; 



dx dy dz 



2xy 



3z z 



For (b), we have from (5.2) that 

3(jc 3 



div F = V • F 



y) | 3(z 5 ) | 8(e>) 
dx dy dz 



3x 2 + 0 + 0 = 3x 2 



Notice that in part (b) of example 5.3 the only term contributing to the divergence is 
the x 3 term in the i-component of F. Further, observe that in general, the divergence of 
F(x, y, z) is not affected by terms in the i-component of F that do not involve x, terms in 
the j-component of F that do not involve y or terms in the k-component of F that do not 
involve z- Returning to the two-dimensional vector fields of example 5.2, we can develop a 
graphical interpretation of the divergence. 



EXAMPLE 5.4 Interpreting the Divergence of a Vector Field 

yj and (b) F(x, y) = yi — x\ and 



Compute the divergence of (a) F(x, y) — x 
interpret each graphically. 

B(x) | 3(y) 
dx dy 

gOO , d(-x) 

dx 



Solution For (a), we have V • F = -^—^ -\ — — = 2. For (b), we have 

dx dy 

= 0. Graphs of the vector fields in (a) and (b) are shown in 



V-F = 



3y 



Figures 15.38a and 15.38b, respectively. Notice the boxes that we have superimposed 
on the graph of each vector field. If F(x, y) represents the velocity field of a fluid in 
motion, try to use the graphs to estimate the net flow of fluid into or out of each box. For 
(y, — x), the fluid is rotating in circular paths, so that the velocity of any particle on a 
given circle centered at the origin is a constant. This suggests that the flow into the box 
should equal the flow out of the box and the net flow is 0, which you'll notice is also the 
value of the divergence of this velocity field. By contrast, for the vector field (x, y>, 
notice that the arrows coming into the box are shorter than the arrows exiting the box. 
This says that the net flow out of the box is positive (i.e., there is more fluid exiting the 
box than entering the box). Notice that in this case, the divergence is positive. ■ 



We'll show in section 15.7 (using the Divergence Theorem) that the divergence of 
a vector field at a point (x, y, z) corresponds to the net flow of fluid per unit volume 
out of a small box centered at (x, y, z). If V • F(x, y, z) > 0, more fluid exits the box 
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than enters (as illustrated in Figure 15.38a) and we call the point (x, y, z) a source. If 
V ■ F(x, y, z) < 0, more fluid enters the box than exits and we call the point (x, y, z) a 
sink. If V • F(x, y, z) = 0, throughout some region D, then we say that the vector field F is 
source-free or incompressible. 

We have now used the "del" operator V for three different derivative-like operations. 
The gradient of a scalar function /is the vector field V/, the curl of a vector field F is the 
vector field V x F and the divergence of a vector field F is the scalar function V • F. Pay 
special attention to the different roles of scalar and vector functions in these operations. An 
analysis of the possible combinations of these operations will give us further insight into 
the properties of vector fields. 



EXAMPLE 5.5 Vector Fields and Scalar Functions 
Involving the Gradient 

If f(x, y, z) is a scalar function and F(jc, y, z) is a vector field, determine whether each 
operation is a scalar function, a vector field or undefined: (a) V x (V/), 
(b) V x (V-F), (c) V-(V/). 

Solution Examine each of these expressions one step at a time, working from the 
inside out. In (a), V/ is a vector field, so the curl of V/ is defined and gives a vector 
field. In (b), V ■ F is a scalar function, so the curl of V • F is undefined. In (c), V/ is a 
vector field, so the divergence of V/ is defined and gives a scalar function. ■ 



We can say more about the two operations defined in example 5.5 parts (a) and (c). If / 
has continuous second-order partial derivatives, then V/ = (f x , f y , f z ) and the divergence 
of the gradient is the scalar function 



V-(V/) = 



3 3 3 
dx dy dz 



u\- /..•/> - j \x ■ ./;, • ./:.. 



This combination of second partial derivatives arises in many important applications in 
physics and engineering. We call V • (V/) the Laplacian of / and typically use the short- 
hand notation 

V ■ (V/) = V 2 / = f xx + f„ + f zz 

orA/ = V 2 /. 

Using the same notation, the curl of the gradient of a scalar function / is 



V x (V/) = 



i j 


k 


3 3 


3 


dx dy 





fx fy fz 



= (fzy ~ fyz, fxz - fz,, fy, - f,y) = (0, 0, 0), 



assuming the mixed partial derivatives are equal. (We've seen that this occurs whenever all 
of the second-order partial derivatives are continuous in some open region.) Recall that if 
F = V/, then we call F a conservative field. The result V x (V/) = 0 proves Theorem 5.1, 
which gives us a simple way for determining when a given three-dimensional vector field 
is not conservative. 



THEOREM 5.1 

Suppose that F(jc, y, z) — (F\(x, y, z), Fz(x, y, z), F^(x, y, z)) is a vector field whose 
components F\ , F2 and F3 have continuous first-order partial derivatives throughout 
an open region D C M?. If F is conservative on D, then V x F — 0. 



We can use Theorem 5.1 to determine that a given vector field is not conservative, as 
we illustrate in example 5.6. 
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EXAMPLE 5.6 Determining When a Vector Field Is Conservative 

Use Theorem 5.1 to determine whether the following vector fields are conservative: 
(a) F = (cos* — z, y 2 , xz) and (b) F = (2xz, 3z 2 , x 2 + 6yz). 

Solution For (a), we have 



VxF = 





j 


k 


3 


3 


3 


dx 




3z 


cos x — z 


r 


xz 



= (0-0, -1 -z.0-0) ^0 



and so, by Theorem 5.1, F is not conservative on 
For (b), we have 



V x F = 



i j 


k 


3 3 


3 


dx dy 


3c 



2xz 3z 2 x 2 + 6yz 



= (6z-6z,2x-2x,0-0) = 0. 



Notice that in this case, Theorem 5.1 does not tell us whether or not F is conservative. 
However, you might notice that 

F(x, y, z) = (2xz, 3z 2 , x 2 + 6yz) = V(* 2 z + 3yz 2 ). 

Since we have found a potential function for F, we now see that it is indeed a 
conservative field. ■ 



Given example 5.6, you might be wondering whether or not the converse of Theo- 
rem 5. 1 is true. That is, if V x F = 0, must it follow that F is conservative? The answer to 
this is, "NO." We had an important clue to this in example 4.5. There, we saw that for the 

1 . 

two-dimensional vector field F(x, y) — — = , (— J, x), fr *( x > y) ' dr — 2tc, for every 

x L + y 

simple closed curve C enclosing the origin. We follow up on this idea in example 5.7. 



EXAMPLE 5.7 An Irrotational Vector Field That Is Not Conservative 



For F(x, y,z) = 



1 



x~ + y 1 - 
but that F is not conservative. 

Solution First, notice that 



-y, x, 0), show that V x F = 0 throughout the domain of F, 



V x F = 



3 

-y 



.i 

3 

X 



x- + y 2 x- + y 2 



3 


3 




3 


3 




3 3 


X 


d~z 
0 


- j 


dx 

-y 


3z 
0 


+ k 


dx dy 
—y x 


x 2 + y 2 




x 2 + y 2 




x 2 + y 2 x 2 + y 2 



= k 



- k 



3 



9 



y 



dx \x 2 + y 2 J dy \x 2 + y 2 
(x 2 + y 2 ) - 2x 2 (x 2 + y 2 ) - 2y 2 



(x 2 + y 2 ) 2 



(x 2 + y 2 ) 



= 0, 
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so that F is irrotational at every point at which it's defined (i.e., everywhere but on the 
line x — y — 0, that is, the z-axis). However, in example 4.5, we already showed that 
(f c F(x, y, z) ■ dr ■= 2tt, for every simple closed curve C lying in the xy-plane and 
enclosing the origin. Given this, it follows from Theorem 3.3 that F cannot be 
conservative, since if it were, we would need to have j> Q F(x, y, z) ■ dr = 0 for every 
piecewise-smooth closed curve C lying in the domain of F. ■ 

Note that in example 5.7, the vector field in question had a singularity (i.e., a point where 
one or more of the components of the vector field blow up to oo) at every point on the z-axis. 
Even though the curves we considered did not pass through any of these singularities, they 
in some sense "enclosed" the z-axis. This is enough to make the converse of Theorem 5.1 
false. As it turns out, the converse is true if we add some additional hypotheses. Specifically, 
we can say the following. 



THEOREM 5.2 

Suppose that F(x, y, z) — (F\{x, y, z), F2(x, y, z), F^(x, y, z)} is a vector field whose 
components F t , Fi and F3 have continuous first partial derivatives throughout all of 
R 3 . Then, F is conservative if and only if V x F = 0. 



Notice that half of this theorem is already known from Theorem 5.1. Also, notice that 
we required that the components of F have continuous first partial derivatives throughout 
all of R 3 (a requirement that was not satisfied by the vector field in example 5.7). The other 
half of the theorem requires the additional sophistication of Stokes' Theorem and we will 
prove a more general version of this in section 15.8. 



CONSERVATIVE VECTOR FIELDS 

We can now summarize a number of equivalent properties for three-dimensional 
vector fields. Suppose that F(x, y, z) = (F\(x, y, z), F2&, y, z), F$(x, y, z)> is a 
vector field whose components F\ , F2 and F3 have continuous first partial derivatives 
throughout all of R 3 . Then the following are equivalent: 

1. F(x, y, z) is conservative. 

2. f c F • dr is independent of path. 

3. f c F • dr — 0 for every piecewise-smooth closed curve C. 

4. VxF = 0. 

5. F(x, y, z) is a gradient field (F = V/ for some potential function/). 



We close this section by rewriting Green's Theorem in terms of the curl and divergence. 

First, suppose that F(x, y) — (M(x, y), N(x, y), 0} is a vector field, for some functions 
M(x, y) and N(x, y). Suppose that R is a region in the xy-plane whose boundary curve Cis 
piecewise-smooth, positively oriented, simple and closed and that M and N are continuous 
and have continuous first partial derivatives in some open region D, where R C D. Then, 
from Green's Theorem, we have 



// 



)dA= (b Mdx + Ndy. 

dx dy ) Jc 



dN 9M 

Notice that the integrand of the double integral, , is the k component of V x F. 

dx dy 

Further, since dz — 0 on any curve lying in the xy-plane, we have 

j) Mdx + Ndy — j) F • dr. 
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FIGURE 15.39 

Unit tangent and exterior unit 
normal vectors to R 



Thus, we can write Green's Theorem in the form 

(V x F)-kdA. 



i Fdr= ff ( 



We generalize this to Stokes' Theorem in section 15.8. 

To take Green's Theorem in yet another direction, suppose that F and R are as just 
defined and suppose that C is traced out by the endpoint of the vector-valued function 
r(r) = (x(t), y(t), 0), for a < t < b, where x(t) and y(t) have continuous first derivatives 
for a < t < b. Recall that the unit tangent vector to the curve is given by 



T(f) = 



x'{t) y'(t) 



0 



Ir'WII l|r'(OII 

It's then easy to verify that the exterior unit normal vector to C at any point (i.e., the unit 
normal vector that points out of R) is given by 

y'(t) -x'{t) ( 



n(0 

\||r'(f)||' ||r'W|| 
(See Figure 15.39.) Now, from Theorem 2.1, we have 

j)¥-nds = j (F-n)(f)||r'(f)||df 

h r M(x(t), y(t))y'(t) N(x(t), y(t))x'(t) 



f a L llr'COII llr'WII 
f [M(x(t), y(t))y'(t) dt - N(x(t), y(t))x'(t) dt] 

j) Mix, y)dy — N(x, y)dx 



r'(t)\\dt 



dy) 



from Green's Theorem. Finally, recognize that the integrand of the double integral is the 
divergence of F and this gives us another vector form of Green's Theorem: 



j) F ■ nds = JJ V • F(x, y)dA. 



(5.3) 



This form of Green's Theorem is generalized to the Divergence Theorem in section 15.7. 



EXERCISES 15.5 

55 WRITING EXERCISES 

1. Suppose that V xF = (2,0,0). Describe the direction in 
which an object with velocity field F would rotate. Discuss 
how the rotation compares to that of an object with velocity 
field (20, 0, 0). 

2. If V • F > 0 at a point P and F is the velocity field of a fluid, 
explain why the word source is a good choice for what's hap- 
pening at P. Explain why sink is a good word if V • F < 0. 

3. You now have two ways of determining whether or not a vec- 
tor field is conservative on a region, try to find the potential 
function or see whether the curl equals 0. If you have reason to 



believe that the vector field is conservative, explain which test 
you prefer. 

4. Suppose that a vector field F near a point P has circular flow 
lines about P. Give two reasons why F is not conservative in a 
region containing P. 



In exercises 1-12, find the curl and divergence of the given vector 
field. 

1. x 2 i — 3xyj 2. y 2 i + 4x 2 yj 

3. 2xzi — 3jk 4. x 2 '\ — 3xyj + xk 
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5. 


(xy, yz, x 2 } 


6. 


{xe z , yz 2 , x + y) 


7. 


(x 2 , y — z, xe xy ) 


8. 


(y, sin(x 2 y), 3z + y) 


9. 


(3y/z, \fx~z, x cos y) 


10. 


(y 2 , x 2 e z , cos xy) 


11. 


{2xz,y + z 2 ,e z/yl ) 


12. 


{xy 2 > 2x - zy 3 ) 



In exercises 13-26, determine whether the given vector field is 
conservative and/or incompressible on R 3 . 



14. (2xy,x 2 -3y 2 z 2 ,l-2zy 3 ) 



16. {y 2 , x 2 e z , cosxy) 



13. (2x, 2yz 2 , 2y 2 z) 

15. (3yz, x 2 , x cos y) 

17. (sinz, z 2 e yzl , x cos z + 2yze 3 ' z , 

18. (2jcy cos z, x 3 cos z — 3y 2 z, —x 2 y sin z — y 3 ) 

19. (z 2 - 3ye 3 \ z 2 - e 3 \ 2z,/*7 ) 

20. <2xz,3y,x 2 - y) 21. (xy 2 , 3xz, 4 - zy 2 ) 
22. (x,y, l-3z) 23. {4x,3y 3 ,e : ) 

24. (sinx,2y 2 ,^) 

25. {— 2xy, z 2 cos yz 2 — x 2 , 2yz cos yz 2 ) 

26. (e^,xe-'' + z 2 ,2yz- 1) 



27. Label each expression as a scalar quantity, a vector quantity or 
undefined, if / is a scalar function and F is a vector field. 



a. V-(V/) 
d. V(V-F) 



b. V x (V • F) 
e. V x (V/) 



c. V(V x F) 



28. Label each expression as a scalar quantity, a vector quantity or 
undefined, if / is a scalar function and F is a vector field. 

a. V(V/) b. V-(V-F) c. V-(VxF) 

d. V x (VF) e. V x (V x (V x F)) 

29. Prove that V • (V x F) = 0 for any vector field F whose com- 
ponents have continuous second partial derivatives. 

30. Prove that V x (V/) = 0 for any function / with continuous 
second partial derivatives. 



In exercises 31-36, let r = (:c,y,z),r = ||r|| and / a scalar 
function. 

31. Prove that V x r = 0 and V • r = 3. 

32. Prove that V • (rr) = 4r, 



33. Prove that V/(r) = /'(/-)- 



1 



34. Prove that V 2 f(r) = f"(r) + -/'(/)■ 

r 

35. Prove that V • (f(r)r) = 3f(r) + r /'(?•). 

36. Prove that V x (/(r)r) = 0. 



In exercises 37-42, conjecture whether the divergence at point 
P is positive, negative or zero. 



37. 



2 
1 




, /' i V- 

t I s <■ 

p 


y 






0 










-l 

-2 


'/ / , , 
-///■ 


' 1 \ ^ 



38. 



2 
1 

y 


"\\ ^ ' 


, !'/'/. 
i < / ' 


0 










-l 

-2 


-//>. 


1 * ^ 
' > \ s 



-1 0 



-2 -1 0 



39. 



y / / i 


1 |i L 
(III 







40. 2 

1 

y 

o 
-l 



-1 o 



41. 



2 
1 

0 
-1 

-2 



y / / i 


I Ml L 
1 t 1 1 
* i t t" 


'• * - - 

_P^ 





42. 



y / 1 1 i 
y / / i 


1 |i l L 

1 t 1 1 
•P 

t t 4 r 






-2-10 1 2 

X 








— — • - - 

P 


^ ^ ^ ^ 
/ / / / 
-//// 


^ ' 

/ / / / 
////- 



-2 -1 0 



In exercises 43-46, let F represent a velocity field of a fluid and 
imagine a paddle wheel placed in the fluid at various points near 
the origin. Sketch a graph of F. 

43. If F = ^0, — — fjj, explain why the paddle wheel would 

start spinning. Compute V x F and label the fluid flow as ro- 
tational or irrotational. How does this compare to the motion 
of the paddle wheel? 



44. IfF 



1 



, 0, 0), explain why the paddle wheel would 



1 + x 2 ' 

not start spinning. Compute V x F and label the fluid flow as 
rotational or irrotational. How does this compare to the motion 
of the paddle wheel? 



-,0), compute the curl. Does the 



45. If F : 

x 2 + y 2 x 2 + y 2 
paddle wheel move? spin? 

46. If F = (y, 0, 0), compute the curl. Does the paddle wheel 
move? spin? 



47. Graph for r = (x, y, z) and compute its divergence. Are 

l|r|| 3 
you surprised? 



15-55 



SECTION 15.5 •• Curl and Divergence 1031 



48. Compute V • 



llrll" 



for any positive integer n . 



3F, dFi 

49. If the k-component, , of the curl of F is positive 

dx dy 

everywhere, use Green's Theorem to show that there is a closed 
curve C such that f c F • dr 0. 

9F] dF 3 

50. If the j -component, , of the curl of F is positive 

dz OX 

everywhere, show that there is a closed curve C such that 
f c ¥-dr^0. 

51. For a vector field F(x, y) — (F L {x, y), F 2 (x, y)) and closed 
curve C with normal vector n (that is, n is perpendicu- 
lar to the tangent vector to C at each point), show that 
f c F ■ ads = ffV -FdA = f c F 1 dy - F 2 dx. 

R 

52. If T(x, y, t) is the temperature function at position (x, y) 
at time t, heat flows across a curve C at a rate given by 
(f c (—kVT) ■ nds, for some constant k > 0. At steady-state, 
this rate is zero and the temperature function can be written 
as T(x, y). In this case, use Green's Theorem to show that 
V 2 T = 0. 

53. If V 2 / = 0, show that V/ is both incompressible and 
irrotational. 

54. If F and G are irrotational, prove that F x G is incompressible. 

55. Compute the Laplacian A/ for 

(a) f(x, y, z) = Jx 2 + v 2 + z 2 . 

(b) fix, y,z) = 



1 



y* 2 + v 2 + z 2 ' 

56. Find all positive integers n for which Ar" = 0. 



-x l fy 



0 ) is conservative for 



57. Show that 

x 2y 

x > 0, y > 0. What can you say about its potential function? 

58. (a) Give an example of a vector field F such that V ■ F is a 
positive function of y only, (b) Give an example of a vector 
field F such that V x F is a function of x only. 

59. Gauss' law states that V • E = — . Here, E is an electrostatic 

field, p is the charge density and e 0 is the permittivity. If 
E has a potential function —<j>, derive Poisson's equation 

V 2 0 = -^. 

60. For two-dimensional fluid flow, if v = {v x (x, y), v y (x, y)} is 

dg 

the velocity field, then v has a stream function g if — = —v y 

dx 

and — = v x . Show that if v has a stream function and the 

dy 1 

components v x and v y have continuous partial derivatives, then 
V • v = 0. 

61. Forv = (2xy, — y 2 + x), show that V • v = 0 and find a stream 
function g. 

62. For v = {xe xy — 1, 2 — ye xy ), show that V • v = 0 and find a 
stream function g. 

63. If F and G are vector fields, prove that 

V • (F x G) = G • (V x F) - F • (V x G). 



64. If F = fVg, for continuously differentiable scalar functions 
/ and g, show that (V x F) • F = 0. 

65. If F is a vector field, prove that 

V x (V x F) = V(V • F) - V 2 F. 

66. If A is a constant vector and r = (x, y, z), prove that 

V x (A x r) = 2A. 

In exercises 67 and 68, let R be a region in the xy-plane bounded 
by a positively oriented smooth curve C. 

67. Prove Green's first identity: For C — dR, 

ff fV 2 gdA = j f(Vg)-nds- Jf(Vf-Vg)dA. 

R R 

[Hint: Use the vector form of Green's Theorem in (5.3) applied 
to F = fVg.] 

68. Prove Green's second identity: For C = dR, 



-L 



(/V 2 £ - gV 2 f)dA = / (/Vg - gVf) -nds. 



(Hint: Use Green's first identity from exercise 67.) 

69. If/is a scalar function and F a vector field, show that 

V.(/F) = V/.F+/(V-F). 

70. If /is a scalar function and F a vector field, show that 

V x (/F) = V/ x F + /(V x F). 

71. Show that if G = V x H, for some vector field H with contin- 
uous partial derivatives, then V • G = 0. 

72. Show the converse of exercise 71; that is, if V ■ G = 0, 
then G=VxH for some vector field H. j^Hint: Let 

H(x, y, z) = (o, fg Gi(u, y, z)du, — f£ Gi(w, y, z)rfwj.J 

73. For F = ( -j^ , 6y, 2), — 5 < y < 5, find the curl of maximun 
magnitude. 

74. For F = {2x — 2xy 2 , 6y 2 — x 2 y, x 2 + cosy), find the diver- 
gence of maximum absolute value. 



EXPLORATORY EXERCISES 



1. In some calculus and engineering books, you will find the vec- 
tor identity 

V x (F x G) = (G • V)F - G(V • F) 

- (F • V)G + F(V • G). 

Which two of the four terms on the right-hand side look like 
they should be undefined? Write out the left-hand side as com- 
pletely as possible, group it into four terms, identify the two 
familiar terms on the right-hand side and then define the un- 
usual terms on the right-hand side. (Hint: The notation makes 
sense as a generalization of the definitions in this section.) 

2. Prove the vector formula 

V x (V x F) = V(V • F) - V 2 F. 
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As in exercise 1, a major part of the problem is to decipher an 
unfamiliar notation. 

3. Maxwell's laws relate an electric field E(f) to a magnetic 
field H(/). In a region with no charges and no current, 



the laws state that V ■ E = 0, V • H = 0, VxE = -/xH, and 
VxH = fiE,. From these laws, prove that 

V x (V x E) = -/x 2 E„ 
and V x (V x H) = -^ 2 H tt . 




15.6 SURFACE INTEGRALS 



Whether it is the ceiling of the Sistine Chapel, the dome of a college library or the massive 
roof of the Toronto SkyDome, domes are impressive architectural structures, in part because 
of their lack of visible support. Architects must be certain that the weight is properly 
supported and so, must first calculate the mass of a dome. 

You have already seen how to use double integrals to compute the mass of a two- 
dimensional lamina and triple integrals to find the mass of a three-dimensional solid. How- 
ever, a dome is a three-dimensional structure more like a thin shell (a surface) than a solid. 
We hope you're one step ahead of us on this one: if you don't know how to find the mass of 
a dome exactly, you can approximate its mass by slicing it into a number of small sections 
and estimating the mass of each section. In Figure 15.40, we show a curved surface that has 
been divided into a number of sections. If the sections are small enough, then the density 
of each piece will be approximately constant. 

So, first subdivide (partition) the surface into n smaller pieces, S\, S2, ■ ■ ■ , S„. Next, 
let p(x, y, z) be the density function (measured in units of mass per unit area). Further, for 
each i = 1, 2, . . . , n, let (x;, y,-, z, ) be a point on the section Si and let AS, be the surface 
area of S, . The mass of the section S, is then given approximately by p(x, , y; , z, ) AS; . The 
total mass m of the surface is given approximately by the sum of these approximate masses, 

1=1 

You should expect that the exact mass is given by the limit of these sums as the size of the 
pieces gets smaller and smaller. We define the diameter of a section S, to be the maximum 
distance between any two points on S, and the norm of the partition || P || as the maximum 
of the diameters of the S, 's. Then we have that 

n 

m= lim ^ p (Xi , y t , Zi ) AS; . 

This limit is an example of a new type of integral, the surface integral, which is the focus 
of this section. 



DEFINITION 6.1 

The surface integral of a function g(x, y, z) over a surface ScR 3 , written 

ff g(x, y, z) dS, is given by 

s 

jj g(x,y,z)dS= n lim q ]T g(x t , y ; , z ; ) AS, , 
s 1=1 
provided the limit exists and is the same for all choices of the evaluation points 
(xi, yi, Zi). 



Notice how our development of the surface integral parallels our development of the 
line integral. Whereas the line integral extended a single integral over an interval to an 
integral over a curve in three dimensions, the surface integral extends a double integral over 
a two-dimensional region to an integral over a surface in three dimensions. 




FIGURE 15.40 

Partition of a surface 
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The basic idea for calculating a surface integral is to rewrite it as a double integral, 
which is evaluated using existing techniques. To convert a given surface integral into a 
double integral, we must write the integrand g(x, y, z) as a function of two variables and 
write the surface area element dS in terms of the area element dA. 

For the sake of simplicity, we assume that the surface is the graph of the equation 
z — fix, y), where / has continuous first partial derivatives in some region R in the xy- 
plane. Notice that for an inner partition Ri, Ro, ■ ■ ■ , R„ of R, if we take the point (x, •, y, , 0) 
as the point in Rj closest to the origin, then the portion of the surface S, lying above R, will 
differ very little from the portion T, of the tangent plane to the surface at (jc, , y, , /(x, , y,)) 
lying above /?;. More to the point, the surface area of Sj will be approximately the same as 
the area of the parallelogram 7}. In Figure 15.41, we have indicated the portion 7} of the 
tangent plane lying above 7?, . 

Let the vectors u, = (0, a, b) and v,- = (c, 0, d) form two adjacent sides of the paral- 
lelogram Tj , as indicated in Figure 1 5 .4 1 . Notice that since u,- and v, lie in the tangent plane, 
n, = u,- x v, = {ad, be, —ac) is a normal vector to the tangent plane. We saw in section 11.4 
that the area of the parallelogram can be written as 

A 5/ = || U, x V; || = || n ; || . 

We further observe that the area of R, is given by AA, = |ac| and n, ■ k = — ac, so that 
|n, ■ k| = \ac\. We can now write 

\ac\ |n ; ■ k| 

since ac ^ 0. The corresponding expression relating the surface area element dS and the 
area element dA is then 



n 

dS = ---—dA. 
|n-k| 



In the exercises, we will ask you to derive similar formulas for the cases where the surface 
5 is written as a function of x and z or as a function of y and z- 

If S is the surface z = f(x, y), recall from our discussion in section 13.4, that a normal 
vector to S is given by n = {f x , f y , — 1) . This is a convenient normal vector for our purposes, 
since |n • k| = 1. With ||n|| = ^J{f x ) 2 + (f y ) 2 + f, we have the following result. 



THEOREM 6.1 (Evaluation Theorem) 

If the surface S is given by z — f(x, y) for (x, y) in the region R C R 2 , where/ has 
continuous first partial derivatives, then 

J J g(x,y,z)dS = jj g(x, y, f(x, y))y/(f x ) 2 + (f y ) 2 + 1 dA. 



PROOF 

From the definition of surface integral in Definition 6.1, we have 

j I g(x,y,z)dS - ^m o ^2g(Xi,yi,Zi)ASi 

s 1=1 

» ii „ ii 

E||n,-|| 
g{Xi,yi,Zi)- — AA,- 
n, • k 
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- n Hm o £ g(xt, y u f( Xi , yi)W(f x ) z + (f y ) 2 + l 



AAj 



= J J g(x, y, f(x, y)V(/ t ) 2 + (/ v ) 2 +l^/A, 



as desired. ■ 

Theorem 6. 1 says that we can evaluate a surface integral by evaluating a related double 
integral. To convert the surface integral into a double integral, substitute z — f(x, y) in 
the function g(x, y, z) and replace the surface area element dS with n dA, which for the 
surface z = f(x, y) is given by 



dS 



|n|| dA = V(/c) 2 + (/ y ) 2 +ldA- 



(6.1) 



EXAMPLE 6. 1 Evaluating a Surface Integral 

Evaluate ff 3z dS, where the surface S is the portion of the plane 2x + y + z — 2 lying 

s 

in the first octant. 

Solution On S, we have z — 2 — 2x — y, so we must evaluate ff 3(2 — 2x — y) dS. 

s 

Note that a normal vector to the plane 2x + y + z — 2 is n = (2, 1, 1), so that in this 
case, the element of surface area is given by (6.1) to be 

dS = || n || dA - V6dA. 

From Theorem 6.1, we then have 

J J 3(2 - 2x - y)dS = jj 3(2 -2x~ y)V6dA, 

S R 

where R is the projection of the surface onto the xy-plane. A graph of the surface S is 
shown in Figure 15.42a. In this case, notice that R is the triangle indicated in 
Figure 15.42b. The triangle is bounded by x — 0, y — 0 and the line 2x + y = 2 (the 
intersection of the plane 2x + y + z — 2 with the plane z — 0). If we integrate with 




FIGURE 15.42a 

z — 2 — 2x — y 



FIGURE 15.42b 

The projection R of the surface S onto the xy-plane 
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respect to y first, the inside integration limits are y — 0 and y — 2 — 2x, with x ranging 
from 0 to 1. This gives us 

J J 3(2 - 2x - y)dS = J J 3(2 - 2x - y)V6dA 

S R 

= / / 3V6(2-2x - y)dydx 
Jo Jo 

= 2V6, 

where we leave the routine details of the integration as an exercise. ■ 



In example 6.2, we will need to rewrite the double integral using polar coordinates. 



EXAMPLE 6.2 Evaluating a Surface Integral Using Polar Coordinates 

Evaluate ff z dS, where the surface S is the portion of the paraboloid z — 4 — x 2 — y 2 

s 

lying above the xy-plane. 

Solution Substituting z — 4 — x 2 — y 2 , we have 

fjzdS = J J (4-x 2 -y 2 )dS. 
s s 

In this case, a normal vector to the surface z — 4 — x 2 — y 2 is n = {—2x, — 2v, —1), so 
that 

dS = || n || dA = j4x 2 +4y 2 + 1 dA. 

This gives us 



J J (4 - x 2 -y 2 )dS = JJ(4-x 2 - y 2 )sj4x 2 + 4y 2 + 1 



dA. 



S R 

Here, the region R is enclosed by the intersection of the paraboloid with the xy-plane, 
which is the circle x 2 + y 2 — 4. (See Figure 15.43.) With a circular region of 
integration and the term x 2 + y 2 appearing (twice!) in the integrand, you had better be 
thinking about polar coordinates. We have 4 — x 2 — y 2 — 4 — r 2 , 
y/4x 2 + 4y 2 + 1 = -J4r 2 + 1 and dA — rdr d9. For the circle x 2 + y 2 — 4, r ranges 
from 0 to 2 and 6 ranges from 0 to 2ji . Then, we have 



jj(4-x 2 - y 2 )dS = JJ(4-x 2 - y 2 )^4x 2 + 4y 2 + 1 

S R 

- / / (4 - r 2 W4r 2 ~+irdrd6 
Jo Jo 



289 r- 41 

= 7TV 17 71, 

60 60 
where we leave the details of the final integration to you. 



O Parametric Representation of Surfaces 

In the remainder of this section, we study parametric representations of surface integrals. 
First, we need a better understanding of surfaces that have been defined parametrically. 
You have already seen parametric surfaces in section 12.6. Recall that we can describe the 
cone z = y/x 2 + y 2 in cylindrical coordinates by z — r, 0 < 6 <2tt, which is a parametric 
representation with parameters r and 8. Similarly, the equation p — 4, 0 < 6 < 2tx and 
0 < (/> < 7t, is a parametric representation of the sphere x 2 + y 2 + z 2 — 16, with parameters 
6 and 0. It will be helpful to review these graphs as well as to look at some new ones. 
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The general form for parametric equations representing a surface in three dimensions is 
x — x{u, v), y — y(u, i>)andz = z{u, i>)forwi < u < K2andui < v < i>2- The parameters 
u and v can correspond to familiar coordinates (x and y, or r and 9, for instance), or less 
familiar expressions. Keep in mind that to fully describe a surface, you will need to define 
two parameters. 



EXAMPLE 6.3 Finding Parametric Representations of a Surface 

Find a simple parametric representation for (a) the portion of the cone z = y/x 2 + y 2 
inside the cylinder x 2 + y 2 — 4 and (b) the portion of the sphere x 2 + y 2 + z 2 — 16 
inside of the cone z = y/x 2 + y 2 . 

Solution It is important to realize that both parts (a) and (b) have numerous solutions. 
(In fact, every surface has an infinite number of parametric representations.) The 
solutions we show here are among the simplest and most useful, but they are not the 
only reasonable solutions. In (a), the repeated appearance of the term x 2 + y 2 suggests 
that cylindrical coordinates (r, 9, z) might be convenient. A sketch of the surface is 
shown in Figure 15.44a. Notice that the cone z — y 1 x 2 + y 2 becomes z — r in 
cylindrical coordinates, where x — r cos 9 and y = r sin6>. Further, the parameters r 
and 9 have ranges determined by the cylinder x 2 + y 2 — 4, so that 0 < r < 2 and 
0 < 9 <2n. Parametric equations for the cone are then x — r cos 9 , y = r sin 9 and 
z — r with 0 < r < 2 and 0 < 9 < 2tt. 




FIGURE 15.44a FIGURE 15.44b 

The cone z = ^/x 2 + y 2 and the The portion of the sphere 

cylinder x 2 + y 2 — 4 inside the cone 



The surface in part (b) is a portion of a sphere, which suggests (what else?) 
spherical coordinates: x — p sin <f> cos 9, y — p sin </> sin 9 and z — p cos 0, where 
p 2 — x 2 + y 2 + z 1 ■ The equation of the sphere x 2 + y 2 + z 2 — 16 is then p — 4. Using 
this, a parametric representation of the sphere is x — 4 sin (p cos 9, y — 4 sin <f> sin 9 and 
7 — 4 cos 4>, where 0 < 9 < 2jt and 0 < 4> < n . To find the portion of the sphere inside 
the cone, observe that the cone can be described in spherical coordinates as 4> — ? . 
Referring to Figure 15.44b, note that the portion of the sphere inside the cone is then 
described by x — 4 sin </> cos 9 , y — 4 sin 4> sin 9 and z — 4 cos <f>, where 0 < 9 < 2it 
and 0 < 0 < | . a 

Suppose that we have a parametric representation for the surface S: x — x(u, v), 
y — y(u, v)andz ' z(u, v), defined on the rectangle R = {(u, v)\a < u < bandc < v < d] 
in the wi)-plane. It is often convenient to use parametric equations to evaluate the surface 
integral ff f(x, y, z) dS. Of course, to do this, we must substitute for x, y and z to rewrite 

s 

the integrand in terms of the parameters u and v, as 



g(u, v) - f(x(u, v), y(u, v), z{u, v)). 



15-61 



SECTION 15.6 Surface Integrals 1037 



We must also write the surface area element dS in terms of the area element dA for the 
Mii-plane. Unfortunately, we can't use (6.1) here, since this holds only for the case of a 
surface written in the form z = f(x, y). Instead, we'll need to back up just a bit. 

First, notice that the position vector for points on the surface S is 
r(u, v) = (x(u, v), y(u, v), z(u, v)). We define the vectors r„ and r„ (the subscripts denote 
partial derivatives) by 

r„(w, v) - (x u (u, v), y u (u, v), z u (u, v)) 
and r v (u, v) — {x v (u, i>), y v (u, i>), z v (u, v)). 

Notice that for any fixed (u, v), both of the vectors r„(w, v) and r v (u, v) lie in the tangent 
plane to S at the point (x(u, v), y(u, v), z(u, v)). So, unless these two vectors are parallel, 
n = r u x r„ is a normal vector to the surface at the point (x(u, v), y(u, v), z(u, v)). We say 
that the surface S is smooth if r„ and r„ are continuous and r„ x r„ / 0, for all (u, v) e R. 
(This says that the surface will not have any corners.) We say that S is piecewise-smooth 
if we can write S — S\ U S2 U • • • U S„, for some smooth surfaces Si, S2, ■ ■ ■ , S„. 




FIGURE 15.45a FIGURE 15.45b FIGURE 15.45c 

Partition of parameter domain Curvilinear region Si The parallelogram T t 

(i/y-plane) 

As we have done many times now, we partition the rectangle R in the Mii-plane. For each 
rectangle R, in the partition, let (m,- , i;,-) be the closest point in Rj to the origin, as indicated 
in Figure 15.45a. Notice that each of the sides of R, gets mapped to a curve in xyz-space, so 
that Rj gets mapped to a curvilinear region 5, in xyz-space, as indicated in Figure 15.45b. 
Observe that if we locate their initial points at the point P ; (x(m;, d, ), y(w,, u, ), z(u h i>, )), the 
vectors r„(Wj, u,) and r„(M,, d,) lie tangent to two adjacent curved sides of S;. So, we can 
approximate the area AS; of S, by the area of the parallelogram 7} whose sides are formed 
by the vectors AM,r, ( (M;, u,) and Ai>,t„(m,-, i>,). (See Figure 15.45c.) As we know, the area 
of the parallelogram is given by the magnitude of the cross product 

WAufTuiUj, Vj) x Ai>,r„(M,', = \\r u (ui, v t ) x r v (u h v t )\\ AutAvj 

= \\r u (ui, vd x r v (ui, Vi)\\ AA,-, 

where A A, is the area of the rectangle Rj . We then have that 

ASj « \\r u (ui, Vi) x r v {Ui, w,-)|| AA ; 

and it follows that the element of surface area can be written as 

dS= \\r u x r v \\dA. (6.2) 

Notice that this corresponds closely to (6.1), as r„ x r„ is a normal vector to S. Finally, we 
developed (6.2) in the comparatively simple case where the parameter domain R (that is, 
the domain in the Mii-plane) was a rectangle. If the parameter domain is not a rectangle, you 
should recognize that we can do the same thing by constructing an inner partition of the 
region. We can now evaluate surface integrals using parametric equations, as in example 6.4. 
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NOTES 

For the sphere x 2 + y 2 + z 2 = R 2 , 
the surface area element in 
spherical coordinates is 
dS = R sintp d(p dd. 



EXAMPLE 6.4 Evaluating a Surface Integral Using Spherical Coordinates 

Evaluate ff (3x 2 + 3y 2 + 3z 2 ) dS, where S is the sphere x 2 + y 2 + z 2 — 4. 

s 

Solution Since the surface is a sphere and the integrand contains the term 

x 2 + y 2 + z 2 , spherical coordinates are indicated. Notice that the sphere is described by 

p — 2 and on the surface of the sphere, the integrand becomes 3(x 2 + y 2 + z 2 ) — 12. 

Further, we can describe the sphere p — 2 with the parametric equations 

x — 2 sin 0 cos G,y = 2 sin 0 sin 8 and z — 2 cos 0, for 0 < 6 < 2it and 0 < 0 < n. 

This says that the sphere is traced out by the endpoint of the vector-valued function 

r(0 , 9) — (2 sin 0 cos 6 , 2 sin 0 sin 0 , 2 cos 0) . 

We then have the partial derivatives 

rg = ( — 2 sin 0 sin 6 , 2 sin (p cos 0 , 0} 
and r0 = (2 cos 0 cos 0, 2 cos 0 sin 0, —2 sin 0) . 

We leave it as an exercise to show that a normal vector to the surface is given by 

n = r g x i~0 = (—4 sin 2 cp cos 6, — 4 sin 2 0 sin 0, — 4 sin 0 cos 0), 

so that ||n|| = 4| sin0|. Equation (6.2) now gives us dS — 4| sin0| dA, so that 



fh 7 



3y l + 3z z )dS 



-ff 

R 

pin nit 

Jo Jo 
= \92tx, 



(12)(4)|sin0|a!A 



48 sincpdcpdO 



where we replaced |sin0| by sin 0 by using the fact that for 0 < 0 < it, sin0 > 0. 



If you did the calculation of dS in example 6.4, you may not think that parametric 
equations lead to simple solutions. (That's why we didn't show all of the details!) However, 
recall that for changing a triple integral from rectangular to spherical coordinates, you re- 
place dx dy dz by p 2 sin 0 dp d(p d6. In example 6.4, we have p 2 — 4 and dS — 4 sin 0 dA, 
which looks more familiar. This shortcut is valuable, since surface integrals over spheres 
are reasonably common. 

We close the section with several illustrations of how surface integrals are used. The 
first is familiar: observe that the surface integral of the function f(x, y, z) = 1 over the 
surface S is simply the surface area of S. That is, 



1 dS — Surface area of S. 



The proof of this follows directly from the definition of the surface integral and is left as an 



exercise. 



EXAMPLE 6.5 



Using a Surface Integral to Compute Surface Area 

'} — 4 between 



Compute the surface area of the portion of the hyperboloid x 2 + y 2 — z 
z — 0 and z — 2. 

Solution We need to evaluate ff I dS. Notice that we can write the hyperboloid 

s 

parametrically as x — 2 cos u cosh v, y = 2 sinw cosh v and z — 2 sinh v. (You can 
derive parametric equations in the following way. To get a circular cross section of 
radius 2 in the xy-plane, start with x — 2 cos u and y — 2 sin u. To get a hyperbola in the 
xz- or yz-plane, multiply x and y by cosh v and set z — sinh v.) We have 0 < u < 2jt to 
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HISTORICAL 
NOTES 

August Ferdinand Mobius 
(1790-1868) German 
astronomer and mathematician 
who gave one of the earliest 
descriptions of the one-sided 
surface that bears his name. 
Mobius' doctoral thesis was in 
astronomy, but his astronomy 
teachers included the great 
mathematician Carl Friedrich 
Gauss. Mobius did research in 
both fields. His mathematics 
publications, primarily in 
geometry and topology, were 
exceedingly clear and well 
developed. 



FIGURE 15.46a 

A long, thin strip 



get the circular cross sections and 0 < v < sinh 1 (sa 0.88). The hyperboloid is traced 
out by the endpoint of the vector- valued function 

r(w, v) — (2 cos u cosh v, 2 sin u cosh v, 2 sinh v), 
so that r » = ( — 2 sin u cosh v, 2 cos u cosh v, 0) 

and r„ = (2 cos u sinh v, 2 sin u sinh v, 2 cosh v). 

This gives us the normal vector 

n = r„ x r„ = (4 cos u cosh 2 i;, 4 sin u cosh 2 v, —4 cosh v sinh v), 
where ||n|| = 4 cosh vy/ cosh 2 v + sinh 2 v. We now have 

j j 1 dS — J j 4 cosh v \J cosh 2 v + sinh 2 v dA 

S R 

,sinh-'l 

= / / 4 cosh vy cosh" v + sinh" vdudv 

Jo Jo 

w 31.95, 



where we evaluated the final integral numerically. 



Our next example of a surface integral requires some preliminary discussion. First, we 
say that a surface S is orientable (or two-sided) if it is possible to define a unit normal 
vector n at each point (x, y, z) not on the boundary of the surface and if n is a continuous 
function of (x, y, z). In this case, S has two identifiable sides (atop and a bottom or an inside 
and an outside). Once we choose a consistent direction for all normal vectors to point, we 
call the surface oriented. For instance, a sphere is a two-sided surface; the two sides of 
the surface are the inside and the outside. Notice that you can't get from the inside to the 
outside without passing through the sphere. The positive orientation for the sphere (or 
for any other closed surface) is to choose outward normal vectors (normal vectors pointing 
away from the interior). 

All of the surfaces we have seen so far in this course are two-sided, but it's not difficult 
to construct a one-sided surface. Perhaps the most famous example of a one-sided surface 
is the Mobius strip, named after the German mathematician A. F. Mobius. You can easily 
construct a Mobius strip by taking a long rectangular strip of paper, giving it a half-twist 
and then taping the short edges together, as illustrated in Figures 15.46a through 15.46c. 
Notice that if you started painting the strip, you would eventually return to your starting 
point, having painted both "sides" of the strip, but without having crossed any edges. This 
says that the Mobius strip has no inside and no outside and is therefore not orientable. 



A D 






FIGURE 15.46b 

Make one half-twist 



FIGURE 15.46c 

A Mobius strip 



One reason we need to be able to orient a surface is to compute the flux of a vector 
field. It's easiest to visualize the flux for a vector field representing the velocity field for a 
fluid in motion. In this context, the flux measures the net flow rate of the fluid across the 
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surface in the direction of the specified normal vectors. (Notice that for this to make sense, 
the surface must have two identifiable sides. That is, the surface must be orientable.) The 
orientation of the surface lets us distinguish one direction from the other. In general, we 
have the following definition. 



DEFINITION 6.2 

Let F{x, y, z) be a continuous vector field defined on an oriented surface S with unit 
normal vector n. The surface integral of F over S (or the flux of F over S) is given 

by ff F-ndS. 

s 



Think carefully about the role of the unit normal vector in Definition 6.2. Notice that 
since n is a unit vector, the integrand F • n gives (at any given point on S) the component 
of F in the direction of n. So, if F represents the velocity field for a fluid in motion, F • n 
corresponds to the component of the velocity that moves the fluid across the surface (from 
one side to the other). Also, note that F • n can be positive or negative, depending on which 
normal vector we have chosen. (Keep in mind that at each point on a surface, there are two 
unit normal vectors, one pointing toward each side of the surface.) You should recognize 
that this is why we need to have an oriented surface. 




FIGURE 15.47 

z = x 2 + y 2 



EXAMPLE 6.6 Computing the Flux of a Vector Field 

Compute the flux of the vector field F(x, y,z) = (x, y, 0) over the portion of the 
paraboloid z — x 2 + y 2 below z — 4 (oriented with upward-pointing normal vectors). 

Solution First, observe that at any given point, the normal vectors for the paraboloid 
z — x 2 + y 2 are ±(2x, 2y, —1). For the normal vector to point upward, we need a 
positive z-component. In this case, 

m = -{2x, 2y, -1) = (-2x, -2y, 1) 

is such a normal vector. A unit vector pointing in the same direction as m is then 

(-2x, -2y, 1) 

n = 



^x 2 - 



■4y 2 



1 



Before computing F • n, we use the normal vector m to write the surface area increment 
dS in terms of dA. From (6.1), we have 



dS ~ || m || dA 
Putting this all together gives us 

jj¥ndS= J J (x,y,0) 
(x,y,0) 



s/4x 2 + 4y 2 + IdA. 



-//< 

R 

ff' 



{-2x , -2y, 1) 
si Ax 2 + Ay 2 + 1 

(-2x, -2y, l)dA 



s/4x 2 + 4y 2 + 1 dA 



= I I (-2x 2 -2y 2 )dA, 



where the region R is the projection of the portion of the paraboloid under consideration 
onto the xy-plane. Note how the square roots arising from the calculation of n and dS 
canceled out one another. Look at the graph in Figure 15.47 and recognize that this 
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BEYOND FORMULAS 

Surface integrals complete the 
set of integrals introduced in 
this book. (There are many 
more types of integrals used in 
more advanced mathematics 
courses and applications areas.) 
Although the different types of 
integrals sometimes require 
different methods of evaluation, 
the underlying concepts are the 
same. In each case, the integral 
is a limit of approximating sums 
and in some cases can be 
evaluated directly with some 
form of an antiderivative. 



projection is bounded by the circle x 2 + y 2 = 4. You should quickly realize that the 
double integral should be set up in polar coordinates. We have 

JJvndS = JJ (-2x 2 - 2y 2 )dA 

S R 

= / / (-2r 2 )rdrd6 = -16tv. 

Jo Jo ■ 



Flux integrals enable engineers and physicists to compute the flow of a variety of 
quantities in three dimensions. If F represents the velocity field of a fluid, then the flux 
gives the net amount of fluid crossing the surface S. In example 6.7, we compute heat flow 
across a surface. If T(x, y, z) gives the temperature at (x, y, z), then the net heat flow across 
the surface S is the flux of F = —kVT, where the constant k is called the heat conductivity 
of the material. 



EXAMPLE 6.7 Computing the Heat Flow Out of a Sphere 

For T(x, y, z) — 30 — j%z 2 and k — 2, compute the heat flow out of the region bounded 
by x 2 + y 2 + z 2 = 9. 

Solution We compute the flux of -2V(30 - ±z 2 ) = -2(0,0, -|z) = (0,0, |z>. 
Since we want the flow out of the sphere, we need to find an outward unit normal to 



y 



the sphere. An outward normal is V(x 2 

(2x,2y,2z) 9 
n = , On the sphere, we have 4x 



^Ax 2 + Ay 2 + 4z 2 ' 



z 2 ) = (2x, 2y, 2z), so we take 

■ 4y 2 + 4z 2 = 36, so that the 



^z 2 

27* ■ 



denominator simplifies to V 36 = 6. This gives us n = i{x, y, z) and F • n 
Since the surface is a sphere, we will use spherical coordinates for the surface integral. 
On the sphere, z — p cos 0 = 3 cos <j), so that F • n = J^(3 cos <p) 2 — | cos 2 </). Further, 
dS — p 2 sin <pdA — 9 sin (p dA. The flux is then 

JjFnds = jj f- cos 2 (p^j 9 sin (pdA — j j 6cos 2 0 sin <pd<pd9 — in. 

S R 

Since the flux is positive, the heat is flowing out of the sphere. Finally, observe that 
since the temperature decreases as \z\ increases, this result should make sense. ■ 



EXERCISES 15.6 

10 WRITING EXERCISES 

1. For definition 6.1, we defined the partition of a surface and 
took the limit as the norm of the partition tends to 0. Explain 
why it would not be sufficient to have the number of segments 
in the partition tend to oo. 

2. In example 6.2, you could alternatively start with cylindrical 
coordinates and use a parametric representation as we did 
in example 6.4. Discuss which method you think would be 
simpler. 

3. Explain in words why ff IdS equals the surface area of S. 

s 

4. For example 6.6, sketch a graph showing the surface S and 
several normal vectors to the surface. Also, show several vec- 
tors in the graph of the vector field F. Explain why the flux is 
negative. 



In exercises 1-8, find a parametric representation of the 
surface. 

1. z = 3x + Ay 2. x 1 + y 2 + z 2 = 4 

3. x 1 + y 2 - z 2 = 1 4. x 2 -y 2 + z 2 = A 

5. The portion of x 2 + y 2 — A from z — 0 to z — 2 

6. The portion of y 2 + z 2 — 9 from x — — ltox = l 

7. The portion of z — A — x 2 — y 2 above the xy-plane 

8. The portion of z — x 2 + y 2 below z — A 



In exercises 9-18, sketch a graph of the parametric surface. 

9. x = u,y = v,z = u 2 + 2v 2 

10. x — u, y — v, z — A — u 2 — v 2 

11. x = u cos v, y = u sin u, z = u 2 
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12. x — u cos v, y = u sin v, z — u 

13. x — 2 sin m cos u, y = 2 sin m sin v, z = 2 cos u 

14. x = 2 cos v, y — 2 sin v, z — u 

1 15. x = m, y = sinw cos u, z = s'mu sin u 

1 16. x = cos « cos v, y = u, z = cos u sin v 

17. x = (4 + 2 cos v) cos y = (4 + 2 cos v) s'mu, z — 2 sin v 



26. The portion of the paraboloid z — x 2 + y 2 inside the cylinder 

x 2 + y 2 = 4 



1 18. x = (-2 + a/16 - u 2 )cosw, j = (-2 + a/16 - D 2 )sin«, 

Z = D, -a/12 < U < a/12 



19. Match the parametric equations a-c with the surfaces 1-3 

a. x = u cos u, y = u sin u, z = v 2 

b. x = v, y — u cos v, z = « sin u 

c. x = m, 3) = m cos u, z = u sin u 




x *" 10 

SURFACE I 




SURFACE 2 




SURFACE 3 

20. In example 6.4, show that 

r e x i-0 = (—4 sin 2 <f> cos 6, —4 sin 2 4> sin 6, —4 sin <f> cos 0) 
and then show that ||n|| = 4| sin 0 1 . 



In exercises 21-32, find the surface area of the given surface. 

21. The portion of the cone z = \jx 2 + y 2 below the plane 
z = 4 

22. The portion of the paraboloid z = x 2 + y 2 below the plane 
z = 4 

23. The portion of the plane 3x + y + 2z — 6 inside the cylinder 
x 2 + y 2 = 4 

24. The portion of the plane x + 2y + z — 4 above the region 
bounded by y — x 2 and y — 1 

25. The portion of the cone z = /x 2 + _v 2 above the triangle with 
vertices (0, 0), (1, 0) and (1, 1) 



27. The portion of the hemisphere z = ^4 — x 2 — y 2 above the 
plane z = 1 



28. The lemon ((—2 + a/16 — v 2 ) cos «, (—2 + a/16 — u 2 ) sin u, 
v), -a/12 < v < a/T2 



29. The torus ((c + a cos u) cos m, (c + a cos u) sin w, a sin u), 

c > a > 0 

30. The surface ((—a + i cos d) cos u, (—a + b cos u) sin u, b sin u), 
i> > a > 0 

31. The portion of x 2 + y 2 - z 2 = 1 with 0 < z £ 1 (Hint: Re- 
quires trigonometric substitution) 

32. The portion of the parabolic cylinder y — 4 — x 2 with y > 0 
and between z — 0 and z = 2 (Hint: Requires trigonometric 
substitution) 



In exercises 33-42, set up a double integral that equals 

ff g(x,y,z) dS and evaluate the surface integral // g(x, y, z) dS. 

s s 

33. ff xz dS, S is the portion of the plane z — 2x + 3y above the 

s 

rectangle l£x<2, l<y<3 

34. ff(z — y 2 ) dS, S is the portion of the paraboloid z = x 2 + y 2 

s 

below z = 4 

35. ff(x 2 + y 2 + z 2 ) 3/2 dS,S is the lower hemisphere 



z = -^9 - x 2 - v 2 
36. ff jx 2 + v 2 + z 2 dS, S is the sphere x 2 + v 2 + z 2 = 9 



37. ff(x 2 + y 2 — z)dS,S is the portion of the paraboloid 

s 

z — 4 — x 2 — y 2 between z = 1 and z = 2 

38. ff z dS, S is the hemisphere z = — ^9 — x 2 — y 2 

s 

39. ff z 2 dS, S is the portion of the cone z 2 = x 2 + y 2 between 
z = —4 and z = 4 

dS, S is the portion of the hemisphere 

s 

z = /4 — x 2 — y 2 above the cone z = /x 2 + y 2 

41. JJ x dS, S is the portion of x 2 + y 2 — z 2 — 1 between z — 0 

s 

and z = 1 

42. f f y/x 2 + y 2 + z 2 cS, 5 1 is the portion of x = -^4 - y 2 - z 2 
between y = 0 and y — x 



In exercises 43-54, evaluate the flux integral ffF-ndS. 

s 

43. F = (x, y, z), S is the portion of z = 4 — x 2 — y 2 above the 
xy-plane (n upward) 

44. F = (y, —x, 1), S is the portion of z = x 2 + y 2 below z = 4 
(n downward) 
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45. F = (y, — x, z) , S is the portion of z = ^/x 2 + y 2 below z = 3 
(n downward) 

46. F = (0, 1, y), 5 is the portion of z = —\jx 2 + y 2 inside 
x 2 + y 2 = 4 (n upward) 

47. F = (xy, y 2 , z), S is the boundary of the unit cube with 
0 < x < 1, 0 < y < 1, 0 < z < 1 (n outward) 

48. F = (y, z, 0), S is the boundary of the box with 0 S x < 2, 
0 < y < 3, 0 < z < 1 (n outward) 

49. F = (1, 0, z), S is the boundary of the region bounded above 
by z = 4 — x 2 — y 2 and below by z = 1 (n outward) 

50. F = (x, y, z), 5 is the boundary of the region between z — 0 
and z = — ^/4 — x 2 — y 2 

51. F = (x, y, z), S is the torus ((4 + 2 cos u)cos u, (4 + 2 cos i>) 
sin u , 2 sin u) (n outward) 

52. F = (y, x, 0), 5 is the portion of z = x 2 + y 2 above the trian- 
gle with vertices (0, 0), (0, 1), (1, 1) (n downward) 

53. F = (y, 0, 2) , 5 is the boundary of the region bounded above 
byz = ^/8 — x 2 — y 2 and below by z = ^ 1 x 2 + y 2 (n outward) 

54. F=(3,z,y),S is the boundary of the region between 
Z = 8 — 1x — y and z = \j x 2 + y 2 and inside x 2 + y 2 = 1 
(n outward) 



In exercises 55-62, evaluate the surface integral. 

55. ffz dS, where S is the portion of x 2 + y 2 = 1 with x > 0 and 

s 

z between z = 1 and z = 2 

56. ff yz dS, where 5 is the portion of x 2 + y 2 = 1 with x > 0 

5 

and z between z — 1 and z — 4 — y 

57. ff(y 2 + z 2 )dS, where S is the portion of the paraboloid 

s 

x = 9 — y 2 — z 2 in front of the yz-plane 

58. / f (y 2 + z 2 ) dS, where 5 is the hemisphere x = ^/4 — y 2 — z 2 

59. JJ x 2 oB, where 5 is the portion of the paraboloid y = x 2 + z 2 

s 

to the left of the plane y = 1 

60. JJ(x 2 + z 2 ) dS, where 5 is the hemisphere y = a/4 — x 2 — z 2 

s 

61. JJ 4x rfS, where 5 is the portion of y = 1 — x 2 with y > 0 and 

S 

between z = 0 and z = 2 

62. JJ (x 2 + z 2 )dS, where S is the portion of y = V4 — x 2 be- 

s 

tween z = 1 and z = 4 



63. (a) Explain the following result geometrically. The flux inte- 

gral of F(x, y, z) = {x, y, z) across the cone z = yjx 2 + y 2 
is 0. 

(b) In geometric terms, determine whether the flux in- 
tegral of F(x, y, z) = (x, y, z) across the hemisphere 
Z = J\-x 2 - y 2 is 0. 

64. Rework exercise 29 by cutting and unfolding the torus into a 
rectangle. 



65. (a) For the cone z = Cy/x 2 + y 2 (where c > 0), show that 

in spherical coordinates tan0 = -. Then show that para- 

u cos i> u sin i) 

metric equations are x = — ^=^= , y = — ^=^= and 
Vc 2 + 1 Vc 2 + 1 

CM 

(b) Find the surface area of the portion of z = c^/x 2 + y 2 
below z = 1 • 

66. (a) Find the flux of (x, y, z) across the portion of z = 
c-y/x 2 + y 2 below z = 1. Explain in physical terms why this 
answer makes sense, (b) Find the flux of (x, y, z) across the 
entire cone z 2 = c 2 (x 2 + y 2 ). 

67. (a) Find the flux of (x,y, 0) across the portion of 
z = Cy/x 2 + y 2 below z — 1 . (b) Find the limit as c approaches 
0 of the flux. Explain in physical terms why this answer makes 
sense. 

68. (a) Find the flux of (x, y, z) across the portion of 

z = v 'c 2 — x 2 — y 2 above z = 0. 

(b) Find the limit of the flux as c approaches 0. Explain in 
physical terms why this answer makes sense. 

69. Show that on the sphere p — c, dS — c 2 sin <f> dA (c > 0). 

70. Show that on the cone 4> — c,dS — p sincdA (0 < c < it). 



(|5 APPLICATIONS 

In exercises 71-74, find the mass and center of mass of the object 
corresponding to the given surface and mass density. 

71. The portion of the plane 3x + 2y + z = 6 inside the cylinder 

x 2 + y 2 = 4, p{x,y,z) = x 2 + 1 

72. The portion of the plane x + 2y + z = 4 above the region 
bounded by y = x 2 and y = 1, p(x, y, z) = y 

[^] 73. The hemisphere z = yjl — x 2 — y 2 , p(x, y, z) = 1 + x 

74. The portion of the paraboloid z = x 2 + y 2 inside the cylinder 

x 2 + y 2 = 4, p(x, y, z) = z 



^ EXPLORATORY EXERCISE 

1. If x = 3 sin // cos v, y — 3 cos w and z = 3 sin u sin u, show 
that x 2 + y 2 + z 2 = 9. Explain why this equation doesn't 
guarantee that the parametric surface defined is the entire 
sphere, but it does guarantee that all points on the surface 
are also on the sphere. In this case, the parametric surface 
is the entire sphere. To verify this in graphical terms, sketch 
a picture showing geometric interpretations of the "spher- 
ical coordinates" u and v. To see what problems can oc- 

u 2 

cur, sketch the surface defined by x = 3 sin — cos v, 

u + 1 

u~ u 

y = 3 cos — and z = 3 sin — sin v. Explain why you 

u 2 + 1 u 2 + 1 
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do not get the entire sphere. To see a more subtle example 
of the same problem, sketch the surface x — cos u cosh v, 
y — sinh v, z — sin u cosh v. Use identities to show that 
x 2 — y 2 + z 2 — 1 and identify the surface. Then sketch the 



surface x — cos u cosh v,y — cos u sinh v, z — sin u and use 
identities to show that x 2 — y 2 + z 2 — 1. Explain why the sec- 
ond surface is not the entire hyperboloid. Explain in words and 
pictures exactly what the second surface is. 



15.7 THE DIVERGENCE THEOREM 



Recall that at the end of section 15.5, we had rewritten Green's Theorem in terms of the 
divergence of a two-dimensional vector field. We had found there (see equation 5.3) that 



J F-nds = J J V ■F(x,y)dA. 



/ 



FIGURE 15.48 

Flow of fluid across dQ 



Here, R is a region in the xy-plane enclosed by a piecewise-smooth, positively oriented, sim- 
ple closed curve C. Further, F(x, y) = {M(x, y), N(x, y), 0), where M(x, y) and N(x, y) 
are continuous and have continuous first partial derivatives in some open region D in the 
xy-plane, with R C D. 

We can extend this two-dimensional result to three dimensions in exactly the way you 
might expect. That is, for a solid region Q C R 3 bounded by the surface dQ, we have 



jjv-ndS = JJJ V -F(x,y, z)dV. 
dQ Q 



This result (referred to as the Divergence Theorem or Gauss' Theorem) has great sig- 
nificance in a variety of settings. If F represents the velocity field of a fluid in motion, the 
Divergence Theorem says that the total flux of the velocity field across the boundary of the 
solid is equal to the triple integral of the divergence of the velocity field over the solid. 

In Figure 15.48, the velocity field F of a fluid is shown superimposed on a solid Q 
bounded by the closed surface dQ. Observe that there are two ways to compute the rate of 
change of the amount of fluid inside of Q. One way is to calculate the fluid flow into or 
out of Q across its boundary, which is given by the flux integral ffF-n dS. On the other 

dQ 

hand, instead of focusing on the boundary, we can consider the accumulation or dispersal 
of fluid at each point in Q. As we'll see, this is given by V ■ F, whose value at a given point 
measures the extent to which that point acts as a source or sink of fluid. To obtain the total 
change in the amount of the fluid in Q, we "add up" all of the values of V ■ F in Q, giving 
us the triple integral of V • F over Q. Since the flux integral and the triple integral both give 
the net rate of change of the amount of fluid in Q, they must be equal. 
We now state and prove the result. 



THEOREM 7.1 (Divergence Theorem) 

Suppose that Q C R 3 is bounded by the closed oriented surface dQ and that n(x, y, z) 
denotes the exterior unit normal vector to dQ. Then, if the components of F(x, y, z) 
have continuous first partial derivatives in Q, we have 



JJ F-ndS = JJJ V -F(x,y, z)dV. 
dQ Q 



Although we have stated the theorem in the general case, we prove the result only for 
the case where the solid Q is fairly simple. A proof for the general case can be found in a 
more advanced text. 
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PROOF 

ForF(x, y, z) = (M(x, y, z), N(x, y, z), P(x, y, z)), the divergence of F is 

dM 3N dP 
V-F(x,y,z) = 1 — + 1 r + ir - 
ax ay oz 

We then have that 



dP 



Iff v ■ F( - * dv = /// £ dv + /// f " v + /// 17 dv ~ 

Q Q Q Q 

Further, we can write the flux integral as 

jj ¥■ ndS = jj M(x,y,z)i-ndS + Jj N(x, y, z)j ■ ndS 
dQ 3Q dQ 

+ Jj P(x,y,z)k-ndS. 

dQ 



(7.1) 



(7.2) 



Looking carefully at (7.1) and (7.2), observe that the theorem will follow if we can show 
that 



and 



/// 

Q 

/// 



3M 






dV 


dx 




dN 






dV 


Jy~ 




dP 






dV 


~dz 





=//«(,, 



y, z)i -ndS, 



HQ 



Jj N(x,y,z)j-ndS 

3Q 



32 



P(x,y,z)kndS. 



(7.3) 



(7.4) 



(7.5) 



As you might imagine, the proofs of (7.3), (7.4) and (7.5) are all virtually identical (and 
all fairly long). Consequently, we prove only one of these three equations here. In order to 
prove (7.5), we assume that we can describe the solid Q as follows: 

Q = {(x, y, z)\g(x, y)<z< h(x, y), for (x, y) e R}, 

where R is some region in the xy-plane, as illustrated in Figure 15.49a. Now, notice from 
Figure 15.49a that there are three distinct surfaces that make up the boundary of Q. In 
Figure 15.49b, we have labeled these surfaces S\ (the bottom surface), Si (the top surface) 
and S3 (the lateral surface), where we have also indicated exterior normal vectors to each 
of the surfaces. 




z = h(x, y) 



z = g(x, y) 




FIGURE 15.49a 

The solid Q 



FIGURE 15.49b 

The surfaces Si , Si and 53 and 
several exterior normal vectors 



1046 CHAPTER IS •• Vector Calculus 



15-70 



Notice that on the lateral surface S3, the k component of the exterior unit normal n is 
zero and so, the flux integral of P(x, y, z)k over S3 is zero. This gives us 

jj P(x,y,z)k-ndS = jj P(x, y, z)k • ndS + jj P(x, y, z)k • ndS. (7.6) 

30 S, S 2 

In order to prove the result, we need to rewrite the two integrals on the right side of (7.6) as 
double integrals over the region R in the xy-plane. First, you must notice that on the surface 
Si (the bottom surface), the exterior unit normal n points downward (i.e., it has a negative 
k component). Now, Si is defined by 

Si = {(x, y, z)\z = g(x, y), for (x, y) € R}. 

If we define k\{x, y,z) — z — g(x, y), then the exterior unit normal on Si is given by 

-Vfci _ gx(x, y)\ + g y (x, y)'] -k 
"~ H V M ~ y/[gAx, y)] 2 + [g y (x, y)] 2 + 1 

and k • n 



y/\Mxix, y)? + [gy(x, y)] 2 + 1 ' 

since the unit vectors i, j and k are all mutually orthogonal. We now have 

ffp(x,y,z)*-ndS = -f[ P(x ' y ' z) ^dS 

J J JJ J[g x (x, y)l 2 + [g y (x, y)] 2 + 1 

Si Si 

FT P(x,y,g(x,y)) 

JJ y/lgAx, y)] 2 + [g y (x, y)] 2 + 1 

■y/[gx(x,y)] 2 + [g y (x,y)] 2 + ldA 
= - jj P(x,y,g(x,y))dA, (7.7) 

R 

thanks to the two square roots canceling out one another. In a similar way, notice that 
on S2 (the top surface), the exterior unit normal n points upward (i.e., it has a positive k 
component). Since S2 corresponds to the portion of the surface z = h(x, y) for (x, y) e R, 
if we take ki(x, y) = z — h(x, y), we have that on S2, 

n _ V£ 2 _ -h x (x, y)\ - h y (x, y)j + k 



and so, k ■ n = 



V*i|| JlhAx, y)] 2 + [h y (x, y)f + 1 
1 



J[h x (x,y)] 2 + [h y (x,y)] 2 + l 
We now have 



ff P(x,y,z)k-ndS= [[ P(x,y,z) ^ 

J J JJ ^[hx(x,y)] 2 + [hy(x,y)] 2 +l 

s 2 s 2 

P(x, y, h(x, y)) 



R 

■^[h x (x,y)] 2 + [hy(x,y)] 2 +ldA 
jj P(x,y,h(x,y))dA. (7.8) 

R 
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Putting together (7.6), (7.7) and (7.8) gives us 

jj P(x,y,z)kndS = jj P(x, y, z)k ■ ndS + jj P(x, y, z)k ■ n dS 

32 Si S 2 

= jj P(x,y,h(x,y))dA- jj P(x, y, g(x, y))dA 



R R 

= jj [P(x, y, h(x, y)) - P(x, y, g(x, y))] dA 

R 



p p rinx, 
J J Jg(x,y 

•in 



dz 



-dzdA 



By the Fundamental 
Theorem of Calculus 



dV, 



which proves (7.5). With appropriate assumptions on Q, we can similarly prove (7.3) and 
(7.4). This proves the theorem for the special case where the solid Q can be described as 
indicated. ■ 



z = 4 - x 2 - y 2 



FIGURE 15.50 

The solid Q 



EXAMPLE 7.1 Applying the Divergence Theorem 



Let Q be the solid bounded by the paraboloid z — 4 • 



y 2 and the xy-plane. Find 




the flux of the vector field F(x, y, z) — (x 3 , y 3 , z 3 ) over the surface dQ. 

Solution We show a sketch of the solid in Figure 15.50. Notice that to compute 
the flux directly, we must consider the two different portions of dQ (the surface of the 
paraboloid and its base in the xy-plane) separately. Alternatively, observe that the 
divergence of F is given by 

V • F(x, y, z) = V ■ (x 3 , y 3 , z 3 > = 3x 2 + 3y 2 + 3z 2 . 

From the Divergence Theorem, we now have that the flux of F over dQ is given by 



jj ¥ndS = jjj V ■F(x,y,z)dV 



/// 



(3x 2 + 3y 2 + 3z 2 )</V. 



If we rewrite the triple integral in cylindrical coordinates, we get 
jjFndS = jjj (3x 2 + 3y 2 + 3z 2 ) dV 



= 3 



Jo Jo Jo 

f'f 

Jo Jo 

f'f 

Jo Jo 



(r 2 + z 2 ) r dz dr dO 



Z=4-r 2 



r dr d6 



3 
96tt 



r\4 - r 2 ) + -(4 - r 2 fr 



dr dQ 



where we have left the details of the final integrations as a straightforward exercise. ■ 

Notice that in example 7. 1, we used the Divergence Theorem to replace a very messy 
surface integral calculation by a comparatively simple triple integral. In example 7.2, we 
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prove a general result regarding the flux of a certain vector field over any surface, something 
we would be unable to do without the Divergence Theorem. 



EXAMPLE 7.2 Proving a General Result with the Divergence Theorem 

Prove that the flux of the vector field F(x, y, z) — (3y cos z, x 2 e z , x sin y) is zero over 
any closed oriented surface dQ enclosing a solid region Q. 

Solution Notice that in this case, the divergence of F is 

V ■ F(x, y, z) = V • (3y cos z, x 2 e : , x sin y) 

3 3 2 , 9 

= ^-( 3 3 ,cos z)+ e )+ Tixsmy) = 0. 
ox ay az 

From the Divergence Theorem, we then have that the flux of F over dQ is given by 



jj¥ndS= JJJ V -F(x,y,z)dV 
32 Q 

= III 0dv = °- 



for any solid region Q C M . ■ 

In section 4.4, we saw that for a function f(x) of a single variable, if /is continuous 
on the interval [a, b] then the average value of /on [a, b] is given by 



i r b 

b-a J a 



/ave = I" / f(x)dx. 



Similarly, when f(x, y, z) is a continuous function on the region QcR (bounded by the 
surface dQ), the average value of/on (2 is given by 



where Vis the volume of g. Further, by continuity, there must be a point P(a, b, c) e Q at 
which /equals its average value, that is, where 



This says that if F(x, y, z) has continuous first partial derivatives on Q, then (div)F is 
continuous on Q and so, there is a point P(a, b,c) € Q for which 



(V-F)L = - / / / V-F(x,y,z)dV 



ip v 

Q 



i J J F(x,y,z)-ndS, 



dQ 

by the Divergence Theorem. Finally, observe that since the surface integral represents 
the flux of F over the surface dQ, then (V -F)\ P represents the flux per unit volume 
over dQ. 
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In particular, for any point Pq(xo, yo, zo) in the interior of Q (i.e., in Q, but not on dQ), 
let S a be the sphere of radius a, centered at Po, where a is sufficiently small so that S„ lies 
completely inside Q. From the preceding discussion, there must be some point P a in the 
interior of S a for which 

(V-F)| Pa = y[J F(x,y,z)-ndS, 

where V a is the volume of the sphere (V a — ^na 3 ). Finally, taking the limit as a — »• 0, we 
have by the continuity of V • F that 

(V - F) ^o=l i fo^// F(jf ^' Z) - nfl ' 5 

Sa 



or 



div F(P 0 ) = lim — [ f F(x, y, z) ndS. 
V a J J 



(7.9) 



In other words, the divergence of a vector field at a point Po is the limiting value of the 
flux per unit volume over a sphere centered at Pq, as the radius of the sphere tends to 
zero. 

In the case where F represents the velocity field for a fluid in motion, (7.9) provides 
us with an important interpretation of the divergence of a vector field. In this case, if 
div F(Pn) > 0, then the flux per unit volume at Po is positive. From (7.9), this means that 
for a sphere S a of sufficiently small radius centered at P 0 , the net (outward) flux through the 
surface of S a is positive. For an incompressible fluid (such as a liquid), this says that more 
fluid is passing out through the surface of S a than is passing in through the surface, which 
can happen only if there is a source somewhere in S a , where additional fluid is coming into 
the flow. Likewise, if div F(Pq) < 0, there must be a sphere S a for which the net (outward) 
flux through the surface of S a is negative. This says that more fluid is passing in through 
the surface than is flowing out. Once again, for an incompressible fluid, this can occur 
only if there is a sink somewhere in S a , where fluid is leaving the flow. For this reason, in 
incompressible fluid flow, a point where div F(P) > 0 is called a source and a point where 
div F(P) < 0 is called a sink. Notice that for an incompressible fluid flow with no sources 
or sinks, we must have that div F(P) = 0 throughout the flow. 



EXAMPLE 7.3 Finding the Flux of an Inverse Square Field 

Show that the flux of an inverse square field over every closed surface enclosing the 
origin is a constant. 

Solution Suppose that S is a closed surface forming the boundary of the solid region 
Q, where the origin lies in the interior of Q and suppose that F is an inverse square field. 
That is, 



¥(x,y,z) = 




where r = (x, y, z), ||r|| = y/x 2 + y 2 + z 2 and c is a constant. Before you rush to apply 
the Divergence Theorem, notice that F is not continuous in Q, since F is undefined at 
the origin and so, we cannot apply the theorem in Q. Notice, though, that if we could 
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somehow exclude the origin from the region, then we could apply the theorem. A very 
common method of doing this is to "punch out" a sphere S a of radius a centered at the 
origin, where a is sufficiently small that S a is completely contained in the interior of Q. 
(See Figure 15.51.) That is, if we define Q a to be the set of all points inside Q, but 
outside of S a (so that Q a corresponds to Q, where the sphere S a has been "punched 
out"), we can now apply the Divergence Theorem on Q a . Before we do that, notice that 
the boundary of Q a consists of the two surfaces S and S a . We now have 

Jjj V-FdV = J J F-ndS + J j FndS. 

Qa S Sa 



FIGURE 1 5.5 1 We leave it as an exercise to show that for any inverse square field, V • F = 0. This now 

The region Q a gives us 




j I FndS = - J J FndS. 



(7.10) 



Since the integral on the right side of (7.10) is taken over a sphere centered at the origin, 
we should be able to easily calculate it. You need to be careful, though, to note that the 
exterior normals here point out of Q„ and so, the normal on the right side of (7. 10) must 
point toward the origin. That is, 



1 



1 



n 



r — 



since ||r|| = a on S a . We now have from (7.10) that 

1 



r US 



T-TdS 



Sa 



= jj dS= ^(W) = Aire 



Sa 



Since || r|| 



since ff dS simply gives the surface area of the sphere, Ana 2 . Notice that this says that 

over any closed surface enclosing the origin, the flux of an inverse square field is a 
constant: Anc. ■ 



The principle derived in example 7.3 is called Gauss' Law for inverse square fields 
and has many important applications, notably in the theory of electricity and magnetism. 
The method we used to derive Gauss' Law, where we punched out a sphere surrounding 
the discontinuity of the integrand, is a common technique used in applying the Divergence 
Theorem to a variety of important cases where the integrand is discontinuous. In particular, 
such applications to discontinuous vector fields are quite important in the field of differential 
equations. 

We close the section with a straightforward application of the Divergence Theorem to 
show that the flux of a magnetic field across a closed surface is always zero. 
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EXAMPLE 7.4 Finding the Flux of a Magnetic Field 

Use the Divergence Theorem and Maxwell's equation V ■ B = 0 to show that 
ff B • n dS — 0 for any closed surface S. 

s 

Solution Applying the Divergence Theorem to ffR-ndS and using V • B — 0, we 

s 

have 



ff B " ds =fff VBdv = °- 



S Q 

Observe that this result says that the flux of a magnetic field over any closed surface 
is zero. ■ 



EXERCISES 15.7 

55 WRITING EXERCISES 

1. If F is the velocity field of a fluid, explain what F • n represents 
and then what ffF-ndS represents. 

2. If F is the velocity field of a fluid, explain what V • F represents 
and then what fff V • F dV represents. 

a 

3. Use your answers to exercises 1 and 2 to explain in physical 
terms why the Divergence Theorem makes sense. 

4. For fluid flowing through a pipe, give one example each of a 
source and a sink. 



In exercises 1-4, verify the Divergence Theorem by computing 
both integrals. 

1. F = {2xz, y 2 , -xz), Q is the filled-in cube 0 < x < 1, 0 < 
y < 1,0 < z < 1 

2. F = (x, y, z), Q is the ball x 2 + y 2 + z 2 S 1 

3. F = {xz, zy, 2z 2 ), Qis bounded by z — 1 — x 2 — y 2 andz = 0 

4. F = {x 2 , 2y, —x 2 ), Q is the tetrahedron bounded by 
x + 2y + z — 4 and the coordinate planes 



In exercises 5-12, use the Divergence Theorem to compute 
ffF-ndS, where n is the outward unit normal. 

5. Q is bounded by x + y + 2z — 2 (first octant) and the coordi- 
nate planes, F = (2x — y 2 , 4xz — 2y, xy 3 ). 

6. Q is bounded by Ax + 2y — z = 4 (z < 0) and the coordinate 
planes, F = (x 2 — y 2 z, x sinz, 4y 2 ). 

7. Q is the rectangular box 0 < x < 2, 1 < y < 2, -1 < z < 2, 
F= (y 3 -2x, e* z ,4z). 

8. Q is bounded by z = ^/x 2 + y 2 and z = 4, 
F= {y\x + z 2 ,z + y 2 ). 



9. Q is bounded by z — x 2 + y 2 and z — 4, 

F= (x 3 ,y 3 -Z,xy 2 ). 

10. Q is bounded by z — yjx 2 + y 2 , z = 1 and z = 2, 

F= (x 3 ,x 2 z 2 ,3y 2 z). 

11. Q is bounded by x 2 + y 2 — 4, z = 1 and z = 8 — y, 

F = (y 2 z, 2y — e z , sinx). 

12. Q is bounded by z = — ^/4 — x 2 — y 2 and z = 0, 

F= (x 3 ,y 3 ,z 3 ). 



In exercises 13-16, compute ffF-ndS, using the easiest method 
available. 

13. Q is the filled-in cube — 1 < x < 1, — 1 < y < 1, 

-1 £ z £ 1, 

(a) F = (4y 2 , 3z — cosx, z 3 — x) 

(b) F = ((x 2 - l)eJ x2+y \ 2(y 2 - l)z, 4zx 3 ) 

14. Q is bounded by z = 4 — x 2 — y 2 , z = 1 and z = 0, 

(a) F= {z\x 2 y,y 2 z) 

(b) F = (zeV^+Z+z 2 , (x 2 + y 2 + z - 4)z sin y, 
-2xze^ A ' 2+v2+;2 ) 

15. 2 is bounded by x 2 + y 2 = 1, z = 0 and z = 1, 

(a) F = (x — y 3 , x 2 sinz, 3z) 

(b) F = (x - 1, y, (z 2 - z)V^TT) 

16. 2 is bounded by z = yi — x 2 — y 2 and z = 0, 

(a) F= (x 3 ,y 3 ,z 3 ) 

(b) F = (3xy 2 e^, -3x 2 ye-^, z> 



In exercises 17-28, find the outward flux of F over dQ. 

17. Q is bounded by z = ^x 2 + y 2 and z = ^/2 — x 2 — y 2 , 

F= (x 2 ,z 2 -x,y 3 ). 



1052 CHAPTER IS •• Vector Calculus 



15-76 



18. Q is bounded by z — sfx 2 + y 2 and z — -^8 — x 2 — y 2 , 
F = <3xz 2 , y 3 ,3zx 2 ). 

19. Q is bounded by z = y/x 2 + y 2 , x 2 + y 2 = 1 and z = 0, 

F = <y 2 , x 2 z,z 2 ). 

20. 2 is bounded by z = x 2 + y 2 and z = 8 — x 2 — y 2 , 
F = (3y 2 ,4x 3 ,2z-x 2 ). 

21. <2 is bounded by x 2 + z 2 = 1, y — 0 and y = 1, 

F = (xz 4 , ye x2+zl + 2yx 2 z 2 , zx 4 ). 

22. Q is bounded by y 2 + z 2 — 4, x — 1 and x = 8 — y, 
F = (xy, xy — e z , sinx). 

23. Q is bounded by x — y 2 + z 2 and x = 4, 
F = <(x - 4)sin(x -y 2 - z 2 ), y, z). 

24. Q is bounded by y — 4 — x 2 — z 2 and the xz-plane, 
F = (z 2 x , y sin Vx 2 + z 2 , zx 2 ). 

25. 2 is bounded by 3x + 2y + z — 6 and the coordinate planes, 
F = (y 2 x, 4x 2 sinz, 3). 

26. Q is bounded by x + 2y + 3z = 12 and the coordinate planes, 

F = {-2xye x2+y \xye x2+y2 ,z). 

27. Q is bounded by z = 1 — x 2 , z = —3, y = —2 and y — 2, 

F = (6*, y\x 3 y 2 ). 

28. 2 is bounded by z = 1 — x 2 , z = 0, y — 0 and x + y = 4, 

F= <y 3 ,x 2 -z,z 2 ). 



34. Show that for any inverse square field (see example 7.3), the 
divergence is undefined at the center but is 0 elsewhere. 



29. (a) Find the outward flux of (x,0, 0) across the torus 

((c + a cos v) cos u, (c + a cos v) sin w, a sin v), c > a. 
(b) Use part (a) to find the volume of the torus. 

30. (a) Find the outward flux of (0, 0, z) across the boundary of 

the solid bounded by x 2 + y 2 — z 2 — 4, z = 0 and z — 2. 
(b) Use part (a) to find the volume of the solid. 

31. Prove Green's first identity in three dimensions: 

jjj fV 2 gdV = jj f(Vg)-ndS- jjj(Vf-Wg)dV. 

Q 32 0 

(Hint: Use the Divergence Theorem applied to F = fVg.) 

32. Prove Green's second identity in three dimensions: 

jjj (/V 2 g - gV 2 f)dV = jj(fVg - gV/) • ndS. 
Q 32 

(Hint: Use Green's first identity from exercise 31.) 



APPLICATIONS 



33. Coulomb's law for an electrostatic field applied to a point 

r 

charge q at the origin gives us E(r) = q — , where r — ||r||. 

r 3 

Let Q be bounded by the sphere x 2 + y 2 + z 2 — a 2 for some 
constant a > 0. Show that the outward flux of E over dQ equals 
47r^ . Discuss the fact that the flux does not depend on the value 
of a. 



Exercises 35-38 use Gauss' Law V • E = — for an electric field 
E, charge density p and permittivity e 0 . 

35. If S is a closed surface, show that the total charge q enclosed 

by 5 satisfies q — eo ffTL-n dS. 

s 

36. Let E be the electric field for an infinite line charge on the 

(•*. y, o) 

z-axis. Assume that E has the form E = ct = c— -, for 

x 2 + y 2 

some constant c and let the charge density p (with respect to 
length on the z-axis) be a constant. 

(a) If S is a portion of the cylinder x 2 + y 2 = 1 with height h, 
argue that q — ph. 

(b) Use the results of exercise 35 and part (a) to find c in terms 
of p and e 0 - 

37. Let E be the electric field for an infinite plane of charge den- 
sity p. Assume that E has the form E = ^0, 0, f° r some 
constant c > 0. 

(a) If 5 is a portion of the cylinder x 2 + y 2 — 1 with height h 
extending above and below the xv-plane, argue that 
q = 2np. 

(b) Use the technique of exercise 36 to determine the 
constant c. 

38. The integral form of Gauss' Law is JJ E ■ ndS — — , where 

s e o 
E is an electric field, q is the total charge enclosed by S and 
e 0 is the permittivity constant. Use equation (7.1) to derive the 
differential form of Gauss' Law: V • E = — , where p is the 
charge density. 



EXPLORATORY EXERCISE 



1. In this exercise, we develop the continuity equation, one of 
the most important results in vector calculus. Suppose that 
a fluid has density p (a scalar function of space and time) 
and velocity v. Argue that the rate of change of the mass 
m of the fluid contained in a region Q can be written as 
dm [ [ [ dp 

= / / / — dV . Next, explain why the only way that the 

at JJJ dt 

Q 

mass can change is for fluid to cross the boundary of Q (dQ). 
dm 



Argue that 



dt 



-IS 

dQ 



(pv) • n dS. In particular, explain why 



the minus sign in front of the surface integral is needed. Use 
the Divergence Theorem to rewrite this expression as a triple 
integral over Q. Explain why the two triple integrals must be 
equal. Since the integration is taken over arbitrary solids Q, 
the integrands must be equal to each other. Conclude that the 
continuity equation holds: 

dp 

V • Gov) +^7=0. 
at 
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15.8 STOKES' THEOREM 




FIGURE 15.52a 

Positive orientation 



s 




FIGURE 15.52b 

Negative orientation 



Recall that, after introducing the curl in section 15.5, we observed that for a piecewise 
smooth, positively oriented, simple closed curve C in the xy-plane enclosing the region R, 
we could rewrite Green's Theorem in the vector form 



£'■*■// 



(V x F)-kdA, 



(8.1) 



where F(x, y) is a vector field of the form F(x, y) = (M(x, y), N(x, y), 0). In this section, 
we generalize this result to the case of a vector field defined on a surface in three dimensions. 
Suppose that S is an oriented surface with unit normal vector n. If S is bounded by the simple 
closed curve C, we determine the orientation of C using a right-hand rule like the one used 
to determine the direction of a cross product of two vectors. Align the thumb of your right 
hand so that it points in the direction of one of the unit normals to S. Then if you curl your 
fingers, they will indicate the positive orientation on C, as indicated in Figure 15.52a. If 
the orientation of C is opposite that indicated by the curling of the fingers on your right 
hand, as shown in Figure 15.52b, we say that C has negative orientation. The vector form 
of Green's Theorem in (8.1) generalizes as follows. 



THEOREM 8.1 (Stokes' Theorem) 

Suppose that S is an oriented, piecewise-smooth surface with unit normal vector n, 
bounded by the simple closed, piecewise-smooth boundary curve dS having positive 
orientation. Let F(x, y, z) be a vector field whose components have continuous first 
partial derivatives in some open region containing S. Then, 



f F(x,y,z)-dr = f f 
Jas J J 



(V x F)-ndS. 



(8.2) 




FIGURE 15.53 

The surface S and its projection R 
onto the xy-plane 



Notice right away that the vector form of Green's Theorem (8.1) is a special case 
of (8.2), as follows. If S is simply a region in the xy-plane, then a unit normal to the 
surface at every point on S is the vector n = k. Further, dS — dA (i.e., the surface area 
of the plane region is simply the area) and (8.2) simplifies to (8.1). The proof of Stokes' 
Theorem for the special case considered below hinges on Green's Theorem and the chain 
rule. 

One important interpretation of Stokes' Theorem arises in the case where F represents 
a force field. Note that in this case, the integral on the left side of (8.2) corresponds to the 
work done by the force field F as the point of application moves along the boundary of S. 
Likewise, the right side of (8.2) represents the net flux of the curl of F over the surface S. 
A general proof of Stokes' Theorem can be found in more advanced texts. We prove it here 
only for a special case of the surface S. 



PROOF (Special Case) 

We consider here the special case where S is a surface of the form 

S = {(x, y, z)\z = f(x, y), for (x, y) e R], 

where R is a region in the xy-plane with piecewise-smooth boundary 8R, where f{x, y) has 
continuous first partial derivatives and for which dR is the projection of the boundary of the 
surface dS onto the xy-plane. (See Figure 15.53.) 



1054 CHAPTER IS •• Vector Calculus 



15-78 



Let F(x, y, z) — (M(x, y, z), N(x, y, z), P(x, y, z)). We then have 



HISTORICAL 
NOTES 

George Gabriel Stokes 
(1819-1903) English 
mathematician who published 
important results in the field of 
hydrodynamics. Many of Stokes' 
results, including what are now 
known as the Navier-Stokes 
equations, were independently 
developed but duplicated 
previously published European 
results. (Due to the lasting 
bitterness over the 
Newton-Leibniz calculus dispute, 
the communication of results 
between Europe and England was 
minimal.) Stokes had a long list of 
publications, including a paper in 
which he named and explained 
fluorescence. 



V x F = 





j 


k 


9 


9 


9 


dx 


dy~ 


dz 


M 


N 


P 


/dP 


dN 




\d~y~ 


~ ~dz 


> 



dx 



.1 



V dx dy J 



Note that a normal vector at any point on S is given by 

m= (-/,(*, y), -/,(*, y),l) 

and so, we orient S with the unit normal vector 

(~fx(x, y), -f y (x, y), 1) 
JlfAx,y)] 2 + [f y (x,y)] 2 +l 

Since dS — y/[f x (x, y)] 2 + [f y (x, y)] 2 + 1 dA, we now have 

jj (V x F)-ndS 

s 

(BP dN\ /9M dP 



-JJ 



[dy dz) fx [dz ax) 



dN 8M 

dx dy 



dA. 



Equation (8.2) is now equivalent to 



I 

Jdi 



Mdx + Ndy + Pdz 



-JJ 



dP dN 

dy dz 



M 



9M dP\ /dN dMX 
dz dx J \ dx dy J 



dA. (8.3) 



=f(x,y) 



We will now show that 

j M(x,y,z)dx = - jj ( 



dM dM 

dy dz 



fy 



dA. 



(8.4) 



=f(x,y) 



Suppose that the boundary of R is described parametrically by 

dR - {(x, y)\x = x{t), y = y(t), a <t <b}. 
Then, the boundary of S is described parametrically by 

dS = {(x, y, z)\x = x(t), y = y(t), z = f(x(t), y(t)), a < t < b} 

and we have 



f M(x,y,z)dx = / M(x(t), 

JdS Ja 



y{t),f{x{t),y{t)))x'(t)dt. 



Now, notice that for m(x, y) = M(x, y, fix, y)), this gives us 

/ M(x,y,z)dx — I m(x(t), y(t))x'(t)dt — I m(x,y)dx. 

JdS 'a JdR 

From Green's Theorem, we know that 



/ m{x, y)dx — — j j 

JdR J J 



dm 
9^ 



dA. 



(8.5) 



(8.6) 



However, from the chain rule, 

dm 9 



(dM dM 
= —M{x, y, fix, >,))= —+ —f y 



dy dy 



\ dy dz 



z=f(x,y) 
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Putting this together with (8.5) and (8.6) gives us 



3M 3M \ 

+ fy) dA, 

8y dz J z=f(x>y) 



which is (8.4). Similarly, you can show that 

f N(x,y,z)dy= ff 
J as J J 



and 



f P(x,y,z)dz = ff 
Jas J J 



dN dN 

dx dz 1 



dP dP 

fy T fx 
ox ' oy 



dA 



--f(*,y) 



dA. 



z=f(x,y) 



(8.7) 



(8.8) 



Putting together (8.4), (8.7) and (8.8) now gives us (8.3), which proves Stokes' Theorem 
for this special case of the surface. ■ 




FIGURE 15.54 

Intersection of the plane and the 
cylinder producing the curve C 



EXAMPLE 8. 1 Using Stokes' Theorem to Evaluate a Line Integral 

Evaluate f c F • dr, for F(x, y, z) — (—y, x 2 , z 3 ), where C is the intersection of the 
circular cylinder x 2 + y 2 — 4 and the plane x + z — 3, oriented so that it is traversed 
counterclockwise when viewed from high up on the positive z-axis. 

Solution First, notice that C is an ellipse, as indicated in Figure 15.54. Unfortunately, 
C is rather difficult to parameterize, which makes the direct evaluation of the line 
integral somewhat challenging. Instead, we can use Stokes' Theorem to evaluate the 
integral. First, we calculate the curl of F: 



V x F 



(2x+ l)k. 



i j k 

3 3 9 
dx dy dz 

2 

—y x 

Notice that on the surface S, consisting of the portion of the plane x + z — 3 enclosed 
by C, we have the unit normal vector 

1 



V2 



:i.o,i> 



From Stokes' Theorem, we now have 



j F-dr = Jj(VxF)-ndS= j j -^=(2x + 1) V2dA, 

S R 1 » ' dS 



(V xF) n 

where R is the disk of radius 2, centered at the origin (i.e., the projection of S onto the 
xy-plane). Introducing polar coordinates, we have 

dr = jj(2x + l)dA = j j (2r cos 9 + 1) r dr dB 



Jo Jo 

-L 



(2r 2 cos 0 + r)dr dB 



2jt / r 3 

2 — cos( 
3 



dO 



16 



cos 6 + 2 \d6 = 4jt, 



where we have left the final details of the calculation to the reader. 
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FIGURE 15.55 

a 2 2 

Z — 4 — x — y 




FIGURE 15.56 



EXAMPLE 8.2 Using Stokes' Theorem to Evaluate a Surface Integral 

Evaluate //(V x F) ■ ndS, where F(x, y, z) = (e z , 4z — y, 8.r sin y) and where S is the 

s 

portion of the paraboloid z — 4 — x 2 — y 2 above the xy-plane, oriented so that the unit 
normal vectors point to the outside of the paraboloid, as indicated in Figure 15.55. 

Solution Notice that the boundary curve is simply the circle x 2 + y 2 — 4 lying in the 
xy-plane. By Stokes' Theorem, we then have 



/ / (V x F) • ndS = I F(x, y, z) ■ dr 
J J JdS 



J3S 



dx + (4z — y) dy + 8x sin y dz. 



Now, we can parameterize dS by x — 2 cos t, y — 2 sin t, z — 0, 0 < t < 2it. This says 
that on dS, we have dx = —2 sin t , dy = 2 cos / and dz — 0. In view of this, we have 

(VxF)-niiS= / e~ dx + (4z - y) dy + 8x sin y dz 

J J J as 

s 

pin 

= / {e°(-2 sin 0 + [4(0) -2 sin r](2 cos r)}dr = 0, 
Jo 

where we leave the (straightforward) details of the calculation to you. ■ 



In example 8.3, we consider the same surface integral as in example 8.2, but over a 
different surface. Although the surfaces are different, they have the same boundary curve, 
so that they must have the same value. 



EXAMPLE 8.3 Using Stokes' Theorem to Evaluate a Surface Integral 

Evaluate ff( V x F) • n dS, where F(x , y, z) = (e z , Az — y , 8x sin y) and where S is the 

s 

hemisphere z = -y/4 — x 2 — y 2 , oriented so that the unit normal vectors point to the 
outside of the hemisphere, as indicated in Figure 15.56. 

Solution Notice that although this is not the same surface as in example 8.2, the two 
surfaces have the same boundary curve, the circle x 2 + y 2 — 4 lying in the xy-plane, 
and the same orientation. Just as in example 8.2, we then have 



(V x F) • ndS = 0. 




Much as we used the Divergence Theorem in section 15.7 to give an interpretation 
of the meaning of the divergence of a vector field, we can use Stokes' Theorem to give 
some meaning to the curl of a vector field. Suppose once again that F(x, y, z) represents 
the velocity field for a fluid in motion and let C be an oriented closed curve in the domain 
of F, traced out by the endpoint of the vector-valued function r(f) for a < t < b. Notice 

dr 

that the closer the direction of F is to the direction of — , the larger its component is in the 

dt 

dr 

direction of — . (See Figure 15.57.) In other words, the closer the direction of F is to the 
dt 

dr dr dr 

direction of — , the larger F ■ — will be. Now, recall that — points in the direction of the 
dt dt dt 



unit tangent vector along C. Then, since 

FIGURE 15.57 f F ■ dr = f F-^, 

The surface 5 in a fluid flow Jc J a dt 
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FIGURE 15.58 

The disk S„ 



dr 

it follows that the closer the direction of F is to the direction of — along C, the larger 

dt 

f c F • dr will be. This says that f c F ■ dr measures the tendency of the fluid to flow 
around or circulate around C. For this reason, we refer to f c F • dr as the circulation of F 
around C. 

For any point (xo, yo, Zo) in the fluid flow, let S„ be a disk of radius a centered at 
(xq, yo, Zo), with unit normal vector n, as indicated in Figure 15.58 and let C a be the 
(positively oriented) boundary of S a - Then, by Stokes' Theorem, we have 



j F-dr = x¥)-ndS. 



(8.9) 



s„ 

Notice that the average value of a function /on the surface S a is given by 

/ave = f l f( X ' y< Z ^ dS - 




TODAY IN 
MATHEMATICS 



Cathleen Synge Morawetz 
(1923- ) A Canadian 
mathematician whose work on 
transonic flows greatly influenced 
the design of air foils. With similar 
methods, she made fundamental 
contributions to a variety of 
physically important questions 
about wave propagation. Her 
mother was a mathematics 
teacher for a few years and her 
father, John Lighton Synge, was 
Ireland's most distinguished 
mathematician of the twentieth 
century. However, her 
mathematics career was almost 
derailed by World War II and a 
culture in which she felt that, "It 
really was considered very bad 
form for a woman to be overly 
ambitious." Fortunately, she 
overcame both social and 
mathematical obstacles with a 
work ethic that would not let a 
problem go until it was solved. 
She has served as Director of the 
Courant Institute and President of 
the American Mathematical 
Society, and is a winner of the 
United States' National Medal of 
Science. 



Further, iff is continuous on S a , there must be some point P a on S a at which /equals its 
average value, that is, where 

In particular, if the velocity field F has continuous first partial derivatives throughout S a , 
then it follows from equation (8.9) that for some point P a on S a , 



(V x F)(P a ) - n= — ff(yx¥) ndS = -^- 1 f F ■ dr 
7ia z J J na z J Ca 



(8.10) 



Notice that the expression on the far right of (8.10) corresponds to the circulation of F 
around C a per unit area. Taking the limit as a —> 0, we have by the continuity of curl F that 



(V x F)(x 0 , yo, zo) 



1 f 
n = lim — ^ I 

a^O Jt a 1 J c 



F ■ dr. 



(8.11) 



Read equation (8.11) very carefully. Notice that it says that at any given point, the component 
of curl F in the direction of n is the limiting value of the circulation per unit area around 
circles of radius a centered at that point (and normal to n), as the radius a tends to zero. In 
this sense, ( V x F) ■ n measures the tendency of the fluid to rotate about an axis aligned with 
the vector n. You can visualize this by thinking of a small paddle wheel with axis parallel 
to n, which is immersed in the fluid flow. (See Figure 15.59.) Notice that the circulation per 
unit area is greatest (so that the paddle wheel moves fastest) when n points in the direction 
of V x F. 




FIGURE 15.59 

Paddle wheel 
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If V x F = 0 at every point in a fluid flow, we say that the flow is irrotational, since 
the circulation about every point is zero. In particular, notice that if the velocity field F is a 
constant vector throughout the fluid flow, then 

curl F=VxF = 0, 

everywhere in the fluid flow and so, the flow is irrotational. Physically, this says that there 
are no eddies in such a flow. 

Notice, too, that by Stokes' Theorem, if curl F = 0 at every point in some open region 
D, then we must have that for every simple closed curve C that is the boundary of an 
oriented surface contained in D, 

F ■ dr = 0. 

In other words, the circulation is zero around every such curve C lying in the region D. It 
turns out that by suitably restricting the type of regions D C R 3 we consider, we can show 
that the circulation is zero around every simple closed curve contained in D. (The converse 
of this is also true. That is, if j> c F ■ dr — 0, for every simple closed curve C contained in the 
region D, then we must have that curl F = 0 at every point in D.) To obtain this result, we 
consider regions in space that are simply-connected. Recall that in the plane a region is said 
to be simply-connected whenever every closed curve contained in the region encloses only 
points in the region (that is, the region contains no holes). In three dimensions, the situation 
is slightly more complicated. A region D in R 3 is called simply-connected whenever every 
simple closed curve C lying in D can be continuously shrunk to a point without crossing 
the boundary of D. For instance, notice that the interior of a sphere or a rectangular box 
is simply-connected, but a solid with a hole drilled through it is not simply-connected. 
Be careful not to confuse connected with simply-connected. Recall that a connected re- 
gion is one where every two points contained in the region can be connected with a path 
that is completely contained in the region. We illustrate connected and simply-connected 
two-dimensional regions in Figures 15.60a to 15.60c. We can now state the complete 
theorem. 




FIGURE 15.60a FIGURE 15.60b FIGURE 15.60c 

Connected and simply-connected Connected but not simply-connected Simply-connected but not connected 



THEOREM 8.2 

Suppose that F(x, y, z) is a vector field whose components have continuous first 
partial derivatives throughout the simply-connected open region Dei 3 . Then, 
curl F = 0 in D if and only if j> Q F • dr = 0, for every simple closed curve C 
contained in the region D. 
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PROOF (Necessity) 

We have already suggested that when curl F = 0 in an open, simply-connected region 
D, it can be shown that j> c F • dr — 0, for every simple closed curve C contained in the 
region D (although the proof is beyond the level of this text). Conversely, suppose now 
that (f c F • dr — 0 for every simple closed curve C contained in the region D and assume 
that curl F ^ 0 at some point (xo, yo, Zo) € D. Since the components of F have continuous 
first partial derivatives, curl F must be continuous in D and so, there must be a sphere 
of radius ao > 0, contained in D and centered at (xq, yo, zo), throughout whose interior S, 
curl F / 0 and curl F (x, y, z) ■ curlF(xo, yo, Zo) > 0. (Note that this is possible since 
curl F is continuous and curl F (xq, yo, zo) ■ curlF(.To, yo, Zo) > 0.) Let S a be the disk of 
radius a < ao centered at (xq, yo, Zo) and oriented by the unit normal vector n having 
the same direction as curl F (xq, yo, Zo). Notice that since a < ao, S a will be completely 
contained in S as illustrated in Figure 15.61. If C a is the boundary of S a , then we have by 
Stokes' Theorem that 

J F ■ dr = j j(V x F) • ndS > 0, 

since n was chosen to be parallel to V x F(xo, yo, Zo)- This contradicts the assumption that 
§ c F ■ dr — 0, for every simple closed curve C contained in the region D. It now follows 
that curl F = 0 throughout D. ■ 

Recall that we had observed earlier that a vector field is conservative in a given region 
if and only if § c F • dr — 0, for every simple closed curve C contained in the region. 
Theorem 8.2 has then established the following results. 



THEOREM 8.3 

Suppose that F(x, y, z) has continuous first partial derivatives in a simply-connected 
open region D. Then, the following statements are equivalent. 

(i) F is conservative in D. That is, for some scalar function f(x, y, z), F = V/; 

(ii) f c F • dr is independent of path in D\ 

(iii) F is irrotational (i.e., curl F = 0) in D; and 

(iv) j> c F • dr — 0, for every simple closed curve C contained in D. 



We close this section with a simple application of Stokes' Theorem. 



EXAMPLE 8.4 Finding the Flux of a Magnetic Field 

Use Stokes' Theorem and Maxwell's equation V • B — 0 to show that the flux of a 
magnetic field B across a surface S satisfying the hypotheses of Stokes' Theorem equals 
the circulation of A around dS, where B = V x A. 

Solution The flux of B across S is given by ffR-ndS. Since V ■ B = 0, it follows 

s 

from exercise 72 in section 15.5 that there exists a vector field A such that B = VxA. 
We can now rewrite the flux of B across S as //(V x A) • n dS. Applying Stokes' 

s 

Theorem gives us 

J I B ndS= JJ(V xA)-ndS= j> K-dr. 

s s 

You should recognize the line integral on the right side as the circulation of A around 
dS, as desired. ■ 
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EXERCISES 15.8 Qj 

^WRITING EXERCISES 

1. Describe circumstances (e.g., example 8.1) in which the sur- 
face integral of Stokes' Theorem will be simpler than the line 
integral. 

2. Describe circumstances (e.g., example 8.2) in which the line 
integral of Stokes' Theorem will be simpler than the surface 
integral. 

3. The surfaces in example 8.2 and 8.3 have the same boundary 
curve C. Explain why all surfaces above the xy-plane with the 
boundary C will share the same value of 

jj(V x ¥)■ ndS. 

s 

What would change if the surface were below the xy-plane? 

4. Explain why part (iv) of Theorem 8.3 follows immediately 
from part (ii). Explain why parts (ii) and (iii) follow immedi- 
ately from part (i). 



In exercises 1-4, verify Stokes' Theorem by computing both 
integrals. 

1. S is the portion of z — 4 — x 2 — y 2 above the xy-plane, 
F= ( Z x,2y,z 3 ). 

2. S is the portion of z — 1 — x 2 — y 2 above the xy-plane, 
F = (x 2 z, xy, xz 2 }- 

3. S is the portion of z = ^/4 — x 2 — y 2 above the xy-plane, 
F= (2x-y,yz 2 , y 2 z). 

4. S is the portion of z = y 7 ! — x 2 — y 2 above the xy-plane, 
F= (2x,z 2 -x,xz 2 ). 



In exercises 5-12, use Stokes' Theorem to compute 
//(V x F)-ndS. 

s 

5. 5 is the portion of the tetrahedron bounded by 
x + y + 2z = 2 and the coordinate planes with z > 0, n up- 
ward, F = (zy 4 — y 2 , y — x\ z 2 ). 

6. S is the portion of the tetrahedron bounded by 
x + y + 4z = 8 and the coordinate planes with z > 0, n up- 
ward, F = (y 2 , y + 2x, z 2 ). 

7. 5 is the portion of z = 1 — x 2 — y 2 above the xy-plane with n 
upward, F = (zx 2 , ze xy ~ — x, x In y 2 ). 

8. S is the portion of z = ^/4 — x 2 — y 2 above the xy-plane with 
n upward, F = [zx 2 , ze xy ~ — x, x In y 2 j. 

9. S is the portion of the tetrahedron in exercise 5 with y > 0, 
n to the right, F = (zy 4 — y 2 , y — x 3 , z 2 ). 

10. S is the portion of y = x 2 + z 2 with y < 2, n to the left, 
F = (xy, 4xe z2 , yz + l). 



11. S is the portion of the cone z = ^x 2 + y 2 below the sphere 
x 2 + y 2 + z 2 = 2, n downward, 

F = (x 2 + y 2 , ze x2+}: \ e x2+zl ). 

12. 5 is the portion of the unit cube 0<x<l,0<y<l, 
0 S z S 1 with z < 1 , n downward, 

F = (xyz, 4x 2 y 3 — z, 8 cos xz 2 ). 



In exercises 13-20, use Stokes' Theorem to evaluate f c ,F-dr. 

13. C is the boundary of the portion of the paraboloid 
y = 4 — x 2 — z 2 with y > 0, n to the right, 

F = (x 2 z, 3 cosy, 4z 3 ). 

14. C is the boundary of the portion of the paraboloid x = y 2 + z 2 
with x < 4, n to the back, F = (yz, y - 4, 2xy) . 

15. C is the boundary of the portion of z = 4 — x 2 — y 2 above the 
xy-plane, oriented upward, F = jx 2 ^ — y, *jy 2 + 1, z 3 |. 

16. C is the triangle from (0,1,0) to (0,0,4) to (2,0,0), 
F = (x 2 + 2xy 3 z, 3x 2 y 2 z — y, x 2 y 3 ). 

17. C is the intersection of z = x 2 + y 2 and z = 8 — y, oriented 
clockwise from above, F = ^2x 2 , 4y 2 , 

18. C is the intersection of x 2 + y 2 = 1 and z = x — y, oriented 
clockwise from above, F = (cosx 2 , siny 2 , tanz 2 ). 

19. C is the intersection of z = 4 — x 2 — y 2 and x 2 + z 2 = 1 
with y > 0, oriented clockwise as viewed from the right, 
F = (x 2 + 3y,cosy 2 ,z 3 ). 

20. C is the intersection of z = x 2 + y 2 — 4 and z = y — 1, 
oriented clockwise as viewed from above, 
F = (sinx 2 , y 3 , zlnz — x). 



In exercises 21-24, compute ff(V x F) • ndS or f F • dr, 

s 

whichever is easier. 

21. S is the portion of the cone z = \j x 2 + y 2 inside the cylinder 
x 2 + y 2 = 2, n downward. 

(a) F = (zx, x 2 + y 2 , z 2 - y 2 ) 

(b) F = (xe r — xy, 3y 2 , sinz — xy) 

22. S is the portion of the cube 0<x<2, 0<y<2, 0<z<2 
with y < 2, n downward at bottom. 

(a) F = (x 2 , y 3 + x, 3y 2 cosz) 

(b) F = (zV~ 2 , e^+z 1 , z(y - 2)) 

23. S is the boundary of the solid bounded by the hyperboloid 
x 2 + y 2 — z 2 = 4, z = 0 and z = 2 with z < 2, n downward 
at bottom. 

(a) F = ^2y — x cos x , y 2 + 1, e~" j 

(b) F= (z 2 y,x-z, Jx 2 + y 2 ) 
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24. S is the boundary of the solid bounded by x + 2y + z — 4, 
x 2 + y 2 — 1 and z — 0 and inside x 2 + y 2 — 1, n downward 
at bottom. 

(a) F = (e xl -y,4y\3z 2 + 5j 

(b) F = (x 2 y, y 2 x, xy — x) 



25. Show that § c (f V/) • dr = 0 for any simple closed curve C 
and differentiable function /. 

26. Show that § c (f Vg + gV/) • dr — 0 for any simple closed 
curve C and differentiable functions / and g. 

27. LetF(x, ;y) = (M(jc, y), N(x, y)) be a vector field whose com- 
ponents M and A' have continuous first partial derivatives in 
all of M 2 . Show that V • F = 0 if and only if f c F • n ds = 0 for 
all simple closed curves C. (Hint: Use a vector form of Green's 
Theorem.) 

28. Under the assumptions of exercise 27, show that 
f c F ■ n ds is path-independent in R 3 if and only if 
f c F ■ n ds — 0 for all simple closed curves C. 

29. Under the assumptions of exercise 27, show that V ■ F = 0 if 
and only if F has a stream function g, i.e., a function g such 
that M — g y and N — — g. v . 

30. Combine the results of exercises 27-29 to state a two- variable 
theorem analogous to Theorem 8.3. 

31. If Si and 52 are surfaces that satisfy the hypotheses of Stokes' 
Theorem and that share the same boundary curve, under what 
circumstances can you conclude that 

JJ(V x¥)-ndS = yy (V x F) • n dS? 

s, s 2 



32. Give an example where the two surface integrals of exercise 3 1 
are not equal. 

33. Use Stokes' Theorem to verify that 

j> (fVg)-dr= jj(Vf xVg)-nrfS, 

x 

where C is the positively oriented boundary of the oriented 
surface S. 

34. Use Stokes' Theorem to verify that j> (/Vg + gV/) • dr = 0, 

where C is the positively oriented boundary of some oriented 
surface S. 



^ EXPLORATORY EXERCISES 

1. The circulation of a vector field F around the curve C is de- 
fined by f c F • dr. Show that the curl V x F(0, 0, 0) is in the 
same direction as the normal to the plane in which the circula- 
tion per unit area around the origin is a maximum as the area 
around the origin goes to 0. Relate this to the interpretation of 
the curl given in section 15.5. 

2. The Fundamental Theorem of Calculus can be viewed as re- 
lating the values of the function on the boundary of a region 
(interval) to the sum of the derivative values of the function 
within the region. Explain what this statement means and then 
explain why the same statement can be applied to Theorem 
3.2, Green's Theorem, the Divergence Theorem and Stokes' 
Theorem. In each case, carefully state what the "region" is, 
what its boundary is and what type derivative is involved. 



15.9 APPLICATIONS OF VECTOR CALCULUS 



Through sections 15.1 to 15.8, we have developed a powerful set of tools for analyzing vector 
quantities. You can now compute flux integrals and line integrals for work and circulation, 
and you have the Divergence Theorem and Stokes' Theorem to relate these quantities to 
one another. To this point in the text, we have emphasized the conceptual and computational 
aspects of vector analysis. In this section, we present a small selection of applications from 
fluid mechanics and electricity and magnetism. As you work through the examples in this 
section, notice that we are using vector calculus to derive general results that can be applied 
to any specific vector field that you may run across in an application. 

Our first example is similar to example 7.4, which concerns magnetic fields. Here, we 
also apply Stokes' Theorem to derive a second result. 



EXAMPLE 9. 1 Finding the Flux of a Velocity Field 

Suppose that the velocity field v of a fluid has a vector potential w, that is, v = V x w. 
Show that v is incompressible and that the flux of v across any closed surface is 0. Also, 
show that if a closed surface S is partitioned into surfaces S\ and S2 (that is, S — Si U S2 
and S\ H S2 — 0), then the flux of v across Si is the additive inverse of the flux of v 
across S2. 

Solution To show that v is incompressible, note that V • v = V • (V x w) = 0, 
since the divergence of the curl of any vector field is zero. Next, suppose that the closed 
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surface S is the boundary of the solid Q. Then from the Divergence Theorem, we have 

JJ"" ds= fff v '"' v = JJJ 0 " v = 0 - 

S Q Q 

Finally, since S — Si U S2 and Si PI S2 = 0, we have 

jj v-ndS+ jj vndS= jj \ndS = 0, 

S, S 2 S 

so that jj v -ndS — - j j vndS. 



s 2 



The general result shown in example 9.1 also has practical implications for computing 
integrals. One use of this result is given in example 9.2. 



EXAMPLE 9.2 



Computing a Surface Integral Using the Complement 
of the Surface 



Find the flux of the vector field V x F across S, where 

F = (e x — 2xy, sin y 2 , 3yz — 2x) and S is the portion of the cube 

0 < x < 1, 0 < y < 1, 0 < z < 1 above the xy-plane. 

Solution We have several options for computing ff( V x F) • n dS. Notice that the 

s 

surface S consists of five faces of the cube, so five separate surface integrals would be 
required to compute it directly. We could use Stokes' Theorem and rewrite it as 
(f c F • dr, where C is the square boundary of the open face of S. However, this would 
require four line integrals involving a complicated vector field F. Example 9.1 gives us a 
third option: the flux over the entire cube is zero, so that the flux over S is the additive 
inverse of the flux over the missing side of the cube. Notice that the (outward) normal 
vector for this side is n = — k, and the curl of F is given by 





i J 


k 




9 9 


9 


x F = 


dx dy 


9z 




e x ~ — 2xy sin y 2 


3yz — 2x 


= i(3z-0)-j(-2- 


0) + k(0 + 



So, 



-2x 



(V x F) ■ n = (3d + 2j + 2xk) ■ (-k) 

and dS — dA. Taking 62 as the bottom face of the cube, we now have that the flux is 
given by 

j j (V x F) ■ ndS = - jj (V x F) • ndS = - jj -2x dA = j j 2xdxdy=\. 



One very important use of the Divergence Theorem and Stokes' Theorem is in deriving 
certain fundamental equations in physics and engineering. The technique we use here to 
derive the heat equation is typical of the use of these theorems. In this technique, we start 
with two different descriptions of the same quantity and use the vector calculus to draw 
conclusions about the functions involved. 

For the heat equation, we analyze the amount of heat per unit time leaving a solid 
Q. Recall from example 6.7 that the net heat flow out of Q is given by ff (—kVT) ■ ndS, 

s 

where S is a closed surface bounding Q, T is the temperature function, n is the outward 
unit normal and k is a constant (called the heat conductivity). Alternatively, physics tells us 
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that the total heat within Q equals fff paTdV , where p is the (constant) density and a is 

Q 

the specific heat of the solid. From this, it follows that the heat flow out of Q is given by 
— — jjj P° TdV~^ . Notice that the negative sign is needed to give us the heat flow out of 

Q 

the region Q. If the temperature function Thas a continuous partial derivative with respect to 

fff dT 

t, we can bring the derivative inside the integral and write this as — / / / pa dV. 

Q 

Equating these two expressions for the heat flow out of Q, we have 
ff fff dT 

ll(-kVT)ndS = -lll P°j;dV. (9.1) 



EXAMPLE 9.3 Deriving the Heat Equation 

Use the Divergence Theorem and equation (9.1) to derive the heat equation 
dT k 

— = a 2 V 2 r, where a 2 — — and V 2 7 = V • (VT) is the Laplacian of T. 
dt pa 

Solution Applying the Divergence Theorem to the left-hand side of equation (9.1), 
we have 

{JJv.l-K,T)«—fJJp.%«. 
Q Q 
Combining the preceding two integrals, we get 

0= JJf-" iVT)dV+ JJJ'"' S i dV 



-fff 



d T N 

-kV 2 T + pa — )dV. 



Observe that the only way for the integral in (9.2) to be zero for every solid Q is for the 
integrand to be zero. (Think about this carefully; you can let Q be a small sphere around 
any point you like.) That is, 

, dT 
0=-kV 2 T + pa — 
at 

dT , 

or pa — =kV 2 T. 

F dt 

Finally, dividing both sides by pa gives us 

- — V 2 T - a 2 V 2 7\ 



dt pa 

as desired. ■ 



We next derive a fundamental result in the study of fluid dynamics, diffusion theory 
and electricity and magnetism. We consider a fluid that has density function p (in general, 
p is a scalar function of space and time). We also assume that the fluid has velocity field 
v and that there are no sources or sinks. Since the total mass of fluid contained in a given 
region Q is given by the triple integral m ' fff p(x,y,z,i) dV, the rate of change of the 
mass is given by Q 



dm d 
dt ~ dt 



L Q 



jjj p(x,y,z,t)dV = jjj ^(x,y,z,t)dV, (9.3) 
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assuming that the density function has a continuous partial derivative with respect to t, so 
that we can bring the derivative inside the integral. Now, look at the same problem in a 
different way. In the absence of sources or sinks, the only way for the mass inside Q to 
change is for fluid to cross the boundary dQ. That is, the rate of change of mass is the 
additive inverse of the flux of the velocity field across the boundary of Q. (You will be asked 
in the exercises to explain the negative sign. Think about why it needs to be there!) So, we 
also have 

dm f f 

— = - II (py)-ndS. (9.4) 

3Q 

Given these alternative representations of the rate of change of mass, we derive the continuity 
equation in example 9.4. 



EXAMPLE 9.4 Deriving the Continuity Equation 



Use the Divergence Theorem and equations (9.3) and (9.4) to derive the continuity 

dp 

equation: V • (pv) H =0. 

dt 

Solution We start with equal expressions for the rate of change of mass in a generic 
solid Q, given in (9.3) and (9.4). We have 

t)dV = - JJ (pv)-ndS. 

Q dQ 
Applying the Divergence Theorem to the right-hand side gives us 

dp, 



/// 



dt 



(x, y, z, t) dV 



-ftf 



V • (pv) dV. 



Combining the two integrals, we have 

0 = ///v.(„v)^ + /// 



(x,y,z,t)dV 



/// 



V • (pv) ■ 



dp 
~dl 



dV. 



Since this equation must hold for all solids Q, the integrand must be zero. That is, 

dp 

V ■ (pv) + -£ = 0, 
at 

which is the continuity equation, as desired. ■ 



Bernoulli's Theorem is often used to explain the lift force of a curved airplane wing. 
This result relates the speed and pressure in a steady fluid flow. (Here, steady means that the 
fluid's velocity, pressure etc., do not change with time.) The starting point for our derivation 
is Euler's equation for steady flow. In this case, a fluid moves with velocity u and vorticity 
w through a medium with density p and the speed is given by u = ||u||. We consider the 
case where there is an external force, such as gravity, with a potential function (p and where 
the fluid pressure is given by the scalar function p. Since the flow is steady, all quantities 
are functions of position (x, y, z), but not time. In this case, Euler's equation states that 

1 , 1 

wxul-Vu 2 = Vp-V0. (9.5) 

2 p 

Bernoulli's Theorem then says that |k 2 + </> + - is constant along flow lines. A more 
precise formula is given in the derivation in example 9.5. 
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EXAMPLE 9.5 Deriving Bernoulli's Theorem 

Use Euler's equation (9.5) to derive Bernoulli's Theorem. 

Solution Recall that the flow lines are tangent to the velocity field. So, to compute the 
component of a vector function along a flow line, you start by finding the dot product of 
the function with velocity. In this case, we take Euler's equation and find the dot product 
of each term with u. We get 

u ■ (w x u) + u • Q V " 2 J = _u ■ (^ V/;> ) ~ u ' v< ^ 

or u- (w x u) + u • ( -Vm 2 ) + u • (V0) + u ■ ~Vp = 0. 

\2 / P 

Notice that u • (w x u) = 0, since the cross product w x u is perpendicular to u. All 
three remaining terms are gradients, so factoring out the scalar functions involved, we 
have 

u.v(I^ + 0+£) = O. 

This says that the component of V (^\u 2 + 0 + j \ along u is zero. So, the directional 
derivative of |m 2 + 0 + - is zero in the direction of the tangent to the flow lines. This 
gives us Bernoulli's Theorem, that ^u 2 + 0 + - is constant along flow lines. ■ 



Consider now what Bernoulli's Theorem means in the case of steady airflow around an 
airplane wing. Since the wing is curved on top (as in Figure 15.62), the air flowing across 
the top must have a greater speed. From Bernoulli's Theorem, the quantity |m 2 + 0 + - is 
constant along flow lines, so an increase in speed must be compensated for by a decrease 
in pressure. Due to the lower pressure on top, the wing experiences a lift force. Of course, 
airflow around an airplane wing is more complicated than this. The interaction of the air 
with the wing itself (the boundary layer) is quite complicated and determines many of the 
flight characteristics of a wing. Still, Bernoulli's Theorem gives us some insight into why 
a curved wing produces a lift force. 

Maxwell's equations are a set of four equations relating the fundamental vector fields 
of electricity and magnetism. From these equations, you can derive many more important 
relationships. Taken together, Maxwell's equations give a concise statement of the fun- 
damentals of electricity and magnetism. The equations can be written in different ways, 
depending on whether the integral or differential form is given and whether magnetic or 
polarizable media are included. Also, you may find that different texts refer to these equa- 
tions by different names. Listed below are Maxwell's equations in differential form in the 
absence of magnetic or polarizable media. 



MAXWELL'S EQUATIONS 

P 

V ■ E = — (Gauss' Law for electricity) 

V ■ B = 0 (Gauss' Law for magnetism) 

3B 

V x E = — — (Faraday's Law of induction) 

1 1 9E 

V x B = — -J H — - — (Ampere's Law) 

6qC 2 c 2 dt 



In these equations, E represents an electrostatic field, B is the corresponding magnetic 
field, €o is the permittivity, p is the charge density, c is the speed of light and J is the current 
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density. In example 9.6, we derive a simplified version of the differential form of Ampere's 
law. The hypothesis in this case is a common form for Ampere's law: the line integral of a 
magnetic field around a closed path is proportional to the current enclosed by the path. 




FIGURE 15.63 

Positive orientation 



EXAMPLE 9.6 Deriving Ampere's Law 



I 



In the case where E is constant and / represents current, use the relationship 

1 1 
B • dr — — -I to derive Ampere's law: V x B = — ^J. 

c eoc 2 € Q c- 

Solution Let S be any capping surface for C, that is, any positively oriented two-sided 
surface bounded by C. (See Figure 15.63.) The enclosed current / is then related to the 
current density by / = ff J • ndS. By Stokes' Theorem, we can rewrite the line integral 

s 

of B as 

j> B • dr = J I (VxB).ndS. 

s 

Equating the two expressions, we now have 



(V x B) • ndS 



from which it follows that 



//( 



V x B 



€ 0 C Z 



ndS = 0. 



Since this holds for all capping surfaces S, it must be that V x B J = 0 or 

1 

VxB = — rj, as desired. 

€qc z m 




Tile mix- 1 mi i it- a I aicrsiy input t 
ll g ci it rutin turns Ihc icil in tin 
magnetic field 



In our final example, we illustrate one of the uses of Faraday's law. In an AC generator, 
the turning of a coil in a magnetic field produces a voltage. In terms of the electric field 
E, the voltage generated is given by <£, E • dr, where C is a closed curve. As we see in 
example 9.7, Faraday's law relates this to the magnetic flux function </> = ffB-ndS. 



EXAMPLE 9.7 Using Faraday's Law to Analyze 
the Output of a Generator 



?pim7S c An AC generator produces a voltage of 120 sin (\20nt) volts. Determine the magnetic 

This is an example 
of Faraday's law. flllX (j) 



Solution The voltage is given by 



E-dr = 120sin(120jrr). 



Applying Stokes' Theorem to the left-hand side, we have 



// 



(V x E) ndS = $ E-dr = 120sin(120jr0- 



Applying Faraday's law to the left-hand side, we have 



// \~ d ^J' ndS ^ // (V X E ^' ndS = 120sin(1207Tf). 

s s 
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Assuming that the integrand is continuous and we can bring the derivative outside, we get 

d 
dt 



j I (B-n)dS = 



120 sin(1207rf). 



Writing this in terms of the magnetic flux (p, we have 

d 



or 



Integrating this gives us 



for some constant c. 



EXERCISES 15.9 



5> 



WRITING EXERCISES 



1. Give an example of a fluid with velocity field with zero flux as 
in example 9.1. 

2. Give an example of a fluid with velocity field with nonzero flux. 

3. In the derivation of the continuity equation, explain why it is 
important to assume no sources or sinks. 

4. From Bernoulli's Theorem, if all other things are equal and the 
density p increases, in what way does velocity change? 



1. Rework example 9.2 by computing f c F ■ dr. 

2. Rework example 9.2 by directly computing //(V x F) • n dS. 

s 

In exercises 3-8, use Gauss' Law for electricity and the relation- 
ship q = fffpdV. 

Q 

3. For E = (yz, xz, xy), find the total charge in the hemisphere 

z = JR 2 -x 2 - y 2 . 

4. For E = (2xy, y 2 , 5x), find the total charge in the hemisphere 

z = JR 2 - x 2 - y 2 . 

5. For E = (4x — y, 2y + z, 3xy), find the total charge in the 
hemisphere z = \j R 2 — x 2 — y 2 . 

6. For E = (2xz 2 , 2yx 2 , 2zy 2 ), find the total charge in the hemi- 
sphere z — V R 2 — x 2 — y 2 . 

7. For E= {2xy , y 2 , 5xy) , find the total charge in the cone 
z = -J x 1 + y 2 below z = 4. 

8. For E = (4x — y,2y + z, 3xy), find the total charge in the 
solid bounded by z — R — x — y 2 and z — 0. 



In exercises 9-12, find the flux of V x F across S as easily as 
possible. 

9. S is the portion of the cube 0 < x < 2, 0 < y < 2, 0 < z < 2, 
with x > 0, n is upward at the top, 
F= (V* 2 + 4, e~y 2 +zy 2 ,tanz-x 3 y). 

10. S is the portion of z — 4 — x 2 — y 2 with z > 0, n is upward, 
F = (z 2 cos(x + z), y 3 — 4x sin y, e z ' + xyz). 



dt 



cj) - 120sin(120jrr) 



4>\t) = -120sin(120^f). 



(f)(t) = — COS(1207Tf) + C, 
71 



F = (x 2 e ix , y 2 ,xy 2 



= x 2 + z 2 

VF+4). 



12. S is the boundary of the solid bounded by 

x 2 + y 2 — z 2 — 4, z — Oandz = 2, with 0 < z < 2, n is down- 
ward, F = {4y — yx 2 , xy 2 + yz 2 , xz + cos z 2 )- 



13. Faraday showed that J>„ E • dr — , where 

c dt 
4> — ff B • ndS, for any capping surface 5 (that is, any pos- 

s 

itively oriented open surface with boundary C). Use this to 
3B 

show that V x E = — — . What mathematical assumption 
must be made? 

14. If an electric field E is conservative with potential 
function —<j>, use Gauss' Law of electricity to show that Pois- 



son's equation must hold: V 2 ^> = 



e 0 



15. Use Maxwell's equation and J = p\ to derive the continuity 
equation. (Hint: Start by computing V- J.) What mathematical 
assumption must be made? 

16. For a magnetic field B, Maxwell's equation V ■ B = 0 implies 
that B = V x A for some vector field A. Show that the flux 
of B across an open surface S equals the circulation of A 
around the closed curve C, where C is the positively oriented 
boundary of S. 

17. Let / be the current crossing an open surface S, so that 
/ = ff J • n dS. Given that / = f c B • dr (where C is the pos- 

s 

itively oriented boundary of S), show that J = V x B. 

18. Using the same notation as in exercise 17, start with 
/ = ff J . ndS and J = V x B and show that / = § c B • dr. 



In exercises 19-22, use the electrostatic force E= ; r 

47re 0 r J 

for a charge q at the origin, where r = {x,y,z) and 
r = yjx 1 + y 2 + z 2 . 



19. If S is a closed surface not enclosing the origin, show that 
ffE-ndS = 0. 
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20. Showthat//'E-nrfS = — ,for any closed surface S enclosing 

s e o 

the origin. 

21. If S is the sphere x 2 + y 2 + z 2 — R 2 , show directly that 

//E.ndS=f. 

s e o 

22. If 5 is the sphere x 2 + y 2 + z 2 — 4, explain why the Diver- 
gence Theorem cannot be applied to JfE-n dS. Will the flux 

s 

change if the radius of the sphere changes? 



23. Assume that JfD-ndS — q, for any closed surface S, where 

s 

D = 6oE is the electric flux density and q is the charge enclosed 
by S. Show that V ■ D = Q, where Q is the charge density sat- 
isfying q = fff QdV. 

R 

24. Let S be the portion of the unit cube 0 < x < 1, 
0 S y S 1, 0 < z < 1 with z > 0 (n upward at the top) 
and F = {e" 2 +z 2 ,xz\3z 2 ). Compute ffF-ndS and 

//(VxF)-ndS. S 

s 



25. Let u be a scalar function with continuous second partial deriva- 

du 

tives. Define the normal derivative — — Vu- n. Show that 

dn 

JJ — dS = fffV 2 udV. 
s on Q 

26. Suppose that u is a harmonic function (that is, V 2 u — 0). Show 

„„ dll 

fhatff — dS = 0. 
s on 

27. If the heat conductivity k is not constant, our derivation of the 
heat equation is no longer valid. If k — k(x, y, z), show that 

the heat equation becomes kV~T + Vk -VT — op — . 

28. If h has continuous partial derivatives and 5 is 
a closed surface enclosing a solid Q, show that 
ff(hVh)-ndS = fff(hV 2 h + Vh-Vh)dV. 



29. Suppose that / and g are both harmonic (that is, 
V 2 / = V 2 g — 0) and / = g on a closed surface 5, where 5 en- 
closes a solid Q. Use the result of exercise 28, with h — f — g, 
to show that / = g in Q. 



Review Exercises 



55 WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Vector field 
Gradient field 
Curl 

Line integral 
Green's Theorem 
Divergence Theorem 
Continuity equation 



Velocity field 
Potential function 
Divergence 
Work line integral 
Surface integral 
Stokes' Theorem 
Bernoulli's Theorem 



Flow lines 

Conservative field 

Laplacian 

Path independence 

Flux integral 

Heat equation 

Maxwell's equations 



f| TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. The graph of a vector field shows vectors F(x , y ) for all points 

(x. y). 

2. The antiderivative of a vector field is called the potential 
function. 

3. If the flow lines of F(x, y) are straight lines, then 
V x F(x, y) = 0. 

4. F is conservative if and only if V x F = 0. 



5. The line integral f c fds equals the amount of work done by/ 
along C. 

6. If V x F = 0, then the work done by F along any path is 0. 

7. If the curve C is split into pieces Ci and C2, then 

8. Green's Theorem cannot be applied to a region with a hole. 

9. When using Green's Theorem, positive orientation means 
counterclockwise. 

10. When converting a surface integral to a double integral, you 
must replace z with a function of x and y. 

11. A flux integral is always positive. 

12. The Divergence Theorem applies only to three-dimensional 
solids without holes. 

13. By Stokes' Theorem, the flux of V x F across two nonclosed 
surfaces sharing the same boundary is the same. 



I In exercises 1 and 2, sketch several vectors in the velocity field 
by hand and verify your sketch with a CAS. 



1. (x,-y) 



2. {0,2y) 



3. Match the vector fields with their graphs. Fi (x, y) — (sin x, y) , 
F 2 (x, y) = (siny, x), F 3 (x, y) = (y 2 , 2x), F 4 (x, y) = (3, x 2 ) 
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4. Find the gradient field corresponding to /. Use a CAS to 
graph it. 

(a) /(x,;y) = lnyx 2 + y 2 (b) /(*, y) = e^ 2 -> 2 



In exercises 5-8, determine whether or not the vector field is 
conservative. If it is, find a potential function. 

5. (y - 2xy 2 , x - 2yx 2 + 1) 6. <y 2 + 2e 2y , 2xy + 4xe 2y ) 
7. (2x;y — 1, x 2 + 2xy) 8. (v cosxy — y, x cosxy — x) 

In exercises 9 and 10, find equations for the flow lines. 



9. v 



2x 



10. 



In exercises 11 and 12, use the notation r = (x,y) and 

r= || r|| = y^T^. 



11. Show that V (lnr) = . 12. Show that V ( - ) : 

r 2 \rr 



.-3 ' 



In exercises 13-18, evaluate the line integral. 

13. f c 3y dx, where C is the line segment from (2, 3) to (4, 3) 

14. / c (x 2 + y 2 ) ds, where C is the half-circle x 2 + y 1 — 16 from 
(4, 0) to (-4, 0) with y > 0 

15. f c yjx 1 + y 2 ds, where C is the circle x 2 + y 2 = 9, oriented 
clockwise 

16. f c (x — y) ds, where C is the portion of y — x 3 from (1, 1) to 
(-1,-1) 

17. f c 2x dx, where Cis the upper half-circle from (2, 0) to (—2, 0), 
followed by the line segment to (2, 0) 

18. f c T>y 2 dy, where C is the portion of y — x 2 from (—1, 1) to 
(1, 1), followed by the line segment to (—1, 1) 



In exercises 19-22, compute the work done by the force F along 
the curve C. 

19. F(x, y) — {x, —y), C is the circle x 2 + y 2 — 4 oriented 
counterclockwise 

20. F(jc, y) = (y, — x), C is the circle x 2 + y 2 — 4 oriented 
counterclockwise 

21. F(x, y) = (2, 3x), C is the quarter-circle from (2, 0) to (0, 2), 
followed by the line segment to (0, 0) 

22. F(x, y) — {y, — x), C is the square from (—2, 0) to (2, 0) to 
(2, 4) to (-2, 4) to (-2, 0) 



GRAPH D 
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In exercises 23 and 24, use the graph to determine whether the 
work done is positive, negative or zero. 



23. 



24. 
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In exercises 25 and 26, find the mass of the indicated object. 

25. A spring in the shape of (cos 3t, sin 3/, At), 0 S t < 2n, 
p(x, y, z) = 4 

26. The portion of z — x 2 + y 2 under z — 4 with p (x, y) — 12 



In exercises 27 and 28, show that the integral is independent of 
path and evaluate the integral. 

27. f c (3x 2 y — x) dx + x 3 dy, where C runs from (2, — 1) to (4, 1) 

28. f c (y 2 — x 2 )dx + (2xy + l)dy, where C runs from (3, 2) to 
(1.3) 



In exercises 29-32, evaluate f F • dr. 

29. F(x, y) = {2xy + y sinx + e x+y , e x+y — cosx + x 2 ), C is the 
quarter-circle from (0, 3) to (3, 0) 

30. F(x, y) = (2y + y 3 + \-Jy]^, 3xy 2 + \ *JxJy~ ), C is the top 
half-circle from (1, 3) to (3, 3) 



31. F(x, y, z) = {2xy, x 2 — y, 2z), C runs from (1, 3, 2) to 
(2, 1, -3) 

32. F(x, y, z) = (yz — x, xz — y, xy — z), Crunsfrom(2, 0,0) to 
(0,1,-1) 



In exercises 33 and 34, use the graph to determine whether or 
not the vector field is conservative. 




x 



In exercises 35-40, use Green's Theorem to evaluate the indi- 
cated line integral. 

35. § c F ■ dr, where F = (x 3 — y, x + y 3 ) and C is formed by 
y — x 2 and y — x, oriented positively. 

36. § c F ■ dr, where F = {y 2 + 3x 2 y, xy + x 3 ) and C is formed 
by y — x 2 and y — 2x, oriented positively. 

37. (£,tanx 2 rfx +x 2 dy, where C is the triangle from (0, 0) to 
(1, 1) to (2, 0) to (0, 0). 

38. § c x 2 y dx + In yjl + y 2 dy, where C is the triangle from (0, 0) 
to (2, 2) to (0, 2) to (0, 0). 

39. § c F ■ dr, where F = (3x 2 , 4y 3 — z, z 2 ) and C is formed by 
z — y 2 and z — 4, oriented positively in the yz-plane. 

40. § C F ■ dr, where F = (4y 2 , 3x 2 , 8z) andCisx 2 + y 2 = 4, ori- 
ented positively in the plane z — 3. 
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In exercises 41 and 42, use a line integral to compute the area 
of the given region. 

41. The ellipse 4x 2 + 9y 2 = 36 

42. The region bounded by y — sin x and the x-axis for 0 < x < jz 

In exercises 43-46, find the curl and divergence of the given 
vector field. 

43. x 3 i — y 3 \ 44. y 3 \ — x 3 j 

45. (2x, 2yz 2 , 2y 2 z) 

46. {2xy,x 2 -3y 2 z 2 ,l -2zy 3 } 



In exercises 47-50, determine whether the given vector field is 
conservative and/or incompressible. 

47. (2jc- y 2 ,z 2 -2xy,xy 2 } 

48. {y 2 z,x 2 -3z 2 y,z 3 - y) 

49. (Ax- v,3-x,2-4z) 

50. (4,2xv 3 ,z 4 -x) 

In exercises 51 and 52, conjecture whether the divergence at 
point P is positive, negative or zero. 



51. 



52. 
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In exercises 53 and 54, sketch a graph of the parametric surface. 

53. x — u 2 , y — v 2 , z — u + 2v 

54. x — (3 + 2 cos u) cos v, y — (3 + 2 cos k) sin i), z = 2 cos v 



55. Match the parametric equations with the surfaces. 

(a) x = u 2 , y — u + v, z — v 2 

(b) x — u 2 ,y — u + v,z — v 

(c) x — u,y — u + v,z — v 2 



z A 




SURFACE C 



56. Find a parametric representation of x 2 + y 2 + z 2 — 9. 

In exercises 57 and 58, find the surface area. 

57. The portion of the paraboloid z — x 2 + y 2 between the cylin- 
ders x 2 + y 2 — 1 and x 2 + y 2 — 4 

58. The portion of the paraboloid z — 9 — x 2 — y 2 between the 
cylinders x 2 + y 2 — 1 and x 2 + y 2 — 4 
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In exercises 59-64, evaluate the surface integral // f(x,y,z)dS. 

s 

59. ff(x — y) dS, where 5 is the portion of the plane 

s 

3x + 2y + z — 12 in the first octant 

60. ff(x 2 + y 2 )dS where 5 is the portion of y — 4 — x 2 above the 

s 

xy-plane, y > 0 and below z — 2 

61. ff(4x + y + 3z)dS, where 5 is the portion of the plane 

s 

4x + y + 3z = 12 inside x 2 + y 2 = 1 

62. ff(x — z) dS, where S is the portion of the cylinder.* 2 + z 2 — 1 
above the xy-plane between y — 1 and y — 2 

63. ff yz dS, where 5 is the portion of the cone y — \]x 2 + z 2 to 
s 

the left of y - 3 

64. ff(x 2 + z 2 )dS, where 5 is the portion of the paraboloid 

s 

x — y 2 + z 2 behind the plane x — 4 



In exercises 65 and 66, find the mass and center of mass of the 
solid. 

65. The portion of the paraboloid z — x 2 + y 2 below the plane 

z — 4, p(x, y, z) — 2 

66. The portion of the cone z = \jx 2 + y 2 below the plane 

z — 4, p(x, y, z) — z 



In exercises 67-70, use the Divergence Theorem to compute 
ffF-ndS. 

3Q 

67. Q is bounded by x + 2y + z — 4 (first octant) and the coordi- 
nate planes, F = (y 2 z, y 2 — sinz, Ay 2 ). 

68. Q is the cube — 1 < x < 1, — 1 < y < 1, -1 < z < 1, 
F= (4x,3z,4;y 2 -x). 

69. Q is bounded by z = 1 — y 2 , z — 0, x — 0 and x + z — 4, 
F= (2xy,z i + lyx,Axy 2 ). 

70. (? is bounded by z = -s/4 — x 2 , z = 0, v = 0 and 

v + z = 6, F = (y 2 , 4_vz, 2xv). 



In exercises 71 and 72, find the flux of F over 3g. 

71. Q is bounded by z = y/x 2 + v 2 , x 2 + y 2 = 4 and z = 0, 

F = (xz, _vz, x 2 — z). 



72. 2 is bounded by z = x 2 + y 2 and z = 2 — x 2 — y 2 , 
F= (4x,x 2 -2y, 3z + x 2 ). 



In exercises 73-76, use Stokes' Theorem, if appropriate, to com- 
pute //(V x F)-nrfS. 

s 

73. 5 is the portion of the tetrahedron bounded by x + y + 2z — 2 
and the coordinate planes in front of the yz-plane, 
F= {zy 4 -y 2 ,y- x\z 2 ). 

74. S is the portion of z = x 2 + y 2 below z = 4, 

F= (z 2 -x,2v,z 3 xj). 

75. S is the portion of the cone z = \jx 2 + y 2 below 
x + 2y + 3z = 24, F = (4x 2 , 2ye 2 >, Vz 2 + 1). 

76. S is the portion of the paraboloid y — x 2 + 4z 2 to the left of 

y = 8 - z, F = (xe 3 "\ 4// 3 , z 2 + 2). 



In exercises 77 and 78, use Stokes' Theorem to evaluate f F • dr. 

77. C is the triangle from (0, 1, 0) to (1, 0, 0) to (0, 0, 20), 
F = (2x_v cos z, y 2 + x 2 cos z, z — x 2 _y sinz). 

78. C is the square from (0, 0,2) to (1,0, 2) to (1, l,2)to(0, 1,2), 
F= (x 3 + yz, v 2 ,z 2 ). 



Q EXPLORATORY EXERCISE 

1. In exploratory exercise 2 of section 15.1, we developed a tech- 
nique for finding equations for flow lines of certain vector 
fields. The field (2, 1 + 2xy) from example 1.5 is such a vec- 
tor field, but the calculus is more difficult. First, show that the 
differential equation is y' — xy = | and show that an integrat- 
ing factor is e~ x ~ /2 . The flow lines come from equations of 
the form y = e x ~ /2 J ^e~ x 12 dx + ce x ~ /2 . Unfortunately, there 
is no elementary function equal to f |e _Jt /2 dx. It can help to 
write this in the form y = e x ' /2 ^e~"~ /2 du + ce x ~ /2 . In this 
form, show that c — y(0). In example 1.5, the curve passing 
through (0, 1) is y = e" 1 ' 2 f* \j-" 2 ' 2 du + e* 1 ' 2 . Graph this 
function and compare it to the path shown in Figure 15.7b. 
Find an equation for and plot the curve through (0, —1). To 
find the curve through (1, 1), change the limits of integra- 
tion and rewrite the solution. Plot this curve and compare to 
Figure 15.7b. 



Second-Order 
Differential Equations 
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In a classic television commercial from years ago, the great jazz vocal- 
ist Ella Fitzgerald broke a wineglass by singing a particular high-pitched 
note. The phenomenon that makes this possible is called resonance, which 
is one of the topics in this chapter. Resonance results from the fact that 
the crystalline structures of certain solids have natural frequencies of vi- 
bration. An external force of the same frequency will "resonate" with the 
object, with potentially dramatic results. For instance, if the frequency of 
a musical note matches the natural vibration of a crystal wineglass, the 
glass will vibrate with increasing amplitude until it shatters. 

Resonance can be so serious that engineers must pay special atten- 
tion to it. For instance, buildings are designed to eliminate the chance of 
destructive resonance and electronic devices are built to limit some forms 
of resonance. 

One well-known instance of resonance is that caused by soldiers 
marching in step across a footbridge. Should the frequency of their steps 
match the natural frequency of the bridge, the resulting resonance can 
cause the bridge to start moving violently up and down. To avoid this, 
soldiers are instructed to march out of step when crossing a bridge. 

A related incident is the Tacoma Narrows Bridge disaster of 1940. 
You have likely seen video clips of this large suspension bridge twist- 
ing and undulating more and more until it finally tears itself apart. 
This disaster was initially thought to be the result of resonance, but the 
cause has come under renewed scrutiny in recent years. While engineers 
are still not in complete agreement as to its cause, it has been shown that 
the bridge was not a victim of resonance, but failed due to some related 
design flaw. Some of the stability issues that had a role in this disaster 
will be explored in this chapter. 

In this chapter, we extend our study of differential equations to those 
of second order, by developing the basic theory and exploring a small 
number of important applications. 



1074 



CHAPTER 16 •• Second-Order Differential Equations 



16-2 




16.1 SECOND-ORDER EQUATIONS WITH 
CONSTANT COEFFICIENTS 



Today's sophisticated technology often requires very precise motion control to maintain 
acceptable performance. For instance, a video camera should record a steady image even 
when the hand holding it is shaking. In this section and section 16.2, we begin to explore 
the mathematics behind such mechanical vibrations. 

A simple version of this problem is easy to visualize. In Figure 16.1, we show a 
mass hanging from a spring that is suspended from the ceiling. We call the natural length 
of the spring /. Observe that hanging the mass from the spring will stretch the spring a 
distance A/ beyond its natural length. We measure the displacement u(t) of the mass from 
this equilibrium position. Further, we consider downward (where the spring is stretched 
beyond its equilibrium position) to be a positive displacement and consider upward (where 
the spring is compressed from its equilibrium position) to be the negative direction. So, the 
mass in Figure 16.1 has been displaced from its natural length by a total of u{t) + AZ. 

To describe the motion of a spring-mass system, we begin by identifying the three 
primary forces acting on the mass. First, gravity pulls the mass downward, with force mg. 
Next, the spring exerts a restoring force when it is stretched or compressed. If the spring is 
compressed to less than its natural length, the spring exerts a downward force. If the spring 
is stretched beyond its natural length, the spring exerts an upward force. So, the spring force 
has the opposite sign from the total displacement from its natural length. Hooke's law states 
that this force is proportional to the displacement from the spring's natural length. (That 
is, the more you stretch or compress the spring, the harder the spring resists.) Putting this 
together, the spring force is given by 

Spring force = — k(u + A/), 

for some positive constant k (called the spring constant), determined by the stiffness of the 
spring. The third force acting on the mass is the damping force that resists the motion, due 
to friction such as air resistance. (A familiar device for adding damping to a mechanical 
system is the shock absorber in your car.) The damping force depends on velocity: the faster 
an object moves, the more damping there is. A simple model of the damping force is then 

Damping force = — cv, 

where v — u' is the velocity of the mass and c is a positive constant. 

Combining these three forces, Newton's second law of motion gives the following: 

mu"{t) — ma — F — mg — k[u(t) + A/] — cu'(t) 

or 

mu"{t) + cu'(t) + ku(t) — mg - kAl. (1.1) 

We can simplify this equation by observing that if the mass is not in motion, then u(t) = 0, 
for all t. In this case, w'(r) = u"(t) = 0 for all t and equation (1.1) reduces to 

0 — mg - kLl. 

While we can use this to solve for the spring constant k in terms of the mass and A/ (see 
Remark 1.1), this also simplifies (1.1) to 

mu"(t) + cu'(t) + ku(t) = 0. (1.2) 

Equation ( 1 .2) is a second-order differential equation, since it includes a second derivative. 
Solving equations such as (1.2) gives us insight into spring motion as well as many other 
diverse phenomena. 

Before trying to solve this general equation, we first solve a few simple examples of 
second-order equations. The simplest second-order equation is y"(t) — 0. Integrating this 
once gives us 

y'(t) = c u 




Equilibrium 
position 

FIGURE 16.1 

Spring-mass system 



REMARK I.I 



The spring constant k is given 
by 

k = 17 
(weight divided by 
displacement from natural 
length). 
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for some constant c\. Integrating again yields 

y(t) = c x t + c 2 , 

where c 2 is another arbitrary constant. We refer to this as the general solution of the 
differential equation, meaning that every solution of the equation can be written in this 
form. It should not be surprising that the general solution of a second-order differential 
equation should involve two arbitrary constants, since it requires two integrations to undo 
the two derivatives. A slightly more complicated equation is 

y"-y = o. (1.3) 

We can discover the solution of this, if we first rewrite the equation as 

y" = y. 

Think about it this way: we are looking for a function whose second derivative is itself. One 
such function is y = <?'. It's not hard to see that a second solution is y = e~'. It turns out 
that every possible solution of the equation can be written as a combination of these two 
solutions, so that the general solution of (1.3) is 



c\e' + C2e 



for constants c\ and c 2 . 

More generally, we want to solve 

ay"(t) + by'(t) + cy(t) = 0, (1.4) 

where a, b and c are constants. Notice that equation (1.4) is the same as equation (1.2), 
except for the name of the dependent variable. In a full course on differential equations, 
you will see that if you can find two solutions y\(i) and y2(t), neither of which is a constant 
multiple of the other, then all solutions can be written in the form 

y(t) = ciyi(0 + c 2 y 2 (t), 

for some constants c; and c 2 . The question remains as to how to find these two solutions. 
As we've already seen, the answer starts with making an educated guess. 

Notice that equation (1.4) asks us to find a function whose first and second derivatives 
are similar enough that the combination ay"(t) + by'(t) + cy{t) adds up to zero. As we al- 
ready saw with equation (1.3), one candidate for such a function is the exponential function 
<?' '. So, we look for some (constant) value(s) of r for which y = e r1 is a solution of (1.4). 

Observe that if y(f) = e rt , then y'(t) — re" and /'(f) = rV. Substituting into (1.4), 
we get 

are''' + bre" + ce r> = 0 

and factoring out the common e rt , we have 

(ar 2 + br + c)e" = 0. 

Since e rt > 0, this can happen only if 

ar 2 + br + c = 0. (1.5) 

Equation ( 1 .5) is called the characteristic equation, whose solution(s) can be found by the 
quadratic formula to be 



-b + -Jb 2 - 4ac -b - -Jb 2 - 4ac 

r\ — and r 2 — . 

2a 2a 

So, there are three possibilities for solutions of (1.5) : (1) r\ and r 2 are distinct real solutions 
(if b 2 — 4ac > 0), (2) r\ — r 2 is a (repeated) real solution (if b 2 — 4ac = 0) or (3) r\ and r 2 
are complex solutions (if b 2 — 4ac < 0). All three of these cases lead to different solutions 
of the differential equation (1.4), which we must consider separately. 
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Case 1: Distinct Real Roots 

If r\ and r 2 are distinct real solutions of (1.5), then y\ — e nt and }> 2 — e' 1 ' are two solutions 
of (1.4) and y(t) = c\e nt + c 2 e'' 2 ' is the general solution of (1.4). We illustrate this in 
example 1.1. 

EXAMPLE I.I Finding General Solutions 

Find the general solution of (a) y" — y' — 6y — 0 and (b) y" + Ay' — 2y — Q. 

Solution In each case, we solve the characteristic equation and interpret the 
solution(s). 

For part (a), the characteristic equation is 

0 = r 2 -r-6 = (r- 3)(r + 2). 

So, there are two distinct real solutions of the characteristic equation: r\ = 3 and 
r 2 = —2. The general solution is then 

y(t) = cie 3 ' + c 2 e" 2 '. 

For part (b), the characteristic equation is 

0 = r 2 +4r-2. 

Since the polynomial does not easily factor, we use the quadratic formula to get 

-4± V16 + 8 r 

r = — = -2 ± V6. 

2 

We again have two distinct real solutions and so, the general solution of the differential 
equation is 

y(t) = c ie <- 2+ ^' + c 2e <- 2 -^'. . 

Case 2: Repeated Root 

If r\ — r 2 (repeated root of the characteristic equation), then we have found only one 
solution of (1.4): yi = e' 1 '. We leave it as an exercise to show that a second solution in this 
case is yi — fe n '.The general solution of (1.4) is then y(t) = c\e nt + cite nt . We illustrate 
this case in example 1.2. 

EXAMPLE 1 .2 Finding General Solutions (Repeated Root) 

Find the general solution of y" — 6y' + 9y — 0. 
Solution Here, the characteristic equation is 

0 = r 2 -6r + 9 = (r-3) 2 . 
So, here we have the repeated root r — 3. The general solution is then 

y(t) — ne 3 ' + c 2 fe 3 '. ■ 



Case 3: Complex Roots 

If r\ and r 2 are complexroots of the characteristic equation, we can write these as r\ — u + vi 
andr 2 — u — vi, where /is the imaginary number; = ~J— 1 . The question is how to interpret 
a complex exponential like The answer lies with Euler's formula, which says that 

e' e — cos 6 + i sin 0. The solution corresponding to r — u + vi is then 

e (u+vi), = g ut+vti = e ut e vti = e ut {cQS vt + • sin vt y 

It can be shown that both the real and the imaginary parts of this solution (that is, both 
y; - e'" cos vt and y 2 = e ut sin vt) are solutions of the differential equation. So, in this 
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case, the general solution of (1.4) is 

y(t) — c\e ut cos vt + c 2 e l " sinvt. (1.6) 
In example 1.3, we see how to use this solution. 

EXAMPLE 1 .3 Finding General Solutions (Complex Roots) 

Find the general solution of the equations (a) y" + 2y' + 5y — 0 and (b) y" + Ay — 0. 

Solution For part (a), the characteristic equation is 

0 = r 2 + 2r + 5. 

Since this does not factor, we use the quadratic formula to obtain 

-2 ± V4 - 20 

r = = -1 ± 2i. 

2 

From (1.6) the general solution is 

y(t) = c\e~' cos 2t + c 2 e~' sin 2?. 
For part (b), there is no /-term and so, the characteristic equation is simply 

r 2 + 4 = 0. 

This gives us r 1 — —4, so that r — ±V~ 4 = ±2/. From (1.6) the general solution is 
then 

y(f) — c\ cos 2t + c 2 sin2f. ■ 

Notice that the general solution of a second-order differential equation always involves 
two arbitrary constants. In order to determine the value of these constants, we specify 
two initial conditions, most often y(0) and v'(0) (corresponding to the initial position 
and initial velocity of the mass, in the case of a spring-mass system). A second-order 
differential equation plus two initial conditions is called an initial value problem. Example 
1 .4 illustrates how to apply these conditions to the general solution of a differential equation. 

EXAMPLE 1 .4 Solving an Initial Value Problem 

Find the solution of the initial value problem y" + Ay' + 3 y = 0, y(Q) = 2, /(0) = 0. 
Solution Here, the characteristic equation is 

0 = r 2 + Ar + 3 = (r + 3)(r + 1), 
so that r — — 3 and r = — 1, The general solution is then 

y(t) = cie~ 3 ' + c 2 e~', 
so that y'(t) — -3cj e~ 3 ' - c 2 e~' . 

The two initial conditions then give us 

2=v(0) = Cl +c 2 (1.7) 

and 0 = /(O) = -3ci - c 2 . (1.8) 

From (1.8), we have c 2 = —3c t . Substituting this into (1.7) gives us 

2 = c\ + c 2 — c\ - 3ci = —2c\, 
so that c\ — — 1. Then c 2 — — 3ci = 3. The solution of the initial value problem is then 

y(t) = -e- 3 ' + 3e-'. 

A graph of this solution is shown in Figure 16.2. ■ 
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In example 1.5, the differential equation has no y'-term. Physically, this corresponds 
to the case of a spring-mass system with no damping. 



EXAMPLE 1 .5 Solving an Initial Value Problem 

Find the solution of the initial value problem y" + 9y — 0, y(0) = 4, y'(Q) = —6. 

Solution Here, the characteristic equation is r 2 + 9 — 0, so that r 2 = —9 and 
r — ±V _ 9 = ±3i. The general solution is then 

y(t) = c\ cos 3t + co sin 3f , 

so that y'(t) — — 3c\ sin 3? + 3ci cos 3t. 

From the initial conditions, we now have 

4 = 3/(0) = ci 

and -6 = y'(0) = 3c 2 . 

So, C2 = —2 and the solution of the initial value problem is 

y(t) — 4 cos 3t — 2 sin 3f . 

FIGURE 16.3 A graph is shown in Figure 16.3. ■ 

y — 4 cos 3t — 2 sin 3f 

We now have the mathematical machinery needed to analyze a simple spring-mass 
system. In example 1 .6, pay careful attention to the amount of work we do in setting up the 
problem. Remember: you can't get the right solution if you don't have the right equation! 




EXAMPLE 1 .6 Spring-Mass System with No Damping 



REMARK 1.2 



In the English system of units, 
with pounds (weight), feet and 
seconds, 

g«32ft/s 2 . 

In the metric system with kg 
(mass), meters and seconds, 

g « 9.8 m/s 2 . 



A spring is stretched 6 inches by an 8-pound weight. The mass is then pulled down an 
additional 4 inches and released. Neglecting damping, find an equation for the position 
of the mass at any time t and graph the position function. 

Solution The general equation describing the spring-mass system is 
mu" + cu' + ku = 0. We need to identify the mass m, damping constant c and spring 
constant k. Since we are neglecting damping, we have c — 0. The mass m is related to 
the weight W by W — mg, where g is the gravitational constant. Since the weight is 
8 pounds, we have 8 = m(32) or m = ^ = i, (The units of mass here are slugs.) The 
spring constant k is determined from the equation mg = kAl. Here, the mass stretches 
the spring 6 inches, which we must convert to \ foot. So, AZ = = and 8 — k (^), leaving 
us with k — 16. The equation of motion is then 



1 



or 



0t/ + 16if = 0 



■ 64w - 0. 



Here, the characteristic equation is r 2 
general solution is 



64 = 0, so that r — ±V~64 = ±8/ and the 



u(t) = c\ cos 8/ + q sin 8f . 



(1.9) 



To determine the values of c\ and C2, we need the initial values m(0) and m'(0). Read the 
problem carefully and notice that the spring is released after it is pulled down 4 inches. 
This says that the initial position is 4 inches or i foot down (the positive direction) and 
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so, m(0) = l. Further, since the weight is pulled down and simply released, its initial 
velocity is zero, m'(0) = 0. Using these initial conditions with (1.9) gives us 

- = K(0) = Ci(l) + C2(0) = Ci 

and 0 = k'(0) = -8ci(0) + 8c 2 (l) = 8c 2 , 

so that ci = I and c 2 = 0. The solution of the initial value problem is now 

1 

u(t) — - cos 8/. 
3 

The graph of this function in Figure 16.4 shows the smooth up and down motion of an 
undamped spring (called simple harmonic motion). ■ 



For a real spring-mass system, there is always some damping, so that the idealized 
perpetual motion of example 1 .6 must be modified somewhat. In example 1 .7, again take 
note of the steps required to obtain the equation of motion. 



EXAMPLE 1 .7 Spring-Mass System with Damping 

A spring is stretched 5 cm by a 2-kg mass. The mass is set in motion from its equilibrium 
position with an upward velocity of 2 m/s. The damping constant is c — 4. Find an 
equation for the position of the mass at any time ? and graph the position function. 

Solution The equation of motion is mu" + cu' + ku — 0, where the damping 
constant is c — 4 and the mass is m — 2 kg. With these units, g 9.8 m/s 2 , so that the 
weight is W — mg = 2(9.8) = 19.6. The displacement of the mass is 5 cm or 0.05 
meter. The spring constant is then k — 4^ = = 392 and the equation of motion is 

2u" + 4m' + 392m = 0 

or m" + 2m' + 196m = 0. 

Here, the characteristic equation is r 2 + 2r + 196 = 0. From the quadratic formula, we 

-2 ± V4 - 784 , 

have r — = — 1 ± V 195/. The general solution is then 

2 5 

u(t) = c\e~' cos V 195r + c 2 e~' sin V 195?, 

so that 

u'(t) - -cie~ f cos 7195? - ciVl95e-' sin 7195? - c 2 e~' sin 7195? 
+ c 2 7l95e"' cos7l95f. 

Since the mass is set in motion from its equilibrium position, we have m(0) = 0 and 
since it's set in motion with an upward velocity of 2 m/s, we have m'(0) = —2. (Keep in 
mind that upward motion corresponds to negative displacement.) These initial 
conditions now give us 

0 = m(0) - ci 

and -2 = m'(0) = -c\ + c 2 7l95 = c 2 7l95, 

-2 



since c\ — 0. So, c 2 = -J= and the displacement of the mass at any given time is given 



by 

2 _, / 

u(t) — e sinV195?. 

7195 

The graph of this solution in Figure 16.5 shows a spring whose oscillations rapidly die 
out. ■ 
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BEYOND FORMULAS 

A major difference between solving second-order equations and solving first-order 
equations is that for second-order equations of the form ay"(t) + by'(t) + cy(f) = 0, 
you need to find two different solutions y\ and V2 (neither one of which is a constant 
multiple of the other). The form of these solutions depends on the type of the 
solutions to the characteristic equation, but in all cases the general solution is given by 
c\y\(t) + C2yi(t), where the values of c\ and C2 are determined from two initial 
conditions. 



EXERCISES 16.1 

C$) WRITIN G EXERCISES 

1. Briefly discuss the role that theory plays in this section. In 
particular, if we didn't know that two different solutions were 
enough, would our method of guessing exponential solutions 
lead to a general solution? 

2. Briefly describe why our method of guessing exponential so- 
lutions would not work on equations with nonconstant coef- 
ficients. (You may want to work with a specific example like 
y" + 2ty' + 3y = 0.) 

3. It can be shown that e 2 ' and 2e 2 ' are both solutions of 
y" — 3y' + 2y — 0. Explain why these can't be used as the 
two functions in the general solution. That is, you can't write 
all solutions in the form c\e 2 ' + c{2e 2t . 

4. Discuss Figures 16.4 and 16.5 in physical terms. In particular, 
discuss the significance of the y-intercept and the increas- 
ing/decreasing properties of the graph in terms of the motion of 
the spring. Further, relate the motion of the spring to the forces 
acting on the spring. 



In exercises 1-12, find the general solution of the differential 



equation. 








1. y" - ly' - 8y = 


0 


2. 


y" - ly' - 6y = 0 


3. y" - Ay' + 4y = 


0 


4. 


y" + ly' + 6y = 0 


5. y" - 2y' + 5y = 


0 


6. 


y" + 6y' + 9y = 0 


7. y"-2y' = 0 




8. 


y" -6y = 0 


9. y" - 2/ - 6y = 


0 


10. 


y" + y' + 3y = 0 


11. y"-Sy + y = 


= 0 


12. 


y" - V3y' + y = 0 



In exercises 13-20, solve the initial value problem. 

13. y" + Ay = 0, y(0) = 2, y'(0) = -3 

14. y" + ly' + 10 v = 0, y(0) = 1, y'(0) = 0 

15. y" - 3/ + ly = 0, y(0) = 0, y'(0) = 1 

16. y" + y - ly = 0, y(0) = 3, y'(0) = 0 

17. y" - ly' + 5y = 0, y(0) = 2, y'(0) = 0 

18. y" - Ay' + Ay = 0, y(0) = 2, y'(0) = 1 



19. y" - 2y' + y = 0, y(0) = -1, /(0) = 2 

20. y" + 3/ = 0, y(0) = 4, y'(0) = 0 



21. Show that c\ cos kt + c 2 sin kt — A sin (kt + 8), where 

A — y/c 2 + c\ and tan S — —. We call A the amplitude and 

c 2 

S the phase shift. Use this identity to find the amplitude 
and phase shift of the solution of y" + 9y = 0, y(0) = 3 and 

y'(0) = -6. 



In exercises 22-24, solve the initial value problem and use the 
result of exercise 21 to find the amplitude and phase shift of the 
solution. 

22. y" + 4y = 0, y(0) = 1, y'(0) = -2 

23. y" + 20y = 0, y(0) = -2, y'(0) = 2 

24. y" + 12y = 0, y(0) = -1, y'(0) = -2 



25. A spring is stretched 6 inches by a 1 2-pound weight. The weight 
is then pulled down an additional 8 inches and released. Ne- 
glect damping. Find an equation for the position of the spring 
at any time t and graph the position function. 

26. A spring is stretched 20 cm by a 4-kg mass. The weight is 
released with a downward velocity of 2 m/s. Neglect damping. 
Find an equation for the position of the spring at any time t and 
graph the position function. 

27. A spring is stretched lOcmby a4-kgmass. The weightis pulled 
down an additional 20 cm and released with an upward velocity 
of 4 m/s. Neglect damping. Find an equation for the position of 
the spring at any time t and graph the position function. Find 
the amplitude and phase shift of the motion. 

28. A spring is stretched 2 inches by a 6-pound weight. The weight 
is then pulled down an additional 4 inches and released with a 
downward velocity of 4 ft/s. Neglect damping. Find an equation 
for the position of the spring at any time t and graph the position 
function. Find the amplitude and phase shift of the motion. 

29. A spring is stretched 4 inches by a 1 6-pound weight. The damp- 
ing constant equals 10. The weight is then pushed up 6 inches 
and released. Find an equation for the position of the spring at 
any time t and graph the position function. 
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30. A spring is stretched 8 inches by a 32-pound weight. The 
damping constant equals 0.4. The weight is released with a 
downward velocity of 3 ft/s. Find an equation for the position 
of the spring at any time / and graph the position function. 

31. A spring is stretched 25 cm by a 4-kg mass. The weight is 
pushed up \ meter and released. The damping constant equals 
c — 2. Find an equation for the position of the spring at any 
time t and graph the position function. 

32. A spring is stretched 10 cm by a 5-kg mass. The weight is 
released with a downward velocity of 2m/s. The damping 
constant equals c — 5. Find an equation for the position of the 
spring at any time t and graph the position function. 

33. Show that in the case of a repeated root r — r\ to the charac- 
teristic equation, the function y — te n ' is a second solution of 
the differential equation ay" + by' + cy — 0. 

34. Show that in the case of complex roots r — u ± vi to the 
characteristic equation, the functions y = e"' cos vt and 
y — e'" sin vt are solutions of the differential equation 
ay" + by' + cy = 0. 

35. For the equation u" + cu' + 16m = 0, compare solutions with 
c = 7, c = 8 and c = 9. The first case is called underdamped, 
the second case is called critically damped and the last case 
is called overdamped. Briefly explain why these terms are 
appropriate. 

36. For the general equation mu" + cu' + ku — 0, show that crit- 
ical damping occurs with c = 2-Jkm. Without solving any 
equations, briefly describe what the graph of solutions look 
like with c < 2a/ 'km, compared to c > 2-Jkm. 

37. A spring is stretched 3 inches by a 16-pound weight. Use 
exercise 36 to find the critical damping value. 

38. Show that for both the critically damped case and the over- 
damped case, the mass can pass through its equilibrium posi- 
tion at most once. (Hint: Show that u(t) — 0 has at most one 
solution.) 

39. If you are designing a screen door, you can control the damping 
by changing the viscosity of the fluid in the cylinder in which 
the closure rod is embedded. Discuss whether overdamping or 
underdamping would be more appropriate. 




40. Show that e' and e~' are solutions of the equation 
y" — y — 0, and conclude that a general solution is given by 
y — de' + c 2 e~' . Then show that sinhf and cosh? are so- 
lutions of y" — y — 0, and conclude that a general solution 
is given by y = c\ sinhf + c^coshf. Discuss whether or not 
these two general solutions are equivalent. 



41. As in exercise 40, show that y — c\ sinhaf + ci cosh at is 
a general solution of y" — cry — 0, for any constant a > 0. 
Compare this to the general solution of y" + a 2 y = 0. 

42. For the general equation ay" + by' + cy — 0, if the roots of 
the characteristic equation are complex, a > 0 and b > 0, 
show that the solution y(t ) — >• 0 as / — >• oo. 

43. For the general equation ay" + by' + cy — 0, if ac > 0, b > 0 
and the roots of the characteristic equation are real numbers 
r\ < ri, show that both roots are negative and thus, the solution 
y(t) —> 0 as t oo. 

44. For the general equation ay" + by' + cy — 0, suppose that 
there is a repeated root r\ < 0 of the characteristic equation. 

Show that lim te n ' — 0 and thus, the solution y(t) — >■ 0 as 

r-*oo 

t — > OO. 

45. Use the results of exercises 42-44 to show that if a, b and c 
are all positive, then the solution y(t) of ay" + by' + cy — 0 
goes to 0 as t — > oo. 

46. Interpret the result of exercise 45 in terms of the spring equa- 
tion mu" + cu' + ku — 0. In particular, if there is nonzero 
damping, then what is the eventual motion of the spring? 



^ EXPLORATORY EXERCISES 

1. In this exercise, you will explore solutions of a different type 
of second-order equation. An Euler equation has the form 
x 2 y" + axy' + by — 0 for constants a and b. Notice that this 
equation requires that x times the first derivative and x 2 times 
the second derivative be similar to the original function. Ex- 
plain why a reasonable guess is y — x r . Substitute this into 
the equation and (similar to our derivation of the characteristic 
equation) show that r must satisfy the equation 

r 2 + (a - \)r + b = 0. 

Use this to find the general solution of 

(a) x 2 y" + 4xy' + 2y = 0and(b)x 2 y" - 3xy' + 3y = 0. Dis- 
cuss the main difference in the graphs of solutions to (a) and 

(b) . Can you say anything definite about the graph of a solution 
of (c) x 2 y" + 2xy' — 6y — 0 near x — 0? There remains the 
issue of what to do with complex and repeated roots. Show that 
if you get complex roots r = u ± vi, then y — x" cos(v Inx) 
and y — x" sin (v Inx) are solutions for x > 0. Use this infor- 
mation to find the general solution of (d) x 2 y" + xy' + y — 0. 
Use the form of the solutions corresponding to complex roots 
to guess the second solution in the repeated roots case. Find 
the general solution of (e) x 2 y" + 5xy' + 4y — 0. 

2. In this exercise, you will explore solutions of higher-order dif- 
ferential equations. For a third-order equation with constant co- 
efficients such as (a) y'" — 3y" — y' + 3y = 0, make a reason- 
able guess of the form of the solution, write down the character- 
istic equation and solve the equation (which factors). Use this 
idea to find the general solution of (b) y'" + y" + 3y' — 5y = 0 
and (c) y'" — y" — y' + y — 0. Oddly enough, an equation like 
(d) y'" — y — 0 causes more problems than (a)-(c). How many 
solutions of the characteristic equation do you find? Show that 
v = te' is not a solution. Show that y = e' /2 cos ^-t and 
y = e' /2 sin are two additional solutions. Identify the two 
r-values to which these solutions correspond. Show that these 
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r-values are in fact solutions of the characteristic equation. 
Conclude that a more thorough understanding of solutions 
of complex equations is necessary to fully master third-order 



equations. To end on a more positive note, find the general solu- 
tions of the fourth-order equation (e) y (4) — y — 0 and the fifth- 
order equation (f) v (5) - 3y <4) - 5 /" + 15/' + 4/ - \2y = 0. 



0) 



16.2 NONHOMOGENEOUS EQUATIONS: 
UNDETERMINED COEFFICIENTS 



TODAY IN 
MATHEMATICS 



Shigefumi Mori ( 1 95 1 - ) 

A Japanese mathematician who 
earned the Fields Medal in 1 990. 
A colleague wrote, "The most 
profound and exciting 
development in algebraic 
geometry during the last decade 
or so was the Minimal Model 
Program or Mori's Program. . . . 
Shigefumi Mori initiated the 
program with a decisively new 
and powerful technique, guided 
the general research direction 
with some good collaborators 
along the way and finally finished 
up the program by himself 
overcoming the last difficulty. . . . 
Mori's theorems were stunning 
and beautiful by the totally new 
features unimaginable by those 
who had been working, probably 
very hard too, only in the 
traditional world of algebraic . . . 
surfaces." 



If you've ever shot a videotape with a handheld camera, you probably understand the impact 
ajittery hand can have on the quality of your video. In section 16. 1, we developed and solved 
a simple model for mechanical vibrations. In this section, we extend that model to cases 
where an external force such as a shaky hand complicates the problem. 

The starting place for our model again is Newton's second law of motion: F — ma. 
Adding an external force F(t) to the spring force and damping force considered in section 
16.1, we get that if u(t) is the displacement from equilibrium, then 



or 



mu"(t) - -ku(t) - cu'(t) + F(t) 



mu"(t) + cu'(t) + ku(t) - F(t). 



(2.1) 



Notice that equation (2.1) is the same as the spring model developed in section 16.1, 
except that the right-hand side of the equation is no longer zero. Equation (2.1) is called 
homogeneous when F(t) — 0 for all t and nonhomogeneous otherwise. 

Our goal is to find the general solution of such equations (that is, the form of all solu- 
tions). We can do this by first finding one particular solution u p (t) of the nonhomogeneous 
equation (2.1). Notice that if u(t) is any other solution of (2.1), then we have that 

m(u — u p )" + c(u — Up)' + k(u — Up) — (mu" + cu' + ku) — (mu" p + cu' p + ku p ) 

= F(t) - F(t) = 0. 

That is, the function u — u p is a solution of the corresponding homogeneous equation 
mu" + cu' + ku — 0 solved in section 16.1. So, if the general solution of the homogeneous 
equation is ciu\ + C21/2, then u — u p — c\U\ + C2U2, for some constants c\ and c%. We 
summarize this in Theorem 2.1. 



THEOREM 2.1 

Let u — c\U\ + C2M2 be the general solution of mu" + cu' + ku — 0 and let u p be any 
solution of mu" + cu' + ku — F(t). Then the general solution of 
mu" + cu' + ku — F(t) is given by 



// = C\U\ + C2U2 ■ 



u„ 



We illustrate this result with example 2.1. 



EXAMPLE 2.1 Solving a Nonhomogeneous Equation 

Find the general solution of u" + 4m' + 3m = 30e 2 ', given that u p = 2e 2t is a solution. 

Solution One of the two pieces of the general solution is given to us: we have 
u p = 2e 2t . The other piece is the solution of the homogeneous equation 
u" + 4m' + 3m = 0. Here, the characteristic equation is 

0 = r 2 + 4r + 3 = (r + 3)(r + 1), 



16-1 I 



SECTION 16.2 



Nonhomogeneous Equations: Undetermined Coefficients 



1083 



u p = A sin 3t + B cos 3/ 
u' p =3A cos 3r — 3B sin 3/ 
u'^ = -9A sin 3f - 9fi cos 3/ 



so that r = — 3 or r = — 1. The general solution of the homogeneous equation is then 
cie~ 3 ' + C2e~' , so that the general solution of the nonhomogeneous equation is 



While Theorem 2. 1 shows us how to piece together the solution of a nonhomogeneous equa- 
tion from a particular solution and the general solution of the corresponding homogeneous 
equation, we still do not know how to find a particular solution. The method presented next, 
called the method of undetermined coefficients, works for equations with constant coef- 
ficients where the nonhomogeneous term is not too complicated and relies on our ability 
to make an educated guess about the form of a particular solution. We begin by illustrating 
this technique for example 2.1, 

If u" + Au' + 3u = 30e 2 ', then the most likely candidate for the form of u(t) is a 
constant multiple of e 2 ' . (How else would u" , Au' and 3u all add up to 30e 2 '?) Be sure that 
you understand the logic here, because we will be using it in the examples to come. So, an 
educated guess is u p (t) — Ae 2t , for some constant A. Substituting this into the differential 
equation, we try to solve for A. (If it turns out to be impossible to solve for A, then we have 
simply made a bad guess.) Here, we have u' = 2Ae 2 ' and u" p — AAe 2 ' and so, requiring u p 
to be a solution of the nonhomogeneous equation gives as 

30e 2 ' = u'p + Au' p + 3u p 

- AAe 2 ' + A{2Ae 2 ') + 3(Ae 2 ') 
= 15Ae 2 '. 

So, 15A — 30 or A = 2. A particular solution is then u p (t) = 2e 2 ', as desired. 
We learn more about making good guesses in examples 2.2 through 2.4. 



EXAMPLE 2.2 Solving a Nonhomogeneous Equation 

Find the general solution of u" + 2u' — 3u — — 30 sin 3t. 

Solution First, we solve the corresponding homogeneous equation: 
u" + 2u' — 3u — 0. The characteristic equation here is 



so that r — — 3 or r — 1. This gives us u — cie~ 3 ' + C2e' as the general solution of the 
homogeneous equation. Next, we guess the form of a particular solution. Since the 
right-hand side is a constant multiple of sin 3t, a reasonable guess might seem to 
be Up — A sin 3t. However, it turns out that this is too specific a guess, since when we 
compute derivatives to substitute into the equation, we will also get cos 3t terms. This 
suggests the slightly more general guess u p — A sin 3? + B cos 3t. Substituting this into 
the equation, we get 

-30 sin 3? = -9 A sin 3t - 9B cos 3t + 2(3 A cos 3t -3B sin 3t) 
-3(A sin3r + Bcos3r) 
- (-12A - 6B)sin3f + (6A - 125) cos 3t. 

Equating the corresponding coefficients of the sine and cosine terms (imagine the 
additional term 0 cos 3t on the left-hand side), we have 



u{t) = cie~ 3 ' + c 2 e~' + 2e 2t . m. 



0 = r 2 + 2r - 3 = (r + 3)(r - 1), 



-12A -6B = -30 



or 



2A + B = 5 



and 



6A - 125 = 0 



or 



A - 



IB. 



Substituting into the first equation, we get 2(2B) + B — 5 or B — I. Then, A = 2B — 2 
and a particular solution is u p — 2 sin 3t + cos 3t . We now put together all of the pieces 
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to obtain the general solution of the original equation: 

u(t) — cie~ 3 ' + cie' + 2 sin 3? + cos 3t . ■ 

Observe that while the calculations get a bit messy, the process of making a guess is 
not exceptionally challenging. To keep the details of calculation from getting in the way of 
the ideas, we next focus on making good guesses. In general, you start with the function 
F{t ) and then add terms corresponding to each derivative. For instance, in example 2.2, we 
started with A sin 3? and then added a term corresponding to its derivative: B cos 3t . We do 
not need to add other terms, because all other derivatives are simply constant multiples of 
either sin 3t or cos 3f . However, suppose that F(t) = It 5 . The initial guess would include 
At 5 and the derivatives Bf 4 , Ct 3 and so on. To save letters, you can use subscripts and write 
the initial guess as 

A 5 r 5 + A 4 f 4 + A 3 r 3 + A 2 t 2 + A x t + A 0 . 

There is one exception to the preceding rule. If any term in the initial guess is also a 
solution of the homogeneous equation, you must multiply the initial guess by a sufficiently 
high power of t so that nothing in the modified guess is a solution of the homogeneous 
equation. (In the case of second-order equations, this means multiplying the initial guess by 
either t or t 2 .) To see why, consider u" + 2m' — 3m = 4e~ 3 '. The initial guess A<?~ 3 ' won't 
work, as seen in example 2.3. 

EXAMPLE 2.3 Modifying an Initial Guess 

Show that u(t) = Ae~ 3 ' is not a solution of u" + 2u' — 3m = 4e~ 3 ', for any value of A, 
but that there is a solution of the form u(t) = Ate~ 3t . 

Solution For u(t) — Ae~ 3 ', we have u'{t) — -3Ae~ 3 ' and u"(t) — 9Ae~ 3 ' and so, 

u" + 2m' - 3u = 9Ae~ 3 ' + 2(-3Ae" 3 ') - 3A e - 3 ' = 0 + 4e~ 3 '. 

That is, u(t) = Ae~ 3 ' is a solution of the homogeneous equation for every choice of A. 
As a result, Ae~ 3 ' is not a solution of the nonhomogeneous equation for any choice of 
A. However, if we multiply our initial guess by t, we have u(t) = Ate~ 3t , 
u'(t) - Ae~ 3 ' + Af(-3e~ 3 ') and 

u"(t) - -3A<?- 3 ' - 3Ae" 3 ' + Af(9e~ 3 ') = -6Ae~ 3 ' + 9Afe" 3 '. Substituting into the 
equation, we have 

4e- 3t = u" + 2m' - 3m = -6Ae~ 3 ' + 9Are~ 3 ' + 2(Ae~ 3 ' - 3Are~ 3 ') - 3Ate~ 3 ' 
= -4Ae- 3 '. 

So, — 4A = 4 and A = — 1 . A particular solution of the nonhomogeneous equation is 
then u p {t) — -te' 3 '. m 

A summary of rules for making good guesses is given in the accompanying table. 
Notice that sine and cosine terms always go together, and all polynomials are complete 
with terms from t" all the way down to t and a constant. 



The form of u p for au" + bu' + cu = F(t) 



Fit) 


Initial Guess 


Modify Initial Guess if 
ar 1 + br + c = 0 for 


e nt 


Ae' 1 ' 


r = n 


cos kt or sinA:f 


A cos kt + B sinfc/ 


r = ±ki 


t" 


C„t" + c„_ 1 /"- 1 + --- + C,t + C 0 


r = 0 


e'" cos vt or 
e'" sin vt 


e"'(A cos vt + B sin vt) 


r — u ± vi 


fV' 


(C„t" + C^f- 1 + ■ ■ ■ + dt + QK" 


r = ri 
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We illustrate the process of making good guesses in example 2.4. 



EXAMPLE 2.4 Finding the Form of Particular Solutions 



NOTES 

The letters used in writing the 
forms of the solutions are 
completely arbitrary. 



Determine the form for a particular solution of the following equations: 

(a) y" + Ay' = t 4 + 3f 2 + 2e~ 4 ' sin t + 3e~ 4t and (b) y" +4y = 3t 2 sin 2t + 3te 2 ' . 

Solution For part (a), the characteristic equation is 0 = r 2 + Ar — r{r + 4), so 
that r — 0 and r — —4. The solution of the homogeneous equation is then 
y — c\ + c 2 e~ 4 ' . Looking at the right-hand side, we have a sum of three types of terms: 
a polynomial, an exponential/sine combination and an exponential. From the table, our 
initial guess is 

y p - (C 4 t 4 + C 3 f 3 + C 2 t 2 + Cit + C a ) + e" 4 ' (A cost + Bsinf) + De~ 4 ' . 

However, referring back to the solution of the homogeneous equation, note that the 
constant Cn and the exponential De~ 4t are solutions of the homogeneous equation. 
(Also note that the exponential/sine term is not a solution of the homogeneous 
equation.) Multiplying the first and third terms by t, the correct form of a solution to the 
nonhomogeneous equation is 

y p = t(C 4 t 4 + C 3 f 3 + C 2 t 2 + Cit + C 0 ) + e~ 4 '(Acosr + Bsinf) + Dte~ 4 ' . 

Now that we have the correct form of a solution, it's a straightforward (though tedious) 
matter to find the value of all the constants. 

For part (b), the characteristic equation is r 2 + 4 = 0, so that r ~ ±2i and the 
solution of the homogeneous equation is then y — c; cos It + c 2 sin2r. Here, the 
right-hand side consists of two terms: the product of a polynomial and a sine function 
and the product of a polynomial and an exponential function. Multiplying guesses from 
the table, we make our initial guess 

y P = {A 2 t 2 + Ait + A 0 )sin2f + (B 2 t 2 + B x t + B 0 )cos2f + {C x t + C Q )e 2 ' . 

Observe that both An sin 2t and fin cos 2t are solutions of the homogeneous 
equation. So, we must multiply the first two terms by t to obtain the modified 
guess: 

y p - t(A 2 t 2 + Ait + A 0 )sin2r + t(B 2 t 2 + B x t + fi 0 )cos2f + (C t t + C 0 )e 2t . a 



We now return to the study of mechanical vibrations. Recall that the movement of a 
spring-mass system with an external force F(t) is modeled by mu" + cu' + ku — F{t). 



EXAMPLE 2.5 The Motion of a Spring Subject to an External Force 

A mass of 0.2 kg stretches a spring by 10 cm. The damping constant is c = 0.4. External 
vibrations create a force of F(t) = 0.2 sin At newtons, setting the spring in motion from 
its equilibrium position. Find an equation for the position of the spring at any time t. 

Solution We are given m — 0.2 and c — 0.4. Recall that the spring constant k satisfies 
the equation mg — kM, where A/ — 10 cm — 0. 1 m. (Notice that since the mass is given 
in kg, g = 9.8 m/s 2 and we need the value of A/ in meters.) This enables us to solve for 
k, as follows: 

mg (0.2X9.8) 

k — —— — = 19.6. 

A/ 0.1 

The equation of motion is then 

0.2m" + 0.4w' + 19.6m = 0.2 sin At 
or m" + 2m' + 98m = sin4f. 
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This gives us the characteristic equation r 2 + 2r + 98 = 0, which has solutions 

-2 ± V4 - 392 r - 
r — = — 1 ± V 97 i . The solution of the homogeneous equation is then 

u(t) — c\e~' cos V97f + c-ie~' sin V97r. A particular solution has the form 
B cos4r. Substituting this into the equation, we get 



u p — A sin4f 



sin4f = m" + 2m' + 98m 

- -16A sin4f - 165 cos 4f + 2(4Acos4f - AB sin4f) 

+ 98(A sin4r + B cos At) 
= (82A - 85) sin4r + (8A + 825) cos At. 

Then, 82A -85 = 1 and 8A + 825 = 0. The solution is A = ^ and B = ^ and 
so, the general solution of the nonhomogeneous equation is 



u(t) — c\e cosV97f + C2e 



91t 



41 

3394 



sin At 



1697 



■ cos At. 



The initial conditions are m(0) = 0 and u'(Q) = 0. With t — 0 and u — 0, we get 

0 = c, 



or ci = jjj^. Computing the derivative t/(f) and substituting in t — 0 and 



1697 "i — I697 

m' = 0, we get 0 = —c\ + 
value problem is then 

u(t) = 



97c, 



1657 OTC 2 = 



-80 



1697V97 



The solution of the initial 



1697 
41 



-e~' cos V97f 



80 



3394 



sin At 



FIGURE 16.6 

Spring motion with an external force A graph is shown in Figure 16.6. 



1697 



1697V97 



cos At. 



e ' sin V97f 



Notice in Figure 16.6 that after a very brief time, the motion appears to be simple 
harmonic motion. We can verify this by a quick analysis of our solution in example 2.5. 
Recall that the solution comes in two pieces, a particular solution 



u p (t) - 



41 



sin At 



cos At 



3394 1697 
and the solution of the homogeneous equation 

c x e~' cos V97r + c 2 e~' sinVsm. 

As t increases, the presence of the exponential e~' causes the homogeneous solution to 
approach 0, regardless of the value of the constants c\ and c^. So, for any initial con- 
ditions, the solution will eventually be dominated by the particular solution, which is a 
simple oscillation. For this reason, the solution of the homogeneous equation is called 
the transient solution and the particular solution is called the steady-state solution. This 
is true of many, but not all equations. (Can you think of cases where the homogeneous 
solution does not tend to 0 as t increases?) If we are interested only in the steady-state 
solution, we can avoid much of the work in example 2.5 and simply solve for a particular 
solution. 



EXAMPLE 2.6 Finding a Steady-State Solution 

For u" + 3u' + 2u — 20 cos 2t, find the steady-state solution. 
Solution For the homogeneous solution, the characteristic equation is 



0 



3r + 2 — (r + l)(r + 2) and so, the solutions are r — —2 and r — — 1. The 



solution of the homogeneous equation is then u(t) — c\e + c^e '. Since this tends to 
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0 as t — ► oo, we ignore it. A particular solution has the form u p (t) — A cos 2t + B sin 2t . 
Substituting into the equation, we have 

u" + 3m' + 2m 

-4 A cos 2t - 4B sin 2t + 3(-2 A sin 2f + 2B cos 2? ) 
+ 2(Acos2f + B sin 20 
(-2 A + 65) cos 2r + (-6A - IB) sin 2r . 

-2A + 6B = 20 

-6A -25 = 0. 

on, B = —3 A. Substituting into the first equation, we have 
= — 1, Then, B = — 3 A = 3 and the steady-state solution is 

u p (t) ~ — cos 2t + 3 sin 2?. 

;ure 16.7. ■ 

There are several possibilities for the steady-state motion of a mechanical system. Two 
interesting cases, called resonance and beats, are introduced here. In their pure forms, both 
occur only when there is no damping and the external force is a sine or cosine. In these 
cases, then, the equation of motion is 

mu" + ku — F(t). 

The characteristic equation for the homogeneous equation is mr 2 + k — 0, which has 
solutions r — ±J~^i and the solution of the homogeneous equation is 

u(t) — c\ cos u>t + C2 sin cot, 



where co = 




is called the natural frequency of the system. 



Resonance occurs in a mechanical system when the external force is a sine or cosine 
whose frequency exactly matches the natural frequency of the system. For example, sup- 
pose that F{t) = sin&>?. Then our initial guess u p {t) — A sincot + B cos cot matches the 
homogeneous solution and must be modified to the guess u p (f) — t(A sin cot + B cos cot). 
The graph of such a function would oscillate, but the presence of the factor t would cause 
the oscillations to grow larger and larger without bound. The graph of u — 2t sin 4f in 
Figure 16.8 illustrates this behavior. 

Physically, resonance can cause impressive disasters. A singer hitting a note (thus 
producing an external force) at exactly the natural frequency of a wineglass can shatter it. 
Soldiers marching in step across a bridge at exactly the natural frequency of the bridge can 
create large oscillations in the bridge that can cause it to collapse. 



u 




FIGURE 16.8 

Resonance: u — It sin 4/ 
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FIGURE 16.9 

Beats 



The phenomenon of beats occurs when the forcing frequency is close to (but not equal 
to) the natural frequency. For example, for u" + 4m = 2 sin(2. If) with m(0) = m'(0) = 0, the 
homogeneous solution is u(t) — c\ sin 2? + c-i cos 2t and so, the forcing frequency of 2.1 is 
close to the natural frequency of 2. We leave it as an exercise to show that the solution is 

u(t) = 5.1219 sin(2f) - 4.878 sin(2.1f) 

The graph in Figure 16.9 illustrates the beats phenomenon of periodically increasing and 
decreasing amplitudes. 

This can be heard when tuning a piano. If a note is slightly off, its frequency is close to 
the frequency of the external tuning fork and you will hear the amplitude variation illustrated 
in Figure 16.9. 



EXAMPLE 2.7 Resonance and Beats 

For the system u" + 5u — 3 sin cot , find the natural frequency, the value of co that 
produces resonance and a value of co that produces beats. 

Solution The characteristic equation for the homogeneous equation is r 1 + 5 = 0, 
with solutions r — ±V5i. The natural frequency is then V5 and this is the value of co 
that produces resonance. Values close to y5 (such as co — 2) produce beats. ■ 



BEYOND FORMULAS 

Be sure that you understand the difference between the equations solved in sec- 
tion 16.2 and those solved in section 16.1. For the nonhomogeneous equations ex- 
plored in this section, you must first find the homogeneous solution ciyi(t) + C2yi(t) 
as in section 16.1 and then find a particular solution y p (t). Always keep in mind 
that the overall structure of the general solution of a nonhomogeneous equation is 
y(t) - civi(f) + C2yi(t) + y P (t). Your task is then to fill in the details one at a time. 



EXERCISES 16.2 

f$) WRITING EXERCISES 

1. In many cases, a guess for the form of a particular solution 
may seem logical but turn out to be a bad guess. Identify the 
criterion for whether a guess is ultimately good or bad. (See 
example 2.3.) 

2. In example 2.4 part (a), the initial guess e~ 4 ' is multiplied by 
t but e~ 4 ' cos t is not. Explain why these terms are treated dif- 
ferently by comparing the (--values in a characteristic equation 
with solution e -4 ' to one with solution e~ 4 ' cos /. 



3. Soldiers are taught to break step when marching across a 
bridge. Briefly explain why this is a good idea. 

4. Is there any danger to a party of people dancing on a strong 
balcony? Would it help if some of the people had a bad sense 
of rhythm? 



In exercises 1-4, find the general solution of the equation, given 
a particular solution u p . 

1. u" + 2u' + 5u= 15<T 2 ', u p (t) = 3e- 2 ' 

2. u" + 2u' - 8m = 14e 3 ', u p (t) = 2e 3 < 



3. u" + 4m' + Au = 4t 2 , u p (t) = t 2 - 2t + \ 

4. u" + 4u — 6 sin t , u p (t) — 2 sin t 



In exercises 5-10, find the general solution of the equation. 



5. 


u' 


+ 2u' 


+ 10m = 26e~ 


6. 


u' 


-2u' 


+ 5u = 10e 2 ' 


7. 


it' 


+ 2u' 


+ u — 25 sin t 


8. 


u' 


+ 4u 


= 24cos4« 


9. 


u' 


-4u 


= 2f 3 


10. 


«' 


+ «'■ 


- 6u = 18? 2 



In exercises 11-18, determine the form of a particular solution 
of the equation. 

11. u" + 2u' + lOu = 2e-' + 3e-' cos 3r + 2 sin 3r 

12. u" - 2u' + 5u = e' sin 2t - fV 

13. u" + 2m' = 5t 3 -2t + 4e 2 ' 
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14. u" + 4u — 2t cos 2t — t 2 sin t 

15. u" + 9u = e' cos 3/ - 2t sin 3? 

16. u" -4u = t 3 e 2 < + rV 2 ' 

17. w" + 4m' + 4m = t 2 e- 2t + 2te- 2 ' sin « 

18. u" + 2m' + u = t 2 - 4 + 2e"' 



19. A mass of 0.1 kg stretches a spring by 2 mm. The damp- 
ing constant is c — 0.2. External vibrations create a force of 
F(t ) = 0.1 cos 4t newtons, setting the spring in motion from its 
equilibrium position with zero initial velocity. Find an equation 
for the position of the spring at any time t. 

20. A mass of 0.4 kg stretches a spring by 2 mm. The damp- 
ing constant is c — 0.4. External vibrations create a force of 
F(t) = 0.8 sin 3? newtons, setting the spring in motion from its 
equilibrium position with zero initial velocity. Find an equation 
for the position of the spring at any time t. 

21. A mass weighing 0.4 lb stretches a spring by 3 inches. The 
damping constant is c — 0.4. External vibrations create a force 
of F(t) — 0.2e~' /2 lb. The spring is set in motion from its equi- 
librium position with a downward velocity of 1 ft/s. Find an 
equation for the position of the spring at any time t. 

22. A mass weighing 0.1 lb stretches a spring by 2 inches. The 
damping constant is c — 0.2. External vibrations create a force 
of F(t) — 0.2e~' /4 lb. The spring is set in motion by pulling it 
down 4 inches and releasing it. Find an equation for the position 
of the spring at any time t. 



Exercises 23-28 refer to amplitude and phase shift. (See exercise 
21 in section 16.1.) 

23. For u" + 2m' + 6m = 15cos3f, find the steady-state solution 
and identify its amplitude and phase shift. 

24. For u" + 3m' + u — 5 sin 2? , find the steady-state solution and 
identify its amplitude and phase shift. 

25. For m" + 4m' + 8m = 15 cos t + 10 sin t , find the steady-state 
solution and identify its amplitude and phase shift. 

26. For u" + m' + 6m = 12 cos / + 8 sin t, find the steady-state 
solution and identify its amplitude and phase shift. 

27. A mass weighing 2 lb stretches a spring by 6 inches. The damp- 
ing constant is c = 0.4. External vibrations create a force of 
F(t) — 2 sin 2t lb. Find the steady-state solution and identify 
its amplitude and phase shift. 

28. A mass of 0.5 kg stretches a spring by 20 cm. The damp- 
ing constant is c = 1. External vibrations create a force of 
F(t) — 3 cos 2t N. Find the steady-state solution and identify 
its amplitude and phase shift. 



29. For the system m" + 3m = 4 sin cot, find the natural frequency, 
the value of co that produces resonance and a value of co that 
produces beats. 

30. For the system u" + 10m = 2 cos cot, find the natural frequency, 
the value of co that produces resonance and a value of co that 
produces beats. 



31. A mass weighing 0.4 lb stretches a spring by 3 inches. 
Ignore damping. External vibrations create a force of 
F(t) — 2 sin cot lb. Find the natural frequency, the value of co 
that produces resonance and a value of co that produces beats. 

32. A mass of 0.4 kg stretches a spring by 3 cm. Ignore damping. 
External vibrations create a force of F(t) — 2 sin cot N. Find 
the natural frequency, the value of co that produces resonance 
and a value of co that produces beats. 

33. In this exercise, we compare solutions where resonance 
is present and solutions of the same system with a 
small amount of damping. Start by finding the solution 
of y" + 9y = 12cos3f, y(0) = 1, y'(0) = 0. Then solve the 
initial value problem y" + O.ly' + 9y — 12cos3?, y(0) = 1, 
y'(0) = 0. Graph both solutions on the same set of axes, and 
estimate a range of r-values for which the solutions stay close. 

34. Repeat exercise 33 for y" + O.Oly' + 9y = 12 cos 3t, 
y(0)= l,/(0) = 0. 

35. For m" + 4m = sin cot, explain why the form of a particular 
solution is simply A sin cot, for co 2 ^ 4. 

36. For m" + 4m = 2t 3 , identify a simplified form of a particular 
solution. 

37. (a) Find the solution of u" + 4u = 2sin(2.10, with 
m(0) = m'(0) = 0. (b) Find the solution of u" + 4u = 2sin2f 
withM(O) = m'(0) = 0. (c) Compare the graphs of the solutions 
to parts (a) and (b). 

38. (a) For u" + 4m = sin cot, m(0) = m'(0) = 0, find the solution 
as a function of co. Compare the graphs of the solutions for 
co — 0.5, co — 0.9 and co = 1. (b) For u" + 4u — sin cot, 
m(0) = m'(0) = 1, find the solution as a function of co. 
(c) Compare the graphs of the solutions for co — 0.5, co — 0.9 
and co — 1. (d) Discuss the effects of the initial conditions by 
comparing the graphs in parts (a) and (c). 



(|§i APPLICATIONS 

39. ForM" + 0.1m' + 4m = sin cot, find the amplitude of the steady- 
state solution as a function of co. 

40. For the spring problem in exercise 39, what happens to the 
steady-state amplitude as co approaches 0? Explain why this 
makes sense. 

41. An object falls under the forces of gravity and air drag. Ex- 
plain the significance of each term in the equation of motion 
— mg — ky' — my". If the object has mass 5 kg, the air drag 
coefficient is k — 0.5 kg/s, the initial velocity is 1 m/s and 
initial height is 60 m, find the height at time /. 

Estimate when the object of exercise 41 hits the ground, and 
estimate its impact velocity. 



^ EXPLORATORY EXERCISES 

1. A washing machine whose tub spins with rotational speed co 
generates a downward force of /o sin cot for some constant 
/ 0 . If the machine rests on a spring and damping mechanism 
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(see diagram), the vertical motion of the machine satisfies the 
familiar equation u" + cu' + ku — f 0 sin cot. Explain what 
happens to the motion as c and k are increased. We now add 
one layer to the design problem for the machine. The forces 
absorbed by the spring and damper are transmitted to the floor. 
That is, F(t) — cu' + ku is the force of the machine on the 
floor. We would like this to be small. Explain in physical terms 
why this force increases if c and k increase. So the design 
of the machine must balance vertical movement versus force 
transmitted to the floor. Consider the following argument for 
an equation for F(t). 




allows the railroad cars a certain amount of slack but applies 
a restoring force if the cars get too close or too far apart. If y 
measures the displacement of the coupler back and forth, then 
y" — F(y), where F(y) is the force produced by the coupler. 

— y — d if y < —d 
A simple model is F(y) = 0 if — d < y < d. 

-y + d ify>d 
This models a restoring force with a dead zone in the mid- 
dle. Suppose the initial conditions are y(0) = 0 and y'(0) = 1. 
That is, the coupler is centered at y = 0 and has a positive 
velocity. At y — 0, the coupler is in the dead zone with no 
forces. Solve y" — 0 with the initial conditions and show that 
y(t) — t for 0 < t S d. At this point, the coupler leaves the 
dead zone and we now have y" — —y + d. Explain why ini- 
tial conditions for this part of the solution are y(d) — d and 
y'(d) — 1. Solve this problem and determine the time at which 
the coupler reenters the dead zone. Continue in this fashion to 
construct the solution piece by piece. Describe in words the 
pattern that emerges. Then, explain in which sense this model 
ignores damping. Revise the function F(y) to include damping. 



Machine schematic 



Let the symbol D stand for derivative. Then 
we can write F — cu' + ku — (cD + k)u. Solving for 
F 

u, we get u = . Now, writing the equation 

cD + k 

u" + cu' + ku — /o sin cot as (D 2 + cD + k)u — fo sin cot, 

fo sin cot 

we solve for u and get u = — . Setting the two 

5 D 2 + cD + k 5 

expressions for u equal to each other, we have 

F f 0 sin cot 



cD + k D 2 + cD + k 

Multiplying this out, we have 

{D 2 + cD + k)F = (cD + k) f 0 sincot. 

Show that this gives the correct answer: that is, F{t) 
satisfies the equation 

F" + cF' + kF = c(/ 0 sin&jf)' + k(f 0 sincot). 

Spring devices are used in a variety of mechanisms, includ- 
ing the railroad car coupler shown in the photo. The coupler 
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16.3 APPLICATIONS OF SECOND-ORDER EQUATIONS 



Capacitance C 



-O- 



1 1 

Voltage E(t) 

RLC circuit 



In sections 16.1 and 16.2, we developed models of spring-mass systems with and without 
external forces. It turns out that the charge in a simple electrical circuit can be modeled with 
the same equation as for the motion of a spring-mass system. For an 7?LC-circuit (consisting 
of resistors, capacitors, inductors and a voltage source), the net resistance R (measured in 
ohms), the capacitance C (in farads) and the inductance L (in henrys) are all positive. For 
now, we will assume that there is no impressed voltage. If Q{t) (coulombs) is the total 
charge on the capacitor at time t and I(t) is the current, then / = Q'(t). The basic laws of 
electricity tell us that 

the voltage drop across the resistors is IR, 

Q 

the voltage drop across the capacitor is — , 
the voltage drop across the inductor is LI'(t) 
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and the voltage drops must sum to the impressed voltage. If there is none, then 

U'<f) + RI(f) + ^Q(f) = 0 

or LQ!'(t)+RQ'(t)+^Q(t) = 0. (3.1) 

Observe that this is the same as equation (1.2), except for the names of the constants. 
Example 3.1 works the same as the examples from section 16.1. 



EXAMPLE 3. 1 Finding the Charge in an Electrical Circuit 

A series circuit has an inductor of 0.2 henry, a resistor of 300 ohms and a capacitor of 
10~ 5 farad. The initial charge on the capacitor is 10~ 6 coulomb and there is no initial 
current. Find the charge on the capacitor and the current at any time t. 

Solution From (3.1), with L = 0.2, R = 300 and C = 10~ 5 , the equation for the 
charge is 

0.2Q"(t) + 300Q'(0 + 100,000(2(0 = 0 

or Q"(t) + 1500g'(0 + 500,000Q(O = 0. 

The characteristic equation is then 

0 = r 2 + 1500r + 500,000 = (r + 500)(r + 1000), 

so that the roots are r — —500 and r — —1000. The general solution is then 

Q(t) = Cl e- 50 °i + c 2 e- mm . (3.2) 

The initial conditions are Q(0) = 10~ 6 and Q'(Q) = 0 [since Q'(t) gives the current]. 
This gives us 

10" 6 = g(0) = ci + c 2 
and 0 = Q'(0) = -500cj - 1000c 2 , 

from which we obtain c\ — —2co- The first equation now gives us c 2 — — 10 -6 and so, 
c\ — 2 x 10 -6 . The charge function is then 

(2(0= i0- 6 (2 e - 5(,0 '- e - 1000 '). 

The graph in Figure 16.10 shows a rapidly declining charge. The current function is 
simply the derivative of the charge function. That is, 

/(?) = -lO'V 500 ' - e - 10(X »). . 



If an impressed voltage E(t) from a power supply is added to the circuit of ex- 
ample 3.1, equation (3.1) is replaced by the nonhomogeneous equation 

LQ"(t) + RQ'(t)+^Q(t) = E(t). (3.3) 

Notice that here, the impressed voltage plays a role equivalent to the external force in a 
spring-mass system. We can use the techniques of section 16.2 to solve such an equation, 
as we illustrate in example 3.2. 



EXAMPLE 3.2 Finding the Charge in a Circuit with an Impressed Voltage 

Suppose that the circuit of example 3.1 is attached to an alternating current power 
supply with the impressed voltage E(t) — 170 sin(1207rf) volts. Find the steady-state 
charge on the capacitor and the steady-state current. 
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FIGURE 16.1 1 

Steady-state current 



Solution From (3.3) using the values of example 3.1, we obtain the equation for the 
charge: 

0.2g"(f) + 300e'(r) + 100,000g(f) = 170sin(1207rO 



or 



Q"(t) + 1500Q'(f) + 500,000g(r) = 850sin(1207rr). 



(3.4) 



As in example 3.1, the roots of the characteristic equation are r — —500 and 
r — —1000, so that the solution of the homogeneous equation is c\e 



-500/ 



C2<? 



1000/ 



Since this part of the solution tends to 0 as t increases, the steady-state solution is 
simply the particular solution, which here has the form 



Q Ji) = A sin(1207rf) + B cos(120:rf). 



This gives us 



and 



Q' p (t) - 1207rAcos(120jrf) - 1207rfi sin(1207rr) 
Q" p (t) = -14,400tt 2 A sin(1207rO - 14,400tt 2 B cos(120:rf). 



Substituting these into (3.4) gives us 

850sin(120:rr) = [-14,400;r 2 A sin(120fff) - 14,400tt 2 B cos(120jrf)] 
+ 1500 [120tt A cos(120tt0 - 120ttB sin(1207r?)] 
+ 500,000 [A sin(120jrf) + B cos(120tt?)] 
= [(500,000- 14,400tt 2 )A- 180,000ttB] sin(1207rf) 
+ [(500,000 - 14,400;r 2 )fi + 180,000A] cos(120^r). 
Matching up the coefficients of sin(120:/rf) and cos(1207rf) gives us 
(500,000 - 14,400jt 2 )A - 180,000jt5 = 850 
and (500,000 - 14,400tt 2 )B + 180,000ttA = 0. 

Solving for A and B, we get the approximate values A 0.000679 and 
B s» —0.00107. The steady-state charge is then approximately 

Q p (t) « 0.000679 sm(l20jTt) - 0.00107 cos(120jrf), 

which gives us a steady-state current of 

Q' p (t) w 0.2561 cos(1207Tf ) + 0.4046 sin(120jrf). 

We show a graph of this in Figure 16. 1 1 . 

Notice that this is an alternating current with approximate amplitude 
V(0.2561) 2 + (0.4046) 2 ~ 0.4788 and the same 60 hertz (cycles per second) as the 
power supply. The large resistance in this circuit has greatly reduced the current. ■_ 



The properties of electrical circuits are sometimes summarized in a frequency response 
curve, as constructed in example 3.3. The numbers are simplified so that we can illustrate 
a basic principle behind radio reception. For convenience, we use the fact that the solution 
of the system of equations 

C[ A + c 2 B = d\ 
C3A + C4B — d.2 



can be written in the form 



provided c t c 4 — c 2 c 3 ^ 0. 



c A d\ - C2CI2 
C1C4 - c 2 cj, 



and B 



c\d,2 — c^d 



C\CA — C2C3 



(3.5) 



EXAMPLE 3.3 A Frequency Response Curve 

For a circuit whose charge satisfies u" + 8m' + 2532w = sincot, find the amplitude of 
the steady-state solution as a function / of the external frequency a> and plot the 
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FIGURE 16.12 

Frequency response curve y = f(co) 




FIGURE 16.13 

A simple pendulum 



resulting frequency response curve y = f{co). Explain why this circuit could be useful 
for tuning in a radio station. 

Solution We leave it as an exercise to show that the solution of the homogeneous 
equation tends to 0 as t increases. The steady-state solution is then the particular 
solution u„(t) — A sin cot + B cos cot. Here, we have 



u' p (t) 



and 



«;(o 



: Aco cos cot — Bco sin cot 
-Aco 2 sin cot — Bco 2 cos cot . 



Substituting into the equation, we have 

sin cot — (—Aco 2 sin cot — Bco 2 cos cot) + 8(Aco cos cot — Bco sin cot ) 
+ 2532(A sin cot + B cos cot) 

= [(2532 - co 2 ) A - 8Bco] sin cot + [8 Aco + (2532 - co 2 )B] cos cot. 

Equating the coefficients of the sine and cosine terms gives us the system of equations 

(2532 - co 2 ) A - 8coB = 1 



and 

From (3.5), the solution is 
2532 



ScoA + (2532 - co 2 )B = 0. 



and B 



co 2 ) 2 + (Aco 1 ' 



(2532 - co 2 ) 2 + (Aco 2 " (2532 

Without simplifying this, we can write the steady-state solution as 

B cos cot as u p {t) — V A 2 + B 2 sin(cot + S), for some constant <5, so 

B 2 . Notice that since A and B 



u p (t) = A sin cot 



that the amplitude of the steady-state solution is yfA 2 
have the same denominator, it factors out of the square root and leaves us with 

1 



VA 2 + B 2 = 



(2532 



co 2 ) 2 
1 



64ft> 



V(2532 - co 2 ) 2 + (-8co) 2 



7(2532 - co 2 ) 2 + (Aco 2 ' 

The frequency response curve is the graph of this function, as shown in Figure 16.12. 
Notice that the graph has a sharp peak at about co — 50. Thinking of the right-hand side 
of the original equation, sin cot, as a radio signal, we see that this circuit would "hear" 
the frequency co — 50 much better than any other frequency and could thus tune in on a 
radio station broadcasting at frequency 50. ■ 



Another basic physical example with a surprising number of applications is the pendu- 
lum. In the sketch in Figure 16. 13, a weight of mass m is attached to the end of a massless 
rod of length L that rotates about a pivot point P in two dimensions. 

We first model the undamped pendulum, where the only force is due to gravity and 
the pendulum bob moves along a circular path centered at the pivot point. We can track its 
position s on the circle by measuring the angle 9 from the vertical, where counterclockwise 
is positive. Since s — L9, the acceleration is s" — L9" . The only force is gravity, which has 
magnitude mg in the downward direction. The component of gravity along the direction of 
motion is then —mg sin 9. Newton's second law of motion F — ma gives us 



mL9"(t) = -mg sin 0(f) or 9"(t) + - sin 9(t) = 0. 



(3.6) 



Notice that (3.6) is not an equation of the form solved in sections 16.1 and 16.2, because 
of the term sin 9{t). However, if we simplify (3.6) by replacing sin 9{t) by 9(t), then (3.6) 
can be solved quite easily. This replacement is often justified with the statement. "For small 
angles 9, sin# is approximately equal to 0." As calculus students, you can say more. From 
the Maclaurin series 

9 3 9 s 

sin 9 = 9 1 1 , 

3! 5! 
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FIGURE 16.14 

6(t) = 0.2 cos 14f 



it follows that the approximation sin 0 0 has an error bounded by 
small enough to safely neglect, then you can replace (3.6) with 

9"(t) + j9{t) = 0. 
This equation is easy to solve, as we see in example 3.4. 



3 /6. So, if |0| 3 /6 is 



(3.7) 



EXAMPLE 3.4 The Undamped Pendulum 

A pendulum of length 5 cm satisfies equation (3.7). The bob is released from rest from 
a starting angle 6 — 0.2. Find an equation for the position at any time t and find the 
amplitude and period of the motion. 

Solution Taking g — 9.8 m/s 2 , we convert the length to L — 0.05 m. Then (3.7) 
becomes 

6"{t) 



The characteristic equation is then r 2 
solution is 



I- 1960(f) = 0. 
196 = 0, so that r — ±14i and the general 



so that 



0(t) = a sin 14? + c 2 cos 14?, 
?'(?) — \Ac\ cos 14? - 14c 2 sin 14?. 



Since the bob is released from rest, it has no initial velocity and so, the initial conditions 
' ' are 0(0) = 0.2 and 0'(O) = 0. From these, we have that 0.2 = 0(0) = c 2 and 
0 = 0'(O) — 14ci, so that c\ — 0. The solution is then 

0(f) = 0.2 cos 14?, 

which has amplitude 0.2 and period jl — j. A graph of the solution is shown in 
Figure 16.14. ■ 



In the exercises, you will show that the period of any solution of (3.7) is 27? J^, which 
gives an approximation of the period of the undamped pendulum. Notice that the period is 
independent of the mass but depends on the length L. 

Observe that the pendulum of example 3.4 oscillates forever. Of course, the motion of 
a real pendulum dies out due to damping from friction at the pivot and air resistance. The 
simplest model of the force due to damping effects represents the damping as proportional 
to the velocity, or k6'(t) for some constant k. Retaining the approximation sin 6 ~ 6 yields 
the following model for the damped pendulum: 



6"(t) + k6'(t) 



-0(0 = 0, 



for some constant k > 0. If we further allow the pendulum to be driven by some external 
force F(t), we have the more general model 

0"(?) + k6'(t) + f 0(r) = - F(t). (3.8) 
L m 

Several areas of current biological research involve situations where one periodic quantity 
serves as input into some other system that is naturally periodic. The effect of sunlight on 
circadian rhythms and the response of the heart to electrical signals from the sinoatrial node 
are examples of this phenomenon. In example 3.5, we explore what happens when a small 
amount of damping is present. 



EXAMPLE 3.5 A Damped Forced Pendulum 

For a pendulum of weight 2 pounds, length 6 inches, damping constant £ = 0.1 and 
forcing function F(t) — 0.5 sin 4?, find the amplitude and period of the steady-state 
motion. 



Solution Using g — 32ft/s 2 , we have L — | ft and m 
Equation (3.8) then becomes 

0"(?) + O.10'(?) + 640(f) = 8 sin 4? 



^ slug since weight = mg. 
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We leave it as an exercise to show that the solution of the homogeneous equation 
approaches 0 as t increases. The steady-state solution is then the particular solution 



e'Jf) — A A cos At - AB sin4f 



6 p (t) — Asin4r + 5cos4r. 

This gives us 

and 9p{t) = -16Asin4f - 165 cos At. 

Substituting into the differential equation, we have 

8sin4f = (-16Asin4r - 165 cos4f) + 0.1(4Acos4f -45sin4f) 
+ 64 (A sin At + B cos At) 
= (48 A - 0.45) sin4f + (0.4A + 485) cos At. 

It follows that 

48A - 0.45 - 8 and 0.4A + 485 = 0. 

384 r\ k;<;i;«« n „A d 3.2 



The solution of this system is A = 



2304.16 



0.166655 and 5 = 



2304.16 



-0.001389. 



The steady-state solution can now be rewritten as 

Q p (t) = A sin At + B cos At = Va 2 + B 2 sin(4f + S) » 0. 16666 sin(4f - S), 
so that the amplitude is approximately 0.16666 and the period is \ 



l7T_ JT 

4 _ 2' 



Notice that the period of the steady-state solution in example 3.5 matches the period 
of the forcing function 8 sin At and not the natural period of the undamped pendulum, 

2n^~^ — j. Keep in mind that the steady-state solution gives the behavior of the solution 
for very large t. For small t, the motion of the pendulum in example 3.5 can be erratic. 
For initial conditions 6(0) = 0.5 and 6'{0) = 0, the solution for 0 < t < 5 is shown in 
Figure 16.15a, while Figures 16. 15b— 16. 15d show the solutions for larger values of t. 
Notice that the solution seems to go through different stages until settling down to the 
steady-state solution around t = 100. 

6 





FIGURE 16.15a 

0 < t < 5 



FIGURE 16.1 5b 

20 < t < 25 



0 



0.5 - - 
0.25 -- 




-0.25- 
-0.5- 

FIGURE 16.15c 

50 < t < 55 



0 



0.5 - - 
0.25 -- 




-0.25- 
-0.5 - 

FIGURE I6.l5d 

100 < t < 105 
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EXERCISES 16.3 

^WRITING EXERCISES 

1. The correspondence between mechanical vibrations and elec- 
trical circuits is surprising. To start to understand the corre- 
spondence, develop an analogy between the roles of a resistor 
in a circuit and damping in spring motion. Continue by draw- 
ing an analogy between the roles of the spring force and the 
capacitor in storing and releasing energy. 

2. In example 3.3, explain why the sharper the peak is on 
the frequency response curve, the clearer the radio reception 
would be. 

3. For many objects, the magnitude of air drag is proportional to 
the square of the speed of the object. Explain why we would 
not want to use that assumption in equation (3.8). 

4. To understand why the forced pendulum behaves erratically, 
consider the case where a child is on a swing and you push 
the swing. If the swing is coming back at you, does your push 
increase or decrease the child's speed? If the swing is moving 
forward away from you, does your push increase or decrease 
the child's speed? If you push every three seconds and the 
swing is not on a three-second cycle, describe how your push- 
ing would affect the movement of the swing. 



1. A series circuit has an inductor of 0.4 henry, a resistor of 200 
ohms and a capacitor of 10~ 4 farad. The initial charge on the 
capacitor is 10~ 5 coulomb and there is no initial current. Find 
the charge on the capacitor and the current at any time t. 

2. A series circuit has an inductor of 0.4 henry, no resistance and 
a capacitor of 10~ 4 farad. The initial charge on the capacitor is 
10~ 5 coulomb and there is no initial current. Find the charge 
on the capacitor and the current at any time t. Find the ampli- 
tude and phase shift of the charge function. (See exercise 21 in 
section 16.1.) 

3. A series circuit has an inductor of 0.2 henry, no resistance and 
a capacitor of 10~ 5 farad. The initial charge on the capacitor is 
10~ 6 coulomb and there is no initial current. Find the charge 
on the capacitor and the current at any time t. Find the ampli- 
tude and phase shift of the charge function. (See exercise 21 in 
section 16.1.) 

4. A series circuit has an inductor of 0.6 henry, a resistor of 400 
ohms and a capacitor of 2 x 10~ 4 farad. The initial charge on 
the capacitor is 10~ 6 coulomb and there is no initial current. 
Find the charge on the capacitor and the current at any time t. 

5. A series circuit has an inductor of 0.5 henry, a resistor of 
2 ohms and a capacitor of 0.05 farad. The initial charge on the 
capacitor is zero and the initial current is 1 A. A voltage source 
of E(t) — 3 cos 2t volts is analogous to an external force. Find 
the charge on the capacitor and the current at any time t. 

6. A series circuit has an inductor of 0.2 henry, a resistor of 
20 ohms and a capacitor of 0.1 farad. The initial charge on 
the capacitor is zero and there is no initial current. A voltage 
source of E(t) — 0.4 cos 4t volts is analogous to an external 
force. Find the charge on the capacitor and the current at any 
time t. 



7. A series circuit has an inductor of 1 henry, a resistor of 
10 ohms and a capacitor of 0.5 farad. A voltage source of 
E(t) = 0.1 cos 2t volts is analogous to an external force. Find 
the steady-state solution and identify its amplitude and phase 
shift. (See exercise 21 in section 16.1.) 

8. A series circuit has an inductor of 0.2 henry, a resistor of 
40 ohms and a capacitor of 0.05 farad. A voltage source of 
E{t) — 0.2 sin4f volts is analogous to an external force. Find 
the steady-state solution and identify its amplitude and phase 
shift. (See exercise 21 in section 16.1.) 



Exercises 9-16 involve frequency response curves and Bode 
plots. 

9. Suppose that the charge in a circuit satisfies the equation 
x"(t) + 1x'(f) + 5x(t) — Ai sincot for constants Ai and co. 
Find the steady-state solution and rewrite it in the form 

A t At 

At sin (cot + 5), where A 2 = - The ratio — 

7(5 - co 2 ) 2 + 4co 2 A { 
is called the gain of the circuit. Notice that it is independent of 
the actual value of A t . 

10. Graph the gain function g(co) = , from ex- 

7(5 - a) 2 ) 2 + 4co 2 
ercise 9 as a function of co > 0. This is called a frequency 
response curve. Find co > 0 to maximize the gain by mini- 
mizing the function /(&>) = (5 — co 2 ) 2 + 4co 2 . This value of co 
is called the resonant frequency of the circuit. Also graph the 
Bode plot for this circuit, which is the graph of 201og 10 ^ as 
a function of log 10 co. (In this case, the units of 201og 10 g are 
decibels.) 

11. The charge in a circuit satisfies the equation 
x"(t) + 0.4x'(t) + 4x(t) = A sin cot. Find the gain function 
and the value of co > 0 that maximizes the gain, and graph the 
Bode plot of 20 log 10 g as a function of log 10 co. 

12. The charge in a circuit satisfies the equation 
x"(t) + 0.4x'(t) + 5x(t) = A sincot. Find the gain function 
and the value of co > 0 that maximizes the gain, and graph the 
Bode plot of 201og 10 g as a function of log 10 co. 

13. The charge in a circuit satisfies the equation 
x"(t) + 0.2x'(t) + 4x(t) = A sin cot. Find the gain function 
and the value of co > 0 that maximizes the gain, and graph the 
Bode plot of 201og 10 g as a function of log 10 co. 

14. Based on your answers to exercises 1 1-13, which of the con- 
stants b, c and A affect the gain in the circuit described by 
x"(t) + bx'it) + cx(t) = A sincot! 

15. The motion of the arm of a seismometer is modeled by 
y" + by' + cy — co 2 cos cot, where the horizontal shift of the 
ground during the earthquake is proportional to cos cot. (See 
Multimedia ODE Architect for details.) If b = 1 and c — 4, 
find the gain function and the value of co > 0 that maximizes 
the gain. 

16. The amplitude A of the motion of the seismometer in 
exercise 1 5 and the distance D of the seismometer from the epi- 
center of the earthquake determine the Richter measurement 
M through the formula M = log 10 A + 2.561og 10 D - 1.67. 
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Use the result of exercise 15 to prove that A depends on the fre- 
quency of the horizontal motion as well as the actual horizontal 
distance moved. Explain in terms of the motion of the ground 
during an earthquake why the frequency affects the amount of 
damage done. 



17. In exercise 10, we sketched the Bode plot of the gain as a 

function of frequency. The other Bode plot, of phase shift as a 

function of frequency, is considered here. First, recall that in 

the general relationship a sinaif + b cos cot — B sintW + 9), 

we have a — B cos 9 and b — B sin 6. We can "solve" for 0 
a\ . / b\ , / b s 



or tan 



we have a 



(5 - co 2 )A 
(5 - co 2 ) 2 + 4co 2 



and b 



In exercise 10, 
-2o)A 

so 



(5 - co 2 ) 2 + Am 2 
For the frequencies 



that B = sja 2 + b 2 = — — 

(5 -a) 2 ) 2 + 4(o 2 
co > 0, this tells us that sin# < 0, so that 6 is in quad- 

-1 (b\ 

rant III or IV. Explain why the functions sin I — I and 



tan 



are not convenient for this range of angles. How- 



ever, — cos 



plot. 



gives the correct quadrants. Show that 
5 . 

and sketch the Bode 



7(5 - to 2 ) 2 + (2co) 2 



18. Sketch the plot of phase shift versus frequency for exer- 
cise 11. 

19. Show that if a, b and c are all positive numbers, then the solu- 
tions of ay" + by' + cy — 0 approach 0 as t — >• oo. 



20. For 



the 



electrical 



charge 



equation 



LQ"(t)+ RQ'(t)+ ^Q(t) — 0, if there is nonzero resistance, 
what is the eventual charge on the capacitor? 

21. Show that the gain in the general circuit described by 
ax"(t) + bx'(t) + cx(t) — A sin cot equals - 



: - am 2 ) 2 + (bco) 2 

22. Show that in exercise 2 1 the general resonant frequency equals 
lac — b 2 



2a 2 

23. A pendulum of length 10 cm satisfies equation (3.7). The bob 
is released from a starting angle 9 — 0.2. Find an equation for 
the position at any time and find the amplitude and period of the 
motion. Compare your solution to that of example 3.4. What 
effect does a change in length have? 

24. Repeat exercise 23 with a starting angle of 9 — 0.4. What ef- 
fect does doubling the starting angle have? 

25. A pendulum of length 10 cm satisfies equation (3.7). The 
bob is released from a starting angle 6 = 0 with an initial 
angular velocity of 9' — 0.1. Find an equation for the po- 
sition at any time and find the amplitude and period of the 
motion. 

26. Repeat exercise 25 with initial angular velocity 9' — 0.2. What 
effect does doubling the initial angular velocity have? 



27. For a pendulum of weight 6 pounds, length 8 inches, damping 
constant k — 0.2 and forcing function F(t) — cos 3t, find the 
amplitude and period of the steady-state motion. 

28. For a pendulum of weight 6 pounds, length 8 inches, damp- 
ing constant k — 0.2 and forcing function F(t) — cos 6/, find 
the amplitude and period of the steady-state motion. Compare 
your solution to that of exercise 27. Does the frequency of the 
forcing function affect the amplitude of the motion? 

29. In example 3.3, find the general homogeneous solution and 
show that it approaches 0 as t — > oo. 

30. In example 3.5, find the general homogeneous solution and 
show that it approaches 0 as t — > oo. 

31. Use Taylor's Theorem to prove that the error in the approxi- 
mation sin 9 «=* 9 is bounded by \9\ 3 /6. 



1 less than 0.01, 



32. To keep the error in the approximation sin 9 
how small does 9 need to be? 



APPLICATIONS 



33. Show that the solution of 6" + ^9 — 0 has period 27r 

Galileo deduced that the square of the period varies directly 
with the length. Is this consistent with a period of 2tt ./-? 



34. Galileo believed that the period of a pendulum is independent 
of the weight of the bob. Determine whether the model (3.7) is 
consistent with this prediction. 

35. Galileo further believed that the period of a pendulum is inde- 
pendent of its amplitude. Use exercise 24 to determine whether 
the model (3.7) supports this conjecture. 

36. Taking into account damping, Galileo found that a pendulum 
will eventually come to rest, with lighter ones coming to rest 
faster than heavy ones. Show that this is implied by (3.8) in that 
for pendulums of identical length and damping constant c (note 
that c is different from k) but different masses, the pendulum 
with the smaller mass will come to rest faster. 

37. The gun of a tank is attached to a system with springs and 
dampers such that the displacement y(f ) of the gun after being 
fired at time 0 is 

y" + 2ay' + a 2 y = 0, 

for some constant a. Initial conditions are y(0) — 0 and 
y(0) = 100. Estimate a such that the quantity y 2 + (y') 2 is 
less than 0.01 at t — 1. This enables the gun to be fired again 
rapidly. 

38. Let G(t) be the concentration of glucose in the bloodstream and 
g(t) — G(t) — Go the difference between the glucose level and 
the ideal concentration Go- Braun derives an equation of the 
form 

g"(t) + 2cxg'{t) + co 2 g(t) = 0 

for the concentration t hours after a glucose injection. It 

2ti 

turns out that if the natural period — of the solution is less 

co 

than 4 hours, the patient is not likely to be diabetic, whereas 
2tt 

— > 4 is an indicator of mild diabetes. Using a = 1 and ini- 

co 

tial conditions g(0) =10 and g'(0) = 0, compare the graphs of 
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glucose levels for a healthy patient with oj = 2 and a diabetic 
patient with oj — 1 . 

39. If 0 < a < oj, show that the solution in exercise 38 is a damped 
exponential. Show that the time between zeros of the solution is 

71 

greater than — . Use this result to determine whether the follow- 
er 

ing patient would be suspected of diabetes. The optimal glucose 
level is 75 mg glucose/100 ml blood. The glucose levels are 
90 mg glucose/100 ml blood one hour after an injection, 70 mg 
glucose/100 ml blood two hours after the injection and 78 mg 
glucose/100 ml blood three hours after the injection. 

40. Show that the data in exercise 39 are inconsistent with the case 
0 < to < a. 

41. Consider an RLC-circuit with capacitance C and charge Q{t) 
at time t. The energy in the circuit at time t is given by 

[2(f)] 2 

u(t) = — — — . Show that the charge in a general i?LC-circuit 



2C 

has the form 



2(f) ■■ 



-0R/L)f/2 



1 2o cos cot + c 2 sin cot\, 



where Q 0 = 2(0) and oj = ^ R 2 -4L/C. The relative 

energy loss from time / = 0 to time t = ^ is given by 

u{2tx Ioj) — u(0) 
Ui oss — and the inductance quality factor 

"(0) 
2tt 

is defined by . Using a Taylor polynomial approximation 

of e x , show that the inductance quality factor is approximately 
L 

oj — . 
R 



EXPLORATORY EXERCISES 



1. In quantum mechanics, the possible locations of a particle are 
described by its wave function ^(x). The wave function sat- 
isfies Schrodinger's wave equation 

H „ 

— + K(x)*C*) = £*(x). 
2m 

Here, H is Planck's constant, m is mass, V(x) is the potential 
function for external forces and E is the particle's energy. In 
the case of a bound particle with an infinite square well of 
width 2a, the potential function is V(x) — 0 for —a < x < a. 
We will show that the particle's energy is quantized by solv- 
ing the boundary value problem consisting of the differential 
K „ 

equation — ^ (x) + v(x)^>(x) = E^(x) plus the boundary 
2m 

conditions 9{— a) — 0 and ^(a) — 0. The theory of bound- 



ary value problems is different from that of the initial value 
problems in this chapter, which typically have unique solutions. 
In fact, in this exercise we specifically want more than one so- 
lution. Start with the differential equation and show that for 
V(x) — 0; the general solution is *(x) = C\ coskx + c 2 s'mkx, 
where k — \/2mE/R. Then set up the equations a) — 0 
and *(a) = 0. Both equations are true if c\ — c 2 — 0, but in 
this case the solution would be ^(x) — 0. To find nontrivial 
solutions (that is, nonzero solutions), find all values of k such 
that cos ka — 0 or sin ka — 0. Then, solve for the energy E in 
terms of a, m and h. These are the only allowable energy levels 
for the particle. Finally, determine what happens to the energy 
levels as a increases without bound. 

2. Imagine a hole drilled through the center of the Earth. What 
would happen to a ball dropped in the hole? Galileo conjec- 
tured that the ball would undergo simple harmonic motion, 
which is the periodic motion of an undamped spring or pendu- 
lum. This solution requires no friction and a nonrotating Earth. 

Gm^m 2 

The force due to gravity of two objects r units apart is — , 

i— 

where G is the universal gravitation constant and m i and m 2 
are the masses of the objects. Let R be the radius of the Earth 
and y the displacement from the center of the Earth. 




For a ball at position y with \ y\ < R, the ball is attracted to the 
center of the Earth as if the Earth were a single particle located 
at the origin with mass pv, where p is the density of the Earth 
and v is the volume of the sphere of radius \ y\. (This assumes a 
constant density and a spherical Earth.) If M is the mass of the 
Earth, show that if you neglect damping, the position of the ball 

„ GM GM 

satisfies the equation y H — y = 0. Use e = — — to sim- 

Ri R 2 
plify this. Find the motion of the ball. Does the period depend 

on the starting position? Compare the motions of balls dropped 
simultaneously from the Earth's surface and halfway to the cen- 
ter of the Earth. Explore the motion of a ball thrown from the 
surface of the Earth at y — R with initial velocity — i? / 100. 




16.4 POWER SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS 



So far in this chapter, we have seen how to solve only those second-order equations with 
constant coefficients, such as 

y" - 6/ + 9y = 0. 

What if the coefficients aren't constant? For instance, suppose you wanted to solve the 
equation 

y" + 2xy' + 2y = 0. 
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REMARK 4.1 



Notice that when we change 

oo 

^2 n ( n — ^) a n x " 2 to 

oo 

J2(n + 2)(n + l)a n+2 x n , the 

n=0 

index in the sequence increases 
by 2 (for example, a„ becomes 
a n+i), while the initial value of 
the index decreases by 2. 



We leave it as an exercise to show that substituting y = e rx in this case does not lead to a 
solution. However, in many cases such as this, we can find a solution by assuming that the 
solution can be written as a power series, such as 



The idea is to substitute this series into the differential equation and then use the resulting 
equation to determine the coefficients, uq, a\, a 2 . . . , a„, .... Before we see how to do this 
in general, we illustrate this for a simple equation whose solution is already known, to 
demonstrate that we arrive at the same solution using either method. 



EXAMPLE 4. 1 Power Series Solution of a Differential Equation 

Use a power series to determine the general solution of 

/' + y = 0. 

Solution First, observe that this equation has constant coefficients and its general 
solution is 

y — c\ sin.T + c 2 cosx, 

where c\ and c 2 are constants. 

We now look for a solution of the equation in the form of the power series 

oo 

y — ao + ci\x + a 2 x 2 + «3.t 3 + • • • = ^y^a n x n . 

n=0 

To substitute this into the equation, we first need to obtain representations for y' and y". 
Assuming that the power series is convergent and has a positive radius of convergence, 
recall that we can differentiate term-by-term to obtain the derivatives 

oo 

y' — a\ + 2aix + 3aix 2 + ■ ■ ■ = na n x n ~ l 

n=\ 

oo 

and y" — 2a2 + 6a^x -| = n(n — l)a n x"~ 2 . 

n=2 



Substituting these power series into the differential equation, we get 

oo oo 

0 = y" + y = n(n - l)a n x"~ 2 + V] a„x" . 



(4.1) 



=2 n=0 

The immediate objective here is to combine the two series in (4.1) into one power 
series. Since the powers in the one series are of the form x"~ 2 and in the other series 
are of the form x n , we will first need to rewrite one of the two series. Notice that we 
have 

oo 

y" — nin — \)a n x"~ 2 — 2ai + 3 • 2aj,x + 4 • 3«4X 2 + • • • 

n=2 
oo 

= ^)(ra + 2)(n+ V)a n+2 x n . 

n=0 

Substituting this into equation (4.1) gives us 

oo oo 

0 = y" + y = J2(n + 2 )(« + l)a„ +2 x" + ^ a„x" 

n=0 n=0 

oo 

= Y^[(n + 2)(n + l )a n+2 + a„]x n . (4.2) 
«=o 
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Read equation (4.2) carefully; it says that the power series on the right converges to 
the constant function f(x) = 0. In view of this, all of the coefficients must be zero. That is, 

0 = (n + 2)(n + Y)a n+ 2 + a„ , 

for n = 0, 1, 2 We solve this for the coefficient with the largest index, to obtain 

— CLn 

a„ +2 = - , (4.3) 

" + ~ («+2)(« + l) 

for n — 0, 1, 2, Equation (4.3) is called the recurrence relation, which we use to 

determine all of the coefficients of the series solution. The general idea is to write out 
(4.3) for a number of specific values of n and then try to recognize a pattern that the 
coefficients follow. From (4.3), we have for the even-indexed coefficients that 

-ao -1 

cir — = an, 

2-1 2! U 

-a 2 1 1 

Ga — — Q-o — — (Zn, 

4-3 4 • 3 • 2 ■ 1 4! 

— «4 —1 

-a b 1 

flg — — — an 

8-7 8! 

and so on. (Try to write down a\n by recognizing the pattern, without referring to the 
recurrence relation.) Since we can write each even-indexed coefficient as 02/1, for some 
n, we can now write down a simple formula that works for any of these coefficients. 
We have 

(-1)" 
(2m)! 

for n = 0, 1, 2, Similarly, using (4.3), we have that the odd-indexed coefficients are 

— a\ —1 

a-x — = — ai, 

3-2 3! 

— «3 1 

as = = — a\, 

5-4 5! 

— a 5 —1 

a-i — = — fli, 

7-6 7! 

— a-j 1 

aq — = — fll 

9-8 9! 

and so on. Since we can write each odd-indexed coefficient as a2 n +i (or alternatively as 
a2n-\), for some n, note that we have the following simple formula for the odd-indexed 
coefficients: 

(-D" 
(In + 1)! 

for n =0, 1,2, .... Since we have now written every coefficient in terms of either an or 
a\, we can rewrite the solution by separating the an terms from the a\ terms. We have 

00 

y — a n x n — an + a\x + a 2 x 2 + a^x* + ■ • • 



n=0 



1 2 , 1 4 , , . . 1 3 1 „5 



= an ( 1 - -x* + -x« + ■ ■ ■ I + a x \x - -x" + -x= 

00 / 1 v 00 ( \\n 



-X 



= aoy\{x) + a 1 y 2 (x), (4.4) 
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where yi(x) and y>2(x) are two solutions of the differential equation (assuming the series 
converge). At this point, you should be able to easily check that both of the indicated 
power series converge absolutely for all x, by using the Ratio Test. Beyond this, you 
might also recognize that the series solutions y\(x) and yz(x) that we obtained are, in 
fact, the Maclaurin series expansions of cos x and sinx, respectively. In light of this, 
(4.4) is an equivalent solution to that found by using the methods of section 16.1. ■ 

The method used to solve the differential equation in example 4.1 is certainly far 
more complicated than the methods we used in section 16. 1 for solving the same equation. 
However, this new method can be used to solve a wider range of differential equations than 
those solvable using our earlier methods. We now return to the equation mentioned in the 
introduction to this section. 



EXAMPLE 4.2 Solving a Differential Equation with Variable Coefficients 

Find the general solution of the differential equation 

y" + 2xy' + 2y = 0. 

Solution First, observe that since the coefficient of y' is not constant, we have little 
choice but to look for a series solution of the equation. As in example 4.1, we begin by 
assuming that we may write the solution as a power series, 



= a n x" . 



«=0 



As before, we have 



y' — /, na„x" 1 

11=1 

OO 

and y" — Y\n(n — \)a n x n ~ 2 . 

n=2 

Substituting these three power series into the equation, we get 



0 = y" + 2xy' + 2y = n(n - l)a„x"" 2 + 2x ^ na„x"~ l + 2 ^ a„x" 

n=2 n=l n=0 

CO CO CO 

= n(n - \)a n x n ' 2 + 2na n x n + 2a n x 11 , (4.5) 

n=2 n=l n=0 

where in the middle term, we moved the x into the series and combined powers of x. In 
order to combine the three series, we must only rewrite the first series so that its general 
term is a multiple of x", instead of x"~ 2 . As we did in example 4. 1, we write 

n(n — l)a n x"~ 2 = / + 2){n + l)a n+ 2x" 

n=2 n=0 

and so, from (4.5), we have 

oo oo oo 

0 = n(n — l)a„x"~ 2 + 2na„x n + 2a„x n 

n=2 n=l n=0 

00 CXJ CXJ 

- y](n + 2)(n + l)a n+2 x" + ]P 2na„x n + Y] 2a„x" 

n=0 n=0 11=0 

oo 

= ^[(n + 2)(n + l)a „+2 + 2na n + 2a„]x" 

n=0 

oo 

= Y^ii' 1 + 2)(« + 1K+2 + 2{n + l)a„]x n . (4.6) 
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REMARK 4.2 



Always solve for the coefficient 
with the largest index. 



To get this, we used the fact that 1na n x n — 2na n x". (Notice that the first term in 

n=\ n=0 

the series on the right is zero!) Reading equation (4.6) carefully, note that we again have 
a power series converging to the zero function, from which it follows that all of the 
coefficients must be zero: 

0 = (n + 2){n + l)a n+2 + 2{n + l)a„, 

for n = 0, 1, 2 Again solving for the coefficient with the largest index, we get the 

recurrence relation 

2(n + \)a n 



a„+2 — — 



(n 



2){n 
2a n 



1) 



Much like we saw in example 4.1, the recurrence relation tells us that all of the 
even-indexed coefficients are related to ao, while all of the odd-indexed coefficients are 
related to ci\ . In order to try to recognize the pattern, we write out a number of terms, 
using the recurrence relation. We have 

a 2 ; 



an — 



a 6 



«8 



2 




2 fl ° = 


— «o. 


2 


1 


-a 2 = 


-ao, 


2 


1 


-a A - 

0 


An- 

3! 


2 


1 


8 fl6 = 


4! a ° 



and so on. At this point, you should recognize the pattern for these coefficients. (If not, 
write out a few more terms.) Note that we can write the even-indexed coefficients as 

(-D" 



«2;i 



for n — 0, 1, 2, .... Be sure to match this formula against those coefficients calculated 
above to see that they match. Continuing with the odd-indexed coefficients, we have 
from the recurrence relation that 

2 
3 
2 



«3 



■ 0.\, 



a 5 



a j 



£!■> 

5 



c/ 5 



5-3 



au 



2 3 



a 9 - 



7 
2 

■ - an — — 
9 7 9 



7-5-3 

2 4 



7-5-3 

and so on. While you might recognize the pattern here, it's hard to write down this 
pattern succinctly. Observe that the products in the denominators are not quite 
factorials. Rather, each is the product of the first so many odd numbers. The solution to 
this is to write this as a factorial, but then cancel out all of the even integers in the 
product. In particular, note that 

2-4 2-3 2-2 2-1 

"~fT • 4 ■ ^tT 2 4 ■ 4! 



1 



9-7-5-3 



9! 



9! 



so that ag becomes 



9-7-5-3 



a\ — 



2 4 • 2 4 • 4! 2 2 ' 4 • 4! 

rr flj = — a\. 
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0.7* - 




a.5 - 




a.25 - 

1 h^- 


1 



More generally, we now have 



-2.5 0 2.5 

FIGURE 1 6. 1 6a 

y = y\(x) = e~ x 




FIGURE 16. 16b 

10-term approximation to y — yi{x) 



{-l) n 2 2n n\ 

a 2n+l — — , 1N , All 



(2n + 1)! 
for n = 0, 1,2.... 

Now that we have expressions for all of the coefficients, we can write the solution 
of the differential equation as 



y 



a n x" = y^(a 2 «; 

n=0 n=0 



2i, 



a 2n+l x 2 " +l ) 



flu 2^ — — x 



g(-iy2^i 



aoyiO) + aiy2(x), 



where vi and y 2 are two power series solutions of the differential equation. We leave it 
as an exercise to use the Ratio Test to show that both of these series converge absolutely 
for all x. You might recognize y\(x) as the Maclaurin series expansion for e~ x ' , but in 
practice, recognizing series solutions as power series of familiar functions is rather 
unlikely. To give you an idea of the behavior of these functions, we draw a graph of 
yi(x) in Figure 16.16a and of yi(x) in Figure 16.16b. We obtained the graph of V2OO by 
plotting a partial sum of the series. ■ 



From examples 4. 1 and 4.2, you might get the idea that if you look for a series solu- 
tion, you can always recognize the pattern of the coefficients and write the pattern down 
succinctly. Unfortunately, the pattern is most often difficult to see and even more difficult to 
write down compactly. Still, series solutions are a valuable means of solving a differential 
equation. In the worst case, you can always compute a number of the coefficients of the 
series from the recurrence relation and then use the first so many terms of the series as an 
approximation to the actual solution. 

In example 4.3, we illustrate the more common case where the coefficients are a bit 
more challenging to find. 



EXAMPLE 4.3 A Series Solution Where the Coefficients 
Are Harder to Find 

Use a power series to find the general solution of Airy's equation 

y " - X y = 0. 

Solution As before, we assume that we may write the solution as a power series 

00 



n=0 



Again, we have 



and 



y 



' = Y,na n x n -' 



n = \ 



y" — n(n — Y)a n x n 

n=2 



Subsituting these power series into the equation, we get 

00 00 
0 = y" — xy — n(n — l)a„x"~ 2 — x a n x" 



n=2 



n=0 



V^n(n — l)a„x" 2 — a n x n 



+ 1 



n=2 



B=0 



I 104 



CHAPTER 16 •• Second-Order Differential Equations 



16-32 



In order to combine the two preceding series, we must rewrite one or both series so 
that they both have the same power of x. For simplicity, we rewrite the first series only. 
We have 



0 = ]T\(n - l)a n x"~ 2 - J2 a » x " +1 

n=2 n=0 

CO CO 

= (n + 3)(« + 2)a n+3 x n+l - a n x n+l 

n=-l «=0 

oo oo 

= (2)(1)a 2 + J^(n + 3)(n + 2)a n+3 x n+l - £ a„x n+l 

n=0 n=0 

oo 

= 2a 2 + Y).(n + 3)(« + 2)a n+3 - a n ]x" +l , 

where we wrote out the first term of the first series and then combined the two series, 
once both had an index that started with n — 0. Again, this is a power series expansion 
of the zero function and so, all of the coefficients must be zero. That is, 

0 = 2a 2 (4.7) 

and 0 = (n + 3)(« + 2)fl„ +3 - a„ , (4.8) 

for n = 0, 1, 2 Equation (4.7) says that a 2 — 0 and (4.8) gives us the recurrence 

relation 

1 

««+3 = , — ~ a n , (4.9) 
(n + 3)(n + 2) 

for n — 0, 1 , 2, . . . . Notice that here, instead of having all of the even-indexed 
coefficients related to an and all of the odd-indexed coefficients related to a\, (4.9) tells 
us that every third coefficient is related. In particular, notice that since a 2 — 0, (4.9) now 
says that 

1 

as = -^—^ a 2 = 0, 
1 

a% — a$ — 0 

8-7 

and so on. So, every third coefficient starting with a 2 is zero. But, how do we concisely 
write down something like this? Think about the notation a 2n and a 2n+ \ that we have 
used previously. You can view 02/! as a representation of every second coefficient 
starting with ciq. Likewise, a 2n+ \ represents every second coefficient starting with a\. 
In the present case, if we want to write down every third coefficient starting with a%, 
we write a 3nJr2 . We can now observe that 

«3/i+2 = 0, 

for n = 0, 1, 2 Continuing on with the remaining coefficients, we have from (4.9) 

that 

1 

06 = eV 3 = 6-5-3-2 ao ' 
1 1 
9-8 9-8-6-5-3-2 

and so on. Hopefully, you see the pattern that's developing for these coefficients. The 
trouble here is that it's not as easy to write down this pattern as it was in the first two 
examples. Notice that the denominator in the expression for ag is almost 9!, but with 
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every third factor in the product deleted. Since we don't have a way of succinctly 
writing this down, we write the coefficients by indicating the pattern, as follows: 

(3n - 2)(3« - 5) • • • 7 ■ 4 • 1 

«3» = TT— do, 

(3n)! 

where this is not intended as a literal formula, as explicit substitution of n — 0 or n — 1 
would result in negative values. Rather, this is an indication of the general pattern. 
Similarly, the recurrence relation gives us 

1 

Cti = <X\ , 

4-3 

1 1 

a-i — (Xa — d \ , 

7-6 7-6-4-3 

1 1 

din = a-i — fli 

10-9 10 • 9 ■ 7 ■ 6 • 4 ■ 3 
and so on. More generally, we can establish the pattern: 

(3m - l)(3n - 4) • • • 8 • 5 • 2 
(3n + 1)! 

where again, this is not intended as a literal formula. 

Now that we have found all of the coefficients, we can write down the solution, by 
separately writing out every third term of the series, as follows: 

oo oo 

y = J2 a n x " = ( fl3 » x3 " + fl 3»+i* 3 " +1 + a 3n+2 x 3,,+2 ) 

^(3n-2)(3n-5)---7-4-l 3 „ - (3 „ - 1)(3m - 4) • • • 8 • 5 • 2 3n+1 
h On)\ l U (3m + 1)! 

vi(-f) yz(x) 

= a 0 yi(x) + a 1 y 2 (x). 

We leave it as an exercise to use the Ratio Test to show that the power series defining y\ 
and y 2 are absolutely convergent for all x. m 



You may have noticed that in all three of our examples, we assumed that there was a 
solution of the form 

oo 

En 2 
a„x =ao + a\x + a2X +•••, 

«=o 

only to arrive at the general solution 

y = a 0 yi(x) + d\y 2 {x), 

where y\ and y 2 were power series solutions of the equation. This is in fact not coincidental. 
One can show that (at least for certain equations) this is always the case. One clue as to why 
this might be so lies in the following. 

Suppose that we want to solve the initial value problem consisting of a second- 
order differential equation and the initial conditions y(Q) = A and y'(0) = B. Taking 

oo 

y(x) — a„x" gives us 

n=0 

oo 

y'(x) — na n x n ~ l — ci\ + 2a 2 x + 3aix 2 + ■ • • . 
«=o 
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So, imposing the initial conditions, we have 

A = y(0) = fl 0 + ai(0) + a 2 (0) 2 + ■ ■ ■ = a 0 

and B = y'(0) =m + 2a 2 (0) + 3a 3 (0) 2 + ■ ■ ■ = fll . 

So, irrespective of the particular equation we're solving, we always have y(0) = an and 
y'(0) = ai. 

You might ask what you'd do if the initial conditions were specified at some point other 
than at x = 0, say at x = xq. In this case, we look for a power series solution of the form 

oo 

y = y onjx - x 0 ) n . 

n=0 

It's easy to show that in this case, we still have y(xo) = «n and y'(xo) = a\. 

In the exercises, we explore finding series solutions about a variety of different points. 



BEYOND FORMULAS 

This section connects two important threads of calculus: solutions of differential equa- 
tions and infinite series. In Chapter 9, we expressed known functions like sinx and 
cos x as power series. Here, we just extend that idea to unknown solutions of differen- 
tial equations. For second-order homogeneous equations, keep in mind that the general 
solution has the format c\y\(x) + C2yi{x). You should think about the problems in this 
section as following this strategy: write the solution as a power series, substitute into 
the differential equation and find relationships between the coefficients of the power 
series, remembering that two of the coefficients will be left as arbitrary constants. 



EXERCISES 16.4 



0) 



55 WRITING EXERCISES 



1. After substituting a power series representation into a differ- 
ential equation, the next step is always to rewrite one or more 
of the series, so that all series have the same exponent. (Typi- 
cally, we want x" .) Explain why this is an important step. For 
example, what would we be unable to do if the exponents were 
not the same? 

2. The recurrence relation is typically solved for the coeffi- 
cient with the largest index. Explain why this is an important 
step. 

3. Explain why you can't solve equations with nonconstant coef- 
ficients, such as 

y" + 2xy' + 2y = 0, 
by looking for a solution in the form y — e rx . 

4. The differential equations solved in this section are actually 
of a special type, where we find power series solutions cen- 
tered at what is called an ordinary point. For the equation 
x 2 y" + y' + 2y — 0, the point x = 0 is not an ordinary point. 
Discuss what goes wrong here if you look for a power series 

oo 

solution of the form YJ a n x". 



In exercises 1-8, find the recurrence relation and general power 

oo 

series solution of the form YJ a„x". 

n-0 



1. y" + 2xy' + Ay = 0 

3. y" — xy' — y = 0 

5. y"-xy' = 0 

7. y"-x 2 y' = 0 



2. y" + Axy' + By = 0 

4. y" - xy' -2y = 0 

6. y" + 2xy = 0 

8. y" + xy' -2y = 0 



9. Find a series solution of y" + (1 — x)y' — y — 0 in the form 

oo 

y = YJ a n {x - If. 

10. Find a series solution of y" + y' + (x — 2)y — 0 in the form 

oo 

Y>„(*-2)". 

n=0 

11. Find a series solution of Airy's equation y" — xy — 0 in the 

oo 

form YJ a„(x — 1)". [Hint: First rewrite the equation in the 
form/' - (x - l)y - y = 0.] 

12. Find a series solution of Airy's equation y" — x y — 0 in the 

oo 

form YJ a„ (x — 2)" . 

n=0 
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13. Solve the initial value problem y" + 2xy' + Ay — 0, 
y (0) = 5, y'(0) = -7. (See exercise 1.) 

14. Solve the initial value problem y" + 4xy' + 8y = 0, y(0) = 2, 
y'(0) = it . (See exercise 2.) 

15. Solve the initial value problem y" + (1 — x)y' — y — 0, 
y(l) = —3, y'(l) = 12. (See exercise 9.) 

16. Solve the initial value problem y" + y' + (x — 2)y — 0, 
y(2) = 1, y'(2) = -1. (See exercise 10.) 

17. Determine the radius of convergence of the power series solu- 
tions about a'o = 0 of y" — xy' — y — 0. (See exercise 3.) 

18. Determine the radius of convergence of the power series solu- 
tions about x 0 — 0 of y" — xy' — 2 y — 0. (See exercise 4.) 

19. Determine the radius of convergence of the power series solu- 
tions about. to = 1 ofy" + (1 — x)y' — y — 0. (See exercise 9.) 

20. Determine the radius of convergence of the power series solu- 
tions about x 0 — 1 of y" — xy — 0. (See exercise 11.) 

oo 

21. Find a series solution of the form y = X! a n x " t0 me equation 
x 2 y" + xy' + x 2 y — 0 (Bessel's equation of order 0). 

oo 

22. Find a series solution of the form y = X a„x" to the equation 
x 2 y" + xy' + (x 2 — l)y — 0 (Bessel's equation of order 1). 

23. Determine the radius of convergence of the series solution 
found in example 4.3. 

24. Determine the radius of convergence of the series solution 
found in exercise 12. 

25. For the initial value problem y" + 2xy' — xy — 0, y(0) = 2, 
y'(0) — —5, substitute in x — 0 and show that 
-y"(0) = 0. Then take y" — —2xy' + xy and show that 
y'" = -2xy" + (x- 2)y' + y. Conclude that y"'(0) = 12. 
Then compute y w (x) and find y (4) (0). Finally, compute y {5 \x) 
and find y (5) (0). Write out the fifth-degree Taylor polyno- 



mial for the solution, P s (x) = y(0) + y'(0)x + y"(0)-— + 
y"(0)^+y (4) (0)^+y< 5 »(0)^. 

26. Use the technique of exercise 25 to find the fifth-degree 
Taylor polynomial for the solution of the initial value 
problem y" + x 2 y' — (cosx)y — 0, y(0) = 3, y'(0) = 2. 

27. Use the technique of exercise 25 to find the fifth-degree 
Taylor polynomial for the solution of the initial value 
problem y" + e x y' - (sinjc)y = 0, y(0) = -2, y'(0) = 1. 

28. Use the technique of exercise 25 to find the fifth-degree 
Taylor polynomial for the solution of the initial value 
problem y" + y' - (e x )y = 0, y(0) = 2, y'(0) = 0. 

29. Use the technique of exercise 25 to find the fifth-degree 
Taylor polynomial for the solution of the initial value 
problem y" + xy' + (sinx)y = 0, yOr) = 0, y'(n) — 4. 

30. Use the technique of exercise 25 to find the fifth-degree 
Taylor polynomial for the solution of the initial value 
problem y" + (cosx)y' + xy = 0, y(|) = 3, y'(f ) = 0. 



^ EXPLORATORY EXERCISES 

1. The equation y" — 2xy' + 2£y = 0 for some integer k > 0 is 
known as Hermite's equation. Following our procedure for 
finding series solutions in powers of x, show that, in fact, one of 
the series solutions is simply a polynomial of degree k. For this 
polynomial solution, choose the arbitrary constant such that 
the leading term of the polynomial is 2 k x k . The polynomial 
is called the Hermite polynomial H k (x). Find the Hermite 
polynomials Hq(x), H\(x), . . . , H^ix). 

2. The Chebyshev polynomials are polynomial solutions of the 
equation (1 — x 2 )y" — xy' + k 2 y — 0, for some integer k > 0. 
Find polynomial solutions for k = 0, 1, 2 and 3. 



Review Exercises 



1$5 WRITING EXERCISES 

The following list includes terms that are defined and theorems that 
are stated in this chapter. For each term or theorem, ( 1 ) give a precise 
definition or statement, (2) state in general terms what it means and 
(3) describe the types of problems with which it is associated. 



Nonhomogeneous 

equation 
Second-order 

differential equation 



Method of undetermined 

coefficients 
Damping 



Resonance 
Recurrence 
relation 



|| TRUE OR FALSE 

State whether each statement is true or false and briefly explain 
why. If the statement is false, try to "fix it" by modifying the given 
statement to a new statement that is true. 

1. The form of the solution of ay" + by' + cy — 0 depends on 
the value of b 2 — 4ac. 

2, The current in an electrical circuit satisfies the same differen- 
tial equation as the displacement function for a mass attached 
to a spring. 
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3. The particular solution of a nonhomogeneous equation 
mu" + ku' + cu — F has the same form as the forcing 
function F. 

4. Resonance cannot occur if there is damping. 

5. A recurrence relation can always be solved to find the solution 
of a differential equation. 



In exercises 1-6, find the general solution of the differential 
equation. 

1. y" + / - 12y = 0 2. y" + 4y' + 4y = 0 

3. y" + y' + 3 y = 0 4. y" + 3 y 1 - 8y = 0 

5. y" -y' -6y = e 3 ' + f 2 + 1 

6. y" -Ay = 2e 2 ' + 16cos2r 



In exercises 7-10, solve the initial value problem. 

7. y" + 2y' - 8y = 0, y(0) = 5, y'(0) = -2 

8. y" + 2y' + 5y = 0, y(0) = 2, y'(0) = 0 

9. y" + 4y = 3 cos t, y(0) = 1 , y'(0) = 2 

10. y" - 4y = 2e 2 ' + 16cos2«, y(0) = 0, y'(0) = >/ 2 



11. A spring is stretched 4 inches by a 4-pound weight. The weight 
is then pulled down an additional 2 inches and released. Ne- 
glect damping. Find an equation for the position of the weight 
at any time t and graph the position function. 

12. In exercise 1 1 , if an external force of 4 cos cot pounds is applied 
to the weight, find the value of co that would produce resonance. 
If instead co — 10, find and graph the position of the weight. 

13. A series circuit has an inductor of 0.2 henry, a resistor of 
160 ohms and a capacitor of 10~ 2 farad. The initial charge 
on the capacitor is 10~ 4 coulomb and there is no initial current. 
Find the charge on the capacitor and the current at any time t. 

14. In exercise 13, if the resistor is removed and an impressed volt- 
age of 2 sin cot volts is applied, find the value of co that produces 
resonance. In this case, what would happen to the circuit? 

In exercises 15 and 16, determine the form of a particular 
solution. 

15. u" + 2u' + 5u = 2e~< sin 2t + At 3 - 2 cos 2t 

16. u" + 2u' -3u = (3f 2 + \)e< - e- 3 ' cos 2t 



17. A spring is stretched 4 inches by a 4-pound weight. The weight 
is then pulled down an additional 2 inches and set in motion 
with a downward velocity of 2 ft/s. A damping force equal 
to 0.4m' slows the motion of the spring. An external force of 
magnitude 2 sin 2t pounds is applied. Completely set up the 
initial value problem and then find the steady-state motion of 
the spring. 



18. A spring is stretched 2 inches by an 8-pound weight. The weight 
is then pushed up 3 inches and set in motion with an upward 
velocity of 1 ft/s. A damping force equal to 0.2m' slows the 
motion of the spring. An external force of magnitude 2 cos 3f 
pounds is applied. Completely set up the initial value problem 
and then find the steady-state motion of the spring. 



In exercises 19 and 20, find the recurrence relation and a general 

oo 

power series solution of the form Yl a n x". 

19. y" - 2xy' - 4y = 0 20. y" + (x - l)y' = 0 



In exercises 21 and 22, find the recurrence relation and a general 

oo 

power series solution of the form a„(x — 1)". 

B = 0 

21. y" - 2xy' - Ay = 0 22. y" + (x - l)y' = 0 



In exercises 23 and 24, solve the initial value problem. 

23. y" - 2xy' - Ay = 0, y(0) = 4, y'(0) = 2 

24. y" - 2xy' - Ay = 0, y(l) = 2, y'(l) = 4 



^ EXPLORATORY EXERCISES 

1. A pendulum that is free to rotate through 360 degrees has two 
equilibrium points. One is hanging straight down and the other 
is pointing straight up. The 6 — it equilibrium is unstable and 
is classified as a saddle point. This means that for most but 
not all initial conditions, solutions that start near 8 — n will 
get farther away. Explain why with initial conditions 6(0) — n 
and 0'(O) — 0, the solution is exactly 0(t) — it. However, ex- 
plain why initial conditions 6(0) = 3.1 and 6'(0) = 0 would 
have a solution that gets farther from 6 = it . For the model 

9"(t) + f 9(t) = 0, show that if v = 7iyJ~%, then the initial con- 
ditions 6(0) = 0 and 6'(0) = v produce a solution that reaches 
the state 6 = it and 6' = 0. Physically, explain why the pendu- 
lum would remain at 8 = it and then explain why the solution 
of our model does not get "stuck" at 6 =7t. Explain why for 
any starting angle 6, there exist two initial angular velocities 
that will balance the pendulum at 6 = n. The undamped pen- 
dulum model 6"(t) + f sin#(/) = 0 is equivalent to the system 
of equations (with y\ = 6 and y% = 6') 

y'l = V2, 

8 ■ 

y 2 = --srnyi. 

Use a CAS to sketch the phase portrait of this system of equa- 
tions near the equilibrium point (7r, 0). Explain why the phase 
portrait shows an unstable equilibrium point with a small set 
of initial conditions that lead to the equilibrium point. 



16-37 



CHAPTER 16 •• Review Exercises 1109 



Review Exercises 



2. In exploratory exercise 2 of section 16.3, we investigate the 
motion of a ball dropped in a hole drilled through a non- 
rotating Earth. Here, we investigate the motion taking into 
account the Earth's rotation. (See Andrew Simoson's arti- 
cle in the June 2004 Mathematics Magazine.) We describe 
the motion in polar coordinates with respect to a fixed plane 
through the equator. Define unit vectors u,- = (cos (9, sin#) and 
u e = (— sin#, cos#). If the ball has position vector ru, , show 
that its acceleration is given by 



Initial conditions are r(0) = R, r'(0) = 0, 9(0) = 0 and 

9 (0) = — . Here, Q is the period of one revolution of the 

Earth and we assume that the ball inherits the initial angular 
velocity from the rotation of the Earth. For the gravitational 
force f(r) — —c 2 r, show that a solution is 



r(t) 



R 2 cos 2 ct + 



k 2 
c 2 ^ 2 



[r9"(t) + 2r'(t)9'(t)]u e + {r"(f) - r(t)[9'(t)f 



u, . 



Since gravity acts in the radial direction only, 
r9"(t) + 2r'(t)9'(t) = 0. Show that this implies that 
r 2 (t)9'(t) — k for some constant k. (This is the law of con- 
servation of angular momentum.) If the acceleration due to 
gravity is f(r)u r for some function/, show that 

k 2 

73 



r"(t) 



fir). 



r(9) = 



-V cos 2 9 + ^ sin 2 9 



Show that this converts to 



+ 



R 2 (k/Rc) 2 
and describe the path of the ball. 
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PROOFS OF SELECTED THEOREMS 



In this appendix, we provide the proofs of selected theorems from the body of the text. 
These are results that were not proved in the body of the text for one reason or another. 

The first several results require the formal (s-S) definition of limit, which was not 
discussed until section 1.6. Given what we've done in section 1.6, we are now in a position 
to prove these results. The first of these results concerns our routine rules for calculating 
limits and appeared as Theorem 3.1 in section 1.3. 



THEOREM A.I 

Suppose that lim fix) and lim g(x) both exist and let c be any constant. The 

.v— >a x — > (i 

following then apply: 

(i) lim [c • f(x)] — c ■ lim f(x), 

x^a x — > q 

(ii) lim[/(x) ± g(x)] = lim fix) ± lim g(x), 

x— >a x—>a x—>a 

(iii) \\m[f{x) ■ g(x)] = Mim f(x) \ Mim g(x) \ and 

f( X ) l^JW ( V 

(iv) lim ^ = 7° - - (iflimg(x)^O). 

x-i-a g(x) lim g(X) \ x^a / 



PROOF 

(i) Given that lim f(x) = L\, we know by the precise definition of limit that given any 

x— >a 

number S\ > 0, there is a number <5i > 0 for which 

\f(x) — L\\ < E\, whenever 0 < \x — a\ < S\. (A.l) 
In order to show that lim[c/(x)] = c lim f(x), we need to demonstrate that we can 

x—ta x — > a 

make cf(x) as close to cL\ as desired. First, note that 

\cf(x)-cLx\ = \c\\f(x)- Li\. 

We already know that we can make | fix) — L\ \ as small as desired. Specifically, given any 
number gj > 0, there is a number <5j > 0 for which 

\cfix) — cL\ \ — \c\ \fix) — L\\ < |c|ei, whenever 0 < \x — a\ < Si. 

Taking S\ = A and S — S\, we get 

e 

\cfix) — cL\\ < \c\s\ — \c\ — = e, whenever 0 < |jc — a| < <5. 

kl 

This says that lim[c/(x)] = cL i, as desired. 

x— >a 

A- 1 
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(ii) Likewise, given lim g(x) — L2, we know that given any number £2 > 0, there is 
a number 82 > 0 for which 

\g(x) — L2I < £2, whenever 0 < \x — a\ < 82- (A.2) 

Now, in order to verify that 

]im[f(x)+g(x)] = L l +L 2 , 

x—>a 

we must show that, given any number £ > 0, there is a number 8 > 0 such that 

\[f(x) + g( x )] — (L\ + £2)1 < £> whenever 0 < \x — a\ < 8. 

Notice that |[/(x) + g(x)] - (L, + L 2 )| = |[/(*) - Li] + [g(x) - L 2 ]\ 

<\f(x)-L l \ + \g(x)-L 2 \, (A3) 

by the triangle inequality. Of course, both terms on the right-hand side of (A. 3) can be 
made arbitrarily small, from (A.l) and (A.2). In particular, if we take £1 = £2 = §, then as 
long as 

0 < \x — a\ < 81 and 0 < \x — a\ < 82, 
we get from (A.l), (A.2) and (A.3) that 

|[/W + *(*)] -(Li + L 2 )l < \f(x)-L l \ + \g(x)-L 2 \ 

£ £ 
<- + - = £, 

2 2 

as desired. This will occur if we take 

0 < \x — a\ < 8 = min{(5i, 82}, 

where taking 8 = min{<5 1 , ^2} simply means to pick 8 to be the smaller of 81 and 82- (Recog- 
nize that if 0 < \x — a\ < 8 — min{<5i, ^2}, then 0 < \x — a\ < S\ and 0 < \x — a\ < 82-) 

(iii) In this case, we need to show that for any given £ > 0, we can find a 8 > 0, 
such that 

\f(x)g(x) — L1L2I < £, whenever 0 < \x — a\ < 8. 
The object, then, is to make \f(x)g(x) — L1L2I as small as needed. Notice that we have 
\f{x)g(x) - L X L2\ = \f(x)g(x) - g(x)L x + g(x)L, - L\L 2 \ 

= \[f(x)-L l ]g(x) + L l [g(x)-L 2 ]\ 

< \f(x)-L l \\g(x)\ + \L l \\g(x)-L 2 \, (A.4) 

by the triangle inequality. Now, notice that we can make \ f(x) — L\\ and \g{x) — L 2 \ as 
small as we like. If we make both of the terms in (A.4) less than |, then the sum will be 
less than s, as desired. In particular, we know that there is a number 82 > 0, such that 

£ 

\g(x) — L2I < , whenever 0 < \x — a\ < 82, 

2\L X \ 

assuming L\ ^ 0, so that 

|Li||g(*)-L 2 | < \L l \-^—= S -. 

If Li =0, then \Li\\g(x)-L 2 \=0< |. 

So, no matter the value of L 1 , we have that 

£ 

|Li| \g(x) — L2I < -, whenever 0 < \x — a\ < 82- (A. 5) 
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Notice that the first term in (A.4) is slightly more complicated, as we must also estimate 
the size of Notice that 

\g(x)\ = \g(x) -L 2 + L 2 \ < \g(x) - L 2 \ + \L 2 \. (A.6) 

Since lim g(x) — L 2 , there is a number S3 > 0, such that 

x— >a 

\g(x) — L 2 \ < 1, whenever 0 < |x — a\ < S3. 
From (A.6), we now have that 

1*001 < \g{x)-L 2 \ + \L 2 \ < l + \L 2 \. 
Returning to the first term in (A.4), we have that for 0 < \x — a\ < S3, 

\f(x)-L l \\g(x)\ < \f(x)-L l \{\ + \L 2 \). (A.7) 
Now, since lim f(x) — L\, given any e > 0, there is a number Si > 0 such that for 

x— >a 

0 < \x — a\ < Si, 

l/Oc)- Li| < . 

2(1 + |L 2 |) 

From (A.7), we then have 

|/(x)-Li||g(.r)| < |/W-Li|(l + |L 2 [) 

< (1 + \L Z \) 

2(1 + |L 2 |) V T| 2U 

s 

~ 2' 

wheneverO < \x — a\ < Si and 0 < \x — a\ < S3. Together with (A.4) and (A. 5), this tells 
us that for S = min{Si, S 2 , S3}, if 0 < |jc — a| < S, then 

\f(x)g(x)-L l L 2 \ < \f(x)-L l \\g(x)\ + \L l \\g(x)-L 2 \ 

S 8 
<-+- = £, 

2 2 

which proves (iii). 

(iv) We first show that 



lim 

x^a g( X ) 



1 

~L 2 



for L 2 ^ 0. Notice that in this case, we need to show that we can make 
as desired. We have 



1 



as small 



1 1 




L 2 - g(x) 






L 2 g(x) 



(A.8) 

Of course, since lim g(x) = L 2 , we can make the numerator of the fraction on the right- 

A" — > CI 

hand side as small as needed. We must also consider what happens to the denominator, 
though. Recall that given any s 2 > 0, there is a S 2 > 0 such that 

\g(x) — L 2 \ < £2, whenever 0 < \x — a\ < S 2 . 

In particular, for s 2 = this says that 

\L 2 \ 

\g(x)-L 2 \ < 

Notice that by the triangle inequality, we can now say that 



\L 2 \ = \L 2 - g(x) + g(x)\ < \L 2 - g(x)\ + \g(x)\ < 



\g(x)\. 
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Subtracting ^ from both sides now gives us 



so that 



2 1 

Jl 2 ~\ > W) 



From (A. 8), we now have that for 0 < \x — a \ < 8%, 



1 1 




L2 ~ g(x) 


*(*) L 2 




L 2 g(x) 



2\L 2 -g(x)\ 



L 2 
^2 



Further, given any e > 0, there is a S3 > 0 so that 



eL 2 

1 1.2 ~~ g( x )\ < ~2' wnenever 0 < \x — a\ < S3. 



From (A. 9), we now have that for S — min{<52, ^3 

1 1 



2\L 2 - g(x)\ 

< 5 < s, 

L 2 



g(x) L 2 

whenever 0 < \x — a\ < S, as desired. We have now established that 

1 1 



lim 

x^a g( X ) L 2 



From (iii), we now have that 

/(*) 
lim = lim 

x-+a g(x) x~*a 



= U 



1 



g(x). 



= [lim f(x) 

La— >a 



lim 

x^a g{x)_ 



M) l 2 " 

which proves the last part of the theorem. ■ 

The following result appeared as Theorem 3.3 in section 1.3. 



(A.9) 



THEOREM A.2 

Suppose that lim f(x) = L and n is any positive integer. Then, 



lim jj(x) = ./lim f(x) = sTL, 
where for n even, we assume that L > 0. 



PROOF 

(i) We first give the proof for the case where L > 0. Since lim fix) — L, we know that 

x— >a 

given any s\ > 0, there is a 5i > 0, so that 

\f(x) — L\ < si, whenever 0 < \x — a\ < S\. 
To show that lim d fix) — \/~L, we need to show that given any e > 0, there is a S > 0 

x— >a 

such that 

f{x) — vL| < e, whenever 0 < \x — a\ < S. 
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Notice that this is equivalent to having 

Now, raising all sides to the nth power, we have 

(VZ-e) n <f(x)<(<fL + e) n . 

Subtracting L from all terms gives us 

(VI -e)" — L < f(x)-L < (VZ+e)" — L. 

Since £ is taken to be small, we now assume that e < ZJL. Observe that in this case, 
0 < \/L — e < \/Z. Let g] = min j (^/~L + e)" — L, L — (l/~L — e)" J > 0. Then, since 
lim f(x) — L, we know that there is a number S > 0, so that 

X— >a 

— E] < f(x) — L < S\, whenever 0 < \x — a\ < S. 

It then follows that 

(S/Z- s)" — L < —b\ < f(x) - L < ei < e)" - L, 

whenever 0 < \x — a\ < S. Reversing the above sequence of steps gives us 
lim J/ f(x) — \/~L, as desired. 

x— >a 

(ii) If L < 0 and n is odd and lim f(x) — L < 0, then 

x— >a 

lim [-/(*)] =-L>0. 

It then follows from part (i) that 

-lim /f{x) - lim J-f(x) = ^-L = -y^L, 

x—*a x^a 

from which the result follows. 

(iii) If L — 0 and n is odd and lim f(x) — L — 0, then we have that given any £i > 0, 

x—^a 

there is a S > 0 so that 

\f(x)\ < S\, whenever 0 < \x — a\ < S. 

It follows that 

|/7uj-o| - \<fm\ = ^7wi <£ 

if and only if \f(x)\ < s". Taking £j — e" gives us the result whenever 
0 < \x — a\ < S. m 

The following result appeared in section 1.3, as Theorem 3.5. 



THEOREM A.3 (Squeeze Theorem) 

Suppose that 

fix) < g(x) < h(x), (A.10) 
for all x in some interval (c, d), except possibly at the point a e (c, d) and that 

lim f(x) = lim h(x) = L, 

x — ^ & x^-a 

for some number L. Then, it follows that 

lim g(x) = L, also. 
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PROOF 

To show that lim g(x) = L, we must prove that given any e > 0, there is a S > 0, such that 

x— >a 

\g(x) — L\ < s, whenever 0 < \x — a\ < S. 
Since lim f(x) = L, we have that given any e > 0, there is a 5i > 0, such that 

x— >a 

\f(x) — L\ < s, whenever 0 < \x — a\ < Si. 
Likewise, since lim h(x) = L, we have that given any e > 0, there is a 82 > 0, such that 

x— >a 

\h(x) — L\ < s, whenever 0 < \x — a\ < &2- 

Now, choose 8 = min{<5], ^2}- Then, if 0 < \x — a\ < S, it follows that 0 < \x — a\ < S\ 
and 0 < \x — a\ < &i, so that 

\f(x) — L\ < s and \h(x) — L\ < e. 

Equivalently, we can say that 

L — e < f{x) < L + e and L — s < h(x) < L + s. (A. 11) 

It now follows from (A. 10) and (A. 11) that if 0 < \x — a\ < S, then 

L - e < f(x) < g(x) < h(x) < L + s, 

which gives us 

L — £ < g{x) < L + £ 
or \g(x) — L\ < £ and it follows that lim g{x) — L, as desired. ■ 

x— >a 

The following result appeared as Theorem 4.3 in section 1.4. 



THEOREM A.4 

Suppose lim g(x) = L and / is continuous at L. Then, 



lim f(g(x)) = f(]img(x))=f(L). 



PROOF 

To prove the result, we must show that given any number £ > 0, there is a number S > 0 
for which 

\f(g( x )) — f(L)\ < £, whenever 0 < \x — a\ < S. 

Since / is continuous at L, we know that lim f(t) = f(L). Consequently, given any e > 0, 
there is a Si > 0 for which 

\f(t) - f(L)\ < £, whenever 0 <\t-L\< Si. 

Further, since lim g(x) — L, we can make g(x) as close to L as desired, simply by making x 

X — >Q 

sufficiently close to a. In particular, there must be a number S > 0 for which \g(x) — L\ < &\ 
whenever 0 < | jc — a\ < S. It now follows that if 0 < \x — a\ < 8, then \g(x) — L\ < Si, 
so that 

\f(g(x))- f(L)\ <£, 

as desired. ■ 
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The following result appeared as Theorem 5.1 in section 1.5. 
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THEOREM A.5 

For any rational number t > 0, 



lim — = 0, 



where for the case where x — > — oo, we assume that t = -, where q is odd. 



PROOF 



We first prove that lim — = 0. To do so, we must show that given any e > 0, there is 

x—*oc x t 



an M > 0 for which 
positive, so that 



< e, whenever x > M. Since x — > oo, we can take x to be 



= — < £, 
x> 



which is equivalent to 



< £ 



1/' 



or 



< x. 



1 



Notice that taking M to be any number greater than — r— , we will have 
ever x > M, as desired. 

1 



< e when- 



which 
that 



For the case lim — = 0, we must show that given any £ > 0, there is an Af < 0 for 

1 

0 < £, whenever x < N . Since x — >• — oo, we can take x to be negative, so 



which is equivalent to 



< £ 



or 



1 

Mi 



< \x\ = —x, 



since x < 0. Multiplying both sides of the inequality by —1, we get 

1 



Alt 



1 



Notice that taking to be any number less than — , we will have 

x < N, as desired. ■ 



1 



< £, whenever 



In section 2.8, we presented Rolle's Theorem (Theorem 8.1), but only gave a graphical 
idea of the proof. Now, with the addition of the Extreme Value Theorem, we can give a 
complete proof of this result. 



THEOREM A.6 (Rolle's Theorem) 

Suppose that / is continuous on the interval [a, b], differentiable on the interval 
(a, b) and f(a) — f(b). Then there is a number c G (a, b) such that f'(c) = 0. 



8 
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PROOF 

There are three cases to be considered here. 

(i) If fix) is constant on [a, b], then, fix") — 0 throughout (a, b). 

(ii) Suppose that fix) < f(a), for some x e (a, b). Since / is continuous on [a, b], 
we have by the Extreme Value Theorem (Theorem 2.1 in section 3.2) that / attains 
an absolute minimum on [a, b]. Since f(x) < f(a) = f(b), for some x e (a, b), the 
absolute minimum occurs at some point c e (a, b). Then by Fermat's Theorem (Theo- 
rem 2.2 in section 3.2), c must be a critical number of /. Finally, since / is differentiable 
on (a, b), we must have /'(c) = 0. 

(iii) Similarly, suppose that f(x) > f(a), for some x e {a, b). Then as in (ii), we 
have by the Extreme Value Theorem that / attains an absolute maximum on [a, b]. Since 
f(x) > f(a) = f{b), for some x e {a, b), the absolute maximum occurs at some point 
c e (a, b). Then, by Fermat's Theorem, we must have f'(c) — 0. ■ 

In section 7.6, we prove l'Hopital's Rule only for a special case. Here, we present a 
general proof for the § case. First, we need the following generalization of the Mean Value 
Theorem. 



THEOREM A. 7 (Generalized Mean Value Theorem) 

Suppose that/ and g are continuous on the interval [a, b] and differentiable on 
the interval (a, b) and that g'(x) ^ 0, for all ion(a, b). Then, there is a number 
ze((i, b), such that 

fib) - /(a) = r(z) 
g(b) - g(a) g'(z) ' 



Notice that the Mean Value Theorem (Theorem 8.4 in section 2.8) is simply the special 
case of Theorem A. 7 where g(x) — x. 



PROOF 

First, observe that since g'(x) ^ 0, for all x on (a, b), we must have that g(b) — g(a) ^ 0. 
This follows from Rolle's Theorem (Theorem A. 6), since if g{a) — g(b), there would be 
some number c e (a, b) for which g'{c) — 0. Now, define 

h(x) = [f{b) - f(a)]g(x) - [g(b) - g(a)]f(x). 

Notice that h is continuous on [a, b] and differentiable on (a, b), since both / and g are 
continuous on [a, b] and differentiable on {a, b). Further, we have 

h(a) = [f{b) - f(a)]g(a) - [g(b) - g(a)]f(a) 
= f(b)g{a) - g{b)f{a) 

and h(b) = [f{b) - fia)]gib) - [gib) - gia)]fib) 

= gia)fib) - fia)gib), 

so that hid) — hib). In view of this, Rolle's Theorem says that there must be a number 
ze(fl,fi) for which 

0 - h'iz) = [fib) - fia)]g'iz) - [gib) - gia)]f'iz) 

fib) - fia) = fiz) 
gib) - g(a) g'iz) ' 

as desired. ■ 
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We can now give a general proof of l'Hopital's Rule for the g case. The proof of the 
^ case can be found in a more advanced text. 



THEOREM A.8 (l'Hopital's Rule) 

Suppose that/ and g are differentiable on the interval {a, b), except possibly at some 
fixed point c e (a, b) and that g'{x) ^ 0, on {a, b), except possibly at x — c. Suppose 

f{x) ' 0 oo f'{x) 
further that lim has the indeterminate form - or — and that lim '- = L 

*->c g{x) 0 oo *-« g'(x) 

(or ±oo). Then, 

lim = lim . 

x^c g( X ) x^c g'( X ) 



PROOF 

(~ case) In this case, we have that lim f(x) — lim g(x) — 0. Define 

u x— >c x^c 

If(x) ifx ^ c f g(x) ifx ^ c 

and G{x) = \ 
0 if x = c [ 0 if x = c 

Notice that hm F{x) — lim f(x) — 0 — F(c) 

x — > C X — ^ c 

and lim G{x) = lim g{x) — 0 = G(c), 

j:— >c x— >c 

so that both F and G are continuous on all of (a, b). Further, observe that for x ^ c, 
F'(x) = fix) and G'(x) = g'(x) and so, both F and G are differentiable on each of the 
intervals (a, c) and (c, /?). We first consider the interval (c, £>). Notice that F and G are 
continuous on [c, and differentiable on (c, £>) and so, by the Generalized Mean Value 
Theorem, for any x e (c, b), we have that there is some number z, with c < z < x, for which 

F'jz) _ F(x) - F(c) = F(x) _ f(x) 
G'{z) G(x)-G(c) G(x) g(x)' 

where we have used the fact that F(c) = G(c) = 0. Notice that as x — >• c + , z — >■ c + , also, 
since c < z < x. Taking the limit as x c + , we now have 

,. fix) ,. F'(z) f'(z) . 
hm = lim = lim = L. 

x^c+ g(x) z^ C + G'(Z) g'(z) 

Similarly, by focusing on the interval (a, c), we can show that lim = L, which proves 

fix) 

that lim L 1 -r — L (since both one-sided limits agree). ■ 

x — ^ c 

The following theorem corresponds to Theorem 6.1 in section 9.6. 



THEOREM A.9 

oo 

Given any power series, bk{x — c) , there are exactly three possibilities: 

k=0 

(i) the series converges for all x e (— oo, oo) and the radius of convergence is 
r = oo; 

(ii) the series converges only for x — c (and diverges for all other values of x) 
and the radius of convergence is r = 0 or 

(iii) the series converges for x G (c — r, c + r) and diverges for x < c — r and for 
x > c + r, for some number r with 0 < r < oo. 
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In order to prove Theorem A. 9, we first introduce and prove two simpler results. 



THEOREM A. 10 

oo 

(i) If the power series ^ bkx k converges for x — a ^ 0, then it also converges for 

k=0 

all x with \x\ < \a\. 

oo 

(ii) If the power series ^ bkx k diverges for x — d, then it also diverges for all x 

k=0 

with |.x| > \d\. 





— \bka k \ 


X 


k 


X 




< 








a 




a 



PROOF 

oo 

(i) Suppose that ^ bkd k converges. Then, by Theorem 2.2 in section 9.2, lim bka k = 0. 

fc=0 k^oo 

For this to occur, we must be able to make \bka k \ as small as desired, just by making k 
sufficiently large. In particular, there must be a number N > 0, such that \bka k \ < 1, for all 
k > N. So, for k > N, we must have 

\b k x k 

oo , 

If |x| < \a\, then |^| < 1 and so, \ ~\ is a convergent geometric series. It then follows 

k=o a 

oo 

from the Comparison Test (Theorem 3.3 in section 9.3) that ^ \bkx k | converges and hence, 

k=Q 

oo 

^2 b k x k converges absolutely. 

k=0 

oo 

(ii) Suppose that bkd k diverges. Notice that if x is any number with \x \ > \d\, then 

k=Q 

oo oo 

^ bkx k must diverge, since if it converged, we would have by part (i) that ^ bkd k would 

k=0 k=0 

also converge, which contradicts our assumption. ■ 



Next, we state and prove a slightly simpler version of Theorem A. 9. 



THEOREM A.I I 

oo 

Given any power series, ^ there are exactly three possibilities: 

k=0 

(i) the series converges for all x e (— oo, oo) and the radius of convergence is 
r — oo; 

(ii) the series converges only for x — 0 (and diverges for all other values of x) 
and the radius of convergence is r — 0 or 

(iii) the series converges for x e (— r, r) and diverges for x < —r and x > r, for 
some number r with 0 < r < oo. 



PROOF 

If neither (i) nor (ii) is true, then there must be nonzero numbers a and d such that the series 

oo 

converges for x — a and diverges for x — d. From Theorem A. 10, observe that ^ bkX k 

k=Q 

diverges for all values of x with |x| > \d\. Define the set S to be the set of all values of x for 
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which the series converges. Since the series converges for x — a, S is nonempty. Further, 
\d \ is an upper bound on S, since the series diverges for all values of x with |x| > \d\. By the 
Completeness Axiom (see section 9.1), S must have a least upper bound r. So, if \x\ > r, 

oo 

then Yl bkx k diverges. Further, if |x| < r, then |x| is not an upper bound for S and there 

*=° 

must be a number fin S with \x \ < f.Sincef e S, but k converges and by Theorem A. 10, 

*=° 

Y bfrX k converges since < t < \t\. This proves the result. ■ 

k=0 

We can now prove the original result (Theorem A. 9). 



PROOF OF THEOREM A.9 

oo oo 

Let t — x — c and the power series ^ b^(x — c) k becomes simply ^ bkt k . By Theo- 

k=0 k=0 

rem A.l 1, we know that either the series converges for all t (i.e., for all x) or only for t — 0 
(i.e., only for x = c) or there is a number r > 0 such that the series converges for \t\ < r 
(i.e., for \x — c\ < r) and diverges for \t\ > r (i.e., for |;t — c| > r). This proves the original 
result. ■ 
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Appendix B 

ANSWERS TO ODD-NUMBERED EXERCISES 



CHAPTER 0 

Exercises 0.1, page 7 

l. x < 3 3. x < -2 5. x > -§ 

7. 3 < x < 6 9. - ^ < x < 2 

11. x < -4 or .v > 1 13. -2 < x < 3 

15. all reals 17. — 1 < x < 7 

19. 2 < x < 4 21. x < - 1 or x > ^ 

23. x < —2 or x > 2 

25. x < —4 or —4 < x < — 1 orx > 2 

27. x < - 1 or x > 0 29. 31. 4 

33. v/20 35. yes 37. yes 

39. increases by 550, 650, 750; predict 3200 + 850 = 4050 

41. decreases by 10, 30, 50; predict 3910 - 70 = 3840 

43. finite number of digits terminate 

II) 1 -ll) n 
45. ^ = 0.013 

G) 7 

47. P: 0.551, 0.587, 0.404, 0.538, 0.605 
win%: 0.568, 0.593, 0.414, 0.556, 0.615 



13. (0, 1), v = 1 

y 
▲ 

2- 
1.5 



0.5 



0 



1 



15. (3.3,2.3), y = 1.2(x- 2.3) + 1.1 

y 

i 

5- 




Exercises 0.2, page 18 

1. yes 3. no 5. 2 



7. 



9. 




17. parallel 19. perpendicular 21. perpendicular 

23. (a) y = 2(x - 2) + 1 (b) y = -\{x - 2) + 1 

25. (a) y = 2(x - 3) + 1 (b) y = - l(x - 3) + 1 

27. y = 2(x - 1)+ 1; 7 29. yes 

31. no 33. both 35. rational 37. neither 



39. x > -2 



41. x < 



43. all reals 



45. x / ±1 



51. x > 0 

55. no: many y's for one x 



47. -1, 1, 11, — f 49. 1,2,0, 

53. 0 < X < number made, x an integer 

57. no: many y's for one x 

59. constant, increasing, decreasing; graph going down; 
graph going up 

61. x-intercepts: —2, 4; y-intercept: —8 

63. x-intercept: 2; y-intercept: —8 

65. x-intercepts: ±2; y-intercept: —4 

67. 1,3 69. 2 + ^,2-^ 71. 0,1,2 73. 1, -%2 



75. 63,000 feet 



77. T = IR + 39 



79. 51 
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Exercises 0.3, page 26 

l. (a) 




3. (a) 



5. (a) 



7. (a) 



9. (a) 



(c) 



(b) 



13. (a) 



(b) 





1 






5"; 





-10 -5 0 5 10 



10; 




-5 


/ °: 


: 5 




'-10 : 





(b) 



30 




-5 / 




h 




-60 




(b) 


y 






(b) 



10: 


!L 


-10 


"-S 

-10 : 





11. (a) 



30- 




-5 









50- 






-5 


-50- 




5 



(O 



0.9- 




-6 


-0.1- 


6 







20; 




i > x 








5 


-5 








(b) 







10; 








-10 

-5 : 





X:- 




-5 




n 5 





(b) 



10 




-10 


1 


1 1 1 1 1— » 

10 



17. x = -2, x = 2 19. x 
21. x = -2, x = = 0 

23. y 



-5,x =2 



25. 







1E-4- 














-o.y 


-1E-4- 


V /o.'i 




27. 



H 1 1 h 



— I 1 1 1 — > X 



29. 2; 1, 1.2 (approx.) 31. 1, -1 

33. 2; 0, 9.53 (approx.) 35. 2; -1.18, 1.18 (approx.) 

37. -1.88,0.35,1.53 39.0.56.3.07 41.-5.25,10.01 

43. possible answer: —9 5 x < 11,— 17 < y < 23 

45. parabola y = ^x 2 + 1 

Exercises 0.4, page 34 

1. (a) 45° (b) 60° (c) 30° (d) 240° 

37r 2n tz 

3. (a) it (b) — (c) — (d) - 

1 3 o 

TZ 71 TZ Tl TZ 

5. Y2mz; \-2mz 1. \-2nn; h 2mz 9. Y2mz 

3 3 4 4 2 

11. — + htz; 2utz 13. tz + 2tm; — + mz 
15. y 









0 










si 






If 



19. 



23. 
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A-IS 



25. A = 3, period = jr, frequency = — 

it 

2tt 3 
27. A = 5, period = — , / = — 
3 2tz 



33. 



29. A = 3, period = jz,f = 
31. A = 4, period = Zn, f ■■ 



1 

2jt 



2s/l 



37. ,6 =a 0.6435 39. no 41. yes, lit 43. 
V3 

45. -— 47. 3;: X = 0, x w 1.109, x ss 3.698 
2 

49. 2;.v % -1.455, x sa 1.455 

51. 2 tan 20° % 0.73 mile 

53. 100 tan 50° Rs 119 feet 
30 170 

55. / = —, — 120.2 volts 57. $24,000 per year 
w V2 

Exercises 0.5, page 41 

1. (/o«)W = v ^3+U'>3 
(g o f)(x) = v^2, x > 2 
1 



3. U°g)(.X): 
(g O f)(x) : 



.v 3 + 4 ^ 

+ 4, .V # 0 



5- (/ ° g)(x) = sin jc + 1, all reals 
(g ° f)( x ) = sin(jc 2 + 1), all reals 



7. possible answer: f(x) ■■ 



fx, g(x) = x 4 + 1 



1 



9. possible answer: f(x) = — , g(x) = x z + 1 
x 

11. possible answer: /(*) = -r 2 + 3, = 4.v + 1 
13. possible answer: f(x) = x 3 , g(x) = sinx 

3 ,- 

15. possible answer: j (x) = — , g(x) = vx, h(x) = sinx + 2 
x 

17. possible answer: f(x) = x 3 , g(x) = cosx, h(x) = Ax — 2 
19. possible answer: /(x) = 4x — 5, g(x) = cosx, h(x) = x 2 
21. y\ 23. y\ 



o 




25. 




27. 











-4 


-20- 




4 



29. 











2- 


D 




L 


1 'o. 


. i 


n 


X 



31. 




1 




I 


-2 


rt 


. 1 
. 3 



35. 



37. y = (x + l) 2 , shift left one 

39. y = (x + l) 2 + 3, shift left one, up three 

41. y = 2[(x + l) 2 + 1], shift left one, up one, double vertical scale 

43. reflect across x-axis, double vertical scale 

45. reflect across x-axis, triple vertical scale, shift up two 

47. reflect across y-axis 

49. shift right one 

51. reflect across x-axis, vertical scale times |c| 
53. 




-4-2 0 2 
57. gotoO 59. 0.739085 

Chapter 0 Review Exercises, page 43 

1. —2 3. parallel 5. no 



7. y= U x -l) + l,y: 



15. 



9. y = -'(x+D-l 



yes 


13. 


-2 < , 


■ < 2 




y 












-10 






10 




-10- 







17. 



19. 



21. 





:I2 


-12 j/j 


1 8 

: -8 



23. 



25. 



3 




-2ir \ 




\ / 2lT 




-3- 





3tt 
, 4 
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27. x = -4, x = 2, y = 
33. 1, 1 + V3, 1 - V3 



8 29. x = -2 31. -2, 5 
35. 3 37. 50 tan 34° ss 33.7 feet 



39. (a) 



1 



75 



(b) 



1 



41. (/o S )(.v) = .t-U> 1 

(g o f)(x) = V-V 2 - 1, -v < - 1 or x > 1 
43. f(x) = cos x, g(x) = 3x 2 + 2 
45. (x — 2) 2 — 3, shift two right and three down 

47. — + nn 
4 

CHAPTER I 

Exercises 1.1, page 51 

1. (a) 2 (b) 4 3. (a) 0 (b) -1 5. (a) 1 (b) 3.43 

7. (a) 1.90626 (b) 1.90913 (c) 1.91010 

9. (a) 3.16732 (b) 3.16771 (c) 3.16784 

11. (a) 9.15298 (b) 9.25345 (c) 9.29357 

13. (a) 1.55 (b) 1.56; quarter circle 

17. (a) 2.05 (b)2.01 



11 43 
15. (a) — (b) — 
8 32 



Exercises 1.2, page 57 

1. 2 3. \ 5. 3 

7. (a) -2 (b) 2 (c) does not exist (d) 2 (e) 2 
(f) 2 (g) 0 (h) 1 

9. (a) 4 (b) 4 (c) 4 (d) 2 (e) 9 

11. 2.2247,2.0488,2.0050,2.0005^2; 13. 1 15. -1 
1.7071, 1.9487, 1.9950, 1.9995 2 



17. 



23. 



19. limit does not exist 21. does not exist 



\ y 




\ 3- 

hV 




-1 ) 


— i >• 

1 1 X 


3- 





25. 



27. does not exist 

29. The first argument is correct. 



31. One possibility: f(x) ■■ 



Zx, x = 0 
x + 1, x > 0 



33. w 0, /i(u>) 0 and - h(w)\ -± 0 
35. 8; does not exist 37. m = j 

Exercises 1.3, page 66 

1. 1 3. 0 5. 5 7. | 9. 1 11. cos(l) 
15. 2 17. i 19. 2 21. 4 23. does not exist 
25. 4 27. 1 29. 0, f(x) = -x 2 , h(x) = x 2 



13. \ 



31. /(*) = 0, h(x) = 33. 4 35. 0 37. J\ 

39. 41. (a) -1 (b) -2 43. 13 45. -\ 47. 0 



51- /U): 



, g(x) ■■ 



53. yes 



57. for 2 < x < 3,[x] = 2 and for 3 < x < 4, [,v] 
so lim [x] 7^ lim [x]. 

59. 0, does not exist 



Exercises 1.4, page 75 

1. .v # -2; g(x) = x-\ 
1 

x + 1 



3. X#±l,g(x): 



5. all real numbers 7. .r 5^ — for odd integers n 



9. x > 1 



11. .v # 1 13. x # 1 



15. /(I) is not defined and lim f(x) does not exist 

17. /(0) is not defined and lim f(x) does not exist 

19. lim/(.v) # /(2) 

x^2 

21. [-3,oo) 23. (-l,oo) 

25. (-00,00). 27. -700 

29. b = $12,747.50, c = $23,801.30 

31. (a) [2§ >2 §] (b) [-2fl,-2|] 

33. 35. (-7, -2), (-2,-1), (1,4), (4, 7) 

37. a = b = 2 39. a = \,b= <f 

41. no 43. #41 is 49. No 

55. x = — 2, x = — 1, x = 0 




x = 100, 

force that moves box 



0 20 40 60 80100 
61. One answer: g(T) = 100 -25(T-30) 



APPENDIX B •• Answers to Odd-Numbered Exercises 



A-17 



Exercises 1.5, page 84 

1. (a) oo (b) — oo (c) does not exist 
3. (a) — oo (b) — oo (c) — oo 
5. does not exist 7. does not exist 9. j 

11. 1 13. \ IS. -2 17. \ 19. -oo 
21. (a) vertical asymptotes at x = ±2; horizontal asymptote at y = 0 
(b) vertical asymptotes at x = ±2; horizontal asymptote at y = — 1 

23. vertical asymptotes at x = — 1 and x = 3; horizontal asymptote at 
v = 3 

25. vertical asymptotes at x = 2nn 
27. horizontal asymptotes at y = 0 

29. vertical asymptotes at x = ±2; slant asymptote at y = —x 



31. vertical asymptotes at x 



-r ; slant asymptote at y ■■ 



1 



33. with no light, 40 mm; with an infinite amount of light, 1 2 mm 
80* -°' 3 + 60 



35. f(x) -. 



37. 1 



39. 1 



10v -o.3 + 30 

41. — i 43. no. 45. one larger 

47. — 2(jc - 3) 2 49. x 2 + 1 

51. true 53. false 55. true 

57. g(x) = sinx, h(x) = x 

59. vertical asymptotes at x = 2; horizontal asymptotes at 
y = 4 (as x — y — oo) and y = 0 (as x -* oo) 

61. oo, c 63. v e = V19.6R 

Exercises 1.6, page 96 



3. S 

3 



5 - j 



7. 5 < £ 



9. miii 1 1, - j 



11. min 1, 



13. , no 

\m\ 



15. (a) VOT 0.32 (b) VO05 0.22 

17. (a) 0.39 (b) 0.19 21. (a) 0.02 (b) 0.02 

23. 12 25. -3.4 

1 



27. N 



■ 2, for 0 < £ < j 



29. 5 = J 31. M = 

2V 



' 1 



33. 2 



35. 1.9 



41. min 1, — 
I 10 J 



Exercises 1.7, page 103 



5. 1; 



11. 



l, * 

4 ' V4x 2 + 1 + 2* 

2.v 



3. 1; 



V* + 4 + V* + 2 



^^+4 + ^+2 



sin 2 (x 3 ) 



7. i; 



sin 2x 



I2x 2 (l + cos2x) 



x 6 (l + cos(x 3 )) 



2x 4 / 3 



3 ' J(X 2 + l) 2 + ^(Z 2 + IX* 2 - 1) + V(X 2 - l) 2 
13. 3, does not exist 

15. f(x) = 0, g(x) = 0.0016, -0.0159, -0.1586, -0.9998 
17. 20,0 



Chapter 1 Review Exercises, page 104 

1. 2 3. (a) 1.05799 (b) 1.05807 5. 0 

7. does not exist 9. — i 
11. (a) 1 (b) -2 (c) does not exist (d) 0 
13. x = — 1 , x = 1 15. | 17. does not exist 

2 



27. 1 29. — oo 31. 0 33. does not exist 
37. x # -3,* # 1 

39. *#2 41. (-co, -2) U (-2, 3) U (3, oo) 
43. (-00,00) 45. x = \,x = 2,y = 0 
47. x = -1,* = 1, y = 1 49. v = x - 1 
1 sin 2 x 



51. 



2^n 



53. 



4' 2jc 2 (1 + cos*) 



CHAPTER 2 

Exercises 2.1, page 115 



1. 


y = 2ix - 1) - 1 




3. y = -l 


5. 


y = -i(*-l) + l 


7- y=j( 


9. 


(a) 6 (b) 18 


(c) 8.25 




(f) 11-61 (g) 


11 




11. 


(a) 0.33 (b) 


0.17 


(c) 0.27 




(f) 0.22 (g) 


0.22 




13. 


C, B, A, Z) 






15. 


(a) -9.8 m/s 


(b) 


-19.6 m/s 


19. 


(a) 32ft/s 


(b) 


48 ft/s 




(d) 63.84 ft/s 


(e) 


64 ft/s 


21. 


(a) 2.236 ft/s 


(b) 


1.472 ft/s 




(d) 1.343 ft/s 


(e) 


1.342 ft/s 


23. 


sharp corner 






25. 


jump discontinuity 





(d) 14.25 (e) 10.41 

(d) 0.19 (e) 0.23 

(c) 62.4 ft/s 
(c) 1.351 ft/s 



27. 




29. No tangent line 

31. (a) from 2002 to 2004, the balance increased at an average rate of 
$21,034 per year 

35. (a) (7273,57273 + 1), (-V2/3, -572/3 + 1) 

37. (a) y = 6(x - 1) + 5 (b) * = -2, ,v = 1 

39. -10; -4.5 

41. about 1.75 hours; 1.5 hours; 4 hours; rest 

Exercises 2.2, page 124 

1. 3 3. I 5. 6x 7. 3* 2 + 2 

-3 3 
11. 



(* + \y 



2V3.V + 1 
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13. (a) 




15. (a) 






17. (a) 




19. D + /(0) = 3, D_/(0) = 2; no 
21. D + /(0) = D_/(0) = 0; yes 23. 10 
25. (a) x = 0, x = 2 (b) x = 0, x = 4 
27. p > 1 29. /(*) = - 1 - x 2 
/(fl)/'(a) 



/(1.5)-/(1) 
0.5 



— 33. /'(I) 

37. Zx,3x 2 ,4x 3 ,nx"- 1 

39. D_/(0) does not exist 

43. 1 .64 degrees per meter 

45. (a) 0.4 ton per year (b) 0.2 ton per year 

47. (a) meters per second (b) items per dollar 

49. losing value; sell 

{0, 0 < t < 20 
10, 20 < t < 80 
8, t > 80 



,/(2)-/(l), /(l) 



Exercises 2.3, page 133 



1. 3.v 2 - 2 

-10 
7. 

3 

11. |- 



3. 9t 



1 



5. 



4 / 3 -2 9. 3.s-'/ 2 + s- 4 / 3 



13. 9a 2 - §a'/ 2 



15. 12f 2 + 6 17. 24a 2 - \x-V 2 19. 24 

21. v(t) = -32f + 40, a(0 = -32 

23. !>(/)= jr-'/ 2 +4f, a(0 = -|^ 3/2 + 4 

25. (a) u(l) = 8 (going up); a(l) = -32 

(b) u(2) = -24 (going down); a(2) = -32 

27. y = 4(.v - 2) + 2 29. y = -x + 4 

31. (a) v 5-, , (b ) 




TTT 

-5 



4 



s 



33. x = — 1 (peak); x = 1 (trough); .r 



±/2 ±/4 
V 3 ' V 3 



35. (a) x = 0; vertical tangent (b) x = 5 ; sharp corner 
(c) ;t = — l,x = 4; sharp corners 



37. (a) .v 



(b) x = ±Vl + 3" 3 / 2 



39. (a) §,y 2 + 2x-2 (b) \x 2 + 5x 
41. 2 43. (a) /'(.v) (b) 0 
4 



47. f.v 3 / 2 



49. 6 > 



9c 2 



45. x 4 

51. /'(2000) % 174.4, /"(2000) sa -160 



Exercises 2.4, page 140 

1. 2x(x 3 - 3x + 1) + (x 2 + 3)(3.r 2 - 3) 



3. ~ 



l -x~ 112 + 3^j (sx 2 - + (Vi + 3jt)(lttr + 3x" 



3(5?+ l)-(3f-2)5 _ 13 
(5f + l) 2 ~ (5r + l) 2 

(3 - 3,r-'/ 2 )(5x 2 - 2) - (3.t - 6^/x)10x 
(5x 2 - 2) 2 

(2m - 1)(« 2 - 5h + 1) - (u 2 - u- 2)(2u - 5) 



(u 2 - 5u + l) 2 



-3/2 



13. ^f'/ 3 + 3 



11. |.r»/ 2 + f.v-'/ 2 + : 

x 3 + 3a- 2 - (3.v 2 + 6x)(jc 2 + 2) - (x 3 + 3x 2 )(2x) 

15. 2.v — = — — + (x z - 1) — = — —= 

x 2 + 2 (a- 2 + 2) 2 

17. y = 2a 19. y = \x + J 
21. (a) y = -2a - 3 (b) y = 7(a - 1) - 2 
23. (a) y = -(a - 1) - 2 (b) y = 0 
25. P'(t) = 0.03P(0; 3 -4= -1 
27. $65,000 per year. 
19.125 



29. 



31. 



(m + 0.15) 
-14.11 



w ; bigger bat gives greater speed 
2 , heavier club gives less speed 



(m + 0.05) 2 

33. f'(x) g (x)h(x) + f(x)g'(x)h{x) + /(A)g(A)/i'(A) 
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35. |jc-'/ 3 (x 2 - 2)(x 3 - x + 1) + x 2 / 3 (2x)(x 3 -x + 1) + 
x 2/3 (x 2 - 2)(3x 2 - 1) 

39. maximum slope at x = 0; minimum slope at x = ±</3~ 

45. F"'(x) = /'"WgW + 3f"(x)g'(x) + 3f'(x)g"(x) + f(x)g"'(x) 



49. 0; 1; 



2.7a- 1 - 7 
U+a- 2 - 7 ) 2 



Exercises 2.5, page 145 

1. 6x 2 (x 3 - 1) 3. 6x(x 2 + l) 2 

5. (a) (9x 2 - 3)(x 3 - x) 2 (b) 
,7 



7. (a) 5f 4 \/f 3 + 2 + 



3?' 



2 v / f 3 T2 



^/^ 2 T4 
( b ) 7,5/2 + f -l/2 



9. (a) 
11. (a) 



u 2 + 8u - 1 
(» + 4) 2 
1 



12w 2 - w 4 
(w 2 + 4) 3 



(b) 



(b) kl - x 2 )x- [ f 2 (x 2 + I)- 3 / 2 



(.v 2 + I) 3 / 2 

13. (a) -6x(x 2 + 4)" 3 / 2 (b) X 

6V.v 2 + 4 

15. (a) -2(Vx 3 + 2 + 2x)~ 3 ^ + 2^ 

(b) f-**- 3 - 

17. chain rule; product 

19. product rule; chain, quotient 

21. v= -(x-3) + 5 23. -= 
5 V3 



25. -(2x + ir 3/2 ;3(2x + ir 3// ; -15(2* + 1) 



5/2. 



-7/2. 



(-1)" +1 3.5 • • • (2n - 3)(2x + 1) 



-(2/1+D/2 



27. -6 31. (a) 2j/'(i 2 ) (b) 2 / (x) f (x) 



33. (a) 



/'(!/*) 



(b) 



1/tol 2 



35. (a) 3 (b) does not exist (c) 9 

8-4f 2 



37. (a) 4(x 2 + 4) 



-3/2 



(b) 



( f 2 + 4)5/2 



39. (a) x = 0, X = 1, X = 2; vertical tangents 
(b) .v = 0; vertical tangent 

41. (a) i(x 2 + 3) 3 43. V* 2 + 1 



Exercises 2.6, page 153 

1. 12cos3x-l 3. 6tan 2 2rsec 2 2r+ 12csc 4 3f cot3f 

5. cos(5x 2 ) - 10x 2 sin(5x 2 ) 

9. 3sec 2 3f 11. -4csc(4u))cot(4ui) 



13. 4cos 2 2x-4sin 2 2x 15. , 

v / x 2 TT 

17. -3 3 ; 2+4r sin 2 (cosVx 3 + 2x 2 ) 
cos ^cos Vx 3 + 2x 2 ^ sin (^/x^~+~2x 2 j 

19. 2xcosx 2 (b) 2 sin x cos * (c)2cos2.v 

21. (a) 2x cos x 2 tan x -\- sin x 2 sec 2 x 

(b) 2 sin(tan x) cos(tan x) sec 2 x 

(c) 2 cos(tan 2 x) tan.v sec 2 x 



V* 2 + i 



23. y = l 25. y = -t-(x-f) 

27. -2 ft/s 29. ft/s 

31. (a) 12cos3r (b) 12 (c) / = 0 

33. (a) 3 (b) 1 (c) 0 (d) 1 

35. -2 75 cos2x; -2 150 sin2x 

45. (a) f'(x)- I^osa-sin*)/* 2 , x # 0 



0, 



x = 0 



Exercises 2.7, page 160 



1 4-2xy 2 y 
1. -A 3. 0 5. £- 7. = 

3 + 2x 2 y Ibyjxy — x 



y-*y 

; + 3 + 2y 3 



11. 



— 2xy sin(x y) — 1 
x 2 sin(x 2 y) + cos y 



13 i6xyFT7-y 2 15 y 2 + 2 

4y (x + y) + y 2 — 2^x + y 2y sec 2 (y 2 + 3) - 2xy 

17. y = i(x-2)+ 1 19. y = -§(*- 2) + 1 

VJ V3 
21. y = — (x - 1) + — 
y 3 2 



23. y 



25. y 
27. 



„ _ 27x 2 + 48y 2 - 180x + 240y - 144xy + 200 
4(x 2 y - 2) 3 

„ _ 3[4x(y + 2siny) 2 - 3(x 2 - 2) 2 (1 + 2 cos y)] 

4(y + 2 sin y) 3 
6y(6y - 7 - 9x + 12sin4y - 8cos4y) 



(2y-2-3x + 4sin4y) 3 

29. horizontal tangent at (0, 0), (0, 3); 

vertical tangent at (3/2, 3/2), (-3/2, 3/2) 

31. (a) implicit (b) direct (c) direct (d) implicit 

33. vertical asymptotes at x = ± *J2 horizontal asymptotes at y = 0 

39. x 2 + ny 2 = k 

41. (a) y = x + 3;(4,7) (b) y = -Ux + 1) + 3; (9/4, 11/8) 



Exercises 2.8, page 168 

V7-1 

1. c = 0 3. c = 5. c = cos 



7. 3x 2 + 5 > 0 9. f'(x) = 4x 3 + 6x has one zero 

11. 3x 2 + a > 0 13. 5x 4 + 3ax 2 + b>0 

15. ix 3 + c 17. — + c 19. -cosx + c 
x 

21. sec x + c 

23. /(x) > 0 in an interval (b, 0) for some b < 0 

29. increasing 31. decreasing 

33. decreasing for x > 0 (x < 0) 

41. / is not continuous at x = 0 

Chapter 2 Review Exercises, page 169 

1. 0.8 3. 2 5. 5 7. 3x 2 + 1 

9. y = 2x - 2 11. y = 6x 13. y = -3(x - 1) + 1 

15. v(t) = -32f + 40; a(t) = -32 

17. v(t) = 40cos4f;a(f) = -160sin4f 

19. 8 ft/s going up, —24 ft/s coming down 

21. (a) 0.3178 (b) 0.3339 (c) 0.3492 (d) 0.35 
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23. 4x 3 -9x 2 + 2 25. -\x~ 3 l 2 - \0x~ 3 



27. 2t(t + 2) 3 + 3f 2 (f + 2) 2 29. 



(3jc 2 - 1) - x(6x) 



Ox 2 - 1)2 

31. 2x sinx + x 2 cos * 33. ^x~'/ 2 sec 2 ^/^ 



35. esc < — ? esc ( cot / 37. 



-2.Y 



39. 

-2 



3x sin V4 — x 2 
•J^x 2 



(X - 1)2 



(x 2 + 2) 3 /2 

41. 2cos4.v(sin4xr'/2 43. 2^^^-j-^ 

45. — -4= sin(4 — Jx) cos(4 — Jx) 
V A ' 

49. 12x 2 - 18x + 4 

51. 8x sin2x — 12cos2x 53. 2sec 2 xtanx 55. — 3 26 sin3x 
57. (a) fit) = ±4 (b) /(0 = 0 (c) fit) = 0 

i y 

2x-2xy sec ' v+ (x+Vp- 

59. -= — -4 61. 



X 2 - 9}' 2 



1 

C* + i) 



63. v(0) = — — ; slope of tangent line at x = 0 is 0; 

^3 



y"(0) : 



-2^/3-2^9 



-0.78 



65. (a) (0, 1) and (4, -31) (b) none 

67. (a) (0, 0) (b) none 69. 3x 2 + 7 > 0 

75. c = 1 77. x 3 - sinx + c 79. m = 3 

CHAPTER 3 



Exercises 3.1, page 182 

U I 1 ■ 1 1 1 1 V 



1. i.v + |; 1.1 



3. ijc + 3; 2.967 



5. 3x; 0.3 



7. (a) 2.00125 (b) 2.0025 (c) 2.005 
9. (a) 16.4 thousand (b) 12.8 thousand 
11. (a) 133.6 (b) 138.4 13. 2 ,tm, 0.53209 



15. 1, 5,0.61803 



3 ' 144 ' 

17. -4.685780 19. 0.525261 



21. -0.636733,1.409624 23. fix) = x 2 - 1 1; 3.316625 

25. fix) = x 3 - 11; 2.223980 27. fix) = x 4A - 24; 2.059133 

29. /'(0) = 0; -0.3454, 0.4362. 1.6592 

31. /'(0) = 0; no root 33. f'i-l) does not exist; 0.1340, 1.8660 

35. (a) 1 (b) 2, slower 37. (a) -1 (b) 2, faster 

39. 0.01 and 0.0100003; 0.1 and 0.1003; 1 and 1.557 

41. 2.0025 and 2.002498; 2.025 and 2.0248; 2.25 and 2.2361 

43. all three are the same; (a) y = 2x + 1 

45. 0.000001 17; 0.00000467; 0.0000186; 0.0007 

47. x=i;x = ±l 49. too large 

51. (d) F 2 „ +1 /F 2 „ (e) 53. 0.133; 1 

55. (a) 0.6407 (b) 0.6492,3,3.8508 

57. Pi\-2x/R); 104,500 ft 



13. 
15. 
17. 



2 + \/2, local minimum; —2 — *j2, local maximum 

2, 1, local minima 

2 



- j , local minimum; — 1 , endpoint 
19. 0, local maximum; ± 1 , local minima 
21. —1,2: local minima; 0, local maximum 
23. (a) minimum, — 1 ; maximum, 3 
(b) minimum — 17; maximum, 3 
25. (a) maximum, 2 4 / 3 ; minimum, 2 2 / 3 

(b) maximum, 3 2 / 3 ; minimum, 0 
27. (a) maximum, 0; minimum, —12 

(b) no maximum; no minimum 
29. (a) maximum, i ; minimum, 0 

(b) maximum, J ; minimum, ^ 
31. (a) absolute min at (— 1 , — 3); 

absolute max at (0.3660, 1.3481) 
(b) absolute min at (-1.3660, -3.8481); 
absolute max at (—3, 49) 
33. (a) absolute minimum at (0.6371 — 1.1305); 
absolute maximum at (1.2269, 2, 7463) 
(b) absolute minimum at (-2.8051, -0.0748); 
absolute maximum at (—5, 29.2549) 
39. c > 0, none; c < 0, one relative maximum, one relative minimum 
41. Ab 2 - 12c > 0 if c < 0 

43. c > 0, one relative minimum; c < 0, two relative minima, one 
relative maximum 

47. f- 49. m 53. t= l - 
V 3 n r 

55. bottom; steepest at x = ±2 
57. max W' = at t = Info 

Exercises 3.3, page 201 

1. increasing: x < — 1, x > 1; decreasing: —1 < x < 1; 
local maximum at x = — 1 ; local minimum at x = 1 




3. increasing: —2 < x < 0, x > 2; decreasing: x < —2, 0 < X < 2; 
local maximum at x = 0; local minimum at x = ±2 



Exercises 3.2, page 193 1 


1? 






1. (a) none (b) max of — 1 at X = 0 (c) none 
(d) max at x = 0, min at X = ± j . 


1(1 

S 






3. (a) — | , local minimum (b) 2, local maximum 








-5 -4 -3l 

5. (a) none (b) 1 , neither 7. 0, neither; | , local minimum 


-1 -If 

r 5 


:o\ 1 


2 p 4 5 


9. 0, neither; y , local minimum 


\ /~ 10 

V -15 






7t 5ti 3jz Iti 
11. — , — , local maxima; — , — , local minima 
4 4 '44 
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5. increasing: x > — 1; decreasing: x < — 1; 
local minimum at x = — 1 




7. j> is increasing on (— ^ + 2«7r, J + 2nn)\ 

)> is decreasing on (J + 2njr, + Inn); 
local maximum at jc = J + 2n7r; 
local minimum at x = ^ + 2nn 



-2 
-3 
-4 
-5 

11. x = 0 (local maximum) and ;t = ±(3/2) 4 / 3 (local minima) 

13. x = -r— (local maximum) 

15. local max at x = —2, 
local min at x = 0 

17. vertical asymptotes at x = — 1 and .v = 1 ; 
horizontal asymptote at y = 0 



19. vertical asymptotes at x = 1 and x = 3; horizontal asymptote at 
V = 1 ; local minimum at .v = 0, local maximum at x = 3/2 



23. local max: x = 0.9374; 

local min: x = -0.9474, x = 11.2599 




25. local max: x = -10.9079, x = 1.0084; 
local min: x = -1.0084, x = 10.9079 





„ 100000- 








/ \ 80000- 








woooo - 








4pooo- 








20000- 






-20-1 j 


12-8 -4 
-20000 - 

-40000 - 

-60000 - 

-80000- 

-100000- 


\ 8 12 1 


j 20 



33. critical numbers: x ~ 0.20 (local min) and x ~ 40 (local max) 
35. critical numbers: x ~ —120.008 (min) and x ~ 0.008 (max) 
37. f(x) = 3 + e~ x has no zeros 
39. yes 41. /'(0) = 1 

45. If /(.*) = 2./I and g(x) = 3 - - , f(\) = g(\) = 2 

x 

and for.r > 1, f'(x) = — > \ = g'(x) 

X 

49. c> ^b 2 



51. S'(t): 



1 



= rate of increase of sales function 



2s/t + 4 

53. (a) -0.000125 (b) 0.000125 (c) easier if c < 



10 



-20 -10 ;0„ 10 20 
-10 : 

-20 

21. horizontal asymptotes at y = — 1 and V = 1 

y 



0 2 4 



Exercises 3.4, page 210 

1. concave up for x > 1 , concave down for x < 1 ; 
inflection point at x = 1 

3. concave up for x > 0, concave down for x < 0; 
no inflection points 



concave down on 



/ 3tt 



5. concave up on ( — - — (- 2nw, — + 2«jr 



5w 

+ 2niz, V 2nn 

4 

71 

inflection points at x = — + 17T 



in J ; 



7. concave up for A" < 0, x > 2; concave down for 0 < x < 2; 
inflection points at .v = 0, x = 2 

9. critical numbers: 

x = —3 (min), x = 0 (inflection point) 

11. local max at x = —2, 
local min at x = 2 
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13. min at x = 0, no inflection points 



y 




V" 




0. 


. 1 X 



15. local max at x = 0; asymptotes: x = ±3, y = 1 



17. local minimum at x = inflection point at x = 16 




19. inflection point at x = 0 




21. local minimum at .v = — g ; inflection points at x = 0, | 




23. local min at x = -0.1 129 and x = 19.4993, 



y 

,\, 




-5 0 


. ' ^S. ' ' 20 ' 


X 


-40,000 







25. minimum at x = 0; inflection points at x = ±J j 



27. local min at x = 
local max at x 



0.8952 and x = 9.9987, 
: 1.106, inflection points atx = 1, 











-400 




0. 




X 









29. inflection points at x = —y/6 and x = </6 



0 2 4 



3a 



; quartic has two inflection 



35. cubic has one inflection point at .v 

points if and only if 3b 2 — Sac > 0 
37. f(x) = -l-x 2 

39. increasing for — 1 < x < 0, x > 1 ; decreasing for 

x < —1,0 < x < I; local max at x = 0; local min at x = ±1; 
concave up for x < — j, x > \ ; concave down for — \ < x < 1 ; 
inflection points at x = ± i 



41. (a) (for 39) increasing for x < — 1.5, X > 1.5; decreasing for 
— 1.5 < X < 1.5; local max at x = —1.5; local min at x = 1.5; 
concave up for — 1 < x < 0, X > 1; concave down for 
x < — 1 , 0 < x < 1 ; inflection points at x = 0, x = ±1 
(b) (for 39) increasing, decreasing: no information; concave up for 
x < —1.5, x > 1.5; concave down for — 1.5 < X < 1.5; inflection 
points at x = ±1.5 



45. need to know u/(0) 47. x = 30 

Exercises 3.5, page 221 

1. inflection point at x = 1 



49. 



600 







90 




13 








-5 


/: 


5 











3. local max at X = — y j . local min at x = J | 
inflection points at x = — y/|, x = 0, x = J 
y 
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5. local max at x = —2, local min at x = 2; 
asymptotes: x = 0, y = x 



13. min at x = 0 



20- 




16 




12 




8 
4 




-10-8 -6 -4 -2 


2 4 6 8 10 


-12 




-16 




-20 





7. No extrema, vertical asymptote x = 0, 
horizontal asymptote y = 0. 



60 - 

41) - 

20 — 



| I I I I | I I HJI I 1° I 




I I I I | I I I I | I I I I | 



9. No extrema, inflection point x = 0, vertical asymptote x = ±1, 
horizontal asymptote y = 0. 



-10 -8 -6 -4^>2 




2 4 6 8 10 




15. local max at x = 1 — -J= , local min at ,r = 1 + -J= . vertical tangent 
lines at x = 0, 1, 2, asymptote is y = ,t — 1, inflection points at 
x = 0, 1,2 




0 10 20 



17. Local max at .v = 0, local min at x = 2. 
10- 




19. vertical asymptote at x = 0, horizontal asymptote at y = 3 

y 




( 1 1 1 1 — >■ X 



11. No extrema, inflection point x = nn (n is an integer). 



21. Local maximum at x = 3, local minimum at x = — 1, vertical 
asymptotes at* = -1.9304, 0.17074, and 4.8231; horizontal 
asymptote y = 0. 
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23. local max at x = 1 — v . * = 1 + ^ ; local min at x = 0, 1, 2; 
inflection points at* sa -0.1883, 2.1883 



15 








10 








\ 5 








1 

-5 


:° 1 


2 


3 



25. local max at x = 0, vertical asymptotes at x = ±y j ; horizontal 
asymptote at y = I 



0 2 4 



27. local minima at x = ±3, inflection points at x ~ ±3.325 



\ 80- 






\ 64- 






\ 48- 






\ 32- 






\ 16- 






-5 -4 -3 -2 -1 

-16- 




2 3 4 5 



33. c < 0: 3 extrema, 2 inflection points; 
c > 0: 1 externum, 0 inflection points; 
as c — > — oo, the graph widens and lowers; 
as c — > +oo, the graph narrows 

c 

35. min at x = 0; inflection points at .v = ± — — ; graph widens as 

v 3 

c 2 — > oo; y = 1 for c = 0 (undefined at .v = 0) 
37. |c| = frequency of oscillation 
39. y = 3x 

y 




-4 -3 -2 - 



41. y = x-2 




43. v = x 



29. horizontal asymptotes at y = — 50 and y = 50 





31. local minima at x = 0.895 and x = 9.999, local maximum at 
x = 1.106, inflection points at x = 1 and x = 7 



k80- 




4V0- 




-16-12 -8 -4 

-440- 


~S^8^^ 16 " 


-880- 
-1320- 




-1760- 




-2200- 





45. f{x) : 



3.v 2 



(.v - 1)(* - 2) 



47. f{x) : 



2x 



V(-v - D(.v + 1) 



51. max atx = \fb = most common gestation time; most common 
lifespan 



Exercises 3.6, page 230 

1. 30' x 60'; the perimeter is 120' 3. 20' x 30' 

7 8 

3 3 

11. (7i,i)or i) 13. (0,1) 

17. r = 1.1989",/! = 4.7959" 



1.2137 9. (a)x = 3 (b) x = 0.9117 



15. 



V2' V2 
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A-2S 



19. 



< 2.143 miles east of first development 



21. 1 .2529 miles east of bridge; $ 1 .964 million 23. y = 0.568 
27. r = |ro, contracts 29. x = R 31. 2' x 2' 
33. printed region: v^" x 2^"; overall: (V46 + 2)" x (2>/46 + 4)" 
35. (a) 12.7 ft (c) 1.1ft (d) (L 2 ' 3 - a 2 ' 3 ) 3 ' 2 
37. 4 39. (a) 50° (b) 45° (c) 40° 

P 2 



41. max area is 2ab 



43. A 



12^3 



Exercises 3.7, page 237 

1. (a) 1.22ft/min (b) 0.61 ft/min 

3. (a) 58.9gal/min (b) halved 

7. (a) -2.25 ft/s (b) =^ rad/s 

9. (a) 24-7101 « 241 mph (b) 242.7 mph 

13. i'(20) = 1.47152 thousand dollars per year 

15. —2 dollars per year 17. (a) —65 rad/s (b) 6 ft/s 

19. (a) 1 ft/s (b) -1.5 ft/s 

21. 2.088 when x = 20, 2.332 when x = 10 

23. 1760 Hz/s; i second 25. (a) 0 (b) 

29. (a) 8 -x = 0.568 at; = 1.16 



,3 



ft 



Exercises 3.8, page 245 

1. 3x 2 + 40x + 90; 9590 vs. 9421 

3. 3x 2 + 42x + 110; 34,3 10 vs. 33,990 

5. x = 10; costs rise more sharply 7. x = *J 20,000 R< 141 
9. x = vT8 

11. (a) C'(100) = 42, C(100) = 77; C(101) = 76.65 < C(100) 
(c) min at x = 600; C'(600) = C(600) = 52 
P 



13. (a) 



30 



(b) 15 < p < 30 



2p - 20 40 
15. (a) - (b) — < p < 20 

p - 20 3 



19. (a) 2 (b) 
25. 5 



21. r = cK 



23. 0; same 



_ c 5/7 -12/7 
7 F 



27. 4 — cos x; less dense at ends 
31. 2.5 

-816*- 14 



29. 4; homogeneous 



33. f'(x) = T < 0 

(4*-°* + 15) 2 

37. the critical number is 2c, representing a minimum 



39. 



cr 2 



-, y 



Chapter 3 Review Exercises, page 247 



1.1 3. 2+ i,(7.96 



1.99666 



5. 0.198437 7. /'(I) = 0 

9. (a) x = -3, 1 

(b) increase: x < —3, x > 1; decrease: —3 < x < 1 

(c) local max at jc = —3, local min at .v = 1 

(d) up: x > — 1 , down: x < — 1 (e) .v = — 1 

11. (a) x = 0,3 (b) increase: x > 3; decrease: x < 3 (x ^ 0) 

(c) min at x = 3 (d) up: x <0,x> 2; down: 0 < x < 2 

(e) x = 0,x = 2 



13. (a) * = 180 (b) 0 < x < 180; x < 0 and* > 180 

(c) local maximum at x = 180 

(d) / is concave up for x > 270; / is concave 
down for x < 0 and 0 < .v < 270 

(e) there is an inflection point at x = 270 

15. (a) x = -2, 2 

(b) increase: —2 < x < 2, decrease: x < —2, .t > 2 

(c) min at x = —2, max atx = 2 

(d) up: -</T2 < x < 0, ,v > -Jvi; 
down: x < —\l\2, 0 < X < Vl2 

(e) x = -Vl2, x = 0, x = >/T2 

17. min = —5 at x = 1, max = 76 at x = 4 

19. min = 0 at x = 0, max = 3 4/5 at x = 3 

4 710 4 
21. local max at x = , local min at x = 

3 3 3 

23. local max at x ~ 0.2553, local min at x ~ 0.8227 
27. min at x = —3, inflection points at x = —2, x = 0 



10 




29. min at x : 



31. min at x = — 1, max at x = 1, 
inflection points at x = — V3, } 
horizontal asymptote at y = 0 



: 0, and x = -v/3, 



33. min at x = 0, inflection points at x 
asymptote at y = 1 



j , x = J I horizontal 
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35. local max at x = — V5, local min at x = */3, inflection point 

at x = 0, vertical asymptotes at x = — 1 and x = 1, slant asymptote 
at y = x 





37.(0.8237,1.3570) 39. 1.136 miles east of point A 

41. r = 1.663. h = 3.325 

43. 2x, denser to the right 

45. 0.04* + 20, 20.8 versus 20.78 

CHAPTER 4 

Exercises 4.1, page 307 

4 4 4 
r r r 

- 2 





5. 



3 V 5 3? 



7. 2.* 3/2 + jx~ 3 + c 
11. — 2cosx + sinjc- 
13. 2 sec x + c 15. 5 tan jc + c 



9. fx 2 ' 3 -9x 1/3 + c 



17. 3 sin .r — 2.T + c 
4 



19. 



-jT + - +c 



23. fx 5 / 2 - 



fx 5 ' 4 + c 



21. x he 

x 

25. (a) N/A (b) §x 5 / 2 + 4x + c 
27. (a) N/A (b) tanx + c 

3 -J- 1 - 2 -J- " 31. x 4 + x 2 + 2x + 3 

35. 



29. -x 3 + -x 1 + 4 



3 2 
33. if 3 + f 2 -6r + 2 
2 1 

37. -x 3 + -x -1 + cix 2 + c 2 x + c 3 



39. 3t - 6t 2 + 3 
43. (a) y 



41. 



-3sinf + jr 2 + 3r + 4 





c 2 7 7 
■ + -.v - 



45. f(x) = — -■— + -x- - 47. sin(x 2 ) + c 
6 2 2 6 

49. kx 2 sin2x) + c 51. V"sin(x 2 ) + c 



59. distances fallen: 5.95, 12.925, 17.4, 19.3; accelerations: 
-31.6, -24.2,-11.6, -3.6 

61. speeds: 70, 69.55, 70.3, 70.35, 70.65; distances: 0, 34.89, 69.85, 
105.01, 104.26 



Exercises 4.2, page 315 

14 50 / 50 \ 2 

1. Y. 2 ' 2 3 - ( a ) E i 2 = 42,925 (b) E ' = 1 ' 625 ' 625 

i = l i=l \i=l / 

5. 3 + 12 + 27 + 48 + 75 + 108 = 273 

7. 26 + 30 + 34 + 38 + 42 = 170 

9. 7385 11. -21,980 13. 323,400 
n(n + 1)(2« + 1) 



15. 7308 



17. 



-3n+ 1 



23. 
25. 



(n + 1)(2« + 1) n+l _ 

6n 2 n 
8 (n + l)(2n + 1) n + l 



31. 171,707,655,800 35. 1 - 
37. 375 miles 39. 217.75 ft 



13 



29. 2870 



Exercises 4.3, page 321 

1. (a) 0.125,0.375,0.625,0.875:1.328125 

(b) 0.25,0.75, 1.25, 1.75; 4.625 

It 37T 5jz Itz 
3. (a) — ;2.05234 



it 3jt 5jt 
(b) — , — , — , 
16 16 16 



13jt 15^- 



2.0129 



16 16 

5. (a) 1.3027 (b) 1.3330 (c) 1.3652 
7. (a) 6.2663 (b) 6.3340 (c) 6.4009 
9. (a) 1.0156 (b) 1.00004 (c) 0.9842 



11. (a) 
13. (a) 



15. 



32 

T 



(bi 
(bi 

17. 18 



14 

T 

10 

T 



(O 

(c) 



32 
T 
140 

IT 



19. (a) less than, (b) less than, (c) greater than 

21. (a) greater than, (b) less than, (c) less than 

23. For example, use x = -j= on [0, 0.5] and Jl/12 on [0.5, 1] 
V12 
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A-27 



25. (b) a - j-Ax + /Ax for i = 1, ...,« 27. A 2 29. 3.75,1.75 
31. (a) t(l + A)(2+A) 

0» 5(l-^)( 2 -^)^ imitis f 
35. left: 1.81, right: 1.67 37. left: 1.18, right: 1.26 

39. 0.092615 



53. b and c 



55. 



10 
3 



57. 



59 - f 

Jo 



i\/f 2 + l dt 



61. local max at x = 1 , local min at x = 2 
63. F'(2) does not exist, but /(2) = 3 

65. 5.v — x 2 + lOsin.v = Katie's lead 



67. K° 



Exercises 4.4, page 331 

1. 24.47 3. 0.8685 

5. area bounded by y = x 2 , y = 0 and x = 1 

7. area bounded by y = x 2 — 2, y = 0 and x = 2 minus the area 
bounded by y = x 2 — 2, y = 0 and x = 0 

f2 



9. 1 



11. 



13. 



(x 1 -4)dx 



19. 



-2 JO 

21. 2.095 23. 13 25. 5 
29. between - 1 .23 and 0.72 

2 



(4-x z )dx 



sin x dx 
27. 3 



35. (a) 



£ 

Jo 



31. between 2 and 6 

(b) / f(x)dx 
Jo 




45. positive 47. negative 49. 6 51. 7r 

53. (a) f sinxdx (b) f (\+x)dx (c) / /(x)dx 
Jo Jo 

55. t < 40; t < 40; f > 40; t = 40 57. 6.93 



/' 

Jo 



59. 



61. 



2c 0 D 



63. 9000 lb; 360 ft/s 



Exercises 4.5, page 341 

1. -2 3. 0 5. f +31n4 7. 
9. 3 11. V2 - 1 13. - f 15. 
17. Af 3 + / 2 + f 19. f 21. | 

25. x 2 -3x + 2 27. 2x[cos(3x 2 ) + 1] 



23. 2 



29. (sinx + x cosx)Vx 2 sin 2 x + 1 
31. 3x 2 sin (2.v 3 ) - 2x sin (2x 2 ) 

33. 40/ + cos/+l 35. 2/ 2 - A/ 3 + 8/ 

37. (a) Increasing 0 < / < jt , decreasing n < t < 2tt. 

(b) 120 gallons 
39. y = 0 41. y = x - 2 
43. 2.96 45. 1.71 47. *Jl- 1 

49. f fix) dx , / /(*)<**, f /(x 
JO J0 Jo 



x)dx; 

increasing 0<f<l,f>3, decreasing 1 < t < 3 
is discontinuous at x = 0 



51. (a) A > 0 (b) 4 



Exercises 4.6, page 349 



|(. v 3 + 2) 3/2 + c 
1(^4 + 3)3/2 + c 



sin/ + c 



3. i(V? + 2) 4 + c 
7. — 2^/cosx + c 
11. sin(tanx) + c 



13. 2 sin ^fx + i 



15. 



17. 



-2(V^+ l)- 1 +c 



i(sin3x + ir 2 + c 
19. (| + l)-2 + c 



21. 27(3 -x)~ 



'-O - x)- 2 + 9(3 - x)- 1 +c 



23. 



L(4x- l) 3 / 2 + c 



25. 



-2(f + 7)" 1 + ^-(t + l)- 2 + c 



27. f(l + v ^) 3 / 2 -4(l + VI) 1 / 2 + l 
29. |V5- 



31. 0 



33. isin(l) 



35. 



37. (a) 0.77 (b) 



39. (a) 1.414 (b) 21n5 
■ i 



■ 2 
41. 



f fWdu 
Jo 



43. 



49. 1 



f f(u)du 47. (a) 5 
Jo 



(b) 



2' 4 



51. 



Exercises 4.7, page 361 

1. midpoint || , trapezoidal S , Simpson | 

3. midpoint , trapezoidal , Simpson 

5. (a) 3.146 > it (b) 3.131 < n (c) 3.14157 < jt 

7. (a) 0.8437 (b) 0.8371 (c) 0.8415 



n 


Midpoint 


Trapezoidal 


Simpson 


10 


0.5538 


0.5889 


0.5660 


20 


0.5629 


0.5713 


0.5657 


50 


0.5652 


0.5666 


0.5657 



11. 



n 


Midpoint 


Trapezoidal 


Simpson 


10 


51.707 


51.831 


51.755 


20 


51.738 


51.769 


51.749 


50 


51.747 


51.752 


51.749 



13. 



n 


Midpoint 
Error 


Trapezoidal 
Error 


Simpson 
Error 


10 


0.00832 


0.01665 


0.00007 


20 


0.00208 


0.00417 


4.2 x 10- 6 


40 


0.00052 


0.00104 


2.6 x 10~ 7 


80 


0.00013 


0.00026 


1.6 x 10~ 8 



15. 



n 


Midpoint 
Error 


Trapezoidal 
Error 


Simpson 
Error 


10 


5.5 x 10~ 17 


0 


0 


20 


2.7 x 10~ 17 


1.6 x 10- 16 


1.1 x 10~ 16 


40 


2.9 x 10-' 6 


6.9 x 10~ 17 


1.3 x 10~ 16 


80 


1.7 x 10-' 6 


3.1 x 10~ 16 


1.5 x 10~ 16 
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17. 4,4, 16 19. (a) 9.1 (b) 9.033 

21. (a) (i) y 24 (ii) y 48 , (b) (i) 817 (ii) 578 

23. (a) 145 (b) 103 (c) 9 

25. (a) 1081 (b) 764 (c) 37 

27. answers for n = 80: midpoint bound 0.000391, midpoint error 
0.00013; trapezoidal bound 0.000781, trapezoidal error 0.00026; 
Simpson's bound 1.63 x 10~ 8 , Simpson's error 1.63 x 10 -8 

29. (a) 0.75 (b) 0.7 (c) 0.75 (d) 0.66 

31. (a) under (b) over (c) can't tell 

33. (a) over (b) under (c) can't tell 

35. (a) under (b) over (c) exact 

41. L = 1 43. 0.66 if T„ - I ^ -2(M„ - /) then j 7",, + § M„ ^ I 

47. 529 ft 49. 2.6 liters 



Chapter 4 Review Exercises, page 374 

1. ±x 3 -3x + c 3. 41n|.v|+c 5. -jCos4* + c 

7. \x 2 - \e 4x + c 9. \x 2 + 41n|x| + c 11. e x - x + c 

13. \(x 2 + 4fl 2 + c 15. 2sin;t 3 +c 17. -e'^ + c 

19. -ln|cos,r| + c 21. x 3 +x + 2 23. -16f 2 + 10f + 2 

25. 4+ 10+ 18 + 28 + 40 + 54 = 154 27. 338,250 

n(n + l)(2rc + 1) n(n + 1) 1 
29. \ - v , - 31. 2.65625 

6n 3 2n 3 3 

33. 4.668 35. (a) 2.84 (b) 2.92 (c) 2.88 (d) 2.907 

r3 



43. 



I. f (3x-x 2 )dx = \ 43. 25 
io 

-i 49. 1 51. 6 + 4e~ 5 / 2 



37. Simpson 39. § 41. 

45. \(e 2 - 1) ^ 3.19 47. 

53. iln5 55. i(8 3 / 2 - 8) 57. f + {e 2 - Ae 

59. sin x 2 - 2 61. (a) 2.079 (b) 2.083 (c) 2.080 

63. (a) 2.08041,2.08045 (b) 2.08055,2.08048 
(c) 2.08046,2.08046 

2 



65. (a) 



+ c = sinh f — cosh t + c 



1 + tanh(f/2) 
(b) t + ln(cosh r + 1) - tanh (r/2) + c 



CHAPTER 5 



Exercises 5.1, page 321 



n. 



3 

125 



3. 



64 7 27 



5 3 * 4 "3 

13. 4.01449 15. 0.135698 



17. [ (2 - 2y) dy =1 19. / 2x dx = 1 
Jo Jo 

21. f _ 

/■V3 ^3 

27. 3; / (3-x 2 )rfx= / (.r 2 - 3) rf.v = 2V3 

33. L = 35. (a) A 2 (b) A, + A 2 (c) A3 (d) A 2 

37. Critical numbers jkir, for odd k; no externa; inflection points at 
jMjr, for all integers n. 

39. 1 6.2 million barrels 41. 2 million people 



O-x 2 -2x)dx = I 23. 35.08% 25. 93.02% 



time 


1 


2 


3 


4 


5 


amount 


397 


403 


401 


412 


455 



(answers will vary) 



450 



c 

3 400 
13 

5/J 



350' 



2 3 
time 



45. (q*, p*) = (80, 8); consumer surplus is 80 

47. assuming C(0) = 0: 

(a) loss from selling the first 2000 items 

(b) profit from selling items 2001 through 5000 

(c) The sum of parts (a) and (b) 

(d) loss from selling items 5001 through 6000 

Exercises 5.2, page 335 

56tt 



1. 12 



3. 

r 500 



r 5m / 3 \ z 

5. (a) J (750 - -x \ dx = 93,750,000 ft 3 

^250 / 3 \ 2 

(b) J ( 750 - -x \ dx = 82,03 1 ,250 ft 3 ; wider at the bottom 

7 -f( 3 -^) 2 ^ : 



[■(,0 

9. / ?r[60(60 - y)] dy = 108,000^ ft 3 

ll - J 7z^4 + sm(^j'j 2 dx = 33tt 2 + 327T1 
13. 0.2467 cm 3 15. 2.5 ft 3 



8jt 28?r 
17. (a) — (b) — 



32?r 224^- 

19. (a) (b) 

5 15 



21. (a) 28.99 (b) -jr (24^6 -17) 

23. (a) 0.637 (b) 7.472 

167T 32^- 647r 

25 . (a) _ (b) _ (c) _ 

(d) (e) ^ (f) **a 

3 3 3 

71 TZ 71 lit In \3tt 

27. (a) - (b) - (c) - (d) — (e) — (f) — 

2 5 6 15 6 15 



29. 



7th 2 

~2a 2 



(ly dy = 2tt 



33 

37. same volume 

16 2tt 
39. (a) — (b) — 



64 Stt 16V3 

41. (a) — (b) — (c) — — 
15 15 15 

43. using Simpson's rule, 12.786 



(r 2 - y 2 )dy = -Tzr 1 
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A-29 



45. answers will vary; one possibility is shown: 
height 




time 



47. 



5ti 
T2 



Exercises 5.3, page 343 



, &7Z 4-7T 

- x, h = x 2 , V = — 3. r = x, h = 2x, V = — 
3 3 

,h = y/x*+l,V= ^(l7 3 / 2 -l) 



■ y,h = Zji - y 2 , V 
11. ™* 13. 



1. r 
5. r 

7. r = 2 

9. — 11. 13. — 15. 288jt 

3 3 2 

80jt 16jt 
17. (a) — (b) 16tt (c) 16jt (d) — 

625tt 625tt 875jt 500jt 

19. (a) — — (b) — — (c) — — (d) — - 
6 3 6 3 

32jt 5jz 3tt 38tt 

21 . w _ (b) _ (c) _ (d) _ 

5tc 64jt 
23. (a) — (b) — 
6 15 

25. (a) 16.723 (b) 12.635 (c) 4.088 (d) 1.497 
27. x = ,Jy and x = y about x = 0 

y 




exercise 27 
29. same as #27 



35. Vl -V09« 0.2265 



Exercises 5.4, page 350 

1. 1.4604; 1.4743 3. 3.7242; 3.7901 5. 275 

„ 73^73 - 37V37 „ 10 

7. 9. — 

54 3 

■ l 

'\ + 9.r 4 dx ~ 3.0957 



13. / \/1 + (2-2a-) 2 fif* % 2.9579 

15. / \f\ + sin 2 ,v dx ss 3.8202 
Jo 

17. / 7 1 + (x sin*) 2 dx » 4.6984 19. 29.58 ft 21. 5 ft 
Jo 

23. 60 yards; 60 yards; 139.4 yards; 104.55 ft/s 

25. f 2nx 2 'J\+4x 2 dx sa 3.8097 



27. f 

Jo 

29. f 

Jo 



2n(2x - x 2 )J I + (2 - 2xf- dx sa 10.9655 

/2 / — 

27r cos.tv 1 + sin" jc dx ~ 7.21 18 



31. 1.672, 1.720. 1.754 ->- 2 

33. (a) 0.9998 (b) 0.9749 

35. (a) 6tt (b) 4jt (c) (V5+ 1)jt 

37. r = 3 + 7l2 

Exercises 5.5, page 358 



l. 
5. 
11. 

13. 

17. 



v(0) = 80, y'(0) = 0 3. y(0) = 60, y'(0) = 10 
-8^30 ft/s sa -30 mph 7. Vfc 9. 256 ft 
-4.9f 2 + 19.6/; 19.6 m; 4 sec; - 19.6 m/s 
o /T 



j ft/sec 

10V3 ss 17 sec, 490V3 «a 849 m; the same 
19. The serve is not in; 7.7°, 9.0° 21. 2.59 ft 
23. ball bounces (h «* -0.62) 
5~ 



25. 40 



V3 



:68ft/s;20V10w63ft/s 



29 



11.5rad/s 



25 25 25 

27. (a) — sin4f 1 (b) — sin(4f + tt/2) - 

v 16 4 16 ' 

20jt 
V30 

33. (a) Goal! (x sa -0.288 at y = 90) 

(b) yes (x ~ 1.7 when y = 30) 
35. 25 ft; 30.25 ft 

39. maximum allowed error is 0.01 rad ~ 0.6° 

41. 86.18 ft; 530.34 ft 

45. (a) v = j2gH (b) 32 ft/s 

(c) 22.63 ft/s (d) 3.94 ft/s; 22.28 ft/s 

Exercises 5.6, page 369 



25 
US 



1. 



ft-lb 



3. 



ft-lb 



5. 270,000,000 ft-lb 7. 50,000 ft-lb 

9. (a) 704,000 ft-lb (b) 16 hp 

11. (a) 44,100irN-m 
(b) 9800jt N-m 

13. 7.07 ft 15. J sa 2.133; 113 ft/s 

17. maximum thrust: /(3) =11; impulse: «s 53.1 1 

19. m = 15 kg, x = ¥ m; heavier to right of center 

21. 0.0614 slug, 31.5 oz 

23. 16.6 in.; same mass, x differs by 3 

25. 0.0614 slug, 31.4 oz; x = 17.86 in. 

27. 2,4, j;^,3, 

29. (|,2) 31. (0,1.6) 33. 8,985,6001b 

35. 196,035 1b 37. 12,2521b 39. 10,667 hp 

41. 27.22,20.54,24.53% 43. \pna^b 



45. 



midsized 
wooden 



1.35; 



oversized 
wooden 



1.78 



Chapter 5 Review Exercises, page 372 



1. h 2tt - 2 3. 

3 12 



9. 10,054 



11. 



98ir 



3 6 
13. 4.373 



256ir 128jt 1408tt 

15. (a) (b) 8jt (c) (d) 

5 3 15 

2jt 22tt 

17. (a) — (b) 2jt (c) 4tt (d) — 



• j \/l + 
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Jo V 4 ^ + 



1) 



+ Idx sa 3.1678 



23. f 2jt(1 - .v 2 ) Vl + 4x 2 t/.v ss 5.483 25. -64 ft/s 

27. 1.026 sec, 46.3 ft 29. no, ball bounces 
31. 6472 ft/s, -64^ ft/s 33. f ft-lb 



35. 



112 

3 ' 



16 



J , heavier to right of x = 2 
37. 22,630,4001b 39. J ~ 1.52; 32 ft/s 



CHAPTER 6 

Exercises 6.1, page 382 



= / 7 dr 

2 



,8.2 J 
il f 



7. 
13. 



9. — tan. i 11. — 3x 2 tan j: 3 [cos(ln(cosx 3 ))] 
4 5x 4 



15. 



17. oo 



19. 4 



x 2 + 1 x x 5 + 1 

21. ln(;r 2 + l) + c 23. ^- In | cos 2a- | + c 25. ln|ln.v|+c 
27. i(ln.t+l) 3 + c 29. §(ln2) 3 / 2 

31. ?ln2 33. A In 3 37. x smx (cos.v In* + — J 

39. (sinx) x [ln(sin.v) + x cot.v] 
41. v t 




increasing and concave down on (2, oo) 



43. 



y 






- 1 x 


y = ln(x 2 + 1); 





increasing on (0, oo), 

decreasing on (— oo, 0); 

concave up on (—1, 1), 

concave down on (— oo, — 1) U (1, oo) 




decreasing on (0, 0.37), increasing on (0.37, oo); 
concave up on (0, oo) 



51. approximately 0.6 

53. 2.744 s; x = 150; relay; straight throw is faster 
55. x = 25; times equal with 0.0062-s delay 



57. ,/ = i;pH. 



oo 



Exercises 6.2, page 389 

5. f~ 1 (x) = ^+2 7. /-'(.r) = 4^TT 

9. not one-to-one 11. f~ l (x) = Zlx 1 — 1, x > 0 

13. (a) 0; \; y = \{x + 1) (b) 1; i; y = A(* - 4) + 1 

15. (a) -l;±;y= ^(*+5)-l (b) 1; A; y = i(* - 5) + 1 

17. (a) 2;l;y=l(x-4) + 2 (b) 0; 2; v = 2(x - 2) 

19. 




21. 




23. k > 0 



25. 




49. oo 



27. not one-to-one 
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A-31 



29. y 37. / is one-to-one for* > 2; f~\x) = */x + 2,x > 0 




41. / is one-to-one for — j < x < 5 



r 




-3: 
-4^ 
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27. 



y = 3xe ■ 



29. 



10 

7.5 

5 

2.5 
-J) 



-2.5 



-\-*x 



2.5 



31. max at x = j , inflection point at X = 1 
33. min at x = 0, local max at x = 1 , 
inflection points at x = 1 db — 

37. 2(ln3)3 Zr 39. 2x(ln3)3 x2 41. 

43. — 2 x + c 45. — — 2* 2 +c 
In 2 21n2 



47. 



.vln 4 



49. 




51. increasing, concave up; decreasing, concave up 61. x = ±1 

65. t = - 

r 

67. 23; 3. 105 is percent per hour to hear rumor at t = 2; 70 is percent to 
eventually hear rumor 

69. 1;0;a = 0; 



1 + e-(*- 4 ) 




71. k = I In 2; 2 2 / 3 - 2 1 / 3 sa 0.327 



Exercises 6.4, page 403 

1. (a) 0 (b) -~ (c) - n - 
o 2 

3. (a) ~ (b) 0 (c) -y 
4 4 



5. (a) 0 (b) 



(c) 



3 4 
7. Vl -x 2 ,-l <x < i 

9. Vx 2 - 1, x > 1 or -V-v 2 - 1, .v < - 1 11. ^ 



13. \ 15. f 17. I.vn/9^ 2 , \x\ < 3 





y = sin '(3x) 



23. 




25. — , odd n 27. 



31. ±— +7T7! 35. tan" 1 
6 



Exercises 6.5, page 409 



7T 717T 



29. — + 

20 5 



(I) 



6x 



Vl - 9a 4 



3. 



5. cos 2a 



2.v 



Vl - 4a 2 



cos a sec a tan a , 

±1 9. — — 11. 6tan-'A-|-c 



1 + sec 2 a 

13. tan _1 A 2 + c 15. 2sin~'A 2 + c 17. sec~'A 2 + c 
19. tan" 1 ( i J +c 21. sin- 1 (e*) + c 23. ~ 25. 



31. 



1.09 feet 35. cos -1 a + sin" 



1 



37. Integrating ^ gives better accuracy for a given 71 . 

1 + A 

39. a = 0 41. (a) decreases (b) decreases 43. no 
45. V3 s» 1.73 feet 
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A- 



Exercises 6.6, page 417 

1. y 




r 



y = cosh(2.v) 



I I I I I I 
0 



tanh 4x 



I I I I I I > x 



63. 















y = e~*y - 
1 1 ^ b. 


i hH 






- l 


^+"x 









65. 17.77 67. 



69. 



Vff 2 - p 2 



5. (a) 4 sinh 4x (b) 4 cosh 3 x sinh x 
7. (a) 2xsech 2 (x 2 ) (b) 2tanhxsech 2 x 
9. (a) 2x sinh 5x + 5x 2 cosh 5x 
2x + 3(x 2 + l)cothx 



(b) 
11. (a) 



csch 3 x 



(b) 



2.v 



V4x 2 - 1 

13. g sinh 6x + c IS. j In (cosh 3x) + c 17. j cosh 4 - ^ 

19. cosh(sin x) + c 21. e slnhl - 1 23. 27.62 

31. f'(x) < 0 for x < 0, /'(.*) > 0 for x > 0, /"(*) > 0 for all x 

33. lnfx + V^n) 39. (g) ™ In ^cosh 

41. 9.8 m/s 2 



Chapter 6 Review Exercises, page 418 



3.v- 



15. 



x 3 + 5 
2 

Vl -4x 2 
3 



4x 3 + 1 
2(x 4 + x) 



-2xe 



7. (3x 2 ln4)4 r 



11. 



—2 sin 2x 
1 + cos 2 2x 



13. ix" 1 / 2 sinh./x 



17. {ln|x 3 +4| + c 19. i In 2 



V9PTT *" 3 *"' ' 2 

21. -cos(lnx) + c 23. -\e~ 4x + c 25. 2e^ + c 

27. i e 6 -i 29. — 3 4l + C 31. 3 tan- 1 f + c 

3 3 41n3 2 \2/ 



33 -sin '(x 3 ) + i 



35. | sec 1 x 2 + c 37. 4 sinh 'x + c 



39. i sinh 4x + c 41. yes, tyx + 1 43. 



45. 



1 



1 



/'(I) 11 



47. 



1 



1 



7T ~/3 

51. - 53. — 

4 2 

59. 



/'(2) 2 
55. % 



49. 



57. - + Tin 
4 



v 


i 61. 


= cosh(2x\^ 


/ 


0. 


- 1 x 




y = sin 




CHAPTER 7 

Exercises 7.1, page 425 



-e ax + c 3. sin" 



+ c 



5. — g cos 6r + c 



r x 3 + -x 3 + 16x + c 



5 3 
11. sin 



9. - tan 

4 



(?) 



+ c 
+ c 



15. 21n|f 2 + 2f + 5| -2tan 



17. 

21. -2cosVx + c 23.0 25. 1-^2 



27. - tan 1 x J + c 

3 



29. sin" 1 - + c 
2 



31. - sin x + c 

2 



1 , ,12 

33. tan~'x+ -ln(l + x 2 ) + c 35. -(In2) 2 37. — 



72 

39. 41. 

5 



/ 



5,5. 

T ax = — = tan 

3 + x 2 VI 



+ c 



43. 



/lnx , , 

— fifx = | (lnx) 2 + c 



2x 



45. 



47. 1 + 4ln2-tan-'(2)+ \iz 
49. tan -1 x + c; ^ ln(l + x 2 ) + c; x - tan -1 x + c; 
\x 2 - ^ln(l+x 2 ) + c 



Exercises 7.2, page 431 



1. xsinx+cosx + c 3. 7 xe 



l r „2x l „2. 



l j 



sin 4x — A e* cos 4x + c 



13. x tanx + In |cosx| + c 15. ire 



!* +C 



17. sin x In (sin x) — sin x + c 19. - sin 2 cos 2 

4 2 



21. 



2 

T 
JT- 



1 



25. -x 2 e ax 
a 

1 

27, 



23. 101n20-ln2-9 

2 



lnx - 



ar a 3 



v"+'+ C 



n + 1" " (n + 1) 2 
31. e l (x 3 -3x 2 + 6x-6)+c 
33. J cos 2 x sin x + | sin x + c 35. 9e — 24 



37. 



39. m even 
m odd: 



(m — l)(m — 3) ■ ■ ■ 1 rz 
m(m — 2) ■ ■ ■ 2 2 ' 
(m - l)(m - 3) ■ ■ ■ 2 



m(m — 2) ■ ■ ■ 3 

41. x cos~' x — \/l — x 2 + c 43. — 2V* 7 cos ^x + 2 sin V? + c 
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45. — [sin(lnx) — cos (lnx)] + c 



K) 



cos (e 2x ) + e 2x sin (e 2 *) + c 



49. 6(e 2 - 1) 51. n times 

53. (a) Substitution (b) Parts 
(c) Parts (d) Substitution 

55. first column: derivatives; second column: antiderivatives 

57. x 4 sinx + 4x 3 cos x — 12x 2 sinx — 24x cosx + 24 sinx + c 

59. (ft 4 - x 3 + I x 2 - \x + |) e 2 * + c 

61. -i* 3 e- 3jt - fv 2 e- 31 - \xe~ 3x - ^e" 3jt + c 

67. e x \ax + c 



Exercises 7.3, page 440 



9. jsec 3 .v + c 11. g sec 3 (x 2 + 1)- \ sec(x 2 + 1) + c 



13. - \ cot 3 jc — j cot 5 x + c 



15. 



19 . _1 + 25V2 1 V9] 

21 168 9 .i 



23. 8 sin" 



(|) " ^x\/l6-x 2 + c 



- +c 
25. jt 



TV (a) " , + 2 ln 



3 + 



S 2 



+ c 



29. 21n|Vx 2 -4 + x| + , 
31. si Ax 2 - 9- 3 tan" 1 

3.v 



V4x 2 - 9 



+ c 



33. 



+ 1 



+ c 



35. i.v\/l6 + .v 2 + 8 In 



V16 + .V 2 



+ c 



37. 9- 



16>/2 



4 4 

39. i(l + jc 2 ) 3/2 - >/l + Jc 2 + < 



+ c 



41. Vx 2 + 4x - cosh" 1 ^-y-J + c 

43. six 2 + 2x + 10 - i sinh" 1 (-y-) 

45. I tan 4 x + j tan 2 x + c; ^ sec 4 x + c 
47. (b) j sec x tan x + j | sec x + tan x | + c 

(c) I sec 2 x tan x + | tan x + c 

(d) ^ sec 3 x tanx + | secx tanx + g In |secx + tanx| + c 
49. — j cot x esc x + j In I esc x + cot x | + c 

53. kRI 2 



Exercises 7.4, page 449 



X + 1 X - 1 



;31n|x + 1| - 21n|x - 1| + c 



2 4 

3. + ;21n|x + l|+41n|x-2| + c 

x + 1 x — 2 



-4t + " 1 ;21n |x + 1| + ^ In |x - 2| - ^ In |x| + c 

x + 1 x — 2 x 2 2 

3 2 3 2 

^— T- 5 =;-ln|2x+l|- -ln|3x-7| + C 

2x + 1 3x — 7 2 3 

1 5 1 1 3 1 

~h + T-b^a ~ " ; I ln I* + 21 " 9 ( - v + 2) "' " I ln W + c 

x + 2 (x + 2J 7 x 4 2 4 



11. 



-2x + 12 , , 

—= h -ln(x 2 + 1) + tan" 1 x + 21n |x| + c 

x 1 + 1 x 



13. 2 + i 

3 3 



5 3 
3x + 2 2x - 5 



15. 



-x+-ln|3x + 2|--ln|2x-5|+c 

h^— + — X — y;21n|x + 1| - (x + l)" 1 + c 
x + 1 (x + l) 2 



2 2 

17. 1 V ;x - 21n|x| +2tan _1 (x + 1) + c 

x x 1 + 2x + 2 

2 x-2 

3x + 2 ln |x - 1 1 + \ ln (x 2 + l) - 2 tan" 1 x + c 

21. 1 1 ln |x + 4| + 21n |x - 2| + \x 2 - 2x + c 

23. ln|x + 2| - 31n|x + 1| + 21n|x| +c 25. ln|x 4 -x| + c 

27. \ In |2x + 1| - \ ln(4x 2 + 1) + \ tan" 1 (2x) + c 

UJ_J. J .5,„l,2 i 3, i l|_w5 ta „-i f3*±l) +c 



31. 31n|x| + i ln|x 2 + x + : 



v/3 



tan 



+ c 



33. — x cosx + 2x sinx + 2 cosx + c 
35. iln(4-sin 2 x) + c 



37. 



39. 



4x + 1 



x 2 + l (x 2 + l) 2 x 2 +x + l ( x 2 + x + l ) 

41. ln|x 3 | - ln|x 3 + 1| + c; — ln 1 1 + l/x 3 | +c 

43. (a) partial fractions (b) substitution 
(c) partial fractions (d) basic formula 



45. 



4(l-sinj() 4 



I ln(l — sinx) - 



4(I+sin.r) T 4 



+ 1 ln(l + sinx) + c 



Exercises 7.5, page 456 

i l 

H ln|2 + 4x| + c 



8(2 + Ax) 16 
3. §(3e*-2)(l+e*) 3 / 2 + c 

5. ix7l/4 + x 2 - ^ ln Ijc + v / T/4 + * 2 1 + < 



7. 
11. 



pi 

~ + - 9. ln(2 + V8)-ln(l + V5) 



-1 



x - 3 

1 

5 



1 

15. -ln 

2 



79 - (x - 3) 2 

u — i tan 3 u - 
V4 + sinx — 2 



(^) 



+ c 



13. J tan 5 u — i tan 3 « + tan u — u + c 



V4 + sinx + 2 



+ c 



17. j cosx 2 + jX 2 sinx 2 + c 



19. - j (cos x - 2)Vl + cosx + c 

21. ^ sin f V4 + sin 2 f - 2 ln^sin f + V4 + sin 2 f ) + ( 

23. \e- 2 l x2 +c 

25. -v / 4x-x 2 + 2cos" 1 (^y^) + c 

27. r r tan"V r ) - ln(l + (?A + c 



Exercises 7.6, page 464 

1. -\ 3. 3 5. 2 7. 1 
11. -| 13. i 15. 0 17. - 



9. -2 
19. 2- 



21. 0 23. 0 25. does not exist 27. 1 
29. 0 31. 0 33. e 35. oo 37. 1 



39. e~ 



41. not indeterminate 
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A-3S 



43. 0 is the correct value, but the original expression is 

not indeterminate 
45. no 47. no 

n 

49. (a) sin 3.v ~ 3x, sin 2x ~ 2x (b) — 

m 

(x + l)(2 + sinx) x 
51. (a) — — (b) — 



(c) 



x(2 + cosx) 
3x + 1 



x - 1 
53. e x 55. oo 



(d) 



3 - 8.v 



1 + 2x 
3 degree of p 
2 ' degree of q 
63. I 65. (a) JWmg (b) 0 (c) gt 



57. 



Exercises 7.7, page 476 

1. (a) improper (b) not 

3. (a) converges to | (b) diverges 

5. (a) converges to 2 (b) converges to ! 

7. (a) diverges (b) converges to | e -2 

9. (a) diverges (b) diverges 

11. (a) converges to — 1 (b) diverges 

13. (a) diverges (b) diverges 

15. (a) converges to tt (b) diverges 

17. (a) converges to 2 (b) diverges 

19. (a) p < 1 (b) p > 1 21. 

c 1 



1 



, converges 



23. 



r 3/2 _ , 



, diverges 25. 



1 + .* 3 

3 3 

< — , converges 

x + e x e x 



1 



27. < — , converges 29. > e x , diverges 

1 + e x e x In x 



31. jln4- i 



35. true 37. false 



39. (a) 



45. g(x) -- 



(b) — 43. (d) --In 2 
2 2 



1 + tan x 
1 ifx 



if 0 < x < - 
71 

2 



l " 2. p_L 

* 'Jo 1 + 1 



tan x 4 



49. (a) 2 (b) 4 (c) r 51. 

1 

55. (a) Sli(r)-- 



1 



53. e~ l l % 0.882 



- (b) £2,(r) = (l- 
(2r - l)e 2 '' + 1 w " w v 

(d) fi(x) > / 2 (x) for 0 < x < 0.34 and x > 1 

(e) c = » ; higher risk needed for higher gain 

57. I(pi) = 0,I(p 2 ) = ln2- - 



(c) fl 



Exercises 7.8, page 485 



7. 4 9. 



11. 



13. 0.157 



1-e- 4 

15. 7.77 x 10-" 17. 1 - e- } / 2 sa 0.77687 

19. f" 6 - e~ n % 0.00247 21. 0.594 23. 0.9999995 

3 3/T 



25. (a) J (b) J i« 0.7937 27. (a) -In 2 (b) tan- 



29. (a) - ~ 1.57 (b) - ~ 1.57 

2 2 1 — e~ 



2 

31. c = 



33. c = 



6; mean = — [1 - (6b + l)^" 6 ] -> - 
36 6 



1 - e- 6b 

35. (a) 0.0646 (b) 0.9354 (c) 0.0132 (d) 0.4147 



39. 



41. p : 



m 
ii 



43. m 



1 



16 , 4 1 
47. (b) —x- - -x + 1 (b) - 
15 5 2 



Chapter 7 Review Exercises, page 487 



1. 2e^ + c 
5 



3. ism" 1 . 



9. iln(4 + .v 4 ) + c 

13. - sin 3 cos 3 

9 3 

19. 41n2- |f 21. isin 3 JC+c 
23. isin 4 ,r- 



- ^e-' x +c 
11. jX 3 + C 

15. * 

16 



17. 1 



25. j tan 5 x + \ tan 3 ,y + c 



27. -(sinjc) 



3/2 



"(sin;t) 7/2 + c 



29. tan" 



+ c 



31. 



74 - x 2 
' 2x 



+ c 



33. 



-—^9-x 2 - 6\/9 - .V 2 + c 



35. y\A.- 2 + 9-6\A: 2 + 9 + c 

37. 31n|x+ 1| - 21n|x + 2| + c 

39. 3 In |jc | + 21n|x - 2| - \n\x + 2| +c 
41. 

45 

49. 



je- r cos2.v+ |e A 'sin2.T + c 43. j(x 2 + l) 3/2 + c 



47. 



1 



x + 2 x- 1 



x-4 x+l 
1 4 
x + 2 ~ (x + 2) 2 
51. i (4 + 2e 2r ) V4 + e 2 * - 2 In (e x + V4 + e 2v ) + ( 
53. 1 tan x sec 2 .v + § tan x + c 



55. 
57. 



4 4, 
h - In 

3(3 - x) 9 



+ c 



^9 + 4x 2 



+ 2\n\x + J-+x 2 \+c 



59. V4-.V 2 -21n 



2+\/4^ 



+ c 



61. diverges 63. converges to 3 65. converges to it 



67. diverges 69. RT\ 



ART 5 



3(2T 2 - l)e 2T2 + 3 



73. c 75. 24.75%; 135 

CHAPTER 8 

Exercises 8.1, page 498 

1. 2e 4 ' 3. 5e- 3 ' 5. 2<? 2( '- 1) 7. 50 + 20,?' 
9. (a) 3200 (b) 400 ■ 2' = 400e <ln 2) ' (c) 4525 
11. (a) 8 hours (b) 100 ■ 2'/ 4 = 100e (ln2 / 4) ' (c) 23.6 hours 

13. 20 % 66.4 minutes 17. (a) 12.5% (b) 8.4% 
In 2 

19. 0.4f- <ln2 / 3 "mg; 15.97 hours; (a) 6 hours (b) 15.97 hours 



21. 13,305 years 23. 



In 



(n) 



i 5.72 minutes 



25. (a) 70 - 20e (ln 7 / 2 " (b) 66.6° (c) 9.02 min 
27. 9:46 p.m. 29. $1080, $1083, $1083.28, $1083.29 
31. (a) A = $110,232; B = $66,402 (b) A = $22,255; B = $29,836 
(c) 6.9% 

33. (a) $14,715.18 (b) $5413.41 

with linear depreciation: 10 years, $20,000; 20 years, $0 

37. $7300; $7860 vs. $7665 

39. p(x) ~ e 1-468.1 +0.1 82. answers w j]l var y 

41. p(t) ^ e -o.055r +2.015 ^ w jj ere t i s y ears since 1960 
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45. for31-hour half-life: 87.71 mg; for 46-hour half-life: 104.48 mg 
47. £(0 = e~ (ln2/4) ' 
E 




49. $4493.29 51. A: $167,150.43; B: $179,373.42; C: $180,000 

53. (a) lump sum ($1,271,249 to $1,267,853 after 3 years) 

(b) 4 payments ($1,228,234 to $1,197,217 after 3 years) 

(c) lump sum ($1,349,859 to $1,309,401 after 3 years) 



Exercises 8.2, page 507 

1. (a) yes (b) no 3. (a) yes 
5. y = ce x+p / 3 7. y = 



(b) no 



1 



;X D +C 



9. y = ±y41n|l + x 3 | + c 

11. (>• + \)e~y = 2(x + l)e~ x + c 
13. cos y = — sinx + c 15. y ■■ 



?Vl +x 2 



17. v = ce 



3.0* 


\ A=3 


8.5- 




/ 2 0 /" 


A=2\ 


/ /' 5 ~ 

/ / 


A=l \ \ 


1 / 05 ~ 




i i i i i lie 


i i i i i r i i 



19. 



±s/2x + 1 




21. _v = e-'e (A ' +1)3 23. v = ^/-.v 3 +4 25. v = (x + 3) 4 



27. sin y = 2x 2 29. 



2e" 



31. y. 

35. (a) y 
(b) 



20^' 



33. v 



3e' 



l+4e 10 ' ' " l + 3f' 

(8 x 10 7 ) e 0JU 
3 + e 071 ' 




-4 -2 
(c) 4.642 years 

37. (a) $277,901 (b) $25,002 

39. (a) $1,131,949 (b) $998,258 (c) 10.5% 



21 

41. (a) y = .Jx 3 H x 2 + 9.v (b) vertical tangent 





15- 










10- 










5- 








'Jo -5 


0 


1 

5 


1 — »• 

10 



(c) the cubic has three real solutions for 

-217-37737 -217 + 37737 

< c < 



12 



12 



4(11 _ 3( ,-(4/5)f) 4 

43. x(t) = — ; ,, ,., . ; limiting concentration is — 

5 (33 - e-( 4 / 5 >') S 15 



x 

0.3-- 



45. x(t): 
0.3 -- 



0 5 
3 (14 - 5e-( 21 W) 
5 (28 - e-C/50)') 



10 



-I— 

10 



1 + e 6 



0 5 
47. (a) the long-term population is about 682,800 
(b) fish die off in 27 years 

2-6ce 02 ' 

49. x(t) = zr^ ► 6; if n(0) < 2, then c > 1 and there is a 

1 — ce UM 
vertical asymptote 
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51. r'(t) = k(S — r); r(t) = 1 + 13e (values in thousands) where 
k= \ In -0.155 



53. fc: 



: 0.0000847, M : 



0.18 



: 2125 



55. 70m/s 



Exercises 8.3, page 518 
1. 



23. 



WW 



— 



l *1 



I \ \ \ \ \ 

\ N N \ \ N x 
/ / / S / / , 

(Hill 


i 

>' 

1 




i \ \ \ \ 
>. \ \ \ \ 




1 









Ufi 



;UT{ 



v 4 i \ 



7. C 



9. D 



11. A 



13. ft = 0.1: yi = 1, y 2 = 1.02, y(l) sa 2.3346, y(2) sa 29.4986; 
ft = 0.05: yi = 1, y 2 = 1.005, y(l) sa 2.5107, y(2) sa 39.0930 

15. ft = 0.1: yi = 1.3, y 2 = 1.651, y(l) sa 3.8478, y(2) sa 3.9990; 
/i = 0.05: yi = 1.15, y 2 sa 1.3139, y(l) sa 3.8188, y(2) sa 3.9978 

17. ft = 0.1: yi = 2.9, y 2 sa 2.8005, y(l) sa 2.0943, y(2) sa 1.5276; 
ft = 0.05: yi = 2.95, y 2 ~ 2.9001, y(l) sa 2.0990, y(2) sa 1.5345 

19. ft = 0.1: >-! = 1.1, y 2 ~ 1.2095, y(l) sa 2.3960, y(2) sa 4.5688; 
h = 0.05: yj = 1.05, y 2 sa 1.1024, y(l) sa 2.4210, y(2) sa 4.6203 

21. y(l) = e sa 2.7183, y(2) = e 4 sa 54.5982; 

y(l) = V5 sa 2.236068, y(2) = 78 sa 2.828427 



ikkk k kkk 
-v. \ \\ \\ \\ \\ 

— -s N N N. N. N. S 
/ " " " ~ -" .' r - r 

/////////// 




s\ \ 
:^^k' V 

-X \ \ \ 



25. 
27. 
29. 



: 2 (stable) 

: — 1 (unstable), y 



y = 0 (unstable), y 
y = 0 (unstable), y 
y = 1 (stable) 
33. estimates are 3 1 .64, 218.12, overflow 
_ In 2 
X ~ ~2~ 

(a) y„ alternates values above and below 8. 

(b) y„ increases to 8; solution increases to 8 

y(0) = 3;y = l - 
-5.5 



1 (stable) 



35. 
37. 

39. 
41. 



■ lx l + 2x + 3 



y(0) : 



43. 



V5 



3 + V5 



2 2 
3.98 < g(0) < 5.44 and 10.27 < g(0) < 1 1.72 



0 and g = b are stable; g(t) — > 0 if 



Exercises 8.4, page 525 

1. (0, 0): no prey or predators; (1,0): prey but no predators; 

(1/2, 1/4): twice as many prey as predators 
3. (0, 0): no prey or predators; (3, 0): prey but no predators; 

(2, 1/2): four times as many prey as predators 
5. (0, 0): no prey or predators; (2, 0): prey but no predators 
7. (0, 0) and (1, 0) are unstable, (0.5, 0.25) is stable 
9. (0, 0) is unstable, (2, 0) is stable 
11. unstable 13. stable 

15. (0, 0): none of either species; (3/2, 0): some of first species, 
none of second; (0, 2): some of second species, none of first; 
(1, 1): equal amounts of each species 
17. (0, 0): none of either species; (3/2, 0): some of first species, 
none of second; (0, 2): some of second species, none of first; 
(1/2, 1): second species is double the first species 
19. (0, 0): none of either species; (1,0): some of first species, none of 

second; (0, 1): some of second species, none of first 
21. (1, 1) is stable, the others are unstable 
23. (a) y 

\ \ \ u 
\\\ \ \ 
WW \ 

\\\\\ 
'\\\\ 

11} nt 

// / / r 
^/// 1 




(b) 



\\\\\ 
\\\\\ 
WW 

II 

WW 



-03 — 



I X^— - 

//——- 
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23. 



25. u' = v;v' = -4u - 2xv + Ax 2 

27. u' = v;v' = —xu 2 + (cos u)v + 2x 

29. u\ = »2;«2 = "3i If 3 = — 2jc«3 + 4«2 _ 2«i + X' 

31. «'j = »2; « 2 = "3' u 3 = M 4> M 4 = 2«4 _ XU2 + 2 - 

33. ,v(l) ss 0.253718, y(l) ss 0.167173 

35. (0, 3), (0, -3), (2, 1), (-2, -1), (6, 3), (-6, -3) 

37. (0, 0), (-2, 2), (4, 4) 



25. 



1 

\ \ Ni V\N^ 


-Z/ r r i ; 


'I 




WWW 


%\\\\ 






'-2' " 




4 



\\\\ 



M/ /-2/^0 



if 

— / / 7 



27. (a) x(t) = 0.01849 



38.239e 



-0.36056r- 1.5700 



„-0.36056r-1.5700 . 



- 12.239 

1 



38.239e- a36056 '- a56%8 + 12.239 
(b) ,-(0 = 0.01849 e . 0M056 ,_ 0 , mm - , 



39. 




41. death rate < 0.4 



0.4 



0.2-- 



10 



15 



20 



t(0) + f(rc/ 2 -ra ■ x(0)) 

1 + t(ra - r ■ ,v(0)) ' 
the limiting concentration will be a 



29. 0 < x < a;x(t) ■■ 



Chapter 8 Review Exercises, page 528 

1. 3e 2t 3. -Jlx 2 + 4 



;. (-x^ 2 + J - 

V3 3 



, ,, 2 In 100 

7. 10V ln2/2) '; 13.29 hours 

In 2 

,,,,, —2 In 0.05 

9. 2<r (ln2 / 2 "; ^ 8.64 hours 

In 2 

11. ~ 8.66 years 

0.08 

13. ii2 e l ln ( 108 / 112 » ! + 68; 2 1.10 minutes 
15. v = ce"/ 2 >-'- 4 



1 , 1 , 



: 4 tan x + c 



19. y = 0 (unstable), y = 2 (stable) 
21. y = 0 (stable) 



31. 101n4« 13.86 years 

33. predator-prey model; equilibrium solutions are (0, 0) (no prey or 
predators) and (1,0) (prey but no predators) 

35. competing species model; equilibrium solutions are (0, 0) (none of 
either species); (0, 4) (none of first species, some of second); (5, 0) 
(some of first species, none of second); (1, 2) (twice as many of 
second species as first species) 

37. (0, 0) is unstable, (1, 0) is stable 

39. Let u = y and v = u' to get the system 



u = d; v 



-2u + Ax l v + Axu - 1 



CHAPTER 9 

Exercises 9.1, page 542 



l. l. 



3 5 T_ 9_ 11 

4 ' 9 ' 16 • 25 ' 36 



S 4 2 - - — 

t, ^, 3, 6 . 30 , 180 

5. converges to 0 7. converges to 1 
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9. 1.0 

0.75 
0.5 

0.25 
().() 



2 4 6 
Converges to 0 

0.9 
0.8^ 
0.7^ 
0.6 
0.5 
0.4 
0.3 



i i I i i i i I i i i i I i i i i I i i i i I 

10 20 30 40 50 



Converges to 0 



0.9 
0.8 
0.7 
0.6 - 
0.5 



5 10 
Converges to 1 

3.0 - 

2.5 - 

2.0 

1.5 

1.0 

0.5 

0.0 



i I i i i i i i i i i i i i i i i 

15 20 25 30 



Converges to 2 

11. converges to | 13. diverges IS. diverges 

17. converges to 0 19. converges to 0 21. converges to 0 

23. converges to 0 25. 1 27. In 2 29. 0 

35. decreasing 37. increasing 39. |u„| < 3 

41. \a„\ < \ 43. 45. ^ 



49. (a) lira (l + i)" = e 2 ; lira (l - 2)" = e' 1 

51. 1.8312 53. converges to j ; /„' * dx 

55. (b) ( C 3- Cl ) 2 + (r 3 -r I ) 2 = (n+r3) 2 ;|c3-c 1 | = 2Vn?J; 
(c 3 - c 2 ) 2 + (r 3 - r 2 ) 2 = (r 2 + r 3 ) 2 ; |c 3 - c 2 | = IJivi 
(d) r n = l/F 2 



57. 5 48 
59. a„ = 144 - 36tt 



2 - N /2+ v / T+V3% 0.1308, ^ % 0.1309 



Exercises 9.2, page 551 

1. converges to S 3- converges to | 5. diverges 

7. converges to 3 9. diverges 11. diverges 
13. converges to 1 15. converges to 17. diverges 



25. 



-1 < c < 0 



27. c = 0 



23. diverges 
29. converges 



31. converges 33. (a) L — Yl &k 

k=l 



37. 64; 256; 4'" 



39. (a) 



0.9 
1-0.1 



41. at = t and b\ 



43. 



> ij if - 1 < r < 1 45. yes 47. no 



49. 1.3589L;;i = 
53. 2(1 -e~ 0A ) 



P 1 1 

51. > p if p > -; 0.692 

l-2p(l-p) ' y 2' 



!0.19 55. $400,000; save $150, 000 
57. 1 ; you eventually win a game 59. 1 .002004008 . . . 

Exercises 9.3, page 562 



1. 


(a) diverges 


(b) 


diverges 


3. 


(a) diverges 


(b) 


converges 


5. 


(a) diverges 


(b) 


converges 


7. 


(a) converges 


(b) 


converges 


9. 


(a) diverges 


fb) 


diverges 


11. 


(a) converges 


(b) 


converges 


13. 


(a) diverges 


(b) 


diverges 


15. 


(a) diverges 


(b) 


converges 


17. 


(a) converges 


(b) 


converges 


19. 


(a) diverges 


(b) 


diverges 




(c) diverges 


(d) 


diverges 


21. 


p > 1 23. 


p > 1 


25. : 



29. e- 



6.73 x Kr 



3 -ioo 3 
31. 101 



27 
33. 4 



6 

7-50 7 



35. (a) can't tell (b) converges (c) converges (d) can't tell 



45. 



7T 71 71 71 71 

~6' 90' 945' 9450' 93,555 



47. (a) y = x" is concave up for x > 0 
10 

49. 2 53. (a) 10 £ f ~ 29.3 (b) 3 



Exercises 9.4, page 570 

1. convergent 3. convergent 

7. convergent 

13. convergent 

19. convergent 

25. 3.61 27 

33. 20,000 35. 34 terms (k 

37. converges 39. diverges 



5. convergent 
9. divergent 11. diverges 
15. convergent 17. diverges 
21. divergent 23. convergent 
-0.22 29. 1.10 31. -0.21 
0 to k = 33) 
41. /'(it) < 0 for k > 2 



43. positives diverge, negatives converge 



1 



- (/.V 



47. 



1 + 



30.9 



Exercises 9.5, page 577 

1. absolutely convergent 3. divergent 

5. conditionally convergent 7. absolutely convergent 

9. divergent 11. absolutely convergent 
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13. absolutely convergent 15. divergent 

17. conditionally convergent 19. absolutely convergent 

21. absolutely convergent 23. absolutely convergent 

25. conditionally convergent 27. conditionally convergent 

29. absolutely convergent 31. absolutely convergent 

33. divergent 35. absolutely convergent 

37. absolutely convergent 39. absolutely convergent 

41. ratio 43. alternating 45. p-series 

47. ratio 49. integral 51. root 

53. comparison 55. comparison 

57. integral 59. ratio 

63. (a) -1 < p < 1 

Exercises 9.6, page 585 

1. oo, (-co, oo) 3. 4, (-4, 4) 

5. 3, (-2,4] 7. 0, {x = -1} 
1 



9. 



r, (1,2) 



11. r^-.l- 5 -- 3 -) 
8 V 8 8/ 



13. r = 2, (-4, 0) 15. r = oo, all x 



17. 





I i I i I i I 

3 4 5 6 



1 



1 +X 

2 



21. (0, 1), 



1 



2-2x 



19. (-3,-1), 

23. (-2,2),—^— 25. £2x*,r = l,(-l,l) 
l + x k=0 



27. ^(-l)^* 2 *^ = 1, (-1, 1) 

k=0 
oo 

29. £]2.T M+I ,r = 1,(-1, 1) 

/t=0 

OO J 

31 - E(- 1 ) Ar ^+r^'- = 4 -(- 4 > 4 > 



33. £(-1)' 



v 2<r+l 



2fe + 1 



r = 1 



OO OO i 

35. £ 2/tx 2 *- 1 , r = 1 37. J^(-l) k — x 2k+2 , r = 1 
k=\ k=o k+l 

oo 

39. (—oo,oo);^^—ksm(k 3 x),{x = n7r} 
k=l 

oo 

41. (-co, 0); ^ fce** (-co, 0) 
*=o 

43. (a - fo, a + 6), r = b 45. r 
47. r =1, 1.003005007... 



oo t„3*+2 

49. £=^;r = 



3fe + 2 



I I I I | I I I I | I I I I | I I I I | 

0.0 0.25 0.5 0.75 1.0 



^ ,. / 1 1 \ 111 

«• ^5^(4lTT + 4lT3j = 1+ 3-5-7 + - 

(b) -^[tan^Vl + ^-tan-'d- v^)] 
V2 

2 6 1 



53. 



(1-p) 3 ' (1-p) 4 ' (l-p) n+1 



Exercises 9.7, page 597 

(2k) 



it=0 



5. E (_1) *iXI' (_1 ' 1] 7 - £(-!)*(* 



»• E 



(.V - If 



(—oo, oo) 



11. l + £;(-l)* +1 V (* - e)\ (0, 2e] 
k=\ k 

oo 

13. £(-l)*(*-l)*,(0,2) 
*=o 

15. 1 + \(x - 1) - i(.v - l) 2 + ±(x - l) 3 
+ asC* - i) 5 - tbb(* " » 6 

17. e 2 [l + (,v - 2) + \(x - 2? + \(x - 2) 3 + ^(* - 2) 4 



»C* - l) 



1 ,.3 _,_ 3 v 5 
\ x 

in+1 



21. |«„(JC)|< 



|.v|" 



(n + 1)! 



0 23. \R n (x)\ 



1 x - 1 



n + 1 z 



25. (a) 0.04879 (b) (c) 7 



27. (a) 1.0488 (b) 

(-3) 



7(0. I) 5 
256 



(c) 



r 2k+\ 



33. £ 



( _ 1) t 2 2t+l 

(2fc + l)! ' 



,2*+2. 



35. e* with a = 2 37. tan - 1 x with a = 1 

39. (a) differentiation (b) Taylor series 

41. (a) antidifferentiation (b) antidifferentiation 

43. x; converges to/ for all x > 0 
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(-l)*(2*-3)(2*-l).--(-l) k 

-, * 

2 k k\ 



47. 1+E 

k=\ 

49. 1 + (x - 1) = x # for x < 0 

51. the first three terms of the Taylor series for/ and g are identical 
53. x + x 2 + j-v 3 — 3j-t 5 — ^jX 6 ; equals the product 

X 2 X* X 6 

55. 1 — -^y + — — — ; equals to the Maclaurin series for shut, divided 
by x 

57. Y^;Y^ 

£;<2*)i ^(2*4-1)1 
59. 4; 6; Taylor is more efficient 



Exercises 9.8, page 605 

1. 0.99923163442 3. 0.94275466553 
5. 0.81873075307 7. -i 9. -\ 11. 1 

19. oo 21. 12 

g.V +-X + — JC 

25. 6 - 6x + 12x 2 - 28.r 3 + 70x 4 - 
27. (a) 5.0990200 (b) 4.8989800 



19. 



1 
' 2 

1703 5651 2 

900 3 " 3780 5 

23 . 1+ l,. + |. v 2 + ^3 + _|_ v 4 + 



29. 64 + 48x + 12;t 2 +x 3 ;l - 8x + 24x 2 - 32x 3 + 16x 4 ;« + 1 



-»i ,1 3,35, 5 7, 

31 - +¥- v +TT2- ,: + 

33. (b) m = l.lmo if V = -JoUC » 83,000 miles per second 
(c) m 0 (l + ^V 2 + ^4 V 4 ) ;m = Um 0 if 
V = y 4vTo-lo c ^ 78j2 84 miles per second 



35 ^9 



35. (b) x = — ss 200 miles 
20 

(c) mg(l-§.*+ 
37. too large 41. i 



217 miles 



0.00 Id 
T 



Exercises 9.9, page 618 



1. yVl)* +1 -sinfa 3. Jr-T] --, ~T\2 cos[(2<:-l).i: 
fc=l * *=1 ~ L) 71 

°° _4 

5. > sin 1(2* - lk] 7. 3 sin 2x 

OO 2 i OO 

9 - ^(-D^sintex 11. -+£(_!)' 



3 ' /fc 2 7r 2 



cos knx 



Y oo 2 00 J 

13. - + V o o cos(2jt - l)jrz + — sin/br* 

4 ^ (2Jt - 1) 2 tt 2 v £~i to 



15. 




17. 



y 




2- 




o^> 1 


- OO OO 


• 


• • 




2.4 6 -v 


OO OO - 


--1 o-o 



31. If / and g are even then fg is even 
35. sine 37. both 
41. 




1 3 x 



-3 -1 



1 3 x 



43. The amplitude varies slowly because the frequency of 2 cos(0.2r) is 
small compared to the frequency of sin(8. If ). The variation of the 
amplitude explains why the volume varies, since the volume is 
proportional to the amplitude. 



47. 




// = 

} 


= 8 








i \ 

0.8; 














l)x] 




0.6 \ 
0.4; 
0.2 














- 1 1 hi 1 


h. t> - 

-8 


ill 
-4 


-1 1 N 


ill 

"0 


4 



The modified Fourier series is 



2» 



; [(2k-\)jzf 



(2k - Y)n 



sin[(2/t - l)x]. 



Chapter 9 Review Exercises, page 621 

1. converges to 0 3. converges to 0 5. converges to 0 

7. diverges 9. diverges 11. can't tell 13. diverges 

15. converges 17. converges 19. 8 21. | 

23. —0.41 25. diverges 27. converges 29. diverges 

31. converges 33. converges 35. converges 

37. converges 39. diverges 41. converges 43. converges 

45. converges conditionally 47. converges absolutely 
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x 

49. p > 1 51. 1732 53. £](-!)* ^pp, r = 4 



7. x = iy 2 - 1 



SS - EC-^IT'^^ 57. ^(-l)* -^_ +ln4,r = 4 
59. (-1,1) 61. (-1,1] 63. (-00,00) 

00 r 2k+l 

65. a,l) 67. Y(-l) k — 

" 3 ' feS (2fc+l)! 

69. (x - 1) - i(* - l) 2 + \(x - l) 3 - \(x - l) 4 



71. 0.1822666, 10 73. Y^C-l)' 
^2, 4 /far \ 



4 1 

3V* 



- , r = 00 75. 



79. 



%.a;a./ 



83. j 89. contains powers of 2 

CHAPTER 10 

Exercises 10.1, page 630 



1 S- -1- 2- = 1 
4 + 9 — 1 









/ 2 








' 1 






-2 


-1 0 
1 -1 


; 1 


2" 








^3" 





3. y=\x + l 




81. 



1117 

2520 



OO CKl O-O 



O-O O-O O-O 




9. y = sin (sin x) , < X < 




13. 




15. 



5. y = x 2 - 2x + 3 




17. 
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19. 




21. x = 3t, y = 1 + 3f, 0 < t < 1 

23. x = -2 + 8<, y = 4 - 3f, 0 < t < 1 

25. jc = f, y = t 2 + 1, 1 < t < 2 

27. x = 2 + 3cosf, y = 1 + 3sinf,0 < t < In 

29. (a) .V = 12?, y = 16 - 16f 2 

(b) a: = (12cos6°)f,y = 16 + (12cos6°)f - 16r 2 

31. (a) x = It, y = 10 - 4.9f 2 

(b) x = (2cos8°)(,y = 10 - (2 cos 8°)/ - 4.9f 2 

33. yes, at (250, 100) 

35. y = 0 at t = 2; = 0 or d = 5 (impractical) 

37. (2, 3) and (-3, 8) 39. (2, 1) and (3, 0) 

41. Integer values for k lead to closed curves, 
but irrational values for k do not. 

43. k = 2 




k = 3 




k = A 





45. x = 1 - 2y 2 , -1 < y < l;y = ±2x Vl - ,v 2 
47. C 49. B 51. A 

53. (a) a circle with radius ? at time t 

(b) x =a + (t — c)co$0, y = 2> + (« — c)sin# 
(c) 




(d) 






/ / 3 " 

/ / If 

l i h~ 




M -4 43 -2 -V 
\ \ V " 


I 2 




\ \ -2\ 




















T lj, then tan 0 = 



(f) If sine : 

(g) a cone 

55. (a) .v = (usin#)f, y = £> - (ucosfl)r 



(e) vy 



9. (a) 



Exercises 10.2, page 639 

1. (a) -1 (b) 1 (c) undefined 3. (a) -\ (b) 0 (c) 0 
5. (a) 0 (\>) -- (c) -Ti 7. 1 at? = 1;-1 at f = -1 

(b) (1,0), (-1,0) 

11. (a) (0,-3) (b) (-1,0) 13. (a) (0,1) (b) (0,-3) 

15. (a) x' = 0, y' = 3; speed is 3; up 
(b) x' = -2; y' = 0; speed is 2; left 

17. (a) ,t'(0) = 20, y'(0) = -2, speed = 2V loT, r ight/down 
(b) x'(2) = 20, y'(2) = -66, speed = V4756, right/down 

19. (a) x'(0) = 5, y'(0) = 4, speed = V4T, right/up 

(b) x' (^J = 0, y' (J^j = -9, speed = 9, down 
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21. 6tt 23. ^ 25. * 27. ?jf 

29. At (3, 0), speed is 0 and acceleration is x" = -6, y" = 0; at (-1, 0), 
speed is 4 and acceleration is x" = —2, y" = 0 

35. x(t) = vt +r cos(^f), y(t) = r - rsin(^f); 

min speed = 0 at bottom (y = 0), max speed = 2v at top (y = 2r) 

37. x(t) = (a - b)cost + £>cos(j?), y(t) = (a — b)imt - 6sin(|0 
39. speed = 4, (tan4f)(- cot At) = -1 
41. 5: 3 



y 




43. x = 2 cos t + sin 3f , y = 2 sin t + cos 3(; 



y 













-3- 







Min/max speeds: 1, 5 



Exercises 10.3, page 647 

1. (a) 19.38 (b) 4tt 3. (a) 2n (b) 55.09 

5. (a) § (b) 4.29 7. (a) <? 8 - e~ 8 (b) 2980.2 

9. (a) 4.4859/t (b) 4.4859/t (c) oo; 3.89 

11. (a) 4.4569/t (b) 4.4569/t (c) oo;4.07 

13. (a) 85.8 (b) 83.92 15. (a) 85.8 (b) 162.60 

17. (a) 40.30 (b) 43.16 19. x = 4u,y = 4Vl - u-\ 2n 

21. (a) 4tt (b) b-a 

Exercises 10.4, page 658 

1. (2,0) 3. (2,0) 5. (-3,0) 

7. (2V2, -f + 2jtn) , (-2V2, ^ + 2jtn) 

9. (3, f + 2nn) , (-3, ^ + 2tth) 

11. (5, tan" 1 (;*) +2ii7r) , (-5, tan~' (f) + 2(n + 1)tt) 

13. (1.-V3) 15. (0,0) 17. (3.80,1.24) 

19. y 



6 




-6 



x 2 + y 2 = 16 



21. ."V 

3 



-3- 

y = T3 X 

23. y 



L- 


e-r 


-2 








-1 - 





x 2 + y 2 = x 



25. - v 



27. 




-1 



r = 0 at 6 = ^(Jfc odd), 0 < 6» < 2n 

29. y 

it 




-1 



r = Oat6»=™,0<e<7r 

31. > 

6" 




r > 0, 0 < 6 < 2tt 
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33. 



1- 




-6 


Cj 






-7- 





r = 0at#=^ + 2jrn, ^ + 2jrn;0 <8 <2n 



35. 



37. 




r = 0 at 0 = 0, -oo < 9 < oo 



39. 



41. 




^ + 2jrn, ^ +27zn 



43. 





2jr i 27T „ 4jr , 27T _ 

-g- + — «. -g- + — « 



47, -800 -400 0 400 800 





- -5000o\ 




- -100000 \ 




- -150000 \ 




- -200000 \ 



8 = - f + 2nn 



49. 




9 = (2n + l)n 



51. r = ±2V- sec 26> 

53. r = 4 

55. r = 3 esc 6 

57. circles of radius i a | and center ( ja, 0) 

59. For integer a, rose with 2n leaves (n even) or n leaves (n odd) 

61. For \a\ > 1, larger \a \ gives larger inner loop. 

63. y 




8 = 0 



65. « wide overlapping petals on a flower when 0 < 9 < >!7r, 
up to « = 24; graph repeats for larger domains 
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67. 



0 0.8 l.< 




3.2 4.0 4.8 5.6 6.4 





-0.5 -0.4 -0.3 -0.2 -0.1 



0.4 
0.2 

0 

■8-"- 

-0.5 
-0.4 
-().(. 



69. (a) 




sin B 



J ^B = sin-'(|); 



(c) n(A) = d cos A - yjd 1 cos 2 A — (J 2 — h 1 ); 
r 2 (A) = d + b\ 1 



A, =-sm- I (|),A 2 = siB- 1 (|) 



Exercises 10.5, page 667 

1. (a) V3 2. (a) undefined 



3. (a) 0 



5. (a) 



1 



(b) 



2 sin 1 + cos 1 



2 cos 1 



sin 1 

7. (a) (f ,§),<P.-1) 

(b) concave up at (0, 0) and (0, — 1); concave down at (±0.73, 0.56) 

9. (a) (3</2, -3a/2), (-3a/2, 372) 

(b) concave up at (-0.98, -0.13), (-1.22, -1.49) and (2.97, -4.74); 
concave down at (1.22, 1.49), (0.98, 0.13) and (-2.97, 4.74) 

11. & 13. 71 15. % - 2# fa 0.2718 17. 0.3806 



12 

19. 0.1470 
23. 5f+V3 



21. M + ^ 



: 24.187 



25. ¥ 



1.9270 



27 531 
Z/ * 12 



v5 
2 



4 



6.9680 
29. 

31. (0, 0), (0.3386, -0.75), (1.6614, -0.75) 

33. (0, 0), (1.2071, 1.2071), (-0.2071, -0.2071) 

35. 16 37. 6.6824 39. 20.0158 

41. (a) 31.2% (b) 37.35% 

43. (a) 0;73;-73 
(b) 



\ 0.16- 




\ 0.12 : 




\ 0.08- 




\ 0.04 - 




ii* Hi 





Exercises 10.6, page 675 

1. y = -W 3. 



\y 2 + 2 



5. ^ + ^ = 1 
12 16 



7 fr-4) z , (y- 1 ) 



16 



12 



11. 



(v - 4) 2 (x - 2) 2 



(x - If 
1 



3 



1 3 
13. parabola, (- 1, -1), (-1, - 1), y = - § 

15. ellipse, (1, -1) and (1, 5), (1, 2 - 75) and (1. 2 + 75) 

17. hyperbola, (-2, 0) and (4, 0), (1 - 7l3, 0) and (1 + 7l3, 0) 

19. hyperbola, (-2, -5) and (-2, 3), (-2, - 1 - 720) and 
(-2,-1 + 720) 

21. ellipse, (-1, 0) and (5, 0), (2 - 78, 0) and (2 + 78, 0) 

23. parabola, (-1, -2), (-1, -1), y = -3 

25. y= k*-2) 2 -l 













X 




-0.6 -0.4 -0.2 0 0.2 0.4 0.6 



31. (i,0) 33. (0,1) 35. 20 inches 37. (0, 
39. (-2,0) 41. (7300, 0) and (-7300, 0) 
43. — f 2 + 16?, boomerang 
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9. r 




19. rotated ellipse 
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21. rotated parabola 

y 



29. x 2 + y 2 = 3.v 




23. x = -1 + 3cosf, y = 1 + 2sinf, 0 < f < In 

25. x = — 1 + 4 cosh r, y = 3 sinh t for the right half; 
x = — 1 — 4 cosh t, y = 3 sinh f for the left half 

27. x = t, y = - jt 2 + 1 29. 2.6 times as fast 



Chapter 10 Review Exercises, page 682 

1. (x + lf + (y -2) 2 = 9 




3. y = x 2 - 2x + 1 




9. C 11. B 13. x = 2 + It, y = 1 + 6t, 0 < t < 1 

15. (a) j (b) undefined (c) undefined at f = — 1; i at ? = 2 

17. x'(0) = -3, y'(0) = 2, speed = 713, left/up 19. 6tt 

21. 1.9467 23. 5.2495 25. 27.18 27. 128.075 




31. 




r = 0 at 9 = ;?7r;0 < 6 < jt 



33. 




35. 



a 



o 



r = 0 at 6 ■■ 



|n;0 < 6 < f 



37. 





4 . 












■ -2 



^ 0; 0 < 9 < 2tt 



39. r = 3 



41. 



43. 0.157 45. 0.543 



47. 2.828 49. 28.814 51. y = ^(.v-l) 2 + l 

„ (v - 2) 2 _ (x - 2f _ 
1 3 

55. ellipse, (-1, -2) and (-1, 8), (-1, -1) and (-1, 7) 

59. (0,|) 
2.S 



57. parabola, (1,4), (l,f),y= % 



61. r 



2.4 



63. r: 



O.8cos(9 + 1 1.4sine + l 

65. x = — 1 + 3cosr, y = 3 + 5sin?, 0 < t < 2x 
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CHAPTER I I 

Exercises 11.1, page 695 
1. 




3. (5, 3), (-4, 6), (6, 12>,V290 
5. -2i + 3j,7i, 3i + 6j, y/290 
7. 2 

1.5 



y, 


0 "t 



0 

-0.5 
-1 



9. parallel 
17. (2, -3) 



11. not 



a / 


\a-b 




1.5 2 \5 3 




6^^^^ \ 


parallel 


15. (3,1) 


(b) 5(1, 


-1) 



21. (a)^i-^j (b) 



2V5(^,-A 



(a)(^=,^=) (b) vW-jL, 
/To VTo/ \JTd JTo 



25. § i + f j 27. (2V29, 5V29) 29. (4, 0) 
31. /2V2,2V2) 33. /-^ ^ 
35. 




39.7,1.5 43. (a) ||a + b|| = V58 < </l3 + VTl = ||a|| + 

43. (c) a, b in same direction 

45. 10 pounds down, 20 pounds to the right 

47. 30 pounds to the left and 190 pounds up 

49. (13, 17); right and up 



51. (-80V14, 20) or 3.8° north of west 

53. (20, -20V399) or 2.86° east of due south 55. 20 feet 

57. (a) vT7ft/sRi 4.123 ft/s; angle, tan" 1 4 ^76.0° 
(b) tan" 1 VT5 ~ 75.5° 



Exercises 11.2, page 702 

1. (a) 

(2, 1,5) 



(b) 





3. 5 5. 3 7. (3,4, -2), (-1, -8, -2), 2766 
9. 8i + 4k, -12i-4j + 4k, 2 V / 186 



11 - (a)± ^ (3 ' 1 ' 2) (b) H^<vTT 

13. (a) ±{(2i-j + 2k) (b) 3 (|i — |j+ fk) 



2 

7n 



15. (a) ± — (1,0,-1) (b) 
V2 



1 

~7i 



17. (4,4,-2) 



19. 



'14 



=(2i-j+3k) 



21. (x - 3) 2 + (y - l) 2 + (z - 4) 2 = 4 

23. (x - tz) 1 + (y - l) 2 + (z + 3) 2 = 5 

25. sphere, center (1, 0, —2), radius 2 

27. sphere, center (1,0, 2), radius \/5 

29. point (-1,2,0) 
31. 



33. plane parallel to xz-plane 35. plane parallel to xy-plane 
37. y = 0 39. x = 0 43. (2, -1, 1), (4, -2, 2), yes 
45. not equilateral 47. they form a right triangle 
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49. not a square 51. (4,-1,7,7) 

53. (0,-8,10,1,-9,-1) 55. 57. 7 

59. (a) V2-1 59. (b) V3 - 1 (c) - 1 > 2 if n > 10 

61. net force is 149 pounds in the direction (—1,5,-14); force required 
to balance is (10, —50, 140) pounds 

63. direction is (41, 38, 20) and speed is 593.72 mph 

65. endpoints trace line segment from A to B 



Exercises 11.3, page 711 

1. 10 3. -14 5. 1 



7. cos 



1 

/26 



1.37 



9. cos 



/234 



2.12 



11. yes 13. yes 



15. (a) one possible answer: (1, 2, 3) (b) (1,2,-3) 

17. (a) one possible answer: i — 3j (b) — gi + 2j — 3k 

19. 2, (f,|> 21. 2, =(1,2,2) 23. -§,-^(0,-3,4) 

25. 105,600 foot-pounds 29. 920 foot-pounds 

31. (a) false (b) true (c) true (d) false (e) false 

33. a • c, a • b, b • c 

35. (a) (0, x) or (x, — for any x > 0 
(b) (0, x) or (.v, — |;c), for any x < 0 



37 . coT^)* 76.4°, cos-i(^) 



: 76.4°, 



27.3° 



41. (a) f (b) cos- 1 (-0 



54.7° 



(O cos-' (J=) 



49. £ 



k 3 6VT5 



43. a = cb 47. 15 

51. (c) Pk = j t for each k 

57. (a) a = (£,l,f),b = (§,-2,£) 
(b) a= (1,2,3), b= (-1,2,-1) 

59. cos-' (\) ^ 109.5° 

61. (a) v ■ n = 0, comp v w = — w sin#, comp n w = — w cos 6 

63. (a) -2000sin 10° % -347 pounds, ratio = tan 10° % 0.18 
(b) 2500 sin 15° ^ 647 pounds, ratio = tan 15° ^ 0.27 

65. $190,000; monthly revenue 



Exercises 11.4, page 723 

1. 1 3. 4 5. (4,-3,-2) 
1 



7. (-9, -4, 1) 



9. (4, 



15. ±- 



21. 5 



'154 



23. 



11. ± 



= (-1,-3, 12) 



/69 



1.-2) 



13. ±-=(-3,-6,1) 
V46 



17. 



1.87 



19. 



3.49 



11^3 



25. 10 



20V2 

27. — - — ~ 9.4 foot-pounds 

31. (a) spin right, force up (b) spin down right, force up right 

33. (a) spin up left, force down left (b) spin up right, force up left 

35. false 37. false 39. true 

7 , 13 



41. sin 



/85 



0.86 



47. 0 51. coplanar 



43. sin 

V170 

53. not coplanar 



1.49 



55. -i 57. -3j 59. Figure A; 12 61. (b) and (c) 

63. ball rises 65. ball drops 67. no effect 69. ball rises 



Exercises 11.5, page 732 

1. (a) x = 1 + 2t, y = 2- r, z = 
x-1 y - 2 z + 3 



-3 + 4? 



(b) 



-1 



3. (a) x = 2 + 2f , v = 1 - t, z = 3 + 1 

(b)^ = ^l = ^ 
2 -1 1 

5. (a) x = 1 -3f,y = 2,z = 1 + 1 (b) = z - 1, y = 2 

x-2 y z- 

7. (a) x = 2 - At, y = -t, z = 1 + 2t (b) — — = = — 
9. (a) x = 1 + 2t, y = 2- t,z = -1 + 3r 

<b) fL-l = ZzH = £±i 

2 -1 3 

11. intersect, (4, 2, 3) 13. parallel 
15. 2(x - 1) - fj - 3) + 5(z - 2) = 0 

17. 2(x - 2) - 7y - 3(z - 3) = 0 

x v z 
19. - + f + - = 1 

a b c 

21. -2x + 4(v + 2) = 0 

23. (* - 1) - (y - 2) + (z - 1) = 0 

25. x = 4, y = 4, z = 4 27. x = 2, y=l,z = -6 




-4 -2 0 2 4 




-4 -2 0 2 4 



29. x = 4 



31. z = 2 





-4-2 0 2 4 



4 -2 0 2 4 



35. x = t,y= ff- §,z= i?- f 

37. x = 4r + 11, y = -3r - 8, z = ? 

2 2 3 
39. 41. -= 43. -= 

3 73 76 

45. cos -1 , ~ 2.59 47. perpendicular 



/234 
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A- 



' (1-5-1) 



49. parallel 53, 

55. true (if the planes coincide, they intersect and are parallel) 
57. false 

59. false (true if we take all lines perpendicular to a given line through a 
given point on the line) 

61. true 63. yes 65. no 

67. (a) intercepts x = 2, y = 2, z = 2/c (b) parallel to x + y + 2z = 0 
(c) parallel to 2x + y — z = 0 (d) parallel to x + 2y — 3z = 0 

Exercises 11.6, page 743 

1. z 3. z 



21. 




cylinder 




-2 -10 12 
circular paraboloid 




-2 -10 1 2 

hyperbolic paraboloid 



13. 




-10 -5 0 5 10 

hyperboloid of 2 sheets 



17. 




circular paraboloid 





elliptic cone 



11. 




-2 -10 12 

hyperboloid of 1 sheet 





-4 -2 o 
circular cone, z > 0 



25. 




0 2.5 5 7.5 10 

circular paraboloid 



29. 






hyperbolic paraboloid 



-4-2024 

hyperboloid of 1 sheet 



33. 




35. 



hyperboloid of 2 sheets 




cylinder (plane) 



37. 



ffsa 



-2-10 1 

cylinder 




circular paraboloid 



cylinder 



41. ellipsoid (c > 0) or hyperboloid of one sheet (c < 0) 

43. elliptical paraboloid (c > 0) or hyperbolic paraboloid (c < 0) 

45. (a) -x + 2y 2 + z 2 = 0 (b) -x 2 + 2y 2 + z 2 = 1 

(c) -x 2 + 2y 2 - z 2 = 1 
53. exercise 3: x = sins cos r, y = 3 sins sin?, z = 2 coss; 
js cos r, _v = js 

is cos r, _v = s sin f , z = s 
55. possible answer: x = s cos ?, y = s sinf , z = 4 — s 2 
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Chapter 11 Review Exercises, page 745 

1. (-1,3), (4,0), 5 3. 6i + 5j, -16i+ 12j + 8k, 2x/94 
5. neither 7. parallel 9. (-1,-2,3) 11. 
1 



V5' Vsl 



I. — (5i + j-k) 15. (-|,0, J) 



17. V46 



19. — (i-j + k) 



21. (20V609. 80) or 9.2° north of east 




plane 



-4 -2 0 2 4 
hyperboloid of 1 sheet 



71. 




-4 -2 0 2 4 
hyperboloid of 2 sheets 



CHAPTER 12 

Exercises 12.1, page 756 
l. 





-40 . 




-30 / 




-20 / 




-10/ 




i Q 



-7.5 -5.0 -2.5 0.0 2.5 5.0 



5. 

41 C 
2 

0 

-2 

-4 




-4 
-2 



4 
2 
0 

-2 
-4 



-4 -2 0 2 4 4 



-4-2 0 2 4 4 




11. 




-5-2.5 0 2.5 5 




-5 0 5 




17. 




19. 




Periodic, 2tt 
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21. 



23. 



-2 0 2 



Not Periodic 
25. (a) 




(b) 




Periodic, In 



Periodic, 2n 



25. (c) Determines the number and smoothness of endpoints 

(i) Depicts a circle when either of a or b = 0. If a = 0, then the 
center of the circle lies on the x-axis and if b = 0, the center of 
the circle lies on the y-axis. 

(ii) Depicts an ellipse, when a = b a = b. 

(iii) Depicts either an n-point star of an n -leaves structure where 

a + b 

n = tor a, b > 0. 

gcd(a, b) 

27. (a) 6 (b) 3 (c) 5 (d) 1 (e) 2 (f) 4 

29. 2tt(tz + 1) 31. 8 + 41n3 

33. 10.54 35. 21.56 37. 9.57 

4jr 



dt f» 39.00 ft 



39. (a) / y9sin 2 ? + 9cos 2 f+ ^ 

(b) \/(12^) 2 + 10 2 sa 39 ft 
41. x = 2 cos?, y = 2sin?, z = 2, 0 < t < 2n, arc length = 4jr 

F4 




43. x = 3cosf, y = 3sin? 
arc length ~ 22.9 




47. same except for domains: -co < x < 00, — 1 < x < 1, 0 < X 
49. cos 2t = cos 2 t — sin 2 1 



Exercises 12.2, page 767 

l. (-1, 1,0) 3. (1, 1,-1) 

7. t < -1, 1 < t <2,t > 2 
11. t < -3, -3 < t < -l,f > 0 
13. 0 < t < | , | < f < 4 15. ^4r 3 

17. (cos?, 2rcosr 2 , - sin?) 

2fe' 2 , 2fe 2 ' (f + 1) , 2 sec 2t tan 2r) 



5. does not exist 
nn 

9. — , n odd 

^ 2 



19 

21. Smooth except t = 1 
25. Smooth for all t > 0 



23. Smooth except t = ™ , n odd 



27. 



29. 




■-2 4 



-4 -2 0 2 4 



31. 
33. 



3 2 

-r 

2 



3/2 



+ C 



1 1 

— r sin 3? H — cos 9t, 
3 9 



2 1 2(\ , 
- cosf , -e I + c 
2 2 



41n < -^- 1 , ln(? 2 + 1), 4tan~' f) + c 



39. (4 In 3, 1 



47. (a) f = 0 
49. (a)f = — ,;iodd 



37. 

- 2 ,e 2 + l) 41. all? 43. t 
(b) No such t exists (c) For all real t 



2 3 
3' 2 
0 



(c)f 



4 
3jt 



(b) t = njr, n is an integer 



+ nn, n an integer 
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53. 




55. Period is 2iz for all rational numbers a and b except 0. 
57. false 59. false 

61. y 









s<~ — 






1 1 1 


-^Q 











a = 3, b = 2, t = f 

63. f'(t) ■ [g(0 x h(0] + f(0 ■ [g'(0 x h(t) + g(0 x h'(r)] 
71. No [f(f) / g(r), for all f] 




too 



Exercises 12.3, page 777 

1. (-10sin2f, 10cos2r), (-20cos2(, -20sin2r) 
3. (25,-32; + 15), (0, -32) 

t \-f 



5. ^4(1 - 2f) e , 

( 16 (f - l)e~ 2 ', 



V^TT' (i + ; 2) : 

1 2r (f 2 - 3) 



(1 + f 



\3/2* 



,3/2 



11. 



(8(l + rV 2 ),I,n(l + f 2 ). 



2, -<T' (f + 1) + 2 



13. ^-f 3 + 12r + 5, -4f, -8; 2 + 2 j 15. -160(cos2f, sin20 

17. -960(cos4r,sin4() 19. (- 120 cos 2t, -200 sin 2f) 
21. (120,0) 

23. Max altitude: 367.5 m; Horizontal range: 490V3 m; speed 
at impact: 98 m/s 

25. Max altitude: 61.25 m; Horizontal range: 245 m; speed at 
impact: 49 m/s 

27. Max altitude: 147.751 m; Horizontal range: 323.8 m; speed 
at impact: 61.6119 m/s 

29. Quadruples the horizontal range 

/ 1 i \ 

31. r (0 = i>o cos Si + I vq sinflf — -^gt' + h I j 

225 

33. 5rad/s 35. rad/s 2 

2tt 

37. the additional rotation increases speed by a factor of \/3 
43. (271,117,0) 45. a = 100, b = -1, c = 10 

( 49 49 \ 
— f, — r,49V3f-4.9f 2 ); 
■Jl V2 

I /3 /3 
point of impact: / 490J - , 490J - , 0 

49. 33.64 m/s 

51. (a) |60V3?, 3 + 60r - 16f 2 j (b) No-hits wall 5.7' up 

(c) (l20cos(31°)(, 3 + 120sin(31°)r - 16f 2 ); clear the wall 
53. (a) (l20r, 8 - 16; 2 ) (b) Out 

(c) (80f , 8 - 16f 2 ); in (d) (65f , 8 - 16r 2 ); hits the net 

55. 56.57ft/s 57. 1275.5m 

= — ^— , b ^ 42, 168 km 61. 0.2473 mi/s 
43082 



59 



Exercises 12.4, page 784 

1. x = 2cos (^j , y = 2 sin (-^ , 0 < s <4n (2cos(, 2sinf) 

3 4 
3. x = -s, y = -.v, 0 < i < 5 (3t, 4t) 

5 . l (4 + 9 ^_A ; /(^ + «) 2/3 -4 | 
27 27 \ 9 

7. (1,0), -=(3,-2), -^=(3,2) 
V13 V13 

9. (0,1), (1,0), (-1,0) 
11 



(27.v + 8) 2 / 3 -4' 



-V-\ 



13. 



4=<3,0,2>, ^L(3,0,2). ^L(3,0,2) 
V13 V13 V13 

1 1 

— — (2, 1); — — (2cos 1 — sin 1, 2 sin 1 + cos 1); 
V5 V5 



1 

7! 



(2 cos k — sin k, 2 sin k + cos k) 



7. (10/ + 3,-16/ i + 4r + 8) 9. (5f, -16f 2 + 16) 





15. 


y 

4 




+ 16) 









17. 



10 

5 
0 

-5 
-10 

-10 -5 0 5 10 



/-10 



10 
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A-5S 



19. 2~ 3 ' 2 ^ 0.3536 21. 0 23. (6) (37" 3/2 ) »» 0.0267 
25. 1 27. smaller 

„„ 8 8 
29. — , — 

25 25 



37. 0 



39. 0 



31. 1 




33. max at (0, ±3), min at (±2, 0) 




, 1 \V4 / , N l/4 

35. max at x = — and min at x ■■ 
\45J 





41. curve straightens 43. false 
45. true 47. kc < Kb < k a 



51. 



10 



53. 



1 

71!' 



i 



-2 



/45 



55. 



25 
52 



1 

To 



Exercises 12.5, page 797 



1. (1,0) and(0, 1), 



-(1,2) and-L 



(-2,1) 



3. (0, 1) and (-1,0), (-1,0) and (0, -1) 

5. -^=(0, 1,2), and (-1,0,0), -j^(0, 1, -2) and (1,0,0) 
V5 V5 

1 1 1 

7. -=(1,0, 1) and (0, 1,0), -=(1,2, 1) and -={-1, 1,-1) 
V2 V6 V3 

' 2 1 / 5\ 2 81 



9. x 1 + v 



0 -J »-H) 



+ r 



13. «r 



64 

'V! 



and fl;v 



32 

7! 



64 32 
— and a N = —= 
V5 



/20, a T 



15. aj = 0 and aw 



17. neither; increasing 



21. -L(2,-l,0).-L(2.-l,0) 



2tt / 20 + jr 2 
— and ctN =4,/ 



19. 07- = 0 and ajy = a 




23. 1 (0,-1,477-),— 1 (0,1, Aw) 

Vl + 16tt- 2 Vl + 167T 2 




A-56 



APPENDIX B •• Answers to Odd-Numbered Exercises 




APPENDIX B •• Answers to Odd-Numbered Exercises 



A-57 



15. 




17. x = x, y = y, z = 3x + 4y 

19. x = cos u cosh i), y = sin u cosh u, z = sinh u, 0 < u < 2jz, 

— CO < V < CO 

21. a- = 2 cose, v = 2 sine, j = z,0 < 6» < 2tt, 0 < z < 2 

23. x = rcosS, v = r sine, z = 4 - r 2 ,0 < 9 < 2tt, 0 < r < 2 

25. x = ± coshw, y = sinh u cos u, z = sinhu sin u, -co < u < co, 
0 < v < 2n- 

27. (a) A (b) C (c) B 

31. u = v = 0 gives (2, —1, 3); 

u = 1 and w = 0 gives (3, 1, 0); 
u = 0 and u = 1 gives (4, —2, 5) 




33. a normal is vi x V2 

35. r = (3, 1, 1) + (-1, -2, 2)« + (1, 1, 0)u 





49. x = r cos e, y = r sin e, z = sin r with r > 0, 0 < 9 < 2tT 
51. (a) a sphere of radius 3 (b) a sphere of radius k 
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S3, (a) half-plane y = x, X > 0 

(b) half -plane y = —x, x < 0 

(c) half-plane y = (tan k)x 

7T It 

55. (a) x = p cos 6 sin — , y = p sin 8 sin — , 
it 

z = p cos — with 0 < 6» < 2n, 0 < p 

3tt 37r 
(b) jc = p cos 6* sin — , y = p sin 0 sin — , 

37T 

Z = p sin — , 0 < 0 < 2tt, 0 < p 

4 - - 



P P 
(c) jc = — = cosfl, v = — = sin#, z : 

V3 ' V3 

O<0<7r,O<p 



-p, o < e < in, 



Chapter 12 Review Exercises, page 804 

1. 2 3. y 



(0, 2, 1) 





7. 

4 
2 



0 

-2 
-4 



x 



A 



-4 

^2 



-2 0 2 4 



11. 



'0 



-10 0 10 10 




-4 -2 0 2 4 



13. (a) B (b) C (c) A (d) F (e) D (f) E 
15. 2jrV37 




35 
30 
25 
20 
15 
10 
-0.5 5 



:-0.5 



0.5 



17. (0, e 2 ,-\) 19. f/0 21. 



t V 
,4cos4f, - 



23. 



1 



25. (0,2,2) 



27. (-8sin2f, 8cos2f,4>, (-16cos2f, -16sin2f, 0) 

29. (f 2 +4? + 2, -16f 2 + 1) 31. (4f + 2, — 16r 2 + 3f + 6) 

33. (0, -128) 35. 25(2 - </3) » 6.70 feet, 100 feet, 80 ft/s 



37. JL(-1,1,Q), (- e ~ 2 ,l,0) 
Ve" 4 + 1 

41. 0,0 43. -Uo, 1, 1), (-1,0,0) 
V2 

45. or = 0, cijv = 2; or = «/2, = -Jl 

47. 345,600(-cos6r, -sin6«) 

49. (assuming 0 < u < 2tt and 0 < r) 




51. 




7.5 10 



53. (a) B (b) C (c) A 

CHAPTER 13 

Exercises 13.1, page 818 

1. y # -x 3. x 2 + v 2 > 1 5. x 2 + v 2 + z 2 < 4 

7. (a) / > 0 (b) 0 < / < 2 

9. (a)/>-l (b) -*</<f 

11. (a) 312 (b) 333 (c) 350 (d) about 19 feet 

13. 77.4, 80.4, 82.8, 2.7° 
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43. (a) 1 (b) 4 (c) 3 (d) 2 
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49. (a) B (b) A 

51. one z for each (x, y) 

53. A: 480, B: 470, C: about 475 

57. max = 3.942, min = -0.57, HS 

59. 60 mph, impossible 

Exercises 13.2, page 831 

5. 3 7. -1 

9. Along x = 0, L\ =0; along y = 0, L2 = 3, therefore 
L does not exist. 

11. Along x = 0, L\ =0; along y = x, L2 = 2, therefore 
L does not exist. 

13. Along x = 0, L\ = 0; along y = x 1 , L2 = \, therefore 
L does not exist. 

15. Along x = 0, Li = 0; along y 3 = x, L2 = ^ ■ therefore 
L does not exist. 

17. Along a- = 0, L 1 = 0; along y = x , L2 = 5 , therefore 
L does not exist. 

19. Along x = \,L\ =0; along y = x + 1, L2 = ^, therefore 
L does not exist. 

21. Along x = 0, Li =0; along x 2 = y 2 + z 2 , L2 = 3 , therefore 
L does not exist. 

23. Along x = 0, L\ = 0; along x = y = z, L3 = 3, therefore 

L does not exist. 

25. 0 27. 0 29. 2 31. 0 33. 0 

35. x 2 + y 2 < 9 37. x 2 - y < 3 39. x 2 + y 2 + z 2 > 4 

41. (0, 2) and all other points for which x ^ 0 43. all (a , y ) 

45. Limit does not exist 47. Limit does not exist 

49. \ 51. true 53. false 

61. no; no 63. 1 65. 0 



31. (a) 




33. (0,0,0) = min 

35. ( h mn, h nit, 1 1 = max for m, n odd or m, n even; 

V 2 2 / 

( 71 71 \ 

y — + mit, — + niz, — 1 j = min for m odd and n even or 
m even and n odd; («i7r, M7r, 0) neither max nor min 

37. f xy = f yx = - - — — y + sin(,v + y) 
(y - b) 1 

39. (a) 2.5,2 (b) 1.5,1.3 (c) 1.1,0.8 45. -2y 3 sin(;ty 2 ) 

47. concavity of intersection of z = fix, y) with y = yo at x = xq 

49. (a) 2 (b) 0 (c) 0 (d) -1 
2 

51. jc 2 siny + x 3 y 2 + -y 3/2 + c 
3 



53. 





x - 1 


) + ln 


-r + 1 





+ 3 tan 1 y + c 



55. (a) 



3V 
3.v 2 

a 2 / 

3r 2 

57. cos x cos r, — sin x sin r 
61. 400, \, decrease by 27 

63. — = 0.75L" 025 A- 025 , — = 0.75L°' 75 /r 
3L dK 



Exercises 13.3, page 841 

1. f x = 3x 2 - 4y 2 , f y = -%xy + 4y 3 

3. fx = 2x sin.ry + x 2 y cos xy, f y = x 3 cos xy — 9y 2 



4e» y . Axey 

5. /.v — — — : y , fy — ^ h 



y x l + y l '' ,J y 2 x 2 + y 2 

/ -> \ v v , 3.v lnjc j 

9. £ =31n(A 2 y z ) +6+ -xz\f y = — + x< 

v / z y z 



1. f x = — sin* 2 , fy = siny 2 



3x y In x v 
fz = ~ —x z 

3 2 / 3 2 / 3 2 / 

11. —V = 6,t, -4- = -8.v, — — = -8v 
dx l ay 1 3y3.v 

13. fxx = -4 - 6y 3 , /„, = -18xy 2 + 



1 + v 2 



lOy 

fxw = — 36.TV =■ 

■ (1+? 2 ) 2 



15. fx 



(l-x 2 y 2 ) 



3/2 • fyz = yz sin (K) - cos (y«) . fxyz = 0 



, 2u;(l-A 2 y 2 ) 

17. f ww = 2 tan" 1 Uy) - z 2 e wz , f wxy = rr-,fwwxyz = 0 

(1 +x 2 y 2 ) 

nRV 3 

19. = ^ ^ — Hint: Hold pressure constant. 

PV 3 -n 2 aV + 2n 3 ab F 

21. about y i assuming V is much greater than 0.004 

25. h 27. 1.4,-2.4 29. 2.2,0.0195 



Exercises 13.4, page 852 

1. (a) 4(x - 2) + 2(y - 1) = z - 4; x = 2 + At, y = 1 + It, z = 4 
(b) 4(y - 2) = z - 3;x = 0, y = 2 + 4t, z = 3 - t 

3. (a) -(x - 0) = z - 0 or x + z. = 0;x = -t, y = n, z = —t 

(b) z+ 1 =0;x = ~,y = it,z = -1 -t 

3 4 34 

5. (a) --(.v + 3)+ -(y-4) = z -5;.v = -3 - -t,y = 4+ -f. 

z = 5-f 

(b) l(x-8)- ^(y + 6): 
Z= 10 -r 
7. (a) L(x,y) = x (b) L(.t, y) = 



10; x = 8 + -t, y 



,-l„ 



1 

9. (a) l+x + ~(y-7t) + 2n 



») 7 + ^('-7l)+ 2 = 



(-0 



11. (a) L(w,x, y, z) = -12io + 4x + 12y + 2z - 37 
(b) L(w,x, y, z) = 2i« - 1 

13. values of L are 3, 3.1, 3.1; values of/ are 3.002, 3.1, 3.102 

15. Values of L are 0.93, 1 . 1 , 0.69; values of / are 0.932, 1 . 1 , 0.73 

17. 1.5552 ±0.6307 19. 3.85 21. 4.03 

23. 2yAx + (2x + 2y)Ay + (2Ay)Ax + (Ay)Ay, 
differentiable for all (a, b). 
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25. 2xAx + 2yAy + (Ax)Ax + (Ay)Ay, 
differentiable for all (a , b). 

27. e x+2y (Ax) + 2e x+2y (Ay) 

x+2y f (\x) + (2\y) (Ax) 2 + 3(Ax)(2Ay) 
2! 3! 
t) + (2Ay) 3(Ax)(2Ay) + (2Ay) : 
2! + 3! 
diff erentiable for all (a , b). 



+ ■ ■ 

- + ■ 



2x 

y 



yAx - 2xAy 
y(y + Ay) 



Ax + 



c 2 A"v 



y 2 (y + Ay) 



(Ax) 
(2Ay); 

Ay; 



differentiable for all (a , 6) 
31. (ye* + cosx)rfx + e'rfy 
1 

~ 1 + (x 



33. rfU) : 



+ G + l + (x-y- z) 2 )^ 

+ (z + l + (x-y-z) 2 ) 
35. /,(0, 0) = /,(0, 0) = 0 



dz 



37. (a)6 + 4x + 2y (b) 8 + - (x - 1) + -y 

(c) 9 + x + (y-2) 
39. -9 + 1.4(r- 10)-2.4(s- 10); -13.4 
45. Ax + 4y - z = 8 
47. x = 1 

Exercises 13.5, page 861 

1. [4f + (r 2 - l) cosf] (f 2 - l) e™' 
3. (2; + f 2 + 1 - cose')e' 

5. — = 512w (3m" — ucosm)(k — usinu)+ 1536m (m — usinw) ; 

— = 512h 6 sin«(i; sin u — w 3 ) 

7. g'( f ) = -Mr) + /y'(0 + ^-z'(f) 
ox ay dz 

du dx du dy du ' dv dx dv dy dv ' 
3uj 3x 9u) 3y 3te 

9g 3/ , 3/ . Sf 3/ 3/ 3/ 3/ 

11. — = 1 h 2m — , — = \-2v — 

3m dx dy dz dv dx dy dz 

dg 3/1 3/ 3/ 9/ « 3/ 3/ 3/ 
13. — =u 1 . — = u x — , — = 2w — 

du dx v dy dv dx v 2 dy dw dz 

15. -0.6271 17. 0.0587 

dz _ —6xz dz _ 3z 

dx ~ 3x 2 + 6z 2 - 3y ' 3y ~ 3x 2 + 6z 2 - 3y 

dz 3yze xyz — 4z 2 + cos y dz, 3xze xyz — x siny 
dx ~ 8xz - 3xye x y z ' 3y ~~ 8xz - 3xye*y z 



21. 

23. 
25. 



dz / yz + sin (x + y + z) \ 
\ xy + sin (x 



33. k : 



dx \ x y + sin (x + y + z) J' 

dz _ ( XI + sin (x + y + ; 

3y \ xy + sin (x + y + ; 
1 



z)/ 



Cl'i) 



35. g" (0 = f xx (x' (0) 2 + 2/;, T x' (0 y (t) + /„ (y' (f)) 2 
+/ l x"(f) + / v y"(0 



37. tl = £L(*£ 
3u 2 3x 2 V 3" , 



+ 2 



3 2 / 3x 3y d 2 f (dy 



+ 



- 



dxdy du du dy 2 \du 



df d 2 x df 3 2 y 
3x 3m 2 3y 3m 2 

,„ 3 2 / B 2 f 9 2 / / 3 2 / 3 2 /\ 

39. — T ^ + 4mw — ^ + 2u 1 

ox 2 ay 1 dz \3x3z dydz ) 

, / 3 2 / _ 3 2 / \ 



+ 2u 



\3x3z dydz) 



41. 



6r 



+ 6rln(2f + 1) 



,(/t) 
~dt' 

(2t + l) 3. 



_2< + 1 

43. g"'(0) = f xxx u\ + 3/ t „Mfn 2 + 3f X yyUxu\ + 

g (4) (0) = f xxxx u\ + Af xxxy I^U2 + 6/„ y3 ,M 2 ti2 
+ 4/,-yvy «1«2 + 

45. (a) /(Ax, Ay) = Ax - ^Ax 3 - ^AxAy 2 



(b ) x - ix 3 - \xy 2 



+ T i 3 jX 5 + 1 Lx 3 y 2 + ^xy 4 

47. /(Ax, Ay) = 1 + 2Ax + Ay + 2Ax 2 + 2AxAy + ^Ay 2 
| Ax 3 + 2Ax 2 Ay + Ax Ay 2 + ^Ay 3 

49. ( ^±^ + 2r 3 + f 2 + 8f+l 
51. 0.27rr (2h -r);h> § 

53. (a) R(\ + Ac, 1 + Ah) = 1 + 0.55Ac + 0.45A/? 
(b) 




55. (a) 2 points; (b) halved; (c) about one point 

Exercises 13.6, page 871 

1. (2x + 4y 2 ,8xy-5y 4 ) 

3. (e xyl + xy 2 e xyl , 2x 2 ye- r - v2 - 2y sin y 2 ) 

5. (-8e" 8 -2, -16e -8 ) 7. (0,0,-1) 
17 



9. (-4, 0, 3e 4 



11. 2 + 6^ 



19. 



3 
7^ 



13. 



21. 



5713 

-2 
/30 



23. 



15. 0 

37 



17. 



25. 



19 

'7! 



io vio 

27. (a) (4, -3), (-4, 3), 5, -5 (b) (-2, -12), (2, 12), 
29. (a) (4, 0), (-4, 0), 4, -4 (b) (-4, 0), (4, 0), 4, -4 



3 4\ 

— , - , 1,-1 
5 5/ 



(b) 



AT' 



/41 



, 1,-1 
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A-63 



33. (a) (16,4, 24), (-16,-4,-24), V848,- 

(b) (0, 16,0), (0,-16,0), 16,-16 
35. (a) 1.5 (b) -1 37. parallel 
39. (2a,-a),fl#0 



/848 




41. 2(x- 1) + 3(y + 1) - z = 0, 

{x = 1 + 2f 
y = — 1 + 3f 
z = -< 

43. -2(.v + 1) + 4(y - 2) + 2(z - 1) = 0, 

f * = - 1 - 2f 
The equation of the normal line is I y = 2 + 4f 

I z = 1 + 2f 

45. (0, 0,0), (1. 1,-1), (-1,-1,-1) 
47. a = 2, b = 1 
49. 




51. (2, -2) 53. (a) true (b) true 55. 0 

57. (-tan 10°, tan 6°) sa (-0.176,0.105), 11.6° 

59. (a) (8, 4) (b) Ellipse 61. (0.8, 0.3, -0.004) 

63. If the shark moves toward higher charge, it moves in the direction 
(12, -20.5). 

Exercises 13.7, page 884 

1. (0,0) saddle 3. (0, 0) saddle, ( 1 , 1 ) local min 

5. (0, 1) local min, (±2, - 1) saddle 7. (0, 0) max 

9. (1, 1) local min 11. \~j^< local max, f — 0J local min 

13. (0, 0) saddle, ( 1 , 1 ) and (- 1 , - 1 ) local min 

15. (0, 0) saddle, ± \J\, /ij local max, ± ~jTj local min 

17. (2.82, 0.18) local min, (-2.84, -0.18) saddle, (0.51, 0.99) saddle 

19. (±1,0) local max, (0, -Jl) local max, ( 0, Jl) 



local min, (0, 0) saddle, I zb — — , | saddle 

' 373 3} 

23. (a) 247, 104 (b) 276,95 

25. (-0.3210. -0.5185), (-0.1835, -0.4269) 

27. (0.9044, 0.8087), (3.2924, -0.3853) 



29. (0, 0) is a saddle point 31. /(2, 0) = 4, /(2, 2) = 

33. /(3, 0) = 9, /(0, 0) = 0 

35. max : e~ [ at (1, 1); 

min : 0 at (0, y) and (x, 0) 
37. a = b = c = |i 

39. (a) fix, 0) = /(0, y) = 0; minima 
(b) fix, 0) = /(0, y) = 0; minima 

43. (a) Local max for k ^ 0, inflection at x = 0 for k = 0 
(b) All traces have a local min at origin 

45. false 47. false 

49. extrema at (± — , ± — V saddles at i±nn, ±m7i) 
V 2 2/ 

51. (l,0),/(l,0)</(-10,0) 



(b) 1, 



53. (a) dix, y) = yjix - 3) 2 + (y + 2) 2 + (3 - x 2 - y 2 ) 2 
(1.55, -1.03,0.54) 

3 v^13^ 
"2' ~Y 

55. (a) 4 ft by 4 ft by 4 ft (b) \ V6 ft by \ </6 ft by 2</<5 ft 
57. .t = y cs 1.42 m; 24.55 > 17.85 

Exercises 13.8, page 894 

1. x = f,y = -§ 3. .r = 2,y = -1 

5. x = 1, y = 1 7. jc = 1, y = 1 

9. max : /(2, 2) = /(-2, -2) = 16, 
min : /(2, -2) = /(-2, 2) = -16 

/4 4\ 256 

11. max : / ( -, - = , 

\3 3/ 27 

min : /£c,0) = /(0, y) = 0 



VT7- 1 



VT7- 1 



13. max : / (7(17-1)78, (Vl7 - l)/2^ = 

min : / (-^(17 - l)/8, (717 - l)/2*) 

15. max : /(±V2, 1) = 2e, min = /(0, ±V3) = 0 

/ 2 1 1 

17. max : / ± rrr.i rrTti 

\ (18) 7 (18) 1/4 (18) 1/4 / 

min : /(0,0,±1) = /(0, ±1,0) = /(±1,0, 0) = 1 
19. no max or min 

1 



,(V17-l)/2 



,(vT7-l)/2 



21. max : / 



Vl ±« 2 ' v^TT 



p) 



Vi ±« 2 



min : / 



23. If a and both are even then for all points 

/(0, ±1) = /(±1, 0) = 0, minima 
If a and b both are odd then 

/ ( ± ^V^ + T) = (/a + r) 0 (/ 



a + b , 



maxima 



ci -\- b S a + b 



a + b 



a + b , 



A-64 



APPENDIX B •• Answers to Odd-Numbered Exercises 



25. max = /(±>/2, 1) = 8, 
min = /(±V5,-1)= -8 

27. max = /(2" 1 / 4 , 2-'/ 4 ) = 2 1 / 4 , 
min = /(-2-'/ 4 , -2-'/ 4 ) = -2 

29. max = /(1,0) = /(3,2) = 2, 
min = /(5,0) = /(1,4) = -2 



31. max = / I ± 



1/4 



1 \ 



G) 



1/4 



VS. 



min = / (0, 0, 0) = 0 



33. it 



128 



, Z = 195 feet 



37. P (20, 80, 20) = 660 



39. P I 



41. 



L -4, 



/ 8801 / 8S01 



i 660.0374989; 660 + k = 660.0375 



43. y 



V2 V2 



V2 



1 



2 2 

47. /(4, -2, 2) = 24 49. /(I, 1,2) =2 

51. (a) (±1,0,0) (b) (0, ±1,±1) 55. (0.5898,0,0.3478) 

57. B = /J=fl= _ ;/ (_ - _): 

59. C(L, /f) = C(64, 8) = 2400 61. c = d = 12 
63. L = 50, X = 10 

Chapter 13 Review Exercises, page 896 
l. 




61. 




-3 -2-1 0 1 z 



11. (a) D (b) B (c) C (d) A (e) F (f) E 
13. (a) C (b) A (c) D (d) B 

, 3 

15. Along y = 0, L[ = 0; along y = x , L2 = — ; therefore L does not 



17. Along x = 0, L\ = 1; along y = x, L2 = — ; therefore L does not 
exist. 

19. 0 21. x ^ 0 

23. /, = 4 + (1 + jcy>*y, f =-*+ x 2 e x > 

y ' y 

1 , , 

25. f x = 6xv cos v = , fy = 3x cos y — 3x y sin y 

2y/X 

29. -0.04, 0.06 31. 45 - W(x + 2) + 9(y - 5) 
33. (x-7t) + z(y- |) 

35. / A , v = 24^ 2 y + 6y 2 , /,,,, = 6.v 2 , = 8x 3 + 12xy 

37. 3(y + 1) - z = 0 39. 4x + 4(y - 2) + 2(z - 1) = 0 

41. 8e 8 ' sin t + (e gl + 2 sin t) cos r 

43. g'(f) = ^-x'(0+ /z(f)+ r»(') 

ax ay az aw 



45. 



49. 



3z _ -v + y 3z _ jc + y 
dx ~~ 



51. 



z 3y 
7 

"7! 



47. 



1 1 

--, 12tt - - 

2 2 



1 



53. ±— =(9, -8), ±4V145 
■JU5 



55. ±(1,0), ±4 57. (16,2) 

59. (0, 0) relative min, (2, ±8) saddles 



(M) 



- , - relative max, (0, 0) saddle 63. 212, 1 12 



65. /(4,0) = 512, /(0,0) = 0 67. /(I, 2) = 5, /(-l, -2) = 



69. / 



1 1 



/ 1 /l 
2' V 2 



I,/ 71, 

2 J IV 2 



71. (1,1) 



CHAPTER 14 

Exercises 14.1, page 914 

1. (a) 6 (b) 6.5 3. (a) 10 (b) 9 5. 90 
7. 39±3e 2 + 4sin4 + 4cosl - 16cos4-4sinl 



9. 4? - ie" 



15. e 4 - 1 



11. 2 



13 52 



17. 2(ln2)(sinl) 



19. 



I3e a - 1 
27 



APPENDIX B •• Answers to Odd-Numbered Exercises 



A-6S 



11 e 3 

21. -+ -ln2 23. 2 

6 3 2 2e 



25. / (x + y 2 ) dy dx 



105 



15 



f 2 f 4 ~y~ 704 
27. y J (6-x- y)dxdy ■■ 



29. f f y 2 dydx=- 
Jo Jo 3 

31. J j (-x 2 - y 2 + 4)dxdy ■. 



40 

T 



33. -1.5945 35. 1.6697 



37. [ f f(x, : 

J0 Jy/2 



nx/2 p 4 £ In y 

f(x,y)dydx 41. / / f(x,y)dxdy 
Ji Jo 



43. /" r 2e y2 
7o ./o 

./0 ./0 




49. (a) 




-2 0 2 4 6 



51. (a) 




59. 0.93125 61. (a) 4 (b) 2 63. no 



65. (a) In 5- j In 17 + 4(taiT 1 4 - tan -1 2) 
(b) | + l-</3 



Exercises 14.2, page 923 



2 ,.8-* 64 
1 dy dx = — 



ff 

JO Jyl 



1 dx dy = 3 



\dydx = - 



\o fx 2 



7. 6 9. 



11. 3-2sinl 13. 



15. 



IQ.SIfi 
105 



17. ^ 19. 4¥ 21. I 



23. 



ft 

Jo JO 

ft 

JO JO 



lx 2 + y 2 dydx = 10.275 



4 r 2-x/2 



25 

27. hi = j, x 
31. m = 4, x ■■ 



e xy dy dx = 9.003 



29. m = ±f,x = ij,y = 0 



33. (a) In exercise 30, p(x, y) is not .v-axis symmetric, 
(b) p(x, -y) = p(x, y) 



35. 1164 37. (a) y = | (b) * = - 



39. 



(c- x- -yldyd.v : 

V a 6 / 



abc 



41. (a) ¥ (b) same 
43. (a) 3.792 

(b) The average distance of points in the region from the origin 



45. 



49. 



/ / e ~* 

Jo Jo 

fi fo 



e~ y dxdy =1 47. c : 



32 



f(x, y)dy dx ■■ 



: f / f(x,y)dydx + 
Jo Jo 



f(x, y)dy dx 



3 17VT7 - 25 

51 - c = 77; — ^ — ~ °- 705 

16 64 

53. (a) 1200(1 - e" 2/3 ) 583.899 
(b) 984(1 - e~ 2/3 ) ss 478.80 

55. / y = y , |; second spin rate 13.6 times faster 

57. (a) total rainfall in region 

(b) average rainfall per unit area in region 



Exercises 14.3, page 931 

1. Utt 3. 



11. 0 13. 



12 



12 

8br 



5. - + — 7. 18jt 9. it - jre" 4 
9 6 



15. 



16 



/ir/2 z-2 
/ r<T r 
-ar/2 JO 





19. I* 


17. ^ 




2 


3 




8?r 


25. | 


27. — 

3 




16?r 


r 2 rfrrf0 = 






~3~ 



drde = -(1 -e" 4 ) 
2 v 



35. 4-7i 37. - 39. 7 = 0, y = § 

41. /j, = , if radius is doubled then moment of inertia is multiplied 
by 16. 



A-66 



APPENDIX B •• Answers to Odd-Numbered Exercises 



43. -ita 3 
3 

45. Vcone - 



r 2 r 4-2y r A-2y-x 



p lit p k 

/ / (k-r)rdrdd = -Tzk 3 ,V pa ,-aboloid 
Jo Jo 

p2n p4i , , 1 

= J J (k-r 2 )rdrd8 = -nk 1 

/iz/2 p2co$6 
/ s/9 - r-r dr d9 ^ 17. 164 
-jr/2 JO 

4 sin 8 

49. y j 1+s " 1 " 8 [\/4-r 2 -(2-rsin6l)], 



\rdrde 



51. 1.2859 53. 20,000^(1 - *>-') sa 39,717 
55. 1 - e- 1/16 0.06 

57. 4( e ~ 225/16 -«~ l6 )~ 0 - 000000033 59 - 



31?T 

320 



Exercises 14.4, page 936 

1. ^(69 3/2 - 5 3/2 ) % 46.831 3. |(17 3/2 - 1) ^ 36.177 

5. A-Jln 1. 9. 4V6 11. 8jt 13. 583.7692 

15. 31.3823 17. 37.174 19. 12.045 
21. (a) V2A (b) 672 23. 4L 

25. k=- + —(4 + 6$Vri) 2/3 ~ 3.453 
4 16 

29. tt[V2 - ln(V2 - 1)] ~ 7.212 33. 4cic.Tr 2 



Exercises 14.5, page 946 



1. 16 3. 



S A 7 Hi 



9. 0 



11. 0 13. 64 15. 

21. symmetry; yes; no 



1 3 1 
17. -0 3 -l) 19. - 
3 4e 




23 - lo 2 CC dzdxdy =l 

25. / c/x dz c/y = — 

J-l J0 Jl-z/2 15 
,vTo ,4-.y 2 ,y+6 160/l0 

27. / / / dz dy dx = 

J-vToi-6 Jo 3 

m3— x 
dvdzdx = 4 31. | 33. 8jt 



35. m = 32tt, x = y = 0, z = * 
37. m = 138, x = {ff ,y = ^|,Z = 
39. right side is heavier in #36 

.1 p2—2y p2—x—2y 

I I \yzdzdxdy 



Ihf, 
115 



Jo 

rl r2-2y r 

Jo Jo Jo 

-\ 2 r\ 

Jo Jo Jo 



1 f2-2y r 2-2j-z 

4yz dx dz dy 

2-* r l-x./2-z/2 



4yz dy dz dx 



43. 



45. 



47. 



Jo 

/■ 1 p\J l—x 2 p* 

Jo Jo Jo 

Jo Jx Jo 



dz, dx dy 



dy dz dx 



dz dy dx 



49. The volume of the parallelepiped is abc; the volume of the 
tetrahedron is abcl6. 

51. JJJ f(x,y,z)dV = JJJ maxjx, y,z}dV 



Q 



40881 



11.10897 



3680 

53. total amount is 0.01563 gram; average density is 1.356 x 10~ 5 gram 
per cubic foot 

55. c=- 57. k = 2-2 2/3 % 0.413 
2 

Exercises 14.6, page 954 

1. r = 4 3. r = 4cos6» 5. z = r 2 7. 0 = tan _1 (2) 

r 2n r 2 r J%-r 2 



11. 



13. 



15. 



17. 



19. 



21. 



23. 



27. 



29 



nr 

J0 JO Jr 



rf(r cos 8, r sin 8, z)dz dr d6 



p2n p3 p9—r 

/ / / rf(r cos 6,r sin 8,z)dzdrd8 
Jo Jo Jo 

p2jz p^/% p& 

III rf(r cos0, r sinf, z)dzdrd9 

Jo JV3 Jr 2 -1 



p2ir p2 p4 

Jo Jo Jo 



rf(r cos 0, y,r sin#) dy dr dd 



p2n p 1 p2—r~ 

/ / / rf (x,rcas6,r sin0) dxdrdO 
Jo Jo Jr- 

n2jl pz 
I r f (r cosS, r sind, z)dr d9 dz 
Jo 

pin pjli p4 

III rf(x,rcos8,rsm8)dxdrd8 

Jo Jo JV l+r 2 
p2n pln2 p2 

III rf(x,rcos8,rsm8)dxdrdd 

Jo Jo Je r 

r 2n r 2 r 2 



izdrdd = 7T(e 4 - 1) 
~2 pi-3z/2 r 6-2y-3z 



pill pi |»2 „ 

25. / / / r<Tdz 
7o Jo 

n3-3z/2 /-6-2y 
/ (x + z)dxdvdz = 12 

Jo 

Jo Jo Jr 

n4—2y pA—x—2y 
Jo 



zr dz. dr d8 = 2iz 



(x + y) dz dx dy = ! 



33. [ [ [ e 2 rdzdrd8 = n{- -\\ 

Jo }jsl-*Ji^A \e } 



/V3. 
C 71 p 2 sin 6 pr 



ni sin y p r 
/ 2r 2 cos 8 dz 
Jo 

p2zz pA p4 

37. / / / rsi 

Jo Jo Jr 
pO pl+x pi j 

J-i Jo Je"y I 



dr d8 = 0 



sinr dx dr d8 = —An (2 sin 4 + cos 4 — 1) 
1 



:dydx ■■ 



24 
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41. / / / 3z 2 rdz 

Jo Jo Jo 



;drde ■ 



2rr 



7i r 2 fV8- 



43. 



327T , i- . 

IrdzdrdB = — (V2- l) 



/0 JO Jr 
r2;r c3 ^r 2 



45. / / / r' 



dy dr d6» : 



47. 




243?r 



49. 




-4 -2 0 2 4 



51. 




-4 -2 0 2 4 



53. 




-4-2 0 2 4 



55. (cos0, sin6», 0) 

dr ~d6 df) d9 
57. — = 0 — , — = -t — 
dt dt dt dt 



59. c = 2s/2 

ir/4 



61. c = V2 63. v = -2V2f = -Jl j 

128jt _ 16 
65. m = — — ,x = y = 0.z = — 

4 _ 38 

67. m = IOjt, x = 0, y = -,z= — 



Exercises 14.7, page 961 

1. (0,0,4) 3. (V2, 0, V2) 

7T 57T 



ede 



3jr/4 



■Jl V6 ~/6 

~4~' T' ~Y 



7. p = 3 9. 0 : 



4 4 



11. p cos <p = 2 13. 



7T 

6 




17. 



-4 -2 0 2 4 




19. 



y = 0;x > 0 



-4 -2 0 2 4 



21. 




-4 -2 0 2 4 2 



23. 



25. 




27. / / / e p ' p 2 sin 4> dp d(pde = -Tt(e % - 1) 
jo Jo Jo 3 

/■27T /.3jt/4 p \/2 

29. / p 4 cos ; 

J0 Jjr/4 Jcsci/> 

/>2jr /-V2 />\/2— r 2 

JO Jl J-Jl-r 2 



cos 0 sin 0dpd (j>9 



4jt 

iz drd6 = — 



31. f f f (x 2 + y 2 +z 2 )dz,dydx = 15 

Jo J 1 J 3 



r2ir /.2 ,.4-H 



r 3 dj dr d6 



32?T 



-2 0 2 



33. r f f 

Jo Jo Jo 

35. / p 3 simpdpd<j)de = (2-V2)tt 

Jo Jo Jo 

37. / / / 

JO JO JO 
/• 2jr /* 4 /* z 

JO J2 JO 



p sin0 dp d<p d9 = 8?r 



J-27T ,4 az/V2 287T 

rdrdzdO = — 



A-68 
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dzdydx sa 3.061 

r*i 2 ri* r 2 , 4 -2V2 

43. / / / p sinip dp dtp dO = it 

Jo Jo Jo 3 



4 5 . r f 2 r 

7o 7o Jo 



r dz dr dB 



16?r 



p2it pJt/A />2cos0 
47. / p 2 sintp dp dip d0 = n 

Jo Jo Jo 
r 7i/2 r n p\ 



49. 



I I p 3 sin cp dp dcpdO = — 
-nil Jo Jo 2 



T/2 

7i pn/4 psfi 



njt/4 p 
/ 
JO 



p sin 0 dp dtj> dO ■ 



256- 128^2 



53. 



55. 



f 2 f 4 > f° e J* 2 +y 2 +* dzdydx = 2rz (e 2 -l) 

5-1 Jo J-j4-x 2 -y 2 V ' 



nTC/l p2 
Jo 



p l dpd<pd$ = -Ti 



3 3^2 

57. j = y = 0 ,z=- 4 + — 
59. (cos$ sin0, sin# sin</>, cosi; 

65. 



61. 



2 63. c = 2 




67. 




Exercises 14.8, page 971 



1 1 

1. X = -(v -u),y = -(« + 2v), 2 < « < 5, 1 < i> < 3 
6 3 

1 1 

3. x = -(u + v),y = -(« - 3u), 1 < « < 3, -1 < v < -3 

jr 

5. x = r cos 6*. v = r sin (9, 1 < r < 2, 0 < 0 < — 

_ ~ ~ ~ 2 

jr 3tt 

7. x = rcosfl, y = r sin0,2 < r < 3, — < 9 < — 
' - - ' 4 - - 4 

A 1 
9. x = J ~(v - a), y = -(« + u), 0 < 11 < 2, 2 < v < 4 



11. x = In Q(u - k)\ y = i(« + u), 0 < u < 1,3 < v < 5 

6 (?-*) 



7 13 
13. 15. 17. 19 

2 3 3 



22. - 23. -2u 25. 2 
4 

27. x = u — w.y = — (—u + v + if), z = — (m — u + u<), 
1 < « < 2, 0<u<1,2<uj<4 

- e 3 — e 7r 2 

29. 1 31. e 2 - 1 33. — — 37. — 



Chapter 14 Review Exercises, page 972 



1. 18 3. 207 5. tt( 



3 

4 128 
11. -19.92 13. - 15. 16jt 17. 

3 3 



9. 0 



19. 



64?r 



21. -(16-8^2) 23. — 
3 2 



•/T'<" 

J0 Jjy 



y)dx dy 



27. r i 

5 -it 12 Jo 



Tt/i f 2 32 
2r~ cos 0 dr dO = — 
-it 12 Jo 3 



29. 



in 



16 __ 3 __ 9 

T"* ~ r y ~ 4 



64 23 _ 5 

31. m = — , x = 0, v = — , Z = — 
15 " 28 14 



35. - 37. 2^ 39. 



33 



■A) Jjy 6 



41. 16^-^2 



43 



mz(x + y)dzdy dx = 0 
-1 



45. / p 3 sinip dp dtp dO = 71(8-4^2) 

Jo Jo Jo 

mb—x—y 
f(x,y,z) dzdydx 



nrt/2 p 
/ 
Jo 

51. r 72 r 

Jtc/4 Jo Jo 



f(p sin 0 cos $ , p sin 0 sin 0, p cos </>)p sintp dp dip dO 



e-rdzdrdO 



e V2(V2 - 1) 



/4 

ir /.ir/4 ps/2 



53. 



/ p 3 sintp dp dtp dO = iz 1 



2 



55. (a) r sin 0 = 3 (b) p sin 0 sin 0 = 3 
57. (a) r 2 + z 2 = 4 (b) p = 2 




-4-2 0 2 4 
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65. 



-2 0 2 



67. x = -(v - u), v = -(k + u), — 1 < « < 1, 2 < i! < 4 

69. -(e-e^ 1 ) 71. 4hw 2 - 4« 2 
2 



CHAPTER 15 

Exercises 15.1, page 987 



1. 

- ' ' _2 




-2 1 , - 


' ' 2 


\ • 




, • '-2" 









NNNN\NN\\\ 
SW\N\\\ S 
NN\\\\\\\ 
\\S\\\\\ \ 
NSSWWW 
WW W W \ 
W\WW\\ 
WW W \ \ \ 
WW w\ \ \ 



H ' ' ' ' I 

I 'I 'I 'Ml u i i 



\ \ \ i i i / / / / 
\\\\iittit 
\ i i i i i / / / 

V I I I I I I I I 

4 i i i I i I I i 
\?\ 1 I i I / / / 
UI1IIIH 
U I I I I I H 
Ullllli! 

-I I I I 1 I I J / 






19. (2x,2y) 21. 



23. V/ = (e~ xy - xye~ xy , -x 2 e~ xy ) 



■ xye 



25. 



(*, y, z) 



yjx 1 + y 2 + j 



2? y (V-v 2 (-* 2 + z 2 ).-2x 2 yz) 

(* 2 + z 2 ) 2 

29. /(Jt,y) = xy + c 31. not 

33. /(.v, y) = i* 2 - .v 2 y + |y 3 + c 

35. /(jc, y) = —cos xy + c 

37. /(a-, y, z) = 2.v 2 - xz + |y 2 + yz + c 39. not 

41. y 2 =.v 3 + c 43. (y + l)e~ y = - \x 2 + c 

45. y 2 + 1 = ce 2x 49. 3rr 



53. 



/ / y " "T- 
J / 

It/'' 
III/* 



r 



t ' t ) 



\ \ \ V \ 
\ \ V V 
\ \ \ 



^ X \ 

v x v \ 

v v A \ 
wire 

\ \ \ 
* \ \ \ 

M— t— J— t 



s / / / / 

_^// / 

- s< / / / 



f(x,y,z)= ( f(u)du+ f g{u)du+ f h(u 
Jo Jo Jo 



)du + c 



3<*,y> 



(undefined at the origin) 



/v 2 + . 

59. /v 2 + y 2 + z 2 (-x,-y,-z) 

q(x + 1, y) q(x - 1, y) 



61 



+ 



y) 



[(x + l) 2 + y 2 ] 3 / 2 ft* - l) 2 + y 2 ] 3 ' 2 [(.v 2 + y 2 )]3/ 2 
63. from hot to cold (assuming k > 0) 



Exercises 15.2, page 1001 



1. 4V13 3. 6V6 5. 12 

80 16 40 



9. ? 



11. - (l7 3/2 - 5 3/2 ) 13. 0 15. 2(6- 2 + 1) 

17. -2n 19. 0 21. -275 23. e _I - e~ 2 

e 10 -l 

25. cos3-cos6 27. 2(e 2 -l)+ — - — 

64 lie 
29. 31 31. 33. — + - 35. 0 

3 6 2 

37. positive 39. zero 41. negative 
32 

y 

55. x = 2.227, y = 5.324 57. 99.41 59. 359.9 

61. 63. Temperature is constant along horizontal lines. 



43. 4tt 



45. 



53. 18.67 



Flows point in opposite direction to the right and left of (0,1) 



Exercises 15.3, page 1011 

1. f{x, y) = x 2 y — x + c 
3. f(x,y) = 



A-70 APPENDIX B •• Answers to Odd-Numbered Exercises 



5. not 7. fix, y) = e" y + sin y + c 
9. fix, y, z) = xz 2 + x 2 y + y — 3z + c 

11. f(x, y, z) = xy 2 z 2 - Q* + ~J e~ 2i ' + j(y 2 + 1) 3/2 

13. /(x,y) = x 2 y-y;8 

15. /(*, y) = e*? - y 2 ; -16 

17. /(x,y,z) = xz 2 + x 2 y;-38 

.v 3 v 5 2 , 152 

19. f(x, y)= — +x + — --y 3 + y; — 

21. v^-v^M 23. -2 25. 10- e 18 
27. ~ + 1 - e 4 + ~(4- \/2) 29. 32^ 

31. yes 33. no 35. no 

37. Ci : x = t, y = 0, -2 < t < 2; 

C2 : x = 2 cos f , y = 2 sin f , tt < t < 2jt 

39. Ci : x = -2 + 2t, y = 2 - It, 0 < f < 1; 
C 2o : .v = t, y = 2, -2 < f < 0, 
C 2 6 : x = 0, y = 2 - r, 0 < / < 2 

41. false 43. true 45. tan" 1 + c, x # 0; 0 

47. (a) simply-connected (b) not simply-connected 
— kq 

49. a potential for F is — ^^^=^^^= 

/x 2 + y 2 + z 2 

51. (a) RT 2 In y - R(T 2 - T { ) (b) RT\ In y - R(T 2 - T { ) 
53. 0;0 



45. (0, 0, 0), wheel moves clockwise, but does not spin 



Exercises 15.4, page 1021 



1. 71 

9. 6tt 

15. 8 

21. 8jt 



3. 16 



11. \ 



5. -54 



7 — 



3 

13. \ + he 2 + \e- 2 



23. 32 



17. 4e 2 + \2e~ 2 19. 2Tie 
25. \n 
33. 0 35. 0 
37. it 41. 2;-ln(cosl);2 + ln(cosl) 



29. x = 0, y = ^ 



Exercises 15.5, page 1029 

1. (0, 0, -3y>,-* 3. (-3,2x,0),2z 

5. (— y, — 2x,— x),y + z 

7. (xV- v + !,-(!+ xy)e xy ,0);2x + 1 



9. 



-x sin y - 



2ze? ' z 



3y 



cos y, 



2,/x 



2z,2x,0 ;2z+ 1 + 



11. 

y 

13. conservative 15. incompressible 17. conservative 

19. neither 21. incompressible 

23. conservative 25. conservative 

27. (a) scalar (b) undefined (c) undefined (d) vector (e) vector 

37. positive 39. negative 41. negative 

-2x 



43. V x F = 0, 0 



(1 + x 2 ) 2 



rotational, axis of rotation perpendicular 



o.s — 
/ — - _ 



1 / 



\ \ \ 

\ \ I 



-,.0 • -0.^ *\ ^ 



11 

/ I 1 



47. 0, incompressible 

55. (a) , 2 -. (b) 0 

^x 2 +y 2 +z 2 

57. / (x, y, z) exists for x, y > 0 

x 2 

61. xy 2 - — + c 73. ( 



9 /1 

8 V 3 



Exercises 15.6, page 1041 

1. x = x, y = y, z = 3x + 4y 

3. x = cos u cosh v, y = sin « cosh v, z = sinh u, 0 < u < 2n, 

—00 < v < 00 
5. x = 2 cos 6», y = 2sinfl, z = z.,0 < 0 < 2tt, 0 < z < 2 
7. x = rcos#, y = r sinS.z = 4 - r 2 , 0 < 6 < 2jt, 0 < r < 2 
9. z 



11. 




-4 -2 0 2 4 



13. 




to the xy-plane 



-2 0 2 
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15. 




-2-101 



2 5 



19. (a) 1 (b) 3 (c) 2 21. 

23. 2jr/T4 25. — 27. 4jt 29. 4ac7T 2 

31. ttV3+ -— : sinh _1 (V2) ^ 7.988 
V2 

,.3 1-2 



33. ^ ^ (2x 2 + 3xy)VTidxdy 



82V14 
3 

35. 486tt (the integrand is the constant 27 on a hemisphere of radius 3) 

-V3 



37. / / (2r 3 -4rW4r 2 + Idrde = - 13^13] 

Jo iVI 10 

/■2jr r4 

39. 2 / / v^dr rfe = 256V27T 



41. 0, by symmetry 43. 24 jr 45. -18^ 47. 



9tt , 3tt 

49. — 51. 96?r 2 53. 0 55. — 
2 2 

57. 198. 8jt 59. 0.47tt 61. 0 
63. (a) flow lines don't cross boundary 

(b) jj F ■ n ds is equal to the surface area of the surface 

S 

65. (a) ("Show that" type question) 
rv / ?TT 



(b) 



67. (a) 



2tt 
3? 



(b) As c tends to zero, the radius of cone approaches infinity and the 
cone becomes a much larger surface 

71. m = 8^/!47r, x = y = 0, z = 6 



73. m = In, x = - , y = 0, ; 



Exercises 15.7, page 1051 

3 

1. 3. 7z 5. 0 7. 12 9. 32J7- 

2 

11. 56?r 13. (a) 8 (b) 0 15. (a) 4tt (b) 2tt 

17. 0 19. - 21. Tie - \n 23. 16?r 

2 3 

25. 2 1 27. ^ +8e 2 + 24 e - 2 



29. (a) 2n 2 a 2 c (b) 2ttVc 37. (b) c = 



2eo 



Exercises 15.8, page 1060 

4 
~3 
17. 0 



1. 0 3. 4tt 5. -- 7. -jr 9. 0 

13. 4jt 15. 4tz 

21. (a) 0 (b) 0 

31. Both boundary curves have the same orientation. 

33. Use V x (/Vg) = (V/) x (Vg). 



11. 0 



23. (a) — it (b) 24?r 



Exercises 15.9, page 1067 

1. 1 3. 0 5. 4tte 0 R 3 



7. 00 



9. - 16 

3 

dB 



11. 647! 



13. B and — must be continuous as well E must have continuous 
dt 

derivatives in all variables. 

15. Equality of mixed partial derivatives, E and B have continuous 
second derivative. 

19. For the given field, V ■ E = 0 in any region not containing 
the origin. 

9 



21. E n: 



4ttR z 



4tte 0 R 



j on the sphere and the area of the sphere is 



25. jj V«-nrfS = JJJ V-(Vu)dV = JJJ V 2 'u dV where Q i; 

s Q Q 

the region enclosed by S 

29. Use exercise 24 to show that V(/ — g) = 0 everywhere inside S; 
since / — g = 0 on S, f = g inside 5 as well. 

Chapter 15 Review Exercises, page 1068 
l. 
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2~ 
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3. Fj is D, F 2 is C, F 3 is B, F 4 is A 

5. f(x, y) = xy = x 2 y 2 + y + c 7. not conservative 

9. y 3 = 3jc 2 + c 13. 18 15. 18jt 17. 0 19. 0 

21. 3tt - 4 23. zero 25. 40tt 27. 66 29. 3 

1 32 
31. 10 33. conservative 35. - 37. —2 39. — 

3 3 

41. 6tt 43. (0, 0, 0) , 3a- 2 - 3y 2 45. (0, 0, 0) , 2 + 2z 2 + 2v 2 
47. neither 49. both 51. positive 
53. 




7.5 10 



55. (a) B (b) C (c) A 57. -(17 3/2 - 5 3/2 ) 

6 

59. -8^14 61. 4jrV26 63. 0 

65. m = -(17Vl7-l),Jc = y = 0,z- 

3 10(17«/17-1) 



16 304 
75. 0 77. 0 



71. 



73. 0 



A-72 
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CHAPTER 16 

Exercises 16.1, page 1080 

1. y(t) = c x e A < +c 2 e- 2 ' 

3. y(t) = c { e 2 ' + c 2 te 2 ' 

5. y(t) = e'(c\ cos2f + c 2 sin2<) 

7. y(t) = c,+ c 2 e 2 ' 

9. y(0 = c l e< 1 +^)' + C2e < 1 -^' 

11. v(r) = c t e\ 1 > +c 2 e\ 2 ) 
3 

13. y(f ) = — sin It + 2 cos 2f 15. y(f) = -e' + e 1 ' 

17. v(r) = e'(2cos2r - sin20 19. y(t) = Qt - l)e< 

^105 



21. A = </l3, 8 ~ -0.983 23. A : 



25. u(t) = - cos8( 



-1.351 



31. u(t) = e 



-(l/4)f 



-0.5- 1 - 



37. c = 8n/2 



1 /V15655 \ V15655 . A/15655 



cos — 1 



20 / 6262 \ 20 



sin — — — t 




41. The solution to y" + a 2 y = 0 has ordinary sine and cosine functions 
instead of hyperbolic sine and cosine. 




t— »- t 



27. u(t) = i cos (1-fit) - sin (7>/2f ); A 



/249 
35 ' 



-0.460 




1 *■ t 



Exercises 16.2, page 1088 

1. u(t) = e~'(c\ cos2f + c 2 sin 20 + 3e~ 2 ' 
3. u(t) = e- 2 '(ci + cit) + t 2 - It + § 
5. u(t) = e~'(ci cos 3? + c 2 sin 3f) + 2e~ 3 ' 
25 

7. u(t) = e (ci + c 2 t) —cost 

1 3 

9. u(t) = cie 2 ' + c 2 e- 2 ' - -t 3 - -t 

11. u(t) = Ae~' + Bte~' cos 3f + C;e~' sin 3t + D cos 3f + £ sin 3t 

13. «(0 = / (dt 3 + C 2 f 2 + Cit + C 0 ) + Ac 2 ' 

15. u(t) = Ae' cos 3f + Be' sin 3? + (Cf 2 + Df) cos 3t 
+ (Et 2 + f7)sin3( 

17. u(t) = t 2 e' 2 '(At 2 + Bt + C) + e- 2 '(Dt + £)cosr 
+ e~ 2 '(Ft + G)smt 



19. u(t)-- 



1221 , 1229V4899 n \ 

cos(V4899 1) sin(V4899 1)\ 

5963380 29214598620 / 



/ 1221 1 
+ ^—^ cos At + 



, 5963380 



2981690 



sin At ^ 



29. u(t) = e - 



u 




21. u(t) = - 1Q24 - 543 ^V i6W2), + -1024 + 543^ _ ( _ lg 
14368 14368 

+ ^e-" 2 
449 

23. u(t) = -cos 3f + 2 sin 3t; amplitude = \/5; phase shift & -0.464 

25. u(t) = cos t + 2 sin t ; amplitude = -v/5; phase shift ~ 0.464 

640 3000 

27. u(t) = cos2f H sin2r; amplitude % 0.522, 

5881 5881 F 

phase shift ^ -0.210 

29. natural frequency and value of co that produces resonance, V3; beats, 
for example, at a> = 1.9 

31. natural frequency and value of w that produces resonance, 8V2; 
beats, for example, at en = 11 
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33. undamped: y(t) = cos 3r + 2t sin 3t; 
damped: y(t) = 



-1/10 



100 



/3599 

cos I 1 

20 



/3599 



2399 . / V3599 . 

: sm | — — — t + 40sin3f 



20 



-100 



„ JOa / 




















rrr 









damped 



37. (a) w(0 = 5.12194sin2f-4.87804sin2.1« 

(b) u = — sin 2f cos 2f 

4 2 

(c) The solution in part (b) has resonance. 

39. ' 

vV -7.99 a; 2 + 16 

41. y(f) = 1050 - 990e _au - 98« 
Exercises 16.3, page 1096 

1. g(0 = -1.4549 x lO-V 443 " 65 ' + 1.1455 x KrV 56 ' 35 '; 
lit) = 6.4547 x 10~V 443 65 ' - 6.4549 x KrV 56 ' 35 ' 

3. Q(t) = 10~ 6 cos 707. ll*;/(0 = -7.0711 x 10~ 4 sin 707.1 If; 



amplitude is 10 , phase shift is 



5. Qit) = e- 



27 26 

cos 6t H 

170 255 



„ /79 191 \ 6 27 

lit) = e a — cos 6f H sin6f I H cos 2? sin 2? 

V 85 255 ) 85 85 

7. w(0 = — cos2r + — sin2r; amplitude ss 4.975 x 10~ 3 ; 

2020 202 



sin 6f j 

) 



27 3 

H cos 2t H sm 2r; 

170 85 



phase shifts -0.100 



9. Choose <5 = tan 



11. giw) . 



W-s) 



25 



20 lOg, 0 £((!)) 



and A2 as given in the exercise. 

7V2 

tor maximum gain, co = 



50- 




1 1 

=SL5 


\0.5 i 


1.5 


2 


-50- 






-100- 








-150- 









13. g(a>) -. 



S - -co 2 + 16 
25 

20 log 10 g(a>) 



: ; for maximum gain, co ■- 



50- 




-1 


-ns 




\ft5 i 


1.5 


2 




-50- 








-100- 












-150- 











15. giw) . 



V&> 4 - 7a> 2 + 16 



; for maximum gain, co ■■ 



23. 6»(0 = 0.2cos(7V20; amplitude = 0.2; period = ; if the length 
of the pendulum is doubled, the amplitude remains the same but the 
period increases by a factor of ~J2 

1 r 1 Tijl 
25. 0(0 = 7= sin(7V20; amplitude = =; period = 



70V2 ' 



70 V2' 



2tt 

27. amplitude 0.1367 rad; period = — 
29. v = e~ 4 '(C[ cos V2516r + c 2 sin V25160 



2n 



33. yes 35. yes 37. a > 8.99 39. — < 4; no 

w 



Exercises 16.4, page 1106 



1. a n +i = a„; ao 7 * + ci\ > 

" ^ 1 *=o y ^ K >- k=0 

1 « x 2k °o 2 k k)x 2k+l 

" +2 ra + 2 °fc**!2* 'f^ (2* + l)! 



k'. 



5. a„ 



+2 : 



*=0 *=0 
-a,, for 



(n + 2)(n + 1) 
n = 1, 3, 5, . . . ; a 0 + a t V — ^~ 



7. a, 



n+3 ' 



(n + 2)(n + 3) 
n = 1, 4, 7, . . . ; Oo + a\ 



oo _2t+l 
a„ for 



1)£!2* 



(3k + l)k\3 k 



k=0 



« (* - 1)2* « 2*/t!(x - 1) 2 *+' 



11. ^nC* — 1)" where ao and ai are chosen freely, m = — , and 
n=0 2 
a„_i+a„ 

a„ + 2 = tor h > 1 

+ " in + 1)(« + 2) 

00 f_11*r 2 * 00 C_n'+l92*!.!r 2i + 1 

13 - 5 E LJ ^ + 7 E ( 



(2i+ 1)! 



is. -3r (J : 1) " +i2r " ¥ " 

2 k k\ {-t i2k + 



2k oo ~k 



2 k k\(x - 1) 2 * +1 



17. oo 19. oo 21. 



i-lfx 1 
2 2k ik\) 2 



23. oo 



25. v (4, (.v) = -2xyy"' + (x - 4)y" + 2y'\ y< 4 >(0) = -10; 
_V (5) (.y) = -2xyy m + (x- 6)v"' + 3y"; j- (5) (0) = -72; 



P 5 (x) = 2 - 5x - 2x s 



12' 



x 2 x 3 5x 4 x 5 

27. P 5 ix) = -2 + x 1 1 

5W 2 3 24 60 



29. P s (x) = 4(x -7i)- 2nix - nf + 



(^) 



(.r - ^-) 3 



7r 3 - 3w - 2 4 4?r 4 - 24jt 2 - 20w + 12 , 
6 {X ~ K) + 120 ( ' V " n) 



Chapter 16 Review Exercises, page 1107 

1. y(0 = c { e~ 4 ' +c 2 e 31 



'11 



3. yit) = e~'i 2 c\ cos 1 + c 2 sin 1 



A-74 



APPENDIX B •• Answers to Odd-Numbered Exercises 



5. y(t) = c\e~ 2 ' + c 2 e 3 ' + -te 3 



1,1 25 

-t H f 

6 18 108 



7. v(r) = 2e~ 4 ' + 3e 2 ' 9. y(f) = sin2r + cosf 



11. u(t) = - cos(4«/6r) 
6 




\ *- t 



13. Q(t): 



-499 + 20,000V1595 ( _ 400+loyl ^ )f 



10,000 
1 -40V1595 



,C-400-I0Vl595)r 



20 



7(f) = 63&0le { - 4m - l0 * /l5 ' )5) ' - 49.9279 e ( - 400 + 10Vl595) ' 

15. u(t) = te~'(Acos2t + Bsin2;) + C 3 f 3 + C 2 f 2 + Ci? + C 0 
+ Z)cos2f + £sin2f 



17. u(t) = 
19. a„ +2 



160 2300 

cos 2f + sin 2? 



13289 
2 



13289 



n+1 



~ 2 lk k\x 2k 



(2*)! 



k=Q 



k\ 



21. fn-t" , where ao and «i are freely chosen and 
a, i+2 



^\ forn>0 
\n + \ n + 2) 



„ ~ 2 2 ^U 2 * „^r 2 *+' 
23. 4 > + 2 > 
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(Q Subject Index 



A 

Absolute convergence, 571-577 
Absolute extremum, 185, 882 

approximation of, 192 

finding, 882-883 

on closed interval, 191 
Absolute maximum, 185, 882 
Absolute minimum, 185, 882 
Absolute value 

defined, 4 

derivative of log of, 377 
inequality with, 5 
Acceleration, 132-133 
angular, 774 

normal component of, 790-794 

tangential component of, 790-794 

velocity from, 770 
Acceleration vector, 770 
Acid dissociation constant, 382 
Addition principle, 479 
Additive inverse, of vectors, 691, 700 
Air resistance (drag), 356 
Allosteric enzyme, 142 
Alternating series 

defined, 565 

divergent, 567 

harmonic, 565 

sum of, 568-569 

test, 565-566 
Ambient temperature, 494 
Ampere's Law, 1066 
Amplitude, altering, 30-3 1 
Amplitude, of sine wave, 3 1 
Angle(s) 

between two vectors, 706 
Angular acceleration, 774 
Angular momentum, 775, 778 

conservation of, 776, 925 
Angular speed, 771 
Angular velocity, 774 
Antiderivatives 

by trial and error, 292 

changing variables for, 968-969 



defined, 252 

finding, of given function, 253 
in computer algebra systems, 454 
of vector-valued functions, 765 
Approximate zero, 179 
Approximation 
linear 

defined, 175 

finding, 175-176 

for linear interpolation, 177 

of cube roots, 176 

of sine function, 176 
quadratic, 211 
Arc length 
defined, 345 
estimation of, 51, 346 
formula for, 346 

in three dimensional space, 753-756 
line integral with respect to, 990, 
992 

of plane curve, 643 

of polar curve, 666 

of power functions, 346 

surface area and, 345-347, 641-647 
Archimedean spiral, 653 
Archimedes, 325 

Arcsine. See Inverse sine function 
Area, 266-270 

approximating, with rectangles, 267 

between curves, 315-321 

between three curves, 318 

between two curves, 316-318 

computation of, 268 

finding, with fundamental theorem, 
285-286 

in polar coordinates, 664, 927 

of ellipse, 233,639 

of limaQons, 664 

of parallelogram, 720 

of region bounded by functions 
of y, 320 

of three-leaf rose, 663 

signed, 275 

surface 



arc length and, 345-347, 641-647 
calculation of, 934 
computation of, 350 
defined, 347 

in polar coordinates, 935 
numerical approximation of, 

935-936 
of parametric curves, 641-647 
surface integrals for, 1038-1039 
total, defined, 275 
under curve 

calculation of, 267 
estimation of, 268 
parametric, 638 
with double integrals, 918 
with Green's Theorem, 1018 
Area function, 272, 286 
Arithmetic mean, 478, 896 
Arnold, Vladimir, 353 
Ascent, method of, 880-881 
Asteroid, Trojan, 185 
Asymptotes 
horizontal 
finding, 8 1 
in graphing, 212 
oblique, 83 
slant, 83 
vertical, 24 

in graphing, 212, 215-216 
Autocatalytic chemical reaction, 

242-243 
Automatic graphing window, 21 
Average cost, 240 
Average cost function, 211 
Average linear density, 243 
Average value, 1048 

of function, 279-281 
Average velocity, 112-113 
Axes, of ellipse, 671 

B 

Bahill, Terry, 357 
Ball, unit, 957 



l-l 



1-2 Subject Index 



Base(s), of exponential functions, 

391-392 
Bathtub curve, 421 
Beats, 1087 
Berkeley, George, 133 
Bernoulli's Theorem, 1064 

derivation of, 1065 
Bernoulli, Jacob, 645 
Bessel function, 602-603 
Bezier curves, 641 
Binomial series, 604-605 
Binormal vector, 788 
Bisections, method of, 74-75 
Bode plot, 1096 
Bohr, Niels, 708 
Boltzmann integral, 478 
Bombieri, Enrico, 951 
Bound, of sequence, 539-540 
Boundary point, 828 
Boundary value problem, 1098 
Boyle's law, 238 
Brachistochrone, 645 
Brachistochrone problem, 644 
Buffon needle problem, 486 

c 

Calculator(s). See Graphing calculators 
Cantor set, 552 
Cardioids, 654-655 
Carrying capacity, 505 
Cartesian plane, 6-7 
CAS. See Computer algebra systems 
(CAS) 

Catenary, 411, 413, 416-417 
Cauchy Mean Value Theorem, 169 
Cauchy, Augustin Louis, 87 
Cauchy-Schwartz Inequality, 707, 712 
Center of curvature, 789 
Center of ellipse, 672 
Center of hyperbola, 674 
Center of mass, 365 

of lamina, 920, 921-922 

of solid, 945-946 

triple integrals and, 944-946 
Center of sphere, 702 
Centripetal force, 771 
Cesaro sum, 552 
Chain rule, 142-145 

Cobb-Douglas production function, 
856-857 

fundamental theorem and, 287-288 
multiple, 144 
use of, 856 

with square root function, 144 
Characteristic equation, 1075 
Charge, in electric circuit, 1091 



Chung, Fan, 144 
Circle 

curvature of, 782 

osculating, 789 

parametric equations of, 627-628 
Circle of curvature, 789 
Circular paraboloid, 737 
Circulation, 1061 
Closed curves, 1008 
Closed disk, 828 
Closed interval, 2 

absolute extremum on, 191 

continuity on, 72 
Cobb-Douglas production function, 

856-857 
Coefficient(s) 

drag, 525 

of friction, 697 

of polynomial, 13 

of probability density function, 483 

of restitution, 266, 358 

second-order equations with 
constant, 1074-1080 

undetermined, method of, 1083 

variable, differential equation with, 
1100-1101 
Colinear points, 9, 10 
Combination of functions, 36 
Commodities 

complementary, 844 

substitute, 844 
Comparison test, 554-562 

for convergent series, 559 

for divergent integral, 475 

for improper integrals, 474 

for limits, 560 
Complement of surface, 1062 
Complementary commodities, 844 
Completeness axiom, 541 
Completing the square, 40-41, 423 
Component functions, defined, 750 
Component(s), of vector, 708-71 1 
Componentwise, defined, 689 
Composite function, continuity for, 72 
Composition of functions, 36 

continuity of, 830 

finding, 37 

identification of, 37 
Compound interest, 496^498 

continuous, 496 
Computer algebra systems (CAS) 

antiderivatives in, 454 

integration with, 450-456 

misinterpretation by, 454 

shortcomings of, 453-454 
Computer(s) 

representation of real numbers on, 99 



Concavity, 203-209 

determination of, 205 

down, 203 

up, 203 
Condition, initial, 493, 1077 
Conditional convergence, 572 
Conditional probabilities, 478 
Conductivity, heat, 1041 
Cone 

elliptic, graph of, 738 

equation for 

in cylindrical coordinates, 949 
in spherical coordinates, 956 

frustrum of, 348 

slant height in, 347 
Conic sections 

directrixes, effect of, 679 

eccentricities, effect of, 678-679 

in parametric equations, 668-675 

in polar coordinates, 677-681 
Conjugate diameter, 768 
Connected region, definition of, 1004 
Connes, Alain, 576 
Conoid, Pliicker's, 955 
Conservation of angular momentum, 

776, 778, 925 
Conservation of energy, 1013 
Conservative vector field, 1003-101 1 

definition of, 1009 

determination of, 1010, 1027 
Constant 

decay, 494 

Euler's, 554 

gravitational, 794 

growth, 492 

spring, 1074 
Constant force, work and, 361 
Constant of integration, 253 
Constant polynomial, 14 
Constrained optimization, 887-894 
Constraint, inequality, 890-891 
Consumer surplus, 291 
Continuity 

defined, 828 

intervals of, 72 

limits and, 822-831 

of composite functions, 72 

of function 
defined, 68 

of rational function, 69, 7 1 

of vector-valued function, 759-760 

on a region, 829 
Continuity equation, 1052 

derivation of, 1064 
Continuous compounding, 496 
Continuous probability distributions, 
481 
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Contour plot, 814 
Contradiction, proof by, 8 
Convergence 

absolute, 571-577 

comparison test for, 559 

conditional, 572 

interval of, 581 
half-closed, 581 

linear, 184 

of Fourier series, 616-617 
of geometric series, 547-548 
of improper integrals, 469, 471 
of infinite series, 546 
of power series, 580 
of sequence, 532-533 
of Taylor series, 590 
radius of, 581, 602-603 
ratio test for, 571-577 
root test for, 576 
squeeze theorem and, 537-538 
unusually slow convergence of, 181 
Converse, 77 

Cooling, Newton's law of, 494 
Coordinate systems 
cylindrical, 948-953 
cone equation in, 949 
conversion to/from rectangular, 

951-952 
cylinder equation in, 948-949 
defined, 948 

triple integral in, 950-951 
polar 

arc length in, 666 
area in, 664, 927 
calculus and, 660-666 
conic sections in, 677-68 1 
conversion to/from rectangular, 

649-650 
defined, 649 

double integrals in, 926-93 1 
graph of, 652 

horizontal tangent lines and, 661 
intersections of, 665 
plotting points in, 649 
surface area in, 935 
surface integral evaluation with, 
1035 

transformation with, 965 
triple integrals with, 948 
volume in, 928 
rectangular 

converting to/from cylindrical, 

951-952 
converting to/from polar, 649-650 
converting to/from spherical, 

956 
defined, 649 



right-handed, 697 
spherical, 800, 956-960 

cone equation in, 956 

conversion to/from rectangular, 
956 

evaluation formula for, 970-97 1 
surface integral evaluation with, 
1038 

triple integrals in, 957-960 
volume with, 959-960 
Cornu's spiral, 648, 786 
Cosecant function 
hyperbolic, 412 
Cosine function 

combined with sine, 32 
defined, 30 
derivative of, 151 
hyperbolic, 41 1 
inverse, 414 
integrand with even power of, 
435 

integrand with odd power of, 
434 

inverse 

defined, 400 
evaluation of, 400 

parametric equations and, 627 

power function in, 294 

solving equations with, 29 
Cost 

average, 211, 240 

marginal, 239 

minimization of, 226-227 
Cost functions, 21 1 
Cotangent function 

defined, 30 

hyperbolic, 412 
Coulomb force, 1013 
Coupled system, 521 
Coupon collector's problem, 564 
Criminal Geographic Targeting 

algorithm, 388 
Critical number 

defined, 188 

of rational function, 190 
Critical point, 875, 878 
Critical threshold, 512 
Cross product, of vectors, 714-723 
Cross-section, volume computation by, 

326-327 
Cube root, approximation of 

linear, 176 

Newton's method, 180 
Cubic polynomial, 14, 17 

graph of, 23 
Cumulative distribution function, 
478 



Curl, 1022-1029 
of vector field 

computing, 1023 

definition of, 1023 

interpretation of, 1024 
Stokes Theorem and, 1053-1059 
Curvature 
center of, 789 
circle of, 789 
defined, 779, 781 
of circle, 782 
of helix, 783 
of parabola, 784 
of straight line, 782 
radius of, 789 
Curve(s) 

arc length, 5 1 
area between, 315-321 
area between three, 318 
area between two, 316-318 
area under 

calculation of, 267 

estimation of, 268 

parametric, 638 
bathtub, 421 
Bezier, 641 
closed, 1008 
equiangular, 660 
equipotential, 989 
frequency response, 1092-1093, 

1096 
length of, 47-51 
level, 814 

directional derivatives and, 867 
Lorentz, 272 
orientation of 

definition of, 990 

negative, 1014 

positive, 1014 
parameterization of, 628, 780 
piecewise-smooth, 993-995 
plane 

arc length of, 643 

defined, 626 

graph of, 626 

parametric equations and, 
625-630 

unusual, 629 
simple, 1014 
sketching of, 212-221 
slope of 

estimating, 49 
smooth, 763,991 
space, 750 
thrust-time, 370 
vector-valued 

graph of, 750-751 
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Cycloid, 640, 644 
Cylinder 

denned, 324, 734 

in cylindrical coordinates, 
948-949 

volume of, 665 
Cylindrical coordinates, 948-953 

cone equation in, 949 

conversion to/from rectangular 
coordinates, 95 1-952 

cylinder equation in, 948-949 

denned, 948 

triple integrals in, 950-95 1 
Cylindrical shells method, 338-343 
Cylindrical surface, graph of, 734 



D 

Damping force, 1074, 1094-1095 

Daubechies, Ingrid, 610 

de Branges, Louis, 270 

Decay constant, 494 

Decay problems, 491^496 

Decreasing function 
defined, 195 

Decreasing sequence, 538 

Definite integral 

approximation of, with Midpoint 

Rule, 274 
computing exactly, 285 
defined, 273, 903 
integration by parts for, 430-43 1 
of vector- valued function, 766 
signed area and, 275-276 
substitution in, 295-296 
Taylor series for approximating, 
601 

with variable upper limit, 286 
Degree of polynomial, 13 
Demand 

elasticity of, 241-242, 245 

relative change in, 241 
Density 

linear, 243 

mass density, 243 

weight, 947 
Density plot, 814, 816 
Derivative Test 

First, 199 

Second, 877 
Derivative(s) 

at a point 

unspecified, 118-119 

chain rule for, 142-145 

computation of, 127-133, 151 

defined, 118 



directional, 864-871 

computation of, 865 

defined, 864, 869 

finding, 866 

level curves and, 867 
general rules, 130-131 
given, finding functions with, 167 
gradient, 864-871 
higher order, 131-132 
notation, alternative, 121-123 
numeric approximation of, 122 
of cosine function, 151 
of exponential functions, 393-396 
of log of absolute value, 377 
of sum, 131 

of trigonometric functions, 147-152 

inverse, 406 
of vector- valued function, 761 
partial, 833-840 

applications, 836-837, 839 

computing of, 835-836 

defined, 835 

from table of data, 839-840 
higher-order, 837 
mixed second-order, 837 
of three variable functions, 
838-839 
power rule, 127-133 
product rule, 135-140, 151 
quotient rule, 135-140 
rewriting functions for, 131 
second, 131 

implicit, 158 
third, 131 

undefined, 188, 189 

zero, function with, at local 
maximum, 187 
Determinant, 715 
Deviation, standard, 486 
Diaconis, Persi, 483 
Diameter, conjugate, 768 
Diameter, of section, 1032 
Difference quotients, 110, 127 
Difference, indefinite integral of, 256 
Differentiable functions 

defined, 118 
Differential, 175 

total, 850 
Differential equations 

as initial value problems, 503 

defined, 252, 259, 492 

equilibrium solutions, 505 

family of solutions for, 503 

first-order ordinary, 501 

flow lines with, 983 

general solution for, 492, 1075 

higher-order, 1081 



homogeneous, 1082 

initial condition in, 503 

linear ordinary, 989 

modeling with, 491-498 

nonhomogeneous, 1082-1088 

power series solutions of, 1098-1106 

second-order 

applications, 1090-1095 
as first-order systems, 525 
with constant coefficients, 
1074-1080 

separable, 501-507 

systems of, 521-525 

with variable coefficients, solving, 
1100-1101 
Differential geometry, 788 
Differential operator, 122 
Differentiation 

implicit, 155-160, 860 

numerical, 122-123 

of exponential functions, 395 

of logarithms, 377, 380-381, 
381-382 

of power series, 582-583 

of vector-valued functions, 761 

term-by-term, 582 
Diffusivity, thermal, 862 
Dimensionless variables, 858 
Dipole 

electric, 586 

electrostatic field of, 986-987 
Dirac delta, 298 

Direct linear transformation, 972 
Direction field, 510, 512 
Direction of maximum increase, 

869-870 
Direction vectors, 711 
Directional derivative, 864-871 

computation of, 865 

defined, 864, 869 

finding, 866 

level curves and, 867 
Directixes, effects of, 679 
Directrix, of parabola, 668 
Discontinuity 

defined, 68, 828 

removable, defined, 70 
Discontinuous integrand, 278, 
467-470 

Discrete probability distributions, 48 1 
Discriminant 
defined, 877 

local extrema and, 877-878 
Disk 

closed, 828 

open, 828 
Displacement vector, 710 
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Distance 

from point, 720 
minimization of, 226-227 
minimum, 888 

Distance formula, 6-7, 699 

Divergence 

comparison test for, 475, 559 
A:th term test for, 549-550 
of alternating series, 567 
of geometric series, 548-549 
of improper integrals, 468, 471 
of infinite series, 546 
of sequence, 534-535 
of vector field, 1022-1029 
computing, 1025 
definition of, 1025 
interpretation of, 1025 
ratio test for, 575 

Divergence Theorem, 1044-1051 
applications, 1047 
definition of, 1044 
proof of, 1045 

proving general result with, 1048 

Domain 

in graph drawing, 212 

of function, defined, 13 

of three variable function, 810 

of two variable function, 810 

Domes, volume of, 327 

Dot product, of vector, 704-7 1 1 

Double integrals, 901-914 
area with, 918 
change of variables in, 967 
defined, 906, 909 
evaluation of, 910, 912 
in polar coordinates, 926-931 
irregular partitions and, 904 
order in, 9 1 3 

over general regions, 908-913 
over rectangle, 903-907 
volume with, 904-905, 918 

Double Riemann sum, 904, 917 

Doubling time, 493 

Down concavity, 203 

Drag coefficient, 525 



E 

e (irrational number) 
as logarithmic base, 391 
Taylor series for approximation of, 
591 

Eccentricity, 677, 678-679 
Economic Order Quantity, 283, 291 
Elasticity of demand, 241-242, 245 
Electric dipole, 586 



Electrical circuits, charge in, 1091 
Electrical potential, 607 
Electrostatic field, 986-987 
Elementary polar regions, 926 
Ellipse 

area enclosed by, 233, 639 

axes of, 67 1 

center of, 672 

defined, 671 

equation of, 671, 672-673 
features of, 672 

parametric equations of, 627-628 

vector- valued function defining, 75 1 

vertices of, 67 1 
Ellipsoid 

equation for, 735 

graph of, 735 

inertia, 745 
Elliptic cone, 738 
Elliptical helix 

defined, 752 

vector-valued function defining, 
751-752 
Endpoints, 2 
Energy 

conservation of, 1013 
kinetic, 361, 1013 
potential, 361, 1013 
Energy spectrum, 620 
Enzyme, allosteric, 142 
Epicycloid, 641 
Equal-tempered tuning, 8 
Equation(s) 

calculator for solving, 26 
characteristic, 1075 
continuity, 1052 

derivation of, 1064 
converting between rectangular and 

polar coordinates, 652 
differential 

as initial value problems, 503 
defined, 252, 259, 492 
equilibrium solutions, 505 
family of solutions for, 503 
first-order ordinary, 501 
flow lines with, 983 
general solution for, 492, 1075 
higher-order, 1081 
homogeneous, 1082 
initial condition in, 503 
linear ordinary, 989 
modeling with, 491-498 
nonhomogeneous, 1082-1088 
power series solutions of, 

1098-1106 
second-order, 525, 1074-1080 
applications, 1090-1095 



separable, 501-507 

systems of, 521-525 

with variable coefficients, solving, 
1100-1101 
Euler, 1081 
Euler's, 1064 
heat, 862, 1062, 1063 
Hermite's, 1 107 
impulse-momentum, 283, 364 
Laplace, 989 

linear ordinary differential, 989 
linear, in three dimensions, 729 
logistic, 244, 245, 505 
Maxwell's, 1065-1066 
of cone, 956 

of cylinder in cylindrical coordinates, 
948-949 

of ellipse, parametric, 671, 672-673 

of ellipsoid, 735 

of hyperbola, 674 

of hyperboloid, 739 

of lines, 9-18 

of motion, 773-776 

of parabola, 669, 670 

of parallel line, 12 

of perpendicular line, 12 

of plane, 729 

of sphere, 702 

of tangent line, 110, 137 

of tangent plane, 846-847 

parametric, 457 

calculus and, 634—639 
circles defined by, 627-628 
conic sections in, 668-675 
defined, 625 

ellipses defined by, 627-628 
for intersecting surfaces, 755 
for line segment, 628 
for x-y equations, 629 
parameter of, 626 
plane curves and, 625-630 
projectile motion and, 626-627 
sine and, 627 
slope of, 635 

surface area with, 641-647 
symmetric, of lines, 726 
wave, 843 
Equiangular curve, 660 
Equilibrium position, of spring-mass 

system, 1074 
Equilibrium solutions, 505, 516-517 
of systems of equations, 524 
stable and unstable, 512, 522 
Equipotential curves, 989 
Equivalence point, 382 
Error bounds, for numerical integration, 
305-308 
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Error estimate, for integral test, 557 

Error function, 598 

Escalante, Jaime, 432 

Escape velocity, 86 

Euler equation, 1081 

Euler's constant, 554 

Euler's equation, 1064 

Euler's formula, 598 

Euler's method, 510, 512, 983-984 

Improved, 520 
Euler, Leonhard, 510 
Evaluation points, 269, 270 
Evaluation Theorem, 991, 997, 1033 
Expansion 

Fourier series, 611-612, 614-615 

of determinant, 715 

Taylor series, 588 
Exponent(s) 

fractional, 191,200, 255 

negative, 254 
Exponential decay law, 492 
Exponential functions 

base of, 391-392 

defined, 391 

derivatives of, 393-396 

differentiation of, 395 

integral of, 394 
Extrapolation, 12 
Extreme value theorem, 1 86 
Extremum (extrema) 

absolute, 185 

approximation of, 192 

finding, 882-883 

on closed interval, 191 

at undefined derivative, 189 

defined, 22 

for function with fractional 
exponents, 191 

local 

approximation of, 200 
defined, 22 

discriminant in finding, 877-878 
graph of, 197, 875-876 
in functions of several variables, 
874 

of polynomial, 1 89 

with first derivative test, 200 

of functions of several variables, 

874-883 
with second derivative test, 207 



F 

Factor Theorem, 17 
Factor, integrating, 989 
Factorial, defined, 537 



Factoring 

finding limit by, 61 
finding zeros by, 16 
Family of solutions, to differential 

equations, 503 
Faraday's Law of Induction, 1066 
Fermat's Theorem, 188 
Fermat, Pierre de, 188 
Feynman, Richard, 135 
Fibonacci sequence, 1, 544 
Field(s) 

direction, 510, 522 
electrostatic, 986-987 
gradient 

definition of, 984 
finding, 984-985 
potential function of, 985-986 
inverse square, flux of, 

1049-1050 
magnetic, flux of, 1051, 1059 
slope, 510 
vector, 977-987 

conservative, 1003-1011 
determination of, 1027 
curl of, 1022-1029 
computing, 1023 
definition of, 1023 
interpretation of, 1024 
definition of, 978 
divergence of, 1022-1029 
computing, 1025 
defined, 1025 
flux of, 1039-1041 
graphing of, 978-979 
incompressible, 1026 
irrotational, 1024, 

1027-1028 
plotting, 978 

potential function of, 1010 
sink points, 1026 
source points, 1026 
source-free, 1026 
with gradient, 1026 
velocity, 981 

flux of, 1061-1062 
First component, of vector, 689 
First Derivative Test, 199 
First moment(s), 365, 944 
First octant, 698 
First-order ordinary differential 

equations, 501 
Fitzgerald, Ella, 1073 
Fixed graphing window, 2 1 
Fixed point, 42 
Flow lines 

definition of, 981 

differential equations with, 983 



Euler's method in approximation of, 
983-984 

graphing of, 982 
Flow, irrotational, 1058 
Flux 

definition of, 1040 

of inverse square field, 1049-1050 

of magnetic field, 1051, 1059 

of vector field, 1039-1041 

of velocity field, 1061-1062 
FM. See Frequency modulation (FM) 
Focus (foci) 

of hyperbola, 673 

of parabola, 668 
Force(s) 

centripetal, 77 1 

constant, work and, 361 

Coulomb, 1013 

damping, 1074, 1094-1095 

hydrostatic, 367 

Magnus, 722, 723 

resultant, 694 
Four-leaf rose, 656 
Fourier analysis, 620 
Fourier convergence theorem, 616 
Fourier cosine series, 620 
Fourier series, 607-618 

convergence of, 616-617 

defined, 608 

expansion of, 610, 61 1-612, 614-615 

music synthesizers and, 617-618 
Fourier sine series, 618, 620 
Fourier's law, 989 
Fourier, Jean Baptiste Joseph, 608 
Fraction(s) 

inequality with, 4 

partial, 442^148 
Fractional exponent 

extrema of function with, 191, 200 

power rule with, 255 
Freedman, Michael, 65 
Frenet-Serret formulas, 798 
Frequency 

natural, 1087 

of sine wave, 3 1 

resonant, 1096 
Frequency modulation (FM), 222 
Frequency response curve, 1092-1093, 
1096 

Friction, coefficient of, 697 
Frustrum of cone, 348 
Fubini's Theorem, 907, 927, 928 
Fubini, Guido, 907 
Function(s) 

absolute extrema of, 186 

anti derivative of given, 253 

area, 272, 286 
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area of regions bounded by, of y, 320 
average cost, 211 
average value of, 279-28 1 
Bessel, 602-603 
combination of, 36 
component, defined, 750 
composition of, 36 

continuity of, 830 

finding, 37 

identifying, 37 
continuity of 

defined, 68, 828 

of composite functions, 72 

removable, 70 
continuous, absolute extrema of, 

187 
cost, 211 

cumulative distribution, 478 
decreasing 

defined, 195 
defined, 13 

density plots and, matching of, 816 

derivatives and, rewriting for, 131 

differentiable, defined, 118 

discontinuous, 68 

domain of, 13 

error, 598 

exponential 

base of, 391-392 

defined, 391 

differentiation of, 395 

integral of, 394 
gamma, 478 
generating, 586 
hyperbolic, 411-417 

derivative of, 412 

integral involving, 413 

inverse, 414^116 
formula for, 415 
increasing 

defined, 195 
integrable, 273, 906 
inverse 

defined, 384-385 

finding, 386 

graphing of, 387 

tangent line to, 389 

unknown, 387 
iterations of, 42 
log integral, 384 
maximum rate of change of, 868 
minimum rate of change of, 868 
of several variables, 809-818 

extrema of, 874-883 
of two variables, 809-810 

graph of, 811 

limit of, 828 



omega, 478 
one-to-one, 385 
periodic 

defined, 28, 607 

fundamental period of, 28 
piecewise-continuous, 278 
piecewise-defined, limit of, 65-66 
polynomial, defined, 13 
potential, 292, 984 

of vector field, 1010 
power, arc length of, 346 
probability density, 481, 482 

standard deviation for, 486 
range of, 1 3 
rational 

continuity of, 69, 71 

critical number of, 190 

defined, 15 

graph of, 23-24, 208, 213-214 
integration of, 442-448 
limit of, 6 1 

with no vertical asymptotes, 25 
reliability, 478 

Riemann sum for, with positive and 

negative values, 274 
Riemann-zeta, 563 
root of, 14 
scalar, 1026 
sigmoid, 398 
sine, 29 
special, 602 
square root, 15 

chain rule with, 144 

derivative of, 119-120 
square-wave, 610 
squeeze theorem for, 64 
sum of values of, 263 
table of data, defined by, 810 
transformations of, 36^41 
trigonometric, 26-34 

derivatives of, 147-152 

in powers, 294 

inverse, 399^403 
calculus of, 405-409 
derivative of, 406 
integrals involving, 407^409 
simplification of, 402 

limit of, 63, 91 

loss of significance involving, 101 
polynomial and, sum of, 220-221 
vector-valued 

antiderivative of, 765 
calculus of, 758-767 
continuous, 759-760 
defined, 750 
definite integral of, 766 
derivative of, 761 



differentiation of, 76 1 
ellipse, 751 

elliptical helix, 751-752 
graphing of, 750-75 1 
increment of, 760 
indefinite integral of, 766 
limit of, 759 
line, 752 

matching to graph, 752 
wave, 1098 
well-defined, 290 
with no inverse, 385 
with second derivative test as 

inconclusive, 207 
with vertical tangent line at inflection 

point, 209 
with zero derivative at local 

maximum, 187 
zeros of 

approximate, 25 
approximating 

by method of bisection, 74-75 
with Newton's method, 179 
Bessel functions, 603 
by factoring, 16 
by quadratic formula, 16 
cubic polynomial, 17 
determining number of, 164 
finding, by method of bisections, 
74-75 
Fundamental period, 28 
Fundamental Theorem for Line 

Integrals, 1007 
Fundamental Theorem of Algebra, 26 1 
Fundamental Theorem of Calculus, 

284-290 
Future value, 501 



G 

Gabriel's horn, 351,477 

Galileo, 1097 

Gamma function, 478 

Gauss, Karl Friedrich, 261, 269 

Gauss' Law for electricity, 1050 

Gauss' Theorem. See Divergence 
Theorem 

Gaussian quadrature, 310 

General solution, for differential 
equations, 492, 1075 

General term, 532 

Generating function, 586 

Geometric series, 547 
convergent, 547-548 
divergence of, 548-549 

Geometry, differential, 788 
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Geosynchronous orbit, 779 
Gibbs phenomenon, 618 
Gibbs, Josiah Willard, 717 
Gini index, 272 
Global behavior 

defined, 23, 198 
Gradient 

applications, 871 

defined, 865, 869 

scalar functions with, 1026 

vector fields with, 1026 
Gradient derivatives, 864-871 
Gradient field(s) 

definition of, 984 

finding, 984-985 

potential function of, 985-986 
Granville, Evelyn, 772 
Graph(s) 

comparing, 39 

first derivatives in, 212 

global behavior in, 23, 198 

hidden behavior in, 198 

horizontal asymptotes, 212 

horizontal translation of, 38-39 

intercepts in, 212 

limit determination with, 54 

local behavior in, 23, 198 

of cardioid, 654-655 

of contour plots, 815 

of cubic polynomial, 23 

of cylindrical surface, 734 

of ellipsoid, 735 

of elliptic cone, 738 

of flow lines, 982 

ofhyperboloid, 738-739 

of inverse function, 387 

of limacons, 653-654, 655 

of line, 10 

of local extrema, 197, 875-876 

of paraboloid, 737 

of parametric surface, 799-800 

of plane curve, 626 

of polar coordinates, 652 

of polynomial, 212-213 

of polynomial and trigonometric 

function sum, 220-22 1 
of rational function, 23-24, 208, 

213-214 
of Taylor polynomials, 588 
of three variable functions, 811 
of two variable functions, 811 
of vector- valued function, 750-751, 

752 

removing hole in, 69-70 
vector fields, 978-979 
vertical asymptotes, 24, 212 
vertical translation of, 37-38 



with difficult-to-see features, 

218-219 
with no inflection points, 206 
with no tangent lines, 115 
with two vertical asymptotes, 

215-216 
Graphing calculators 

automatic graphing window, 2 1 
fixed graphing window, 21 
generating graph, 2 1 
intersections on, 25 
pixels in, 21 

solving equations on, 26 
Graphing window, 2 1 
Gravitation, 680, 794 
Green's Theorem, 1014-1021 
Green, George, 1014 
Gross domestic product (GDP), 272 
Growth and decay problems, 491^-96 
Growth constant, 492 
Growth, logistic, 505-507 
Guess, initial, 880 



H 

Half-life, 494 

Half-open interval of convergence, 581 

Halmos, Paul, 90 

Hamilton, William Rowan, 697 

Hardy- Weinberg law, 886 

Harmonic content, 619 

Harmonic motion, simple, 1079, 1098 

Harmonic series, 550 

alternating, 565 
Hau, Lene, 708 
Heat conductivity, 1041 
Heat equation, 862, 1062, 1063 
Heat index, 818 
Heat, specific, 1063 
Helix 

curvature of, 783 

elliptical 
defined, 752 

vector-valued function defining, 
751-752 
Hermite polynomial, 1107 
Hermite's equation, 1 107 
Higher order derivatives, 131-132 
Higher order differential equations, 
1081 

Higher-order partial derivatives, 
837 

Homeomorphism, 411 
Homogeneous differential equations, 

1082 
Hooke's Law, 362 



Horizontal asymptotes 

finding, 81 

in graphing, 212 
Horizontal component, of vector, 637 
Horizontal line test, 385 
Horizontal tangent, 190, 661 
Horizontal translations, 38-39 
Hydrostatic force, 367 
Hyperbola 

center of, 674 

defined, 673 

equation of, 674 

foci of, 673 
Hyperbolic cosecant function, 412 
Hyperbolic cosine function, 411 

inverse, 414 
Hyperbolic cotangent function, 412 
Hyperbolic functions, 41 1^-17 

derivative of, 412 

integral involving, 413 

inverse, 414-416 
formula for, 415 
Hyperbolic paraboloid, 740-741, 801 
Hyperbolic secant function, 412 
Hyperbolic sine function, 411 

inverse, 414 
Hyperbolic tangent function, 412 

inverse, 414 
Hyperboloid 

equation for, 739 

of one sheet, 738-739 

of two sheets, 739, 740 
Hypersurface, 928 
Hypocycloid, 640 



I 

Identities, trigonometric functions and, 
32 

Image, of transformation, 963 
Implicit differentiation, 155-160, 860 
Implicit plot, 736 
Implicit solution, 504 
Improper integrals, 467^-76 

comparison test for, 474 

convergence of, 469, 471 

defined, 467 

divergence of, 468, 469, 471 
with discontinuous integrand, 

467-470 
with infinite limit of integration, 
470-473 
Improved Euler's method, 520 
Impulse, 364 

Impulse-momentum equation, 283, 364 
Incompressible vector field, 1026 
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Increasing function 

defined, 195 
Increasing sequence, 538 
Increment 

computation of, 849 

defined, 848 

of vector-valued functions, 760 
Indefinite integrals 
defined, 253 
evaluating, 254 
of difference, 256 
of sum, 256 

of vector-valued function, 766 

power rule for, 254 
Indeterminate forms 

defined, 82, 457 

limit of, 459 

other, 461^-64 

simplification of, 461 
Index of summation, 260 
Induction assumption, 263 
Induction, mathematical, 263-264 
Inequality 

alternate method of solving, 5 

Cauchy-Schwartz, 707, 712 

linear, 3 

quadratic, 4 

real number system and, 2-5 
triangle, 5, 708, 712 
two-sided, 3-4 
with absolute value, 5 
with fraction, 4 

with sum inside absolute value, 5 
Inequality constraint, 890-891 
Inertia ellipsoids, 745 
Infant mortality phase, 421 
Infinite products, 553 
Infinite series, 266 

convergent, 546 

defined, 545 

divergence of, 546 

sums of, 545 
Infinity 

limits at, 81-84, 93-96 
Inflection points, 205, 206 
Information theory, 478 
Information, qualitative, 510 
Initial condition, 493, 503, 1077 
Initial guess, 880 
Initial point, of vector, 688 
Initial value problem (IVP), 503, 1077 
Inner partition, 908, 926, 929 
Instantaneous rate of change, 1 14, 

132-133 
Instantaneous velocity, 113 
Integers, 2, 261, 1034-1035 
Integrable function, defined, 273, 906 



Integral Mean Value Theorem, 280 
Integral test, 554-562 
Integral(s) 

Boltzmann, 478 

completing the square with, 423 
definite 

approximation of, with Midpoint 

Rule, 274 
computing exactly, 285 
defined, 903 

integration by parts for, 430-43 1 
of vector-valued functions, 766 
signed area and, 275-276 
substitution in, 295-296 
Taylor series for approximating, 
601 

with variable upper limit, 286 
double, 901-914 
area with, 918 
change of variables in, 967 
defined, 906, 909 
evaluation of, 910, 912 
in polar coordinates, 926-93 1 
irregular partitions and, 904 
order in, 9 1 3 

over general regions, 908-913 

over rectangle, 903-907 

volume with, 904-905, 918 
improper, 467-476 

convergence of, 469, 471 

defined, 467 

divergent, 468, 471 

with discontinuous integrand, 
467-470 

with infinite limit, 470-473 
indefinite 

defined, 253, 273 

evaluating, 254 

of difference, 256 

of sum, 256 

of vector-valued functions, 766 
power rule for, 254 
line, 990-1001 
defined, 990 

determining sign of, graphically, 

1000-1001 
evaluation of 

over piecewise-smooth curve, 

993-995 
with Green's Theorem, 

1017-1018 
with respect to arc length, 992 
with Stokes' Theorem, 1055 
fundamental theorem for, 1007 
Green's Theorem and, 1017 
independence of path, 1003-101 1 
with respect to x , 997 



with respect to y , 997 
work and, 999-1000 
of exponential functions, 394 
of inverse trigonometric functions, 

407-409 
Riemann-Stieltjes, 426 
substitution in evaluation of, 293 
surface, 1032-1041 

definition of, 1032, 1040 
evaluation of, 1034-1035 
using complement of surface, 
1062 

with polar coordinates, 1035 
with spherical coordinates, 1038 
with Stokes' Theorem, 1056 
surface area with, 1038-1039 
tangent line for, 289 
Taylor series for approximation of, 
602 

triple, 928-946 

center of mass and, 944-946 
change of variables in, 970 
defined, 928 

in cylindrical coordinates, 

950-951 
in spherical coordinates, 957-960 
inner partition of, 929 
order of integration in, 942-943 
over rectangular box, 929 
over tetrahedron, 940-941 
volume with, 943-944, 952-953 
with first integration with respect 

tox, 941-942 
with polar coordinates, 948 
with discontinuous integrand, 278 
with logarithms, 378 
with powers of trigonometric 

functions, 433-437 
with variable upper and lower limits, 
288 

Integrand, 253, 278, 295 
discontinuous, 467-470 
expansion of, 423 
with even power of cosine, 435 
with even power of secant, 436 
with even power of sine, 435 
with odd power of cosine, 434 
with odd power of sine, 434 
with odd power of tangent, 436 
with single term, 428 

Integrating factor, 989 

Integration 
by parts, 426-^131 

for definite integral, 430^131 
repeated, 428 
by substitution, 292-296, 422, 447 
constant of, 253 
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Integration — Cont. 
defined, 253 
generalizing rule of, 423 
in engineering, 361-369 
in physics, 361-369 
lower limit of, 273 
numerical, 298-309 

error bounds for, 305-308 
of power series, 583-584 
of rational functions, 442-448 
partial, 906 

reduction formula and, 430, 45 1 

tables, 301, 450-456 

trigonometric techniques of, 433-440 

with computer algebra systems, 
450-456 

with partial fractions, 442^448 
Intercepts, 212 
Interest 

compound, 496-498 

continuous compound, 496 
Interior point, 828 
Intermediate Value Theorem, 74 
Interpolation, linear, 177 
Interval 

closed, 2 

absolute extremum on, 191 

continuity on, 72 

open, 3 

derivative on, 119 
Interval of convergence, 581 

half-closed, 581 
Inverse cosine function 

defined, 400 

evaluation of, 400 
Inverse function 

defined, 384-385 

finding, 386 

graphing of, 387 

tangent line to, 389 

unknown, 387 
Inverse hyperbolic cosine function, 414 
Inverse hyperbolic functions, 414-416 

formula for, 415 
Inverse hyperbolic sine function, 414 
Inverse hyperbolic tangent function, 
414 

Inverse problem, 375 
Inverse relationship, 384 
Inverse secant function 

defined, 401 

evaluation of, 402 
Inverse sine function, 399 

evaluation of, 400 

hyperbolic, 414 
Inverse square field, flux of, 
1049-1050 



Inverse square law, 987 
Inverse tangent function 

defined, 401 

evaluation of, 401 

hyperbolic, 414 

integral related to, 408 

simplification of expression with, 
402-403 
Inverse trigonometric functions, 
399-403 

calculus of, 405-409 

derivatives of, 406 

integrals involving, 407^409 

simplification of, 402 
Irrational numbers, 2 
Irregular partitions, 272, 904 
Irrotational flow, 1058 
Irrotational vector fields, 1024, 

1027-1028 
Iterates, 42 

Iterations, of functions, 42 

IVP. See Initial value problem (IVP) 

J 

Jacobi, Carl Gustav, 966 
Jacobian of transformation, 967 
Jones, Vaughan, 464 
Julia set, 712 

Just-in-time inventory, 25 1 

K 

Kepler's laws of planetary motion, 680, 

794-797 
Kepler, Johannes, 194, 794 
Kinetic energy, 361, 1013 
Klein bottle, 803 
kth term test, 549-550 

L 

L'Hopital's Rule, 459, 535-536 
L'Hopital, Guillaume de, 459 
Lagrange multiplier(s), 887-894 

defined, 889 

method of, 888 
Lagrange points, 184, 799 
Lagrange, Joseph-Louis, 888 
Lambert shading, 874 
Lamina, 920 

center of mass of, 920, 921-922 

moments of inertia of, 923 
Laplace equation, 989 
Laplace transform, 478 



Laplace, Pierre-Simon, 470 
Laplacian, 858, 862, 873, 1026 
Least squares method, 878 
Legendre polynomials, 607 
Leibniz notation, 122 
Leibniz, Gottfried Wilhelm, 

122, 140 
Level curves, 814 

directional derivatives and, 867 
Level surfaces, 817-818 
Limacons, 653-654, 655, 664 
Limit 

approaching, 53 

approaching value of, 56 

at infinity, 81-84, 93-96 

by factoring, 61 

by rationalizing, 62-63 

comparison test for, 560 

computation of, 59-66 

concept of, 52-57 

continuity and, 822-831 

describing velocity, 66 

evaluating, 53 

formal definition of, 87-96, 823 
graphic determination of, 54, 

91-93 
infinite, 94 

of improper integral, 470^4-73 
L'Hopital's rule and, 459 
loss of significance errors, 98-103 
nonexistent, 54, 55, 92, 825 
of indeterminate forms, 459 
of integration, 273 
of natural log, 381 
of nth root of polynomial, 62 
of piecewise defined functions, 

65-66 
of polynomial, 61, 824 
of product that is not product of 

limits, 63-64 
of quotient that is not quotient of 

limits, 82 
of rational function, 61 
of sequence, 534 
of trigonometric functions, 63, 

80,91 

of two variable function, 828 
one-sided, 53, 56, 79 
precise definition of, 89 
proving as correct, 89 
proving existence of, 827 
simple, 88 

Taylor series for conjecture of value 

of, 600-601 
variable, integral with, 288 
verifying, 64-65, 88 
where two factors cancel, 55 
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Limit cycle, 668 
Line integrals, 990-1001 
denned, 990 

determining sign of, graphically, 

1000-1001 
evaluating 

over piecewise-smooth curve, 
993-995 

with Green's Theorem, 1017-1018 
with respect to arc length, 992 
with Stokes' Theorem, 1055 

fundamental theorem for, 1007 

Green's theorem and, 1017 

in space, 997-998 

independence of path, 1003-1011 

with respect to x, 997 

with respect to y, 997 

work and, 999-1000 
Line segments, parametric equations of, 
628 

Line(s) 

curvature of, 782 
distance from point to, 720 
equations of, 9-18 
flow 

definition of, 981 

differential equations with, 983 

Euler's method in approximation 
of, 983-984 

graphing of, 982 
graphing of, 10 
in space, 726-731 

nonintersecting but not parallel, 727 
normal, 846, 870 
orthogonal, 727 

parabola and, intersection of, 17-18 
parallel, 11, 12,727 
perpendicular, 11, 12 
point-slope form, 1 1 
secant, 108 
slope of, 9, 10 
slope-intercept form of, 1 1 
symmetric equations of, 726 
tangent, 47-51 

equation of, 110, 137, 152 

finding with implicit 
differentiation, 156 

for function defined as integral, 
289 

graphical approximation of, 111 
horizontal, 190 

numerical representation of, 111 
to inverse function, 389 
to parametric curve, 635 
velocity and, 107-115 
vertical, 190, 209 
vector-valued function defining, 752 



Linear approximation 
defined, 175, 847, 850 
finding, 175-176, 847-848 
for linear interpolation, 177 
of cube roots, 176 
of sine function, 176 
tangent planes and, 844-852 

Linear convergence, 1 84 

Linear density, 243 

Linear equations, in three dimensions, 
729 

Linear inequality, 3 
Linear interpolation, 177 
Linear momentum, 775, 778 

conservation of, 778 
Linear ordinary differential equations, 
989 

Linear polynomial, 14 

Linear regression, 878, 879-880 

Linear transformations, 27 

direct, 972 
Local behavior, in graphing, 23, 198 
Local extremum 

approximation of, 200 

defined, 22 

discriminant in finding, 877-878 
graph of, 197, 875-876 
in functions of several variables, 874 
of polynomial, 189 
using first derivative test, 200 
Local maximum 
defined, 22, 187 

function with zero derivative at, 187 
in functions of several variables, 874 
Local minimum 
defined, 22, 187 

function with undefined derivative at, 
188 

in functions of several variables, 
874 

Log integral function, 384 
Logarithm(s) 
derivative of 

of absolute value, 377 
differentiation of, 377, 380-381, 

381-382 
integrals involving, 378 
natural 

defined, 376 
inverse of, 391-393 
limiting behavior of, 381 
rewriting expressions with, 380 
Logistic equation, 244, 245, 505 
Logistic growth, 505-507 
Lorentz curve, 272 

Loss-of-significance errors, limits and, 
98-103 



Loss-of-significant-digits error, 100 
Lower limit of integration, 273 



M 

M-test, 586 

Maclaurin series, 588, 598 
Maclaurin, Colin, 555 
Magnetic field, flux of, 1051, 1059 
Magnitude, of vector, 688, 700 
Magnus force, 356, 722, 723 
Major axes, of ellipse, 671 
Mandelbrot set, 712 
Mandelbrot, Benoit, 286 
Map, topographical, 821 
Marginal cost, 239 
Marginal profit, defined, 239 
Mass 

center of, 365 
of solid, 945-946 
triple integrals and, 944-946 

point, 365 
Mass density, 243 
Mathematical analysis, 87 
Mathematical induction, 263-264 
Matrix 

determinant of, 715 
Maximum 

absolute, 185, 882 

local 

defined, 22, 187 
function with zero derivative at, 
187 

in functions of several variables, 
874 

Maximum increase, direction of, 
869-870 

Maximum rate of change of function, 
868 

Maxwell's equations, 1065-1066 
McDuff, Dusa, 159 
McNulty, Kay, 515 
Mean 

arithmetic, 478, 896 
Mean Value Theorem, 162-167, 280 
Median, 484 

Method of bisections, finding zeros by, 
74-75 

Method of cylindrical shells, 338-343 
Method of disks, 328-330 
Method of Lagrange multipliers, 
888 

Method of undetermined coefficients, 
1083 

Method of washers, 330-335, 340 
Midpoint Rule, 273, 299-300, 304 
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Minimum 

absolute, 185, 882 
distance, 888 
local 

denned, 22, 187 

function with undefined derivative 
at, 188 

in functions of several variables, 
874 

Minimum rate of change of function, 
868 

Minor axes, of ellipse, 671 
Mixed second-order partial derivatives, 
837 

Mobius, August Ferdinand, 1039 
Modeling, with differential equations, 

491^198 
Moment of inertia 

about the .T-axis, 922 

about the y-axis, 922 

of lamina, 923 
Moment(s) 

first, 365, 944 

second, 922 

with respect to x-axis, 921 
with respect to y-axis, 921 
Momentum 

angular, 775, 778 

conservation of, 776, 925 
impulse and, 364 
linear, 775 

conservation of, 778 
Monotonic sequence, 538, 540 
Monte Carlo method, 916 
Morawetz, Cathleen, 1057 
Mori, Shigefumi, 1082 
Motion 

equations of, 773-776 

in space, 769-777 

Kepler's laws of, 794-797 

Newton's second law of, 252, 770 

planetary, 794-797 

projectile 

analyzing, 771-772 
in three dimensions, 776 
in two dimensions, 355 
initial velocity to reach given 

height, 354 
Newton's second law and, 352 
parametric equations and, 626-627 
terminal velocity in, 361 
velocity at impact, 352-353 
vertical motion in, 353 
with air resistance, 356 
simple harmonic, 1079, 1098 
Moving trihedral, 788 
Multiplicity, of zeros, 68, 184, 466 



Multiplier effect, 553 
Multipliers, Lagrange, 887-894 

defined, 889 

method of, 888 
Music synthesizers, 617-618, 619 

N 

Napier, John, 378 
Natural frequency, 1087 
Natural logarithms 

defined, 376 

inverse of, 391-393 

limiting behavior of, 381 
Negative exponent, 254 
Negative orientation, 1014 
Newton's Law of Cooling, 494 
Newton's method, 178-181 
Newton's second law of motion, 252, 

352, 770 
Newton, Isaac, 96, 178 
Newton-Raphson method, 179 
Nonexistent limit, 54, 55, 92, 825 
Nonhomogeneous differential 

equations, 1082-1088 
Nontrivial solution, 1098 
Normal component of acceleration, 

790-794 
Normal distribution, 482 
Normal line, 846, 870 
Normal plane, 789 
Normal vector, 713, 786-797 
Normalization, of vector, 693 
Notation 

derivatives, 121-123 

Leibniz, 122 

sigma, 259-264 

summation, 260 

vector, 688 
Number(s) 

critical 

defined, 188 

of rational function, 190 

irrational, 2 

rational, 2 

real, 2-7 

computer representation of, 99 
sequences of, 532-542 
Numerical differentiation, 122-123 
Numerical integration, 298-309 

error bounds for, 305-308 

o 

Oblique asymptote, 83 
Octants, 698 
Octave, 8 



Omega function, 478 
One-sided limits, 53, 56, 79 
One-to-one functions, 385 
One-to-one transformation, 963 
Open disk, 828 
Open interval, 3 

differential on, 119 
Opposite vector, 690 
Optimization, 223-230 

constrained, 887-894 

with inequality constraint, 890-89 1 

with two constraints, 893-894 
Orbit, geosynchronous, 779 
Ordered pair, 6 
Orientable surface, 1039 
Orientation of curve 

definition of, 990 

negative, 1014 

positive, 1014 

vector- valued curve, 75 1 
Orthogonal lines, 727 
Orthogonal planes, 730 
Orthogonal projection, 712 
Orthogonal vectors, 706, 792 
Orthogonality condition, 607 
Osculating circle, 789 
Osculating plane, 789 



P 

^-series, 556-557 
Pappus' Theorem, 337 
Parabola 

closest point on, 225-226 

curvature of, 784 

defined, 668 

directrix of, 668 

equation for, 669, 670 

focus of, 668 

line and, intersection of, 17-18 

minimum distance on, 226-227 

opening left, 670 

reflective property of, 670 
Paraboloid(s) 

applications of, 741-742 

circular, 737 

graph of, 737 

hyperbolic, 740-741, 801 

volume between two, 930 
Parallel lines, 11, 12, 727 
Parallel planes, 730 
Parallel vectors, 691 
Parallelepiped, volume of, 721 
Parallelogram, area of, 720 
Parameter, in parametric equations, 
626 
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Parameterizations, 628, 780 

Parametric equations, 457 
calculus and, 634-639 
circles defined by, 627-628 
conic sections in, 668-675 
defined, 625 

ellipses defined by, 627-628 

for intersecting surfaces, 755 

for line segment, 628 

for x-y equations, 629 

of hyperbolic paraboloid, 801 

parameter of, 626 

plane curves and, 625-630 

projectile motion and, 626-627 

sine and, 627 

slope of, 635 

surface area with, 641-647 
Parametric plot, 736 
Parametric surfaces, 799-802 

graphing of, 799-800 
Partial derivatives, 833-840 

applications, 836-837, 839 

computing of, 835-836 

defined, 835 

from table of data, 839-840 

higher-order, 837 

mixed second-order, 837 

of three variable functions, 
838-839 
Partial differential operator, 835 
Partial fraction decomposition, 

442-448 
Partial integration, 906 
Partial sum, 546-547 

error estimation in, 557 
Parti tion(s) 

inner, 908, 926, 929 

irregular, 272, 904 

regular, 266 
Parts, integration by, 426^-3 1 

repeated, 428 
Pascal's Principle, 367 
Pascal, Blaise, 481 
Path 

definition of, 1004 
independence of, in line integrals, 

1003-1011 
of steepest ascent, 868 
pdf. See Probability density function 

(pdf) 

Pendulum, undamped, 1094 
Perelman, Grigori, 735 
Period, of periodic function, 30-31, 
607 

Periodic function 
defined, 28, 607 
fundamental period of, 28 



Perpendicular lines, 11, 12 
Perpendicular vectors, 706 
Phase portrait, 487, 522 
Piecewise-continuous function, 278 
Piecewise-defined functions, limit of, 
65-66 

Piecewise-smooth curve, line integrals 

over, 993-995 
Piecewise-smooth surface, 1037 
Pixels, 21 

Planck's law, 398, 606 
Plane curves 

arc length of, 643 

defined, 626 

graph of, 626 

unusual, 629 
Plane, Cartesian, 6-7 
Plane(s) 

equation of, 729 

in R 3 , 728-731 

in space, 726-731 

intersection of, 730 

normal, 789 

orthogonal, 730 

osculating, 789 

parallel, 730 

tangent, 844-852 
equation of, 846-847 
gradient and, 870 
normal line, 870 

vectors in, 688-695 
Planetary motion, 680, 794-797 
Plot 

Bode, 1096 

contour, 814 

density, 814, 816 
Point masses, 365 
Point of diminishing returns, 
233 

Point-slope form, of line, 1 1 
Point(s) 

boundary, 828 

colinear, 9, 10 

critical, 875, 878 

derivative at, 118-119 

distance from, 720 

evaluation, 269, 270 

fixed, 42 

in three dimensions, 698 
inflection, 205, 206 
initial, 688 
interior, 828 
Lagrange, 184, 799 
on parabola, closest, 

225-226 
saddle, 741,876 
source, 1026 



Polar coordinates 
arc length in, 666 
area in, 664, 927 
calculus and, 660-666 
conic sections in, 677-68 1 
conversion to/from rectangular 

coordinates, 649-650 
defined, 649 

double integrals in, 926-93 1 

graphing of, 652 

horizontal tangent lines and, 66 1 

intersections in, 665 

plotting points in, 649 

surface area in, 935 

surface integral evaluation with, 1035 

transformation involving, 965 

triple integrals with, 948 

volume in, 928 
Polar form of vector, 694 
Polynomial(s) 

coefficients of, 1 3 

constant, 14 

cubic, 14, 17 
graph of, 23 

defined, 13 

degree of, 1 3 

graph of, 212-213 

Hermite, 1107 

Legendre, 607 

limit of, 61, 824 

linear, 14 

local extrema of, 189 
quadratic, 14 
quartic, 14 
quintic, 14 

Taylor, of degree «, 588 
trigonometric function and, sum of, 
220-221 

Position 

equilibrium, 1074 

estimating overall change in, 277 
Position vector, 689, 692, 750 
Positive orientation, 1014, 1039 
Potential energy, 361, 1013 
Potential function, 292 

of gradient field 
definition of, 984 
finding, 985-986 

of vector field, 1010 
Potential, electrical, 607 
Power functions, arc length of, 346 
Power functions, inside cosine, 294 
Power rule 

for derivatives, 127-133 

for indefinite integral, 254 

with fractional exponent, 255 

with negative exponent, 254 
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Power series 

convergence of, 580 
defined, 580 

differentiation of, 582-583 

integration of, 583-584 

solutions of differential equations, 
1098-1106 
Power, definition of, 863 
Predator-prey systems, 298, 521-522 
Present value, 496, 553 
Pressure, of gas, vs. volume and 

temperature, 157 
Price vector, 713 
Price, relative change in, 241 
Price-to-earnings ratio, 821 
Principal unit normal vector, 786 
Probability density function (pdf), 
481,482 

standard deviation for, 486 
Probability distributions 

continuous, 481 

discrete, 48 1 

normal, 482 
Probability, conditional, 478 
Product (in chemistry), 246 
Product rule(s), for derivatives, 
135-140, 151 

Profit 

defined, 245 

marginal, defined, 239 
Projectile motion, 265 

analyzing, 771-772 

in three dimensions, 776 

in two dimensions, 355 

initial velocity to reach given height, 
354 

Newton's second law and, 352 

parametric equations and, 626-627 

terminal velocity in, 36 1 

velocity at impact, 352-353 

vertical motion in, 353 

with air resistance, 356 
Projection, of vector, 708-71 1 

orthogonal, 712 
Pythagorean comma, 8 



Q 

Quadratic approximation, 211 
Quadratic factor, partial fractions with, 

445^146 
Quadratic formula, 16 
Quadratic inequality, 4 
Quadratic polynomial, 14 
Quadric surfaces, 735 
Qualitative information, 510 



Quartic polynomial, 14 
Quaternions, 697 
Quintic polynomial, 14 
Quotient 

difference, 110, 127 

limit of, 82 
Quotient rule, for derivatives, 135-140 



R 

Radians, 28 
Radioactive decay, 494 
Radius of convergence, 581, 602-603 
Radius of curvature, 789 
Radius of sphere, 702 
Ramanujan, Srinivasa, 575 
Range, of function, defined, 13 
Rate of change 

in economics, 239-244 

in sciences, 239-244 

in volume, 157 

instantaneous, 114, 132-133 

interpreting, 114 

maximum, 868 

minimum, 868 
Ratio test, 571-577 
Rational function 

continuity of, 69, 71 

critical number of, 190 

defined, 15 

graph of, 23-24, 208, 213-214 
integration of, 442^148 
limit of, 61 

with no vertical asymptotes, 25 
Rational numbers, 2 
Rationalizing, finding limit by, 62-63 
Rayleigh- Jeans law, 606-607 
Reactants, 246 
Real line, 2 
Real number(s), 2-7 

computer representation of, 99 

sequences of, 532-542 
Rectangle 

approximating area under curve with, 
267 

double integrals over, 903-907 
Rectangular coordinates 

conversion to/from cylindrical 

coordinates, 95 1-952 
conversion to/from polar coordinates, 

649-650 
conversion to/from spherical 

coordinates, 956 
defined, 649 
Recurrence relation, 1 100 
Reduction formula, 430, 45 1 



Reflective property, 670 
Region 

connected, 1004 

continuity on, 829 

double integrals over general, 
908-913 

elementary polar, 926 

simply-connected, 1009, 1058 

transformation of simple, 964 
Regression, linear, 878, 879-880 
Regular partition, 266 
Related rates problems, 234-237 
Relation, recurrence, 1 100 
Relative change in demand, 241 
Relative change in price, 241 
Reliability function, 478 
Remainder term, 589 
Removable discontinuity, defined, 70 
Repeated integration by parts, 428 
Residual, 879 
Resonance, 1073, 1087 
Resonant frequency, 1096 
Restitution, coefficients of, 266, 358 
Resultant force, 694 
Resultant vector, 688 
Revolution, solids of, 343 
Riemann sum, 269, 270, 274 

double, 904, 917 
Riemann's condition, 284 
Riemann, Bernhard, 269 
Riemann-Stieltjes integral, 426 
Riemann-zeta function, 563 
Right hand rule, 717 
Right-handed coordinate system, 697 
Rolle's Theorem, 162, 596 
Rolle, Michel, 162 
Root test, 576 
Root, of function, 14 
Rose, four-leaf, 656 
Rossmo, Ken, 388 
Rudin, Mary Ellen, 911 
Rule of 72, 501 



s 

Saddle point, 741,876 
Sales vector, 713 

Scalar functions, with gradient, 1026 
Scalar product, 705 
Scalar triple product, 721 
Scalars, 688 
Scatter plot, 6-7 

Schrodinger's wave function, 1098 
Secant function 

defined, 30 

hyperbolic, 412 
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integrand with even power of, 436 
inverse 

defined, 401 

evaluation of, 402 
Secant line, 108 

Second component, of vector, 689 
Second derivative, 131 

implicit, 158 
Second Derivative Test, 203-209, 877, 
883 

Second moment(s), 922 

Second-order differential equations 
applications, 1090-1095 
as system of first-order, 525 
with constant coefficients, 
1074-1080 

Second-order partial derivatives, 837 

Sensitivity, 246 

Separable differential equations, 

501-507 
Sequence(s) 

bounded, 539-540 

completeness axiom and, 541 

convergence of, 532-533 

decreasing, 538 

defined, 532 

divergence of, 534-535 

factorial, 537 

Fibonacci, 1 , 544 

general term of, 532 

increasing, 538 

L'Hopital's Rule and, 535-536 

limit of, 534 

monotonic, 538, 540 

of real numbers, 532-542 

squeeze theorem for, 536 

term of, 532 

with terms of alternating signs, 
537 

Series 

alternating 

defined, 565 

divergent, 567 

harmonic, 565 

sum of, 568-569 

test, 565-566 
binomial, 604-605 
comparison test for, 559 
conditional convergence of, 572 
Fourier, 607-618 

convergence of, 616-617 

defined, 608 

expansion of, 610, 611-612, 
614-615 

music synthesizers and, 617-618 
Fourier cosine, 620 
Fourier sine, 618, 620 



geometric, 547 

convergent, 547-548 

divergence of, 548-549 
harmonic, 550 

alternating, 565 
infinite, 266 

convergence of, 546 

defined, 545 

divergence of, 546 

sums of, 545 
Maclaurin, 588, 598 
p-series, 556-557 
power 

convergence of, 580 

defined, 580 

differentiation of, 582-583 
integration of, 583-584 
solutions of differential equations, 
1098-1106 

Taylor 

applications of, 599-605 
convergence of, 590 
defined, 587 
expansion, 588 
for approximation of e, 591 
for approximation of integral, 602 
for approximation of sine value, 
599 

for definite integral, 601 
new from old, 595 
of sin x, 591 
Set(s) 

Cantor, 552 

Julia, 712 

Mandelbrot, 712 
Shading, Lambert, 874 
Sigma factors, 620 
Sigma notation, 259-264 
Sigmoid function, 398 
Signed area, 275 
Simple curve, 1014 
Simple harmonic motion, 1079, 1098 
Simple region, transformation of, 964 
Simply-connected region, 1009, 1058 
Simpson's Rule, 303-304, 310 
Simpson, Thomas, 303 
Sine function 

combined with cosine, 32 

hyperbolic, 41 1 
inverse, 414 

integrand with even power of, 435 

integrand with odd power of, 434 

inverse, 399 

evaluation of, 400 

linear approximation of, 176 

parametric equations and, 627 

root function in, 294-295 



solving equations with, 29 

Taylor series for, 591, 599 
Sink, in vector field, 1026 
Slant asymptotes, 83 
Slant height, 347 
Slicing, calculation of volume by, 
325-328 

Slope 

finding, 10 

for determining colinearity, 10 
of curve, 49 
of line, 9 

of parametric curve, 635 
Slope field, 510 
Slope-intercept form, 1 1 
Smooth curves, 763, 991 
Smooth surface, 1037 
Solid 

center of mass of, 945-946 
volume of, 331-332, 919 
Solids of revolution, 343 
Solution(s) 

direction field to visualize behavior 

of, 511-512 
equilibrium, 505, 516-517, 522 
family of, for differential equations, 
503 

general, for differential equations, 
492, 1075 

implicit, 504 

nontrivial, 1098 

power series, 1098-1106 

steady-state, 1086 

transient, 1086 
Source, in vector field, 1026 
Source-free vector field, 1026 
Space 

line integrals in, 997-998 

lines in, 726-731 

motion in, 769-777 

planes in, 726-731 

surfaces in, 734-743 

vector field graphing in, 98 1 

vectors in, 697-702 
Space curve, 750 
Special functions, 602 
Specific heat, 1063 
Spectrum, energy, 620 
Speed 

angular, 771 

defined, 637 
Sphere 

as quadric surface, 735 

center of, 702 

defined, 702 

equation of, 702 

radius of, 702 
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Spherical coordinates, 800, 956-960 
cone equation in, 956 
conversion to/from rectangular 

coordinates, 956 
evaluation formula for, 970-97 1 
surface integral evaluation with, 
1038 

triple integrals in, 957-960 

volume with, 959-960 
Spiral 

Archimedean, 653 

Cornu's, 648, 786 
Spring constant, 362, 1074 
Spring-mass system, 1074, 1078-1079 
Spring(s) 

Hooke's Law and, 362 

work done in stretching, 362 
Square root function, 15 

chain rule with, 144 

derivative of, 119-120 
Square-wave function, Fourier series 

expansion, 610, 614-615 
Squeeze theorem 

for functions, 64 

for sequences, 536 
Stable equilibrium solutions, 512, 517 
Standard basis vectors, 693 
Standard deviation, 486 
Steady-state solution, 1086 
Steepest ascent method, 868, 880-881 
Stokes' Theorem, 1053-1059 

definition of, 1053 

line integral evaluation with, 1055 

proof of, 1053-1054 

surface integral evaluation with, 
1056 

Stokes, George Gabriel, 1054 
Stretching, 40 

Substitute commodities, 844 
Substitution 

for power function inside cosine, 
294 

in evaluating definite integrals, 293, 

295-296 
integral table and, 447 
integrand expansion with, 295 
integration by, 292-296, 422 
trigonometric, 437-440, 448 
Sum(s), 259-264 
Cesaro, 552 
computation of, 262 
derivative of, 131 
indefinite integral of, 256 
of alternating series, 568-569 
of function values, 263 
of infinite series, 545 
of odd integers, 261 



of trigonometric function and 
polynomial, 220-221 
partial, 546-547 

error estimate in, 557 
Riemann, 269, 270, 274 
double, 904, 917 
Summation notation, 260 
Summation, index of, 260 
Surface area 

arc length and, 345-347, 641-647 
calculation of, 934 
computation of, 350 
defined, 347 

in polar coordinates, 935 

numerical approximation of, 
935-936 

of parametric curves, 641-647 

surface integrals for, 1038-1039 

with parametric equations, 646 
Surface integrals, 1032-1041 

computing surface area with, 
1038-1039 

definition of, 1032, 1040 

evaluation of, 1034-1035 

using complement of surface, 1062 
using polar coordinates, 1035 
using spherical coordinates, 1038 
using Stokes' Theorem, 1056 
Surface(s) 

complement of, 1062 

contour plots and, 815 

cylindrical, 734 

in space, 734-743 

intersecting, parametric equation for, 
755 

level, 817-818 

orientable, 1039 

paraboloid, 737 

parametric, 799-802 

parametric representations of, 
1035-1041 

piecewise-smooth, 1037 

quadric, 735 

smooth, 1037 

two-sided, 1039 

volume beneath, 904-905 
Symmetric difference quotient, 127 
Symmetric equations, of line, 726 
Systems, of differential equations, 
521-525 



T 

Tables, integration, 301, 450-456 
Tacoma Narrows Bridge disaster, 1073 
Tag-and-recapture process, 843 



Tangent function 
defined, 30 
hyperbolic, 412 

inverse, 414 
integrand with odd power of, 436 
inverse 

defined, 401 

evaluation of, 401 

integral related to, 408 

simplification of expression with, 
402-403 

Tangent line approximation. See Linear 

approximation 
Tangent line(s), 47-5 1 
equation of, 110, 137, 152 
finding, with implicit differentiation, 
156 

for function defined as integral, 289 

graphical approximation of, 111 

horizontal, 190, 661 

numerical representation of, 111 

to inverse function, 389 

to parametric curve, 635 

velocity and, 107-115 

vertical, 190, 209 
Tangent planes, 844-852 

equation of, 846-847 

gradient and, 870 

normal line, 870 
Tangent vector, 764, 786-797 

unit, 780, 787-788 
Tangential component of acceleration, 

790-794 
Tautochrone, 457, 648 
Tautochrone problem, 645 
Taylor polynomial of degree n, 588 
Taylor series 

applications of, 599-605 

convergence of, 590 

defined, 587 

expansion, 588 

for approximation of e, 591 

for approximation of integral, 602 

for approximation of sine value, 
599 

new from old, 595 
of sin x, 591 

to approximate definite integral, 
601 

Taylor's Theorem, 589, 595-596 
Taylor, Brook, 426 
Temperature, ambient, 494 
Term 

of sequence, 532 

remainder, 589 
Term-by-term differentiation, 
582 
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Terminal point, of vector, 688 
Terminal velocity, 361, 509 
Tetrahedron, triple integral over, 

940-941 
Thermal diffusivity, 862 
Third derivatives, 131 
Three body problems, 184 
Three-dimensions, plotting points in, 

698 

Three-leaf rose, 661 
Threshold, critical, 512 
Thrust-time curve, 370 
Timbre, 617 
Time, doubling, 493 
TNB frame, 788 
Topographical map, 821 
Torque, 721,722, 775 
Torsion, 798 
Total area, defined, 275 
Total differential, 850 
Transform, Laplace, 478 
Transformation 

changing variables for, 968 

image of, 963 

in polar coordinates, 965 

Jacobian of, 967 

linear, 27 
direct, 972 

of data, 9 

of functions, 36-41 
combination, 36 
composition, 36 
finding, 37 
identification of, 37 
stretching, 40 
of simple region, 964 
one-to-one, 963 
Transient solution, 1086 
Translation(s) 
comparing, 39 
horizontal, 38-39 
vertical, 37-38 
Trapezoidal Rule, 302, 304 
Triangle Inequality, 708, 712 
Triangle inequality, 5 
Triangular wave function, Fourier series 

expansion, 611-612 
Trigonometric functions, 26-34 
derivatives of, 147-152 
in powers, 294 

integrals involving powers of, 

433-437 
inverse, 399-403 

calculus of, 405-409 

derivatives of, 406 

integrals involving, 407^4-09 

simplification of, 402 



limit of, 63, 80, 91 
loss of significance involving, 101 
polynomial and, sum of, 220-221 
Trigonometric identities, 32 
Trigonometric substitution, 437^440, 
448 

Trihedral, moving, 788 
Triple integrals, 928-946 

center of mass and, 944-946 

change of variables in, 970 

defined, 928 

for volume, 952-953 

in cylindrical coordinates, 950-95 1 

in spherical coordinates, 957-960 

inner partition of, 929 

order of integration in, 942-943 

over rectangular box, 929 

over tetrahedron, 940-941 

volume with, 943-944 

with first integration with respect 
tox, 941-942 

with polar coordinates, 948 
Trochoid, 640 
Trojan asteroids, 185 
Two-sided inequality, 3^1 
Two-sided surface, 1039 

u 

Undamped pendulum, 1094 
Undetermined coefficients, method of, 

1083 
Unit ball, 957 
Unit normal vector 

principal, 786 
Unit tangent vector, 780, 787-788 
Unit vector, 693, 701 
Universal law of gravitation, 680, 794 
Unstable equilibrium solutions, 512, 

522 

Up concavity, 203 

Upper limit of integration, 273 

Useful life phase, 421 

V 

Variable(s) 
change of 

in antiderivative, 968-969 

in double integral, 967 

in multiple integrals, 962-971 

in triple integral, 970 
dimensionless, 858 
several, functions of, 809-818 

extrema of, 874-883 
two, functions of, 809-810 



Vector field(s), 977-987 
conservative, 1003-1011 

definition of, 1009 

determination of, 1010, 1027 
curl of, 1022-1029 

computing, 1023 

definition of, 1023 

interpretation of, 1024 
definition of, 978 
divergence of, 1022-1029 

computing, 1025 

definition of, 1025 
flux of, 1039-1041 
graphing of, 978-979 
incompressible, 1026 
irrotational, 1024, 1027-1028 
plotting, 978 

potential function of, 1010 

sink points, 1026 

source points, 1026 

source-free, 1026 

with gradient, 1026 
Vector format, 627 
Vector-valued curves 

graph of, 750-751 

orientation of, 75 1 
Vector-valued functions 

antiderivative of, 765 

calculus of, 758-767 

continuity of, 759-760 

defined, 750 

definite integral of, 766 

derivative of, 76 1 

differentiation of, 761 

ellipse, 75 1 

elliptical helix, 751-752 
graphing of, 750-751 
increment of, 760 
indefinite integral of, 766 
limit of, 759 
line, 752 

matching to graph, 752 
Vector(s) 

acceleration, 770 
addition of, 688-689 
additive inverse of, 691, 700 
angle between two, 706 
arithmetic with, 690-691 
binormal, 788 

components of, 689, 708-711 
cross product, 714-723 
direction, 711 
displacement, 710 
dot product of, 704-7 1 1 
first component of, 689 
horizontal component of, 637, 693 
in plane, 688-695 
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Vector(s) — Cont. 
in R 3 , 699-702 
in space, 697-702 
initial point of, 688 
magnitude of, 688, 700 
normal, 712, 728, 786-797 
normalization of, 693 
notation, 688 
opposite, 690 
orthogonal, 706, 792 
parallel, 691 
perpendicular, 706 
polar form of, 694 
position, 689, 692, 750 
price, 713 

principal unit normal, 786 
projection of, 708-71 1 

orthogonal, 712 
resultant, 688 

right-handed coordinate system and, 

697 
sales, 713 

scalar product of, 705 

scalar triple product of, 721 

scalars and, 688 

second component of, 689 

standard basis, 693 

subtraction of, 689 

tangent, 764, 786-797 

terminal point of, 688 

unit, 693, 701 

unit tangent, 780, 787-788 

velocity, 770 

vertical component of, 693 
zero, 691, 700 
Velocity 
angular, 774 
average, 112-113 
escape, 86 

estimating numerically, 124 
from acceleration, 770 



from position, 770 
horizontal component of, 637 
instantaneous, 113 
limit describing, 66 
tangent lines and, 107-115 
terminal, 361, 509 
vector, 770 

vertical component of, 637 
Velocity field, 981 

flux of, 1061-1062 
Verhulst, Pierre, 505 
Vertex 

of ellipse, 671 
Vertical asymptotes, 24 

in graphing, 212, 215-216 
Vertical component, of vector, 637 
Vertical line test, 1 3 
Vertical translation(s), 37-38 
Volume 

beneath surface, 904-905 

between two paraboloids, 930 

calculation of 

by cross-sectional areas, 326-327 
by cylindrical shells, 338-343 
by slicing, 325-328 
by washers, 330-335, 340 

disk method for, 328-330 

estimating 

from cross-sectional data, 327 

in polar coordinates, 928 

in spherical coordinates, 959-960 

maximization of, 224-225 

of cylinder, 325, 665 

of dome, 328 

of parallelepiped, 72 1 

of solid, 331-332,919 

of solid with cavities, 331-332 

rate of change of, 157 

with double integrals, 918 

with triple integrals, 943-944, 
952-953 



w 

Washers, method of, 330-335, 
340 

Watts, Robert, 357 
Wave equation, 843 
Wave function, 1098 
Weierstrass M-test, 586 
Weierstrass, Karl, 74 
Weight density, 947 
Well-defined functions, 290 
Wiles, Andrew, 189 
Witten, Edward, 790 
Work 

calculation of, 362, 710 
defined, 361 

line integrals and, 999-1000 



Y 

Yau, Shing-Tung, 837 
Yoccoz, Jean-Christophe, 455 



z 

Zero of multiplicity, 68, 184, 466 
Zero vector, 691, 700 
Zero(s) of function 
approximate, 25 
approximating 

by method of bisection, 74-75 
by Newton's method, 179 
Bessel function, 603 
by factoring, 16 
by quadratic formula, 16 
cubic polynomial, 17 
determining number of, 164 
finding, by method of bisections, 
74-75 



